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Lecture
Loose ends from last day :
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We need to describe tcredctl )

and tciwlt ) ) as algebraic sets
.

tired C t ) ) is handled by the

following :

Lemma 2. 4 / 1

-

is reducible ⇐ )

Xp Li ) = 2 tc e [ Iii ] .
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= / o
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⇐ ( ex ) show 11 It , t ) ) has a 1 . dim '1

invariant subspace . [1



To deal with iweps ,
a hey point

to ensure Mr )/g , ,( ¢ , c- s Xlt )

on Lpts containing claus of iweps ;

Theoem2.5_ Let p , p
'
: T - ) Slzic )

be iweps s . t Xslo ) = Xp 118 )

trtf
.
Then my

'
are equivalent .

PIH . Key Claim is :

Claim If PERCT ) is an ivvep

an plg ) E / ( t ) ,
then the 5ft

CFII )

7)
( g,n ,

is irreducible and

Xpll ) # 12
.

Assume this claim .



let G = ( g. l )

Have Xp Irl = X. i ( r ) trtr

and hence Xplr ) = X. 117 ) HVTG .

Can conjugateAT
) and /

'
It ) st

pin = ( box ) =p
'

14

In addition

mgrhad ) ,
Matta's .)

ad a + d = a 't d
'

.

Now consider

plan ) = ( haI 'd )

11194 :( I.%,I 'd ' )
and so Xat I 'd = Xa 't × 'd

'
.



Using aid = a 'tu '
gives

71A - a
' ) - Ila- a' )= o

xhtl ⇒ a=a
'

⇒ d=d/ } ⇒ c=c/

. : Ha = n' la .

Now the rt T arbitrary

an .

. ( I;)
msn.ly;:)

al pts .
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Argue as above with ht

⇒ p - P
'

,
s=s

'

Now consider g8 and use the

above : ap + r = ap + r
1

r=r
1

cqtds = car
' tds ) qiq

/ I



We now turn to connections to

the geometry t topology of 3- mflds

and connections with number theory .

theorem ( Thurston ) let M

be a 1 cusped hyperbolic

3- mfld .
Then X ( M ) :=Xl MM )

Xo

contains a curve Cpt ) which

contains the character of a

faithful discrete rep .

X
.

= canonical curve / cpt .



Remarks

# is hyperbolic so long

as
K t torus knot

egg
Kt satellite
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2. of 1 701 936 Prime knots

( ie not connect sums ) up through

16 crossings all but 32

are hyperbolic .

4-



Some other examples af

i÷¥¥j÷
"

Xo defined by ravishing set

of Plz ,T ) =o where

plz ,T ) = EIT - F) + T3ttZ2T - 1



" "

M#
There are 2 c pts containing the
character of an iwep .

Plt ,T ) =O where

Plt ,T ) = -
×°

C- I + 2T2tT
'

- T
"

E) ( I +4T .
4T2

- T
3

+ t4 - it .it sit
'
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EI t2,3 , 7) Pretzel knot

T*Es ,(⇒
Xo cut out by rational

functions of Q

P= # ,
R=i=Q

'

aYa?i )



Question what canes arise as

X. ?

Sample theorem :

Thhnen4= ( Macasies ,
Pekvnn

Van Luijk )

Kn = n - twist knot . lhyp )

X. ( n ) = canonical cpt of
Kn .

Xo In ) has genus

gln ) = c ( n ) - 3

*
ooing # of

K

15 ' Fig 8 , n=4 , gln ) =
1

.



Some other remarks

I .
F M I wsned hyrabohic

s . t XCM ) 3 large dimtlcpts

contains the charnetn of an ivrep .

2 .
1 is the even for knots .

eg K = K
,
# Ku Ki =L's 8

XIA , ( RK ) ) 2 a - pt of dim >/2

Constrict hyrubshic Jc 53

with it 1 ( STJ ) - s ) Il 1 RK )

3 theorem ( Kronheimw .

Mrowka )
Ktunknot . Then XII , ( s ?k ) ) 3

curve of chars of ivreps .



Topology
.

Theorem ( Cullen - Slaten
,
Ben - Seine)

-

Let T = f. g gp .

If X ( t ) > come of chair

⇒ T splits as gmpl of gp .

If t.it , M
'

the M contains

a Properly embedded essential

Surface .



Lecture '

Recap
-

they( Thurston )
let M be a 1 cusped hyperbolic

3 - manifold ( see below) .

Then

X ( M ) > an irreducible curve

component Xo ( the canonical
curve / cpt )

which Xp
.
the character of 9

faithful discrete rep ? .

Rend See below for more on

other interesting geometric chairs

on Xo .



M= IHY ,

/
One

schematic

T in comp .

torus

n€iIiiFIi⇒
faithful discrete

A ( it , T ) consists of

parabolic elements ( ieflititl is

conj into ( tt ) .



Cartoon of Xo ( affine Curve )

I
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Sjnoothprojective model

X
Points at

o × a

x
x

. X

i I ; T ,

:¥¥i¥€(l

r
- T

.
r r / I

r
,

characters of

reducible reps .

Fina po is 1-1 " the generic
"

Xp is the character of a

faithful iwep of it
,
M .

Dont have mud geometry !



Other interesting character

Characters of Dehn Surgery

Representation Linnhe ) .

Dehn Surgery : cut off cusp of
-

M set compact
3- nfld with T2 2 .

T IT it = LM
,
l )

@ µ
al

Genie@
µ bonds a disc ;n

µ€¥
✓ Vi solid torus



The resultant closed 3- mfld

is Mlr ) = r - Dehn surgery

Thuvitoistsehnsuyeuythn
M as above :

All but finitely many
r

produce Mw ) which is

hyperbolic .

Not
'

it , Mlv ) = TIML < mh9 , >

TIM -1 HIM ( ✓ )

/
(hyp )

#
lzcelDehnsuyuy

rep .



ANTIDettypoints
Me Hilt fte wl

The try of T it

Qltrr : rtt ) .tk
,

Rigidity ⇒ kr is a

number field

[ kri Qlca

at Ki # SIIEIYI :b
5- w+( = 0

kt = QIF } ) .



EI 5
,

k
,

i QIOI

03 - 02+1=0

EY C- 43,71 Pretzel

hp = same cubic as 52

EI 74 kt : Qlt )
,

t 't it -1=0

[ See Snap data for more ]
.

Also attached to T is

a quaternion algebra

Hot :{ team : glitter }
Ie . a 4. dink C. SA .



EI figure eight .

C y, ) et ⇒ lift Id

E Aot
⇒ AOT i Mr ( Qlfs ) )

Lemma M cusped
- "

11131
,
-

Aot E Milk ,
- )

.

Pint to ( lot ) up
to

caigugacy ,



Quateunionalsebvus

over ¢ - ) Mice )

IR T Mick )
- ) IH ( Hamiltonian

Qp
+ Mc ( Qp)

( and move

\ ) unique in clay

generally
of div . alg .

For 1 k : Qp| co .

Over number fields move

Subtle .
k a no . field

131k qvut . algebra

�1� is ramified at P Prime

it B @ hhp = division .



if for a real embedding of

k

Bonn ,lR E IH also B

is ramified

Classification Every

qvut . algebra over a nun her

field k is determined up

to iso by a finite # of

pninest embedding that

ramify .

| see snap ) .



Arithmetic

theorem( Long - R )

Let M = I unfed hyp . 3- mfld .

Given a positive integer D

F only finitely many

Xp E X °
with p discrete

st [ Qctrp ( mm ) : Q ] ID

Compare with Faltings Solutia

to the Made 11 Conjecture .

CI ' Let d be sq . free positive

integer . let Odt ring of integer

in Our. I ) . Then the # Qd points
on Xo is finite .ie/UaXo(od) ) Cd



Now see beamer Pdf

for additional discussion

of arithmetic data and .

to Behn Surgeries .


