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Abstract

A Chebyshev set is a subset of a normed linear space that admits unique best approximations. In the first part of
this article we present some basic results concerning Chebyshev sets. In particular, we investigate properties of
the metric projection map, sufficient conditions for a subset of a normed linear space to be a Chebyshev set, and
sufficient conditions for a Chebyshev set to be convex. In the second half of the article we present a construction of
a non-convex Chebyshev subset of an inner product space.

1. Introduction

Given a normed linear space (X, ||-||), we shall say that a subset of X is a ‘Chebyshev set’ if
every point outside of it admits a unique nearest point. In this article we will review some of the
literature, and a little, a very little, of the history of the question of whether every Chebyshev
set is convex (for a brief summary of the history of this problem, see [26, p.307]). The volume
of research invested in this topic is vast and we will not even pretend to present, even a small
amount, of what is known. Instead, we will be content to present some of the most basic results
concerning Chebyshev sets (see Section 2) and then present what the authors believe are among
some of the most interesting partial solutions to the following question, which from hence forth,
will be referred to as the ‘Chebyshev set problem’:

“Is every Chebyshev set in a Hilbert space convex?”.

In the latter part of this article we will present, in full gory detail, an example, due to V.S.
Balaganskif and L.P. Vlasov [7], of a nonconvex Chebyshev set in an infinite dimensional inner
product space. While this result appears tantalisingly close to a solution, in the negative, of
the Chebyshev set problem, it is not at all clear how to transfer this construction of Balaganskii
and Vlasov (which is based upon an earlier construction of Johnson [47] and later corrected by
Jiang [46]) into the realm of Hilbert spaces.
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So at the time of writing this article, the problem of whether every Chebyshev set in a Hilbert
space is convex is still wildly open. We hope that the gentle introduction presented here might
serve to inspire some of the next generation of mathematicians to tackle, and perhaps even solve,
this long standing open problem.

This article is of course not the first survey article ever written on the Chebyshev set problem.
Prior to this there have been many such articles, among the most prominent of these are the
survey articles of [5,7,11,25,62,82,90], each of which had something different to offer.

In the present article, we believe that our point of difference from the aforementioned articles
is that our approach is more naive and elementary and hence, hopefully, more accessible to
students and researchers entering this area of research.

REMARK. Throughout this article all normed linear spaces/Hilbert spaces will be assumed to be
non-trivial, i.e., contain more than just the zero vector, and be over the field of real numbers.

The structure of the reminder of this paper is as follows: Section 2 contains the preliminary re-
sults, which comprise: Basic results (subsection 2.1); Strict convexity (subsection 2.2) and Con-
tinuity of the metric projection (subsection 2.3). Section 3, titled “The convexity of Chebyshev
sets” consists of four subsections: Proof by fixed point theorem (subsection 3.1); Proof using
inversion in the unit sphere (subsection 3.2); A proof using convex analysis (subsection 3.3)
and Vlasov’s theorem (subsection 3.4). The final section; Section 4, is entitled “A non-convex
Chebyshev set in an inner product space”. This section has two subsections: Background and
motivation (subsection 4.1) and, The construction (subsection 4.2). Finally, the paper ends with
five appendices: A, B, C, D and E which contain the proofs of several technical results that are
called upon within the main text of the paper.

2. Preliminary results

2.1. Basic facts We begin this section by formally defining how we measure the distance of a
point to a subset of a normed linear space. From this we define the metric projection mapping,
which in turn is used to formulate the concepts of proximinal sets and Chebyshev sets. A few
simple examples of such sets are then given to familiarise the reader with these objects.

DEFINITION 2.1. Let (X, ||-]|) be a normed linear space and K be a nonempty subset of X. For
any point € X we define d(x, K) := infyck ||« — y|| and call this the distance from x to K.
We will also refer to the map x — d(x, K) as the distance function for K.

The following simple result regarding the distance function will be used repeatedly throughout
the remainder of the article.

PROPOSITION 2.2. Let K be a nonempty subset of a normed linear space (X, ||-||). Then the
distance function for K is nonexpansive (and hence continuous).



PROOF. Let x,y € X and k € K. By the triangle inequality and the definition of the distance
function, we get that d(x, K) < ||z — k|| < ||z — y|| + ||y — k||. By rearranging this equation,
we obtain d(z, K) — ||z —y|| < ||y — k||. Since k € K was arbitrary and the left hand side
of the previous expression is independent of k, we see that d(z, K) — ||z — y|| < d(y, K). By
symmetry, d(y, K) — |z — y|| < d(z, K). Thus, — |z — y|| < d(z, ) — d(y, K) < |}z — .
and so |d(z, K) — d(y, K)| < ||Jx — y||. Therefore, we have the nonexpansive property. O

The fundamental concept behind the definition of a proximinal set, or a Chebyshev set, is that
of ‘nearest points’. The following definition makes this idea precise.

DEFINITION 2.3. Let (X, ||-||) be a normed linear space and K be a subset of X. We define
a set valued mapping Px : X — P(K) by Px(x) := {y € K : ||z —y| = d(z,K)}, if
K is nonempty and by Pk (z) = 0 if K is the empty set. We refer to the elements of Py (x)
as the best approximations of x in K (or, the nearest points to « in K'). We say that K is a
proximinal set if P (x) is nonempty for each z € X and that K is a Chebyshev set if Px ()
is a singleton for each x € X. For a Chebyshev set we define the map px : X — K as the map
that assigns to each = € X the unique element of Py (z). We will refer to both P and pg as
the metric projection mapping (for K).

Note: it should be immediately clear from the definition that every nonempty compact set in a
normed linear space is proximinal. Moreover, Px (z) = {x} for any = € K and

P (X \ K) CBd(K) =Bd(X \ K).
To familiarise ourselves with these notions we now present a few examples.

EXAMPLE 1. Consider K := R?\ B(0;1) C R? equipped with the Euclidean norm.

Pk (0)

It is easy to check that for any z € B(0;1) \ {0}, Px(z) = {i}, whilst Pg(0) = Spe.

el
Hence, K is proximinal, but not a Chebyshev set.



EXAMPLE 2. Consider K := B[0;1] C R? equipped with the Euclidean norm.

o

It is straightforward to check that for any x € R? \ K, Px(z) = {ﬁ} Therefore, K is a
Chebyshev set.

EXAMPLE 3. Let n € N. Consider K := B(0;1) C R" equipped with the Euclidean norm.
Choose z € Sgn. Clearly, d(z, K) = 0, but since * ¢ K, Px(x) = (), and so K is not
proximinal.

In general it is difficult to deduce any structure concerning the behaviour of the metric projection
mapping. However, one exception to this is when the set K is a subspace.

LEMMA 2.4. Let K be a subspace of a normed linear space (X, ||-||). Then for each x € X,
ke Kand A\ € R, Pk(Ax + k) = AP () + k. Note: if Pk (x) = (), then AP (z) + k = (.

PROOF. Letx € X, k € K and X\ € R. Firstly, observe that

Az + k, K) = Az + k) — 9

inf ||

yeK

= |\| inf ||z — z|| since K is a subspace
z€EK

= |\ d(z, K).



If A = 0, then the result holds trivially. So suppose A # 0. Therefore,

y€ Pk(Ar+k)e|ly— A+ k)| =dAz+k, K)

o WH<¥> 2| = N d(z, K)
& H(y;)\k) —z| =d(z,K)
& y;)\k € Pg(x)

Sy e )\PK(.%') + k.

O

EXAMPLE 4 ([3]). Let (X, ||||) be a normed linear space and z* € X* \ {0}. Then ker(z*) is
a proximinal set if, and only if, z* attains its norm (i.e., ||z*|| = |2*(z)| for some z € Sx).

PROOF. Suppose that M := ker(z*) is a proximinal set. Then there exists an # € X such that
d(x, M) = ||z|| = 1. To see this, choose z € X \ M. This is possible since * # 0. Since M is
proximinal, we can find m € M such that ||z — m|| = d(z, M). Let

zZ—m zZ—m

d(z,M) |z —m]|’

xXr =

Clearly, ||z|| = 1 and from Lemma 2.4, it follows that

e M) =4 (d(ifcfl)M) - (d(sz) ’ d@,ﬂfwrM) =i =

*

Lety € X. Theny = %m—i—mfersomem € M. Now,
x

8

*

[z (W)| _ =

_ ey
()| | (
(

d(x, M)

3

~— — [~ ~— |~

*

Yl .

z*(y)

z*(x)
= 1 f —
inf [y~ 2|
= d(y, M)
< |ly|]| since 0 € M.

= inf
zeM

T+m—z since M is a subspace and m € M

Thus, |2*(y)| < |z*(2)|||y|| for all y € X. Hence, ||z*| < |z*(z)| < ||=*|| since ||z|| = 1, and
50 [|2*[| = |2~ (x)].




Conversely, suppose z* € X* \ {0} attains its norm at z € Sx, ie., ||z¥| = x*(x). Let
M :=ker(z*) and m € M. Then

_ el wt@) _at(@—m) |l flz —m]

1= = = < = |z —m|.
z*| [l [zl |zl

Therefore, 1 < d(z,M) < |[x—0| = ||z|]| = 1. Thus, 0 € Py(x). Now let y € X.
We can write y = Az + m for some A\ € R and m € M. By Lemma 2.4, it follows that
Prr(y) = Pyr(Az + m) = APy(z) +m # 0. Hence, M is proximinal. O

We are particularly interested in finding necessary and sufficient conditions for a set to be a
proximinal set or a Chebyshev set. Our first necessary condition, as suggested by Example 3, is
that a proximinal set must be closed.

PROPOSITION 2.5. Let K be a proximinal set in a normed linear space (X, ||-||). Then K is
nonempty and closed.

PROOF. To see that K is nonempty we simply note that ) # Pk (0) C K. To show that K is
closed it is sufficient to show that K C K. To this end, let z € K. Since K is proximinal, there
exists k € K such that |z — k|| = d(x, K) = 0. Therefore, z = k € K. O

Of particular importance in the study of Chebyshev sets is the notion of convexity.

DEFINITION 2.6. Let X be a vector space and C be a subset of X. We shall say that C' is
convex if, for any a,b € C and any X € [0, 1], we have [a,b] € C. We say that C' is concave if
X \ C is convex. Furthermore, we say that C' is midpoint convex if for any a,b € C, “TH’ eC.

Motivated by Example 1, one might be tempted to conjecture that all Chebyshev sets are convex.
However, the following example demonstrates that this is not the case.

EXAMPLE 5. Define the function f : R — R by f(z) := 4d(z,4Z) for all = € R.

|
o

|
B
mA

Blz ||z — pr(2)]l1]

Then K := Graph(f), viewed as a subset of (R, [|-||), is a (nonconvex) Chebyshev set. Indeed,
for any z := (a,b) € R?, px(2) = (a, f(a)).



The following result, in combination with Proposition 2.5, shows that when considering the
convexity of a proximinal set (or a Chebyshev set) we need only check that it is midpoint convex.

PROPOSITION 2.7. A closed subset of a normed linear space (X, ||-||) is convex if, and only if,
it is midpoint convex.

PROOF. Clearly, a convex set is midpoint convex, so suppose C' C X is a closed midpoint

convex set. Let z,y € C. Consider the mapping 7" : [0, 1] — X defined by T'(\) := Az + (1 —

ANy. Let U := {\ € [0,1] : T'(\) ¢ C}. Since T is continuous and C' is closed, it follows that

U is open. If U = (), then [z,y] C C and we’re done, so suppose otherwise. Thus, there exist

distinct A1, A2 € [0,1] \ U such that (A1, \2) C U. Therefore, )‘1J2FA2 € (A1,A2) C U, and so
T(}\l) ;—T()\Q) T ()\1 ;— )\2) ¢ C:

but this is impossible since 7'(A1),T'(A2) € C and C is midpoint convex. Hence, it must be the
case that U = (); which implies that C' is convex. O

REMARK. Having closedness in the hypotheses of Proposition 2.7 is essential as Q C R is
midpoint convex, but not convex.

There is also a corresponding notion of a function being convex and/or concave:

DEFINITION 2.8. Let K be a nonempty convex subset of a vector space X. We say that a
function f : K — Ris convex if, f (Az + (1 — N)y) < Af(x) + (1 — \)f(y) forall z,y € K
and all A € [0,1], and concave if, f (Ax + (1 — N)y) > Af(z) + (1 — ) f(y) forall z,y € K
and all A € [0,1].

The following results show that the convexity (concavity) of a set is closely related to the con-
vexity (concavity) of its distance function.

PROPOSITION 2.9. Let K be a nonempty closed subset of a normed linear space (X, ||-||). Then
K is convex if, and only if, the distance function for K is convex.

PROOF. Firstly, suppose that K is convex. Fix z,y € X, A € [0,1] and £ > 0. By the definition
of the distance function for K, there exist k., k, € K such that

|z — ke <d(z,K)+e and [y —ky| <d(y,K)+e.
Since K is convex, it follows that

dAz + (1 =Ny, K) < [[Az + (1 = A)y = Az + (1 = My )|
=Mz = k) + (1 = Xy — k)|
S Az = kel + (1= A) lly — Ky
<Mz, K)+ (1 -=Nd(y,K) +e.



Since € > 0 was arbitrary, we conclude that the distance function for K is convex.
Conversely, suppose that the distance function for K is convex. Let z,y € K and A € [0, 1].
Then

0<dAz+(1—-Ny,K) < A(z,K)+ (1—-N)d(y,K)=0.

As K is closed, this forces Az + (1 — \)y € K and so K is convex. O

In order to expedite the proof of the next result, let us recall the following easily provable fact.
If (X, ||-]|) is a normed linear space, z,y € X, 0 < r, Rand A € [0, 1], then

BAx+ (1 —=Ny;Ar+(1—=XNR) =AB(z;7)+ (1 — N)B(y; R) .

PROPOSITION 2.10 ([12, Lemma 3.1]). Let K be a nonempty proper closed subset of a normed
linear space (X, ||-||). Then K is concave if, and only if; the distance function for K, restricted
to co (X \ K), is concave.

PROOF. Suppose that K is concave. Then co(X \ K) = X \ K. Let z,y € X \ K and
A € [0,1]. Clearly,
B(z;d(x, K)), By;d(y, K)) € X \ K.

Since X \ K is convex, it follows that

Bz + (1= Ny; Md(z, K) + (1 = Nd(y, K)) = AB(x;d(z, K)) + (1 = A)B(y; d(y, K))
C X\ K.
Therefore, Ad(z, K) + (1 — A\)d(y, K) < d(Ax + (1 — \)y, K). Conversely, suppose that the
distance function for K, restricted to co (X \ K), is concave. Let x,y € X \ K and A € [0, 1].

Then, since K is closed, d(Az + (1 — Ny, K) > Md(z,K) + (1 — N)d(y, K) > 0. Thus,
Az + (1 — Ny € X\ K as required. O

The next result is useful when working with nearest points. It will be used repeatedly throughout
the remainder of the article.

PROPOSITION 2.11 ([26, Lemma 12.1]). Let K be a nonempty subset of a normed linear space
(X, ||Il)- Suppose that x € X \ K and z € Pk (x), then for any y € [z, z), z € Pk (y).

PROOF. Since y € [z, 2), | —y|| + |ly — z|| = ||x — z||. Now, 2 € K N Bly, ||y — z||] and so
d(y, K) < ||y — z||. On the other hand, by the triangle inequality,

By, ly = zIl) € Bz, [lx = yll + [ly — 2l) = Bz, ||z — 2]) € X\ K

and so |ly — z|| < d(y, K). Thus,

y — z|| = d(y, K); which shows that z € Px(y). U

It is perhaps natural to speculate that the metric projection mapping of a Chebyshev set is always
continuous. This possibility is refuted by Example 7. However, the following weaker property
is possessed by all metric projection mappings.



LEMMA 2.12. Let K be a nonempty closed subset of a normed linear space (X,|-||). If
(T, Yn )02y is a sequence in X X X, with y, € Pg(xy,) foralln € Nand lim (x,,y,) =
n—oo

(x,y), theny € Pk (x).

PROOF. Let (x,,,y,)52 ; be a sequence in X x X converging to some (z,y), with y,, € Pr(xy,)
for all n € N. Firstly, y € K, since K is closed. Furthermore,

|l —y|| = lim ||z, — yn|| = lim d(z,, K) =d(z, K),
n—oo n— oo
since the distance function for K is continuous by Proposition 2.2. Thus, y € Pk (z). O

COROLLARY 2.13. If K is a Chebyshev set in a normed linear space (X, ||-
projection mapping for K has a closed graph.

), then the metric

The following curious result can be, and will be, used to establish the convexity of Chebyshev
sets in certain normed linear spaces.

PROPOSITION 2.14. Let K be a nonempty closed subset of a normed linear space (X, ||-]]).
Suppose x € X \ K and z € Pg(x). Define y(\) := z + ANz — z) for each A\ € R. Then
I:={\>0:z¢€ Pg(y(\)} is a nonempty closed interval.

PROOF. By Proposition 2.11,if « € I and 3 € [0, o], then 5 € I, which establishes that [ is an
interval. Obviously, 1 € I, and so I is nonempty. Finally, suppose that (\,)° ; is a sequence
in I converging to some A > 0. Clearly, lim, o y(\,) = y(A). Since z € Pk (y(\,)) for all
n € N, Lemma 2.12 says that z € Pk (y(\)). Therefore, A € I, and so I is closed. O

The next definition and lemma concern a boundedness property possessed by all metric projec-
tion mappings.

DEFINITION 2.15. Let (X, ||-||) and (Y, ||-|") be normed linear spaces and ® : X — P(Y) a
function. We say that @ is locally bounded on X if for every zg € X there exist r, M > 0 such
that, ® (B(xo;7)) € M By

LEMMA 2.16. Let K be a nonempty subset of a normed linear space (X, ||-||). Then the metric
projection mapping x — Py (z) is locally bounded on X.

PROOF. Fix zg € X andletr := 1and M := d(zo, K)+||xo||+2. Suppose y € Px (B(xo; 1)),
i.e., y € Pg(x) for some x € B(xp;1). Using the triangle inequality (twice) and the fact that
the distance function for K is nonexpansive, we have that

lyll = lly =0l < lly — xoll + [lzo — O
<|ly =zl + |z — 2ol + [lzo — O]
= d(z, K) + ||z — zol| + [|zo]|
< (d(wo, K) + [z — wol|) + ||z — @ol| + [|7o|
< d(zo, K) + 2 + [|zo|
=M.



Hence, Py (B(xo;7)) € M By, and so the metric projection mapping for K is locally bounded
on X. O

We now proceed to establish some more properties of the metric projection mapping. After
defining what it means for a multivalued map to be continuous, we derive sufficient conditions
for the continuity of the metric projection mapping. As an immediate corollary, we deduce a
fundamental result - in finite dimensional spaces the metric projection mapping for a Chebyshev
set is continuous.

DEFINITION 2.17. Let (X, ||-||) and (Y, |-]|") be normed linear spaces and ® : X — P(Y) a
function. We say that ® is continuous at x € X if ®(z) is a singleton and for any sequence

(@, Yn )y in the graph of @, with lim x,, = z, we have lim y, = z, where ®(z) = {z}.
n—oo n—oo

REMARK. It is clear that when ®(z) is a singleton for each z € X this definition agrees with
the standard definition of continuity when we view ® as a function into Y.

DEFINITION 2.18. Let K be a subset of a normed linear space (X, ||-||). We say that K is
boundedly compact if for any r > 0, rBx N K is compact.

It follows almost immediately from this definition that all nonempty boundedly compact sets are
proximinal and hence closed, see Proposition 2.5.

Our reason for considering boundedly compact sets is revealed in the next theorem.

THEOREM 2.19 ([52, Proposition 2.3]). Let K be a boundedly compact subset of a normed
linear space (X, ||-||). If Px(x) is a singleton for some x € X, then the metric projection
mapping, y — Pk (y), is continuous at x.

PROOF. Let 2 € X and suppose P (x) = {z} for some z € K. To show that Py is continuous
at z, it suffices to show that for each sequence (z,,, yn)zc’:1 in the graph of Py with lim x,, = z,
n—oo

there exists a subsequence (y, , Yn, )peq Of (%5, Yn),—q such that klim Yn, = 2. To this end, let
— 00
(Tp, yn),io:1 be a sequence in the graph of Px with lim x,, = x. Since Py is locally bounded
n—oo

(see Lemma 2.16) and K is boundedly compact, there exists a subsequence (Zn,,Yn,)re;
of (Zn,Yn )y such that klim Yn, = y for some y € K. Since klim (@ng,Uny) = (2,9),
— 00 —00

Lemma 2.12 tells us that y € Pg(x). Thus, y = z as required. O

A special case of the previous theorem is the following folklore result.

COROLLARY 2.20 ([81, p.251]). The metric projection mapping for a Chebyshev set in a finite
dimensional normed linear space is continuous.
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2.2. Strictly convex and reflexive Banach spaces In this subsection we will define strict
convexity of the norm and present some equivalent formulations of this notion. We will then
examine the single-valuedness implications of strict convexity to the metric projection mapping.
In the latter part of this subsection we will look at the implications of reflexivity to the study of
proximinal sets.

DEFINITION 2.21 ([23]). A normed linear space (X, ||-||) is said to be strictly convex (or,

rotund) if for any

T,y € SX,

Tty
2

‘ =1 if, and only if, z = y.

REMARK. From this definition it follows that in a strictly convex normed linear space (X, ||-||):

@) if 2 # yand o] = |1y, then | 2 I

w+yH < Nzl il

(ii) the only nonempty convex subsets of Sy are singletons.

Many of the classical Banach spaces are strictly convex, for example all the L, and ¢, spaces
are strictly convex for any 1 < p < oo, [23,40]. It is also known that every separable [23]
or reflexive space [85] admits an equivalent norm that is strictly convex. On the other hand,
C'(K)-spaces are rarely strictly convex.

EXAMPLE 6. Let K be a compact Hausdorff space. Then (C(K), ||-||,) is strictly convex if,
and only if, K is a singleton set.

PROOF. Clearly, if K is a singleton set, then (C'(K), ||-|| ) is strictly convex. On the other hand,
if K is not a singleton set, then there exist distinct elements x,y € K. Since K is completely
regular, there exists a continuous function f : K — [0, 1] such that f(z) = 1 and f(y) = 0.
Let g : K — [0, 1] be defined by g(k) := 1 forall k € K. Clearly, f,g € Sc(k) and f # g.
However, (f+g)(z) = 2, and so || f + g|| . = 2; which shows that (C(K), ||-|| ) is not strictly
convex. O

In practice, it is often convenient to apply the following equivalent characterisations of strict
convexity.

LEMMA 2.22. A normed linear space (X, ||-||) is strictly convex if, and only if, for all z,y € X
and all v, R > 0 such that ||z — y|| = r + R, we have B[z;r]| N Bly; R] = {2}, where

Pp— R + —,r.
= \r1Rr)" r+Rr)Y

PROOF. Suppose (X, ||-||) is strictly convex, z,y € X, r, R > 0 and || — y|| = r + R. Since

le—al = [ Yo+ (L )y - = (Lo ) e -yl =+
- r+ R r+ R y o r+ R yi =

11




el = | (= E ) e (2wl = (-2 ) e —wl =R
yi = r+ R T+Ryy_7’+R yih ="

we have z € Blz;r] N Bly; R]. Let w be an arbitrary element of Blx;r] N Bly; R]. Since
|2z —w| <rand |y —w| < Randr + R = ||l — y|| < ||z — w|| + |ly — w]||, we must have
that ||z — w|| = r and ||y — w|| = R. However, if u, v € Blz;r] N Bly; R, then

u—+v
2

since B|x;r| N Bly; R] is convex. On the other hand, if u # v, i.e., (z — u) # (z — v), then

- ()]

which is impossible. Therefore, B[x;r] N Bly; R] = {z}.
For the converse, suppose (X, ||-||) is not strictly convex. Hence, there exist distinct z,y € X
such that

€ Blx;r]| N Bly; R]

(x—u) + (z—v)
2

‘ |z —ull + lla =l _
2 - )

r+y
2

Letr :=1=: R. Thenz,y € B[0;r] N B[z +y; R] and ||(z +y) — 0| = r + R. O

2]l = llyll =

-

From Lemma 2.22 we can obtain another useful characterisation of strict convexity.

LEMMA 2.23. A normed linear space (X, ||-||) is strictly convex if, and only if, for any nonzero
z,y € X, if |l +y| = |lz|| + ||yl then x = oy for some o > 0.

PROOF. Suppose that (X, ||-||) has the property given above. Let z,y € X with

z+y
= = - 1.
Then ||z + y|| = 2 = ||z|| + ||y, so = ay for some a > 0. Since ||z|| = ||y|| =1, a = 1,

and so x = y. Thus, (X, ||-||) is strictly convex.
Conversely, suppose (X, ||-||) is strictly convex and let z,y € X \ {0} be such that

[z +yll = llzll + llyll -

Since x # —y and ||z — (—y)| = ||z|| + ||y

Blas ol 0 B o) = { () o = (o ) v

However, it is also clear that 0 € Bz; ||z||] N B[—y; ||y||]. Therefore,

lyll > < ] )
o — (e )y =0,
(Hl’\l + vl ]l +[lyl

which rearranges to give = = (||z||/||y]|)v- O

, it follows by Lemma 2.22 that
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Next we present our first application of the notion of strict convexity to the study of Chebyshev
sets.

PROPOSITION 2.24. Let K be a nonempty closed and convex subset of a strictly convex normed
linear space (X, |-||). Then for each x € X, Pk (x) contains at most one element.

PROOF. The result is clearly true if z € K, so let us suppose that z € X \ K. Looking for a
contradiction, suppose that there exist distinct y1, y2 € Px(z). Then

[z =yl = llz = y2|| = d(z, K) > 0.

Now, since K is convex, yIQﬂ € K, and so

Az, K) < H_ <¥)H @)+ @)

2
< e = w1l _; Iz = ol since ||-|| is strictly convex
=d(z, K),
which is impossible. Hence, y; = y2, and so Pg (x) is at most a singleton. |

COROLLARY 2.25. Every convex proximinal set in a strictly convex normed linear space (X, ||-||)
is a Chebyshev set.

REMARK. It is easy to show that in every normed linear space that is not strictly convex, there
exists a convex proximinal set that is not a Chebyshev set.

THEOREM 2.26 (Support Theorem, [3], [29, Theorem V.9.5]). Let C' be a closed and convex
subset of a normed linear space (X, ||-||) with nonempty interior. Then for every x € Bd(C)
there exists ©* € X* \ {0} such that x € argmax(z*|¢).

DEFINITION 2.27. Let K be a subset of a normed linear space (X, ||-|]|) and let x € K. We
say that z* € X™* \ {0} supports K if argmax(z*|x) # () and we say that z* € X™* \ {0}
supports K at x if x € argmax(z*|g).

LEMMA 2.28. Let (X, ||-||) be a strictly convex normed linear space and x* € X* \ {0}. If
x € X andr > 0, then argmax (CE*|B[1.;T.}) is at most a singleton set.

PROOF. Since argmax (z*|g,.,) is the intersection of a hyperplane and a closed ball, it is
convex. On the other hand, argmax (2*| g,.,1) must be a subset of S[x; r]. Therefore, from the
strict convexity of the norm, argmax (| g,,]) must be at most a singleton. O

Using the previous definitions and results we can prove the following interesting result which
will be used in Section 4.

13



LEMMA 2.29. Let (X,||-||) be a strictly convex normed linear space and let K be a closed
concave subset of X. Suppose that © € Pk (y) N Px(z) for some y,z € X. Then x,y, z are
collinear.

PROOF. If either y or z is a member of K, then the result holds trivially, so suppose otherwise.
To show that x, y, z are collinear it is sufficient to show that

x—y T —z

lz =yl lle =2l

Let C':= X \ K. Then, by Corollary 3.38, Bd(C) = Bd(X \ K) = Bd(K). Thus, z € Bd(C).
Therefore, by Theorem 2.26, there exists z* € X* \ {0} that supports C' at z. Now since
x € Bly;d(y, K)] N Blz;d(z,K)| and Bly;d(y, K)] U B|z;d(z, K)] € C, z* supports both
Bly;d(y, K)] and B[z;d(z, K)| at z. It then follows, after translation and dilation, that x*
supports Bx at both

T—y T —2z
|z — yll |z — 2|
However, by Lemma 2.28, Ty _ r72 and we are done. |
lz =yl llz—=|

In order to obtain some further single-valuedness implications of the notion of strict convexity
to the metric projection mapping we will need to consider some notions of differentiability.

DEFINITION 2.30. Let (X, ||-||) and (Y, ||-||") be normed linear spaces and U be a nonempty
open subset of X. We say a function f : U — Y is Gateaux differentiable at x € U if there
exists a bounded linear operator T, : X — Y such that

f(z+th) — f(x)

for all h € Sx. The operator T, is called the Gateaux derivative of f at . If f is Gateaux dif-
ferentiable at each point of U, then we simply say that f is Gateaux differentiable. If the limit
in equation () is uniform with respect to all h € Sy, then we say that f is Fréchet differentiable
at x € U and we call T, the Fréchet derivative of f at x. Finally, if f is Fréchet differentiable
at each point of U, then we simply say that f is Fréchet differentiable.

LEMMA 2.31. Let K be a nonempty closed subset of a normed linear space (X, ||-||). Suppose
x € X \ K is a point of Gateaux differentiability of the distance function for K, with Gateaux
derivative f € X* and y € Pg(x). Then ||f|| = 1 and f(z —y) = ||z — y|| = d(z, K).

PROOF. Since z ¢ K, d(z, K) = ||z —y|| > 0. Let 0 < ¢t < 1. Since
z+t(y —x) € [z,y],
Proposition 2.11 tells us that y € Px (z + t(y — x)) and so

dlz+t(y — =), K) = [lz + iy — =) —yll = (1 =) [lx =yl .
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Therefore,

dlx+t(y —z),K) — d(z, K)

—1z) = lim
fly—x) Jim "
1—t¢ —yll = llz —
B o e ]
t—0+ t
. —tllz =yl
= lim ——— = —||lz — vy .
Tim o~y

Thus, f(z —y) = ||z — y|| = d(z, K). Proposition 2.2 then implies that, for any z € X,

Codlz+tz, K)—d(z,M
)] = g A =)
—0 t
i d(x +tz,K) —d(m,K)‘
t—0 t
< hmw e
t—0 |t]
Thus, || f|| = 1. O

THEOREM 2.32 ([14, Theorem 5.1]). Let K be a nonempty closed subset of a strictly convex
normed linear space (X, ||-||). Suppose that x € X is a point of Gateaux differentiability of the
distance function for K. Then Py (x) contains at most one element.

PROOF. If x € K, then Pg(x) = {x}. Therefore, we may assume = ¢ K. Suppose that
y,z € Pr(x) and let f € X* be the Gateaux derivative of the distance function for K at x.
Applying Lemma 2.31 gives

(=) =1m=1 (=)

As (X, ||-||) is strictly convex, f can attain its norm at, at most one point of Sx. Therefore,

r—y  xT—z
le—yll - lle—zl
Since ||z — y|| = ||z — z|| = d(z, K), we have y = z, which completes the proof. O

In order to exploit Theorem 2.32 we need to know something about the differentiability of dis-
tance functions. The next classical result provides some general information in this direction.

THEOREM 2.33 ([67]). Every real-valued Lipschitz function defined on a nonempty open subset
of a finite dimensional normed linear space is Gdteaux differentiable almost everywhere (with
respect to the Lebesgue measure).

COROLLARY 2.34. Let K be a nonempty closed subset of a strictly convex finite dimensional
normed linear space (X, ||-||). Then Pk (z) is a singleton for almost all x € X (with respect to
the Lebesgue measure).
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In order to generalise this result beyond finite dimensional spaces one needs to know about the
differentiability of real-valued Lipschitz functions defined on infinite dimensional normed linear
spaces, see [14,56,66].

Next we present some sufficient conditions for a subset of a normed linear space to be a proximi-
nal set. We start by considering some general facts concerning lower semi-continuous functions.

DEFINITION 2.35. Let (X, 7) be a topological space. We say a function f : X — R U {co} is
lower semi- continuous if for every o € R, {z € X : f(z) < a} is a closed set.

REMARK. It follows from the definition of lower semi-continuity that if f : X — RU {oo} is
lower semi-continuous and x = lim x,, then f(x) < liminf f(x,).
n—oo n—oo

PROPOSITION 2.36. Let C' be a closed convex subset of a normed linear space (X, ||-||). Then
C is weakly closed.

PROOF. If C' is empty or the whole space, then C' is weakly closed, so let us suppose oth-
erwise. Let zp € X \ C. Since C is closed and convex, we have, by the Hahn-Banach
Theorem, the existence of an f;, € X* such that f, (xz9) > sup,ec fzo(z). Thus, zg €
fao ((Sup,ec fzo(2),00)), which, being the inverse image of an open set, is weakly open. It is
then straightforward to check that X\C' = U, cx\c fao ((supgec fro(2),00)). Hence, X\ C,
being the union of weakly open sets, is weakly open. Thus, C' is weakly closed. U

LEMMA 2.37. Let (X, ||-||) be a normed linear space and let f : X — R be a continuous
convex function. Then f is lower semi-continuous with respect to the weak topology on X.

PROOF. Let @ € R. We need to show that the set A := {z € X : f(z) < «a} is closed with
respect to the weak topology. Since f is convex and continuous, A = f~1 ((—o0, a]) is convex
and closed with respect to the norm topology. Hence, by Propostion 2.36, we conclude that A is
weakly closed. U

Next we see that, as with continuous real-valued functions, lower semi-continuous functions
defined on compact spaces attain their minimum value and are hence, bounded from below.

PROPOSITION 2.38. Let f : X — RU{oc} be a proper lower semi-continuous function defined
on a compact space X. Then argmin(f) # ().

PROOF. Let (r,)7%; be a strictly decreasing sequence of real numbers such that converge to
in)f{f(:c). Since X is compact, (e f~((—00,75]) # 0 because {f ' ((—o0,r,]) : n € N}
BAS

is a decreasing sequence of nonempty closed subsets of X. Furthermore, (1,,cy /™! ((—00,75))

is contained in argmin(f). Indeed, if z € (), f~ ((—00, 7)), then f(z) < 7y, foralln € N,

and so inf f(y) < f(z) < lim r, = inf f(y); which completes the proof. O
yeX n—00 yeX
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THEOREM 2.39. Every nonempty weakly closed subset of a reflexive Banach space is proxim-
inal. In particular, every nonempty closed and convex subset of a reflexive Banach space is
proximinal.

PROOF. Let K be a nonempty weakly closed subset of a reflexive Banach space (X, ||-||). Fix,
x € X\ Kandlet f: K — [0,00) be defined by f(k) := ||z — k||. Then

0 # argmin(f| g Bwd(e,Kx)+1) = argmin(f)

as f|knBzd(z,K)+1] 1S weakly lower semi-continuous and K N Blz;d(z, K) + 1] is weakly
compact; since it is weakly closed and bounded. U

COROLLARY 2.40. Every nonempty closed and convex subset of a strictly convex reflexive Ba-
nach space is a Chebyshev set.

PROOF. The proof follows directly from Theorem 2.39 and Corollary 2.25. O

It is interesting to see that the result from Theorem 2.39 is optimal in the sense that if every
nonempty closed and convex set is proximinal, then the underlying space must be reflexive.

THEOREM 2.41 ([81, Corollary 2.4], [24, Corollary 2.12]). Let (X, ||:||) be a Banach space.
The following are equivalent:

(1) X is reflexive,

(ii) every nonempty weakly closed subset of X is proximinal,
(iii) every nonempty closed convex subset of X is proximinal,
(iv) every closed subspace of X is proximinal,

(v) every closed hyperplane in X is proximinal.

PROOF. Theorem 2.39 says that (i) = (ii). It is obvious that (ii) = (iii), (iii) = (iv) and
(iv) = (v). Finally, (v) = (i) follows from Example 4 and James’ Theorem [44, 58]. O

As an application of some of the results that we have obtained so far, let us show how Schauder’s
Fixed Point Theorem can be deduced from Brouwer’s Fixed Point Theorem.

THEOREM 2.42 (Schauder’s Fixed Point Theorem [80]). Let K be a nonempty compact convex
subset of a normed linear space (X, ||-||). If f : K — K is a continuous function, then f has a
fixed point, i.e., there exists a point k € K such that f(k) = k.

PROOF. As the closed span of K is a separable normed linear space, we may assume, without
loss of generality, that X is separable. Hence, by Appendix D, we can assume, after possibly
renorming, that the norm on X is strictly convex. For each n € N, let F;, be a finite subset of
K such that K C F,, + (1/n)Bx; note that this is possible since K is totally bounded. Let K,
be the convex hull of F,,. Then K, is a compact convex subset of K. Thus, by Corollary 2.25
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and Corollary 2.20, pg,, is continuous. Define f,, : K,, — K, by f,(z) := pk, (f(x)). By
Brouwer’s Fixed Point Theorem [18], f, has a fixed point z,, € K,,. Now,

|f(x) — fr(2)]] < (1/n)forall z € K.

Therefore, ||f(x,) — x| < (1/n). It is now routine to check that every cluster point of the
sequence (z,,)5° ; is a fixed point of f. O

2.3. Continuity of the metric projection In Section 3 it is shown that continuity of the metric

projection mapping plays a key role in deriving the convexity of a Chebyshev set. Therefore, it is
natural to ask whether every Chebyshev set has a continuous metric projection mapping. Unfor-
tunately, finding an example of a Chebyshev set with a discontinuous metric projection mapping
is not as straightforward as one might first imagine. So we begin this section by presenting an
example, due to B. Kripke, of such a set.

EXAMPLE 7 ([54], [41, p. 246]). There exists a reflexive space containing a convex Chebyshev
set with a discontinuous metric projection mapping.

PROOF. Consider the Hilbert space ¢2(Z). We define a linear map T : ¢o(Z) — ¢5(Z) compo-
nentwise by

T, if n <0

T_n,+ %xn, if0<n

T(z), = {

where (...,z_1,%0,%1,...) = x € l2(Z) and n € Z. It is straightforward to check that T" is
injective. Furthermore, 7" is continuous. To see this, suppose that © € By, (z), i.e., suppose that

=2 = > nez T2 < 1. Making use of the Cauchy-Schwarz inequality, we have

IT@IE= a2+ 3 (oo + )’

n<0 n>0
Tn\2 T_n®
S 3 (%) s
n<0 n>0 n>0 n>0
2 2 Tn\2 9 T\ 2
YA Y Y () ey (T ) (2 (2)
n<0 n>0 n>0 n>0 n>0
<5,
and so || T|| < v/5.
Next we define a new norm ||| on ¢2(Z) by ||z|" := max{||z|,,2|zo|} + |T(z),. Itis

straightforward to check that this is an equivalent norm, since for any = € ¢5(Z),
lzlly < flzl” < @+ T2l

Therefore, (¢2(Z),]|-||') is reflexive and complete. Since ||| is strictly convex (it is induced
by an inner product) and 7 is injective, it follows that ||-||’ is strictly convex. Also, define
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K :=span{e, : 1 < n}, where e, is the element of /5(Z) with 1 as its n*? coordinate and zeros
everywhere else. By Corollary 2.40, K, viewed as a subset of ({5(Z), ||-||), is a Chebyshev set.
We now show that K has a discontinuous metric projection mapping.

Lety := 22:1 apey, € span{e, : 1 < n} forsome 1 < kand ay,...,a, € R. Then

2|+
2

/

leo — yll =

k
ey — Z Qpén
n=1
k
= max { ey — Zanen
n=1

= max ¢ 2,

k
T (eo — Z anen>
n=1

2

This quantity can be minimised by setting «,, = 0 for alln € {1,...,k}. Thus,
d(eg,span{e, : 1 <n}) = |leg — 0| = 3.

Since d (eg, span{e,, : 1 <n}) = d(ep,5pan{e, : 1 <n})and K is a Chebyshev set, it follows
that px (eg) = 0. Fix j > 0. We may assume, without loss of generality, that j < k. Then
i &
eo+—2— Zanen
J n=1

(0+5)
e+—|—y
J
k k
:max{ eo—i—e;,J—Zanen ,2}+ T<60+6—,]—Zanen>
J n=1 2 J n=1

1 & 1 [1—a:\? < a2
= max{ 2, 1—|—j—2—|—2a% + 1+j—2+< , ]> +> <7") .
n=1 n

] =

/
!/

2

[Ryen

This quantity can be minimised by setting o; = 1 and v, = 0 for all n # j. Thus,

!/

d <eo + g,span{en 1< n}) =
J

€—j
€+ — — €;
J

1
=244 /1+ .
j

Since d <eo + %,span{en 1< n}> =d (eo + %,span{en 1< n}> and K is a Cheby-

shev set, it follows that px <eo + ej;’> = e,. Finally, observe that

lim <eo + e;]> =e9 whilst lim pg <eo + ej) = lim e; # 0 = px(eo),
Vi —00 ] J—00

J—0o0 J

showing that the metric projection mapping x — pg (z) is not continuous. U
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Another example of a Chebyshev set in a strictly convex reflexive space with a discontinuous
metric projection mapping is given in [19].

We now give some hypotheses that guarantee that the metric projection mapping is continuous.
To do this we consider the following property of a norm which was first considered in [68,72,73].

DEFINITION 2.43 ([48,51]). Let (X, ||-||) be anormed linear space. We say ||-|| is a Kadec-Klee

norm if for every sequence (x,)5°; in X, if lim x, = x with respect to the weak topology
n—oo

and lim ||z, || = ||z||, then lim x,, = x with respect to the norm topology.
n—00 n—00
Many norms that we are familiar with are Kadec-Klee norms.

EXAMPLE 8. Every finite dimensional space has a Kadec-Klee norm as does every Hilbert
space.

PROOF. In every finite dimensional normed linear space the weak and norm topologies coincide
and so it directly follows that every norm on a finite dimensional normed linear space is a Kadec-
Klee norm. In any Hilbert space (H, (-, -)), the norm satisfies the identity

lz = ylI* = ll=]I* + llyll* — 2z, ).

o0

Hence, if (z,,)22  is a sequence in H and lim,, o, ,, = x with respect to the weak topology

n=1
and lim,, . ||z,,|| = ||=||, then lim,_,~ x, = x with respect to the norm topology since the
functional y — (y, ) is weakly continuous and (z, x) = ||z||?. O

Note: it follows from Clarkson’s inequalities [23,40] that for any 1 < p < oo, L, has a Kadec-
Klee norm.

THEOREM 2.44 ([24, Theorem 2.7 and Corollary 2.16]). Let K be a weakly closed Chebyshev
set in a reflexive normed linear space (X, ||-||) with a Kadec-Klee norm. Then K has a continu-
ous metric projection mapping.

PROOF. Let x € X. To show that pg is continuous at x it suffices to show that for each se-
quence (x,)o2, with z = lim,,_,, x,, there exists a subsequence (z,, )3, of (2, )52 such that
limy_y00 Pi (2n, ) = pi (). To this end, let (z,,)0°; be a sequence in X with z = lim,,_,oc 2.
Since px is locally bounded (see Lemma 2.16) and X is reflexive, there exists a subsequence
(@n, )52 of (x,)52; and an element y € X such that (pg (x,, )72, converges to y with respect
to the weak topology on X. Since K is weakly closed, y € K. Therefore,

d(z, K) < [lz — y[| < liminf ||z, — pk(zn,)||
k—o0

< timsup |z, — pic (o)l = lim d(an,, K) = d(z, K)

k—00

since (2, — Pk (Tn, )5, converges to (x — y) with respect to the weak topology on X and the
norm is lower semi-continuous with respect to the weak topology on X.

Now, because K is a Chebyshev set it follows that y = px(x). Furthermore, since ||| is a
Kadec-Klee norm, (z,, —pk (xn, )32, converges in norm to (z—vy) = (x—pg (x)). Therefore,
(PK (2n, )3, converges in norm to px (x); which completes the proof. O
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We finish this subsection by presenting a classical result of Robert R. Phelps, which shows that
the convexity of a Chebyshev set in an inner product space is characterised by the metric pro-
jection mapping being nonexpansive. To prove this fact we first need a result that characterises
best approximations for convex sets in inner product spaces.

PROPOSITION 2.45 ([2]). Let K be a convex subset of an inner product space (X, (-,-)) and let
x € X,y€ K. Theny € Px(x) if, and only if, (x —y,z —y) < 0 forall z € K.

PROOF. Let x € X,y € K and suppose the above inequality holds. If z = y, then there is
nothing to prove so assume otherwise. For any z € K,

x — vyl ||x — z|]| by the Cauchy-Schwarz inequality.

Thus, ||z — y|| < ||z — 2| forall z € K, and so y € Pk (x).
Conversely, suppose that for some z € K, (x — y,z — y) > 0. Clearly, z # y. Choose

2Up — _
0<A< m{lu}
Iz =yl
which guarantees that 2(z —y, z—y) — A ||z — y||* > 0. Since K is convex, y := Az+(1— )y
in a member of K. Therefore,
lz = yall® = (& = ya,z — yp)

=@-y-Az-y)hr-y-Az-y)

=z =yl =2 (20w —y.2 - 9) = Az — )

<lz =yl
Thus, ||z — yal| < ||z — yl|, and so y & Pk (z). O
THEOREM 2.46 ([64]). Let K be a Chebyshev set in an inner product space (X, (-,-)). Then

K is convex if, and only if, |px(z) — pr(v)| < ||z —y|| for all x,y € X, that is, the metric
projection mapping is nonexpansive.

PROOF. Suppose that K is convex and z,y € X. Clearly, the required inequality holds if
pi(z) = pr(y) so we will assume otherwise. By Proposition 2.45,

(z —pr(2),pr(y) —pr(x)) <0 and (y —pk(y),px(z) —pr(y)) <0

or equivalently,
(z —pr(2),pr(y) —pr(x)) <0 and  (px(y) —y,px(y) — pr(x)) < 0.
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Adding these two inequalities gives (x — y + px (v) — pr(x), px (y) — pr(z)) <0, and so

(P (y) — pr (%), prc(y) — prc(®)) <y — 2, pr(y) — P (T))-

Therefore,

Ipx () — pr(@)|* = (K (y) — P (@), PK (y) — PK (2))
<(y —,px(y) — P (x))
<|ly — 2| lpr (y) — pr (2)] -

Thus, |lpx (y) — pr ()] < [l — yl| as required.

For the converse, suppose that the metric projection mapping is nonexpansive but K is not
convex. Since K is closed, it is not midpoint convex, and so we can find z,y € K such that
z = xTer ¢ K. Clearly, x # y. Setr := Hx—;y” > 0. We claim that px (z) € Blz;r] N Bly;r].
This follows since

Ipx (2) — ll = llpx (2) = pre ()| < |z —zfl =

and
P (2) = yll = llpx (2) = W) < ]2 —yll =1

Since (X, (-, -)) is strictly convex (as it is an inner product space) and ||z — y|| = 2r, Lemma 2.22
tells us that Blz;7] N Bly;r] = {Z52} = {z}. This forces z = px(z) € K, which is impossi-
ble. Hence, K is convex. O

Let us end this section with a few remarks concerning the single-valuedness of the metric pro-
jection mapping. In 1963, S. Steckin [84] proved that in a strictly convex normed linear space
(X, ||I|), for every nonempty subset K of X, {z € X : Pg(x) is at most a singleton} is dense
in X. This result can be deduced from the following geometric fact. In a strictly convex normed
linear space (X, ||-||), if z ¢ K and z € Pg(x), then Pk (y) = {z} for all y € (x, z). To see
why this is true we simply note that by Lemma 2.23,

Bly; ||z —yl1\{z} € B(z; ||z —z|) S X\ K andso Bly;|lz—yl]NK = {z}

for all y € (2, x). SteCkin also proved that if (X, ||-||) is complete (i.e., a Banach space) and the
norm is “locally uniformly rotund” (see [85] for the definition), then for each nonempty subset
K of X, the set

{z € X : Pg(x) is at most a singleton }

is “residual” (i.e., contains the intersection of a countably family of dense open subsets of X).
Steckin also conjectured that in any strictly convex space (X, ||-]|),

{z € X : Pg(x) is at most a singleton }

is residual in X, for every nonempty subset K of X. Steckin’s conjecture is still open. For the
latest state of play, see [74].
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3. The convexity of Chebyshev sets

As shown by Example 5, a Chebyshev set need not be convex. However, in this section we
present four distinct proofs which show that, under various additional hypotheses (all of which
include the assumption that the metric projection mapping is continuous), a Chebyshev set is
convex. In this way, this section follows the pattern of the paper [11].

3.1. Proof by fixed-point theorem In this subsection we make use of Schauder’s Fixed Point
Theorem to prove that a boundedly compact Chebyshev set in a smooth Banach space is neces-
sarily convex.

Let us begin with the following simple observation.

LEMMA 3.1. Let J be an open halfspace of a normed linear space (X, ||-||) and let x,y € X.
If%(:ﬂ +y) € J, then either x € J ory € J.

We shall also require the following geometric consequence of smoothness.

LEMMA 3.2 ([1]). Let (X, ||-||) be a normed linear space and let vy € X \ {0}. If the norm
is smooth at xo, then {y € X : 0 < 2*(y)} = U, en B(nwo; n[|z0l|), where x* is the Gateaux
derivative of the norm at xo. Furthermore, if z € X, then {y € X : x*(2) < x2*(y)} equals

Unen B(z + nxo; n [|zol)-

PROOF. We first show that | J,, .y B(nzo; nl|zol]) € {y € X : 0 < 2*(y)}. To this end, let

v € U,en B(nzo;n ||zol]). Then there exists an n € N such that z € B(nzo;n ||zol|), ie.,
lx — nxol| < n|zgl]. Since z* is the Gateaux derivative of the norm at x, it follows that
x* (o) = ||zo| and ||z*|| < 1. Therefore,

z*(z) = z*(nxo + (z — nwo))
= n |[zol| + ™ (z — nxo)
= n||zoll = [27 (z — nxo)|
> n||@ol| — [l — naol|  since |27 < 1

>0 since x € B(nwzo;n ||zol).

Thus, U, e B(nzo;n ||zol]) € {y € X : 0 < 2*(y)}.
Suppose that z € {y € X : 0 < 2*(y)}. Then

- lao+ = lwoll _

Therefore, there exists an n € N such that

[z + (1/n) (=) — [0l
(1/n)

Thus, |[nze — z|| < n|zol, and so x € B(nwo;n [|xol]) € Upen B(kzos k ||zol).

< 0.
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Finally, if z € X, then

{yeX:z"z) <z (y)}={ye X:0<a(y—2)}
={w+zeX:0<z%(w)}
=z4+{weX:0<2*(w)}

=z+ U B(nxo;n||zo]]) = U B(z + nxo;n||zol|) -
neN neN

This completes the proof. U

DEFINITION 3.3 ([33]). We say that a Chebyshev set K in a normed linear space (X, ||-||) is a
sun if forevery z € X \ K and 0 < A\, pr(z)) = px (), where z) := pr(x) + Az — px (z)).

Note: in light of Proposition 2.14 and Proposition 2.11 we know that
I'={\>0:pg(zy) =px(x)}

is a closed interval containing [0, 1]. Thus, for K to be a sun we only require that (1, 00) C I.

The following two results (the first of which is a folklore result) demonstrate the relationship
between a Chebyshev set being a sun and being convex.

THEOREM 3.4. In any normed linear space, every convex Chebyshev set is a sun.
PROOF. Let K be a convex Chebyshev subset of a normed linear space (X, ||-||) and suppose

that x € X \ K. Then px(x) € K N Blz; ||z — px(z)|]] and so 0 € Blz; ||z — pr(x)|] — K.
However,

0¢ B(z;||lzr —px(z)||) — K since B(z;||lz — px(x)|) N K = 0.

Therefore,

0 € Bla; ||z —pr (0)|l] = K € B(w; ||lz — pr (2)]]) — K

but

0¢ B(z; ||z — pr(2)|]) — K = int(B(z; || — px(z)||) — K), by, Corollary 3.38.

Thus, 0 € Bd(B(z; ||z — px(z)||) — K). Therefore, by the Support Theorem, see Theorem
2.26, there exists an f € Sx~ such that sup{f(y) : y € Blz; |z —px(z)|]] — K} < f(0) = 0.
Thus,

fly) < f(k) forally € Blz; ||z — px(x)||]] andall k € K.

In particular,

max  f(y) = f(px(z)) since  pr(z) € Bla; ||z — pr(z)]N K and
yeBws|le—pr ()]

min f(k) = f(px(z)) since  pr(z) € Blzs e = pr()] N K.
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Leta == f(p(2)), then Bla; ||z — px()[] € f~ (o0, a]) and K C f~'([a, 00)). It also
follows that

f(pr(x) =) = ||z — px(2)||  or, equivalently,  f(x —pk(2)) = —llz —px(@)]| ()

Let A > Oandlet z) := px () +A(x—pr(x)). Then px(x) € KNBlxy;||zx—pr(x)||] and so
d(xy, K) < ||Jzx—pk(z)||. On the other hand, B(zy; |zx—px (z)|]) € f1((—00,)) € X\K
since if y € B(zx;||zx — px()]]) then

)= fly =)+ fzn)

< ly —aall+ f(za)  since [|f] < 1.

< lpr(x) —aall + f(zx)  sincey € B(ay; [|lzx — px (@)]))-

= Mz = pr @)l + Af (z — pr (@) + f(pK (2))

= f(pr(z)) = a. by (%)
Thus, ||z) — pr(2)|| < d(z), K) and so ||x) — px(x)|| = d(xy, K). This shows that px(x))
equals px (z). O
REMARK. We should note that there is also a short indirect proof of the previous theorem.
Indeed, suppose to the contrary that K is a convex Chebyshev set that is not a sun. Then there
existsan z € X\ K and A\ > 1suchthat px(z)) # pk(x), where z) := pr () +A(z—pk (2)).

Let o := 1/, then 0 < p < 1 and x = px) + (1 — p)px(z). Now, since K is convex,
uprk (z)) + (1 — p)pk (x) € K. However,

|z — [upk (zx) + (1 — wpr (@)]]| = [[[pexr + (1 — w)pr ()] = [ppx (z2) + (1 — w)pr(@)]||
= pllzx —pr (@A) < pllzy — pr ()| = |z — pr(2)];

which contradicts the fact that py () is the nearest point in K to x. This contradiction completes
the proof.

THEOREM 3.5 ([1,87]). Let K be a Chebyshev set in a smooth normed linear space (X, ||-]]).
If K is a sun, then K is convex.

PROOF. Looking for a contradiction, suppose that K is not convex. Since K is closed, Proposi-
tion 2.7 tells us that there exist #,y € K such that 3 (z + y) ¢ K. Let

Z =Pk <m—|—y> and xO::m—i_y—z.

2 2
By Lemma 3.2,
z+xo € B(z+ xo; |xo]]) ST :={we X :2"(2) < z"(w)} C U B(z + nzo;n||zol]),
neN

where 2* is the Géteaux derivative of the norm at z:g. We claim that |,y B(2z + no; n [|20]|)
is contained in X \ K. For1 <n € N, z+z9 = [1 — (1/n)]z 4+ [1/n](z + nzo) € (2, z + nxp).
Since K is a sun,

z =pg(z+ x9) = pr(z + nxy) foralln € N.
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Therefore, d(z+nxo, K) = ||(z + nzg) — z|| = n ||zo|| forall n € N. Thus, B(z + nzg;n ||zo]|)
is contained in X \ K for all n € N. From Lemma 3.1 it follows that either = or y is in
J C Upnen B(z +nzo;n ||lzo|]) € X \ K. However, this is impossible, since both z and y are
members of K. O

To see that smoothness of the normed linear space is required, consider again Example 5. The
key point is that since the unit ball in (R?, ||-||;) has sharp corners, i.e., the norm is not smooth,
the union of the balls discussed in Lemma 3.2 does not have to fill out a whole half space.

In order to present our first proof concerning the convexity of Chebyshev sets we need to apply
the following modification of Schauder’s Fixed Point Theorem. To obtain this modification we
use the fact that the closed convex hull of a compact subset of a Banach space is compact,
see [57] or [29, p. 416].

THEOREM 3.6 ([37, Theorem 7.6]). Let K be a nonempty closed convex subset of a Banach
space (X, ||-]). If f : K — K is a continuous function and f(K) is compact, then f has a fixed
point.

THEOREM 3.7 ([87]). Let (X, ||-||) be a smooth Banach space. Then every boundedly com-
pact Chebyshev set in X is convex. In particular, every Chebyshev subset of a smooth finite
dimensional normed linear space is convex.

PROOF. Let K be a Chebyshev set in X. In light of Theorem 3.5, it suffices to show that K is a
sun. Tothisend, let z € X \ K and let I, :== {\ > 0: px(z) = px (px(z) + Az — pr(x)))}.
By Proposition 2.14, I, is a nonempty closed inteval. Looking for a contradiction, suppose K is
not a sun, i.e., I, # [0, 00). Then there exists \g > 1 such that I, = [0, A\g]. Let z¢ := px(z) +
Ao (z — pi(x)). Note that zg ¢ K since px(xo) = pr(x) # pr(z) + Ao (x — pr(z)) = =0,
where we made use of the fact that K is closed and x ¢ K. Choose ¢ € (0,d(x, K)) so that
pK (B[zo; €]) is bounded and consider the function f : Blzg; ] — B[zo; €] defined by

T — pr(T)

) =m0+ e =@l

Since K is boundedly compact, we have by Theorem 2.19 that px is continuous. It then follows
that (i) f is continuous and (ii) f(Bzo;¢]|) C B[zo; €] is compact, since f(B]xo;€]) is contained
in g(pr (Blxo;€])), where g : X \ {zo} — X is the continuous function defined by

o —Y
gly) =ro+ e/,
2 20 — ol

and p (B|xo; €]) is compact. Therefore, by Theorem 3.6, there exists an element z, € B[zo; €]
such that f(z+,) = T Rearranging the equation f(z,) = T, We see that

0 = on _pK(xoo)H . c N
’ <||5'30 — Pk (T | +€> ot (Hﬂﬁo — PE(Too) || +6> P (Toc)
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Hence, zo € (oo, P (o)), and so by Proposition 2.11, px (ze) = pr(z0) = pr(x). On the
other hand,

Too =& Z0 = P (Zeo)

oo = 0 b o)
Lo e BT PR (E) () = p (2
= o+6on—pKﬁwH prlee) = o)
:pK(x)+>\0(x_pK(x))+€%

3

— pre(a) + <)\0 n m) (x - pc(a).
o= px @]

smaller than \g + ———— . Therefore, K is a sun. O
|z — pr(2)]]

Thus, we have that \g + € I,. However, this is impossible since ) is strictly

COROLLARY 3.8 ([34]). Ler (X, ||-||) be a strictly convex smooth finite dimensional normed
linear space. Then a subset of X is a Chebyshev set if, and only if, it is nonempty, closed and
convex.

PROOF. This result follows directly from Corollary 2.40 and Theorem 3.7. O

3.2. Proof using inversion in the unit sphere In this subsection we limit our discussion to
Hilbert spaces. In particular we use “inversion in the unit sphere” to relate nearest points to
farthest points. In this way, we prove that a Chebyshev set in a Hilbert space with a continuous
metric projection mapping is convex.

DEFINITION 3.9. Let (X, ||-||) be a normed linear space and K be a nonempty bounded subset
of X. For any point z € X, we define r(z, K) := sup,cx ||z — y||. We refer to the map
x +— r(z, K) as the radial function for K.

PROPOSITION 3.10. Let K be a nonempty bounded subset of a normed linear space (X, ||-]]).
Then the radial function for K is convex and nonexpansive (and hence continuous).

PROOF. Foreach k € K, let g, : X — [0, 00) be defined by gi(x) := ||x — k||. Then each g, is
convex and nonexpansive. Now, for each x € X, r(z, K) = sup{gi(z) : k € K}. Thus, as the
pointwise supremum of a family of convex nonexpansive mappings, the radial function is itself
convex and nonexpansive. U

DEFINITION 3.11. Let (X, ||-||) be a normed linear space and let K be a subset of X. We define
a set valued mapping Fx : X — P(K) by Fg(z) :={y € K : ||x —y|| = r(z, K)}, if K is
nonempty and bounded and by F (z) = () otherwise. We refer to the elements of F () as the
farthest points from = in K.
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We say that K is a remotal set if Fx () is a nonempty for each z € X. Furthermore, we say
that K is a uniquely remotal set if F' () is a singleton for each = € X.

For a uniquely remotal set we define a mapping fx : X — K as the mapping that assigns to
each € X the unique element of Fi(x).

We will refer to both Fx and fx as the farthest point map (for K).
REMARK. It follows from the definition that every remotal set is nonempty and bounded.

To begin, we need the following technical result concerning the farthest point mapping.

LEMMA 3.12. Let K be a remotal set in a normed linear space (X, ||-||). Letx € X, z € Fg(x)
and suppose that x ¢ Fi (x). If for each A € (0,1), x) := x + \(z — x), then

[Nl
r(zy, K) <r(z,K) — ||y — 2] <1 -,
lz — 2|
where z) € Fg(x)) for each X € (0,1).
PROOF. Let wy := Azy + (1 — X)x € (z, z)). Then
r(zx, K) = [lzx = 2
< |lzx — wy|| + [|wx — 2x]] by the triangle inequality
= Az =2l + (1 =A) [lz = 2
<Alz=z2Al+ (1 =N ||lx —z|| since z € Fx(x) and z), € K.

Therefore, r(xy, K) < r(xz, K) — A(||x — z|| = ||z — 2]|)- Now, from the definition of x), we
have that A = M Thus, r(zy, K) < r(z,K) — ||z) — z|| <1 — M) O
= z]| = z]|

COROLLARY 3.13. Let K be a remotal set in a normed linear space (X, ||-||). Suppose x € X
and x & Fi (x). If the farthest point map for K is continuous at x € X, then
Mz —all =l =2l

A—0t Hx)\—xH A—0t Hx)\—xH

=1,

where {z} = Fg(x), z) := v+ Nz — x) and z\ € Fi(z)) foreach X € (0,1).

PROOF. We see that for any A € (0, 1),

lzex — x| _ r(zy, K) —r(z, K)

_1=— <
ln — ] [y — ]

since the radial function for K is nonexpansive
< - (1 — M) by Lemma 3.12.
[l = ]|

Since lim+ x) = z and the farthest point map for K is continuous at z, the right hand side of the

A—=0
M) — M
above inequality converges to —1 as A — 0T. Hence, lim r@x M) = rix, M)

= —1. O
A0+ |lzn — x|
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The next result that we require is well-known in optimisation theory.

PROPOSITION 3.14. Let (X, ||-||) be a reflexive Banach space and let f : X — [0,00) be a
continuous convex function such that im inf|, o f(x) = co. Then argmin(f) # 0, that is, f
attains its global minimum.

PROOF. Since f is continuous and convex, f is lower semi-continuous with respect to the weak
topology on X (see Lemma 2.37). Let K := {z € X : f(x) < f(0)}. Then

(i) K #(since 0 € K,

(ii) K is bounded since lim inf|, o f(7) = oo,
(iii) K is weakly compact, since it is closed and convex (hence weakly closed) and bounded.
Therefore, by Proposition 2.38, () # argmin(f|x). Thus, () # argmin(f|x) = argmin(f). O

Our next result shows that within the context of reflexive Banach spaces there are very few
uniquely remotal sets that possess a continuous farthest point mapping.

PROPOSITION 3.15 ([10]). Let (X, ||||) be a reflexive Banach space and let K be a uniquely
remotal set in X. If the farthest point mapping, x — fr(x), is continuous on X, then K is a
singleton.

PROOF. It is easy to see that liminf| ;| 7(z, K) = oo. Thus, by Proposition 3.14, there
exists xg € X such that r(xzo, K) < r(z,K) for all x € X. However, it follows from the
continuity of fx and Corollary 3.13, that unless zo = fx(z9) we have a contradiction. Thus,
xo = fK(x0), which implies that K is a singleton. O

One can show, though we will not do so here, that as with the metric projection map, the farthest
point map has a closed graph. Hence, in finite dimensional spaces the farthest point mapping
of every uniquely remotal set is continuous. For more information on remotal/uniquely remotal
sets, see [9,63].

COROLLARY 3.16 ([52]). Let (X, ||]|) be a finite dimensional normed linear space. Then every
uniquely remotal subset of X is a singleton.

DEFINITION 3.17. Let (X, (-,-)) be an inner product space. We define ¢ : X \{0} — X'\ {0}
by i(z) := LQ and we call this map, inversion in the unit sphere.

]

Note: it is clear that 7 is continuous. Furthermore, since 7 is invertible, with i ~1 = 4, we see that
7 1s a homeomorphism.

LEMMA 3.18. For any inner product space (X, (-,-)), and any v € X\ {0},

(Bl ) € {y e X5 < o}
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PROOF. Letw € i (B[z;||z||]\{0}). Then w = i(z) for some z € Blx; ||z||]\{0}. Now,

z € Blz; [|#[[[\{0} & 2z # 0 and ||z — z[| < [|z|
& 24 0and |2 — 2] < |Jo]?
&z #0and 2] - 2(z,2) + ||z < ||z
& z#0and ||z)? < 2(z, )

©;<<;2’“’”><w’“”>}
<(y,z) -

DO | —

:we{yeX:
O

PROPOSITION 3.19. Let (X, (-,-)) be an inner product space. Let x € X and let 6 > |z|.
Then

i (Blz;0]\{0}) = X \ B(—&'%;8'6), where §' := —

= -
&2 |l

In particular, if y € B|x; 4], theni(y) € B(—0"x;0'8) . Furthermore, i (S[x;0]) = S[—d"z; 6]
PROOF. Letw € X \ B(—d"z;¢'5). Then w = i(y) for some y € X \{0}. Therefore,

we X\ B(—d'z;80)
—x 6
y2_ 2 3| 2 2 2
lyll® 62 — | 62 — |||

cye X\ {0}and [y (6 = o)) + 2 lylP|| = 5yl

< ye X\ {0}and

sye X\ {0y and [y (5 — Jal?) +lyl?] > 8yl

ey e X\ {0y and [yl (2~ 2)?) " +2 (8~ 1al) I tw. ) + ol oll* = & o]
eye X\ {0y and (% — o)) 42 (8 — al?) (w.2) + ] ol > & o]
“yeX\{0}and (02— [2]*) +2(y.2) > [}y

& ye X\ {0} and |yl - 2(y,2) + |l2]]” < 5

syeX\{0}and ||y —z|* < 6

&y € Bl; o]\ {0}
< w € i (B[z;6]\{0}).
Thus, i (Blz;0)\{0}) = X \ B(—d"z;¢'0). Finally, to see that i (S[z;d]) = S[—0"z; 0],

observe that all the implications (apart from the first one and the last two) in the above working
still hold if we replace each inequality by an equality. U
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THEOREM 3.20 ([4, p. 238]). Let (X, (-,-)) be a Hilbert space and A be a Chebyshev set in X.
If the metric projection mapping p 4 is continuous on X, then A is convex.

PROOF. Suppose, looking for a contradiction, that A is not convex. Let 29 € co(A4) \ A and
define K := A — x¢. Itis clear that 0 € co(K) \ K. Furthermore, K is a Chebyshev set with a
continuous metric projection map. Indeed, for each z € X, px(z) = pa(z + x0) — zo. To see
this, first note that px (z) € K and for any k € K \ {px(z)},

ok (x) — 2| = llpa(z + z0) — (x + z0)||
< |[(k+z0) — (z +mo)|| since k +xo € Aand k + z9 # pa(z + o)
=}z — k.

Since p 4 is continuous, we see that px is continuous.

Let G := i(K). Since K is a Chebyshev set (and so nonempty and closed) and 0 ¢ K, it
follows that G is a nonempty closed and bounded subset of X \ {0}. We claim that G is a
uniquely remotal set in X whose farthest point mapping is continuous. Let x € X. It follows
from the definition of r(x,G) that G C Blx;r(x,G)]\ {0}, and moreover, G Z B[x;d] for
any 0 € (0,7(z,G)). We now show that ||z|| < r(x,&). Looking for a contradiction, suppose
llz|| > r(x,G). By Lemma 3.18,

K =i(i(K)) = i(G) Ci(Bla;r(z, G)I\{0}) € i (Blz; [|[]\{0}) € {Z €X: % n <Z,$>}-

Thus, 0 € co(K) C {z € X : 3 < (2, )}, which is impossible. Therefore, we must have that
lz|| < r(x, G). Next we claim that

- r(z, Q)
d K = .
<7“2(967G) — ||| > r2(z,G) — ||z

From Proposition 3.19,

K =i(G) Ci(Blz;r(z, G)\{0}) C X\ B(ﬂ@ G_)x_ Tk TQ(;S)’ ?)HﬂcHQ)

Therefore,

r(z, Q) d -z K
200 G) P <r2<x,a>—||wu2’ )

Next, let § € (||z]|,r(x,G)). By our earlier remark, we can find g5 € G \ B[x;d]. Applying
Proposition 3.19 again, we have that

i(g(g)GKﬂB< 7 0 >

2> 2
6% — [|lz|” 92 — |||
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Hence,

i) = 5| < o) — |+ | e -
P @ — P T T e Pl T e =R 2@ 6) - e
0 e -
0 = llel* (62— Jl2)?) (r2(z. G) - al)?)
Therefore,
—XT —X
d JK ) < i _
<ﬂm0wwmf ) W@” 2z, G) — |||

) 2] (r*(z, @) — 0?)
< + :
0 =l (82— J2|?) (r2(2,G) - |l2]?)

Taking the limit as § — r(x, G), we obtain

- r(z, Q)
d JK ) < .
<ﬂmawwm2 ><ﬂwawwm2

Thus,

-z r(z,G)
d VK ) =
<7“2(967G) — ||| ) r2(z,G) — ||z

as claimed. Since

—x -z r(z,Q)
KNS ;
o <7°2(96,G) - H96HQ> =nr [7“2(96767‘) = |l2l*" r2(z, @) — |||
= K ni(Sz;r(z, G)]) = i(G) Ni (Sl r(z, G)]),

we have that

i (pK <r2(:r:,G_)x— HwH2>> e G N Sz r(z, G)).

(o () = Foto

Moreover, since % is a bijection and K is a Chebyshev set, it follows that

Fo(x) = {Z (pK (ﬂ(:c, G_)x— H:ﬂll2>> }

and so G is a uniquely remotal set. Since px is continuous on X, it follows that f is continuous
on X. Finally, it follows from Proposition 3.15 that (G is a singleton, and so K is a singleton.
However, this contradicts the fact that, by construction, K is nonconvex. O

Thus,
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3.3. A proof using convex analysis Again we limit ourselves to Hilbert spaces, but this time
we make use of tools from convex analysis.

DEFINITION 3.21. Let (X, ||-||) be a normed linear space and f : X — RU {oo}. We say that
a sequence (z,)0° ; in X is minimising if lim,, o f(z,) = infcx f(z).

DEFINITION 3.22. Let (X, ||-||) be a normed linear space and f : X — R U {oco}. We say
that f has a strong minimum at x € X if f has a global minimum at = and each minimising
sequence (z,,)5° ; in X converges to x.

DEFINITION 3.23. Let (X, ||-||) be a normed linear space and let f : X — R U {oco} be a
proper function that is bounded below by a continuous linear functional. We define a function
co(f): X > RU {0} by

co(f)(x) :=sup{e(x) : ¥ : X — R is continuous, convex and ¥(y) < f(y) forally € X}.

It is immediately clear from this definition that co(f) is convex, lower semicontinuous, and
co(f)(x) < f(x) for all x € X. Moreover, if z* € X*, then co(f — x*) =co(f) — =*.

THEOREM 3.24 (79]). Let (X, ||-||) be a normed linear space. Suppose that f : X — RU{oco}
f(z)

and hinﬁl inf Tl > 0. If f has a strong minimum at xo € X, then argmin (co(f)) = argmin(f).
z||—oo ||T

PROOF. Clearly, {z¢} = argmin(f) C argmin (co(f)) and f(xg) = co(f)(zo). So it suffices
to show that

argmin (co(f)) C argmin(f) = {xo}.

To do this, we show that argmin (co(f)) C Blxo;¢] for each ¢ > 0. To this end, let ¢ > 0. We
claim that for some n € N, the continuous convex function ¢, : X — R, defined by

enlx) = f(zo) + %d(m,B[wo;s]),

satisfies the property that ¢, (z) < f(x) for all x € X. Suppose, looking for a contradiction,

that this is not the case. Then, for each n € N, there exists x,, € X such that f(z,) < cp(zy).

Since |1‘1n|r|1 inf % > 0, the sequence (z,,)7  is bounded. Therefore, lim,, o f(zy) = f(z0).

z||—oo ||T

However, since x is a strong minimum of f, we must have that lim,, .., x,, = . Hence, for n
1

sufficiently large, =, € Blxo;¢], and so f(xy,) < cp(xn) = f(zo) +—d(zn, Blzo;€]) = f(xo),
n

which is clearly impossible since f(z() = inf,cx f(z). This proves the claim. Finally, since ¢,

is continuous and convex, ¢, (z) < ¢o(f)(z) for all z € X. This implies that argmin (co(f)) is

contained in B|xo; €], since ¢o(f)(xo) = f(zo) < cn(z) < T0(f)(x) forall x & Blzg;e]. O

THEOREM 3.25 ([4,79]). Let (X, (-,-)) be a Hilbert space and let K be a Chebyshev set in
X. Iffor each © € X \ K, the function k — ||z — k||, defined on K, has a strong minimum at
pi (x), then K is convex.
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PROOF. Define f : X — [0, o] by

2 .
z||7, fze K

flay =41
00, ifrd K.

Looking for a contradiction, suppose that K is not convex. Then there exists
z € co(K)\ K CDom (co(f)) \ K,

as Dom (co(f)) is convex and contains Dom(f) = K. Now, by the Brgndsted-Rockafellar
Theorem, see [17] or [65, Theorem 3.17], there exists a point zp € Dom (0 (co(f)))\ K. Let
x* € 9(co(f)) (20). Then zy € argmin(co(f) — z*) and

(f —2") (=)

liminf Y—— 2% = 0.
oo |||

By Riesz’s Representation Theorem, (see [70], or more recently, [77, p. 248]), there exists
x € X such that 2*(y) = (y,x) for all y € X. Therefore,

2
z)? _ =l
4

for all k € K = Dom(f — z*). Hence, it follows that f — z* has a strong minimum at pK(%)
Putting all of this together, we obtain the following:

2o € argmin (¢o(f) — z*) = argmin (co(f — z™))

= argmin (f —2*) by Theorem 3.24

(3}

However, this is impossible, since zg ¢ K. Hence, K is convex. O

The short-coming of the previous result is that it is difficult to determine whether or not the
function k — ||z — k|| has a strong minimum at px (z). So next we try to alleviate this problem.

COROLLARY 3.26. Let (X, (-,-)) be a Hilbert space and let K be a Chebyshev set in X. If
x +— d(z, K) is Fréchet differentiable on X \ K, then K is convex.

PROOF. Let z € X \ K. We will show that the function k£ — ||z — k||, defined on K, has
a strong minimum at px(x). Since every subsequence of a minimising sequence is again a
minimising sequence, it is sufficient to show that for every minimising sequence (z,)>° ; in K
there exists a subsequence (2, )3 of (z,)5—; such that limy_,, 2z,, = px(x). To this end,
let (z,)22; be a sequence in K with lim,,_, ||z — 2,|| = d(z, K). Since (z,)32 is bounded
and X is reflexive, there exists a subsequence (zy, )?°, of (2,)52; and an element z € X such
that (2, )7, converges to z with respect to the weak topology on X. Let 2* be the Fréchet
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derivative of the distance function for K at x. By Lemma 2.31, ||z*|| < 1. For each n € N, let
[ = zn, || = d(z, K)

A= /||z — 2| — d(z, K) + (1/n). Then lim = 0 and so
k—o0 )‘nk
z¥(z —z) = lim 2*(2p, — )
k—o0
— lim d(z + A, (2, — ), K) — d(z, K)
k—o0 )‘nk
< lim Hx+)\nk(znk _'I)_anH —d(:C,K)
T k—oo )\nk
0 A) ez d, K)
k—o0 )‘nk
| & = 2y - d(a, K)
— lim |- |z — k — —d(z,K).
Jm =z =z |+ o d(z, K)

Therefore, d(x, K) < z*(x — z); which implies that

d(z, K) < 2”(z = 2) < |[o"|[ |l = 2|l < |2 — 2| < liminf ||z — 2, || = d(z, K)
—00

since (z — 2y, )5, converges to (z — z) with respect to the weak topology on X and the norm is
lower semi-continuous with respect to the weak topology on X. Thus, (z — 2y, )7, converges to
(x — z) with respect to the weak topology on X and limy_,« || — 2p, || = ||z — 2| = d(z, K).
Hence, since the norm is a Kadec-Klee norm, (x — 2, )32 ; converges in norm to (x — z), and so
z = limg_, o 2p, . Therefore, z € K. However, since K is a Chebyshev set and ||z — z|| equals
d(z, K), it must be the case that z = px (). O

Of course we are now left wondering when the distance function x — d(z, K) is Fréchet differ-
entiable on X \ K. To solve this we consider the following.

COROLLARY 3.27. Let (X, {(-,-)) be a Hilbert space and let K be a Chebyshev set in X. If
the metric projection map, x — px(x), is continuous on X \ K, then the distance function,
x +— d(z, K), is Fréchet differentiable on X \ K, and so K is convex.

PROOF. This follows directly from [4, Proposition]. U

REMARK. Several authors have approached the question of the convexity of Chebshev sets by
considering the differentiability of the associated distance function, see [38,42,92].

3.4. Vlasov’s theorem In this subsection we prove Vlasov’s theorem, which has some of the
weakest assumptions for a Chebyshev set to be convex; requiring only completeness, continuity
of the metric projection map and strict convexity of the dual space. First we require a number of
preliminary results.
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LEMMA 3.28 ([41, p. 238]). Let K be a proximinal set in a normed linear space (X, ||-||). Let
x € X\ K and z € Px(x). If for each A > 0, x) := x + \(a — z), then

d(z, K) + ||z — | <1 — m) <d(zy, K),

[l = ]|

where z) € Py (xy) for each A > 0.
PROOF. Let wy := (1%\) Ty + (ﬁ) zZx € (x,2)). Then

d(z, K) = ||z - 2|
< ||z — zz|| since z € Px(z)and z) € K
< ||z —wyl|| + ||wx — 2x|]| by the triangle inequality

Sy (A PRSI (N H
—1+)\ ZN z T+ €T\ M| -

Therefore, d(z, K) + A (d(z, K) — ||zx — z||) < d(zy, K). Now, from the definition of x, we
lox =@l s, da, 1) + s — 2] (1 - m) < d(zy, K). O

have that A =
|z — 2]

= 2|

COROLLARY 3.29 ([41, p.238]). Let K be a proximinal set in a normed linear space (X, ||-||)-
If the metric projection map is continuous at x € X \ K, then

ol = ol = =2l d(e, K) — d(e, K)

A0+ lzx — | A0+ lzx — ||

=1,

where {z} = Pk (x), x\ ==z + ANa — z) and z) € Px(x)) for each A > 0.

PROOF. We see that for any A > 0,

|- |y — | - d(zy, K) —d(z,K)

> since the distance function for K is nonexpansive
[y = 2] [y = =]

_z=al

>1
[ — ]|

by Lemma 3.28.

Since lim ) = x and the metric projection map is continuous at z, the right hand side of the

A—07F
d M) —d(x, M
above inequality converges to 1 as A — 07. Hence, )\lim (2, M) — d(z, M)

=1 O
=0+ [y — ]|

We require the following variational result from optimisation theory.

THEOREM 3.30 (Primitive Ekeland Theorem [36]). Let (X, d) be a complete metric space and
let f : X — RU{oo} be a bounded below, lower semi-continuous function on X. If € > 0 and
xo € X, then there exists xo, € X such that:

() f(zoo) < f(xg) — ed(x 00, o) and
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(i) f(roo) — ed(Too,x) < f(z) forallx € X \ {Too}.
PROOF. See Appendix A. U

COROLLARY 3.31 ([88]). Let (X,d) be a complete metric space and let f : X — R be a
bounded above continuous function on X. If ¢ > 0 and xo € X, then there exists T~ € X such
that:

() f(roo) > f(mo) + ed(x o0, x0) and
() f(z) < f(oo) + d(Too, @) forall x € X \ {xo0}.

In particular,
s L0 = L) _
T—Too d(Too, )
PROOF. The result follows from applying Theorem 3.30 to — f. U

Rather than looking directly at convexity, we shall investigate the weaker property of almost
convexity.

DEFINITION 3.32 ([89]). We will say that a closed subset A of a normed linear space (X, ||-||)
is almost convex if, for any closed ball B[z;r] C X \ A and N > 0, there exist ' € X and
" > N such that

Blz;r] C Bl2/;r'] € X\ A.

THEOREM 3.33 ([89]). Let K be a Chebyshev set in a Banach space (X, ||-||). If the metric
projection map for K is continuous, then K is almost convex.

PROOF. Suppose that B[zg; 5] € X \ K for some zp € X and 0 < S. Let N > 0 be
arbitrary. Choose ¢ € (0,1) such that d(zg, K) + N > § + N (note: this is possible since
d(xo, K) > ). Consider the function f : B[zg, N] — R defined by f(z) := d(z, K). Since
Blxo; N is a complete metric space and the distance function for K is continuous on Blzg; N,
Corollary 3.31 gives the existence of an z~, € Blxg; N| such that

(1) f(xoo) > f(xo) + €d($oo,$0) and

(i1) lirisup W <e<l1.

Now, if ||[zo — z|| < N, then it follows from Corollary 3.29 that lim sup @) = f(zoo)
TToo d(Too, T)
which is impossible by (ii). Thus, ||z~ — z|| = N. Hence, from (i) we obtain that

=1,

d(Xoo, K) > d(xg, K) +eN > 5+ N.

Therefore, Blzo; 8] C Blxoo; 3+ N] C X \ K. Since N > 0 was arbitrary, we conclude that
K is almost convex. U
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We now establish a condition that guarantees that an almost convex set is convex. To achieve
this we need to prove some preliminary results.

LEMMA 3.34 ([41, p. 241]). Let (X, ||-||) be a normed linear space with a strictly convex dual
space and let f € Sx«. If (Blzn;Tn])pey is an increasing sequence of closed balls in X such
that

(i) Blzn;mn] C{z e X : f(z) <1} foralln €N,

@) lim r, = oo,
n—oo

then there exists some r < 1 such that U Blzp;rn] ={z € X : f(2) <r}ie, U, ey Blzn; mnl

neN
is a closed half space.

PROOF. Letr := sup {f(x) 22 € Upen Blzn; rn]} < 1. Suppose, looking for a contradiction,
that

U Blzp;rp) #{z e X : f(x) <r}.

neN

Then there existsaz € {z € X : f(z) < 7NUJ,,cn Bl2n; rnl. Since |J,,cr Blzn; rn] is nonempty,
closed and convex, there exists some g € Sy« such that

sup {g(:ﬂ) tx € U B[zn;rn]} < g(2).

neN
Clearly, f # g. Foreachn € N, let z;,, := AT Z". Since z; € Blz1;71] C Blzy; | for all
n
n € N, it follows that ||z, || = 1 = zll <1.Lete:=r— f(z1) > 0. Then, for each n € N,
n
flz1)=r—c¢
>sup{f(x):x € Blzn;r]} —€ since Blzp;ry] C Usz,rk

keN
= (f(zn) +rn) — & since Blzp;rn] = 2, + 1 Bx and || f|| = 1.
f(z1) = f(2n)

Therefore, 1 > f(z,) = ————— > 1 —  foralln e N. Hence, hm flzyn) =
T

n
By a similar argument, lim g(z,) = 1. Thus, hm <f ;_ g)(xn) = 1, and so ftg H
n—oo

—00

However, this contradicts the strict convexity of X *.

LEMMA 3.35. Let C be a closed convex subset of a normed linear space (X, ||-||). Then either,
C = X, orelse, C is contained in a half space.
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PROOF. Suppose C' # X. Let x € X \ C. By the Hahn-Banach Theorem, there exists a
hyperplane separating x and C'. Thus, C is contained in one of the half spaces determined by
this hyperplane. U

LEMMA 3.36. Let J be a closed halfspace of a normed linear space (X, ||-||). If for some
z,y € X, LY € int(J), then either x € int(.J) or y € int(J).

PROOF. This follows directly from Lemma 3.1. U

LEMMA 3.37. Let (Cy,), -, be an increasing sequence of convex sets in a normed linear space
(X, |I-ll)- Suppose that int (Cy,) # 0 for some k € N. Then int <UZ°:1 C’n> = U;2, int (Cy).

PROOF. Clearly, | J>7 , int (C},) C int (U,io:l Cn), so it suffices to show the reverse set inclu-

sion. Let z € int (UZOZI Cn). Then there exists » > 0 such that B(x;r) C int <U;L’O:1 Cn)

Moreover, there exist k € N, s > 0, and y € C}, such that B(y;s) C Ck. Now choose A > 0
sufficiently small so that

Bla + Ma — y)iAs) € Blair) € U, On:

Hence, there exist z € B(z + A(z — y); As) and m > k such that z € C),. It is straightforward

to verify that
z4+ Ay  As 1 A
B ' =(—— —2 ) B(y; ).
re <1+/\’1+/\> <1+A>Z+<1+A> (y:9)

Since z € Cy, and B(y; s) C Cy C Cyp, we have from the convexity of C,, that z € int (Ch,).
Therefore, z € | J;~ int (Cy,). O

COROLLARY 3.38. Let C be a convex subset of a normed linear space (X, ||-||). If int(C') # 0,

then int(C') = int(C).

THEOREM 3.39 ([89]). Let (X, ||-||) be a normed linear space with strictly convex dual space.
Then any closed almost convex subset of X is convex.

PROOF. Looking for a contradiction, suppose C' C X is a closed almost convex set that is not
convex. By Proposition 2.7, C'is not midpoint convex. Therefore, there exist x,y € C' such that
c:=2 ¢ C. As Cis closed, d(c, M) > 0. Since

B[220 ¢

and C is almost convex, there exist sequences (z,)5 ; and ()52, in X and [0, c0) respec-
tively, such that

'd(c, M)

B{q 5 ] C Blzn;rn] C Blzpt1;7mn+1] and  Blzp;r] S X\ C
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for all n € N, and lim,,—, oo 7, = 00. If | J Blzp; ] = X, Lemma 3.37 tells us that

neN
U B(zp;ry) = int (U B[zn;rn]> =int(X) = X.
neN neN

Thus, x € B(zy; ) for some & € N, which is impossible since z € C. Therefore, |J,,cn B|2n; 7n]

is not the whole space, and so by Lemma 3.35, is contained in a half space. Hence, by Lemma 3.34,
Unen Blzn; rn] is a closed half space. Since ¢ € int (B [c; MD C int <UneNB[zn; rn]),
it follows by Lemma 3.36 and Lemma 3.37 that either x or y is in

int(U B[zn;rn]> = U B(zn; ),

neN neN

which is impossible since z,y € C. Hence, C' is convex. O

THEOREM 3.40 ([89]). In any Banach space with a strictly convex dual space, every Chebyshev
set with a continuous metric projection mapping is convex.

PROOF. Since K has a continuous metric projection mapping, it is almost convex, by Theo-
rem 3.33. Since any Chebyshev set is necessarily closed and X* is strictly convex, K is convex
by Theorem 3.39. U

The strict convexity of the dual is essential here. Consider Example 5. By Corollary 2.20, the
metric projection mapping for K is continuous and it is straightforward to check that K is almost
convex. However, K is clearly not convex.

COROLLARY 3.41. Forany 1 < p < oo, every Chebyshev set in L, with a continuous metric
projection mapping is convex.

PROOF. Again we need only check that L,, has a strictly convex dual for 1 < p < oo . However,
by [39,71] or more recently, [77, p. 284], the dual of L, is L, (where q := I%), which is strictly
convex, [23,40]. |

COROLLARY 3.42 ([4]). In any Hilbert space, every Chebyshev set with a continuous metric
projection mapping is convex.

PROOF. By the previous theorem, all we need to check is that a Hilbert space has a strictly
convex dual. However, this follows since the dual of a Hilbert space is again a Hilbert space and
so is strictly convex [23,40]. O

Let us end this section with a brief historical review and some comments about future directions.

A little history: The problem of the convexity of Chebyshev sets in infinite dimensional spaces
was considered by N. V. Efimov and S. B. Steckin in a series of papers published between
1958 and 1961 in Doklady [32-35]. In these papers the term “Chebyshev set” was first coined.
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However, earlier and independently, the “Chebyshev set problem” had been considered by
V. Klee [50]. Moreover, Klee also considered the problem of the existence, in a Hilbert space,
of a Chebyshev set with a convex complement (nowadays called a Klee cavern). Note however,
that later in [4], Asplund showed that the existence of a Klee cavern is equivalent to the existence
of a non-convex Chebyshev set. Going back further in time, we note that according to the pa-
per [52], Frederick A. Ficken had earlier, in 1951, shown that in a Hilbert space, every compact
Chebyshev set is convex, by using the method of inversion in the unit sphere. So this appears to
be the first result concerning the “Chebyshev set problem” in infinite dimensional normed linear
spaces. Not surprisingly though, convexity of sets in finite dimensional normed linear spaces
that admit unique best approximations had been considered earlier. As far as the authors of this
paper know, the first results concerning the convexity of sets that admit unique best approxi-
mations are due to Bunt [20] in 1934, Motzkin [60,61] in 1935 and Kritikos [55] in 1938. All
of these authors independently showed that in Euclidean space (of various dimensions) every
Chebyshev set is convex. In 1940 Jessen [45], aware of Kritikos’ proof, gave yet another proof
in R™. Busemann in 1947 [21] noted that Jessen’s proof could be extended to ‘“‘straight-line
spaces” and in 1955 [22] showed how this could be done. Since a finite dimensional normed lin-
ear space is a “straight-line space” if, and only if, it is strictly convex, Busemann’s result implies
that in a smooth, strictly convex finite dimensional normed linear space, every Chebyshev set is
convex. Valentine [86] independently in 1964 gave essentially the same proof as Busemann.

In 1953, Klee [50] stated that in a finite dimensional normed linear space, every Chebyshev
set is a “sun” and gave a characteristion of Chebyshev sets in smooth, strictly convex finite
dimensional normed linear spaces. However, as he noted in 1961 [52], the argument in [50]
was garbled and he proceeded to prove a stronger result, which in finite dimensions, shows that
the requirement of strict convexity could be dropped. Thus, Klee was the first to show that in a
smooth finite dimensional normed linear space every Chebyshev set is convex.

Future directions: As can be seen from this section of the paper, the main impediment to proving
that every Chebyshev subset of a Hilbert space is convex, is removing the continuity assumptions
on the metric projection mapping. So we point out here, that some progress has already been
made in this direction, see [6,7,28,91].

We should also point out that there are many other approaches to showing the convexity of
Chebyshev sets in Hilbert spaces that were not pursued here. For example, by exploiting the
theory of maximal monotone operators, one can obtain results that are very similar to those
presented in this section. Indeed, it follows from [4], that if K is a proximinal subset of a Hilbert
space H, then Pk (z) C Of(x) for all z € H, where f(x) := sup{(z,y) — ||y||* : y € K} is
a continuous convex function and 0f(x) is the set of all subgradients of f at z, see [65, p. 6].
Now, by [76], the mapping = — Jf(x) is a maximal monotone operator. On the other hand,
by [75, Theorem 2], the norm closure of the range of a maximal monotone operator on a reflexive
Banach space is convex, and so the norm closure of the range of the subdifferential mapping,
x — Of(x), is convex. Let us now recall that the subdifferential mapping, = — Jf(x), is
a minimal weak cusco, see [65, Theorem 7.9]. Hence, if x — Pk (x) is a weak cusco, then
0f(x) = Pg(x) for all z € H (here we are identifying H with its dual H*). This then tell
us that K, which is the range of Pk, is convex. So the only question that remains is: “when is
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x +— Pg(z) a weak cusco ?”. One answer to this is: when K is weakly closed and Pg () is
nonempty and convex for each z € H.

4. A non-convex Chebyshev set in an inner product space

4.1. Background and motivation In this chapter we will construct a non-convex Chebyshev
set in the inner product space consisting of all real sequences with only finitely many non-
zero terms, equipped with the Euclidean inner product. This construction was first proposed by
Johnson [47]. Whilst the motivation behind this construction is certainly geometric, Johnson’s
proof was predominantly algebraic and analytic and contained at least two errors, two of which
were later corrected by Jiang [46]. The proof presented in this article is more geometric in
nature, based upon a proof of Balaganskii and Vlasov [7]. We hope that the more detailed
proof presented here assists the reader in understanding the numerous technical details of the
construction, as well as, appreciating the general results that contribute to the construction.

Throughout the remainder of the chapter we will be working in Euclidean space, which we
denote by F (or E,, if we wish to make the dimension explicit). That is, R™ for some n in
NU{0}, equipped with the usual Euclidean inner product. We will also make use of the following
notation: for any x € E we will write 2’ for (z,0) € E x R.

The idea behind the construction is as follows. We start with M7 := F;\(—2, 1), which is clearly
not a Chebyshev set in Ey since Py, (5t) = {—2,1}. On the other hand, Py, (0) = {1} isa
singleton. We now construct a non-convex set My C FEj such that My x{0} = MaN(E; x {0}),
every point in £} x {0} has a unique nearest point in Mo, and Py, (0) x {0} = Py, (0). Since
My is non-convex, by Theorem 3.7, it is not a Chebyshev set in E».

This gives us an idea of how to proceed. Construct a non-convex set M3 C FEjs so that
My x {0} = M3 N (E2 x {0}), every point in E5 x {0} has a unique nearest point in M3, and
P, () x {0} = Py, () forall z € Ey x {0}. Repeating this process indefinitely (formally
we will use induction) produces a sequence of non-convex sets (Mn)zc’:1 such that M,, C F,,
M, x {0} = M, 11 N (E, x {0}), each point in E,, x {0} has a unique nearest point in M, 1,
and Py, (z) x {0} = Py, (2) forall z € E,_; x {0}, forall n € N.

The problem is, how do we actually construct M,, 1 given M,,, for some n € N, such that it
has the aforementioned properties? Whilst much of the arguments are quite technical, the key
idea is given in Theorem 2.32, which states that if K is a nonempty subset of a strictly convex
normed linear space (X, ||-||) and z € X is a point of Gateaux differentiability of the distance
function for K, then Pk (z) has at most one element. Of course this begs the question, how do
we prove that a given set has a differentiable distance function? To get around this problem,
rather than starting with a set and trying to show that its distance function is differentiable, we
will start with a differentiable function, and using a clever trick [7, p.1175-1180], construct a
set that has this function as its distance function.
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4.2. The construction

4.2.1. Preliminaries We now define various objects that will be used throughout the rest of
the chapter.

DEFINITION 4.1. Let M C E and let b > 0. We say M has the b-boundary property if, for
any y € Bd(M), there exists x € E such that |z — y|| = d(z, M) = b.

DEFINITION 4.2. Given a Euclidean space F (with dimension n), we define the subspace E(°)
by
EO = {(z1,...,2,) € E: x, = 0}.

DEFINITION 4.3. Let M be a nonempty, closed subset of F. Suppose that M has the b-boundary
property for some b > 0, E'\ M is convex and bounded, 0 ¢ M, and every point in E© has a
unique nearest point in M. We define the following objects:

C:={(z,r)eExR:ze E\M,|r|<dx,M)}, A:={(x,r)eC:r>0},
d(x, M) —r

V2
dv/8
£:= T\/_, where d := diam(E \ M) = sup{||z — y|| : z,y € E\ M},

R:C — R, by R(w) := forallw := (z,7) € C,

Q:={weC:dw, E® xR) < ¢R(w)},

D:=(Ex[0,00))( ]| | B(w; R(w))

wWEQR

REMARK. Itis clear that b < %.

Before establishing some further properties of these objects, we briefly describe the motivation
behind their definitions. The set C' is simply the volume contained between the graph of the
distance function for M, restricted to F \ M, and its reflection in £ x 0. The function R
measures the distance from a point w € C' to the graph of the distance function for M, restricted
to F/\ M. Rewriting the definition of @) gives

Q= {(SC,T) eC:r<dx,M) - \/?ﬁd <£C,E(O))},

which shows that @ is just C' with points removed in a linear manner as we move away from
E(©). The inclusion of the d(-, E()) term in the definition of @ will later be used to show that
our metric projections coincide on E(©). Now that we have a proper subset of C, we are able to
construct the ‘smooth’ set D inside A (it looks like A without a sharp point at the top) by taking
the union of balls of an appropriate radius (given by the function R). This ‘smooth’ set is then
used to construct a Giteaux differentiable function, p : F'\ M — R, defined by

p(z) := max{r : (z,r) € D}
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(we will prove later that this is well defined). From this we construct a set M"” in E x R that
has p as its distance function (for at least some of its points). It is essential that our smoothed
set D lies inside A, since we require M x {0} = M” N (E x {0}). The differentiability of this
distance function then enables us to prove the uniqueness of nearest points.

PROPOSITION 4.4. C and A are closed, convex, and bounded (and hence compact).

PROOF. Since the distance function for M is continuous, it is straightforward to check that C'
and A are closed. To see the convexity of C, suppose (z,7), (y,s) € C'and 0 < A < 1. Since
E \ M is convex by assumption, we have Az + (1 — A\)y € E'\ M. Furthermore,
[Ar 4 (1= A)s| < Afr[+ (1= A)[s|
< Ad(@, M) + (1 = N)d(y, M)
< dAz + (1= Ny, M),

since the distance function for M restricted to E\ M is concave by Proposition 2.10. Thus,
Az, 7)+ (1 —XN)(y,s) € C,and so C' is convex. An almost identical proof shows that A is con-
vex. Finally, to see that C' (and hence A C () is bounded, observe that since F \ M is bounded
and the distance function for M is continuous, we have r := max{d(z, M) : x € E\ M} < o0,
and so E\ M C B(y;s) for some y € E, s > 0. Therefore, C' C B<y’; Vr2 4+ 32), and so C

is bounded.

PROPOSITION 4.5. The map R : C' — R is continuous and concave.

PROOF. Suppose w := (z,7),v := (y,s) € Cand 0 < X\ < 1. Since z,y € E \ M, Proposi-
tion 2.10 gives

AR(0) + (1 — NR(s) = A (M) (1= ) (M)

V2 V2
M(z, M) 4+ (1 = N)d(y, M) — (Ar+ (1 — N)s)
B V2
< dAz + (1 =Ny, M) — (Ar+ (1 = X)s)
- V2

= R(Aw+ (1 = A)v).

Thus, R is concave. Continuity of R follows by the continuity of the distance function for
M. O

PROPOSITION 4.6. Q is closed and bounded (and hence compact).

PROOF. Let (wy,)22 ; be a sequence in () converging to some w € E x R. Since C'is closed and
Q C C,w € C. By the continuity of both R and the distance function for E(®) x R, we have

d(w, E® x R) = lim d(wn, E© x R) < lim ER(wn) = ER(w).

Thus, w € @, and so @ is closed. Moreover, since C' is bounded, so is Q). |
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PROPOSITION 4.7. The closure of D is given by D = (E x [0, 00)) ﬂ U Blw; R(w)]
weQR

PROOF. It is clear that set inclusion holds in one direction so let x € D and (z,,)%; be a
sequence in D converging to x. Clearly, x € E x [0,00). By the definition of D, there exists
a sequence (wy)22; in @ such that ||z, — wy,|| < R(wy) for all n € N. Since @ is compact,
we may assume, without loss of generality, that lim,, , ., w, = w, for some w € Q. As R is
continuous, it follows that

|z —w|| = ‘ lim z, — lim w,| = lim |z, —w,| < lim R(w,) = R(w).
n—oo n—oo n—oo n—oo
Hence, x € Blw; R(w)] and we’re done. O

LEMMA 4.8. Forany x € E\ M, we have d(«', E©) x R) < d.
PROOF. Letx € £\ M. Since 0 € E(¥) x Rand 0 € E\ M, we have

d(a', EQ x R) < |2’ — 0|| = ||z — 0]] < diam(E \ M) =: d

PROPOSITION 4.9. (E'\ M) x {0} C D.

PROOF. Let 2’ € (E\ M) x {0}. Clearly, ' € E x [0,00) and 2’ € C. Firstly, suppose that
d(z, M) > L, so that R(z2') = d(f/’gﬂ > % > 0. Using Lemma 4.8, we have

i, EO xRy <a= DB b b
b V8 TVB

< ER(2).

Thus, 2’ € Q. Since 2’ € B(2'; R(z")), it follows that 2’ € D.

Alternatively, suppose that d(z, M) < % Lety € Py(x). Since M has the b-boundary property,
there exists z € E such that d(z, M) = ||z — y|| = b. Thus, z € Py (y), and so by Lemma 2.29,
z,y, z are collinear. Since 0 < ||z —y|| < & < b = |jy — z||, we have = € (y,2), and so
|z — 2] < ||y — z|| = b. Let w := (2, —b). We will now show that w € Q. Firstly, it is clear

that w € C. Then
R(w) = M\/E_(_b) — b2,

and so d(w, E© x R)<d< d—\b/g - b2 = ¢R(w), as required. Finally, we have
2" = wl|* = 1. 0) = (z,=b)|* = e — zI|* + b* < 26” = R(w)*.
Therefore, 2’ € B(w; R(w)), and so ' € D. O

PROPOSITION 4.10. D C A.
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PROOF. Let z := (y,t) € D = (E x [0,00)) (UweQ [w; R(w )]) Therefore, ¢ > 0 and

there exists some w := (z,r) € @ C C such that ||z — w| < R(w

). Suppose, looking for a
contradiction, that d(x, M) < t. Asw € C, it follows that r < |r| < d(z

, M) < t. Then since
Iz = wl|* = ly — 2|* + (t = 7)? < R(w)?,
we have
d(x, M) —r
V2

which is impossible. Thus, d(x, M) > t. Observe that

(do, ) 1) - ((%) (- r>2>

= (d(z, M) — 7 — (t —1))* — ((wf - (t—r)2>

\/§
2
<M\/§)_r> +2(t = 1)* = 2(d(w, M) =) (t = 7)

_ <M\/§)_r—\/§(7§—r)>220.

Rearranging and taking the square root of both sides gives

d(z, M) —t > \/<Mﬂ)_r>2— (t —r)2.

Using this and the non-expansivity of the distance function for M gives

t<r+Rw)=r+ <r+dz,M)—r=d(z,M),

d(y, M) > d(z, M) |y — wH

> d(z \/R (r—1t)2
2
=d(x,M) — \/<7d(x,]\\/4§) —7") —(r—1t)?
>t>0.

To complete the proof we need to show that y € E'\ M. By the above working, if ¢ > 0, then
d(y, M) > 0, so we may as well suppose ¢ = 0. Since

d(z, M)? — R(w)? +12 = dz, M)* d(z, M)r + ~ <M>2 >0,

2 2 V2
we have that [||z — y||> < R(w)2—r2 < d(z, M)2. Asw € C,z € E \ M, and so we conclude
thatyEE\M.Hence,z::(y,t)EA,andsoﬁgA O
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PROPOSITION 4.11. @ and D are convex.

PROOF. Let A € [0,1] and suppose w := (,7),v := (y, s) € Q. Since E© x R is convex, by
Proposition 2.9 and Proposition 4.5, we have

dOw + (1 = N, E© x R) < Ad(w, E© x R) 4 (1 — \)d(v, E® x R)
< AR(w) + (1 - NER(v)
<ER(Aw + (1 = A)v).
Since C' is convex, Aw + (1 — A\)v € @, and so @ is convex. Now let z,y € D. Therefore,
z,y € E x [0,00) and there exist w,v € @ such that ||z — w|| < R(w) and ||y — v|| < R(v).
Making use of the concavity of R again, we see that
Az + (1 =Ny = Aw + (1 = )| = [[Az —w) + (1 = A)(y =)
<Az —wl|+ 0 =) [ly =]l
< AR(w) + (1 = AN)R(v
< R(Aw + (1 = A)v).
Since @ and E x [0, 00) are convex, we conclude that D is convex. O

4.2.2. Smoothness and unique nearest points  In Chapter 2 we introduced the related concepts
of Gateaux differentiability and smoothness of normed linear spaces. We now define what it
means for a subset of a normed linear space to be smooth.

DEFINITION 4.12. Let K be a subset of a normed linear space (X, ||-||) and let z € K. We say
that K is smooth at x if there exists a unique f € Sx- such that f supports K at x.

REMARK. Itis well-known, see [83], [37, Lemma 8.4] or [41, p.124], that a normed linear space
is smooth, in the sense that the norm is Gateaux differentiable everywhere except at O if, and
only if, the closed unit ball is smooth at every point of Sx.

We now present a number of results that will later be used to prove a smoothness condition for
D. First we introduce the concept of a cone in Euclidean space and derive some of its properties.

DEFINITION 4.13. Let x € F and r > 0. Define the cone of height and base radius r as
Klz;r] == {(y,t) € Ex[0,00) : ||ly — x|+t <7} C E xR.

That is, K [x; r] is the right-circular cone with vertex (x,r) and base B[z;r] x {0}.

The following result gives a different way of describing a cone, and will be used to prove a
smoothness condition for cones.
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PROPOSITION 4.14. Forany x € E and r > 0,

Klz;r] = E x [0,00) N U B[(x, (1 —20)r); \W2r|.
A€(0,1]

PROOF. See Appendix B. U

COROLLARY 4.15. Let © € E and r > 0. Then K|[z;r] is smooth at any (y,t) € E x (0,r),
such that ||y — z|| +t = r.

O

PROOF. See Appendix B.
PROPOSITION 4.16. Letz € E\ M and suppose (x,d(x, M)) € D. Then K |x;d(x, M)] C D.
PROOF. See Appendix B. O

We now recall some results regarding the Gateaux differentiability of the distance function.

THEOREM 4.17 ([7, Theorem 1.4]). Let K be a nonempty closed subset of a Fréchet smooth
normed linear space (X, ||-||) and let vy € X \ K. If P (x0) is nonempty and

iy &0 +tv, K) — d(zo, K)

t—0+ t

=1

for some v € Sx, then the distance function for K is Gdteaux differentiable at x.
PROOF. See Appendix C O

COROLLARY 4.18. Let K be a nonempty, proximinal subset of a smooth normed linear space
(X, ||l) and x € X \ K be such that the metric projection mapping for K is continuous at x.
Then the distance function for K is Gateaux differentiable at x.

PROOF. Let v := Hi:j” € Sx, where {z} = Pg(z). By Corollary 3.29, setting A := ||miz||
gives
d tv, K) —d(x, M d(zy, K) —d(z, K
lim ('I + U, ) (x? ) — 1im (x)ﬂ ) ('I’ ) — 1’
10+ t A0t [ley — 2]

where z) = x+ A (z — z). Theorem 4.17 then shows that the distance function for K is Gateaux
differentiable at x. O

Finally, we are ready to prove the smoothness condition on D. This result will be required to
prove the uniqueness of nearest points in our construction.
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PROPOSITION 4.19. D is smooth at any (x,r) € Bd(D) such that r > 0.

PROOF. Let w := (z,r) € Bd(D) with r > 0. By Proposition 4.7, there exists a wg := (xg, 70)
in @ such that ||w — wo|| = R(wy). If R(wp) > 0, then any hyperplane supporting D at w will
also support the closed ball Bwg; R(wg)] € D at w. Since (E, {-,-)) is an inner product space,
it is smooth, and so this hyperplane must be unique. Alternatively, R(wg) = 0, which implies
w=wy € Qand d(x,M) = r > 0. Hence, x ¢ M and w € Bd(A). By the definition of
Q. d(w, E© x R) < éR(w) = 0, and since E(®) x R is closed, we must have w € E(©) x R.
Hence, 2 € E(9), and so Py/(x) = {&} for some & € M. Theorem 2.19 tells us that the metric
projection mapping for M is continuous at x, and so, by Corollary 4.18, the distance function
for M is Gateaux differentiable at z. Since

A= {(y,s):yGE\ ,ogsgd(y,M)},

it follows that w € Bd(A) is a smooth point for A. Let H be the unique supporting hyperplane
for A atw. Since D C A, H also supports D at w. Suppose, looking for a contradiction, that
D is not smooth at w. Hence, there exists a hyperplane H; # H, that also supports D at w.
Next we implement a neat trick, which enables us to view the problem in just two dimensions.
Consider the two dimensional plane Z in E x R containing the points x’, #’, and w (it is clear
that these points are not collinear so we do indeed have a two dimensional plane). Suppose,
looking for a contradiction, that H N Z = H; N Z. Using Corollary 4.18 again, we see that H
has slope 1 in the direction z — Z, and so w;”}/ € H. Since “’JZ“’A:/ € Z also, w;”}/ € Hyi. As
Hj supports D at w and, by Proposition 4.16, K[z;d(z, M)] C D, it follows that H; supports
Klz;d(z, M)] at %x/ Similarly, since H supports A at w and

Klz;d(z,M)] C D C A,

H supports K [z;d(x, M)] at “$2 as well. However, Y32 = (”55, d(x’M)), and since

2 2
0< M < r, Corollary 4.15 implies that the cone K [x;d(x, M)] is smooth at “+Z° Thus,

2
H = H;, which is impossible. Therefore, H N Z # H; N Z.
Next consider the sequences ()2 ; and (7,)° ; defined by

1 1

Tpi=x+—(r—2) and 71, := <1 - —) d(x,M) foralln €N,
n n

respectively. Define the sequence (w,, )% ; by wy, := (2, 7,) for all n € N. Clearly, we have

limy, ;00 wyp, = w. Let0 < a < 7 be the angle between H N Z and Hy N Z. Foreachn € N, let

uy, be the nearest point on H1 N Z to wy,. Thus, (w — uy,, w, —u,) = 0 forall n € N, and taking

the limit of this expression shows lim, ., u, = w. For each n € N, define wil = (x,1).

Clearly, lim,,_, o wL = w.
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HinNnZ

!/ /
Ty = w1 Ty X3 gf

w]
HnNZ

FIGURE 1. Diagram showing the first few terms of each sequence.

Therefore, for all n € N,

T
Zww w, = 5
ijm — Wnp|| = H.%' - an = d(.%',M) —Tn = Hw - x/H —Tn = Hw - w}; s
T
Zwl ww, = n
Zx'wd’ = —,
R T
L3 ww,, = 5
Thus, since 0 < o < §,1 > cos(a) = M for all n € N. Furthermore,
w — Wy,

V2 ||z — 2] = [|Jw — wy]|| and r, = d(z, M) — ||z — 2, || for all n € N. Hence, for all n € N

B d(xp, M) — 1, B d(xp, M) —d(x, M) + ||z — z,||
R(wy,) = 7 = 7 .
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d(zp, M) — d(z, M) = 1. Therefore

By Theorem 2.19 and Corollary 3.29, lim
n—o0

|z — ||
lim R(wn,) . d(zn, M) —d(z, M) + ||z — z,]
n—oo ||w —wy|  n—oo V2 ||w — wh|
. d(zp, M) —d(z, M) + ||z — ||
n—00 2|z — 24|
M) — M 1
P L
Asz € EO wl € EO x Rforalln € N, and so
oo
d(w,, E©) x R) < Hwn wn [[w — wy|
R(wn) T R(wn) T \/iR(wn)

for all n € N. Since b < %, our earlier working gives

mnM:ﬂﬂ:J;<@§:§

Hence, there exists some N € N, such that for all n. > N, d(w,, E©® x R) < £R(w,). Since
1
M) 2 dw,81) = o =l = (1= 1) do ) = = I

wy, € C forall n € N, and so w,, € @ for all n > N. Hence, by Proposition 4.7, B[wy; R(w.,)]
is contained in D for all n > N. Since wu,, is the nearest point on H; N Z to w,, for any n € N,
and H; supports D, we have

R —
() ol _
[w = wn [ ™ [lw — wn]
for all n > NN, which contradicts lim,,_ o Hﬁg“’ﬂH = 1. Hence, D is smooth at w. O
We now work toward the key theorem for this chapter.
LEMMA 4.20. Suppose u := (uy,...Ups1),v = (V1,...Un41) € Ent1,|ull = ||v||, and
(Ugy .oy tup) = (V1o Un). I Upg1, Ung1 = 0 0r Upg1, V1 < 0, then u = v.

2 _ 2 n 2 2 n 2 2 .
PROOF. We have u,, | = ||u|” = >_p_; ui = |[v||” = D _p—1 vi = V5 qq- Since uyq1 and vy, 41
have the same sign, it follows that u,, 1 = v,41, and so u = v. |

The following result is a slight modification of Theorem 2.32. We we will make use of it later to
prove the uniqueness of nearest points.

51



PROPOSITION 4.21. Let U be a nonempty open subset of E and let K' be a nonempty subset
of E x [0,00). If ¢ : U — Ris defined by ¢(y) := d(y', K') and = € U is a point of Gateaux
differentiability of ¢, then P (x') contains at most one element.

PROOF. Clearly, if Px/(x") is empty or {z'} we’re done, so we might as well assume that
y € Pg/(2') and y # 2’. For any z € FE and A > 0 we have

|2" + A" —y|| = d(@" + A2/, K').

Since U is open, for sufficiently small A > 0, z + Az € E'\ K. Thus, for sufficiently small
A >0,

o+ 22" —yll = [l =yl | dle’ + A, K) —d(@, K) _ ¢l +42) = d(a)

A A A

Taking the limit of both sides as A — 0% gives g(2’) > f(z), where g € (E xR)* is the Gateaux
derivative of the norm at (2’ — y) # 0 (which exists since E x R is smooth) and f € E* is the

Gateaux derivative of ¢ at x. It is straightforward to show that g(v) -v for any v in

x —
| o et =y .
E xR. Since all of the above inequalities still hold if we replace z by —z and z € E was arbitrary,
we have g(z') = f(z) for all z € E. Thus, if w € Pg/(2') is another best approximation to
2’ in K', we have g(z') = f(z) = h(Z’) forall z € E, where h € (E x R)* is the Gateaux
/ —_—
derivative of the norm at 2’ — w # 0. As before, h(v) = H -y forallv € B x R.
r —w
z'—

!/
Therefore, Hi/— = To—ul

'’ ‘ w ‘
-yl EX{O} wl| EX{O}
. . /_
last coordinate. Since H m =1=
/

-y ' —w

, 1.e., these points agree apart from at possibly their

—||§:w|| H and 2’ —y, 2’ —w € E x [0, —00), it follows

T

by Lemma 4.20 that CAs ||’ —y|| = |2’ — w|| = d(2/, K’), we have

_ lo" =yl lla" = wl|
y = w, which completes the proof.
O

4.2.3. The inductive step  Firstly, we define a function on E \ M using D and derive some
of its properties.

DEFINITION 4.22. Define p : E\ M — R by p(z) := max{r: (z,r) € D} for all z in
E\ M.

REMARK. This function is well defined since D is closed and bounded and (E \ M)x {0} C D.

Furthermore, it is straightforward to show that for any nonnegative concave function f : U — R,
where U is a convex subset of £/, with nonempty interior, the hypograph of f,

hyp(f) :=={(z,r) 1z € U,0 <r < f(2)},

is smooth at (, f(z)) for some = € int(U) if, and only if, f|in¢(rr) is Géteaux differentiable at z.
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PROPOSITION 4.23. Forall z € E\ M, 0 < p(z) < d(xz,M). Furthermore, p is concave,
placy = 0, and p| g\ pr is Gateaux differentiable.

PROOF. Let + € E\ M. By the definition of p and Proposition 4.10, (z,p(z)) € D C A.
Hence, by the definition of A, 0 < p(z) < d(x, M). Thus, for any « € Bd(M),

0<p(z) <dz,M)=0,

and so p|gq(ar) = 0. To see the concavity of p, suppose z,y € £\ M and 0 < A < 1. Since
(z,p(z)), (y,p(y)) € D and D is convex, we have

(A2 + (1= Ny, Ap(2) + (1= Xp(y)) = A (@, p(x)) + (1 = A) (4, p(y)) € D.

Thus, Ap(z) + (1 — Np(y) < p(Az+ (1 — N)y). Suppose, looking for a contradiction, that
p(x) = 0 for some z € £\ M. Since p is concave and p|pq(ns) = 0, this implies that p = 0.
We now show that p(0) > 0, which is of course a contradiction. As 0 € E \ M, we have
(0,d(0,M)) € C and d(0,M) > 0. Furthermore, since 0 € E©), (0,d(0,M)) € Q. By
Proposition 4.7, we have (0,d(0, M)) € D, and so p(0) > d(0, M) > 0. Thus, p(x) > 0 for all
xe E\M.

Finally, we check that p|g\ 5 is Géteaux differentiable. Let x € E \ M. Since p(x) > 0,
(z,p(z)) € Bd(D), and D = hyp(p), Proposition 4.19 and the previous remark tell us that p is
Gateaux differentiable at z. O

PROPOSITION 4.24. Letx € E\ M.
() Ifd(z, M) < &, then p(x) = d(z, M).
(z

(i) Ifd(x, M) > 2, then p(z) > 5.

PROOF. (i) Let z € E\ M be such that d(z, M) < % and y € Py(x). Since M has the

b-boundary property, there exists some z € E \ M such that ||y — z|| = d(z, M) = b.

Since y € Pps(z), Lemma 2.29 tells us that x,y, z are collinear. Let w := y;’z . Since

w € [y,z], y € Py(w) and d(w, M) = |ly —w| = M = 4. We now show that
p(w) = %. Since p(w) < d(w, M), it is sufficient to show that (w, %) € D. Clearly,
2 € Cand R(?) = d(f/’gﬂ = % As EO 0 (E\ M) # (, we have that

d(z',E© x R) = d(z, E©)
<d(z,EQ n(E\ M))

V8 b

G

s () = (B (D) =
2 2 2 2

(w,8) = 2| = % = R(2'), and so (w,5) € B[z; R(2')] € D as required.

<d< = ¢R(Y),




= ||y — w|| and x,y, z are collinear, there exists

Finally, since d(z, M) = ||z —y|| < &
y+ (1 — ANw. As p is concave and p(y) = 0 (as

some A € [0,1] such that x = A
y € Bd(M)), we have

p(x) = Ap(y) + (1 = N)p(w) = (1 = X)p(w) = (1 - A)g = lly — x|l = d(z, M).
Since p(x) < d(x, M) by Proposition 4.23, p(z) = d(x, M) as required.

(i) Letx € E \ M be such that d(x, M) > % Take any straight line in E passing through x.
Since E \ M is bounded and convex, this line must intercept Bd (/) at two distinct points
y1 and yo. As d(y1, M) = d(y2, M) = 0 and the distance function for M is continuous,

the Intermediate Value Theorem tells us that there exist z; € [z, y1) and 29 € [x,y2) such

that d(z1, M) = d(22,M) = 5. By (i), p(21) = p(22) = L. Since p is concave and

x € [z1, z2], it follows that p(x) > %.
O

We now use a clever trick to construct a set in £ x [0, 00) such that the distance function for this
set, restricted to £\ M, is given by the smooth function p. Making use of Proposition 4.21, we
will be able to prove the uniqueness of nearest points.

DEFINITION 4.25. Define the set M' := (E x [0,00)) \ U,ep\nm B(@'; p(2)).

PROPOSITION 4.26. M’ has the following properties.

(i) M x{0} = M'N(E x{0}), M"is closed in E x R, and (E x [0,00)) \ M’ is nonempty,
convex and bounded.

(ii) For every x € E there exists a unique y € M' such that ||z’ — y|| = d(a’, M'"). Further-
more, forx € E\ M, d(z', M') = p(z).

i) 0 ¢ M.
(iv) Foreveryy € BA(M')\ (int(M) x {0}) there exists x € E\ M such that Pyp (2') = {y}.

PROOF. (i) Firstly, we show that M x {0} C M’. Suppose, looking for a contradiction, that
there exists x € M such that 2’ ¢ M’. Since 2’ € E x [0, 00), it follows that

Ze | BW;rw).

yeE\M

Hence, for some y € £\ M we have ||z — y| = ||z’ — /|| < p(y) < d(y, M), which is
impossible since = € M. Therefore, M x {0} C M’. Secondly, we show that

(E\ M) x {0} C (E x [0,00)) \ M".
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(ii)

It is straightforward to show that (E x [0,00))\ M’ = (E x [0,00))N U B(a'; p(x)).
reE\M
Letz’ € (E\ M) x {0}. Clearly, 2’ € E x [0, 00). By Proposition 4.23, p(x) > 0, and so

o' € B(a;p(z)) € | B(#50(2)).

z€E\M

Thus, 2/ € E x [0,00) \ M’. Combining these two set inclusions gives the equation
M x{0} = M'N(E x {0}) as required. Furthermore, since 0 € E\ M, (FE x [0,00))\ M’
is nonempty.

To see that M’ is closed in E x R, observe that (E x R) \ M’ is a union of two open sets,
ie., (ExR)\ M’ = (E x (—00,0)) UlU,ep\ar B('; p(2)).

The convexity of (E x [0,00))\ M’ = (E x [0,00)) NU,¢p\ar B(2'; p(2)) follows from
the concavity of p. Let z,y € (E x [0,00)) \ M’ and 0 < A < 1. Clearly, the convex
combination, Az + (1 — \)y € E x [0, 00). Moreover, there exist w, z € E'\ M such that
& — /| < p(w) and [}y — 2| < p(=). Then

Az + (1 =Ny — Aw+ (1= X)2)|| = | Mz —w') + (1= Ay — 2|
<Al + 1=y -7
< Ap(w) + (1= Np(2)
<p(Aw + (1 = N)z).
Therefore, Az + (1 — Ny € B((Aw + (1 — A)z)’; p(Aw + (1 — N)z)). Since £\ M is
convex, it follows that A\w+ (1—\)z € E\ M, andso Az + (1—\)y € (F x [0,00))\ M’
as required.

Finally, since E'\ M is bounded and p(z) < d(z, M) for all z € E'\ M, it follows that p
is bounded, and so (E x [0,00)) \ M’ is bounded.

Letx € E. If z € M, then 2’ € M’, and so x’ has itself as its unique nearest point in M.
Alternatively, z € E \ M. We will now find a point y € M’ such that ||z’ — y|| = p(x) =
d(x’, M'"). Observe that d(z’, M') > p(zx) by the definition of M’, so it is sufficient to
find y € M’ such that |z’ — y|| = p(z). Let H be a hyperplane in E x R, supporting
the convex set D at (z,p(z)) € Bd(D). Firstly, suppose H is parallel to E x {0}. Let
y := (z, p(x)). Since p is concave and smooth on £\ M, p must have a global maximum
at z. Clearly, ||z’ — y|| = p(z), so all we need show is that y € M’. Suppose, looking for
a contradiction, that y ¢ M’. Since p(z) > 0,y € E x [0,00), and so y € B(w'; p(w))
for some w € E'\ M. Then

ly —w'||* = (2, p(x)) — (w,0)|>
= |lw — z|® + p(x)?
> p(z)?,

and so p(z) < ||y —w'| < p(w), which contradicts the maximality of p(x). Hence,
y € M',and soy € Pyp ().
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(iii)

(iv)

Alternatively, H and E x {0} are not parallel. The intersection of these two hyper-
planes is a translate of a codimension 2 subspace of £ x R, which we call N. Suppose,
looking for a contradiction, that there exists some y' € N N ((E\ M) x {0}). Since
y' € (E\ M) x {0} C D and H supports D, we have that p(y) = 0, which is impossible
by Proposition 4.23. Thus, N N ((E'\ M) x {0}) = 0. Asz € E\ M, this implies that
H is not perpendicular to E x {0}. Let H; be a hyperplane in E' x R passing through
N and tangent to B[x’; p(x)] such that the point of contact y is in E x [0,00). This is
possible since B[z'; p(z)] N (E x {0}) € E\ M x {0}. Clearly, ||z’ — y|| = p(z) > 0,
so again it is sufficient to show that y € M’. Suppose H and E x {0} form an angle
0 < o < T, whilst Hy and E x {0} form an angle c;. Since H; and the vector y — 2
must be orthogonal, it follows that tan(«) = sin(«;). Therefore, the distance from any
point (w,r) € E x Ron H to E x {0}, which is just r, is equal to the distance from w’ to
H;. Looking for a contradiction, suppose that y ¢ M’. By construction, y € E x [0, c0),
so there exists z € E'\ M such that ||y — 2’|| < p(z). Let v be the point directly above 2’
lying on H. Since H supports D, (z,p(z)) € D and y € Hy, it follows by the previous
observation that p(z) < d (v, E x {0}) = d(2/, H1) < |ly — Z’|| < p(z), which is clearly
impossible. Therefore, iy € M’ as required.

We have now established that d(2', M') = p(z) forall z € E'\ M. As p| g\ is smooth,
Proposition 4.21 tells us that Py, (x) is a singleton.

By assumption, 0 € E'\ M. By (ii) and Proposition 4.23, we have d(0, M') = p(0) > 0.
Hence, 0 ¢ M'.

We begin by showing that

U B@;p@)= |J Blip()].

z€E\M x€E\M

Lety € U,epm B(2';p(x)). Hence, there exist sequences (yn)pZ and (z)p2; in
E x Rand E '\ M respectively, such that lim,,_,o y,, = y and ||y, — 2}, || < p(xy,) for all
n € N. Since E'\ M is compact, we may assume, without loss of generality, that (x,,)5°
converges to some x € E \ M. Firstly, suppose x € E'\ M. Then

=1 = = i = o= ] < ) = )

since p is smooth (and hence continuous) on E \ M. Thus, y € Bz'; p(x)]. Alternatively,
x € Bd(M). Therefore,

ly —2'|| < lim p(an) < lim d(wn, M) = d(z, M) =0,

and so y = 2/ € Bd(M) x {0} . Since M has the b-boundary property, there exists
z € E\ M such that ||y — z|| = d(z, M) = b. Consider the point w := %%, Since
y,z € E'\ M, which is convex, we have w € E\ M. Asw € [y, z],

b

=->0
2

—z
2

Yy
dw, M) = ly — w] = H
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by Proposition 2.11, and so w € E \ M. By Proposition 4.24, p(w) = d(w, M) = g > 0.
Therefore, y € Blw;d(w, M)] x {0} C B[w'; p(w)]. Thus, Uzemar B(@'s p(2)) is
contained in |J,¢ gy ps Bl[z'; p(x)]. Set inclusion obviously holds in the reverse direction,
which establishes the required equality.

Now suppose w € Bd(M') \ (int(M) x {0}). By what we’ve just shown, there exists
some x € E \ M such that w € Bla’; p(z)]. Thus, ||z’ —w| = p(z), since otherwise
w & M'. By (ii), there exists a unique point in M’ with distance p(x) = d(z', M') from
2’. Hence, {w} = Py (2') as required.

U

PROPOSITION 4.27. Forany x € BA(M') \ (int(M) x {0}) there exists y € E X [0, 00) such
that .
lz = yll = d(y, M) = 5.

PROOF. Letz := (v,r) € Bd(M')\ (int(M) x {0}). By Proposition 4.26, part (iv) there exists
w € E\ M such that Py (w') = {x}, and by part (ii) of the same proposition, ||w’ — z| =
d(w',M") = p(w). Firstly, suppose d(w’, M') > 5. Then there exists y € [w’,z] such that
ly — | = d(y,M') = 5. Clearly, y € E x [0,00), so we’re done. Alternatively, suppose
d(w', M") = p(w) < &. By Proposition 4.24 part (ii), d(w, M) < %, and hence, by part (i) of
the same result, d(w, M) = p(w) = d(w’, M"). Since M x {0} C M’, M is proximinal, and
Pyp(w') = {z} we must have that z := (v,0) € M x {0}. Clearly, v € Bd(M), and so there
exists z € E'\ M such that ||v — z|| = d(z, M) = b, since M has the b-boundary property. Let
= (%)/ € (E\ M)x{0} C Ex|0,00). By Proposition 4.24 and Proposition 4.26 part(ii)

Yy
b= (555, M) = p (252) = d of, M) since d (52, 0M) = |24 —of| = & 0

Whilst we have shown that M/’ has convex complement in E x [0, 00), its complement in E' x R
is not convex. We use the following flip-stretch operator to extend M’ to a set with convex
complement in £ x R.

DEFINITION 4.28. For § > 1, define 19 : E x R — E x R by ¢y(x,r) = (z,—0r) for all
(x,r) € E xR

LEMMA 4.29. The map 1y is a bijective linear map, with inverse given by

w;l(m,r) = (36, %) forall (x,r) € E x R.

We also have the following inequalities ||(x,r)| < |[vg(z,7)|| < 0||(z,7)| for any (x,r) in
E x R, with the first inequality being strict unless r = 0 and the second strict unless = 0.
Thus, both 1)y and its inverse are bounded and hence continuous.

PROOF. Linearity and bijectiveness are trivial. For the inequality, observe that for any (z,r) in
E xR,

G, )1 = al® + 2 < [l2l|* + (0r)* = o (e, ) < (l|z]))* + (6r)* = 62 | (2, )|
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Replacing (z,7) by 1, ! (z,7) in these inequalities shows that

2@l < [l @) < )]

for all (z,7) € E x R. The first inequality is strict unless © = 0 and the second strict unless
r = 0. Hence, 99 and ¢, 1 are bounded, and so continuous. |

DEFINITION 4.30. Let 1 < 6 < 2 and define M” C E x Rby M" := M’ U ¢p(M’).

We would like to show that the properties of M’ established in Proposition 4.26 are inherited by
this extension. The next result is used to show that M has the %—boundary property.

LEMMA 4.31. Let S be the ellipsoidal surface in R™ defined by the equation

2 2 2
7 75 T,
ETpt o tE =l

where o« > 3 > 0. For any y € S there exists w € co(S) such that |w — y|| = d(y, S) = i

E-
PROOF. See Appendix E. O
PROPOSITION 4.32. M" has the following properties.

(i) M x {0} = M"n(E x{0}), M" is closedin E xR, 0 ¢ M", and (E x R) \ M" is
nonempty, convex and bounded.

(ii) For every x € FE there exists a unique y € M" such that
|2 —y| = d(=', M").
Furthermore, when x € E\ M, d(z', M") = p(x).
(iii) M" has the %-boundary property.

PROOF. (i) These statements follow from Proposition 4.26. Since 1y (E x {0}) = E x {0},
we have
M x {0} = M'n(E x{0}) = M"n(E x {0}).

Also, ) # (E x [0,00)) \ M' C (E x R) \ M'. It is straightforward to verify that
(E xR)\ M" = (E x [0,00)) \ M’ Uty ((E x [0,00)) \ M’) .

Since ¥, 1'is continuous and M’ is closed in E x R, the above set is the finite union of
closed sets in ' X R, and so is closed in £ x R.
As 0 & M’ and 1y(0) = 0, it follows that 0 & M".

Since (E x [0,00)) \ M’ is convex and 1)y is linear, vy (E x [0,00) \ M) is also convex.
Thus, to prove that (E x R) \ M” is convex we need only show that it contains [, y]
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(ii)

(iii)

where x := (u,r) € (E x [0,00)) \ M and y := (v, s) € ¥y ((E x [0,00)) \ M"). Since
x & M,

[u = z|| < llz = 2|l < p(2) < d(z, M)
for some z € E \ M. Therefore, v’ € E\ M. Similarly, o' € E'\ M. Since r > 0 and

s < 0, whilst E'\ M is convex, there exists A € [0, 1] such that A\z+(1—\)y € E\M x{0}.
As

(B\ M) x {0} € ((E % [0,00)) \ M') ey (( x [0,00)) \ M)

and the two sets in this intersection are convex, it follows that [z,y] C (E x R) \ M" as
required.

Finally, since 1y is bounded, it follows that (£ x R) \ M" is the finite union of bounded
sets, so 1s bounded.

Letz € E. If z € M, then 2’ € M" and the claim holds trivially, so we may as well
assume x € FE \ M. By part (ii) of Proposition 4.26, there exists a unique y € M’ such
that |2/ —y|| = d(2/, M') = p(x). Looking for a contradiction, suppose there exists
z € M" \ M’, such that ||z’ — z|| < d(«’,M"). Since ' — z ¢ E x {0}, Lemma 4.29
gives

|’ - %_1(2)!] = Hzpe_l(x’) — %_1(2)” since 2’ € E x {0}

which is impossible since 1), ' () € M’. Hence, y is the unique element of M" such that

2" =yl = da’, M") = p(x).

Let z € Bd(M"). It is straightforward to verify that
Bd(M") = BA(M’) \ (int(M) x {0}) U1bg (BA(M") \ (int(M) x {0}).

If z € BA(M') \ (int(M) x {0}), by Proposition 4.27, there exists y € E x [0,00) such
that

b
lz = yll = d(y, M) = 5.
Using the same argument as in part (i), we conclude that ||z — y|| = d(y, M") = %.

Therefore,

Tty THY yon b
— = M" | =-.
e =

Alternatively, z € 1y (BA(M') \ (int(M
such that Hqﬁgl(az) —yl|=dy, M") =

~—

x {0})). As before, we can findy € E x[0,00)
It follows that ¢ (B[y; 3]) € (E x R) \ M”

(SIS
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is an ellipsoid centred at ¥y (y) with minor axes of length g and a major axis of length %

such that
T E Bd<¢g (B [y; g])) .

By Lemma 4.31, there exists w € ¢y (B[y; 3]) such that B[w; 5] C 9 (B|y; §]) and
z € Blw; %] Hence,
b
— 2| = d(w, M") = —.
| = d(w, M") =
Since 6 < 2, we have that g < %. Therefore, there exists a z € [w,z] C E x R such that
I — ol = d(z M") = &.
O

The next result explains why we chose to define () as in Definition 4.3.
PROPOSITION 4.33. Forany x € E©), Py/(z) x {0} = Py (2').

PROOF. Let z € E(©). If z € M, then there is nothing to prove, so assume = ¢ M. By
assumption, Pys(x) is a singleton. Proposition 4.32 tells us that Py~ (z') is a singleton and
d(z', M") = p(x).

We now show that d(z, M) = p(x). Since p(x) < d(xz, M), it is sufficient to check that
d(z,M) < p(z), which is true provided w := (z,d(z,M)) € D. Clearly, w € C, with
R(w) = 0. Since z € EO©, we have w € E® x R, and so d(w, E©® x R) = 0 = ¢R(w).
Thus, w € @, and so w € D by Proposition 4.7. Finally, since M x {0} € M", it follows that
PM(CC) X {0} = PM//(x'). O

The following two results will be used to prove that our non-convex Chebyshev set has bounded
complement.

PROPOSITION 4.34.
sup{||z] : z € (E x R)\ M"} < 30sup{|jz| : z € E\ M}.
PROOF. To begin with let

z € (Ex[0,00)\M = (Ex[0,00))n |J B(;p(2)).
z€E\M

Hence, there exists y € E'\ M such that ||y’ — z|| < p(y). Since the distance function for M is
non-expansive,

]l < [|y'|| + o(y)
< llyll + d(y, M)
< 2|[yll +d(0, M)
< 3sup{|lz]| : z € E\ M}
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Thus,
sup{||z|| : * € (E x [0,00)) \ M'} < 3sup{||z| : 2 € E\ M}.

Since
(E x R)\ M" = ((E x [0,00)) \ M') Uy ((E x [0,00)) \ M')

and 0 > 1, the result follows. O

THEOREM 4.35. Let (ay),- be a sequence with non-negative terms. Then the infinite product

[, (1 + ay,) converges if, and only if, the infinite series y .- | an, converges.

PROOF. For a proof, see [69]. O

4.2.4. The non-convex Chebyshev set

DEFINITION 4.36. Forany K C E,,, let K®O0 := {(z1,...,2,,0,0,...) : (x1,...,2,) € K}.
Similarly, for any = := (x1,...,x,) € E,, definex ® 0 := (x1,...,2,,0,0,...) € £, ®0.

DEFINITION 4.37. Let E be the set of all real sequences with only finitely many non-zero terms,
that is

[e.e]

E:=|]J(E.®0).
n=1
Equip F with the inner product (-, -) defined by (x,y) := > ;| zxyg forall x := (21, z2,...)
and y := (y1,¥2,...) € E. The induced norm ||-|| on E is then given by ||z|| := /(z, z) for all
r e k.

THEOREM 4.38 (7, p. 1175]). In the (incomplete) inner product space (E, (-, -)) there exists a
non-convex Chebyshev set with bounded convex complement.

PROOF. Firstly, we inductively define a sequence of sets (M) ; such that, for all n € N, M,
is a nonempty closed subset of E,,, E,, \ M, is convex, 0 € M,,, every point in ET(LO) has a unique
nearest point in M,,, and M, has the (i)nil—boundary property.

To begin let My =: Eq \ (—2,1). Itis clear that M; is a closed, nonempty subset of Fj.
Furthermore, it is straightforward to check that 0 ¢ M, £y \ M; is bounded and convex, M;

has the 1-boundary property, and every point in E%O) = {0} has a unique nearest point in M.
Suppose then that M, is defined for some £ € N, such that M}, has the properties listed above.
Construct M as in Definition 4.25. Then let My, = M, where M := M U vy, (M])

1
and 6 = 1+ 7z By Proposition 4.32, it follows that M} 1 has the required properties,

which completes the construction. Furthermore, by Proposition 4.32, Proposition 4.33, and
Proposition 4.34, we have

M, x {0} = My 410 (Ey x {0}),  Pag,(2) x {0} = Py, (2') forallz € EY, and

sup{||z|| : z € Ept1 \ Mypy1} < 30sup{||z|| : z € E, \ M,,} foralln € N.
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We now show that M := ", (M,, ® 0) is a Chebyshev set in (£, (-, -)). Firstly, we show that
MN(Ey®0)=M;,®0

forall k € N. Let k € N. Itis clear that M;; ®0 C M N(Ex ® 0), so suppose x € MN(Ey ® 0).
Thus, for some n € N, z € (M,, ® 0) N (E;, ® 0). Repeatedly using the fact that M,, x {0} =
M1 N (Ey, x {0}) for all m € N, we conclude that (M,, ® 0) N (Ey x 0) € M}, ® 0. Hence,
xr € M ® 0, and we’re done.
Now let x € F. Since x can have only finitely many non-zero components, there exists n € N
such that z € B ® 0. By construction, Py, z0(z) = {y} for some y € M, ® 0 C M.
Furthermore, since Py, o0(z) = P, 00(x) and Y %0c E 421 ®0, it follows by induction
that Py, 20(x) = Pur,go(z) = {y} for all m > n. To show that y is the unique nearest point
to = in M, suppose there exists z € M such that ||z — z|| < ||z — y||. Let k > n be such that
z € B, ®0. Thus, Py, g0(z) = {y}. Since

2€(Er®0)NM=M,®0 and |z—z| <|z—y| =d(z, M;®0),
it follows that z = y. Therefore, Pys(x) = {y}, and so M is a Chebyshev set.
We now show that M is non-convex. Clearly Py, 50(0) = {(1) ® 0}. By the previous working,
Py (0) = {(1) ® 0}, and so 0 ¢ M. However, (—2) ® 0,(1) ® 0 € M; ® 0 C M, so M is not

convex.
Making use of the fact that (M,, ® 0) N (Ex x 0) C M ® 0 for all k,n € N, we have that

o (G (G

U L ®0)\ (M, ®0)

[e.9]

= U B\ M) 20).

n=1

Hence, X \ M is the union of expanding convex sets, so is convex. Furthermore, since

sup{||z]| : z € (Ent1 \ Mpt1) ® 0} < 30k sup{||z|| : z € (B, \ M,,) ® 0}
for all k£ € N, we have by induction that

sup{||z|| :z € E\ M} <3 (H 9n> sup{||z|| : z € (F1 \ M1) ® 0}

n=1
a 1
=6 — ).
T (1+ )
n=1
1

By Theorem 4.35, the infinite product [[°7, (1 + #) converges, since the series > > | -
converges. Thus, the right hand side of the previous expression is finite, and so F \ M i
bounded. D

Theorem 4.38 seems to be the closest known answer to the conjecture of V. Klee [53], that a
nonconvex Chebyshev set exists in some infinite dimensional Hilbert space.
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Appendix A

THEOREM (Primitive Ekeland Theorem [36]). Let (X, d) be a complete metric space and let
f: X — RU{oo} be a bounded below, lower semi-continuous function on X. If ¢ > 0 and
xo € X, then there exists z,, € X such that:

() f(roo) < f(xo) — ed(x 00, o) and
() f(zeo) —ed(xoo,x) < f(x)forallz € X \ {zo}

PROOF. We shall inductively define a sequence ()22 ; in X and a sequence (D,,)>° ; of closed
subsets of X such that:

(i) Dy :={x € Dy_1: f(x) < flzn-1) —ed(z,zpn_1)};

(1) xn € Dp;

(i) f(zn) < infeep, f(x)+€2/(n+ 1).
Set Dy := X. In the base step we let

Dy :={z € Dy : f(x) < f(xo) — ed(x,70)}
and choose 1 € Dj so that f(x1) < infzep, f(z) + £2/2. Then at the (n + 1)"-step we let
Dypi1:={ze€Dy,: f(z) < f(x,) —ed(z,z,)}

and we choose x,, 11 € D1 such that

f@np) < dnf flz)+ e?/(n+2).

This completes the induction.

Now, by construction, the sets (D,,)? ; are closed and ) # D, 1 C D, foralln € N. It
is also easy to see that sup{d(z,zy) : * € Dyy1} < ¢/(n + 1). Indeed, if x € D,,y; and
757 < d(z,zn), then

1) < i e (25)| = st - 5

n-+1 _n—i—l

2

2
g g
< | inf — = inf :
< Llerbnf(y)JrnH} ) ylelbnf(y)’

which contradicts the fact that x € D, 1 C D,,.

Let {zo} := (o2; Dn. Fix z € X \ {z} and let n be the first natural number such that
x & Dyp,ie.,x € Dy_q1\ Dy. Then

f(@n) —ed(z, xn 1) < f(2). (%)
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On the other hand, since o, € D,,

J(#oo) < fzn1) — €d(Toos Tn—1),

and so
f(2o) = ed(w,200) < f(2n1) — €ld(2, Too) + d(To0; Tn—1)]
< f(xp—1) — ed(z,zn—1) by the triangle inequality
< f(z) by (%)
Finally, note that f(z~) < f(xo) — ed(Zoo, o), Since zo, € Dj. O

Appendix B

PROPOSITION. Forany z € E and r > 0,

Klz;r] = E x [0,00) N U B[(CE, (1 —20)7); A\W2r|.
A€[0,1]

PROOF. Let (y,t) € K[z;7]. Hence, t > 0 and ||y — z|| + ¢ < r. Define

Crtly—al -t

A 2r

Since
ly—z| —t<l|y—=z|+t<r

and
0<2fy—zll=lly—zl+t+lly—z|-t<r+|y—=z| -t

we see that A € [0, 1]. It is straightforward to show that
1y, £) = (2, (1= 20)7) 1 = lly = 2|* + (t = (1 = 20)r)* = 2|}y — «||*
whilst

2 1
(War) =5+ ly— ol =07 = 2y - ol

Therefore, (y,t) € B[(z, (1 — 2)\)r); Av/2r] and we have set inclusion in one direction.

For the opposite direction, suppose

(1) €R"x[0,00) N |J B(, (1= 2m):Av2r].
A€[0,1]

Therefore, t > 0 and ||(y,t) — (z, (1 — 2\)7)[|> = |ly — =||> + (t — (1 — 20)r)* < (V2Ar)?
for some X € [0, 1]. Since

(r—t)? — ((\/EAT)Q (- 2)\)7“)2) - (\/§(>\ e+ \/§t>2 >0,
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it follows that ||y — z||*> < ( — t)2. Finally, for X € [0, 1],
t<(1=2\)r 4+ MW2r =7+ AV2-2)r <,

and so we conclude that ||y — z|| + ¢ < r. Therefore, (y,t) € K|[z;r] and we have set inclusion
in the opposite direction. U

COROLLARY. If z € E and r > 0, then K [z;r] is smooth at any (y,t) € E x (0,r), such that
ly — | +t=r.

PROOF. Let (y,t) € E x (0,7) and suppose ||y — x|| + ¢ = r. Clearly, (y,t) € Bd(K[z;7]).
By Proposition 4.14, there exists A € [0, 1] such that

(y,t) € Ex[0,00)NB {(:U, (I =2X\)r); )\\/57“} C Klx;r].
Since t # r, we have A > 0, and so B|(z, (1 — 2\)r); Av/2r| is smooth. Furthermore, since

t # 0, (y,t) is a smooth point of E x [0, 00) N B[(x, (1 — 2A)r); AV/2r]. Therefore, K[z;7] is
smooth at (y, t). O

PROPOSITION. Let 2 € E '\ M and suppose (x,d(x, M)) € D. Then K [x;d(x, M)] C D.
PROOF. Since D is convex and K [z;d(z, M)] is simply the convex hull of the set

{(z,d(x, M))} U Blz; d(x, M)] x {0},

we need only show that B[z;d(x, M)] x {0} C D. This follows from Proposition 4.9 and the
fact that Blz;d(z, M)] C E'\ M. O

Appendix C

One of the fundamental tools of elementary analysis is the “Sandwich Theorem” (sometimes
called the “Squeeze Theorem™). The theory of differentiation is no different. In particular, we
have the following result.

Iff: X —->R,g: X — Randh: X — R are functions defined on a normed linear space
(X, [I]]) and

(@) f(y) <g(y) < h(y)forally € X,
(i) f(z)
(iii) both V f(x) and Vh(z) exist

g(xz) = h(x) for some x € X and
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then Vg(z) exists and equals V f(z) = Vh(x). This result holds for both Gateaux and Fréchet
derivatives. Furthermore, this result has direct implications for the differentiability of distance
functions.

Suppose that K is a Chebyshev subset of a Gateaux (Fréchet) smooth normed linear space
(X, |I-Il). Then for each z € X \ K the distance function, y — d(y, K), is Gateaux (Fréchet)
differentiable at each point of (z, px (z)).

To see this,let f : X - R,g: X — Rand h: X — R be defined by

fy) =d(@, K)—|ly—=zl, g(y):=d(y, K), and h(y):=|y—px(z)|.

Since g is nonexpansive and f(z) = g(z), we have that f(y) < g(y) for all y € X. Similarly,
since h(px(z)) = g(pr(x)) = 0, we have that g(y) < h(y) for all y € X. Therefore,
f(y) < gly) < h(y) forall y € X. On the other hand, h — f is convex and (h — f)(z) =
(h — f)(px(z)) = 0. Therefore, (h — f)(y) < 0 forally € [x,px ()], and so h(y) < f(y)
forall y € [z, pk (z)]. Thus, we have that f(y) = g(y) = h(y) forall y € [z, px (z)]. Finally,
both f and h are Gateaux (Fréchet) differentiable on (x, px (x)). In fact, f is Gateaux (Fréchet)
differentiable on X \ {z} and h is Gateaux (Fréchet) differentiable on X \ {px (z)}. The result
now follows from the “Sandwich Theorem” given above.

The following results, which are in essence due to Simon Fitzpatrick [38], are an attempt to
extend the aforementioned result on the differentiability of the distance function on (x, px (z))
to the differentiability of the distance function on [z, px (z)).

PROPOSITION. Let (X, ||-||) be a Banach space and suppose that g : X — Rand h : X — R
are functions. Let §,¢ > 0 and xy € X. Suppose also that (a) g(z) < h(z) for all z € X and
9(zo) = h(wo) and

(b) h is Gateaux differentiable at z( with Gateaux derivative VAi(zg). If there exists an * € X*
and functions fy : X — R (for 0 < A < §) such that

(i) fa(z) < g(z)forallz € X,
Sal@o) — g(xo)

i) i =0 and
@l S5
) —
(iii) liminf Ilzo +2y) = Hi(zo) >x*(y) —e forally € Sy
A—0t A
then
Ay) — Ay) —
z*(y) — e < liminf 90 + Ay) = (o) < lim sup 9o + Ay) = 9(o) < Vh(zo)(y)
A—=0t A A—0+ A

forall y € Sx.
PROOF. The straight-forward proof is left as an exercise for the reader. U
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THEOREM ([7, Theorem 1.4]). Let K be a nonempty closed subset of a Fréchet smooth normed
linear space (X, ||-||) and let 29 € X \ K. If Px(z0) is nonempty and

iy, &0 + v, K) — d(zo, K)

t—0+ t

=1

for some v € Sx, then the distance function for K is Gateaux differentiable at xg.

PROOF. We shall apply the previous Proposition. Let € be an arbitrary positive real number
and let 6 := 1. Letg : X — Rand h : X — R be defined by g(z) := d(x, K) and
h(z) := ||z — pr(xo)||. Then g(xz) < h(x) for all z € X, g(xg) = h(zo), and Vh(xo) =
V ||zo — pr (x0)]]. Let * = V|jv|| and choose ¢ > 0 so that

t —
w — V| (y)| <e forally € Sx.
Note that this is possible since the norm ||-|| is Fréchet differentiable at v € Sx. For each

0 <A< 1let f: X — Rbedefined by f(z) := d(zo +t A, K) — ||z — (z0 + 1 0)]|.
Then

() fa(z) <g(z) forallze X,
(i)

- d(xg +t '\, K) — d(zg, K) —t 1A

A—0t A A—0t A
-1 K) — K
— i d(zo +t A, K) —d(z9, K) 1
A0t t—1)
K) — K
— 1 gim (d(xo + sv, K) — d(xg, K) 3 1> _o.
s—0t S

(iii)) Let0 < A < landy € Sx. Then

A A

1y (o —=tyl = vl
o VU A ]
(=

_ (Hv +i(=y)ll - HUH>
t
Vil (=y) —e=Vljv| (y) —e = 2"(y) — &

Therefore, lim inf falwo + Ay) = fa(@o)
A0+ Y

alzo+Ay) = falwo) (H)\y -t - Htl)\UH>

Y

>a*(y)—e forally € Sy.
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Hence, by the previous propostion,

2 (y) — e < liminf 2EE M) = 9@0) 900+ Ay) = g(wo)
Ao A A—0t A

< Vh(z0)(y)

for all y € Sx. Since € > 0 was arbitrary, we have that

() < iminf LEFA) Z9@0) 960 +AY) = 9(xo)

<Vh
im i . s ’ < Vh(ao)(y)

) —
forall y € Sx. Thus, * = Vh(zg), and so Vh(zp)(y) = )\lir& g(xo + z;\) g(xo)
—

lim 9lzo +Ay) = (o) = Vyg(zo)(y) forally € Sx. O
A—0 A

. It is now

routine to show that Vh(x)(y) =

Note that by being a little more careful in the proof of the above theorem, one can show that the
assumption that the norm is Fréchet smooth can be relaxed to the norm being Gateaux smooth.

Appendix D

Let us start by giving a quick proof that the norm on a Hilbert space is rotund. In any Hilbert
space (H,(-,-)) the norm satisfies the identities ||z — y||> = |z||*> + ||ly|* — 2(z,y) and
Iz +yl? = l=l* + llyl|* + 2(z,y). Therefore, |z — y[I* + [lz + y|* = 2(|l=]* + ) -
the parallelogram law. Hence,

2 2

r+y
2

] + llyll*
2

r—y
2

lel? + Iyl _
2

1 forallz # y € Sy.

This shows that (H, (-, -)) is rotund.

THEOREM ([23, Theorem 9]). If (X, ||-||) is a separable normed linear space, then X admits an
equivalent rotund norm.

PROOF. If (Y, ||-||y-) is a rotund normed linear space and 7" : X — Y is a 1-to-1 bounded linear
mapping, then ||z||" := ||z|| + ||T'(z)|ly is an equivalent rotund norm on X (apply Lemma 2.23
for the proof of rotundity). Since X is separable, there exists a dense subset {z,,}°° ; of Sx.
Now, by applying the Hahn-Banach Extension Theorem, there exists a subset {x} }°° ; of Sx-
such that 2, (z,,) = 1 forall n € N. Define T": (X, ||-|]|) = (¢2(N), [|-]|5) by

o= (H8, 50, 50 )

Then T’ is 1-to-1, bounded and linear. Thus, X has an equivalent rotund norm. O
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Note that the argument above works whenever the dual space X * is separable with respect to the
weak™* topology on X*. That is, the following statement is true. If (X, ||-||) is a normed linear
space and (X*, weak™) is separable, then X admits an equivalent rotund norm. In particular,
l(N) admits an equivalent rotund norm. On the the hand, one should also note that not every
Banach space admits an equivalent strictly convex norm. For example, £°°/cy does not possess
an equivalent strictly convex norm, see [16,43,59].

Appendix E

LEMMA. Let S be the ellipsoidal surface in R defined by the equation

2 2 2
r7 5 T,
2Tpt o tE =l

where o > 3 > 0. For any y € S there exists w € co(S) such that ||w — y|| = d(y, S) = iy

«

PROOF. Lety := (y1,...,yn) € S, and consider § := (y1 (1 — g—z) ,0,... ,0) € co(S). We
will show that y is a nearest point to ¢ in S. To do this we will minimise the function f : R” — R

defined by
B2 ’
flz1, 29, xn) = ||(z1,22, ..., @) — <y1 <1 — ?> 7O,...,0> )
for all (z1,z2,...,x,) € R™, subject to the constraint that
2 2 2
ry x5 T,
ptptotE oL
2

Since f(z1,x2,...,Tn) = (xl —n (1 — g—z > + 22 +- -+ 22, substituting in the constraint

shows that we need only minimise (without constraint) the function g : R — R, defined by

2\ \ 2 2 22
o= (s (12 55)) 4705

2 2

is zero only when 21 = y;. Furthermore, since ¢”(z1) = 2 <1 — g—z) > 0, we see that g is

As1- 2 >0,

minimised at y;. Therefore, f, subject to the given constraint, is minimised at (y1, z2, ..., Zy),

2 2
where % + % +- ‘;—ZL = 1. Hence, f is minimised (amongst other points) at (y1,¥y2, - .. Yn),
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and so y is a nearest point to g in .S. Finally, since

2
H(y17y27'-'7yn)_ <y1 <1_ %) ,O,...,O)

«
2\ 2 22 2 2
Z<y12> +y2/§ . '_+yn§
« « «
2
(BN (L
- a 2 52 52
2\ 2
-(3)-
52

Index of notation and assumed knowledge

The natural numbers, N := {1,2,3,...}.

The integers, Z := {...,—-2,—1,0,1,2...}.

The rational numbers, Q := {a/b: a,b € Z,b # 0}.

For any set X, P(X) is the set of all subsets of X.
* For any subset A of a topological space (X, 7), we define

— int(A), called the interior of A, is the union of all open sets contained in A;
— A, called the closure of A, is the intersection of all closed sets containing A;
— Bd(A), called the boundary of A, is A\ int(A),
* For any points « and y in a vector space X, we define the following intervals:
- [zyl ={z+Ay—2):0< A< 1}
- (r,y) ={x+AMy—z): 0 <A< 1}
- lzy)={zr+Ay—2): 0< A <1
- (zyyl ={x+ANy—2):0< A< 1}
* For any normed linear space (X, ||-||), we define

- Blzyr]={ye X :||z—y|| <r},foranyxr € X andr >0
(note: this implies that B[z; 0] = {z}, for any z € X);

- B(x;r):={ye X : ||z —y| <r},forany x € X and r > 0;

- Bx := B[0;1];
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-Sx ={reX:|z|=1}.

For any inner product space (X, (-,-)), Zzyz will denote the angle between the vectors
(y — x) and (y — z), where x, y, z are distinct points in X . That is,

Lryz = cos_1< y—2y—2) >
ly — | lly — =

where ||-|| is the norm induced by the inner product.

Given a compact Hausdorff space K, we write C'(K) for the set of all real-valued con-
tinuous functions on K. This is a vector space under the operations of pointwise addition
and pointwise scalar multiplication. C'(K) becomes a Banach space when equipped with
the uniform norm ||-|| , defined by

|| fllo := sup |f(z)|, forall fe C(K).
rzeK

Let A and B be sets. Given a function f : A — B, we define f(A) := (J,c4{f(2)}.
Similarly, given a set valued mapping ® : A — P(B), we define ®(A) := [J,c 4 ().

For a normed linear space (X, ||-||), X*, the set of bounded linear maps from X to R, is
called the dual space of X. X* is a Banach space when equipped with the operator norm,
given by

[f]l == sup |[f(z)] forall f € X",

rEBx

Let X be a set and Y a totally ordered set. For any function f : X — Y we define

argmax(f):={r e X : f(y) < f(x) forally € X},
argmin(f) : ={r € X : f(x) < f(y) forally € X}.

Let A be a subset of a vector space X. Then the convex hull of A, denoted by co(A), is
defined to be the intersection of all convex subsets of X that contain A.

Let X beasetandlet f: X — RU {oo} a function. Then

Dom(f) :={z € X : f(z) < c0}.

If X is a normed linear space, f : X — R is a function and f is Gateaux (Fréchet)
differentiable at 2o € X, then we write V f(z) for the Gateaux (Fréchet) derivative of f
at xg.

If f is a convex function defined on a nonempty convex subset K of a normed linear space
(X, |I-I) and = € K, then we define the subdifferential of f at x to be the set 0 f (x) of
all z* € X* satisfying

a*(y —z) < f(y) — f(z) forally € K.
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(1]
(2]

(3]
(4]
(3]

(6]
(7]

(8]
(9]
(10]
(11]

(12]

(13]

(14]

* It is assumed that the reader has a basic working knowledge of metric spaces and normed
linear spaces. In particular, it is assumed that the reader is familiar with the basics of
linear topology (including the Hahn-Banach Theorem). In particular, the weak topology
on a normed linear space. In this regard, knowledge of the following theorems is assumed.

THEOREM ([8, 15]). Let (X, ||-||) be a normed linear space. Then X is reflexive if, and
only if, Bx with the relative weak topology is compact.

THEOREM (Eberlein-Smulian Theorem, [27,31]). Every nonempty weakly compact sub-
set K of a Banach space (X, ||-||) is weakly sequentially compact, i.e., every sequence in
K possesses a weakly convergent subsequence (with the limit in K).

For a good introduction to the theory of Banach spaces see any of: [27,29,30,37,78]

References

D. Amir and F. Deutsch. Suns, Moons and Quasi-Polyhedra. J. Approx. Theory, 6:176-201, 1972.

N. Aronszajn. Introduction to the theory of Hilbert spaces. The Research Foundation of Oklahoma A & M
College, Stillwater OK, 1950.

G. Ascoli. Sugli spazi lineari metrici e le loro varietd lineari. Ann. Mat. Pura Appl., 10:38-81, 203-232, 1932.
E. Asplund. éebyéev sets in Hilbert spaces. Trans. Amer. Math. Soc., 144:235-240, 1969.

A. Assadi, H. Haghshenas and T. D. Narang. A look at proximinal and Chebyshev sets in Banach spaces.
Matematiche (Catania), 69:71-87, 2014.

V. S. Balaganskii. Approximative properties of sets in Hilbert space. Mat. Zametki, 31:397-404, 1982.

V. S. Balaganskii and L. P. Vlasov. The problem of the convexity of Chebyshev sets. Russian Math. Surveys,
51(6):1127-1190, 1996.

S. Banach. Théorie des opérations linéaires. Monografje Matematyczne, Warsaw, 1932.

M. Baronti and P. L. Papini. Remotal sets revisted. Taiwanese J. Math., 5:367-373, 2001.

J. Blatter. Weiteste Punkte und nachste Punkte. Rev. Roum. Math. Pures Appl., 14:615-621, 1969.
J. M. Borwein. Proximality and Chebyshev sets. Optim. Lett., 1:21-32, 2007.

J. M. Borwein and S. Fitzpatrick. Existence of nearest points in Banach spaces. Canad. J. Math., 41:702-720,
1989.

J. M. Borwein and A. S. Lewis. Convex analysis and nonlinear optimization. Theory and Examples. Second
edition. CMS Springer, New York, 2006.

J. M. Borwein and D. Preiss. A smooth variational principle with applications to subdifferentiability and
differentiability of convex functions. Trans. Amer. Math. Soc., 303:517-527, 1987.

72



[15]
(16]

(17]

(18]

(19]

[20]

[21]
[22]
(23]
[24]

[25]

[26]
[27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

[35]

(36]

(37]

N. Bourbaki. Sur les espaces de Banach. C. R. Acad. Sci. Paris, 206:1701-1704, 1938.
J. Bourgain. £°°/cg has no equivalent strictly convex norm. Proc. Amer. Math. Soc., 78:225-226, 1980.

A. Brgndsted and R. T. Rockafellar. On the subdifferentiability of convex functions. Proc. Amer. Math. Soc.,
16:605-611, 1965.

L. Brouwer. Uber Abbildung von Mannigfaltigkeiten. (German) Math. Ann., 71:97-115, 1911.

A. L. Brown. A rotund and reflexive space having a subspace of codimension two with a discontinuous metric
projection. Michigan Math. J., 21:145-151, 1974.

L. Bunt. Bijdrage tot de theorie der konvekse puntverzamelingen. Thesis, Univ. of Groningen, Amsterdam,
1934.

H. Busemann. Note on a theorem on convex sets. Mat. Tidsskrift B, 3234, 1947.

H. Busemann. The geometry of geodesics. Academic Press, New York, 1955.

J. A. Clarkson. Uniformly convex spaces. Trans. Amer. Math. Soc., 40(3):396—414, 1936.
F. Deutsch. Existence of best approximations. J. Approx. Theory, 28:132-154, 1980.

F. Deutsch. The convexity of Chebyshev sets in Hilbert space. Topic in polynomials of one and several
variables and their applications, World Sci. Publ. River Edge, NJ, 143-150, 1993.

F. Deutsch. Best approximation in inner product spaces, CMS Springer-Verlag, New York, 2001.
J. Diestel. Sequences and series in Banach spaces. Springer-Verlag, 1984.

J. Duda. On the size of the set of points where the metric projection is discontinuous. J. Nonlinear and Convex
Anal., 7:67-70, 2006.

N. Dunford and J. T. Schwartz. Linear Operators I. General Theory Interscience Publishers, Ltd., London
1958.

N. Dunford and J. T. Schwartz. Linear Operators. Part II: Spectral theory. Self adjoint operators in Hilbert
space. Interscience Publishers John Wiley and DSons New York-London, 1963.

W. F. Eberlein. Weak compactness in Banach spaces 1. Proc. Nat. Acad. Sci. U.S.A., 33:51-53, 1947.

N. V. Efimov and S. B. Ste¢kin. Some properties of CebySev sets (in Russian). Dokl. Akad. Nauk SSSR,
118:17-19, 1958.

N. V. Efinov and S. B. Steckin. éebyéev sets in Banach space (in Russian). Dokl. Akad. Nauk SSSR, 121:582—
585, 1958.

N. V. Efimov and S. B. Ste¢kin. Support properties of sets in Banach spaces and Ceby3ev sets. Dokl. Akad.
Nauk. SSSR, 127:254-257, 1959.

N. V. Efimov and S. B. Steckin. Approximative compactness and Chebyshev sets (in Russian). Dokl. Akad.
Nauk SSSR, 140:522-524, 1961.

L. Ekeland. Nonconvex minimization problems. Bull. Amer. Math. Soc. (N.S.), 1(3):443-474, 1979.

M. Fabian, P. Habala, P. Hijek, V. Montesinos and V. Zizler. Banach space theory. The basis for linear and
nonlinear analysis. CMS Books in mathematics/Ouvrages de Mathématiques de la SMC. Springer, New York,
2001.

73



(38]

(39]
[40]

[41]

[42]

[43]

[44]
[45]
[40]

[47]

(48]

[49]

[50]

(51]
[52]

(53]

[54]

[55]

[56]

(571

(58]

[59]

S. Fitzpatrick. Metric projections and the differentiability of distance functions. Bull. Austral. Math. Soc., 22:
291-312, 1980.

M. Fréchet. Sur les opérations linéaires III. Trans. Amer. Math. Soc., 8:433—446, 1907.
K. O. Friedrichs. On Clarkson’s inequalities. Comm. Pure Appl. Math., 23:603—-607, 1970.

J. R. Giles. Convex analysis with application in the differentiation of convex functions, volume 58 of Research
Notes in Mathematics. Pitman (Advanced Publishing Program), Boston, Mass., 1982.

J. R. Giles. Differentiability of distance functions and a proximinal property inducing convexity. Proc. Amer.
Math. Soc., 104:458-464, 1988.

Z.Hu, W. B. Moors and M. A. Smith. On a Banach space without a weak mid-point locally uniformly rotund
norm. Bull. Austral. Math. Soc., 56:193-196, 1997.

R. C. James. Weakly compact sets. Trans. Amer. Math. Soc., 113:129-140, 1964.
B. Jessen. To saetninger om konvekse punktmaengder. Mat. Tidsskrift B, 6670, 1940.
M. Jiang. On Johnson’s example of a nonconvex Chebyshev set. J. Approx. Theory, 74(2):152—158, 1993.

G. G. Johnson. A nonconvex set which has the unique nearest point property. J. Approx. Theory, 51(4):289—
332, 1987.

M. I. Kadec. On strong and weak convergence. Dokl. Akad. Nauk SSSR, 122:12-16, 1958.

B. F. Kelly. The convexity of Chebyshev sets in finite dimensional normed linear spaces. Masters thesis,
Pennsylvania State University, 1978, available at: https://www.math.auckland.ac.nz/~moors/.

V. Klee. Convex bodies and periodic homeomorphisms in Hilbert spaces. Trans. Amer. Math. Soc., 74:10-43,
1953.

V. L. Klee. Mappings into normed linear spaces. Fund. Math., 49:25-34, 1960/61.
V. L. Klee. Convexity of Chebyshev sets. Math. Ann., 142:292-304, 1961.

V. Klee. Remarks on nearest points in normed linear spaces. Proc. Collogquium on convexity (Copenhagen,
1965), 168-176, 1967.

B. Kripke. Unpublished manuscript.

M. Kiritikos. Sur quelques propriétés des ensembles convexes. Bull. Math. de la Soc. Romnine des Sciences,
40:87-92, 1938.

J. Lindenstrauss, D. Preiss and J. Tiser. Fréchet differentiability of Lipschitz functions and porous sets in
Banach spaces. Annals of Mathematics Studies, 179. Princeton University Press, Princeton, NJ, 2012.

S. Mazur. Uber die kleinste konvexe Menge, die eine gegebene kompakte Menge enthilt. Studia Math., 2:7-9,
1930.

W. B. Moors. An elementary proof of James’ characterisation of weak compactness. Bull. Austral. Math. Soc.,
84:98-102, 2011.

W. B. Moors and S. D.Sciffer. Sigma-fragmentable spaces that are not a countable union of fragmentable
spaces. Topology Appl., 119:279-286, 2002.

74



[60]

[61]

[62]
[63]
[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]
[72]
(73]

[74]

[75]

[76]

(771

(78]

[79]

[80]

[81]

T. Motzkin. Sur quelques propriétés caractéristiques des ensembles convexes. Rend. Acad. dei Lincei (Roma),
21:562-567, 1935.

T. Motzkin. Sur quelques propriétés caractéristiques des ensembles bornés non convexes. Rend. Acad. dei
Lincei (Roma), 21(series 6):773-779, 1935.

T. D. Narang. Convexity of Chebyshev sets. Nieuw Arch. Wisk, 25:377-402, 1977.
T. D. Narang. Uniquely remotal sets are singletons. Nieuw Arch. Wisk., 9(4):1-12, 1991.
R. R. Phelps. Convex sets and nearest points. Proc. Amer. Math. Soc., 8:790-797, 1957.

R. R. Phelps. Convex functions, monotone operators and differentiability. Lecture Notes in Mathematics,
Springer-Verlag, Berlin, 1993.

D. Preiss. Differentiability of Lipschitz functions on Banach spaces. J. Funct. Anal., 91:312-345, 1990.

H. Rademacher. Uber partielle und total differenzierbarkeit van funktionen mehrerer variabeln und iiber die
transformation der doppelintegrale. Math. Ann., 79:340-359, 1919.

J. Radon. Theorie und Anwendugen der absolut additiven Mengenfunctionen. Sitz. Akad. Wiss. Wien.,
122:1295-1438, 1913.

M. Rao and H. Stetk@r. Complex analysis. An invitation. A concise introduction to complex function theory.
World Scientific Publishing Co. Inc., Teaneck, NJ, 1991.

F. Riesz. Sur une espece de géométrie analytique des systémes de fonctions sommables. C. R. Acad. Sci. Paris,
144:1409-1411, 1907.

F. Riesz, Untersuchungen iiber systeme integrierbarer funktionen. Math. Ann., 69:449-497, 1910.
F. Riesz. Sur la convergence en moyenne 1. Acta. Sci. Math., 4:58-64, 1928/29
F. Riesz. Sur la convergence en moyenne II. Acta. Sci. Math., 4:182-185, 1928/29

J. P. Revalski and N. V. Zhivkov. Best approximation problems in compactly uniformly rotund spaces. J.
Convex Anal., 19:1153-1166, 2012.

R. T. Rockafellar. On the virtual convexity of the domain and range of a nonlinear maximal monotone operator.
Math. Ann., 185:81-90, 1970.

R. T. Rockafellar. On the maximal monotonicity of subdifferential mappings. Pacific J. Math., 33:209-216,
1970.

H. L. Royden. Real analysis, Third edition. Macmillan Publishing Company, New York, 1988.

W. Rudin. Functional analysis. Second edition. International series in Pure and Applied Mathematics,
McGraw-Hill, Inc., New York, 1991.

J. Saint Raymond. Weak compactness and variational characterisation of the convexity. Mediterr. J. Math.,
10:927-940, 2013.

J. Schauder. Der fixpunktsatz in funktionalr umen. Studia Math., 2(1):171-180, 1930.

I. Singer. Best approximation in normed linear spaces by elements of linear subspaces. Springer-Verlag, New
York, 1970.

75



[82] L. Singer. The theory of best approximation in functional analysis. Conference board of the Mathematical
Sciences Regional Series in Applied Mathematics, No 13. Society for Industrial and Applied Mathematics,
Philadelphia, Pa., 1974.

[83] V.L. Smulian. Sur la dérivabilité de la norme dans I’espace de Banach. C. R. Acad. Sci. URSS (Dokl.) N.S.,
27:643-648, 1940.

[84] S. B. Steckin. Approximation properties of sets in normed linear spaces. Rev. Math. Pures Appl., 8:5-18,
1963.

[85] S. Troyanski. On locally uniformly convex and differentiable norms in certain nonseparable Banach spaces.
Studia Math., 37:173-180, 1971.

[86] F. A. Valentine. Convex sets. McGraw-Hill Series in Higher Mathematics, McGraw-Hill Book Co., New
York-Toronto-London 1964.

[87] L.P. Vlasov. Chebyshev sets in Banach spaces. Dokl. Akad. Nauk SSSR, 141:19-20, 1961.

[88] L. P. Vlasov. On éebyﬁev sets. Dokl. Akad. Nauk SSSR, 173:491-494, 1967.

[89] L.P. Vlasov. Almost convex and Chebyshev sets. Math. Notes Acad. Sc. USSR, 8:776-779, 1970.

[90] L.P. Vlasov. Approximative properties of sets in normed linear spaces. Russian Math. Surveys, 28:1-95, 1973.

[91] U. Westphal and J. Frerking. On a property of metric projections onto closed subsets of Hilbert spaces. Proc.
Amer. Math. Soc., 105:644-651, 1989.

[92] Z. Wu. A Chebyshev set and its distance function. J. Approx. Theory, 119:181-192, 2002.

School of Mathematics and Applied Statistics Department of Mathematics
University of Wollongong The University of Auckland
Wollongong 2522 Private Bag 92019 Auckland
AUSTRALIA NEW ZEALAND
jef336 @uowmail.edu.au moors @math.auckland.ac.nz

https://www.math.auckland.ac.nz/~moors/

76



