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Origins

Suppose that G is a finite group and for every element g € G we have
an indeterminate x,.

What are the factors of the group determinant

det(xgp-1) g ?

This was a question posed by Dedekind. Frobenius discovered
character theory (in 1896) when he set out to answer it.

Characters of abelian groups had been used in number theory but
Frobenius developed the theory for nonabelian groups.
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Representations ¢ Matrices « Characters

A linear representation of a group G is a homomorphism

p:G— GL(V), where GL(V) is the group of all invertible linear
transformations of the vector space V, which we assume to have finite
dimension over the field C of complex numbers.

The dimension 7 of V is called the degree of p.

If (e;)1<i< is a basis of V, there are functions a;;: G — C such that

p(x)e; = Zaij(x)e,-.

The matrices A(x) = (a;;(x)) define a homomorphism A: G — GL(n,C)
from G to the group of all invertible
n x n matrices over C.

The character of p is the function G — C that maps x € G to Tr(p(x)),
the trace of p(x), namely the sum of the diagonal elements of A(x).
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Early applications

Frobenius first defined characters as solutions to certain equations.

A vyear later he established the connection with matrix representations.
He then used character theory to establish structural properties of
finite groups.

Another early success of character theory was
Burnside's 1904 proof that groups of order p“g”
(p and g primes) are soluble.

My aim is to introduce you to enough character theory today so that
we can prove this result tomorrow.
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Similarity
Let p and p’ be two linear representations of G with spaces V and V'
and let A and A’ be the corresponding matrix representations.

We say that p and p’ are isomorphic if there is a linear isomorphism
7.V — V' such that the diagram

p(x)

V—V

ﬂ V
/ s V/
p'(x)
commutes for all x € G; that is, mp(x) = p/(x)7.

This is equivalent to the condition A'(x) = PA(x)P~', where P is the
matrix of 7. That is, linear representations are isomorphic if and only
if the corresponding matrix representations are similar.

Isomorphic representations have the same character.
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Example: representations of degree 1

A representation of degree 1 of a group G is a homomorphism
p:G— C* and in this case p is its own character.

For x € G, the image p(x) is a root of unity and hence |p(x)| = 1.

For every group G there is the principal representation 1 defined by
1g(x) =1 for all xeG.
Example (Cyclic groups)

If G is a cyclic group generated by an element x of order d and if
( =exp(2mi/d) is a primitive d th root of unity, then for 0 <k <d
there is a representation (character) y; of degree 1 such that

xr(x) =k

These representations are pairwise non-isomorphic.
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Example: the regular representation

Let C[G] be the vector space of dimension |G| with basis (e,) ccc.
For x € G, let R;(x) be the automorphism of C[G] such that
Rg(X)ey = exy.

This is the regular representation of G. Its degree is |G].

Let reg. be the character of R;. For x € G we have

1G] x=1
reg.(x) = . .
X
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Example: permutation representations

Suppose that G acts on a finite set I of size n. That is, for each x€ G
there is a permutation @ — xa of I' such that

la=a and x(ya)=(xy)a forall x,yeG, acl.

Let VV be the vector space with basis (e,) et

For x € G, let p(x) be the automorphism of V' such that

p(x)eq = exq.

The resulting linear representation of G is the permutation
representation associated with T

The value of the character y of p at x is the number of fixed points
of x; that is, y(x) = |Fixr(x)]|.
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Subrepresentations

Let p: G — GL(V) be a linear representation of G and let W be a
subspace of V.

Suppose that W is G-invariant; that is, for we W, p(x)we W
for all xeG.

The restriction p|y (x) of p(x) to W defines a linear representation
plw :G— GL(W) of G in W called a subrepresentation of V.
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Maschke's Theorem

Theorem (Maschke)

Let p: G — GL(V) be a linear representation of G in V and let W be a
subspace of V invariant under G. Then there is a complement W° of
W in V which is also G-invariant.
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Proof

Let W' be an arbitrary complement of W in V and let p be the
corresponding projection of VV onto W. Form the ‘average’ of the conjugates
of p by G:

=G X;Gp(x)pp(x)

Since p maps V into W and p(x) fixes W we see that p° maps V into V.
On the other hand, if we W then p(x) 'we W, whence

pp(x)_lw:p(x)_lw, l.e. p(x)pp(x)_lw:w andso p°w=w.

Thus p° is a projection onto W and we define W° =kerp°. Then W° is a
complement to . Furthermore 4

= Zp(yx)PP(YX)

p(Mp° e~ Zp(y)p(x)pp(x) p(y), =iG12

NEE

If we W°, then p°w =0 and so p°p(y)
p(y)w e W°. This shows that W° is

= p(y)p°w =0, whence
“invariant, as required. W O

V/ 4
AV = din e lo°+ AT {q,.{:»“
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Irreducible representations and characters

A linear representation p: G — GL(V) of G is is irreducible (or simple)
if V' #0 and the only G-invariant subspaces of V are 0 and V.

In view of Maschke's theorem this is equivalent to saying that V is not
the direct sum of two proper subrepresentations.

Theorem

Every representation is a direct sum of irreducible representations. J
Proof

Induction and Maschke's theorem. DJ

A character is irreducible if it is,got the sum of two other characters.

/ (&)
(n? o
¢ ~ 2,
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Elementary properties of characters

If v is the character of a representation p of G of degree n, then
> (7 =yx(x)

> y(xyx ') =y(y); i.e. y is constant on conjugacy classes

For x € G, y(x) is the sum of the eigenvalue_s A, Az, .., Ay of p(x).
The 1; are roots of unity and hence 1. =1;.

If A and B are matrices, Tr(AB) = Tr(BA).
Let p1:G— GL(V4) and p, : G— GL(V») be linear representations of G

and let y, and y, be their characters. Then “a o -
» the character of the direct sum Vi & Vs is y1+ ¥2; l a‘ "'Q J

» the character of the tensor product Vi @ V> is y1y».
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Schur's lemma

]( :'\«Jer/wfhe( ()‘ a““f’

Theorem (Schur's lemma)

Let p,:G— GL(V}) and p, : G— GL(V,) be irreducible representations
of G and let f:V, — V, be a linear transformation such that
p2(x) f = fp1(x) for all xeG.

@ /f p, and p, are not isomorphic, [ =0.

@ If Vi =V, and p, = p», then [ is a scalar multiple of the identity.
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Proof

p1:G— GL(W), p2:G—GL(Vo), f: V1 — Vs, p2(x) f = fp1(x)

O If wekerf, then fpo1(x)w = p2(x)fw=0 and so p;(x)w € ker f for
all x € G, which proves that ker f is G-invariant.

Similarly if ve€im f, then v= fw for some w e V;, whence
p2(x)v=p2(x)fw= fp1(x)weim f and so im f is also G-invariant.

But V7 and V5 are irreducible, hence f # 0 implies ker f =0 and
im [ = V5, which means that f is an isomorphism.

@ Let 1 be an eigenvalue of f and put f' = f—AI, where I is the
identity transformation. Then ker [’ # 0.

On the other hand, p;(x)f" = f'pi(x) and it follows from @ that
f"=0. Thatis, f=AI. ]
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Schur relations

Let p,:G— GL(V}) and p»: G— GL(V5) be irreducible representations
of G and let h:V; — V> be a linear transformation. Put

Y p2(0)hp1(x)7"

xeG

IGI

@ /f p, and p, are not isomorphic, then h° = 0.
Tr(h)
n

@ If Vi =V, and p, = p», then h° = I, where n=dim ;.

Proof.

For all ye G, p2(y)h® =h°p1(y). Thus from Schur’'s lemma we have 1h° =0
in case @ and in case @ 1° = AI for some 1. On taking the trace

An=Tr(h°) = — ZTr(pl(x)hpl(x) ) =Tr(h). L]
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Schur relations: matrix formulation

Let A(x) = (a;j(x)) be the matrix representing p-(x) and let
B(x) = (b;j(x)) be the matrix representing p,(x). (Recall that we
assume that p, and p» are irreducible.)

» If A is not similar to B, then for all i,j,s,t

Y ais(x)bj(x) =0

xeG

» If A=B, then for all i,],s,t

1 L1
o . (xN==6::6
|G|)§,Gals(x)at]( ) gy st
Proof.
Apply the previous result with 7 given by the matrix (/;;), where
hs; =1 and all other entries are 0. ]
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First orthogonality relations

If ¢ and 1 are two complex valued functions on G, put

1

(ply)y=—73 pOy(0.
Gl {6

This is a positive definite hermitian inner product: it is linear in ¢,
semilinear in v and (¢ | @) >0 for ¢ # 0.

Theorem (First orthogonality relations)

@ If y is the character of an irreducible representation, then
lx) =1

@ If y and y' are the characters of two irreducible non-isomorphic
representations, then (y|y') =0.

Proof.

Apply the Schur relations to the representations affording y
and 7. H
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A decomposition theorem

Theorem

Let V be a representation of G with character ¢ and suppose that V
is a direct sum of irreducible representations:

V=WeWr®---& W.

If W is an irreducible representation of G with character y, the
number of W; isomorphic to W is equal to (¢ | y).

Proof.

We have ¢ = y1 + y2+---+ x, where y; is the character of W; and
thus (@ [ x> =(x )+l +-+ el x)-

But (y;|yx) is 1 or 0 according to whether or not 1/; is isomorphic
to W. L]

v
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Consequences

> If V=W e W,a---& W, with all W; irreducible, the number of
W; isomorphic to an irreducible representation 1/ does not
depend on the decomposition chosen.

» Two representations with the same character are isomorphic.

» If y1, x2, ..., ¥ are the distinct irreducible characters of G and
if o =myy1+moys+---+m,y, where the m; are non-negative
integers, then (¢ | y;) = m; and

(ploy=Y m:.
=

» (@) is a positive integer and (¢ |¢) =1 if and only if ¢ is
irreducible.
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The regular character

Let y1, y2, ..., xr be the irreducible characters of G, n; = y;(1) and
let reg.. be the character of the regular representation of G.

Theorem
Q reg. =niy1+noyo+--+n.)x.. Thatis, every irreducible
representation of G is contained in the regular representation with
multiplicity equal to its degree.
@ The degrees n; satisfy the relation Z?Zl nf = (reg; | reg;) = |Gl.
© /fxeGand x#1, then )| njy;(x)=0.

Proof.
By the previous theorem this multiplicity is (reg. | ;) and

1 -
— Y regs(x)xi(x) = xi(1) = n;. ]

(regg | xi) =
T
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Class functions

A function ¢ : G— C is a class function if ¢(xy) = @(yx) for all
x,y € G, equivalently ¢ is constant on conjugacy classes.

Theorem

Let ¢ be a class function on G and let p: G — GL(V) be an irreducible
linear representation of degree n with character y. Then

G _
Zwmmmzihmxﬂ.

xeG

Proof.
Let h=) cq@(x)p(x). Then

PPN =Lieap(p(NpX)p()) " = LxecpX)plyxy ) = h. It
follows from Schur’'s lemma that /2 = A1 and on taking the trace we

find that nA =3 ey (x) =Gl{@ | )). H

v
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The space of class functions

Theorem

The irreducible characters y1, y2, ..., xr form an orthonormal basis
for the vector space .7 of class functions on G.

Proof.

The first orthogonality relations show that the characters yi, y2, ..., x, are
orthonormal. To see that they span . we show that if ¢ € # is orthogonal
to all y;, then ¢ =0.

For each representation p of G put p, =3 cq(x)p(x). If p is irreducible
with character y, then p, =0 because (¢ |}) = 0.

The regular representation R is a sum of irreducible representations and
therefore R, = 0. Consequently,

0=Rpe1 =) @@RX)e; =) @x)ey

xeG xeG

and so ¢(x) =0 for all x. O
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The number of irreducible characters

Theorem

The number of irreducible characters of G equals the number of

conjugacy classes of G.

Proof.

Let C;, Co, ..., Cy be the conjugacy classes of G. Then ¢:G— C is a

class function if and only if ¢ is constant on the C;. Thus ¢ is

determined by its values 1; on C;. These values can be chosen

arbitrarily, hence / =dim.# =r. ]

Application

If G is abelian, then G has |G| conjugacy classes and hence |G|
irreducible characters. The sum of the squares of their degrees is |G|
and therefore every irreducible character of G has degree 1.
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Second orthogonality relations

The centraliser of x € G is the subgroup Cs(x) ={ye G| xy = yx}. If cclg(x)
is the set of conjugates of x in G, then |cclg(x)| = |G|/|Cq(x)].

a
Theorem h
r |Cc(x)] x is conjugate to y <« ()t )
Xi(X)x; (y) = )
i=1 0 X Is not conjugate to y %J qj .
Proof.
Let ¢, be the class function equal to 1 on the class of x and 0 elsewhere.
Then ) |
: |cclg(x)|
Px = Z Aixi with  A;=(@x|xi)= %Xi(x)o
i=1
and therefore )
Pz (1) =1Cc)I ™ YT (0 xi ). O
i=1
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Orthogonality revisited
Let xi, x2, ..., x, represent the conjugacy classes of G and define

h; =|cclg(x;)| for 1<i=<r.

Because characters are constant on conjugacy classes, the first
orthogonality relations can be written as

)
IGI™H ) By (0 (xx) = 635
k=1

In matrix form this is X' DX = |GII, where X = (x;(x;)) and
D:diag(hl,hg,...,hr).

Consequently
—T —T 1 -1
XX D=X(X DX)X =X(GIHDX " =|G|I

and therefore XYT — |G|D~!, which is the matrix form of the second
orthogonality relations.



Summary

In the character table

Class | C; (jj C,
Size 1 h] hr
X1 1 1

N AR 2 C R £1C)

Xr | By Xr(xj) Yr(x)

we have

> 3oy hiexi ()X (xk) = 1Glo 5
> > xi(x))x;(xr) = Co(x)16 jik
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