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Motivation

Compute the largest unramified abelian extension of a number field.
By compute, we mean: find an algorithm that gives a set α of algebraic numbers such that K (α) is equal to HK(1), the Hilbert class field of K .

Unramified extension: all places of K are unramified in L

I unramified prime ideals (finite places)

example
L = Q(i)
K = Q

× (2) = (2, 1 + i)2

X (3) = (3)1

X (5) = (5, i + 2)1(5, i + 3)1

I unramified embeddings (infinite places)

X real emb in K  real emb in L
× real emb in K  complex emb in L
X complex emb in K  complex emb in L

Abelian extension: Galois extension whose Galois group is abelian

I class field theory (20th century)  existence of set of fields {H+
K(m) : m ∈ Z>0} satisfying

1 Gal(H+
K(m)/K ) ∼= Cl+K(m), a group described in terms of ideals of OK

2 ∀ abelian exts L/K which do not ramify at infinite places of K ∃m s.t. L ⊆ HK(m).
∀ abelian exts L/K ∃m s.t. L ⊆ H+

K(m).

What do we know?

Let m ∈ Z>0.

X H+
Q(m) = Q(exp(2πi · 1/m))

(...by Kronecker-Weber Theorem, 19th century)

X H+
K(m); K = Q(

√
D),D ∈ Q,D < 0

(...by class field theory + CM theory)

I H+
K(m) K = Q(

√
D), D > 0

(...solved if Stark’s conjectures are true [13, 8])
I H+

K(m) when K is a quartic CM field
(...what this poster is about)

CM Theory

CM field: K = K0(
√
δ) s.t.

I K0 totally real
I δ ∈ K0 s.t.δ � 0

Reflex field: K r , a field related
to K and a CM type Φ of K .

Main Theorem of CM [10]:
For each m ∈ Z>0...

I ...we can compute the following
abelian extension of K :

CMK(m) := K (jA,m) s.t.

. CMK(m) ⊆ HK(m)

. jA,m, set of invariants associated
to the m-torsion points of a
principally polarized abelian
variety A with End A ∼= OK r

(CM by OK r) of type Φ.
I ...we can find the subgroup:

Jm ≤ G := Gal(HK(m)/K )

s.t. HK(m)Jm = CMK(m).

CM fields examples

I CM fields of degree 2:
K = K0(

√
D),D < 0, K0 = Q,

K r = K ,
CM type Φ (one choice up to ∼)
Let E be an ell curve of type Φ

s.t. End E ∼= OK r

. CMK(1) = K (j(E ))
j(E )  j -invariant of E

. CMK(m) = K (j(E ))(Xm)
Xm is the set of

‘normalized’ x-coordinates
of m-torsion points of E

. Jm = 〈1〉 ∀m ∈ Z>0

 HK(m) = CMK(m) X

I CM fields of degree 4
K = K0(

√
δ), δ ∈ K0, δ � 0,

K0 = Q(
√

D), D > 0.
. Reflex field? We can solve it!
. j-invariant analogue?

Yes – Igusa invariants [6].
. J1 = 〈1〉? No, not necessarily!

A theorem of Shimura

Shimura [11]: Given K , primitive quartic CM field (i.e. degree 4 CM field that is either cyclic Galois or not Galois),

then ∃ m ∈ Z>0 such that

HK(1) ⊆ HK0
(m) CMK(m) (?m)

holds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . what can we say about such m?

An integer m for which ?m holds.

Theorem (Asuncion). Let K be a primitive quartic
CM field. Let S be a finite set of prime ideals of OK
such that

1 | ClK(1)/〈S〉| is odd

2 S contains all prime ideals of OK above 2

3 S contains at least three elements

Let P be the set of rational primes p below the prime
ideals in S . Then, ?m holds for m = 4

∏
p∈P p.

Key points of proof:
I to find S : unramified-outside-S emb. problem [3]
I to determine valuation at each p ∈ S : [2]

Given an integer m, does ?m hold?

Assume K , primitive quartic CM field.

1 Express ?m  in terms of Galois theory:

G (HK(1)) ⊇ G (KHK0
(m)) ∩ G (CMK(m))

where G (F ) := Gal(HK(m)/F ).

Class field theory can compute groups ∼= to:

X G (HK(1)) X G (HK0
(m))

2 [1, 5] study group related to G (CMK(1)).
We generalize method to find G (CMK(m)).

3 Compute ∩ and check ⊇ to answer question.
I Implemented in PARI/GP [7] by the author.

Computing HK(1) when ?m holds.

Assume K , primitive quartic CM field.

Computing HK0
(m).

1 Assume Stark’s conjectures are true.

2 Solve for HK0
(m).

3 Verify if result is correct.

Computing CMK(m)

1 m = 1: use Igusa invariants, see [6, 12, 4].

2 m = 2: use Rosenhain invariants [15].
I m > 2: future work.

Computing HK(1) if ?m with m ≤ 2.

1 Compute HK0
(m) and CMK(m).

2 Compute HK(1) as a subfield of the compositum. Use
Galois theory + explicit Shimura reciprocity [14].

Our SAGE [9] Implementation
I ...computes HK(1) when ?m holds, for examples

where ClK(1) is cyclic and degree 32 within 15 minutes
I ...vs existing Kummer theory implementations

PARI and MAGMA do not finish this computation
within 4 hours.
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