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Abstract

We consider the long standing problem of constructing d? equiangular lines in
C4, i.e., finding a set of d? unit vectors (¢;) in C¢ with

1
Vd+1'

Such ‘equally spaced configurations’ have appeared in various guises, e.g., as com-
plex spherical 2—designs, equiangular tight frames, isometric embeddings ¢2(d) —
04(d?), and most recently as SICPOVMs in quantum measurement theory. Ana-
lytic solutions are known only for d = 2,3,4,5,6,8 and d = 7,19 (Appleby 2005).
Recently, numerical solutions which are the orbit of a discrete Heisenberg group
H have been constructed for d < 45. We call these Heisenberg frames.

In this paper we study the normaliser of H, which we view as a group of
symmetries of the equations that determine a Heisenberg frame. This allows us
to simplify the equations for a Heisenberg frame, e.g., for d odd we have %d2 + %
real equations in the d coordinates of v and their complex conjugates. From these
simplified equations we are able construct analytic solutions for d = 5,7, and make
conjectures about the form of a solution. It is hoped that a general solution will
come from such a simplified set of equations.

(5, ¢x)| = J# k.
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1 Introduction

We consider the following problem: find a set of d? unit vectors (¢;) in C? with

[(5: or)| =

1
Tt Jj#k. (1.1)
Problems of this type have a long history, dating back to the early study of polyhedra
in real Euclidean space, some of which we discuss at the end of this section. Analytic
solutions are known only for d = 2,3,4,5,6,8 and d = 7,19 (Appleby [2]). Most re-
cently it has appeared in quantum measurement theory (cf [10], [11]), where numerical
calculations for d < 45 suggest that it has a solution given by the orbit of a discrete
Heisenberg group H of unitary transformations on C? (Conjecture 1 of [11]). We call
solutions of this type Heisenberg frames.

If v is a unit vector in C%, then the condition (hv),cy is a Heisenberg frame, i.e.,

{gv, )| = [{v, g ho) = \/dlﬁ =1, g # h, is equivalent to

|{(v, hv)| = NESE heH, h#1. (1.2)

The key to our results is the following simple observation. If v gives a Heisenberg frame,
and U is unitary and in the normaliser of H, i.e., U"'hU = U*hU € H, Vh € H, then
Uwv also gives rise to a Heisenberg frame, since

(Uv, hUv)| = |(v, U*hUv)| = |{v, U hUv)| = NERE heH, h#1.

Thus we are naturally led to the normaliser of H in the unitary matrices, which we think
of as a group of symmetries of the equations determining a Heisenberg frame.

The remaining sections are as follows. In Section 2, we define the (discrete) Heisen-
berg group (modulo d), and develop its basic properties. In Section 3, we give three
types of elements in the normaliser of H, but not in H itself: the Fourier matrix F', a
diagonal matrix ), and certain permutation matrices P,, a € Z}. This observation that
the normaliser of H is larger than H is the key to the results given here. The elements of
(scalar) order three in the group generated by H and F, Q), P,, a € Z}, are particularly
important, and we determine what they are in Section 4. In Section 5, we observe there
is another transformation mapping solutions to solutions, that of pointwise conjugation.
This is not a linear map. The equations (1.2) for v € C? to generate a Heisenberg frame
are d? equations in d complex variables. In Section 6, we give sets of equivalent, and
more easily solved equations. In particular, for d odd we have 1 + %(al2 —-1) = %dQ + %
real equations in the d coordinates of v and their complex conjugates. In Section 7, we
solve the equivalent sets of equations for d = 2,3,5,7. Our solution for d = 3 has a neat
geometric presentation which is not apparent in earlier solutions.



1.1 Historical remarks

Let X be a set of n unit vectors in C? and ¢ € {0,1,2,...}. Then a simple argument of
[15] based on the Cauchy—Schwarz inequality shows that

> Nyl 2 (dﬁ 5 (13)

z,yeX

Incidently, for n unit vectors in R? it can be proved that

2

2t
2 @) 2 e (1.4)
z,yEX 135-(2t—1)

which is sharper for ¢t > 2, d > 1.

Equality in (1.3) is equivalent to many other conditions (cf [7], [9], [6]). These include
X being a complex spherical t—design (cubature formula with equal weights for certain
polynomials on the complex sphere with the Haar measure), X being a SIC POVM
(symmetric informationally complete positive operator valued measure), the existence
of an isometric embedding ¢2(d) — ly:(n) for t > 0, and the Waring—type formula

t
—Zly, ) = . 4) vy e C°.

rex (35

It can be shown that if (any one of) these equivalent conditions hold for ¢ = k, then
they also hold for t < k. Note the condition for ¢ = 0 holds trivially. If X is a set of
n = d? unit vectors in C? satisfying (1.1), then there is equality in (1.3) for ¢ = 2 since

n®—n 243 n?
Z]a:y +n= = Tdt1

T,yeX (‘d+ ) d+1 (2)

In particular, the Waring—type formula for t = 1 holds, i.e.,

d d
lyl> == . 2)f", el <= y=—> (ya)z, WyeC,

zeX reX

which is the definition of X being an (equal-norm/isometric) tight frame (cf [14]).

We arrived at this problem as that of finding a tight frame X of n unit vectors
which are equiangular, i.e., with [(x,y)| = C, x # y. These must give equality in (1.3)
for t = 1, and satisfy (1.3 for t = 2, i.e.,

n? n?
(n® =n)C* +n = R (n* =n)C* +n > (1
2
Substituting the formula for C? given by the first equation into the second and simpli-
fying gives (d — 1)(n — d?) < 0. Hence such an equiangular tight frame exists only if
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n < d* (for d > 1). Thus a solution to the problem, should it exist, is an equiangluar
tight frame for C? with the maximal number of vectors.

Problems of the type considered here have a long history dating back to the study
of polyhedra in real Fuclidean space. The analogous problem of finding n equiangular
lines in R? has received most attention. Here (1.3) leads to the bound n < 3d(d + 1).
However this is not attained unless d = 2,3 or d = r? — 2 with 7 # 1 an odd integer (cf
[8]), and the theory does not seem as neat as in the complex case, e.g., the analogue of
the equivalant conditions above (cf [12]).

2 The discrete Heisenberg group

Throughout fix the integer d > 1, and let w be the primitive d—th root of unity

w = i/,

Let S € C%4 be the shift (rotation down) matrix, and Q € C?*¢ the diagonal matrix
which are given by

000 0 1 100 -- 0
100 - 0 w 0 - - 0
. 2
g._ |0 10 00) |0 0w 0 2.1)
0 0 0 1 0] 00 0 w1

These have order d, i.e., S? = Q¢ = I, and satisfy the commutativity relation
QFST = WIFSIOF, (2.2)
In particular, the group generated by S and () contains the scalar matrices w"I.
Definition 1 The group H = (S,)) generated by the matrices S and ) is called the
discrete Heisenberg group modulo d, or for short the Heisenberg group.
In view of (2.2), the Heisenberg group is given explicitly by
H={wTy:0<rjk<d-—1}, Tir := S7QF.

Since w, 9, Q2 have order d, it is convenient to allow the indices of w"Tj; to be integers
modulo d. Since S and €2 are unitary, H is a group of unitary matrices. Further, H is
closed under taking adjoints as (2.2) gives the adjoint rule

(7} >* _ (S]Qk)* — Q*kS*j — w(*j)(*k)S*ijk = wjkT,L,k. (23)

5



It is easy to verify that H satisfies the multiplication rule 7, ; 15,5, = Trjk, where

1 k r 1 ko 7o 1 By m
01 jl=1]01 jlxlo 1 jl. (2.4)
0 0 1 0 0 0 0 1

The group H has order d*, and so the orbit of a v # 0 consists of d® vectors (hv)pep.
But for j, k fixed, the d vectors w"Tjv, 0 < r < d—1 are scalar multiples of each other,
which we identify together. It is in this sense that the orbit of H is interpreted as a set
of d* (hopefully equiangular) vectors, say {Tjv: 0 < j, k <d—1}.

Incidently, the group H is irreducible, i.e., the orbit of every v # 0, v € C? spans
C9, from which it follows (cf [13]) that every nonzero orbit of H is a tight frame for C%.

3 The normaliser of the Heisenberg group

Here we investigate the normaliser of H in the unitary matrices U(d), i.e., the group
N(H):={U c€U(d): U hU = U*hU € H,Yh € H}.

The normaliser N(H) contains H. We will show it also contains matrices F, @), P,,
a € 7}, which are defined below, and hence the group they generate together with S, (2.

From now on, it is convenient to index the entries of all matrices in C?*? by elements
of Zg, i.e., {0,...,d — 1} rather than {1,...,d}. For example, the entries of the S and
Q2 are given by

1, j=k+1; W, j=k;
(S)jk = { Q) = {

0, otherwise 0, otherwise.

Let F' € U(d) be the Fourier matrix which is given by

1 .
(F)]k = —wjk.

Vd

Since S is circulant, it is diagonalised by F', which leads to the conjugacy relation
S = F*QF. (3.1)

Let @ € U(d) be the quadratic diagonal matrix which is given by

Q) = {uﬂ ,  k=j;

0 otherwise.



Let Z} be the (multiplicative) group of elements a € Z? with a multiplicative inverse,
i.e., an @ € Zg with a@ = 1 (modulo d). For a € Z, let P, € U(d) be the multiplicative

permutation matrix
1 ifk=aj;
(Pa)jk = .
0 otherwise.
Note that a +— P, is a group isomorphism, and in particular
Pan:Paba Pa_lzpﬁzpj, a,bGZZ.

Let A be the matrix obtained from A by taking the complex conjugate of each entry.
Then

S =25, Q=" F = F~, Q= Q" P, =P, (3.2)
and from (3.1) we obtain
S=S=FQF =FQ'F* = Q'=F*SF. (3.3)

Lemma 1 The unitary matrices F', Q, P,, a € Z}; belong to N(H), since

F*(SIOMF = w5 sk~ ¢ H, (3.4)
Q (S70MQ = w7 IO Y € H,
P(SIQF P, = SYO% ¢ H. (3.6)

Proof:  From (3.1) and (3.3), we have F*QFF = S* and F*S'F = (Q*)) = Q7,
so that
F*(SIONEF = (F*STF)(F*QFF) = Q8% = wik sk,

Since (57)ap = 04 g+, We calculate

QS Q)ap = (Q)aa(5)ap(@)ps = w* Gaprj” = w T3, 5. 0"

= W b = w I ()as () s = (W ST 0,

so that Q*S7Q = w¥°$90"% and since diagonal matrices commute Q*QFQ = QF.
Hence . . . .
Q" (5705)Q = (Q*FQ)(Q* Q) = w7 S7Q Y,

Using (Py)jk = 04k, We calculate

(PiSPaag = (PaSPa)ag =Y D> (Pa)ar(S)rs(Pa)ss = D .Y SacsOrstjdass
- Z 56a,s+j5aé’:ﬂ = Z 550‘75ﬂ+j = 5aﬁ+aj = (Saj>aﬂ’

so that PS?P, = S%. Similarly, one shows that P;Q*P, = Q% and hence
PH(STOM P, = (PrSTP,)(PrQFP,) = S0,



Let E be the subgroup of N(H) generated by H together with F, Q and P,, a € Z,
ie.,

E:=(Q,5FQ,P,:a€cll).

Lemma 1 gives a commutativity relation between the elements of H and K := (F,Q, P, :
a€Z)), ie.,

(SIOFVF = Fw Sk Q7 (SI0M)Q = Qu 7" S7QF % (SI0%) P, = P,S" 0™,

so that elements of F can be expressed in form hk, h € H, k € K. However, for d even
this product in not direct since H N K contains the matrices

OF = [(—1)6,] =Q2,  S%= [(I) é] — QS (3.7)
and also w?] = —I = (FQ?)* when d/2 is odd. Hence sometimes we restrict ourselves

to the simpler case of d an odd prime. The generators of K satisfy the commutativity
relations

P,F =FP;, P.Q" = Q"™ P, (3.8)

but no such relation between I and () exists.

It is convenient to generalise the commutativity relation (3.5).

Lemma 2 We have the commutativity relation

SIORQ" = W IRQrOE2I T (3.9)

Proof: By the commutativity relation (2.2), the result is equivalent to
SijQT _ wer—jk’Qrw(k’—er)jS]'Qk—2rj _ w—rj2Qrszk—2rj’

which we prove by induction on r. For » = 0 this holds trivially for all j, k. For r > 0,
the induction hypothesis and (3.5) gives

Sij:Qr _ (SijQr—l)Q _ w—(r—l)jQQr—lszk—Q(r—l)jQ
— w—(r—l)jQQr(Q*Sij—Q(r—l)jQ) — w—(r—l)jzQr(w—jZSij—ﬂr—l)j—%)
w—rﬂQrszk—er‘



Proposition 2 The subgroup of E generated by 2, S, Q and P,, b € Z}; consists of all
the matrices of the form

W? Logys = W’ Q*S7 Py, p,0,7,0 € Ly, B €L (3.10)
These satisfy the multiplication rule

Lags Laped = w1P4a8%7 Qi d-208y atal® gy+eB p (3.11)

Proof: It suffices to prove (3.11). This follows from the commutativity relations
Pyt = Q%P PQ = Q" Ps,  P3S¢ = S57UP,,

QP = (PPl GY S'yQaﬂQ — waﬁ%QQGBQQ—?aﬂQ“{SV,

which are special cases of (3.5), (3.8) and (3.9), by the calculations

Q‘SQaSngQan — yBd+aB?y? Q§+ﬁd72a,82'yQa+aﬁ2 SV P, (3.12)
and
Laea = (XQS"F3)(Q'Q"SPy) = (2 Q*S P;2'Q")(S°Ry)
_ w—vﬁd+a5272Qd+ﬁd—2a527Qa+a52 S7P3S°P,.
which gives the result since P3S°P, = S P3P, = S Py,. O

For d even, (3.7) implies that
Q(S-l-%QOH-% — Q(SQQ

and so some care must be taken counting the matrices (3.10).

Lemma 3 For a,b,c € Z4 the functions
fla,bc): Zy— C: j o w0 = (0°QPQ"),;
are different, unless d is even in which case the following pairs of functions are equal

d d

f(a, b, C) = f(CL + §,b+ i,C).

In particular, the number of (diagonal) matrices of the form
wPQ’Q", p,0, 0 € Ly

is d® for d odd, and d*/2 for d even.



Proof: An easy calculation gives the result for d = 1,2. Suppose that d > 3,
and f(a1,b1,¢1) = flag, by, c2), ie., a1j® + bij + ¢1 = agj® + boj + ¢ mod d, Vj € Zy.
Taking 7 = 0,1, —1 gives ¢ = ¢g, a1 + by +¢1 = as + by + ¢, a1 — by + ¢1 = as — by + co,
which we solve to get

c1 = ca, 2(a; —ag) =0, 2(by — by) = 0.

If d is odd, then 2 € Z} (since Qd%l = 1), and we have as = ay, by = by, ca = ¢1.
If d is even, then 2z = 0 has two solutions z = 0, 4 5 and so solving the equations for
j =0,1,—1 gives either as = a1, by = a1 or as = a; + 4 5, b2 = b1 + g. Either of these

choices satisfies the equations for all j, since g g+ g Jj = g j(74+1) =0, and so we are
done. O

Since (S) N (P : B € Z}) = {1}, the group of permutation matrices generated by

S and {Ps}sez; has order [(S)|[(Ps)| = do(d), where ¢(d) is the Euler function. Hence
Lemma 3 gives

d'¢(d), d odd;

Q,S, 7P cbe )| = pLa =
: OB il = #1 Laps) {%d4¢(d)7 d even.

We now consider a set of matrices in N(H) that involve F.

Theorem 3 For p,a, 3,7,0,€ € Zq and 3 € Z;, the matrices
WP Mpprse = WP QP FQ70° = %[wa72+ﬁjk+7k2+5j+5k+p]jk (3.13)
are all in the normaliser N(H). These satisfy the multiplication rules:
(a) Ify+a=0, then
Mapse Mapepe = W (e+0)2—eb(et0) Qa+c(ﬂ5)2Q(Sfeﬁg+20552(e+8) G—Ble+d) P g (3.14)
(b) Ifdis an odd prime, and v :=~vy+a #0, r:= —521/(5 + 0)%, then

'd
ManicManeae = (1 + ald) T @0 2H0Qe 02 p o pe- 2 ge-aies)

(3.15)

Proof: We have already observed Mg, € £ C N(H). First multiply out to
get

(Magnse)j ZZZZZ (29);0(Q)rs(P5) st (F) (@) (1)
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tu
67 ar? w u? €v 1 §j+aj?+8ik+vk2+ek
- § : w ](5ij 67"85ﬂ87t \/EW7 5uvw 5vk = W Pakty .

Vd

r,8,t,u,v

Hence the product of M,p,5c and Mepeoe is given by
(Maﬁ'y(SeMabcae)jk = Z(Maﬁfy(ge)jr(Mabcﬁe)rk

_ E : 1 waj2+ﬁjs+732+6j+es 1 wa32+bsk+ck2+8s+ek

Vd

lwaj2+§j+ck2+ek w('y+a)s2+(ﬂj+e+bk+8)s

S

(3.16)

Case (a): If v+ a = 0, then the last sum in (3.16) is zero, unless 35 + € + bk + 0 = 0.
This gives (3.14), since

(S~ HIP_g5)j0 = Z(S ), Z sir=Ble+0)0—gore = 0

T

— j=r—PB(c+09), Pbr=k <<= Bjt+e+bk+0d=0.

Case (b): Now suppose v + a # 0. We have to deal with the quadratic Gauss sum in
(3.16). Provided that 2(y + a) divides #j + € + bk + 0, e.g., d is an odd prime, we can
complete the square

_ Bitetbh+d

(v 4 a)s> + (8] + e+ bk 4+ d)s = (v + a){(s +1)* — n°}, 2(v + a)

I

and the Gauss sum becomes
Zw(’Ha)s +(Bj+e+bk+9)s Zw(’y+a (s+m)2—n?} _ — W (y+a)n? G(,Y +a d)

s

where

GO+ ad) = S = St

Suppose that d is an odd prime, then the above sum can be evaluated (see [1]:§9.10)

G(y+a,d) = (v + ald)G(1,d), G(1,d) = 11—_2';\/&7

where (v + ald) is the Legendre symbol, giving

1—4d 1
(MagyseMaveoe) i = (7 + ald) 5 L edt koo reky ~ ()’ (3.17)

—id

For d an odd prime, every nonzero element of Z, is invertible: in particular 2 and
v+ a # 0. Hence we obtain (3.15) by simplifying (3.17) using

v+ a)n? = —(FFa)22 (8252 + b2k + (e + 0)% + 28(e + 9)j + 2b(e + O)k + 2Bbjk).

|
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Observe that (3.14) gives an element of the form (3.10), and (3.15) gives one of the
form (3.13) multiplied by the scalars (y + a|d) = 1 and

— 4 1 =1 4;
1—1 :{, d mod 4; (3.18)

1—1 i d=3mod 4.

The product of matrices of the form (3.10) and (3.13) is of the form (3.13), since by
(3.12)

La,@'yéMabcde == (QgQaS’yfg)(QanbeQcﬂe)z
= W PdFaT o+Bd=2ab% (yatap Py FQQ°. (3.19)
Hence (since F' = Myi000), for d = p an odd prime, E consists of the p(p — 1) matrices

of the form (3.10) and the p°(p — 1) matrices of the form (3.13), together with their
multiples by +1 and powers of the scalars (3.18). Thus it has order

(3.20)

E| = 2p4(p—1)(p—|—1), p =1 mod 4;
4t - Dp+1), p=3mod 4.

Example. For d = p an odd prime, (3.15) gives the ‘commutativity’ between F' and @

1 —7qP
1—1

F*QF = QP FQY,

while if d not an odd prime and v 4 a # 0, the product (3.15) may not be of the form
(3.10) or (3.13), e.g., for d = 4, we have

i1 0 1—4i 0 0010
m L0 i+l 0 1—d| >, |00 01
FQF_i 1—i 0 4i+1 0 =: 4, A=1100 0

0 1—4i 0 i+1 0100

It can be deduced from the results in [2], where the quotient of N(H) with the scalar
matrices is considered, that the normaliser of H consists of E and the scalar matrices,
ie.,

N(H):={(Q,S,F,Q,P,,cl :a€Z},ceC).
We also observe the matrix R given by

27i

Ry, = /U5y, pi=e2d
normalises the Heisenberg group up to a scalar (and so maps solutions to solutions), i.e.,
R*(S7QMR = /9 5iQk—.
This R is a square root of (), and belongs to E for d odd, i.e.,

d+1

RP=Q, R=Q=2 (dodd).

12



4 Elements of scalar order three
Based on extensive numerical calculations, it appears that:

Conjecture 4 (Zauner). For d > 3 odd, the vectors v € C? which give rise to a
Heisenberg frame are eigenvectors of a matriz in E& which has scalar order 3, where the
corresponding eigenvalue has multiplicity greater than one.

Definition 5 A matriz A € C?*¢ has scalar order 3 if A # I and A®> = ul, for pn € C.

Note that matrices of order 3 have scalar order 3, and that if a matrix of scalar order
3 has finite order (e.g., it is in E) then some power of it has order 3. If d is an odd
prime, then (3.20) and Cauchy’s theorem implies that F has elements of (scalar) order
3.

Since vectors v generating Heisenberg frames appear to be eigenvectors of elements
of scalar order 3, it is natural to identify these (see below). Our vision is to then seek
(analytic) solutions by representing v in terms of the eigenvectors of an appropriate
element of A € E order 3. There are two factors to balance here: we want A to have
small eigenspaces and also to have a simple form.

Lemma 4 The matriz w’Logys, B # 1 has scalar order 3 if and only if * =1 mod d.

Proof: By applying (3.11) twice, we obtain

(W Lagys)’ = th(‘HaﬁzV)(”ﬁW?)Qa(1+ﬂ2+ﬂ4)5v(1+ﬁ+BZ)Pﬁ3,

where t = 3p — 730 + a3*y? —v3(5 + 56 — 2a5%) + >4 (a+ a/3?). This can be a scalar
multiple only if 3% = 1. But if 8% = 1, then (w”Lag,s)? is scalar multiple of the identity,
since

3 _ _ 6 _
Pl o, tpag—1454F =

1+ 6+ 6 =

Lemma 5 Let d = p an odd prime, then w”Myg.s. has of scalar order 3 if and only if

B =2(a+v)#0 mod d.

13



Proof: If v+ a =0, then (3.14) and (3.19) imply that (w”M,p,s.)° is a matrix
of the form (3.13), and so cannot be a scalar multiple of the identity.

Now suppose that d = p an odd prime, and v + a # 0. Then (3.15) gives

(Maﬁwgg)Q = PJMabcdea M - C, a = o — 52(’7 + Ol)ﬁQ, b= —?(’7 + Oé)ﬁz.
So by Theorem 3, (w” Mug.6:)® can be a scalar matrix only if y+a = 0 and —Bb=1. Now
—Bb = 11is equivalent to 3 = 2(a++), and with this choice y+a = ’y+a—§2(’y +a)3 =
0, and
a=—7, b= -7, c=v-—20, d= —¢, e=—0.

By (3.14), it follows that if § = 2(« + ) then (w”M,p,s-)* is a scalar matrix since
a+eBb)?=0, J—eBb+2Bb(c+d)=0, —B(e+d) =0.

|

Examples. If there is a solution to 3% = 1 mod d (which implies that d is odd), then
the permutation matrix Pg has order 3, e.g., P, for d = 7, P, for d = 9, and P; for
d=13.

For d = p an odd prime, it follows that Q%F and F Q% have scalar order 3, since
B=2(a+7v) = 2% = 1. In particular, for d = 5, the matrix Q3F has scalar order 3.

5 Conjugate solutions

We have observed than if a unit vector v € C¢ generates a Heisenberg frame, i.e.,

[v* 7O | = PN (4, k) # (0.0),

then so does Uv for any U in the normaliser of H. There is another simple operation
that maps v to another solution, namely (entrywise) conjugation, since (3.2) gives

v SiOk =S AT =0T = [0SOk = [77STQF.
Note that v — T is not linear (it is norm preserving).

Now consider the set V of all unit vectors v € C?¢ that generate a Heisenberg frame,
which we often refer to as ‘solutions’. We say that solutions v and w are equivalent if
v=alw, la] =1, Ue€E,

i.e., they are in the same G—orbit of V under the (multiplication) action of the group
G:={aU:|a] =1,U € E}.

It follows from (3.2) that E' is closed under (entrywise) conjugation, as is therefore G,
and so conjugation maps a G—orbit of V either to itself, or to another G—orbit. In the
latter case, we say that a solutions v and w are conjugate to each other if v and ¥
are in different orbits and w belongs to the orbit of .
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6 Equivalent equations for Heisenberg frames

If v € C?is a unit vector, then the d? unit vectors {S7QFv : j, k € Z;} form a tight
frame for C¢, which we call a Heisenberg frame if (1.1) holds.

By (1.2), it follows that v € C? is a Heisenberg frame if and only if

, 1
"SI0 = —— i, k) # (0,0 =1
SO = e GR£ 0,0,
These d? quartic equations in vy,...,vq, g,...,03 with coefficients from Q[w] have

proven difficult to solve (for d > 3). We now find equivalent and more tractable sets of
equations.

Our equivalent sets of equations come from the observation that v*S7QFv are the
eigenvalues of certain circulant matrices. Recall (see [3],Th. 3.2.2) that each circulant

matrix
C = cire(z) == [2,59%,...,5 2] € C™, zeC*

is diagonalised by the Fourier transform matrix F', with eigenvalues given by

M=z k=0,....d-1

T

For j # 0, we calculate

v* ST = (STI0)* Qv = Zka’"vr = Z(Urm)wkr, kE=0,....,d—1,

T
which are the eigenvalues of the circulant matrix circ(U;), where (U;), := v,Ur4;.

Since these values [v*S7QFy| must be constant for v to generate a Heisenberg frame, it
is natural to consider when the eigenvalues of a circulant matrix have constant modulus.

Lemma 6 A nonzero circulant matriz C, := circ(z), z € C? has eigenvalues of constant
modulus if and only if

C1C. = |21,

i.e., ﬁ(ﬁ’z is unitary and C, has eigenvalues of modulus ||z||.

Proof: Since C, is circulant, it is diagonalised by F', i.e., C, = F*AF with A
diagonal, and hence C;C, = F*A*AF. But A*A is diagonal and its diagonal entries are
the modulus squared of the eigenvalues of C,. Hence C, has eigenvalues of constant
modulus « if and only if A*A is the scalar matrix o, in which case C7C, = o*F*F =
o?I. By evaluating the (1, 1)-entries of C7C, = o?I, we get ||z]|*> = o?. O

15



Theorem 6 Suppose that v € C?, and let

[ VoVo+5 ]
V10115
UIUHJ. ' 1 ]1d—1, dodd;
U = 2245 |, 0<j<d-1, Md =53y d even
| Vd—1Vd—1+; |

Then v is a unit vector and generates a Heisenberg frame if and only if

2
2 _
(@ Ul = 5.
1 ,
O NP = =, 1= <ma

1’
(C) <Uj,SkUj> O, 1 S j,l{? S mqy.

Proof: First we observe that (b) and (c) hold equivalently with m, replaced by
d — 1, since o
U_j=8(T;),  (U;,87'U;) = (U;, S*U).

Hence the conditions (b) and (c) are equivalent to

1

circ(U;)* cire(U;) = m[,

J#0.

Since the eigenvalues of Uj, j # 0 are \, = v*S7 O%v, by Lemma 6 this is equivalent to

[v*SIQk| =

L j=1,....d-1, k=0,....d—1.
Jiri

Now suppose that (b) holds, then

— d—1 2
4 2 2@ — 4 2
= ||U, Ui|F5— <= —1 =0 = ——=
Il = Wl + 32 101 Joll 1= ool — 2,
and (a) is equivalent to ||v|| = 1 (given that (b) holds). Hence if v is unit vector which

generates a Heisenberg frame (a),(b) and (c) hold.

Thus it remains only to show that if (a),(b) and (c) hold (so ||v]| = 1), then

1
— —1,...

[v*QFv| =
Now for any 3 € R,

vy = Z|vr]2wk’” :Z(|vr\2+ﬁ)wkr, k=1,...,d—1,

r
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so that v*QFv, k # 0 are eigenvalues of the circulant matrix C, = circ(z), z, := |v,|* + 3.
By Lemma 6, this has all its eigenvalues of modulus 1/v/d + 1 if and only if

1

2l = 32wl + B = 3 Lol +26 3 lenf? + dB* = [V + 26llel* + dF? = o=,

T r

and C*C, = ||z||*I. Since ||Up||*> = 1/(d+ 1) and ||v|| = 1, the quadratic above becomes

Vd+1+1
dvd+1

If we take either of these two choices of 3, then C*C = ||z||*I holds, since
(z.872) = > (ol +8)(Jvei*+8) = Y |0l P +28 ) o> + dp?
= [U1* +28|w|* +dB* = dF* + 26+ 1/(d+1) =0,  j#0,
and hence (6.1) holds. O

d3* +28+1/(d+1)=0 <+ =

Lemma 7 The condition (c) of Theorem 6 can be reduced to

Proof: Making the substitution » = s — j 4+ k, we obtain

<Uja SkU]> = Z(U])T(SkUj)’r’ = Z UpUp 4 Ur—kUr—k+j = Z vrvr—k+jm

r r T
- E Vs—j+kVUsUstkVUs—j = E VsVUs—j4kVs—jVUstk = <Uk’ S]Uk>
s s

Suppose that (6.2) holds. Then the equation (U;, S*U;) = 0 also holds for j > k, since
(U;,S*U;) = (U, SUy) = 0.
O

Thus we have an equivalent set of mq+ 1+ sma(mg+1) = $(mq+1)(mq+2) < 1d?
quartic equations in vy, ..., vq, U1, ..., 0q with coefficients from Q.

Theorem 7 Suppose that d is odd and v € C?. Let

[ Vo—;V0+; |
V1—5jV1+5 1
Vii=| V2—jl245 |, 0<j<d-—1, my = §(d —1).

| Vd—1—jVd—1+ |

Then v is a unit vector and generates a Heisenberg frame if and only if

17



2
2 _
(a) IVoll* = 55
1 .
O WilP = =7 1<j<ma,

(c) (V;,Vi) =0, 0<j#k<mqg

Proof: First note that V_; = V;. Recall (U;), = v,7,3;, and observe

(STVi)r = (Vi)rtj = Urij—jUrtjes = Urriaj,

so that ‘
Vil = ISVl = [[Ug-

In particular, ||Vy]| = ||Usl|, and so condition (a) is equivalent to that of Theorem 6.
Further, the conditions (b) are also equivalent, since if 1 < j < %4, then 2j is even, with

1 Uss]| = (V5] 2 <2j <my,

and if %t < j < my then d — 2j is odd, with

[Ud—25ll = |U=s5[ = V=5l = Vil 1<d—2j <ma.
Finally,
Vi Vi = D (Ve (Vi) = Y 0r 0t Uik = ) Vet Uy () Or—KVr kot ()
= Y Uk i)rs Ui = (ST7Up, S"Us—j) = (Up—y, 7 Uy),
and it follows, by Lemma 7, that the orthogonality conditions are equivalent. 0

This gives 14 mg + 3ma(mg — 1) = 1+ £(d*> — 1) equations.

7 Analytic solutions

We now solve the equivalent equations to find analytic solutions for the primes d =
2,3,5,7.

18



7.1 The case d =2

For d =2, w = —1, and

2 R
Up = {'”‘)' } . U= {“OE} L oma=1,

|U1|2 U100

so that the equations of Theorem 6 are

2 1
1To|I* = Jvo|*+ v |* = 3 1UL* = 2Jvol*|vi|* = 3 (ULSU) = U1+ v} = 0.
Recalling that the first can be replaced by |vg|? + |v1|*> = 1, we substitute in the polar
form v; = r;e% and solve to get

3+v3  , 3FV3

6rg —6re4+1=0, rédri=1 <= ri= i o

cos(2(€1—90)) =0 <= 2(0,—6y) = g+7m = =il p=0,1,2,3.

This gives one solution, up to equivalence. Since [11] were unaware that F' maps solutions
to solutions, they count two inequivalent solutions v and w, for which we observe

n 1 1 | —+/9_
w = es"'FQSv, V= —— W,3+\/§ =—| .. 3-v3
e1\/3 -3 ei'/34+ /3

NG SRV

It is interesting to observe that there are nonscalar matrices C' which map solutions
to solutions, but which are not in the normaliser of H, e.g.,

= F Z] L0 =0, "SC= [_OZ (ﬂ — Q8.

This matrix is in the normaliser of the group (i)H.

7.2 The case of d =3

Let d = 3. This case has some interesting geometric features: it appears to be the only
one where there are infinitely many inequivalent solutions (cf [11]). Since

Vo V101 VU1
a2 _ _ _
Vo= |vif, Vi=|vovs | = [vov2], mq =1,
U% V1Vg V1V
with r; := |v;], the equations of Theorem 7 become

1
(@) IVoll* = + v+ d =,
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1
(b) [VAlI? = r3r} +rgrs +rirg = 7
(c) (Vo, Vi) = TaTh02 + ToTav? + 1002 = 0.

From (a) and (b), we obtain
ro iy =1/2=2(1/4) = 2(rgri +rirs +7375),
which can be rearranged to give
ro + (rf + 207 +73) — 25 (rf +13) = drir3.
Completing the square on the left yields

(rg = (ri +73))* = drir;.

We now consider several cases. Firstly, if 72 > r? + 72, then taking square roots,

7“(2)— (ri +713) =2riry = 7‘(2) =ri 42 tra=(r1+m)? = ro=r+7.
Secondly, if r2 < 7% 4+ r3, then
re — (T% + 7"%) = 2rry = 7"8 = r% — 2riry + 7“3 =(r — r2)2,

so that ro = r1 — ro when ry > 79, and ro = ro — r1 when ro > r{. Thus we have three
cases

ro =T1+ T, T =T + To, T =T+ T1.

From (a) and (b) it follows that r§ + r7 + r3 = 1. Hence since r; > 0, these three
cases describe the three sides of a spherical triangle in the first octant on the unit sphere.
The vertices of this triangle are given by the intersections of the three great circles, i.e.,

1
ro=r1+ry, and ri=rg+ry — 7‘0:7“1:75,7“220,
ro=r+ry and ry=ro+n = ro=r2= 5,1 =0,

rm=ro+ry and ro=rog+r = T =Tr3= \/%,m:o.
We now proceed to equation (c)
— 9 9 . 9
VU1V + VU0 + U1Tgv5 = 0.

We consider several cases:

First Vertex (rg,71,72) = (%,%,0). Since ry = |vg| = 0, equation (c) is trivially
satisfied, and as there are no other conditions, we have solutions
o0
1 .
v=—— |e?]|, 0,0 € R.
V2 | ’
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Similarly, the other vertices give permutations of these solutions.

Gives solutions

Second Vertex (rg,r,73) = \% 0, %
[ 0,9 € R.

Third Vertex (rg,r1,7r2) = (0, %, —=). Gives solutions

[\

ol 0,0 € R.

First Triangle Edge ry = r| + 72, 71,72 > 0. For convenience, let z; := vjz /U;, so that
|z;| = |v;| = r;. Then dividing (c) by vy0;73 yields the equivalent equation

ZQ+21+22:O.

Since zp = —21 — 22 and |z9| = 179 = 71 + 712 = | — 21| + | — 22|, the complex numbers
Zo, —21, —29 must have the same argument, i.e.,

z20 = Toei¢, 21 = _Tlei¢7 R = _T26i¢’ ¢ € R,
Hence, writing v; = 7;¢’%, so that z; = r;e*, we calculate
4 , 27
7’0637’90 — Toel(ﬁ _— 90 = ? + ?ko, kO - O, 1a 27

' , T 27

A ? FEb Tk, k=012,
' 4 T 27

rge¥2 = ol — 0y = % 3T ?k'z, ke =0,1,2.

Since ¢ is arbitrary, so is fy. Hence after the change of variables 6 := (¢ + 27ky)/3,
we can describe the solutions corresponding to the point (rg, 71, 72) on this edge of the
triangle by
vo =o€, vy =W, vy =reeliw, G eR, ji,js € {0,1,2},
where w := e . We can give a more precise description of this edge by solving the
equations 72 +r? +r2 =1 and ry = r; + 7y for 71,79 in terms of ry, which gives
ro & /2 — 3r2 T 2 —3r2
7“120 5 O and 1y = 0T 5 9
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Note the half of the edge where r1 > ry is given by the choice of ‘+’ in the formula for
r1, and the choice ‘=’ gives the half with r; < ry. For these to give 1,79 > 0, we must

have 5 1
2-3r0 >0, 10—14/2-32>0 <+ rggg, 7“(2)>§.

Hence % <ri< % along this edge, with r; and ry given by the formula above.

The other edges are similar.

Second Triangle Edge r; = 7o + 12, 79,72 > 0. The same as the first edge with the
roles of vy and vy interchanged.

Third Triangle Edge ry = rg+ 71, 79,71 > 0. The same as the first edge with the roles
of vg and vy interchanged.

Clearly the diagonal matrices 2 and ) map a solution corresponding to a particular
vertex or edge to another such solution, and (S, P; : j € Z3) is the group of six permu-
tation matrices which permute the coordinates of v € C* and hence map a vertex/edge
solution to another vertex/edge solution (where the vertex/edge may be different). The
action of the Fourier transform matrix

S

1 1 . ]
F=—11 w F4:]’ w=es3 =——+—1
] 2" 2

10
2, F2=10 0
\/§ w? 01

&
o~ o

on solutions is much more complicated. Consider it applied to a first vertex solution

o0 it 4 cit o0
v=— |e?|, Fv=—|e?+we?|, Fv=—10

V2 0 V6 e? 4+ w?e'

If we choose 6 = ¢ + 7 + 2{]’, then the j—entry of F'v is zero, and we have a vertex
solution. Since (0, ¢) — Fv is continuous, it then follows that F'v can be a solution
corresponding to any vertex or edge of the triangle by making an appropriate choice of
0 and ¢. It is interesting to observe that such a large set of solutions is given by the
simple formula

1 ?;9 +e ) 0.0cR

v=——| e +we? |, , 0 € R.
V6 e 4+ w2t

Since F? is a permutation, F?v is vertex solution, F3v is permutation of Fv, and F*v =
v.

22



7.3 The case d=5

Let d = 5, so that

1 V5 1
w:—i+§+1ﬁ 5+ v/5i.

We find a solution v which is an eigenspace of the element of order three given by

A= (FQ*? = —-Q*F.
This solution was obtained by Zauner [16].
Proposition 8 If d is odd, then
d+1

QFF=(-)7(FQ7)?  (FQT) =(-1)71, (7.1)

and hence Q%F has scalar order 3.

Proof: For d prime (7.1) follows from Theorem 3 and Lemma 5, and for d not
prime, the Gauss sums can also be evaluated to obtain the result. Thus A := Q%F
has scalar order three, since

A =(QFF=(FQW )P =(-)71
|

Lemma 8 The matriz B = FQ* has spectrum {u, p?, 1*, p*, 1}, p=es’ =1 4 \/ng
Its orthonormal eigenvectors corresponding to u and p* are

To 0
riwt —raw?
= |—raw|, Y= | nw (7.2)
—ToW —TqWw
riw raw?
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Proof: The calculations in the original derivation are involved. It is difficult to
simplify the surds, e.g.,

Vi=w+tw —w? —w? =14+ 2w+ w!) = -1 -2(w? +u?).

We note the following eigenvectors with entries from the field Q[w, u],

203 (VEp 41— w — w® 4+ w?) 0
(ﬁp—l)(l—l—w)%—?w w—1
z= | (Vou+ ) (Vo +wh) + . g= | P —wr Ve |,
(Vou + ) (Vhu +w?) + —w* +w —bp
(\/_;L—l)(l—i—w)—{—Qw 1—w
for which ~ ~
T — Ll Y Lo
=g — € 1T, — = ey,
1]l 19
However, it is easy to verify the result once it is obtained. 0

Thus A = (FQ?)? = B? has a 2-dimensional eigenspace for the eigenvalue p2? = e3¢
with an orthonormal basis given by the vectors x and y of (7.2).

Theorem 9 Define a complex number

V1443 \/5—\/5_.\/5+\/5
z = W) 5 1 5

Then the four unit vectors v in the e eigenspace of A given by

v =vg = azr+ [y, \/ =V1—|z]?2, B=2-2,Z-2

each generate a Heisenberg frame for C°.

Proof: It is straightforward (but tedious) to check that all the equations are
satisfied. We leave the details to the reader who might note that

2\ 344 P 1++3
— - zZ1° = .
|2| 5 4
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Observe that the permutation matrix P, = F? commutes with A, so if v is a
solution in an eigenspace of A, then is Fv is a solution in the same eigenspace. In this
case

2 2 2 2
Fv,=v_,, Fov_,=uv,, Foo=v_5, Fv_;=uv.
There are two inequivalent solutions in this eigenspace: v, and vz, which are conjugate

to each other. The following comparison with the numerical results of [11], indicates
that these are all of the solutions. In [11] solutions v and w are considered equivalent if

v=alw, la| =1, Ue€H.

We allow U € E (and so have fewer equivalence classes). Let E act on the equivalence
classes considered in [11]. Then the equivalence class [v] containing v is stabilised by A,
(—1I) (which have orders 3, 2) and by H (of order 125), so that size of its orbit is

|E| 30000

(Orbit of ol = o) ~ 6125

40.

Taking the conjugate of this orbit gives another 40 solutions, which accounts for the
total of 80 (inequivalent) solutions found numerically by [11].

7.4 Thecased=17

Let d = 7, then the permutation matrix P, has order three. We will find a solution v
which is an eigenvector P, for the eigenvalue 1, i.e., satisfying vy; = v;, 0 < j < d —1,
which we write as

a,b,c e C.

e
I
I
00 0 oo Q

Consider the equations of Theorem 7, in terms of the vectors V,,, 0 <n < (d—1)/2 = 3,
defined by (V,,); = vj—nVj4n.

[a?] [bc ]
b? ab
b? be
Vo= |2, Vi = | V?
b? c?
c? be
| | ac|

Since Pyv = v, we have
(Vn)j = Vj—nUj4n = V2(j—n)V2(j4+n) = V2j—2nV2j42n = (Vzn)%
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i.e., Vi, = PyVs, or, equivalently, Vs, = Py 'V, = P2V,. Hence we calculate
Va=PVi,  Vs=V=Vi=PFV, = B(PVi) = BV

Since V5, V3 are permutations of Vi, the equations of Theorem 7 reduce to

(a) [Voll* =

9

S ISH
+ =+
— —_

(b) [IVa]I* =

’

(c) {Vo, Vi, P,Vi, P2V1} is an orthogonal set.

Using P,V = Vg and Py = Py;' = P2, we calculate

Vo, Vi) = (PiVo, Vi) = (Vo, Vi), (Vo PaVa) = (PaVi, Vi) = (Vio, VA1),

Vi, P3Vi) = (P3Vi, Vi) = (i, Vi), (RVA, PRVi) = (i, PyVA) = (Vi, PR VA).

Hence {Vp, Vi, P,Vi, P2V1} is an orthogonal set if and only if (Vy, V1) = 0, (V, P,V;) = 0.
Consequently, the equations we must solve are:

(1) IVoll> =1/4: [af* + 3[b* + 3[c[* = 1/4

(2) IVilI> =1/8+ 3[b*[ef* + [b* + |c|* + |al*[b* + |af*[c]* = 1/8

(3) (Vo, Vi) = 0:  bea? +alb|2b + c|b|b + b°c? + 226 + blef?c + @le|?c = 0

(4) (Vi, BV1) =0:  |b|?|c|? + a|b|?E + b|c|?¢ + b*ac + c*ab + c|b|?b + a|c|?b = 0.
Consider the first two equations in |al, |b|, |c|. The first minus twice the second gives

lal* = 2lal*([b]* + [c]*) + [b]* + |c]* — 6[b[*|c[* = 0,
which may be expressed as
(lal* = (b]* + lc[*))* = 8[b*|l?,

so that
jaf? = ([ + |e]*) = £2v2]b] c]. (7.3)
Now a solution will satisfy [[v]|* = |a|? 4+ 3(]b]* + |c[*) = 1. From this subtract (7.3) to

get
A(|6)* + |c)?) = 1F 2v2b||e]. (7.4)
Now we make a simplifying assumption, that b,c € R. Since we may multiply a
solution by a scalar to get an equivalent solution this is effectively the condition b/c € R.

The equations (3),(4) become
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(3) (Vo,Vi) =0: a*be+a(b®+ ) +be(b+¢)*=0

(4) (Vi, BV =0: be(be+ (a+a)(b+c)+b*+c*) = 0. In view of (7.3), bc = 0
does not yield a solution and so (4) simplifies to (4) (Vi, Vi) =0: be+ (a+a)(b+
c)+b*+c2=0.

Let a = = + iy, then (by taking real and imaginary parts) we have five real equations in
the four real variables x, ¥, b, c.

Since a + @ = 2z, solving (4) for x gives

b? 4+ c? + be

200+ 0) (7.5)

T =
Here we cannot have b + ¢ = 0, since substituting this into (3) gives a?bc = 0, which
doesn’t yield a solution. Next expand equation (3)
(2% — y* + 2izy)be + (x — iy) (B> + ) + be(b + ¢)? = 0,

and take its imaginary part to obtain

y(2zbe — (b* + ¢*)) = 0. (7.6)
We now treat the two cases: y # 0 and y = 0.

Case y # 0: Solving (7.6) gives

b 4 3
T (7.7)

Comparing (7.5) and (7.7), we have

m+@+w+&+m_
2bc 2(b+c¢)

so that
(b4 c)(b® 4+ ) + be(b? + ¢ + be) = (b* + ¢ + be)? — 20*c* = 0.

Solving (b + ¢* + be)? = 2b%c?, gives
D+ = (—1+V2)be = (=1 +V20)be, 6 e{-1,1}. (7.8)
Given that b, c € R, we may rewrite (7.4) as
40+ A) =14 2V2ebe, e {-1,1}. (7.9)
Solving (7.8) and (7.9) for b* + ¢ and bc gives

12 —2426(26 —¢) &,59595—@+2

2 2
e Y JS s S 1 (20—e2—2"
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Multiply top and bottom by —de to make the denominators positive

_1V2(5 — 2¢) — 20¢
4 4 — 3¢ ’

126 — 266 +2

b2 2
R R —y o

, be

and combine to obtain

12 —25e(1£2 2(—0+25F4
(bj:c)2:b?+c2j:2bc:Z al T_*g(;i Tie)

The values (b+c)? and (b—c)? given by this formula are both nonnegative only if § = —1,
which gives
12 — 2 +v2(3 + 4e)

_2:_
I 1+ 3e '

12 2(—1—4
(b+c)? =2 + 6 + V2( €)
4 44 3¢

Since multiplying v by the scalar —1 gives an equivalent solution, we may assume that
b+ ¢ > 0, and since the permutation matrix P_; = F?> maps v to another solution with
the b and ¢ interchanged, we may further assume that b > 0 and b > ¢, i.e., b — ¢ > 0,
giving

1
b+ c=2a, = \/24 6 —V2(1 +4¢) >0,
e a 4\/4+35\/ ( )

1
b—c=20, = = \/2-2:4+V2(3+4e) > 0.
g b 4\/4+38\/ ( )

We therefore have
b=a+f, c=a-3,

where the possible values of o and 3 are

3vV2—4 4 —+/2 8 — Hv2 V2
QZL7 5:—\[ (e =-1), a:—\[7 5:£ (e=1)
4 4 47 4
The choice € = —1 does not lead to a solution, since this implies

3% 4+ 2) = 3((a+ B)2 + (0 — B)2) = 6(a? + 3) = zﬁ o1,

contradicting |[v||? = |a|? + 3(b* + ¢*) = 1. For choice € = 1, we determine the possible
values of a. Using equation (4) to eliminate @ from (3), gives

(be)a® + (—b* — *)a + (bPc + bc® + 2b* — b — ) =0,
which is a quadratic in a with real coefficients. Solving this in the form

(@ — %) a* — 2a(a® + 38%) a + (a* — 38* — 14a%3?) = 0,

leads to a complex conjugate pair of solutions

V8 —=90V22Vv24+1E£T
a=— V2(2v2 J ~ —0.31093791 F 0.568527317, arg(a) ~ F118.68°.

2V7(3v2 — 2)
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With the values of b, ¢ given below, this gives inequivalent solutions

1 (V8=5vV2 1 (V8=5vV2

Case y = 0: Substitute (7.5), with x = a, into equation (3), and factor to obtain

B (26 + 3bc + 2¢) (b* — 2b%c — Bb*c® — 2bc® + ¢*) 0
4(b+ c)? -

Since the quadratic form (b, ¢) — 2b* + 3bc + 2¢? is positive definite, we must have
bt — 2b%c — 5b%c? — 2bc® + ¢t = (0 + )% — 2bc(b? + ¢*) — TV = 0.
Solving the above quadratic in b? + ¢? gives

o 2bc =+ \/4b?c? + 28b%c?
a 2

Solving (7.9) and (7.10) for b? + ¢* and bc gives

e = (1+2V2)bc = (14+2V28)be,  § € {~1,1}. (7.10)

2/2 46 b — )
2(4v/2 4 26 — /2¢6)’ C2(4v2 + 26 — V/2e6)’

b+ =

and so
224+ 85+ 25

(4V2 + 20 — /2e6)

The values (b4 c)? given by this formula are both nonnegative only if § = 1, which gives

2v2+3 2v2 —1
(4v/2 +2 —V/2¢)’ (4v/2 +2 —/2¢)

As in the previous case, we may assume wlog that b4+ ¢ > 0, b — ¢ > 0, so that

(bj:c)2:b2+0212bc:2

(b+c)2:2 (b—c)2=2

22 2v2 -1
b=a+p3, c=a—0, o= V243 , 0= V2 )
22V A2 + 2 — /2 W2V A2 + 2 — /2
The choice € = —1 does not lead to a solution, and for ¢ = 1, we get
V2v2+3 6+ 5/2 CVV2—1 0 V22

Covivaiirs w0 U aaamre

which gives a solution, with the a = z obtained from (7.5) as

3v2 -2
20T
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Theorem 10 For d =7, there are three inequivalent vectors of the form
v = (a,b,b,c,b,cc), aeC, bceR

which generate a Heisenberg frame for C7, namely the pair of conjugate solutions given
by

V8 = 5v2(2v2 + 1+ Ti) b_\/8—5¢§+@ V8 -5vV2 V2
WIBV2—2) | a7 1 T TA 1

and the all real solution given by

3V2-2 ., V6+5v2 V2-v2 o VE+5v2 V22
20T T 4 4T 4

Proof: Since the above system of equations solved above was over determined,
we need to check the solutions derived above satisfy all the equations. This is easily
done.

A numerical calculation shows the orbits of the above solutions under F are distinct,
and so these solutions are not equivalent. O

These solutions were obtained independently by [2]. Due to the nature of his deriva-
tion he was unaware that there is a real solution (an equivalent solution with complex
entries was given). Since the number variables involved in a real solution is halved, such
solutions (if they exist in higher dimensions) should in principle be easier to find.

We now count the number of times [11] count vectors in the E—orbit of the above v
as different solutions. Since each v is stabilised by Ps, (i) and H, this is

|| 460992

(Orbit of Pl = (o) ~ 3.2 7

= 112.

Since our three solutions are inequivalent they account for all the 336 = 3 x 112 solutions
found numerically by [11].
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