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Abstract

A long-standing question is the following: do there exist p-groups of
odd order having precisely p — 1 conjugacy classes of the largest possible
size? We exhibit a 3-group with this property.

The number of non-identity conjugacy classes of a given size in a p-group, for
p a prime, is divisible by p — 1 (see, for example, [4]).

In 1982 I.D. Macdonald [3] considered finite 2-groups having a unique conju-
gacy class of maximal size. More generally he suggested the following problem.

Is there a prime p and a finite p-group G which has precisely p — 1
classes of maximal size?

As usual, we say that a finite p-group has breadth b when its conjugacy classes
of maximal size have p® elements. Recall that the breadth of a group of order p",
for n > 1, is at most n — 2 and that the breadth is n — 2 for, and only for, groups
of maximal nilpotency class. A p-group G of maximal nilpotency class and order
at least p* has (p — 1)? or p*> — p conjugacy classes of maximal size depending
on whether G is exceptional or not (see [2, 14.13]). In particular, all 3-groups
with maximal nilpotency class and order at least 3* have 6 conjugacy classes of
maximal size ([2, 14.17]).

Let G be a group of order p™ and breadth b having precisely p — 1 conjugacy
classes of maximal size. Macdonald [3] proved that the nilpotency class of G is
at least 3, b > 4 and n < b* + b. He also exhibited a group of order 27 having
nilpotency class 3 and breadth 4 which has a unique conjugacy class of size 2*.
This is a smallest example, as all groups with order dividing 2° have at least two
conjugacy classes of maximal size. There are 46 groups with order 27 which have
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a unique conjugacy class of maximal size; these groups all have breadth 4. In
2004 Avinoam Mann [4] showed that n < b?—1, and proved that b > 5 for primes
p>5.

We exhibit the first example of a p-group of odd order having precisely p — 1
conjugacy classes of maximal size (Corollary 3). It is a 5-generator group of order
3%, having nilpotency class 4, breadth 10 and precisely two conjugacy classes of
size 31,

The example is constructed in two stages. The first stage applies to all odd
primes and the second to all primes. Unfortunately 3 is the only prime for which
the two can be combined.

We say that the conjugacy class of an element x in a finite p-group G is special
if it coincides with z®(G), where ®(G) is the Frattini subgroup of G. A special
conjugacy class is always of maximal size. Moreover, if G has a special conjugacy
class, then all the conjugacy classes of maximal size are special.

Theorem 1. Let p denote an odd prime. There is a group of order p**2 with
exactly (p — 1)? special conjugacy classes.

Proof. Let V = tF,[t]/(t*™2); viewed as an algebra, vector space or abelian group
as appropriate. Thus V is a (p + 1)-dimensional vector space over F,. For each
f € F,[t], denote by ¢; the F,-linear map on V' which maps v to fv. Let
M = {¢145 | f € tF,[t]}. It is easy to see that M is a subgroup of Endg, (V)
and that M is an abelian group of order p” and rank p — 1. Let « be the algebra
isomorphism of V' which maps ¢ to ¢/(1 —¢). Then « has order p. Let H be
the subgroup of Endg, (V') generated by o and M. The order of H is pP*! and
M<H.

Let G be the split extension of V' by H. The order of G is p**2. We write
the elements of G in the form (n,v) or often simply nv. Observe that G is
generated by three elements: «, ¢4 and t =t + (tP*2) € V. We first prove that
(o', kt )®(G) is a special conjugacy class for 1 < i,k < p—1. It is enough to show
that the centraliser of o't has order p*. Note that Cq v (a't) = (o, ¢p14w)V and

[<O[, (251+tp>‘/, Oélf] = [<¢1+tp>v, C‘él{] = <tpf> + [V, Oé] =tV.

Hence |Cev (i)
Ca(a't)] = |Cop,y ity ()] = GVIAT g
|Ca(a’t)| = | Cayv( t)( )l |[C’G/V(oﬂt),oﬂt]| P

Second we show G has no other special conjugacy classes. Let g = (a(¢144)?, kt)
with 0 < 4,7,k < p—1 be in a special conjugacy class. The image of a special
conjugacy class of G in the quotient H is also special. Hence, since p is odd,
we deduce that ¢ # 0. If j # 0, then there exists s € {1,...,p — 1} such that
si+ 7 =0 (mod p). Then

CG/tS‘HV(g) = <g7¢1+tp7t87lf7tsf>(ts+1v)
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has order p*. Consider finally the case j = 0. If k = 0, then

Ca(g) = (g, prw, P71, 171)
has order p*. Thus k # 0 and G has (p — 1)? special conjugacy classes. O

The corresponding 2-group has 3 special conjugacy classes.
Note that all groups with order dividing 37, and at least 32, have at least 6
conjugacy classes of maximal size.

Theorem 2. [f there is a finite non-cyclic p-group with exactly 2(p — 1) special
conjugacy classes, then there is a finite p-group with exactly p—1 special conjugacy
classes.

Proof. Let G be a finite non-cyclic p-group with exactly 2(p—1) special conjugacy
classes. The special conjugacy classes of G can be taken as a'®(G), u'®(G) for
1<i<p-—1. Let p” = |Cq(a)P(G) : (G)|. If m > 1, then there is a subgroup
M of index p™~! in G containing (a, ®(G)) such that G = MCg(a). Note that
aM = a%. So aM is a special conjugacy class in M and ®(M) = ®(G). Hence
|Cr(a)®(M) : ®(M)| = p and the number of special conjugacy classes in M is
2(p—1) or p—1. Thus it remains to consider the case m = 1. Let N be a subgroup
of index p? in G containing ®(G) such that G = (N, a,u). Let K be the subgroup
of the direct product G x G generated by N x N, (a, 1), (1,a) and (u,u). We show
that K has exactly p— 1 special conjugacy classes. Note that ®(K) = (G x G).
Thus a special conjugacy class of K is also a special conjugacy class of G x G.
The special conjugacy classes of G x G which lie in K are (a’,a’)®(G x G) and
(u,u)'®(G x G) for 1 <i,j < p—1. However, Cx((a’,a’)) = Cg(a) x Cg(a) has
order greater than |K : ®(K)| and so the (a’, a’)®(K) are not special conjugacy
classes of K. On the other hand, |Ck((u,u))| = |Cg(u)|*/p = |K : ®(K)| and so

(u,u)'®(K) are special conjugacy classes of K. O
Corollary 3. There is a group of order 3> with just two special conjugacy classes.

The direct product of two copies of the group of order 3% in Theorem 1 has
72 maximal subgroups with two special conjugacy classes. We record a power-
commutator presentation (see [5, Chapter 9]) for one of these — where all powers
and commutators not listed are to be taken as trivial. It can readily be verified
using, for example, MAGMA [1] that the group has exactly two conjugacy classes
of size 3'° and these are special.



3 _ 3_ .2 .3_ .2 2
Lo = X11, T3 = Ty9, Ty = Ty3L715,

To, T1] = T, [T3, 1] = T11214, (T3, T2 = X7, [T4, 3] = T,

L5, L1] = ﬁoﬁp [T5, T2] = T10T11 714, [T5, T3] = $§$3$15, (25, 74] = $8$%3$15,
Ly T1] = 37%07 (76, T2] = 551055%1, (26, T3] = 111714, [T6, 75] = x%47
[
Ty, La] = $127 (78, 75] = T19713,
Tg,T1| = :L'14, (29, 23] = 275235, [29, T4] = x13x15, [x9, 5] = 235, [29, 28] = 215,

517107=T2] = 1'14, [517107173] = T14, [517117171] = 1’14,

[
[ ]
[ | =
(27, 21] = 5511» 7, 9] = ¥y, [T7, 05) = T4, [07, 26) = T4,
[ ] =
[ | =
[
1, 5] = 215, [213, T3] = T15, [413, 74] = 275} .

There are other examples of order 3'°. Given a 3-group K with two special
conjugacy classes, Theorem 2 can be used to construct another from the direct
product K x K which has four special conjugacy classes. Hence one gets infinitely
many examples.

This construction does not provide examples of p-groups having p — 1 special
conjugacy classes for p > 3. Indeed, for p > 3 we have not been able to construct
a p-group with fewer than (p — 1)? conjugacy classes of maximal size.

We add a remark about 2-groups. A family of 2-groups with just one max-
imal conjugacy class and with unbounded nilpotency class, like the examples of
Ferndndez-Alcober and O’Brien mentioned in [4], can be constructed in an analo-
gous way to the method of Theorem 2. Let D be the direct product of the unique
pro-2 group of maximal class and a maximal class group of order 2*. There is
a maximal subgroup of D which has coclass 4 and has for each n > 7 a finite
2-quotient of order 2" with just one special conjugacy class.

Our search for examples was substantially assisted by computer calculations
using MAGMA.
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