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Observation of Trefethen

e For a multivariate polynomial p(x) = Zaax

d
o Usual degree: d ‘= ma j
ual degree: deg(p) aa;é)é;“'
Q =
max el
e Euclidean degree: deg,(p) := m% llcv]|2
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Observation of Trefethen

e For a multivariate polynomial p(x) = Zaax

@ Usual degree: deg(p) := maxZa;

= g;%HaHl

Euclidean degree: deg,(p) := m% llcv]|2

Ao

Certain functions are better approximated from the space of
polynomials of deg,(p) < n.
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Errors in Approximation

Errors for f(x,y)=1/(x*+y*+h?), h=1/4
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1722/2

Error in Approximation to f; = 17;1/2 +

Len Bos Approximation by Polynomial Spaces



Classical Bernstein-Walsh-Siciak

Theorem

Let K C C9 be compact and nonpluripolar with Vi continuous.
Let R > 1, and let Qg :={z: Vk(z) < log R}. Let f be
continuous on K. Then

lim sup Do(f, K)Y/" < 1/R

n—o0

if and only if f is the restriction to K of a function holomorphic in
Qr.
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Siciak-Zaharjuta Extremal Function

Vi(2) = max(0, sup{ ( )l og |p(2)| : l|pllk == rgea%\p(C)l <1}]
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Siciak-Zaharjuta Extremal Function

Vi(2) = max(0, sup{ ( )l og |p(2)| : l|pllk == rgea%\p(C)l <1}]

@ p is a nonconstant holomorphic polynomial
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Siciak-Zaharjuta Extremal Function

Vi(2) = max(0, sup{ ( )l og |p(2)| : l|pllk == rgea%\p(C)l <1}]

@ p is a nonconstant holomorphic polynomial

Dp(f, K) := inf{||f — pul|k : Pn € Pn}
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Siciak-Zaharjuta Extremal Function

Vi(2) = max(0, sup{ ( )l og |p(2)| : l|pllk == rgea%\p(C)l <1}]

@ p is a nonconstant holomorphic polynomial

Dp(f, K) := inf{||f — pul|k : Pn € Pn}

@ P, is the space of holomorphic polynomials of degree at most
n.
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Generalized Degree

@ P a non-degenerate convex set
0 eg P,i={(x1,...., xq) € (RT)d: (x + - -xg)l/" <1}
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Generalized Degree

@ P a non-degenerate convex set
0 eg P,i={(x1,...., xq) € (RT)d: (x + - -xg)l/" <1}

@ For p =1 we have P; = X where

Y o={(x1,...,Xq) € RY: x1,xg >0, X1+ xg < 1}.
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Generalized Degree

@ P a non-degenerate convex set
0 eg Ppi={(x1,.,xqg) € RT): (x) +---xP)/P < 1}
@ For p =1 we have P; = X where
Y o={(x1,...,Xq) € RY: x1,xg >0, X1+ xg < 1}.
@ gives the usual degree
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Polynomial Spaces and Generalized Extremal Function
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Polynomial Spaces and Generalized Extremal Function

Poly(nP) :={p(z) = Z cjzl i ey
JenPN(Z+)d
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Polynomial Spaces and Generalized Extremal Function

Poly(nP) :={p(z) = Z cjzl i ey
JenPN(Z+)d

e when P =X we have Poly(n¥) = P,, the usual space of
holomorphic polynomials of degree at most n in CY.
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Polynomial Spaces and Generalized Extremal Function

Poly(nP) :={p(z) = Z cjzl i ey
JenPN(Z+)d

e when P =X we have Poly(n¥) = P,, the usual space of
holomorphic polynomials of degree at most n in CY.

1
VP,K = lim — |Og CD,,
n—oo n
where

®r(2) := sup{|pn(2)| : pn € Poly(nP), ||pallk <1}.
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Generalized Bernstein-Walsh-Siciak (Bos-Levenberg)
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Generalized Bernstein-Walsh-Siciak (Bos-Levenberg)

e D, = Dy(f,K,P)=inf{||f — pnllk : pn € Poly(nP)}.
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Generalized Bernstein-Walsh-Siciak (Bos-Levenberg)

e D, = Dy(f,K,P)=inf{||f — pnllk : pn € Poly(nP)}.

Theorem

Let K be compact and PL—regular. Let R > 1, and let
Qr = Qrpk) =1z Vpk(z) <log R}. Let f be continuous on
K.

® ©Q Iff isthe restriction to K of a function holomorphic in Qg(p k),
then limsup D,(f, P, K)/" < 1/R.
n— o0
Q Iflimsup,_, . D,(f,P,K)'/" < 1/R, then f is the restriction to K
of a function holomorphic in Qrp k).
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Order of Approximation
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Order of Approximation

The order of approximation to a holomorphic function f(z) by
Poly(nP) is given (essentially) by

Dn(f,K,P)=O(R™")
where

log(R) := zeig{f) Vp k(z)

and S(f) C C¢ is the singular set of f.
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In terms of Orthogonal Polynomials
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In terms of Orthogonal Polynomials

Let
{Pa(2) = Palz, 1) : a € (%)%}

be the family of orthonormal polynomials obtained by the
Gram-Schmidt process with inner-product given by u applied to
the monomials {z : a € (Z*)}.
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In terms of Orthogonal Polynomials

Let
{Pa(2) = Palz, 1) : a € (%)%}

be the family of orthonormal polynomials obtained by the
Gram-Schmidt process with inner-product given by u applied to
the monomials {z : a € (Z*)}.

Theorem

(Generalized Zeriahi) Under the above assumptions

1 5
Vp k(z) = limsup Talp log |pa(z, )| forz e C?\ K

where K denotes the polynomial hull of K.
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Case of K C C¢ the unit ball
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Case of K C C¢ the unit ball

o K=By:={zecC?: |z <1}
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Case of K C C¢ the unit ball

o K=By:={zecC?: |z <1}
0 po(2) = cuz® ac (Z1)9 with

2 (lof + d)!

ar lpd
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Case of K C C¢ the unit ball

o K=By:={zecC?: |z <1}
0 po(2) = cuz® ac (Z1)9 with

2 (lof + d)!

ar lpd

e Here |a| := 27:1 aj and ol 1= H;'j:l(aj!)-
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The Bloom Functional
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The Bloom Functional

We have, for

j—oo
a(j)/la()| p—0

, 1 afj
Fq(0;z) == lim oS log [ca(j)Z U)|
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The Bloom Functional

We have, for

1 .
Fy(0;2z):= lim ———log ’Ca(j)za(J)‘
e 10Ul

Len Bos Approximation by Polynomial Spaces



Formula for the Bloom Function

Theorem

For K the complex ball in C¥,

Fa(0) =

{Zelogz, ZGIOg(@)—i—(Z )Iog(ZQ;)}
€l(z) i€l(z) i€l(z) i€l(z)
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Formula for the Bloom Function

Theorem

For K the complex ball in C¥,

Fa(0) =

1

§ { Z 0,‘ |Og(‘Z,"2) — Z 9,‘ |og(9,-) + ( Z 9,) |Og ( Z 9,) }
i€l(z) i€l(z) i€el(z) i€l(z)

where I(z) :=={i : z # 0}
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Level Sets of the Extremal Function

I2,|
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The g = oo (tensor-product) case

Suppose that d = 2. Then for |z| > 1,

Vp..B,(2) =
2 {log(|2[?) — log(1 — |z1|?)} if |z]|? < 1/2 and |z|*> > 1/2
2 {log(|z1]?) — log(1 — |2|?)} if|z|?> >1/2 and |z|*> < 1/2
log(|z1|) + log(|z2|) + log(2)  if|z1|?> > 1/2 and |z|? > 1/2
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Example One

1 4 1
]_—21/2 1—22/2

Consider fi(z1,22) :=
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Example One

1 n 1
1-— 21/2 1-— 22/2
Note that best L, approximations are equivalent to Taylor
expansions.

Consider fi(z1,22) :=
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Example One

1 1

1 —21/2 + 1 —22/2
Note that best L, approximations are equivalent to Taylor
expansions.

o)=Y <21k - sz) i {(121—/22);/;1 " (122_/22):21}

Consider fi(z1,22) :=
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Example One

1 1

1 —21/2 + 1 —22/2
Note that best L, approximations are equivalent to Taylor
expansions.

e =3 (3 5) + (225 - 20

k=0

Consider fi(z1,22) :=

Note that for any g > 1, the degrees of z{‘ and 22k are both k. In
particular, the best L, approximation for f; on K of degree n, for

anyq>1lis
~(z |
pn(21,22) = Z <2k + 2k>
k=0
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Example One

1 1

1 —21/2 + 1 —22/2
Note that best L, approximations are equivalent to Taylor
expansions.

(21, 22) = zn: <Z1k N sz> N {(21/2)"+1 N (22/2)”“}

£\ 2k T 2k 1—z1/2  1-2)2

Consider fi(z1,22) :=

Note that for any g > 1, the degrees of z{‘ and 22k are both k. In
particular, the best L, approximation for f; on K of degree n, for

anyq>1lis
~(# 2
Palz1,22) = 3 <2k + 2k>
k=0
In other words there is no advantage in a higher value of g despite
the fact that the spaces Poly(nPyq) are of increasing dimension in g.
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Error in Approximation to f
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Example 2

Consider the bivariate Runge type function

1

——5 a>1.
a2+212+z22

f2(Z]_, 22) =
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Example 2

Consider the bivariate Runge type function

1

——5 a>1.
a2+212+z22

f2(Z]_, 22) =

It's singular set is given by

S(h) :={zeC?: 2+ 2 =-a°}.
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Example 2

Consider the bivariate Runge type function

1

——5 a>1.
a2+212+z22

f2(Z]_, 22) =

It's singular set is given by

S(h) :={zeC?: 2+ 2 =-a°}.

in V, = | >1
g Po.k(2) =log(a), g > 1,

attained at (among other points) z; = ia, zo = 0.
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Example 2 continued
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Example 2 continued

Note that |(ia,0)|p, = |a| for all g > 1
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Example 2 continued

Note that |(ia,0)|p, = |a| for all g > 1

In other words the rate of decay of the approximation errors to f>
are also the same for all choices of g > 1; there is no
approximation value added despite the fact that the dimensions of

the spaces Poly(nP,) are increasing in g!
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Example 3

1

Take f:O,(Z) = 1_72122
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Example 3

1

Take f:O,(Z) = 1_72122

The best L, approximation is

_ 1 _ & k k , (a1z2)
fg(zl,zz)—i—Zzlzz +
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Example 3

1
Take f:O,(Z) = 1_72122

The best L, approximation is

)m+1

]. n k _k (Z]_Z2
fs(z1,22) = ——— = 22122 + 1z

The uniform norm of the error on K is easily bounded by

m+1 o—(m+1)

(2122) .
~1-1/2 2

1-— 2129

—m

max
|z|<1

Len Bos Approximation by Polynomial Spaces



Example 3

1
Take f:O,(Z) = 1_72122

The best L, approximation is

)m+1

]. n k _k (Z]_Z2
fs(z1,22) = ——— = 22122 + 1z

The uniform norm of the error on K is easily bounded by

m+1 o—(m+1)

(2122) .
~1-1/2 2

1-— 2129

—m

max
|z|<1

For classical degree: O(27"/2)
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Example 3

1

Take f:O,(Z) = 1_72122

The best L, approximation is
1 T 2122
B(z1,20) = —— = szzé‘ + (212)""

The uniform norm of the error on K is easily bounded by

m+1 o—(m+1)

(2122) .
~1-1/2 2

1-— 2129

—m

max
|z|<1

For classical degree: O(27"/2)
For euclidean degree (q = 2): 0(2~"/V?)
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Example 3

1

Take f:O,(Z) = 1_72122

The best L, approximation is
1 T 2122
B(z1,20) = —— = szzé‘ + (212)""

The uniform norm of the error on K is easily bounded by

m+1 o—(m+1)

(2122) .
~1-1/2 2

1-— 2129

—m

max
|z|<1

For classical degree: O(27"/2)
For euclidean degree (q = 2): 0(2~"/V?)

For tensor-product degree (g = c0): O(27")



Thank you for your attention.
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