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Strongly Regular Graphs

Thank you!

Thank you to the organizers, to Dan Hughes for helping me, and
especially to Shayne Waldron for putting this thing together.
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Strongly Regular Graphs

Thanks to my Co-Authors

» Brian Kodalen (PhD student at WPI)
» Jason Williford (U. Wyoming — former postoc at WPI)

WPI



Strongly Regular Graphs

Start with the Petersen Graph

Can we find a spherical 2-distance set X where distances depend
only on adjacency in the Petersen graph?
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Strongly Regular Graphs

Start with the Petersen Graph

Can we find a spherical 2-distance set X where distances depend
only on adjacency in the Petersen graph?

Eigenvalues: 3] [1]° [-2]*

WPL

William J. Martin



Strongly Regular Graphs

Eigenvalues and Cosines — Petersen Graph
First and second eigenmatrices

1 3 6
P=|1 1 -2
1 -2 1
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Strongly Regular Graphs

Eigenvalues and Cosines — Petersen Graph
First and second eigenmatrices

1 3 6

P=|1 1 -2

1 -2 1
1 5 4
Q=|X|P'=]1 5/3 -8
1 -5/3 2/3

Amazing Fact: For any configuration of ten unit vectors in RY
with inner products only depending on adjacency / non-adjacency
in the Petersen graph, the cosines in the Gram matrix must be
some convex combination of the following three columns:

1 1 1
1 1/3 -2/3 WPI
1 -1/3 1/6 PYYS
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Strongly Regular Graphs

All possible Gram Matrices for the Petersen Graph

For cosines
1 = wpg+wi+w
1 2
a = Wo+§W1—§W2
1
5 = W0_§W1+6W2

where all w; > 0, the rank of G is either 1, 4,5, 5, 6, 9, 10,
depending only on which w; are non-zero. (E.g., wy = 1 gives 10
lines in R, as does wp = 1/3, wp = 2/3.)

William J. Martin

WPL




Strongly Regular Graphs

Graphs with few distinct eigenvalues

By the “eigenvalues” of a graph I, we mean the eigenvalues of its
zero-one adjacency matrix A = A(I').
A connected graph with just two eigenvalues is complete (and

obviously regular):
A2 = aA+ Bl

implies " is regular with valency 8 and any vertex reachable in two
steps is reachable in one step.

WPL
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Strongly Regular Graphs

Strongly Regular Graphs (SRGs)

A strongly regular graph (SRG) is a regular connected graph with
just three distinct eigenvalues:

(A—KI)(A—rl)(A—sl) =0.

So
A% e span{l, A, J}.

Put another way, the adjacency matrix of the complement graph is

J—1—Aespan{l, A A%}

WPI



Strongly Regular Graphs

Strongly Regular Graphs (SRGs)

We write the first equation above as
A% =kl + NA+ p(J— 1 —A).

The standard parameters for SRGs are
» v, the number of vertices
» k, the valency (number of neighbors of any vertex)
» A, the number of triangles on any edge
» i, the number of common neighbors of any two non-adjacent

vertices

N7

T = k Fx) nT(y)l = A )N Tl =r wrr

William J. Martin



Strongly Regular Graphs

Strongly regular graphs are 2-class association schemes

We have shown that, for a regular graph I' with just three
eigenvalues, there exist constants p}. (h,i,j € {0,1,2}) such that,
if x and y are at distance j, the number of vertices at distance h
from x and i from y is this constant p} ..

WPL
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Strongly Regular Graphs

Parameters of Strongly Regular Graphs (SRGs)

If the spectrum of [ is

[K]* [r]" [s)%

with 1 + f + g = v, then we can solve for r,s, f, g in terms of
v, k, A\, i and generate tables such as this one from Andries
Brouwer.

Parameters include v, k, A, u, [r]f and [s]8
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Strongly Regular Graphs

Andries Brouwer’'s Tables

37 v, k, A\, u  eigenvalues

intersection-8 graph of a quasisymmetric 2-(36,16,12) design with intersection numbers 6, 8; O(7,2)
Sp(6.2); pg(6.:4.3); 2-graph\*

S(2.,4,28); intersection-6 graph of a quasisymmetric 2-(28,12,11) design with intersection numbers 4,
6; NU(3,3); 2-graph\*

! |64 146 2 |64 |24 |82 from a partial spread of 3-spaces: projective binary [14,6] code with weights 4, 8

149 136 |42 (140 714 |0A@8,7)

+ |63 3013151335 |-527

32|16(16427 | 435

complete enumeration by Haemers & Spence; GQ(3,5); from a hyperoval: projective 4-ary [6,3]

1 45 18
167064 182116 2= -6 |l e with weights 4, 6

45132 30(518 345
- |64 21/0 |10(16 117 [Krein2; Absolute bound
142 130 [22|107 |-256  [Kreinl; Absolute bound
(OA(8,3); Bilinpy3(2); from a Baer subplane: projective 4-ary [7,3] code with weights 4, 6;

+ |64 218 |6 521 342 Brouwer(q=2,d=2,e=3,+); from a partial spread of 3-spaces: projective binary [21,6] code with
weights 8, 12

426302 [621 [0AB6)

527 Mesner; from a unital: projective 4-ary [9,3] code with weights 6, 8; VO™(6,2) affine polar graph;
RSHCD™; 2-graph
3620 [20 |427 | 436 |from 2-(8,2,1) with 1-factor Fickus et al.; 2-graph

+ |64 27/10(12]336
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Strongly Regular Graphs

Andries Brouwer’'s Tables

It gets more yellow as v gets large:

==

e

comments

k | A ur 8

32 (16 4 [1417 | 2135 (Triangular graph T(18)
12091 [105(1135 L1517 |pg(8,14,7)

56 [19 21 |s8¢ [ 768 |po(8,6,3)?

96 60 60 668 634

76 37 [38 |5.68576 ;' cas76 2-Eraph\*?

48 |12 |16 1498 | 855  |pg(6,7,2)?

10572 [70 [755 | 598

51 |8 [21 132 | 1521 [Krein2

102(71 |60 |142L | 3132 Kreinl

72 6 |40 p132 | g2t

81 48 36 |1521 | 3132

42 17 |9 [1130 [ 3124 |S(2,3.31); lines in PG(4.,2)
11278 88 [p124 | 1230

30 4 |6 40 L5 |0(5.5) Sp4.5); GQ(5.5)

William J. Martin



Strongly Regular Graphs

The smallest SRGs

WPL
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Strongly Regular Graphs

The Line Graph of the Petersen Graph is a 3-Class
Association Scheme

One vertex for each of the fifteen edges of Petersen graph.
Diameter 3. Antipodal.
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Strongly Regular Graphs

A Small Generalized Quadrangle

We may obtain the line graph of GQ(2,2) by inserting a spread.
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Strongly Regular Graphs

Smallest Cospectral Strongly Regular Graphs

The Shrikhande graph, with parameters (16, 6; 2,2), is cospectral
with the grid graph K; x Kj. This figure depicts a toroidal
embedding with the usual cut-and-paste rules.

The automorphism group is not edge transitive in this case. WPI
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Strongly Regular Graphs

Clebsch Graph: Sixteen Lines in R> with Two Angles

The folded 5-cube is an srg(16,5;0,2) and is one of the few known
triangle-free strongly regular graphs that are not bipartite. The
complement of this graph is the Clebsch graph, with parameters

(16, 10;6,6). WL

William J. Martin



Strongly Regular Graphs

Triangular Graphs are the Diameter Two Johnson Graphs

|

The triangular graph Ts is the collinearity graph of a simple
geometry.
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Strongly Regular Graphs

The Grid Graphs are the Diameter Two Hamming Graphs

A grid and its collinearity graph. This is a dual thin generalized

quadrangle.
WPI
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Strongly Regular Graphs

Latin Square Graphs are Abundant and Most are Rigid

2 1 1
3 2 3
1 3 2

N P W
= N W
w =N

and here are three mutually orthogonal latin squares of order four
(3 MOLS(4)):

1 2 3 4 1 3 4 2 1 3 4 2
2 1 4 3 4 2 1 3 2 4 3 1
3 4 1 2 2 4 31 31 2 4
4 3 2 1 31 2 4 4 2 1 3
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Q-Polynomial Association Schemes

(Symmetric, Commutative) Association Schemes

Algebraically, we study vector spaces of symmetric matrices closed
under ordinary multiplication, under entrywise multiplication o and
containing the identities for both (/ and J).
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Q-Polynomial Association Schemes

(Symmetric, Commutative) Association Schemes

Algebraically, we study vector spaces of symmetric matrices closed
under ordinary multiplication, under entrywise multiplication o and
containing the identities for both (/ and J).

A symmetric association scheme is an ordered pair (X, R)
where X is a finite set and R = {Ry, ..., R4} is a partition of
X x X into d + 1 symmetric binary relations satisfying

» Rp is the identity relation on X
» for 0 < h,i,j < d, there exists pj. € Z such that

[Raa)  Ri(b)] = py)
whenever (a, b) € R;. (Here Ry(a) = {ce X | (a,c) € Rp}) WPL



Q-Polynomial Association Schemes

Association Schemes

Algebraically, we study vector spaces of symmetric matrices closed
under ordinary multiplication, under entrywise multiplication o and
containing the identities for both (/ and J).

A symmetric association scheme is an ordered pair (X, A)
where X is a finite set and A = {Ap, ..., Ay} is an ordered set of
|X| x | X| symmetric 01-matrices satisfying > . A; = J and

» Ap = I, the identity matrix
» for 0 < h,i,j < d, there exists phj;. € 7Z such that

d
AhA,' = Z phJ,'Aj
j=0 WP

William J. Martin



Q-Polynomial Association Schemes

Properties of Association Schemes

» Association scheme (X, R) is imprimitive if some graph
(X, R;) is disconnected (i # 0) (37 Ai = lw ® Jr, rw = |X])

WPI



Q-Polynomial Association Schemes

Properties of Association Schemes

» Association scheme (X, R) is imprimitive if some graph
(X, R;) is disconnected (i # 0) (37 Ai = lw ® Jr, rw = |X])
» Association scheme (X, .A) is metric (or “P-polynomial”)
with respect to A € A if it admits o-closed subspaces of
increasing dimension

(A= AY, A2 ... AN 0<i<d

WPL
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Q-Polynomial Association Schemes

Properties of Association Schemes
» Association scheme (X, R) is imprimitive if some graph
(X, R;) is disconnected (i # 0) (37 Ai = lw ® Jr, rw = |X])
» Association scheme (X, .A) is metric (or “P-polynomial”)

with respect to A € A if it admits o-closed subspaces of
increasing dimension

(A= AY, A2 ... AN 0<i<d

» Association scheme (X, .A) is cometric (or “Q-polynomial”)
with respect to orthogonal projection E € span A if it admits
matrix subalgebras of increasing dimension

J, E, EocE,...,.EoEo---0E) 0<i<d
i terms WPI
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Q-Polynomial Association Schemes

Examples of Cometric Association Schemes

>

>

>

conjugacy class schemes of all finite groups
multiplicity-free permutation actions
all Q-polynomial distance-regular graphs (P- and
Q-polynomial schemes)
» all strongly regular graphs are Q-polynomial
» all distance-regular graphs with classical parameters
» e.g., Hamming graphs, Johnson graphs, etc.
shortest vectors of Eg, E7, Eg and Leech lattice (and some
derived designs)
block schemes of t-(v, k, \) designs for
(t,v,k,\) e {(4,11,5,1), (5,12,6,1),
(5,24,8,1), (5,24,12,48), (4,47,11,48)}

more examples below

WPL
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Q-Polynomial Association Schemes

The Association Scheme of Symmetric Group 63

X = { (1), (12), (13), (23), (123), (132) )

(1) (12)
(123) (13)
(132) (23)

One Cayley graph for each conjugacy class
Co = {(1)}, €1 = {(12),(13),(23)}, C2 = {(123), (132)} WPI
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Q-Polynomial Association Schemes

The Association Scheme of 63

[ 0 0o o1 1 1 | [0 1 1|0 o o]
000 of1 1 1 1 0 1[0 0 0
Ay = 000 of1 1 1 Ay — 1 1 00 0 0
1 1 1[0 0 0 0 0 o0f0 1 1
1 1 1[0 0 0 0 0 0|1 0 1
| 1 1 10 0 o | L o o of1 1 o | WPI
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Q-Polynomial Association Schemes

Two Bases for Bose-Mesner Algebra

Schur idempotents { A, A1, ..., Aq} (adjacency matrices)
A,' 9) Aj = (Si’jA,'

d
= 2, PiA
k=0

matrix idempotents { Eg, Ej, ..., E4} (projections onto eigenspaces)

EE; = 5,JE-

where the structure constants q,-j are called Krein parameters and
we know qu‘- = 0. WPL
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Q-Polynomial Association Schemes

Orthogonality Relations
Change of Basis Matrices P and @

d
A P Z A

So that the Pj; are the “eigenvalues” and the Qj; are the “cosines”

r “dual eigenvalues”.
PQ = |X|I

Computing the the Hilbert-Schmidt inner product (A;, E;),

SUM(&U’A ) = SUM(A: 0 E}) = trAE; = trP;E;

gives us

Qjj x (valency of R;) = Pj x (rank of E;). WPL



Q-Polynomial Association Schemes

Imprimitive Cometric Association Schemes

An association scheme is imprimitive if some graph (X, R;) (i # 0)
is disconnected. The partition of X into connected components of
this graph is called a system of imprimitivity and | call these
components fibres.

An association scheme is Q-bipartite (“projective”?) if it is
imprimitive cometric with complete subscheme r = 2 (columns of
E; come in + pairs, so only Ry and Ry within fibres) ...

THESE are systems of lines with d/2 angles!

WPI



Q-Polynomial Association Schemes

Imprimitive Cometric Association Schemes

An association scheme is imprimitive if some graph (X, R;) (i # 0)
is disconnected. The partition of X into connected components of
this graph is called a system of imprimitivity and | call these
components fibres.

An association scheme is Q-bipartite (“projective”?) if it is
imprimitive cometric with complete subscheme r = 2 (columns of
E; come in + pairs, so only Ry and Ry within fibres) ...

THESE are systems of lines with d/2 angles!

An association scheme is Q-antipodal (“linked"?) if it is
imprimitive cometric with complete quotient scheme ([d/2]
relations, R; for i odd, between fibres, even R; within fibres)

WPI



Q-Polynomial Association Schemes

Cometric Imprimitivity Theorem

Theorem (Suzuki, 1998; Suzuki/Cerzo, '09; Tanaka/Tanaka, '10):
If a cometric association scheme (X, R) is imprimitive, and not a
polygon, then it is either Q-bipartite, Q-antipodal, or both.

WPI



Q-Polynomial Association Schemes

Cometric Imprimitivity Theorem

Theorem (Suzuki, 1998; Suzuki/Cerzo, '09; Tanaka/Tanaka, '10):
If a cometric association scheme (X, R) is imprimitive, and not a
polygon, then it is either Q-bipartite, Q-antipodal, or both.

Corollary: The following (when defined) are also cometric:
» (Q-antipodal): the induced scheme on any Q-antipodal fibre
» (Q-bipartite): the (index two) Q-bipartite quotient

» (Q-antipodal and Q-bipartite): the the Q-bipartite quotient
of the induced scheme on any fibre

Moreover, for m > 2 and (X, R) imprimitive, at least one of the
above is a primitive cometric association scheme.

WPL
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Q-Polynomial Association Schemes

Imprimitive 3-Class Cometric Schemes

Theorem: (Seidel? 19737) Three-class Q-bipartite association
schemes are in one-to-one correspondence with regular two-graphs.

Theorem: (Van Dam, 1999) Three-class Q-antipodal association
schemes are in one-to-one correspondence with (non-degenerate)
linked systems of symmetric designs.

WPI



Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4, 3,2)-designs with two
fibres (i.e., simply a symmetric design).
0 O 3

1 @ 2
2 @ 1
30 o0

Difference set D = {1,2,3} in group Zs

WPI



Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4, 3,2)-designs with two
fibres (i.e., simply a symmetric design).
0 3

1 2
2 @ \01

30 0

Difference set D = {1,2,3} in group Zs

WPL
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Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4, 3,2)-designs with two
fibres (i.e., simply a symmetric design).

Difference set D = {1,2,3} in group Zs
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Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4, 3,2)-designs with two
fibres (i.e., simply a symmetric design).

Difference set D = {1,2,3} in group Zs

WPI



Q-Polynomial Association Schemes

A Small Example

Next we will add more fibres ...
0 3

1 2
2 1
3 0

WPI



Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4,3, 2)-designs with five
fibres

=N

@ O

WPI



Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4,3, 2)-designs with five
fibres
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Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4,3, 2)-designs with five
fibres
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Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4,3, 2)-designs with five
fibres
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A Small Example

Here is a linked system of symmetric (4,3, 2)-designs with five
fibres

— _——— ¢
)

SN ————

-
N

A
N

J

I

/|




Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4,3, 2)-designs with five
fibres

—

//;jh” |

4

.,,/

XX

X
\/‘\\?{‘\(
\ A /A )

2SS

WPL
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A Small Example

Here is a linked system of symmetric (4, 3,2)-designs with five
fibres

S

XN

X
R
/"\\’/t‘\/
LA K

WPL
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Q-Polynomial Association Schemes

A Small Example

Here is a linked system of symmetric (4, 3,2)-designs with five

fibres

R AR
ESALR '/ R
SRRz

;\\"]”)‘ ‘\FW —

WPL
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Q-Polynomial Association Schemes

Definition: Linked Condition (Cameron, 1973)

WS
N0\
}\\v\'//;\\‘k\ \\\W/7 PR
AL

N\ X

NS NNARAAAL [F

WA =
AENDKORE

47/

1=

WPL
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Q-Polynomial Association Schemes

< 2t

IR ez
/'“'\‘?3"&‘9;\’/\%/;1?’;.5{{% AN
R R
LTS

A

)7 =

R éj/’{/’//

Number of common neighbours in fibre X; of a in fibre X, and b in
fibre X; (h, i,/ distinct) is

if a~ b;

Ma)nl(b)n X;| =
M@ are) nx=47 77 )

WPL



Q-Polynomial Association Schemes

LA

A
AR

A e

A

< d
NN 727N
NS
X )

)7 =

WS éj/,%

Number of common neighbours in fibre X; of a in fibre X, and b in
fibre X; (h, i,/ distinct) is
if a~ b;

Ma)nl(b)n X;| =
M@ are) nx=47 77 )

WPL
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Q-Polynomial Association Schemes

Definition: Linked Condition (Cameron, 1973)

—————

(o0 = 2,7 = 3 here)

Number of common neighbours in fibre X; of a in fibre X, and b in
fibre X; (h, i,/ distinct) is

o ifa~b;

Ma)nl(b)n X;| =
I"(2) (b) J’ T ifaxb.

WPL
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Q-Polynomial Association Schemes

Linked Systems of Symmetric Designs (Cameron)

Let I' be a graph with vertex set X and adjacency relation ~. We
say I is a linked system of symmetric (v, k, \) designs (LSSD)
with w fibres if it is possible to partition X into w vertex subsets
Xi,..., Xy such that
» no edge joins two vertices in the same fibre X; (proper
colouring)
> the subgraph induced between any X; and X; (i # j) is the
incidence graph of some symmetric (v, k, ) design (so
|Xi| = v for all i)
» for distinct h,i,j, if a€ X, and b e X;,

o ifa~b;

IM(2) A T(6) N X1 = {T if a % b.

WPL
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Q-Polynomial Association Schemes

Linked Systems Again

A 3-class Q-antipodal association scheme with w fibres has

» Ry trivial (the identity relation, joins vertices in same fibre)

WPI



Q-Polynomial Association Schemes

Linked Systems Again

A 3-class Q-antipodal association scheme with w fibres has
» Ry trivial (the identity relation, joins vertices in same fibre)

» Ry joining pairs in distinct fibres Xi,..., Xy

WPI



Q-Polynomial Association Schemes

Linked Systems Again

A 3-class Q-antipodal association scheme with w fibres has
» Ry trivial (the identity relation, joins vertices in same fibre)
» Ry joining pairs in distinct fibres Xi,..., Xy
» Ry is union of w complete graphs on the fibres Xi,..., X,
» R3 joining the remaining pairs in distinct fibres

Note that we don't have such good upper bounds on w. Noda's
bound (1974) was later shown by Mathon (1981) to follow from
the Krein conditions.

Theorem (Van Dam, WJM, Muzychuk): w < “5% unless Krein
condition is tight, where w < v/2.

WPI



Q-Polynomial Association Schemes

Linked Simplices

In RY, we seek full-dimensional simplices (consisting of unit
vectors) such that vectors from distinct simplices form just two
possible angles.

WPI



Q-Polynomial Association Schemes

Linked Simplices

In RY, we seek full-dimensional simplices (consisting of unit
vectors) such that vectors from distinct simplices form just two
possible angles.

Theorem (Kodalen, 2017): Every such configuration must come
from a linked system of symmetric designs. Conversely, linked
system of symmetric (v, k, \) designs with w fibres yields (via E;)
w linked simplices in RV~1L.

WPL
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Q-Polynomial Association Schemes

Real Mutually Unbiased Bases

Let B and B’ be orthonormal bases for R™. We say that basis B is
unbiased with respect to basis B’ if |b - b’| is constant whenever b
is chosen from BB and b’ is chosen from B'.

WPI



Q-Polynomial Association Schemes

Real Mutually Unbiased Bases

Let B and B’ be orthonormal bases for R™. We say that basis B is
unbiased with respect to basis B’ if |b - b’| is constant whenever b
is chosen from BB and b’ is chosen from B'.

We say orthonormal bases Bi, Bo, ..., B, for R™ are mutually
unbiased if each B; is unbiased with respect to each B; (j # i).
[w MUBs in R™]

Connection to association schemes (the famous “Cameron-Seidel
scheme”) discovered by Abdukhalikov, Bannai and Suda (2009).

WPI



Q-Polynomial Association Schemes

Real Mutually Unbiased Bases

Let B and B’ be orthonormal bases for R™. We say that basis B is
unbiased with respect to basis B’ if |b - b’| is constant whenever b
is chosen from BB and b’ is chosen from B'.

We say orthonormal bases Bi, B, ..., B, for R™ are mutually
unbiased if each B; is unbiased with respect to each B; (j # i).
[w MUBs in R™]

Connection to association schemes (the famous “Cameron-Seidel
scheme”) discovered by Abdukhalikov, Bannai and Suda (2009).

Theorem (LeCompte, WIM, Owens, 2010): Four-class
Q-bipartite, Q-antipodal association schemes are in
one-to-one(ish) correspondence with sets of real MUBs.

WPI



Q-Polynomial Association Schemes

The Extended Q-Bipartite Double
(WJIM,Muzychuk,Williford)

There is a doubling construction for certain cometric association
schemes that turns a d-class scheme into a (d + 1)-class scheme
on twice as many vertices. In the case of the Cameron-Seidel
construction, this turns LSSDs into real MUBs.

When else does it happen?

WPI



Q-Polynomial Association Schemes

The Extended Q-Bipartite Double
(WJIM,Muzychuk,Williford)

There is a doubling construction for certain cometric association
schemes that turns a d-class scheme into a (d + 1)-class scheme
on twice as many vertices. In the case of the Cameron-Seidel
construction, this turns LSSDs into real MUBs.

When else does it happen?

Theorem (Kodalen, 2016): LSSDs double to real MUBs if and
only if (v, k, \) are parameters of Menon type

(4u?,2u? — u,u® — u) or the complement.

WPI



Q-Polynomial Association Schemes

Geometric view of the Transformation

The (scaled) first idempotent of the scheme of an LSSD has block

form

|

Wlw 0lw oolw oolH N N NE

©Olw Wlw Wk W A HEHE P N

|

W = W W N = HE

| |

= W MWW W = B B B

| |

D= D= B[R | 0w 0lw W o=

B B = B O|W 0w |+ olw

|

D= = DR DH Olw 0= olw olw

| |

= B D= B 0l 0w 0w olw

WPL
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Geometric view of the Transformation
We push the dimension up by one
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Geometric view of the Transformation
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Q-Polynomial Association Schemes

Geometric view of the Transformation
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You can see that we failed to get MUBs. But if the two values in
the off-diagonal blocks are “just right”, we successfully convert WPL
LSSDs to MUBs. E—

William J. Martin



Q-Polynomial Association Schemes

Linking Systems (Davis, WJM, Polhill)

Let G be a finite group of size v, written multiplicatively. We seek
{D,',j|].<l',j< w, I'?éj}

satisfying

» D= DY forall i+

» DijDji = AG + (k—\)1

» DpiDjj = oDpj+ 7(G — Dpj) whenever h, i, distinct
where these equations hold in the group algebra C[G].

WPI



Q-Polynomial Association Schemes

Q-Bipartite 4-Class Association Schemes

Again, “Q-bipartite” means the spherical code is closed under
X = —X.
» Equiangular lines come from 3-class Q-bipartite schemes

» Q-bipartite 4-class schemes correspond to lines with two
angles, one of which is 7/2

» Q-bipartite 5-class schemes correspond to lines with two
angles, neither of which is /2

» Jason Williford (Wyoming) now manages the tables: e.g.
http:
//www.uwyo.edu/jwilliford/data/qbip4_table.html

WPI


http://www.uwyo.edu/jwilliford/data/qbip4_table.html
http://www.uwyo.edu/jwilliford/data/qbip4_table.html

Q-Polynomial Association Schemes

Williford’s Table of 4-class Q-bipartite Parameter Sets

Parameters (3| v |m1 Krein Array multiplicities valencies 23” P DRG Quotient Hyp|  Comments
<6 [ [6 [ {65297,1205 1,157,1856) 1614156 1,020,101 |- [01234]  {1063,1136,10) Q11036 BON Thm 44.11
07> [1[70 [7 [ {7.649710,72 121710727y 17202814 11636161 [ - 01234  {1694,1;149,16} 35,1668 [FS 169
E6, Doubly
Subtended
@6 |72 |6 (659123,131236} 16203015 12030201 |- | - <36,15.66> Subquadrangles of
GQ(.9), Latin
Square Type
7 [ {76499 3508; 11419 21/8.7) 17275635 13260321 [~ [ - <6330,13,15> E7
8 (87651238} 18285635 12870281 | - 01234| {28,156.1;16,1528) <6428,12,12>  |FS H’“;:uaa:“.?;ﬁe“““
11 [ {11,10242727,11/5; 15527440511y | 111,545,110 145085t [~ [ - <6620,104> TS [ Witt5-126,)
12 [{12,11256/25 36/11; 144125 961,12y | 1,12,75,88.24 16666661 | - | - <10033,149>
B B732056, 18528 183511284 156126561 [~ [ - <120562824> E8
i5 {15,14.2512,5, 1572,10,15} 158410535 | 163112630 |- | - <120562824> [FS | NO+®2)
Doubly Subtended
18| {18.17,72/56; 118/5,12,18) 1188510234 | 151136511 |- | - <i20301824> |75 | Subquadaglesof
2 [ (21204957 1,143,421} 1219010535 | 145160451 |- [01234| (45329.1:193245) <12645,12,18 Jurisic and Koolen
13 | {13,12,169/15,13/3; 1,26/15,26/3,13} 1,13,90,117,39 1,81,96,81,1 - - <130,48,20,16>
28 | {28,27,245/11,14/3; 1,63/11,70/3 28} 128,132,126 .21 1,72,162,72,1 - - <154,72,26 40>
36 {36,35.27.6; 1,9.30,36} 136,140,126 21 1,56,210,56,1 - 01234 {5645,12,1;1,12,45,56} <162,56,10,24> BCN, Thm. 11.4.6
21 {21,20,147/8,7/2;1,21/8,35/2,21} 1,21,160,168.28 1,128,120,128,1 - - <189,60,27,15>
15 | {15,14,250/19,45/7; 1,35/19,60/7,15} 1,15,114,175,75 1,105,168,105,1 - - <190,84,38,36>
21 {21,20,35/2.9;1,7/2,12,21} 1,21,120,175,75 1,75240,75,1 - - <196,75,26,30>
21 | {21,20,196/11,49/5; 1,35/11,56/5,21} 1,21,132,210,98 1,90,280,90,1 - - <231,90,33,36>
45 {454436,5;19.4045} 1,45220,198.22 1,110,264,110,1 - - <243,110,37,60>
<512,16> |+|512 |16 {16,15,128/9.8; 1,16/9,8,16} 1,16,135 240,120 1,135240,135,1 - - <256,120,56,56> Lﬂm;ag:ew'];ﬁp.e
Wi




Q-Polynomial Association Schemes

Williford’s Table of 4-class Q-bipartite Parameter Sets

<v, Krein array>
<240, [ 8, 7, 32/5, 6, 1, B/5, 2, B 1>

P
[ 1 56126 56 1]
[ 1 28 0 -28 -1]
[ 1 8-18 & 1]
[ 1 -2 0 2 -1]
[ 1 -4 6 -4 1]
Q:
[ 1 8 35 112  84]
[ 1 4 5 -4 -6]
[ 1 0 -5 0 4]
[ 1 -4 5 4 -6)
[ 1 -8 35 -112 84)
L =
[
[1000 0]
[01000)]
[00100)]
[00010)]
[0000 1],



Q-Polynomial Association Schemes

Spherical Designs

These schemes are best viewed as spherical codes. Spherical
t-designs (avg over X is same as avg over sphere for polynomials
of degree < t) yield Q-polynomial schemes. But most
Q-polynomial schemes are only 2-designs or 3-designs.

WPL

William J. Martin



Q-Polynomial Association Schemes

A special sort of spherical code

We may instead view X as a subset of a unit sphere with relations
R; given by inner products.

X is a (symmetric) association scheme if there exists a function
*: R[t] x R[t] — R[¢]
such that, for all a,be X and all f,g € R[t]

>, fl(a0)g(b,0) = (f » g)((a, b))

ceX

WPI



Q-Polynomial Association Schemes

A special sort of spherical code

We may instead view X as a subset of a unit sphere with relations
R; given by inner products.

X is a (symmetric) association scheme if there exists a function
*: R[t] x R[t] — R[¢]

such that, for all a,be X and all f,g € R[t]

>, fl(a0)g(b,0) = (f » g)((a, b))

ceX

X is cometric if x may be chosen so that

degf » g < min{deg f,degg} WEL

William J. Martin



Q-Polynomial Association Schemes

Tight Designs and Dual Width

Definition: The degree of D < X is

s={i#0: xpAixp # 0}|.

Theorem (Delsarte, 1973): If D < X is a 2s-design in cometric
scheme (X, R) with Q-polynomial structure Eg, E1, ..., E4 (i.e.

Eixp = 0 for 1 < j < 2s), then

ID| = mo+my+---+ ms .

If equality holds, or if D has degree s, then D induces a cometric
subscheme inside (X, R).

Theorem (Brouwer, Godsil, Koolen, WJM, 2003): Let (X,R) be

a cometric scheme. If D € X has degree s and dual width w*,

then w* + s > d. If equality holds, then D induces a cometric
subscheme. WPL

William J. Martin



Many New Constructions

A Bounty of New Examples

» linked systems of symmetric designs (Davis, WJM, Polhill)
» real mutually unbiased bases (Kharaghani, et al.)

» hemisystems in generalized quadrangles (Segre; Cossidente,
Penttila; Bamberg, et al.)

» Sho Suda and Hadi Kharaghani have extended these ideas to
linked systems of group divisible designs (cf. Suda’s talk
Friday)

WPI



Many New Constructions

Some New Examples

Penttila & Williford (2011)

» relative hemisystems in a generalized quadrangle with respect
to a subquadrangle

» 3-class, primitive
» not P-polynomial, nor duals of P-polynomial schemes

» they first construct Q-bipartite schemes, some of which are
the extended Q-bipartite doubles of these primitive schemes

WPI



Many New Constructions

Some New Examples

Moorhouse & Williford (2016)

» double covers of symplectic dual polar space graphs (Maslov
index)

» unbounded class number, imprimitive (Q-bipartite)
» not P-polynomial, nor duals of P-polynomial schemes

» for field order g not a square, the scheme has irrational
eigenvalues

WPI



Many New Constructions

Gavin King's Exceptional Schurian Cometric Schemes

Group G acts multiplicity-freely on the left cosets of subgroup H

d |X| struc multiplicities valencies G,H

3 1288 P 1,22,230,1035 1,165, 330, 792 Moz , My

4| 11178 P 1, 23, 275, 2024, 8855 1,1100, 5600, 4125, 352 Coz , HS
2Q (02431)

4 | 13056 P 1,135,3400, 8925, 595 1,210, 1575, 5600, 5670 Sp(8,2) , Sio

4 | 28431 P 1,260, 9450, 18200, 520 1,960, 3150, 22400, 1920 O§(3).2 , O;(Q).Q

5 352 A 1,21,154,154,21,1 1,35, 105,126, 70,15 Mxp.2, A;

5 | 28160 A 1,429,13650, 13650, 429, 1 1,364, 3159, 12636, 10920, 1080 Fizo.2, O7(3)

5 | 104448 P 1,187,7700,56100, 39270, 1190 1,462, 5775, 30800, 62370, 5040 | PSO7(10,2) , S12

6 704 AB 1,22,175,308,175,22,1 1,50, 175, 252, 175, 50, 1 HS.2, Us(5)
2Q (0523416)

7 | 4050 A 1,22,252,1750,1750,252,22,1 | 1,176, 462, 1155, 1232, 672, 330, 22 McL.2 , My,

WPI



Many New Constructions

Turning a Cometric Scheme into a Spherical Code

Let (X,R) be a cometric association scheme with Q-polynomial
structure
Eo, Eq, ..., Eq.

WPI



Many New Constructions

Turning a Cometric Scheme into a Spherical Code

Let (X,R) be a cometric association scheme with Q-polynomial
structure
Eo, Eq, ..., Eq.

We know that E; generates A under entrywise multiplication, so it
has d + 1 distinct entries.

We view this as the Gram matrix of a spherical code X € R™

(m = my). In fact, we will henceforth identify the vertices with
these | X| unit vectors.

WPI



Many New Constructions

Turning a Cometric Scheme into a Spherical Code

Write Gram matrix

_ X

G Eq,
m

WPI



Many New Constructions

Turning a Cometric Scheme into a Spherical Code

Write Gram matrix

X
quEl, G=UU".
m
We now identify X with the set of rows of U; this is a spherical

code in R™ with pairwise inner products

l=wy>wi > >wy

where, with appropriate ordering of relations, w; = #Qil.

WPI



Many New Constructions

Balanced Set Condition

Terwilliger: If (X, R) is cometric with respect to Ej, then (with
spherical code definitions as above):
for each a,b € X and each i, with 0 < /,j < d, the two vectors

b—a, Zc— Zc

(a,c)eR; (a,c)ER;
(b,C)ERj (b,C)ER,'

are linearly dependent.

WPI



Many New Constructions

Thank Youl

| welcome your questions and comments.

Doubtless Bay (Mangonui) Truth River next??
February 21, 2018

William J. Martin
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