Grassmannians as universal minimizers of frame
potentials

Kasso Okoudjou
(joint work with X. Chen, E. Goodman, M. Ehler, and V. Gonzales)

Department of Mathematics
&
Norbert Wiener Center
University of Maryland, College Park

Workshop on Tight frames and Approximation

Taipa, Doubtless Bay, NZ
February 20-23, 2018

Kasso Okoudjou Grassmannians as universal minimizers of frame potentials



Outline

© Frame potentials

e fp,N,2 and its minimizers

e Ip.d+1,4 and its minimizers

Kasso Okoudjou Grassmannians as universal minimizers of frame potentials



Frame potentials

p" frame potentials and their minimizers

Let N,d > 2 and p € (0,00]. The p" frame potential of
® = {SOk}iV:l C 891 is given by

N

FPpn,a(®) = Y {0k, o)l
k=1

when p < oo and

FPo Na(®) = L |{x, ve)|

Let 1 n,a(0, 00] = (0,00) be the function given by

= = min FP min
Hp = tpNd= min FPyqp(P)= min E |<pk,<pe|
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Frame potentials

Questions

Forp € (1,00), FP, n.4 is induced by a conservative force.

Givend > 2, p € (0,00], and N > 2
o What are the optimal configurations {gok}kN:I c 841 je., the
minimizers of iy a N7

o Find an explicit formula for the function fi, 4 N .
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Frame potentials

Frames, FUNTFs, and ETFs

Definition
A set {pi Y, C R is a finite frame for R? if there exist ,
0 < A, B < o0, such that for all z € R,

N
Allzl* <> [, ox)|* < Bll||*.
k=1

If A= B, then the frame is tight, and if each ||| = 1, then the frame
is unit-norm. If, for a constant ¢ > 0, |{¢x, @¢)| = c for every k # ¢, the
frame is equiangular. An (unit-norm) equiangular tight frame is called an
ETF.
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Frame potentials

A special case: p =2

Remark
For N > 2 and d > 2,

[ N%jd if N>d
H2,N.d = N if N<d

o N > d the minimizers of ys n,q are FUNTFs.
o N < d they are ON sets.
Indeed, finding 112 n,q is a equivalent to minimizing

tr(G?)

Il
>
Bl V)

subject to

d
tr(G)=> A =N.
k=1
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Frame potentials

Some properties of 1,

Proposition (X. Chen, E. Goodman, V. Gonzales, K.O (2018))

Let N > d > 2 be given and p € (0,00). The the following statements
holds.

(a) If® = {pr}N_, C St is a minimizer of p, x4, then ® is a frame
for R4.

(b) wp is a continuous non-increasing function on (0, c0).
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Frame potentials

Another special case: p =

Remark
For N > 2 and d > 2, Welch's bound

N—d
Hoo,N,d = AN-T)

with equality if and only if ® is an ETF. Furthermore, equality can hold
d(d+1)

only when N <
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Frame potentials

Grassmannian frames

Definition

Let N > d. A sequence ®Y = {¢p} |, C S4 1 isan (N,d)
Grassmannian frame if it is a frame and if

ficoN.d = min FPo n 4(®) = FPoo nv.a(®Y)

where the minimum is taken over all N-elements unit-norm frames ® in
R4,

Remark

(a) too.N.d < floo,N,d-

(b) For N > d(d+ 1)/2, the Welch bound implies that Grassmannian
frames cannot be ETFs.

(c) ford =2 and N > 3, Benedetto and Kolesar characterized all
Grassmannian frames: {e’”Ak/N}kN:_O1 C R%
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Frame potentials

Another special case: N = 3,d =2

Theorem (M. Ehler, K.O. (2012))

_ 5 forp € (0, iggg;]
1932 = Y series fory > ]
Furthermore, on (0, iggg;] the minimizers are ONB+ one repeated

log(3)
log(2)’

when p € (0,00) is given below

vector, and on | oo the minimizers are ETFs. The graph of ;5.2

Figure: Graph of pup 3.2 when p € (0,4).
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Frame potentials

Sharp configurations

Definition

A finite subset of the unit sphere S?~! is a sharp configuration if there
are m inner products between distinct points in it and it is a spherical
(2m — 1)-design.

Example (Cohn and Kumar (2007))

Any N equally spaced points on S! is a sharp configuration.

Theorem (Cohn and Kumar (2007))

Let f:(0,4] — R be completely monotonic (f is C>° and
(=) f®) () > 0), and let C € S4=' be a sharp configuration with
N = |C|. Then C is an optimal configuration (minimizer) for

. Z 2
min XT; —XTj
{ox L, 891 4= Fl: =251
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tp N2 and its minimizers

Optimal configuration for the p!” frame potentials

Proposition
For N > d > 2 we have

(a) ppa3 for0 < p < oo, is minimized by either ONB+ (one repeated
vector) or ETF (Ehler/Okoudjou (2012)).

(b) p kda = NTQ, for 0 < p < 2, is minimized by k copies of an ONB
(Ehler/Okoudjou (2012)).

(c) p> 2, upn,a is minimized by ETFs when they exist Ehler/Okoudjou
(2012)).

(d) New results: jip ok 2, for p € (2,00] and k > 2 (Chen, Goodman,
Gonzales, K.O. (2018)).

Kasso Okoudjou Grassmannians as universal minimizers of frame potentials



tp N2 and its minimizers

Hp.a2 and its minimizers

Theorem (M. Ehler, K.O. (2012))

Forp € (0,2] pp.a2 =8 and the minimizers are 2 copies of an ONB.
Furthermore, it was later conjecture that on [2,00], i 4.2 should have
the following graph and its minimizers must be equally spaced vectors on
the upper half circle.

Frame Potential (M = 4)

e d)

Figure: Graph of pp 4,2 when p € (0,4).



tp N2 and its minimizers

p42 and its minimizers.

Theorem (Chen, Goodman, Gonzales, K.O. (2018))

{8 forp € (0,2
Hp,a2 =

44 237P/2 forp > 2.

Furthermore, on [2, 00| the (unique) minimizers are equally spaced points
on the upper half circle.
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tp N2 and its minimizers

p.42 and its minimizers: Optimal configurations

Let Xy = {z}i_, be the subset of some sphere in dimension d. Let
K(x,y) be a nonnegative kernel and consider the energy

Ex(Xn) =Y K(xk, ).
k<t

Theorem (Chen, Goodman, Gonzales, K.O. (2018))

Let f: (0,47%] — R be a decreasing convex function defined att = 0 by
the (possibly infinite) value lim;_,o+ f(t). Any configuration X} of 4
equally spaced points on any circle with radius r minimizes the discrete
energy

Bk (X4) =) K(a, )

k<t

with the kernel K (x,y) = f(||z — y||*>) when N = 4. If, in addition, f is
strictly convex or strictly decreasing, then no other 4-point configuration
is optimal.
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tp N2 and its minimizers

p.42 and its minimizers: Optimal configurations

Remark
The last Theorem is the key to dealing with yi, 4.2. When we replace 4

by a number N > 5, then the argument breaks down.
The theorem is an extension of an old theorem of L. F. Téth

Theorem (L. Fejes Téth, (1959))

Let f:(0,2] — R be a decreasing convex function defined at t = 0 by
the (possibly infinite) value lim; .o+ f(t). Any configuration w# of
equally spaced points on S minimizes the discrete energy Ex with the
kernel K (z,y) = f(||z — yl|). If, in addition, f is strictly convex or
strictly decreasing, then no other N-point configuration is optimal.
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tp N2 and its minimizers

Upa2 and its minimizers: A lifting trick

Let M (2) denote the set of 2 x 2 matrices on R. Define P : St — M (2)

by ,
P, = P(z) = xa” = { & Wﬂ
T1To2 X5

P(SY) is contained in the circle (in R*) centered at (1,0, 3
1

75 Furthermore, for any x,y € S,
(a) <PocaPy> = <x,y>2,

(b) 1P — Pyl = 2 - 2(z,3)?,

(

_ 1P~ Py 12 /2
&) Kz, y)P = (1 - LBl )™

5) with radius

)
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tp N2 and its minimizers

Up.a2 and its minimizers: Proof

The following Lemma is easy to check.

If {P,, = P(x;)}}Y, are N equally spaced points on P(S'), then
{x;}| are equally spaced points on the half circle of S*.

We can then prove that

Theorem (Chen, Goodman, Gonzales, and K.O. (2018))

Ip,a,2 is uniquely minimized by equally spaced points on the half circle.
In other words, when p > 2, the optimal configuration for fi, 4.2 is

3mi

{e% e, e% e T }.

Kasso Okoudjou Grassmannians as universal minimizers of frame potentials



tp N2 and its minimizers

Up.a2 and its minimizers: Proof

Proof.
Let X4 = {xi}?zl, Pz = wa and 7)4 = {Pz};lzl

. pj2\ P/2
P = Ll =3 (1- B2 3 sy

i<j i<j 1<j

where f(t) = (1 —t/2)® with s =p/2 > 1. f is decreasing and strictly
convex on [0,2). Consequently, F/(X4) is minimized when and only when
P; are equally spaced points on the circle P(S1). O
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tp N2 and its minimizers

tp. N2 and its minimizers: p even

Theorem (Chen, Goodman, Gonzales, and K.O. (2

Fix N > 5. If p> 2 is even, an optimal configuration for i, N2 problem
is

-0 i% i3 g
{6 €N, e N e N }7

i.e., equally spaced points on the half circle.

Proof.

In this case f is completely monotone on [0,4] if p is an even integer.

| A

O

V.
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Hp d+1,q and its minimizers

Revisiting 11,32

For d =2 N = 3 we recall that the graph of 1), 3.9 when p € (0,00) is
given below

Frame Potentil (M=3)

Figure: Graph of up 3,2 when p € (0,4).

, }gigg} the minimizers are ONB+ one repeated

vector, and on [igigg,oo] the minimizers are ETFs.

What happen when d > 37

Furthermore, on (0
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Hp d+1,q and its minimizers

ONB+, lifted ETFs

Definition

In R%:

e An ONB+ is a set of d + 1 vectors consisting of an ONB plus one
vector repeated.

e An ETF, is an ETF of d + 1 vectors in R%,
o A lifted ETF from R* to R? is a frame containing d + 1 vectors of the

form
ETF, 0
d _ k
L

where I;_} is the identity matrix in R
By definition, ONB+ = L‘f.
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Hp d+1,q and its minimizers

Examples of lifted ETFs

Lo e 0 VBB 3% 0 0
LZ=10 +/3/2 —/3/2 0 iy = 9 0/ 0/ -
0 0 0 L 0 0 0 0 1

Note that these frames are neither tight nor equiangular, but there are
two-distant frame, e.g., the frame operator and Gramian of L% are

32 0 0 1 —-1/2 -1/2 0
s=|0 32 0 ao |12 1 -2 0
o o 1 ~1/2 -1/2 1 0

0 0 0 1
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Hp d+1,q and its minimizers

Conjecture on i, 4+1.4

Let

_ log(k +2) —logk
 log(k+1) —logk’

Pk

The following configurations minimize the p-frame potential F P, 1 v
e when p € [0, p1], the ONB+, or LY, configuration,
e when p € [pg_1,pk] for 1 <k < N, the L,ICV configuration, and

e when p € [pn_1,00), the ETFy, or LY configuration.
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Hp d+1,q and its minimizers

Conjecture on pi, 4114 for d € {3,...,7}

T
ONB+/L} I

8 - -2 L:‘i i -

' — ETF;5/L2

750 ! ! .

T 4 ' H /"L 6,5
ONB4/L{ ! 1 | o

L3

ETF, /L

65|
ONB+/L}

TTE. /T2
ETF,/MB/L3 lip.32

'
b3y Pl

P
Figure: The conjectured minima of the p-frame potential, (p, N+1,n7, With the

minimizing configurations for N = 3,4,5 compared to the known minima,
Mp,3,2, for N = 2.
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Hp d+1,q and its minimizers

Thank You!
http://www2.math.umd.edu/ okoudjou
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