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Lecture :

Notation .

-

. T
,
G groups ,

T

will be infinite and f- g .

Def_ A representation

of T to G is a

homomorphism a : T → G .

EI 1
.
For any T

, G F trivial

representation 4
'

- T - ) G-

win 4 ( r ) = 1 FJER
,

2 . If Q : T - ) G is a

representation ,
can construct

a new vep as follows :



Let GEG ( tl ) and

set 4
'
( r ) = gqcrjgttrtr .

Say reps . 4,41 are equivalent

if 6
, y

' ditlu by conjugation
as above .

Motivating Idea .

⇒uminate the structure

of t by using representations

to various G '

Examples 1. Take 1Gt < A

- - ( ti )

and 4 : T - > G onto
-

.

Gives finite index subgps of T.

If Tin , M , get finite covers of M .



2 . Linear Reps
let IF = field

G = Gln C IF )

p : T - ) G is a linear

representation over IF
.

If IF - Q
, say linear up .

N±e
'

Reps
.

to finite groups

are special examples of
linear reps .

T is called linear ( over IF)

if Fp: T → Gln CIF )

which is faithful .

(T is called linear when HEE)



Importantly
If p : T → Gln ( CI ) Is

a linear vep
" which is

"

sufficiently complicated
"

then get lots of interesting
finite quotients .

Is . '

p
! T → Glug:

Glnl Klpz )
p pine .

2. T linear ⇒ Tis Residually
finite

.



3
.
An alternative viewpoint of 2 .

V = n - dim ' l vector space /lF .

GL ( V ) = bijective linear

transformations .

Choosing a basis can identify

GLCV ) = Gln 1 IF ) .

Advantage of this

viewpoint , a linear

✓ ep .
T 1) CTL ( v )

yields anaction of

p( H Cie t ) on ✓
.

Def Say p is irreducible - f-

only invariant subspaces for AT )
ate fo ), ✓ . Otherwise reducible



Except 1- = it , ( s ? K )

byfjti
T = < a

,
b I want

'
= b

.

w= abta
'
' b )

Note t
's

= the r
,
, ]

± Tt

( gen . by image of a a b)
Consider %< as , µ Tioastre .

= < a
,
b 1 a '=l

,
b 2=1 swawjb't ,

itD5 =) 1<=1 0 .

( a b)5=1 >



what about reps to Slz C ¢ ) .

Is . man ( j! )
nn= ( Ii )

To get a rep . need

p ( wa ) =p ( bw )

Exercise ×= l±Iz3 gives

a solution .

Note p : T → SlzCZ[ x ] )
idbove is irreducible

,

discrete
.

Morey : From geometry pis H
.



Another rep - reducible

not abelian .

Try .

- nai :( to!a )
rib =/ to:+ )

Evaluate p( wa ) =p lbw )
Check if t satisfies

t4 - 3+2+1 =o

get a solution
.

Not
' The Alex Poly of K

is U
'

. 3utl loetuty



4 .
Generalize actions from

linear reps . on a vector

space X

Take ×
-

set ) perms of ×

- top space homeoiotx
\

metric isons of X
Space graph\
graphite gutty

- A-



Focus now on SCZCQ ) reps .

Ex T = E= < a. b )

p : T - ) Slzce )

is completely determined b

pla ) = ( It,Yf , ) xiti - y ,t , =L

nib '

¢
Ii

"

a)xitriite
'

identify with
c- )

{ ( × , y ,
t , t , ,× , 4,72 ts ) :

xitti - yizie 1

i. 1,2 }
Algebraic Set cot out by polys .



lecture
Organizing ✓ eps of T → SHE)

* g gp ) .

DI Rlt ) . { p :t→ slice )

arep . }
Theorem 2. 1

-

Rlt ) is an

algebraic set defined over

R ( T ) is called

Q ( indeed 21 )
.

the

Representation Variety
.

Recall : V < ¢
"

is an algebraic

let '

If F a finite collection of

polynomials P , , -
, Pm EEIX ,

- k )
5. t ' ✓ is the vanishing locus of
Pi - Pm .



Indeed Fideal IN ) EQIX ,
- xn )

sit Pt Ilu ) ⇐ ] p vanishes

on V
.

By Hilbert Basis theorem

IN ) has a finite set of

generators .

✓ is defined an a outing

R c ¢ if a set of generators

for Ilv ) can be taken in

Rlx ,
- Xn ]

.



Proof of Theorem 2- I
-

:

let T = < 8
,
-2

.
I w

, ,wz ,
- .

. . . )
he a presentation on the finite

generating set 5={4 - tv ]

let st Rlt )
,

then

vii. lad!;)
9i di - bic ,

=L

note mail = ( Iii
'

Iii )
Now wn = whlritt , - , 8r±

' )
and evaluating p ,

we went

have

plwnliwnlplrit '
1 -

,
Mrit 'D

= I



This gives a matrix eqn :

hosts; )=l ::)
p = polys infor each j

; Je a ; ,bi , ciidi
Hence poly eqns :

Ps
,

- 1=0 , B
.

=0

Puzio / By -1=0

This defines RCT ) as an

als . set .
11 .

Reth . Rlt ) is not a variety
in the sense hat Rlt )

need be irreducible as a -

altewuic set .



Drawback_ : Depends on a

generating set .

However if st for , - Sn )
Is also a Sen set for T

we have

yalssetconstmhd

same with
abre / Sl

.

9 of -1

.i1 Vs ,

✓
s
' Mr ;)

- a
^ fo g- 1

f | | g
ri Rltl Ret ) d

,

EI
' This defines Poly Iso .

over z Vs → Yi .

: . RCT) is well - defined in this sense
,



Def '

Let n E Rlt )
,

the Itu y p is

a fuuehn Xp : T - ) Q

st Xp ( r ) = trplr ) trtt .

p Rlt ) -

t|I¥%hac
)

,
ry see disusuisin

/ below .

r r ( * )v ,

Hm XHI :{ ys : perch }
. Xp

Theovem2= X ( t ) is an algebraic

set defined over a .

The Character
Variety .



Regarding
Saw last day that

the trivial rep . has the

Same character as the

following
T - > 21 - Slzccy

a - ( y;)
But not equivalent .

Also any reducible nep±
has the same character

as a diagonal rep .



Before proving this
,

recall

that p is reducible if

plt ) leaves i - ut a 1- dimll

Subspace of ¢ !

Suppose ply ) .L= L where

L= Qv

Map ✓ to ( ! ) .

This conjugates MH to

have image in ( o*** )
|Twsreduicble=uP,PmLµs=



Thus if p ( t ) is reducible

can anvne

vi. for;;)
Define 11 : T - ) Slz ( ¢ )

by 1119 = (
9

to°yar)
EI ' /

'
is a representation

It visibly has the same

Character as p .

Again not equivalent .



Thus to understand all

characters need to uudwikl

reducible C⇒ diagonal
reps

and components > characters

of irved . reps

See later :

slow s
, p

' ERCT )

ivveps with Xp 18 ) eyjlrl
trer .

Thus , plane equivalent .



Enfamil K=§D
I , ( RK ) ( from

last day)
= ( a ,b 1 wuw '= b

,

w=a5' its >
What do components of

Xlt ) containing characters

of irreps look like

|Ngypreferto beamer

)



Comment about XC 5) .

_

Using trace identities

it can be shown that

Fg
, , -,g+ E T st

tget , Xp ( g ) is

completely determined by

X. I g ;) i. I
,

-

,
t

Eff, if T is 2 - generator
T = ( SIR ) s= 8 , , K

then Xrlr ,
)
, Xplr . )

Xp 18,2 . ) suffice



Note : Cagley - Hamilton

identity

It ) NAB + NAB
"

=tuAfrB

allows one to choose NABT
in the previous .

Proofof(t)B
satisfies Its chair poly
132

. Ltv B) B+ I = 0

⇒ B 't I = ( NB ) B

B + Bit = ( NB ) . I

⇒ A IB + Bt ) = ( NB ) A
Take trace nd result follows

Using this and other trace ids .

#

proves the general statement .



Summauyfnfigvnefigltx
( t ) has a unique

component Xo containing
the character of an irvep .

It is the vanishing locus

of !

z2 ( T . , ) = TIT - I

z = Xp 1 al , T= Xrlaby
Set Y= z ( T . i )

Y
'

= ( in )( TIT - I )
"

an elliptic curve /a
"

.


