ENUMERATING CLASSES AND CHARACTERS OF p-GROUPS

E. A. O'BRIEN AND C. VOLL

ABSTRACT. We develop general formulae for the numbers of conjugacy classes and
irreducible complex characters of finite p-groups of nilpotency class less than p. This
allows us to unify and generalize a number of existing enumerative results, and to
obtain new such results for generalizations of relatively free p-groups of exponent p.
Our main tools are the Lazard correspondence and the Kirillov orbit method.

1. INTRODUCTION

The study of the conjugacy classes and irreducible complex characters of groups is
an active area of research. The enumeration of classes and characters of finite groups
of Lie type, for instance, has played an important role in the work of Liebeck, Shalev
and others; see, for instance, [25]. Motivated by a conjecture of Higman [13], the classes
and characters of upper-unitriangular groups have been extensively studied; see, for
example, [18, 30].

‘Representation growth of groups’ is an umbrella term for the asymptotic and arith-
metic properties of group representations as a function of their dimensions. A key tool
in the study of representation growth is the Kirillov orbit method. Where applicable,
it provides a parameterization of the irreducible complex representations of a group in
terms of co-adjoint orbits. It was pioneered by Kirillov in the realm of nilpotent Lie
groups and later adapted to other classes of groups, including p-adic analytic groups,
finitely generated nilpotent groups, and finite p-groups; see [10, 14, 15, 20]. Under cer-
tain conditions the linearization achieved by this method facilitates a description of the
numbers of characters of a group in terms of geometric data attached to the dual of a
Lie algebra associated with the group, such as the numbers of rational points of certain
algebraic subvarieties.

Let p be a prime. In this paper we employ the Kirillov orbit method to study the
classes and characters of finite p-groups of nilpotency class less than p. Let G be a finite
p-group. For ¢ > 0, we define

cci(G) = #{conjugacy classes of G of cardinality p’} and
ch;(G) = #{irreducible complex characters of G of degree p'}.

The vectors cc(G) = (cc;(G)); and ch(G) = (ch;(G)); are the class vector and the
character vector of G, respectively. We denote by cs(G) = {p' : cc;(G) # 0} the class
sizes of G and by c¢d(G) = {p" : ch;(G) # 0} the character degrees of G. We write

k(G) = Z cci(G) =Y chy(G)

)

for the class number of G.
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Let ¢ be the nilpotency class of G, and assume that ¢ < p. Let g = log(G) be the finite
Lie ring associated to G by the Lazard correspondence. We associate to G a subset S(G)
of g/3 x g/, where 3 denotes the centre of g and g/ = Homy(g’, C*) the Pontryagin dual
of the derived Lie ring g’. In Theorem A we show that the class and conjugacy vectors
of G may be described in terms of the cardinalities of fibres of the natural projections
from S(G) onto g/3 and g’

Theorem B gives a geometric description of the class and character vectors of certain
p-groups and describes the variation of these vectors under ‘extension of scalars’. More
precisely, let 0 be a compact discrete valuation ring of characteristic zero with residue
field k of characteristic p. Theorem B asserts that if g is a finite, nilpotent o-Lie algebra
of class ¢ < p, and ¢ or, equivalently, g/3, is a k-vector space, then computing class and
character vectors of the p-group exp(g) associated to g under the Lazard correspondence
is equivalent to enumerating k-rational points of degeneracy loci of certain ‘commutator
matrices’ associated with g. Moreover, the formulae given in Theorem B are uniformly
valid for groups of the form exp(g ®, O), where O is a finite, unramified extension of o.

The Lie algebra g may be obtained by base change from a globally defined object,
such as a nilpotent Z-Lie algebra. For some of the groups obtained from such Lie
algebras, Theorem B yields formulae which are uniform under variation of both the
cardinality and the characteristic of the residue field. Consider, for instance, the free
F,-Lie algebras f,.(F;) on r generators and of nilpotency class ¢, where [y is a finite
field of characteristic p > c. These algebras are of the form f,.(F;) = f(Z) @z F,
where f,.(Z) is the free nilpotent Z-Lie algebra of class ¢ on r generators. Theorem B
applies to the groups F. .(Fy) := exp(fr.(Fy)).

In Section 2 we state Theorems A and B, together with some applications to groups
of the form F, .(F;). Our main tools are the Lazard correspondence for p-groups of
nilpotency class ¢ < p and the Kirillov orbit method for such groups. In Section 3 we
review these tools and use them to prove Theorems A and B. In Section 4 we apply these
results to uniformize a number of existing enumerative results on classes and characters
of p-groups. In Section 5 we prove new results for the groups F; .(F,), including those
stated in Section 2. They extend and generalize results of Ito and Mann [19] for the
relatively free groups of exponent p.

1.1. Notation. We denote the cardinality of a set S by either #5 or |\S|. We write N for
the set {1,2,...} of natural numbers. For I C N and ¢ € R, we write Iy for I U {0} and
cly for {ci : i € Iy}. Given a,b € Ny we define [a] = {1,...,a} and [a,b] = {a,...,b}.
For x € R we set |z] := max{m € Z : m < x}. If I is any ordered set then we write
I = {iy,...,i1}< to indicate that i; < --- < 4;. Given a proposition P, the ‘Kronecker
delta’ op is 1 if P holds and 0 otherwise. If ni,...,n, € Ng and f € N, we write
(n1,...,ny)s for the vector

(n1,0,...,0,12,0,...,0,...,n,,0,...,0) € NI";
~—— ~—— ~———
f-1 f-1 f-1

if f =1 we drop the subscript.
Given a ring R, an R-Lie algebra g is an R-algebra with a ‘Lie bracket’, that is to

say an R-bilinear map [,] : g X g — g which is skew-symmetric and satisfies the Jacobi
identity. A Lie ring is a Z-Lie algebra. We write [u,v,w,...] for the left-normed Lie
product [...[[u,v],w]...] € L, and [u,; v] denotes the Lie product [u,v,...,v] with ¢

occurrences of v.
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Throughout this paper, o is a compact discrete valuation ring of characteristic zero,
viz. a finite extension of the p-adic integers Z,, with maximal ideal p and residue field
k = o/p of characteristic p. An arbitrary field is denoted by K.

The centre and derived group of a group G are denoted by Z (or Z(G)) and G’
respectively; the centre and derived ring of a Lie algebra g are 3 (or Z(g)) and g’. We
write [,] also for the induced map g/3 x g/3 — ¢, (z +3,y+3) — [z,y]. Given g € G
and x € g we write C¢(g) and Cy(x) for the respective centralizers.

Given a ring R and integers m and n, we write Mat(n x m, R) for the n x m-matrices
over R. We abbreviate Mat(n xn, R) to Mat(n, R). We denote the transpose of a matrix
A by A%,

By a character of a group we always mean a complex irreducible character.

2. THE MAIN RESULTS

The Lazard correspondence establishes an order-preserving one-to-one correspondence
between finite p-groups of nilpotency class ¢ < p on the one hand and finite nilpotent
Lie rings of p-power order and class ¢ < p on the other; cf. [23, Example 10.24]. More
precisely, one may define a group operation on such a Lie ring g by the formula

UKV ::ZFi(u,v), u,v € g,

i<c

where F;(X,Y) is the homogeneous part of degree i of the Hausdorff series F/(X,Y),
an element in the completion of the free Q-Lie algebra on variables X and Y7 cf. [23,
§9.2]. Then exp(g) := (g, *) is a p-group of class ¢. The theorem underlying the Lazard
correspondence asserts that the isomorphism type of every p-group G of class ¢ < p
arises in this manner from a Lie ring g, unique up to isomorphism. We denote the map
underlying a fixed isomorphism exp(g) = G by exp : g — G, and write log for its inverse.

We write g’ for the Pontryagin dual Homgz(g’, C*) of the finite abelian p-group g'.

Theorem A. Let G be a finite p-group of nilpotency class ¢ < p and let g = log(G) be
the corresponding Lie ring. Define

S(G):={(x,w) € 9/5 x ¢ s w([z,2]) = 1 for all 2 € g/3},
with projections w1 : S(G) — g/3 and 73 : S(G) — g. Fori >0,
cci(G) = #{w € a3 I @) = p7 11} 1Z(@)Ip
chi(G) = # {we g Imy w)| = p~¥]a/sl } 1G/CIp 72
In particular, the class number k(G) = |S(G)| |Z(G)||G'|~L.

For a certain family of groups, Theorem B exploits this result to provide a uniform
description of the class and character vectors in terms of the numbers of rational points
of rank varieties of matrices of linear forms. We now formulate this more precisely.

Assume that o is a compact discrete valuation ring of characteristic zero and residue
characteristic p, and that g is a finite, nilpotent o-Lie algebra of class ¢ < p. Set

a:=rko(g/3), b :=rko(g'),

and fix an ordered set € = (eq, ..., e,) of o-module generators for g/3 and an ordered set
f = (f1,...,fp) of o-module generators for g’. We choose ‘structure constants’ /\fj €o
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such that
b

lei, e5] = ZA” fo and A =2k

for all 4,7 € [al], k € [b].

Definition 2.1. Let X = (X3,...,X,) and Y = (Y1,...,Y}) be independent variables.
We define commutator matrices (with respect to e and f) of o-linear forms in X and Y,
namely

A(X) € Mat(a x b, 0[X]), where A(X); _Z)\Z]X], i € [a], k € [b],
b
B(Y) € Mat(a, 0[Y]), where B(Y Z)\Z]Yk, i,j € [a].
k=1

If g is a K-algebra with K-basis B = (ey,...,ep) such that the residue classes of the
elements e1, ..., e, form a K-basis e for g/3 and f = (ep_pr1,-..,ep) is a K-basis for g’
then we refer to the associated commutator matrices A and B as ‘with respect to B’.

Remark 2.2. The commutator matrix B is clearly skew-symmetric. Hence det(B) is a
square in o[Y], whose square root Pf(B) := \/det(B) is the Pfaffian of B. If a is odd
then Pf(B) = 0.

Assume now that g/3 or, equivalently, g’ is annihilated by p, the maximal ideal of o.
We write k for the residue field o/p of characteristic p. The set of generators f for g’
may be regarded as a k-basis for the k-vector space g’. Similarly, we view e as a k-basis
for the k-vector space g/3.

The commutator matrices A and B may be considered as matrices of linear forms
over k. Let K be an extension of k. For © = (z1,...,2,) € K* we write A(x) €
Mat(a x b,K) for the matrix obtained by evaluating the variables X; at x;. Likewise
B(y) € Mat(a,K) is defined for y = (y1,...,y5) € K. We note that the ranks of
matrices of the form B(y), for y € K?, are even integers.

It is well-known that every finite field k is self-dual, i.e. (noncanonically) isomorphic
to its Pontryagin dual. Indeed, let v : k — C* be a nontrivial additive character
of k. For a € k define 9 (z) = z/)(ax) for x € k. The map a — 1, is an isomorphism
between k and its Pontryagin dual k; cf., for instance, [4]. Since g’ = kb, this yields
an isomorphism between g’ and its dual gA’ . On the other hand there is, of course, a
— likewise noncanonical — isomorphism between g’ and its linear dual Homy(g’, k). We
fix an isomorphism 7 : g — Homy(g’, k). The dual k-basis f¥ = (fY) for Homy(g’, k)
gives a coordinate system

b
wleOmk(g/,k)—)kb, yzzykflg/'_)y:(yh)yb)
Set 1) : =1y 0 : g’ — k®. Similarly, the k-basis e for g/3 gives a coordinate system
a
v:9/3 >k z= ijej = x=(T1,...,%q).

j=1

For a finite extension O of o, we write g(©) for g ®, © and 3(O) for 3 ®, O. By

tensoring, the bases associated with g yield corresponding bases associated with g(9);
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we continue to write e for the O-basis e®, 1 for g(9)/3(9O), and likewise f for the O-basis
f ®, 1 of g(O)". Note that the commutator matrices A and B remain unchanged.

Assume further that © is an unramified extension of o, with maximal ideal 8. We
identify the residue field O /9, a finite extension of k, with F,. The O-Lie algebra g(©O)
inherits the property that the derived algebra and the cocentre of g() are annihilated
by B. We consider e and f as [F;-bases for the respective F,-vector spaces of dimensions
a and b. Set G(O) := exp(g(L)). Note that our assumption on g implies that both
G(O) and G(O)/Z(G(O)) have exponent p. Our second main result gives a uniform
description of the set S(G(9)) introduced in Theorem A — and therefore for the class and
character vectors of G(9) — in terms of the numbers of Fy-rational points of degeneracy
loci of the commutator matrices A and B.

Theorem B. Let 0 be a compact discrete valuation ring of characteristic zero and
residue field k of characteristic p, and let g be a finite, nilpotent o-Lie algebra of class
c < p. Assume that g’ = k® and that g/3 = k* as k-vector spaces. Let O be a finite,
unramified extension of o, with residue field isomorphic to F,. The class sizes and
character degrees of G(9) are powers of ¢ = p!. Fori >0,

ceif(G(D)) = # {z € Fg 1 tk(A(z)) = i} |Z(G(D))|g™",
chif (G(9)) = # {y € Fy : tk(B(y)) = 2i } |G(9)/G(0)'|g 2.
We illustrate Theorem B with a well-known example.

Example 2.3. Let G = Us(F,) be the group of 3 x 3 upper-unitriangular matrices
over F,, where ¢ = pf. Thus |G| = ¢®, a = 2 and b = 1. For odd p, G is isomor-
phic to exp(f22(Fq)), where §2 2(IFy) is the Fy-Lie algebra with Fy-basis (u, v, w), subject
only to the relations [v, u] = w, [u,w] = [v,w] = 0. With respect to this [F-basis

A(X):(_;jQ) and B(Y):(Yl _Y1>.

Theorem B confirms the well-known formulae cc(G) = (¢,¢*> — 1); and ch(G) = (¢%, ¢ —
1);. We note that S(G) may be identified with {(u,v,w) € F} : wu = wv = 0}, showing
that k(G) = ¢®> +q— 1.

In Section 5 we study generalizations of the relatively free p-groups of exponent p. For
integers r > 2 and ¢ > 1 we consider the free F,-Lie algebra f, .(F,;) on r generators and
nilpotency class ¢, where ¢ = p/ is a power of a prime p > ¢. The Lazard correspondence
associates the p-group F, .(F;) = exp(f,.(F;)) to this F,-Lie algebra. Our approach
yields, for instance, a simple, geometric proof of the following generalization of [19,
Theorem 5] and of Example 2.3.

Proposition 2.4. Let ¢ = p! be an odd prime power. The character degrees of F,2(F,)
are 1,¢,¢%,...,q"/3. For0<2i<r

7’+i273i H?Z:_Ol (qT—j - 1)
[T=6(¢20) — 1)
Proof. We fix an Fy-basis (z1,..., 2,y : 1 < k <€ <) for fo,(F,), subject to the

relations [xg, x| = yre for 1 <k < £ < r. Note that a = r and b = (;) The commutator
matrix B(Y) with respect to this basis is the generic skew-symmetric matrix in variables

chyf(Fr2(Fg)) = ¢
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Yie for 1 <k <€ <r,s0 B(Y)g = —Yge. It is well known that, for 0 < 27 < r, the set
{y € ]ng) :1k(B(y)) = 2i} has cardinality

i(i— Hzizil(qr_j - 1)
vip(Fra(Fy)) = ¢ =250

(@) - 1)
see [6, Equation (7.5)]. Theorem B implies that ch;¢(F,.2(Fy)) = ¢" 25 (Fr2(F,)). O
Recall that the ‘Witt formula’ is defined, for 7 € N, by

(2.1) W, (i) = % S u(dyritd
dli

where p denotes the Mébius function; cf., for example, [12, Chapter 11]. We define
{ZTIWT(z’) if ¢ = 2m + 1,
SE W) + (Y if e = 2m.
Theorem 2.5. Assume that (r,c) # (2,3), that p > ¢ and let q be a power of p. The

n(r,c)

character degrees of F,.(F,) are 1,q,4%,...,q .

n(r,c) :=

The character vectors of the groups F» 3(FF,) are given in Proposition 5.8. For i € [¢] we
define

c—1

k(T’, G, Z) = _5i<(c+1)/2 + Z WT(K)
/=1

Theorem 2.6. Assume p > ¢ and let ¢ be a power of p. The class sizes of Fy.(Fy) are
qk(’”’c’i) for1<i<ec. Forj>1
(2.2) ce;(Fre(Fy)) = 3 (a0 = 1) g 7+ Eima W0,

{’LG[C*].] : k(T,C,i):j}
and cco(Fre(Fy)) = |Z(Fre(Fy))| = ¢ ).
Observe that the function i — k(r,c,?) is injective unless r = 2 and ¢ € {3,4}; in these
cases the sum in (2.2) has at most two nonzero summands. Generically it has at most

one.
Theorems 2.5 and 2.6 will be proven in Section 5.

3. PROOFS oF THEOREMS A AND B

The Lazard correspondence between p-groups and Lie rings of nilpotency class ¢ < p
allows us to linearize the problem of enumerating conjugacy classes and characters. Let
G be a finite p-group of nilpotency class ¢ < p, with associated Lie ring g = log(G).

3.1. Counting conjugacy classes. It follows from straightforward calculations with
the Hausdorff series that log induces an order-preserving correspondence between sub-
groups of G and subalgebras of g, and log maps normal subgroups to ideals. In particular,
|G/Z| = lg/3| and |G'| = |¢/|, and centralizers in G correspond to centralizers in g. Thus

cci(G) =#{conjugacy classes of G of cardinality p'}
=#{9 € G:|G: Cal9)| =p'}p~"
=#{z € g:g: Cy(a)| =p'hp™
=#{z € 9/5:19/5: Cos(@)| = p'} sl p™"
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The last equality reflects the fact that the centralizer of an element only depends on its
coset modulo the centre. For z € g/3 we define

ad, : g/3 — ¢, 2+ [z, 2]
ad;:g’—mj/\g,, w— woad,.
Hence
(3.1)

cci(G) = #{z € g/3: |im(ad,)| = p'} 3| p" = #{z € g/3 : | ker(ad?)| = p~*|g'|} |3 p~"

3.2. Kirillov’s orbit method and counting characters. The Kirillov orbit method
offers a linearization of the character theory of G in terms of co-adjoint orbits: characters
of G correspond to orbits in g := Homgz(g,C*), the Pontryagin dual of g, under the
co-adjoint action Ad* of G on g. The following is well-known; see, for example, [5,
Theorem 2.6] or [10, Theorem 4.4].

Theorem 3.1. Let G = exp(g) be a finite p-group of nilpotency class ¢ < p. Let Q C g
be a co-adjoint orbit and w € Q.

(1) There exists a polarizing subalgebra by C g for the bi-additive, skew-symmetric
form B, : gxg — C*, (u,v) — w([u,v]): namely, a subalgebra by that is maximal
with respect to the property that B, |pxy = 1. Setting

Rad(By) :={u € g: B,(u,v) =1 for all v € g},

exp(Rad(By)) is the Ad*-stabilizer Stabg(w), and |g : | = |h : Rad(By)|. Thus,
with H := exp(h),

Q]2 = |G : Stabg(w)[/? = |g : Rad(B,)|"? = [g: | = |G : H|.

(2) Viewing w as a function on G (via log), the function w|g is a one-dimensional
representation of H. The induced representation Uqg := Indgw of G is irre-
ducible, independent of w, and has dimension \Q|1/2. All irreducible complex
representations of G have this form.

(3) The character of Uq is given by |Q~/2 > weaw(g), forgeG.

Remark 3.2. A Kirillov orbit method for torsion-free finitely generated nilpotent pro-p
groups of class 2 that holds for all primes p is presented in [27, Section 2.4]. We expect
that it can be used to prove the conclusions of Theorem 3.1 for 2-groups of class 2.

Theorem 3.1 reduces the problem of enumerating the characters of G to that of
computing the indices in g of the radicals Rad(B,,), as w ranges over g. In fact, given
w € g, the form B, only depends on the restriction of w to g’. Given w € 5' we therefore
write B,, for By, where @ € g is any extension of w. With this notation, Theorem 3.1
implies that

ch;(G) =#{irreducible complex characters of G of degree p'}
=#{co-adjoint orbits Q C @ of size p*'}
=#{w € a:|o: Rad(Bu)| = p*}p~™
=#{w e g :lo: Rad(By)| = p*'} |o/o/|p~
(32) =#{w € o' : |Rad(B,)/3| = p~*|0/sl} lo/9| 07"
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3.3. Proof of Theorem A. For ¢: € Ny we define
i(G) = #{z € 9/3 - [ker(ady)| = p~*lg'|},
vi(G) = #{w € ' |Rad(BL) /3] = p~*[g/3]}-

Equations (3.1) and (§\2) imply that cc;(G) = wi(G)|31p~% and ch;(G) = v:(G)|g/g'|p~%.
For x € g/3 and w € ¢/, observe that € Rad(B,,)/3 if and only if w € ker(ad’). Thus
S(G) ={(w,w) € 0/3 x 7+ w([z,2]) = 1 for all = € g/3}
={(z,w) € 9/5 x ¢’ : w € ker(ad})}

(3.3) —{(&,w) € 8/3 X 9+ 2 € Rad(B.)/3}.

Using the natural projections m; : S(G) — g/3 and w3 : S(G) — g/, we see that
pi(G) = #{x € o/s: |m (@) = p7lo']},
vi(G) = #{w e g+ |my (@) = Ha/5}-

We obtain two descriptions of the class number k(G):

l'|k(G Ig\chz = 31> lg | (G) = 31[S(G)],

9/3|k(G Ig/zlzch —\g/g\Zp *a/3lvi(G) = [9/d'||S(G)]-

We deduce that k(G) = |S(G)] 3] |¢'| ! = |S(G )||Z( )| |G’|~*. This proves Theorem A.

3.4. Proof of Theorem B. Recall that o is a compact discrete valuation ring with
residue field k = o/p of characteristic p, and that g is a finite, nilpotent o-Lie algebra
of class ¢ < p with the property that g/ 3 and g’ are annihilated by p. Further recall

the isomorphisms ¢ : g/3 — k® and v : g’ — k® introduced in Section 2. Consider the
p-group G = exp(g). By (3.3),

S(G) = {(z,w) € g/3 x ¢ : x € Rad(B.)/5}.

The following lemma, proved analogously to [1, Lemma 3.3], characterizes membership
of §(G) in terms of the above coordinate systems for g/3 and g'.

Lemma 3.3. Let x € g/3 and w € 5’ correspond to p(r) = ¢ € k* and Y(w) =y € kP,
Then

x € Rad(B,)/3 if and only if A(x)y"™ = B(y)x"™ = 0.
Now let O be a finite, unramified extension of o, with residue field isomorphic to
Fy = F,r, say. Applying Theorem A, (3.3) and Lemma 3.3 to g(9) = g ®, O reduces
the computation of the class and character vector of G(9) = exp(g(9)) to the problem

of counting the solutions to linear equations over IF,. In particular, all class sizes and
character degrees are powers of ¢ = p/. For i > 0,

1i(G(D)) = # {m € FY : tk(A(x)) = i} ,
vif (G(9)) = # {y € By 1k(B(y)) = 2i}

This proves Theorem B.
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4. CONSEQUENCES OF THEOREMS A AND B

4.1. Isoclinism. Recall from [11] that two p-groups G; and Go are isoclinic if there
are isomorphisms 0 : G1/Z1 — Ga/Z> and ¢ : G} — G such that, for all o, 8 € G},
o([a, B]) = [0(aZ1),0(5Z1)]. The pair (0, ¢) is an isoclinism between G and Ga.

If G; and G2 have nilpotency class less than p and (6, ) is an isoclinism between

G1 = exp(g1) and G = exp(ga), then there is a pair of associated maps (0, ®~1), where
© = logofoexp, ! =logoploexpand &1 : g — g, wi + wyo® L The
isoclinism (6, ¢) induces a bijection (0, ®~1) : S(G1) — S(G2), where, for i € {1,2},

S(G;) are as defined in Theorem Aj; in particular

S(G1) = {(z1,w1) € (81/Z(g1)) x g} 1 wi([z1,21]) =1 for all 21 € g1/Z(g1)}-

By definition, wy (71, z1]) = 1 if and only if wi (®71([O(z1), O(21)])) = 1; this holds if
and only if ®~1(w;)([©(x1),0(21)]) = 1. Therefore (0,2~ 1)(S(G1)) = S(G2). This, of
course, merely reflects the well-known fact that isoclinic groups have, up to multiplica-
tion by p-powers, identical class (and character) vectors.

4.2. Pfaffian hypersurfaces. Boston and Isaacs [3] studied the class vectors of some p-
groups of class 2 and exponent p. In this section we prove a generalization and extension
of [3, Theorem 3.2]. We first describe our broader context. Let o be a compact, discrete
valuation ring with residue field o/p, which we identify with F,, where ¢ = pf is an
odd prime power. Let g be a finite, nilpotent o-Lie algebra of class 2. Assume that
g/3 and g’ are annihilated by p, so that Theorem B applies. The coordinate systems
introduced in Section 2 identify g/; with Fy and g’ with IFZ, where we write a for the
o-rank of g/3 and b for the o-rank of g’. Recall from Definition 2.1 the commutator
matrix B associated to g with respect to the chosen bases. We denote by P*~1(F,)
the (b — 1)-dimensional projective space over F,. Note that rk(B(y)) is well-defined
for y = (g1 : - : ) € PP"L(F,). We write G = exp(g) and recall that, by Theorem B,
cs(@) and ch(G) consist of powers of ¢ = p/.

Theorem 4.1. Assume that a > 2,

(4.1) {((B®)): ¥ € P\ (F,)} = {a—2,a}

and that, for every line L C P*~Y(F,), there evists y € L such that tk(B(y)) = a. Let
n:=#{y € P7HE,) :1k(B(¥)) = a - 2}

Then
1Z] ifi =0,
(4.2) ccif (G) = |Zlg™" n(g® 1) fi=b-1,
Zlg(¢* =1 —n(¢* = 1)) ifi=0b,
0 otherwise,
G/C| ifi=0,
G/l 2n(g — 1) ifi=a/2—1,

G/G'g (" —1—n(g-1)) ifi=a/2
0 otherwise.
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In particular

K(G) =1Gl(q*+q"+q *"(n(¢® = 1)(g — 1) — 1)).

Remark 4.2. Geometrically, the hypotheses of Theorem 4.1 imply that the projective
Pfaffian hypersurface defined by Pf(B) contains no lines over F,. In particular, the
Pfaffian is not identically zero, and thus a is even; cf. Remark 2.2. Hypothesis (4.1)
implies that b > 1 and is satisfied if (but not only if) the Pfaffian defines a smooth
hypersurface in P*~1(F,); cf. [31, Lemma 5.

Proof. Remark 4.2 shows that a is even. To prove (4.3) we observe that, by the hy-
potheses,

1 ifi=0

n(qg—1 ifi=a/2-1,
vif(G) = b( ) o /

¢ —1—-n(g—1) ifi=a/2,

0 otherwise.

The claim about ch(G) then follows from Theorem B which asserts that ch;;(G) =
vif(G) |G/G|q7% for i € [a/2]o.

To prove (4.2) it suffices to show that, firstly, p;r(G) = 0 for i € [b— 2] and, secondly,
1) (G) = n(¢* —1). Indeed, clearly po(G) = 1 and ZLO pif(G) = g%, so that
tof(G) = ¢*—1—n(g*>—1). The claim about cc(G) then follows from Theorem B which
asserts that cc;r(G) = pif(G) |Z]q™" for i € [blo.

Given y € IFZ we view B(y) as the matrix of an endomorphism of g, whose kernel
we denote by ker(B(y)). Likewise, given = € Fg, we view A(x) as the matrix of the
linear map FZ — Fg,y — yA(x)", whose kernel we denote by ker(A(zx)).

Lety € JFZ be one of the n(g—1) elements with rk(B(y)) = a—2, so dim(ker(B(y))) =
2. Observe that rk(A(x)) < b for all € ker(B(y)). We claim that rk(A(x)) = b—1 for
all such  which are nonzero. Indeed, assume that  # 0 with rk(A(x)) < b — 2. Let
V< FZ be a 2-dimensional subspace of ker(A(x)). For every y € V we deduce using
Lemma 3.3 that y A(z)" = xB(y)" = 0. Therefore V defines a line in P*~*(F,) on which
no point y satisfies rk(B(y)) = a, contradicting our hypotheses. Thus rk(A(x)) = b— 1.
This shows that ;¢(G) = 0 for i € [b— 2], establishing the first claim.

Every y € IFZ \ {0} such that rk(B(y)) = a — 2 gives rise to ¢*> — 1 elements & €
g \ {0} such that rk(A(x)) = b — 1, namely the nonzero elements of the 2-dimensional
space ker(B(y)). Likewise, every x € g \ {0} such that rk(A(z)) = b — 1 gives rise to
q — 1 elements y with this property, namely the nonzero elements of its nullspace. Thus

pp—1)f(G) =n(g—1) ((q:__ll)) = n(q? — 1), establishing the second claim. O

Ezample 4.3. Let p be a prime and a € F;. Let g, be the 9-dimensional nilpotent
[F,-Lie algebra of class 2 with Fy-basis (e1, ..., es, f1, f2, f3) subject only to the relations
le1,ea] = f1, ler,e5] = fo, [e1,e6] = afs, [e2,eq] = f3, [ea,e5] = f1, [e2,e6] = fo,
les, es] = f3, [e3,e6] = f1, where 0 # a € F,,. With respect to this basis, the commutator
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matrices are:
—X4 —OzXG —X5
-X5 Xy —Xs

AX) =1 v x ’
1 2+ Xz 0
Xy 0 X4
X3 OéXl X2
Yl Y2 OéYZg
B(Y) = <U(OY)H U((-)Y)> , where U(Y) = Yg Yl Y2
Y 0 Y

Boston and Isaacs [3] study the groups G, = exp(ga), which satisfy the hypotheses of
Theorem 4.1 if p is odd. They prove that k(G4) = p® +p® — 1+ nq(p* —1)(p— 1), where
ne = #{y € P2(F,) : tk(B(y)) = 4}, which accords with Theorem 4.1. They also show
that #{nq : « € F'} — 0o as p — co. Thus they establish that the number of different

values assumed by k(G) as G runs over all groups of order p° tends to infinity with p.

Ezample 4.4. Let g be the 8-dimensional nilpotent [F,-Lie algebra of class 2 with F,-basis
(e1,...,e4, f1,..., f1) subject only to the relations [e1,es] = f1,[e1,e4] = fa,[e2,e3] =
f3, [e2, ea] = f1. The class and character vectors of G = exp(g) are the following:

(ccif (@))iefo23 = (€*,0,2(¢° — 1)¢* q(¢* — 1)%)s,
(chif())icqor2y = (¢, P (a —1)(g+1)*,¢* =1 = (¢ +1)*(¢ — 1))y

This follows from inspection of the commutator matrices

X3 Xy Yi Y2
X; X4

The class vector differs from (4.2), but the character vector agrees with (4.3). The
hypothesis of Theorem 4.1 regarding lines in P3(Fq) is not satisfied. We observe that
the factor 2(q 4 1) of ccof(G) is the number of lines on the Pfaffian hypersurface, the
quadric surface defined by Y1Y; — YoY3 = 0.

4.3. Prescribing class sizes and character degrees. It is known that every finite
set of p-powers containing 1 can be realized as the class sizes or character degrees of a
finite p-group; cf. [7] and [17] respectively. Such results can be obtained readily using
Theorems A and B. Throughout this section let p be an odd prime.

4.3.1. We show how to obtain the result of [17]. Let I C N be finite and let j = max(I).
To construct a p-group G such that cd(G) = {p’ : i € I}, consider the F)-Lie algebra g,
with Fj-basis consisting of z1,...,22; and y; for ¢ € I, subject only to the relations

; ift—r=iel, .
[, @] = di et for r, t € [27].
0  otherwise,
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The commutator matrix B(Y) € Mat(2j,F,[Y]) in variables Y; for ¢ € I with respect
to this basis is the sum of the (2j x 2j)-matrices

0 Y; 1d;
-Y; 1d; 0 , where i € I.
O2(j—2)
Clearly {rk(B(y)):y € IFI‘,I'} = Iy. Theorem B implies that cd(exp(g)) = {p’ : i € Ip}.

4.3.2. Ferndndez-Alcober and Moreté [9] prove that for every two integers u, v > 1 there
exists a finite p-group H of class 2 such that |cd(H)| = v and |cs(H)| = v. As part of
their proof, they construct, for given I,n € N, a p-group G with cd(G) = {1,p'}, and
es(G) = {1,p,...,p", p"}; cf. [9, Lemma 2.2].

We show how to construct such a group G. Consider the Fj-Lie algebra g, with
Fp-basis (x1,...,2,Z1,..., Ti4n—1,Y1-- -, Yn), subject only to the relations:

. i< i< . ' ‘
[wi,i‘j]:{y] 1 Hesg st forielll,jell+n—1]

0 otherwise,
With respect to this basis the commutator matrix B(Y) € Mat(2l +n — 1,F,[Y]) is
Yy Yo - Y,

0 U(Y) _ i Vo -0 Yo
(—U(Y)“ 0 ),whereU(Y)—

Y, Yo - Y,
The commutator matrix A(X) € Mat((2l +n — 1) x n,F,[X]) is

Xy Xigo 0 Xy
Xiyo Xips o0 Xignn
Xoy Xop1 0 Xojgn—a
—X1
) _x,

-X : .

—-X; -X1

_Xl

Note that {rk(B(y)) : y € Fj} = {0,1} and {rk(A(z)) : = € IFZQ)H”_l} ={0,1,...,l,n}.
Therefore cd(exp(g)) and cs(exp(g)) are as stated.

5. RELATIVELY FREE p-GROUPS OF EXPONENT p

Let p be a prime and let 7 > 2, ¢ > 1. Ito and Mann [19] study the numbers of
classes and characters of the relatively free p-groups in the variety of groups of exponent
p and nilpotency class ¢ on r generators. Our methods apply when ¢ < p. We consider,
more generally, the groups F}.(F,) := exp(f.(F,)), where ¢ = p/ and §,.(F,) is the
free nilpotent F,-Lie algebra of class ¢ on r generators. The orders of the terms of the
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lower central series of f, .(F,), and so of F;. .(F,), may be expressed in terms of the Witt
formula (2.1): for i € [¢],

(5.1) 17i(Fr.c(Fq)) : Yiv1(Fre(Fg))| = [7i(Fre(Fq)) : Yie1 (Fre(Fg))| = qu(i)§
cf. [19, Proposition 1]. We often write F' for F, .(F,), f for f, .(F,) and W for W,.

5.1. Proof of Theorem 2.6. We first prove a lemma about free Lie algebras over
arbitrary fields. Let K be a field and L a free K-Lie algebra of rank at least 2. We
fix a Lie basis B for L and, for m € N, define L,, as the K-linear span of m-fold Lie
products of elements of B. The standard grading L = ®°_,L,, determines the lower
central series filtration L? := ®52;L; of L. By convention, Li:=L fori<0.

Let u = ) 2, u; € L be a nonzero element in the standard grading, i.e. u; € L; for
all . We denote by u the nonzero homogeneous component of lowest degree of u in the
standard grading: namely, u := Ugeg(y), Where deg(u) := min{i € N : u; # 0} is the
degree of u.

Lemma 5.1. Let u,v € L with u # 0. If [u,v] € L't for some positive integer i, then
v € Ky + Litl-desu,

Proof. Without loss of generality, assume v ¢ Ku. By the Shirshov-Witt theorem [26,

Theorem 2.5], every subalgebra of L is free, and so [u, v] # 0. Now [u,v] = [u,v] + z for
some z € L with degz > degu + degw.
If [u, v] # 0 then it is homogeneous of degree degu + degwv. In this case [u,v] = [u, v]

and so [u,v] ¢ LAeevtdesv+l By hypothesis [u,v] € L+, so i + 1 < degu + degv + 1
or, equivalently, degv > i + 1 — degu which implies that v € LiT1—degu,

If [u, v] = 0 then the Shirshov-Witt theorem implies that v = ku for some nonzero k €
K. Thus deg(v — ku) > degu. Since v — ku ¢ Ku and so [u,v — kv] # 0, we may
apply the argument of the previous paragraph to v — ku instead of v, deducing that
v — ku € Litl-degu O

The Lazard correspondence implies the following.

Lemma 5.2. Let g € F' = F,.(Fy) and i € [c]. If g € vi(F) \ vi+1(F) then Cp(g) =
<g7’76—i+1(F>>'

We now prove Theorem 2.6. By Lemma 5.2, the conjugacy class sizes in F' = F, .(F,)
are the indices of the subgroups (g,Ve—it+1(F)), for g € ~;(F) \%H( ) and i € [¢]. If
i > c—i+1then (g, ve—it1(F)) = Ve—it1(F), which has index ¢==1"0) in F; see (5.1).
Ifi <c—i+1then [(g,%—i+1(F)) : Ye—it1(F)| = ¢, and so [F' : (g, H_l(F) =
q_1+25;3 W) Thus if g € Yi(F)\¥it1(F) then the conjugacy class of ¢ has size ¢*("¢7).

The statement that cco(F) = ¢"V(© follows immediately from (5.1), as Z(F) = y.(F).
Note that 0 = k(r,¢,c). To determine cc;¢(F) where j = k(r,c,i) # 0, it suffices to
count the elements in each 7;(F') \ vi4+1(F) such that k(r,c,i) = j and to observe that
these elements fall into conjugacy classes of equal size ¢/. Thus

5.
)

Gy

cejr(F) = Z I (F)\ i (F)]
{i€lc—1]: k(r,c,i)=5}
= Z <qu(i) _ 1) q—j+Z§:i+1 W (0).

{i€lc—1]: k(r,c,i)=3}

This concludes the proof of Theorem 2.6.
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Corollary 5.3. Letr > 2, ¢ > 1 and q a power of p > c. The entries of the class vector
cc(Frc(Fq)), and hence also the class number k(F,.(Fy)), are given by a polynomial in q
which depends only on r and c. FEzpanded in q — 1, this polynomial has nonnegative
coefficients.

Proof. Theorem 2.6 shows that the relevant quantities may be written as sums of terms
of the form ¢® and (¢ — 1)q” for nonnegative integers «, 3, 7. O

Remark 5.4. Corollary 5.3 may be compared to an analogous conjecture about the class
vectors of the groups Uy, (F,) of upper-unitriangular matrices over F,; cf. [30]. Isaacs [18]
formulates a similar conjecture for the characters vectors of these groups; it is proved
in [8] for n < 13. In Remark 5.12 we note that the corresponding statement for the
character vectors of the groups Fy5(FF,) is false.

5.2. Proof of Theorem 2.5. We recall the well-known definition of a Hall basis; cf. [21].

Definition 5.5. Let A = {egl),...,e,(nl)} be a set of Lie algebra generators for § =
fr.c(Fq). If u € f is a Lie product of elements from A then u has weight wt(u) = i if
u € v%(f) \ vi+1(f). A Hall basis (on A) for § is a well-ordered subset H of §, satisfying
the following.

(1) A CH.

(2) If u,v € H then [u,v] € H if and only if
(5.2) u > v and (u = [uy, ug] implies ug < v).

(3) If w € H\ A then w = [u,v] for some u,v € H satisfying (5.2).

(4) If u,v € H and wt(u) > wt(v) then u > v.
Elements of # are basic commutators. For i € [c], we set H®) := {h 6 ’H wt(h) =i}
and label the basic commutators of weight i so that H®) = {e . eW( }<. Observe
that g := [egl), - (1)] e HO,

Choose a Hall basis H for f. It is well-known that the elements of |J;_, HD yield
an F, basis for the derived Lie algebra §, and that the residue classes of the elements

of U ?) yield an F,-basis for the cocentre f/Z(f). Observe that the commutator
matrix B(Y) € Mat (ZC W), F [Y]) with respect to H is a skew-symmetric matrix
of Z-linear forms in b = 3°%_, W(j) variables. We label the variables as follows. For
k€ (2, we write YO = (VP v ) Thus Y = (Y®),crp. and

P W (k)
B11(Y®) Biao(Y®)) ... By.1(Y©)
By (Y® Boo(Y®Y) .- 0
BY) = 2,1(: ) 2,2(. ) 0
B, 11(Y©) 0

where B; ; (Y(i+j)) is the zero matrix if i + j > ¢, and for i,j € [c — 1],
(5:3) Bij = B (Y)Y = —B; , (YOI € Mat(W (i) x W (5), F,[Y ).

For each k € [2, ¢], the variables Y *) only occur in the matrices B;; withi+j =k It
follows from [28, Theorem 1] that

e if j >4 and i does not divide j then B; ; is generic: there are no linear relations
among its entries;
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e if i = j then B;; is generic skew-symmetric: the only linear relations between
its entries are those resulting from the identity B;; = —Bgfi.

To prove Theorem 2.5 it suffices, by Theorem B, to show that

(5.4) {1k(B(y)) 1y € By} = 2ln(r,0)]o.

The containment C in (5.4) is clear, as the rank of B(y) is clearly bounded from above
by 2n(r,c). We establish the containment D in (5.4) by induction on c¢. For ¢ = 1 there
is nothing to prove, and the case ¢ = 2 is covered by Proposition 2.4, so let ¢ > 2.
The induction step is divided into five steps. To ensure that the induction hypothesis
is applicable, we assume further that (r,c) # (2,4). The statement of Theorem 2.5 for
groups of the form F; 4(F,) follows from Proposition 5.10.

Step 1: By the induction hypothesis, we can obtain every rank in 2[n(r,c — 1)]o by
setting the ‘new’ variables Y (9 to zero, and arguing as for ¢ — 1.

Step 2: Let p € 2[n(r,c — 1) + 1,n(r,c¢)]. If there exists a vector y = (y(k))ke[zc] e,
with y(®) = 0 for k < ¢, satisfying
(1) tk(Be_is(y'9)) = min{W (i), W(c — i)} = W (i) for i <m = |c/2],

2 - W(i)  ife=2m+1,
(2) tk(Bemm(y')) = { P2~ 2=t W)
p— 2 Zi:l W(Z) if c = 27717
then rk(B(y)) = p. Indeed, B(y) is a matrix with nonzero blocks B ; (y(c)) only in the
pOSitiOHS (Z,]) Where 7 —|—j = cC. MOI'QOVGI‘, apart fI‘OHl the tCQIltI’al blOCk’ Bm,m(y(c)) if

c = 2m, or ‘central blocks’ Bm7m+1(y(0)) and BmH’m(y(C)) if ¢ = 2m+1, all blocks have
maximal rank.

Step 3: We now prove that such a vector y exists. As (r,¢) # (2,3), W(i) < W(j)
whenever ¢ < j. It suffices to show that, for each i < ¢/2, the matrix B._;; has a square
submatrix
Ec—i,i = Ec_i,i(Y(C)) S Mat(W(z),IE‘q[Y(C)]),
obtained by choosing W (i) suitable rows of B._;;, with the property that there are
no linear relations among the entries (Ec,m)st,l <s <t < W), for 1 < i < ¢/2,
and, if ¢ = 2m, the entries (B, m)st, 1 < s <t < W(m). Indeed, given such matrices
EC_M, it is easy to construct a vector y(c) such that, for all 1 < m, Ec_m-(y(c)) is lower-
unitriangular (and thus, in particular, of maximal rank W (7)) and the central blocks
have the required ranks: namely, we set the diagonal entries of Ei,c—i equal to one, and
all the (s,t)-entries of Ei,c,i for s < t equal to zero.

If ¢ = 2m, the matrix B,, ,, is generic skew-symmetric, by [28, Theorem 1], and so
attains every rank in 2[|W (m)/2]]o.

Step 4: For i < ¢/2 we now exhibit such a submatrix Ec_m of B.—;;. By definition of
the commutator matrix B, the matrix B.—;; is defined by (B.—;;i)st = ZZ‘;(IC) A’;tYk(c),
where [egc_z),egz)] = sz(f) )\Is‘fte,(f), where s € W(c —1), t € W(i). It suffices to find
S={s1,--,8w(i)t< € [W(c—1i)], indexing W (i) rows of B._;;, such that

(5.5) [ e € H( for 1 € [W(4)] and t € [I, W(i)].

We then set chi,i = ((Bcfi,i)st)ses, te[W (i)
Step 5: To find such a subset S of [W(c — )], we distinguish three cases.
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Case (i): © > (¢ —1)/2. Every pair (e (=) egi)) € H(=) x % has the property that
[egc_z), (l)] € H(©). Indeed, since i < ¢/2, we deduce that i < ¢ — i, s0 egz) < el It
el = = [uq, ug| for some uy, uy € H then wt(ug) < (¢—i)/2 < i by (5.2), so ug < egl), and

hence [egc 2 §)] H(©). Thus every W (i)-element subset S of [W(c —1)] satisfies (5.5).
Case (i1): i < (c—1)/2. Let t € [W(i)]. Since i < ¢ — 2i, clearly el 1= [¢(c=20) ¢{)] €
H(e=D: 50, if v > t then [eg(9 2 (Z)] € H'©). Therefore the set S of indices of the W (i)
elements [¢(¢=29), egz)], for t € [W(1)], satisfies (5.5).

Case (1ii): 1 = (¢ —1i)/2. Let t € [W(3)]. If t < W (i) then we set e = e g/)(z) (Z)] €
H?) and observe that [eg (22) ()] € H© for all v > t. If t = W (i) then [g (21),e(i) \] €

. . W (i)
H(©). The set of indices of the W (i) elements ¢(*) and [eg,)(i),eiz)], for t € W (i) — 1],
satisfies (5.5).

This concludes the proof of Theorem 2.5.

5.3. Taketa bounds for F, .(F;). The Taketa problem asks for a bound to the derived
length d1(G) of a finite solvable group G in terms of the number of its character degrees;
see, for example, [22]. It is known that d1(G) is bounded by a linear function in | cd(G)|.
Isaacs conjectured that the bound for p-groups is logarithmic. It cannot be better than
logarithmic, as the family (U,,(F,)) shows: dl(U, (F,)) = [logy(n)], but |cd(Up(Fy))| ~
n?/4; cf. [16].

Our results exhibit double-logarithmic Taketa bounds for the groups F;. .(F,), a fam-
ily of groups of unbounded derived length. Indeed, dl(F,.(F;)) = [logy(c)], whereas
n(r,c) ~ rl¢/2l. Thus dI(F,.(F,)) < ¢1loglog(| cd(F} .(Fy,))|) + c2 for suitable constants
C1,C2.

We also observe that there is a logarithmic bound to the derived length of the groups
F, .(F,) in terms of their numbers of class sizes. In fact, |cs(Fp.¢(Fy))| = ¢+ 1 (unless
both r and ¢ are very small), so dI(F}..(F;)) < czlog(| cs(Fr.c(Fy))[). The (log, of the)
class sizes of the groups Uy, (F;) form an interval of length (”51) (cf. [29]), also yielding
a logarithmic bound for this family.

5.4. Numbers of characters. Theorem 2.5 describes the support of the character
vectors ch(F,..(F,)), showing that the numbers ch;f(F..(F,)), for i € [n(r,c)lo, are
nonzero. We make one observation on the order of magnitude of the number of characters
of maximal degree ¢"("9). Define

ZW ) —2n(r, c).

Lemma 5.6. Let (r,c) # (2,3), p> c and q = pf. Then
chy F
T ) (Fre(Fq))

q—00 q N(r, C)

= 1.

Proof. The Lang-Weil estimate (cf. [24]) for the number of rational points on varieties
over finite fields implies that ch,, (. c)f(Fr.c(Fg)) ~ ¢ 2| F ()| = ¢V e, O

By Theorem 2.5, the smallest degree of a nonlinear character of F, .(F,) is ¢ = pl.
We now count the number of characters of F, .(IF,) having degree ¢ = p!, so generalizing
[19, Theorem 7].
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Proposition 5.7. Letr>2,p>c>2 and g =p’. Then

qr—Q(qr _ 1)(q(r—1)(c—1)+1 + q(r—l)(c—l) —q - 1)

Chf(Fr,c(]Fq)) = q2 1 .

Proof. Let B(Y) be the commutator matrix with respect to a Hall basis for f, .(F,), and
recall the definition (5.3) of the matrices B; ;. For y € IF‘Z we define

u(y) := max{i € [2,c] : there exists j € [i — 1] such that B;;_;(y) # 0}.

For s € [2,c|, we now compute the quantity ns := #{y € FZ cu(y) = s, tk(B(y)) = 2}.
This suffices, as chy(F.o(Fy)) = ¢ 2v(Fo(Fy)) = ¢" 723 5o ns.

For s = 2, Proposition 2.4 for k = 1 implies that ny = (¢" — 1)(¢"~* — 1)/(¢*> — 1).
For s > 2, we claim that

q(r—l)(s—Z) (qr . 1)(qr—1 . 1)

(¢—1)
First note that if u(y) = s and rk(B(y)) = 2, then rk(By s—1(y)) =1 and B; s_i(y) =0
for ¢ € [2,s — 2]; see, for example, [28, Theorem 1]. In fact, after a suitable change of

basis for §,.(F,;), we may assume that B(y) has zero entries everywhere except the first
row and column. We claim that

(5.6) ns =

(¢ =D "' -1
(¢—1) '

Indeed, there are ¢"~' ways to fill in a row of B s_1(Y) so that all other rows are
zero. To see this, assume without loss of generality that this is the first row, and note
that exactly r — 1 of the Lie products of the form [egs_l),el], where el(-s_l) is a basic

commutator of weight s — 1, are basic, namely the ones of the form [e;,s—2 1] where

#{y € BV i 1k(By 4-1(y)) = 1, Bis—i(y) = 0 for i € [2,5 — 2]} =

1

€ [2,7]. All other Lie products of the form [el(-s_l), e1] are linear combinations of other
basic commutators of weight s. The variables associated to these occur in some other
row of By 4_1(Y), or in some B;,_;(Y) for ¢ > 2, and so have the value zero. Up to
nonzero scalars, there are thus (¢"~' —1)/(q — 1) ways to fill a row without obtaining a
zero row. Every row of B s_1(Y) is a linear multiple of such a nonzero row, and only
one of the ¢" possibilities yields the zero matrix. This establishes the claim.

We also claim that, for each y € IF};V(S) such that rk(B s-1(y)) =1 and B; s—i(y) =0
for i € [2,s— 2], there are ¢"""D(~2) ways to choose y’ € F? such that rk(B(y’,y)) = 1.
Indeed, again without loss we may assume that Bj s_1(y) is supported only on its first
row. By the arguments in the previous paragraph, each of the matrices By ;(Y), for
i € [s — 2], has exactly r — 1 variables corresponding to basic commutators in its first
row. All other entries in the first row are linear combinations of variables corresponding
to basic commutators occurring in other rows. This establishes the claim, and so (5.6).

Summing over s = 2, ..., c establishes the result. O

5.5. Results on F,.(F,) for specific values of r and c. We start with a lemma
generalizing the opening remarks of [19, Section 3|, thus dealing with the exceptional
parameter values in Theorem 2.5.

Proposition 5.8. Let p > 5 and let ¢ = p’.

ch(F3(Fg)) = (¢*.¢> — 1)y.
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Proof. We note that Wg( ) Wg( ) =1 and W5(3) = 2. With respect to the Hall

basis {31 , gl), ) [ 5 ], [ 2 ]}< for f23(IFy) the commutator matrix
-1 | -Y,
B(Y)=| " —Y;3
Y, Y |
The claim follows immediately from Theorem B. O

Proposition 5.9. Let p > 5 and let ¢ = p’.
ch(F33(Fy)) = (¢°,q(¢> = )(¢* + ¢* + 1), 4(¢’ = 1)(¢* +¢" = 1),¢* (¢ = )(¢* — ¢ — 1))

Proof. Set F' = F33(F,). We note that W3(1) = 3,W3(2) = 3 and W3(3) = 8. With
respect to a Hall basis for f3 3(F,), the commutator matrix B(Y) is

-V =Y =Yy Y5 Y
Y1 -Y3 =Y Y5 Y
Yo Y3 Ys+Ys —Yio —Yi | [ Bu(Y®) ‘ Bio(Y®)
Yy, Y7 —Ys — Y3 B B21(Y(3)) ‘ .
Ys Y Y10
Yo Yo Y

It suffices to prove our claim for chof(F'). Indeed, n(3,3) = 3, the claim for cho(F') is
trivial, and that for ch¢(F) follows from Proposition 5.7. Furthermore, the class number
k(F) = Z?:o @2y (F) is ¢° — 2¢® — ¢% — ¢° by Theorem 2.6.

We claim that there are ¢(¢> —1)(¢° +¢* — 1) vectors y € Fél such that rk(B(y)) = 4.
For such y we distinguish whether rk(Bj2(y)) = 1 or rk(Bj2(y)) = 2. In the former case,
by (5.4) in the proof of Proposition 5.7, there are (g4 1)(¢® — 1) vectors (y4,...,y11) €
IFS yielding rk(B12(v4,...,%11)) = 1, and for each of these there are ¢3 — ¢* vectors

(y1,92,y3) € Fy such that rk(B(y1, ..., y11)) = 4. Thus

#{y € FIL: tk(B(y)) = 4,1k(Bia)) = 1} = ¢(® = 1)(¢* — ).

On the other hand, the set N := {y € F3 : rk(Bia(y)) = 2} has cardinality ¢(¢* —
1)(¢® + ¢* — 1); cf. [2]. As every vector in N gives rise to ¢> matrices B(y) of rank 4,

#{y € Fy' : tk(B(y)) = 4,7k(Bua(y)) = 2} = ¢*(¢* = 1)(¢’ + ¢* = 1)
and thus
vor(F) = ¢*(¢* = 1)(¢° = 1) + ¢*(¢° = 1)(¢® +¢* = 1) = ¢*(¢’ = 1)(¢" + ¢" — 1),
which yields the claimed quantity for chos(F) = g3 4vas(F). O
We obtain the following generalization of [19, Lemma 14].
Proposition 5.10. Let p > 5 and let g = p7.
ch(Foa(Fy)) = (¢, ¢" +¢* —¢* = 1,¢" —¢* —q+ 1),

Proof. Note that n(2,4) = 2. The formula for chy(F»4(F,)) is given by Proposition 5.7
and the class number k(F34(F,)) is given by Theorem 2.6. O

Proposition 5.11. Let p > 7 and let ¢ = p/. The nonzero values of ch;(Fy5(F,)) are
given as follows.
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i | chi(Fy5(Fy))

0 q2

fl@—D(*+2¢3 +2¢>+q+1)

2f | (g=1)(q" +2¢° +3¢° +2¢* + ¢* — ¢ — 1)
31 (@ =1)(¢* —q—1)

Proof. Set F' = Fy5(F;), and note that n(2,5) = 3. The statement about cho(F) is
trivial; the claim about chy(F') is a special case of Proposition 5.7. By Theorem 2.6,
k(F)=2¢®+q" — ¢® — ¢*, so it suffices to compute, for instance, chz¢(F).

We now describe a Hall basis for o 5(F;). We choose Lie generators « and y, where
y < x, and omit Lie brackets in left-normed Lie products, so, for example, [[z,y], z] is
represented by xyx. It is easily verified that the following elements form a Hall basis.

TYYY, TYYT, TYIT
ryyyx, syyrx, cyzre, wyyyy, (cyz)(zy), (zyy)(zy)

With respect to this basis, the commutator matrix

j | Basis elements of weight j
1|y,x

2 zy

3| xyy, ryx

4

5

Y| -Yo| =Yy Y5 |-Yo -Yu-—-Yr -Yo—-¥
Yi Y3 | -Ys Y5 | Y7 —Y3 —Yy
Yy Y3 Y1 —Yio
B(Y) = Yy Ys | Y

Y5 Yo | Yi2
Yio Y7

Yi+Yr Y

Yio+Ys Yy

It suffices to prove that v3(F) = ¢%(¢> —=1)(¢* —q—1). If y € F}? and rk(B(y)) = 6
then (y11,y12) # {0}. Fix (y11,y12) € Iﬁ‘g \ {0}. It is easily checked that
#{y = (yr,- .- y10) € Fj : tk(Bu(y)) = 1} = q(g¢ + 1).

Given y = (y7,...,y10) € F} with rk(Bi4(y)) = 1, there are ¢°(q — 1) ways to choose
(y1,---,v6) € FS such that rk(B(yy,...,y12)) = 6. Similarly,

#y = (Y7, y10) € Fy 1 1k(Bua(y)) = 2} = ¢* — qlq + 1).
Given y = (y7,...,y10) € IF;1 with rk(Bi4(y)) = 2, there are ¢® ways to choose
(y1,---,y6) € FS such that rk(B(yy,...,y12)) = 6. Thus

vsr(F) = (= 1) (®(a—1)-qlg+ 1)+ ¢° (¢* = (> +q)) = ¢®(@® - 1)(¢* —q— 1)
as claimed. O

Remark 5.12. We note that chgs(F55(F,)) is given by a polynomial in ¢ and its expansion
in v := ¢ — 1 has both positive and negative coefficients. Indeed

chyp(Fos(Fy)) = v(v + 2) (v + 1)?(v* + 40° 4 6¢ + 3v — 1).

We observe this phenomenon only for the family of groups Fs5(F,), for p > 7; in all
other families we considered the corresponding coefficients are nonnegative.
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