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Abstract

We use algorithms developed recently for the study of linear groups
to investigate a sequence of matrix groups defined over GF(2); these are
images of representations of certain finitely presented groups considered by
Soicher in a study of simplicial complexes related to the Suzuki sequence
graphs.

1 Introduction

In [25], Soicher considered a sequence of simplicial complexes known as I',-
complezes, and classifies a more restricted type, known as I'}-complexes, for
n < 8. These complexes arise naturally in connection with a sequence I',, of
graphs, the Suzuki sequence graphs. The automorphism groups of these graphs
are well-known for n < 6. For example, Aut(I's) = Suz:2, where Suz is the
sporadic simple group of Suzuki. Our notation for the structure of finite groups
follows that of [8].

Soicher established that the automorphism group of a I',,-complex is a quotient
of the finitely-presented (n 4 2)-generator group

Up = <CL,U0,U1, sy Un | CL2, U? (O <SS n)a (CLUO)37 (u0u1)37 <u1u2)87
(uiui+1)3 (2 <i<n), (aui)2 (i>1), (uiuj)z (1+1<y), a_l(u1u2)4).
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Alternatively, U, is the group defined by the Coxeter diagram
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a Uo Uy Uz Uus Un—1 U,

with the extra relation a = (ujus)*. He proved that Us = L3(2):2 and Uz =
(3 x Us(3)):2.

The automorphism group of a I'}-complex is a quotient of the group U, which
is the quotient of U, obtained by adjoining the additional relator (ugujusus)®.
(This element generates the normal subgroup of order 3 in Us.) In [24], Soicher
proved that, for 3 < n < 8, U} is isomorphic to U3(3):2, J5:2, Go(4):2, 3" Suz: 2,
Coy x 2, and 2 (Coq ¢ 2), respectively.

In unpublished work, Richard Parker described a construction for two linear
representations of U,, over GF(2): these are identical for even n but distinct for
odd n > 1. They are also representations of U} for n > 3. For n > 2, the
representations have degree 6 - 272 and 6 - 2! when n = 2m — 1, and degree
6-2™" 1 when n = 2m. We describe the construction in Section 2. We denote the
images of the representations of U’ as (¢, and, when n is odd, G!, respectively.
(The superscript [ means ‘large’.)

One of the major projects in computational group theory during the past 15
years has been the development of effective algorithms for analysing the struc-
ture of linear groups defined by generating matrices over a finite field. For a
recent survey of this project, see O’'Brien [21]. Implementations of some of the
resulting algorithms are available in MAGMA [4] as part of a package developed
by Leedham-Green and O’Brien. Although the machinery is not yet complete, it
frequently allows us to identify the composition factors of a given linear group.

As a case study, we used this machinery to study Parker’s groups G, and G,
for n < 20, hence for groups of degree at most 3072. This motivated us to
develop some additional machinery and to exploit some (reasonably well-known)
representation-theoretic results.

Some of the algorithms used in our computations are Monte Carlo or Las Vegas:
they rely on random selection. A Monte Carlo algorithm may return an incorrect
answer to a decision question, but the probability of this event is less than some
specified value. If one of the answers given is always correct, then it is one-sided.
A Las Vegas algorithm never returns an incorrect answer, but may report failure
with probability less than some specified value. At appropriate points we indicate
the nature of our reliance on the outcome of such algorithms.

The outline of the paper is the following. We first describe the matrix represen-



tations of Parker. In Section 3 we consider some basic computations with linear
groups. We then discuss a geometric-based approach to the study of linear groups,
and introduce the concept of a composition tree (see [15] or [21]) whose leaves are
the composition factors of a group. In Section 6 we record some module-theoretic
results which assist in our structural analysis. In Section 7 we report the struc-
ture of the groups, commenting on the individual cases. In Section 8 we show
that our results establish the existence of a I'j-complex for n = 10. Finally we
consider briefly the finitely-presented groups.

2 The representations

We now describe generating sequences X,, and X! for the matrix groups G,, and
G! over GF(2) for n > 1, where X, and G, are defined only for odd n.

For n > 2, if we map the generating sequence [a, uo, . . ., u,] of U, (or of U} when
n > 3) to X,, or X', then we obtain Parker’s representations of U, (or of U}
when n > 3).

For (m x m)— and (n x n)-matrices o and 3, the Kronecker product K(«, ) of
a and (3 is defined to be the (mn x mn)-matrix in which the entry in position
(i—Dn+k, (j—1)n+1) is equal to o0, for 1 <i,j <m, 1 <k,l <n. Note
that K(«, 8)K(7,d) = K(av, 36) provided that all of the matrices involved are
defined.

Define

100000 010001
001000 100001
w0 L0000 5:001110
' 000100 000010’
000001 000100
0000710 000001

1110
7.:(01) s 0101 6,:(11)
' 1o/ 0011 "7 \o0o1)

0001

where all matrices are over GF(2), and let [ denote the k x k identity matrix
over GF(2).

We define X; = X! = [(87)?%, «, 8] where v/ := K(v, I3). For n > 1, we define
X, and X! recursively. If n = 2m is even, then we set X,[i] := X! [i] for
1 <i<n+1,and X,[n+ 2] := K(vy, [39m-1).
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If n =2m — 1 is odd, then we define X,, by X, [i] := X,,_1[i] for 1 <i <n+1,
Xaln +2] := K(e, Isom—2), and X! by X![i] := K(I5, X,[i]) for 1 <i < n+1,
Xi[n + 2] = K((S, ]3.277172).

That these define representations of U,, and U}, is readily verified. For n < 3 this
can be checked directly and, for larger n, it can be proved by induction on n by
making use of the matrix identities (ve)® = Iy, (0K (v, 13))? = (0K (I2,7))? = Iy,
(K(& [2>K(I2, 5))2 = Is.

3 Some basic computations

If we are given G < GL(d,q), a natural question is: what is the order of G?
The Schreier-Sims algorithm, first introduced for permutation groups by Sims
[22], can sometimes provide an answer. We review this briefly; for a detailed
discussion, see [9, Chapter 4].

Let a group G act faithfully on Q@ = {1,...,n}. Recall that a base for G
is a sequence of points B = [f1,s,...,0k] such that the sequence stabiliser
G, 8.3, = 1. This determines a chain of stabilisers

G =agW > GaG® > . > G k) > Gk+1) — 1,

where GO = Gy, 5,.. 5._,- A strong generating set for B is a subset S of G such
that GO = <S N G(i)>, fori=1,... k.

The main task in setting up such a data structure is the construction of basic
orbits — the orbit B; of 3;11 under G). Observe that |G®: GU+Y| = |B;|. Sims
used Schreier’s Lemma to obtain a deterministic algorithm to construct the strong
generating sets. By contrast, Leon’s random Schreier-Sims [17] used random
elements of G. It is usually significantly faster, giving smaller strong generating
sets. Its results can be verified; see, for example, [9, Section 6.3].

If we simply exploit the natural faithful action of G < GL(d, ¢) on the vectors in
V = GF(q)?, then the basic orbits are usually very large; if G is simple, the first
orbit length is often |G|. By choosing base points having shorter basic orbits, we
extend significantly the range of application of the Schreier-Sims. Butler [5] devel-
oped the algorithm for linear groups, choosing as base points the one-dimensional
subspaces of V. A general strategy to select good base points was introduced by
Murray & O’Brien [18].

Despite various limitations imposed by the basic orbit sizes, the algorithm and
its variations underpin most of the long-standing machinery for computing with



linear groups. The implementations in MAGMA are very effective for “moderate”
degree representations defined over “small” fields.

Celler & Leedham-Green [7] presented a deterministic algorithm to compute the
order of g € GL(d, ¢). In summary, from a consideration of the minimal polyno-
mial of g, they first obtain a “good” multiplicative upper bound for |g| and then
use a “divide-and-conquer” strategy to obtain the order.

Many of the algorithms developed recently for linear groups rely on random
selections, and the analysis of their performance assumes that we select uniformly
distributed random elements. MAGMA uses the product replacement algorithm of
Celler et al. [6]. Leedham-Green & O’Brien [16] presented a variation to construct
random elements of a normal subgroup, described by a normal generating set.

In the same paper they describe an algorithm to decide if a group G is perfect.
By taking commutators of generators, we construct a normal generating set for
G, the derived subgroup of GG. For each generator g of G, we compute the orders
o0; of elements gh; for randomly chosen elements h; of G’. If the greatest common
divisor of the o; is 1 (and we check this after each choice of h;), then we have
proved that g € G.

More generally, this algorithm can decide membership in an arbitrary normal
subgroup N of G. In particular, Babai & Shalev [2] proved that if N is simple
and non-abelian, then we can test membership in N in Monte Carlo polynomial
time.

4 A geometric approach

A classification of the maximal subgroups of the classical groups by Aschbacher [1]
underpins the geometric approach to the study of linear groups.

Let Z denote the group of scalar matrices of G. Then G is almost simple modulo
scalars if there is a non-abelian simple group 7" such that T < G/Z < Aut(T),
the automorphism group of 7. In summary, Aschbacher’s classification implies
that a linear group preserves some natural linear structure in its action on the
underlying vector space V' and has a normal subgroup related to this structure,
or it is almost simple modulo scalars.

In more detail, if G is a maximal subgroup of a classical group, then it is in at
least one of the following Aschbacher categories.

Cl. G acts reducibly.



C2. G acts imprimitively.

C3. G acts on V as a group of semilinear automorphisms of a (d/e)-dimensional
space over the extension field GF(¢°), for some e > 1, and so G embeds in
TL(d/e, ).

C4. @G preserves a decomposition of V' as a tensor product U ® W of spaces of
dimensions dy,dy > 1 over F.

C5. @ is definable modulo scalars over a subfield.

™ and G/Z is contained in the normaliser of

2m+l - or of a group of order 2?2 and

C6. For some prime r, d = r
an extraspecial group of order r
symplectic-type.

C7. @G is tensor-induced.
C8. G normalises a classical group in its natural representation.

C9. Otherwise G is almost simple modulo scalars.

The first seven categories have a normal subgroup associated with a decompo-
sition. The C9-class consists of absolutely irreducible, tensor-indecomposable,
primitive groups which are almost simple modulo scalars, cannot be defined over
a proper subfield, and are not classical in their natural representation.

In broad outline, this theorem suggests that a first step in investigating a linear
group is to determine (at least one of) its categories in the Aschbacher classifi-
cation. If a category is recognised, then we investigate the group structure more
completely using algorithms designed for this category. Usually, we have reduced
the size and nature of the problem. For example, if G < GL(d, q) acts imprim-
itively, then we obtain a permutation representation of degree dividing d for G.
If a proper normal subgroup N exists, we recognise N and G//N recursively, ulti-
mately obtaining a composition series for G. Many questions about the structure
of G can then be answered by consideration of its composition factors.

5 The composition tree

In ongoing work, Leedham-Green and O’Brien have developed the concept of
a composition tree, which seeks to realise and exploit the Aschbacher classifica-
tion. Leedham-Green [15] provided a detailed description of this concept and its
practical realisation. Here we summarise it briefly.



A composition series for a group G can be viewed as a labelled rooted binary tree.
The nodes correspond to sections of G, the root node to G. A node that corre-
sponds to a section K of G, and is not a leaf, has a left descendant corresponding
to a proper normal subgroup N of K and a right descendant corresponding to
K/N. The right descendant is an image under a homomorphism; usually these
arise naturally from an Aschbacher category of the group, but we also exploit
additional ones for unipotent and soluble groups. The left descendant of a node
is the kernel of the chosen homomorphism.

The tree is constructed in right depth-first order. Namely, we process the node
associated with K: if K is not a leaf, construct recursively the subtree rooted at
its right descendant I, then the subtree rooted at its left descendant N. Each
leaf is a composition factor of the root group G.

It is easy to construct I, since it is the image of K under a homomorphism ¢.
We generate a random element of N as follows. Let K = (z1,...,x,,), and let
I =¢(K) = (T1,...,Tm). Choose random k € K, and evaluate ¢(k) € I. If we
establish that ¢(k) = w(T1,...,Zm), then k- w(z1,...,2,)"" € N. By selecting
sufficient random elements of K, we construct with high probability a generating
set for V.

Observe that this strategy assumes that we can write an arbitrary element of I as
a word in its defining generators. A major ongoing goal is to develop constructive
recognition algorithms which perform such a task. Currently they are available
for certain classes of groups; see [21] for details.

If N is nontrivial, we can usually find some elements randomly, by computing k",
where k is a random element of K and r is the order of kN in K/N.

If we know presentations for K/N and N, then we can construct one for K; see
[15] for details. If so, we can decide that we have constructed a generating set
for N — and not just one for a proper subgroup of N.

5.1 Identifying the composition factors

A natural question is: identify the non-abelian composition factors of G. A non-
constructive recognition algorithm names a simple group G. (More precisely, it
may establish that G contains a particular named group as a subgroup.)

Neumann & Praeger [19] presented a one-sided Monte Carlo algorithm to decide
whether or not a subgroup of GL(d,¢) contains SL(d,q). Niemeyer & Praeger
[20] answered the corresponding question for an arbitrary classical group in the
natural representation; their algorithm is available in MAGMA. A positive answer



— that the input group is classical — is guaranteed to be correct. Our applications
of these algorithms in Section 7 rely on positive answers only.

Babai et al. [3] presented a Monte Carlo algorithm to name a black-box group
of Lie type in known defining characteristic. In 2001 Malle and O’Brien devel-
oped a practical implementation of this algorithm in MAGMA. It also includes
identification procedures for the other quasisimple groups. If the non-abelian
composition factor is sporadic, then we identify it by considering the (projective)
orders of random elements. Similar methods can be used to deduce the degree of
an alternating group.

5.2 Membership in other categories

We briefly mention the algorithms used to decide membership in other categories
relevant to this paper. MAGMA uses the MEATAXE, a Las Vegas algorithm, to
decide if G acts reducibly on its underlying vector space; it also uses a Las Vegas
algorithm to test isomorphism of modules. See [9, Chapter 7] for details of both
algorithms. Holt et al. [11, 12] present algorithms, implemented in MAGMA, to
decide if an absolutely irreducible group acts imprimitively or semilinearly; if the
answer is positive, then it is demonstrably correct.

6 A module argument

We now consider a situation which arises frequently in our analysis of these groups
and exploit module structure to obtain more detailed structural information.

Let F := GF(q), and let M be the d-dimensional right module over F' on which
G < GL(d, q) acts. Suppose that G acts reducibly on M with submodule M; of
dimension d; and quotient My := M /M, of dimension ds, where d; + dy = d. We
make a basis change to bring the elements of GG into the block form

( a0 ) (6.1)

where the diagonal blocks A and B are (d; X dy)— and (dy X dy)—matrices, respec-
tively.

Thus G has the structure N.H, where N is the subgroup of G consisting of

matrices of the form
I 0
(L) o



and H = G/N is isomorphic to the group having elements of the form

A0

0 B
induced in the obvious way from the elements of G. (We are not of course claiming
that the matrices of this form necessarily constitute a subgroup of G.)

Since N acts trivially on M; and M5, we may also regard M; and M, as modules
over H. Let Hy and H, be the images of the projections of H onto the upper and
lower diagonal blocks, respectively (so H is a subdirect product of H; and Hs).
The following allows us to obtain readily some structural information about H.

Lemma 6.1. (i) Let h € H, and let hy and hy be the projections of h onto Hy
and Hy. If |h| > |h;| for i =1 or 2, then |H| > |H,|.

(ii) If My is isomorphic as F'H-module to either My or to the dual of M, then
H=H =H,.

Proof. (i) is clear. Let K; and K3 be the kernels of the actions of H on M; and
M, respectively. Then K and K5 consist of those elements of H that induce the
identity on the upper and lower diagonal blocks, respectively, and H/K; = H;
for ¢ = 1,2. If M; is F'H-isomorphic to M, or to its dual, then K; = K5, and so
K; = K5 = 1 and the result follows. O

Let L be the elementary abelian group of order ¢%1%? consisting of all matrices
that have the form 6.2 defined above. Then H; x H, acts by conjugation on L,
thereby making it into a module for H; x Hy over F' = GF(q). Conjugating an
element of form 6.2 by one of form 6.1 results in the (dg X dy)-matrix C' being
replaced by B~!C'A. In particular, if we denote the matrix of form 6.2 in which
C' is a matrix with a single one in position (¢,j) by e;;, and let A = (ay;) and
(B Y™ = (8;;), then e;; is conjugated to S Biwier. This demonstrates
that, as an F(H; X Hs)-module, L = Mj ®p M, where M; denotes the dual of
the module Ms. By [14, VII, Lemma 8.8 b)|, we also have L = Hompg(Ms, M).

The subgroup N of L can be regarded in the same manner as a module for H
under the conjugation action. However, it is not in general a GF(g)-submodule of
the restriction of L to H, but only a GF(p)-submodule, where ¢ = p® is a power
of the prime p. Then N has GF(p)-dimension k for some k with 0 < k < ed;ds.

In practice, this is not very useful if ed;d; is very large. Since N has potentially
large order (and consequently many generators), constructing its generating set
remains a challenging open problem. Recall from Section 5 that we can construct
some elements of N. If ed;dy is not too large (the current limit of practicality



in MAGMA is about 80000 for ¢ = 2), then we can compute (deterministically)
the GF(p)H-submodule that they generate, and thereby obtain a lower bound
for |NJ.

The following theoretical result is sometimes applicable. Since ¢ = p = 2 in the
examples of Section 7, we shall avoid complications arising from the fact that, in
general, N is only a GF(p)-submodule of L, by assuming that ¢ = p.

Lemma 6.2. If N is nontrivial, H = Hy x Hy, F' = GF(p), and My and M are
absolutely irreducible F'H-modules, then N = L.

Proof. Since H, acts trivially on M; and H; acts trivially on Ms, we may regard
My, and M, as absolutely irreducible F-modules for H; and H,, respectively.
By [13, V, Satz 10.3 b)], the tensor product of irreducible modules V; and V5
over an algebraically closed field for finite groups A; and A is irreducible as an
(A x Ag)-module. The same result holds for absolutely irreducible modules over
an arbitrary field, since such modules remain irreducible when we extend to the
algebraic closure of the field. Hence N = M, ®p M, is an irreducible F'H-module,
and the result follows. O

Remark. More generally, if M; and M, are irreducible F'H;-modules over an
arbitrary field F' of non-zero characteristic, and E; = Endpg(M;) for i = 1,2,
then M; ®p My is an irreducible F(H; x Hj)-module if and only if |F;: F| and
|Ey: F'| are coprime. We are grateful to L.G. Kovacs for pointing this out to us.

Knowledge of presentations for H = G/N and N would allow us to verify conclu-
sively that we have constructed IV, rather than a proper subgroup. In the absence
of a presentation, we know of no general method to obtain an upper bound for
the order of N. But, as we shall see in the examples below, we can sometimes
use specialised knowledge to deduce such.

7 The groups G, and G

We summarise the results of our investigations into the structure of the groups
G, and G! in Table 1. The times given are in seconds, and are the totals for all
MAGMA commands executed for the computations involving that group. These
can vary considerably from run to run. They were carried out using MAGMA 2.12
on a 400MHz Ultrasparc with 4GB of memory. By combining the results of our
computations and the theoretical results presented in Section 6, we were able to
prove these results in all cases.

10



n | Dim G, time | Dim Gl time
1 6 Sy 0
2 6 L(2,7):2 0
3 6 U(3,3):2 0 12 U(3,3):2 0
4] 12 Jy:2 1
50 12 Ga(4):2 2] 24 Ga(4):2 2
6 24 3 Suz:?2 14
7| 24 Coy 129 | 48 2 x Coy 95
8| 48 Co1 12 208
9| 48 Coy 12 213 | 96 224 (Co112) 348
10| 96  SL(48,2).2 9
11| 96 Q*(96,2) 12 192 2 x (96, 2) 43
12| 192 QF(96,4).2 59
13| 192 QF(96,4).2 57| 384 296 (H(96,4).2 20239
14| 384 SU(192,2).2 69
15| 384 Ot (384,2) 274 | 768 2x QF(384,2) 1211
16| 768 QF(384,2)22 993
17| 768 Q1(384,2)12 1040 [ 1536 238 (Q+(384,2)12) 2480
18 | 1536 SL(768,2).2 4560
1911536 Q7(1536,2) 12637 | 3072 2 x O+ (1536,2) 129643
20 | 3072 Q(1536,4).2 589724

Table 1: The structure of the groups G,, and G',

For n > 10, there is evidence of a pattern emerging with period 8: namely G,
and G, have similar structures to G,,.s and G, 5. But the evidence is too limited
to justify a conjecture about their structure for arbitrary n.

Five of the nine Aschbacher categories arise when analysing the structure of these
groups. These are C1, C2, C3, C8 and C9.

The C9-groups that arise are L(2,7):2, U(3,3):2, J, Go(4):2, 3" Suz:2, and
Co;. They are sufficiently small for us to recognise them constructively using the
base and strong generating set method described in Section 3. The simple socles
of the two largest examples, 3 Suz and Coy, arise as subgroups of SL(12,4) and
SL(24,2), respectively. By sampling (projective) orders of random elements as
discussed in Section 5.1, we were able to identify their isomorphism types with a
high probability of correctness. Using the method described in Section 3, we es-
tablished that both groups were perfect, so it remained only to verify their orders
deterministically to complete their identification. In applying the Schreier-Sims,
we chose base points appropriate to these representations, and so the remaining
computations were efficient. For 3" Suz, we completed the verification using the
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matrix representation; for Co;, we constructed a faithful permutation represen-
tation of degree 98280, and used this to confirm the order of the group.

We now discuss the groups in Table 1 individually. Let F' := GF(2). The groups
G, for 2 < n <7 are C9-groups, whereas G11, G5 and G119 are C8-groups.

For 1 < n < 5, we immediately established using the standard MAGMA func-
tions Order and ChiefFactors (both using variations of the Schreier-Sims algo-
rithm), that G, and also G!, when n is odd, are isomorphic to Sy, L(2,7):2,
Us(3):2, Jo:2, Go(4): 2, respectively. This, together with the identification of Gy
as 3" Suz: 2, confirms certain results of [25].

The C8-groups arising are SL(48,2), SL(768, 2), 27(96,2), Q7(96,4), Q7(384, 2),
07(1536,2), Q7 (1536,4), and SU(192,2). We readily identified these groups
using the algorithm mentioned in Section 5.1. We confirmed that the orthogonal
groups are of type QF rather than SO™, by proving that they are perfect using
the algorithm outlined in Section 3.

The groups Gg, G2, G13, G14 and Gy are C3-groups. Hence they have a normal
subgroup N that acts irreducibly but not absolutely irreducibly, and so N can
be rewritten as a group acting absolutely irreducibly in smaller dimension over a
larger field. The elements outside of N act as field automorphisms on N. In each
of these examples, |G,,: N| = 2, and N can be rewritten as a group of degree half
the original dimension over GF(4). For Gg, we identified N as 3 Suz; otherwise,
N is a C8-group; in all cases these were recognised as described above.

We commented in Section 5 upon the difficulty of obtaining generators of normal
subgroups N of GG that arise in the composition tree program. However, in these
examples |G/N| = 2, and we readily calculated Schreier generators for N.

The groups Gg, Gy, Gig, Gig, G17 and Gz are C2-groups, with two blocks of
imprimitivity. Again we have a normal subgroup N of index 2 for which we
found Schreier generators, but here N acts decomposably with two components
of degree half of the original. The restricted actions on the components are
C8-groups in each case, and they were recognised as before.

Since these C8-groups S are simple, there are only two possibilities for the struc-
ture of N: either N = S or N = S x S. We used Lemma 6.1 to distinguish
between these possibilities. For Gg, Gy, G and Gy7, we found elements in N
for which the restrictions onto the two components have different orders. Thus
N 2 §x .S in these examples and, by [10, Theorem 3| for example, G is isomorphic
to the wreath product S?2. For G5 and G5, the F'N-modules corresponding to
the actions on the two components were dual to each other. Hence N = S; so
G1p and Gig are SL(48,2) and SL(768,2), respectively, extended by the duality

automorphism.
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The remaining examples, G! for odd 3 < n < 19, are Cl-groups with two ir-
reducible constituents each having dimension d/2, where d is the dimension of
G'. From the discussion in Section 6, we learn that G', = N,.H,, where N,
is an elementary abelian group of order 2F with 0 < k < d?/4, and H, <
GL(d/2,2) x GL(d/2,2). In each of these examples, the F'H,-modules (referred
to as M and M, in Section 6) corresponding to the actions on the two compo-
nents of H,, are isomorphic. Hence, by Lemma 6.1, H, < GL(d/2,2), and H,
acts faithfully on each of the two components. We analysed the structure of H,,
and found that H,, = (G, in each case.

For G and G we verified immediately with the MAGMA function ChiefSeries
that G!. =~ H,, so N, is trivial.

For GY, GY,, G%5 and G', the derived group [G',, G!] acts decomposably with two
components of dimension d/2. Since H,, is perfect, this implies that [G!, G!] =
H,, and G = N, x H,. By using Schreier generators, as described earlier, we
were able to show that |G : H,| = 2, so G!, = 2 x H,,. Alternatively, the fact
that V,, is nontrivial and Gﬁl =~ N, x H, enables us to deduce theoretically that
|N,| = 2, as follows. We saw in Section 6 that L, = Hompg(Ms, M;), where L, is
the module for H,, consisting of all matrices of the form 6.2. But M; and M, are
isomorphic absolutely irreducible modules for H,,, and so the submodule of fixed
points of L, under the action of H,, corresponds to Hompgy, (M, M) which has
dimension 1 over F'. Since N, clearly lies in the fixed point submodule in these
examples, we conclude |N,| < 2.

In the remaining examples, G}, G', and G'., the subgroup N, is much larger.
For G} and G5, we constructed in MAGMA the F'H,-module L,, defined in Sec-
tion 6, and then constructed the submodule generated by a few randomly chosen
elements of N,, to prove that |Ng| > 22 and |Nys| > 2¢°. For G'., L, has di-
mension 3842 = 147456; although we could define L, in MAGMA, we were unable
to construct its submodules.

For G, we used the permutation representation of degree 98280 of Co; to obtain
a presentation of Hy 2 Co;12, which we could then use to prove that |Ng| = 224°.
We also applied an alternative approach to G}, however, which proved more
generally applicable, in particular to the other two examples. We first found
generators for the subgroup Ny.H} of index 2 in G}, where Hj = Co; x Coy.
We then found that the restriction of the natural module M for G to Ng.H] is
decomposable with two isomorphic components of dimension d/2 = 48. Hence,
by Lemma 6.1, Ng.H| acts faithfully on each of these components, so we can
restrict to the action on one of them. This restricted action is reducible with two
irreducible constituents of degree d/4 = 24, from which it is clear that | Ng| < 224

We were able to find the corresponding decomposition for GY., and thereby de-
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duce in the same way that [Ny7| < 234 but in this case we could not find a lower
bound for | Ny7|. However, by the theory described in Section 6, N;7 is a submod-
ule of the tensor product My ® M, for the direct product Q1 (384, 2) x 27 (384, 2),
where M; and My are both equal to the natural module for Q*(384,2). Since
this natural module is absolutely irreducible, it follows from Lemma 6.2 that
|Ny7| = 238 We can apply the same argument to GY.

At first sight, it seems not possible to apply a similar argument to find an upper
bound for | Ny3], since Hiz is semilinear rather than imprimitive. However, if we
regard G5 as a subgroup of GL(384,4) rather than of GL(384,2), then Hi3 is
imprimitive. We now find the analogous decomposition to that of G and G';
and so deduce that Nj3 has dimension at most 962 as a vector space over GF(4).
But the GF(4)-dimension of Ni3 is just the GF(4)-dimension of Ni3 ®pr GF(4),
which is equal to the dimension of Ni3 over F' = GF(2), and so | Nys| < 299,

8 The existence of ['-complexes

We now consider what our analysis of Parker’s representations says about the
existence of I'}-complexes for larger values of n.

Theorem 4 of [25] provides conditions sufficient for the construction of a I',-
complex from a known I'),_;-complex. Suppose that we have an epimorphism
¢ : U, — G for a finite group G and let H; := ¢({a,ug,...,u;)) for 1 < i < n.
Then the restriction of ¢ to (a, ug, ..., u, 1) induces an epimorphism v : U,, 1 —
H, 1. Wecall Y al';,_y-map if H,_; = Aut(L) for some I';,_;-complex L, and if
certain other technical conditions are satisfied; see [25, Definition 4] for a precise
definition. Further ¢ is a I',-map if H,_; is a core-free subgroup of G and
H, ﬂH,fE“l”) = H,_5. Observe that H,_, is always a subgroup of H,_; ﬂHj&“l");
if H,_1 is a core-free subgroup of GG, then it cannot be normalised by ¢(u,), so
a sufficient condition for equality is that H,,_5 is a maximal subgroup of H,_;.
Corresponding assertions apply with U, replaced by U and I',, by I'}.

Let v, : U, — U,+1 be the homomorphism induced by mapping each generator of
U, to the generator of U, ; with the same name. If we denote Parker’s represen-
tations by ¢, : U* — G, and ¢l : U* — G',, then it is immediately clear from the
definitions of ¢, and ¢, in Section 2 that there are embeddings ¢, : G, — G,
(n even) and ¢, : G, — Gpi1 (n odd) such that ¢, = v,¢l., (n even) and
B 1y = Vpdny1 (n odd).

Consider the case when n = 9. Theorem 6 of [25] shows that ¢ = ¢g is a I's-map,
Hg = 13(Gy) is a core-free subgroup of G}, and Hy = 1517(GL) = Hg mHg’(“g) since
17(GL) is a maximal subgroup of Gg. As Soicher comments at the end of Section
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4 of [25], this shows that ¢ = ¢l is a I'j-map, and establishes the existence of a
['s-complex with automorphism group isomorphic to Gf = 924 (Coq22).

Since t5(Gy) is a maximal subgroup of Gy (it is a complement in the extension
224 (Co;12) that acts irreducibly on the subgroup 224) and 19(Gy)' is clearly a
core-free subgroup of the almost simple group Gy = SL(48,2) .2, we deduce the
existence of a I'f;-complex with automorphism group isomorphic to SL(48,2) . 2.

However, as was pointed out to us by J.N. Bray, any intersection of two conjugates
of SL(48,2).2in G}, = 2x Q% (96, 2) that contains a subgroup 224° . (Co;22) must
necessarily contain the larger group 22*.(Sp(24,2)22). Hence the condition
Hy = Hig N Hf)o(u“) does not hold, and so these methods cannot be applied to
construct I';-complexes for n > 10.

9 The presentations

We now briefly consider the finitely-presented groups U, and U}. Soicher [25]
proved that Us = L3(2):2 and Us = (3 x Us(3)): 2, and commented that “U, may
in fact be infinite”.

We can confirm this. In 2005 Bernd Souvignier (private communication) exhib-
ited a subgroup of U, having a free abelian quotient of dimension 4. He used
the low-index subgroup algorithm [23, Section 5.6] to investigate subgroups of
index 36 in the subgroup of Uy of index 200 that maps onto Us(3). The kernel
K of the map of one of these subgroups onto a 2-quotient of order 2° has such
an abelianisation. Note that K has index 691200 in Uy; we have also found a
subgroup of index 172800 in U, with infinite abelianisation.

It seems plausible that the homomorphism v,, from U, to U,,; 1 defined in Section 8
is an embedding for all n, which would imply that U, is infinite for all n > 4.
However we were not able to prove this. Neither did investigations of subgroups
of low index in U,, for n > 5 yield a proof that they are infinite.

Of course U;; may also be infinite for sufficiently large n > 9, but again we failed
to prove this. For n > 5, U,, and U, have perfect derived group of index 2. For
n > 8, the only finite homomorphic images of U of order greater than 2 that
we could construct are those listed in Table 1; these do not provide subgroups of
sufficiently low index to allow us to compute their abelianisation. We established
that the derived groups of Uj, U}, and Uj; have no simple homomorphic images
of order up to 108.

15



References

1]

2]

M. Aschbacher. On the maximal subgroups of the finite classical groups.
Invent. Math. 76 (1984) 469-514.

Laszl6 Babai and Aner Shalev. Recognizing simplicity of black-box groups
and the frequency of p-singular elements in affine groups. In Groups and
Computation I1I, Ohio State Univ. Math. Res. Inst. Publ., pages 39-62.
Walter de Gruyter, Berlin, 2001.

Laszl6 Babai, William M. Kantor, Péter P. Palfy, and Akos Seress. Black-
box recognition of finite simple groups of Lie type by statistics of element
orders. J. Group Theory, 5(4):383-401, 2002.

Wieb Bosma, John Cannon, and Catherine Playoust. The MAGMA algebra
system I: The user language. J. Symbolic Comput., 24:235-265, 1997.

Gregory Butler. The Schreier algorithm for matrix groups. In SYMSAC 76,
Proc. ACM Sympos. symbolic and algebraic computation, pages 167-170,
New York, 1976. Association for Computing Machinery.

Frank Celler, Charles R. Leedham-Green, Scott H. Murray, Alice C.
Niemeyer and E.A. O’Brien. Generating random elements of a finite group.
Comm. Algebra, 23, 4931-4948, 1995.

Frank Celler and C.R. Leedham-Green. Calculating the order of an invertible
matrix. In Groups and Computation II, volume 28 of Amer. Math. Soc.
DIMACS Series, pages 55—60, 1997.

J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson. ATLAS
of Finite Groups, Oxford, 1985.

Derek F. Holt, Bettina Eick, and Eamonn A. O’Brien. Handbook of compu-
tational group theory. Chapman and Hall/CRC, London, 2005.

D.F. Holt. Embeddings of group extensions into wreath products. Quart. J.
Math. (Ozford), 29:463-468, 1978.

Derek F. Holt, C.R. Leedham-Green, E.A. O’Brien, and Sarah Rees. Testing
matrix groups for primitivity. J. Algebra, 184:795-817, 1996.

Derek F. Holt, C.R. Leedham-Green, E.A. O’Brien, and Sarah Rees. Com-
puting matrix group decompositions with respect to a normal subgroup. J.
Algebra, 184:818-838, 1996.

B. Huppert. Endliche Gruppen I. Grundlehren Math. Wiss. 134, Springer-
Verlag, Berlin, Heidelberg, New York, 1967.

16



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[23]

[24]

[25]

B. Huppert and N. Blackburn. Finite Groups II. Grundlehren Math. Wiss.
242, Springer-Verlag, Berlin, Heidelberg, New York, 1982.

C.R. Leedham-Green. The computational matrix groups project. In Groups
and Computation I1I, volume 8 of Ohio State University Research Institute
Publications, pages 229-247. Walter de Gruyter, Berlin, 2001.

C.R. Leedham-Green and E.A. O'Brien. Recognising tensor-induced matrix
groups. J. Algebra 253, 14-30, 2002.

Jeffrey S. Leon. On an algorithm for finding a base and strong generating
set for a group given by generating permutations. Math. Comp., 20:941-974,
1980.

Scott H. Murray and E.A. O'Brien. Selecting base points for the Schreier-
Sims algorithm for matrix groups. J. Symbolic Comput., 19:577-584, 1995.

Peter M. Neumann and Cheryl E. Praeger. A recognition algorithm for
special linear groups. Proc. London Math. Soc. (3), 65:555-603, 1992.

Alice C. Niemeyer and Cheryl E. Praeger. A recognition algorithm for clas-
sical groups over finite fields. Proc. London Math. Soc., 77:117-169, 1998.

E.A. O’Brien. Towards effective algorithms for linear groups. In Finite Ge-
ometries, Groups and Computation, pages 163-190. Walter de Gruyter,
Berlin, 2006.

Charles C. Sims. Computational methods in the study of permutation
groups. In Computational problems in abstract algebra, pages 169-183. Perg-
amon Press, Oxford, 1970.

Charles C. Sims. Computation with finitely presented groups. Cambridge
University Press, 1994.

Leonard H. Soicher. Presentations of some finite groups, PhD thesis, Cam-
bridge, 1985.

Leonard H. Soicher. On simplicial complexes related to the Suzuki sequence
graphs. In Groups, Combinatorics and Geometry, volume 165 of London
Math. Soc. Lecture Note Ser., pages 240-248. Cambridge University Press,
London, 1992.

17



Addresses:

Mathematics Institute

University of Warwick

Coventry CV4 TAL

Great Britain

e-mail: dfh@maths.warwick.ac.uk

Department of Mathematics
University of Auckland

Private Bag 92019

New Zealand

e-mail: obrien@math.auckland.ac.nz

18



