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1 Introduction

The first part of this paper is devoted to providing a proof of James’ weak compactness theorem that is
able to be taught in a first-year graduate class in functional analysis. Usually when one teaches a first
course in functional analysis one teaches the basic finite dimensional material, Hilbert space material, the
open mapping theorem, the closed graph theorem, the uniform boundedness theorem and the Hahn-Banach
theorem, plus applications. Then one might consider the spectral theory of compact normal operators, or
even, an introduction to C*-algebras. However, what is often neglected is the study of linear topology,
which then makes it difficult to even start to contemplate how one might prove James’ theorem on weak
compactness. So, what we propose in the first part of this paper is a way of presenting James’ theorem on
weak compactness to an audience unfamiliar with linear topology, or anything other than, the most basic
facts concerning normed linear spaces. Later, in the second half of Section 3, and thereafter, we present
some of the latest advances/extensions and applications of James’ theorem.

For the author, James’ theorem on weak compactness is one of the true delights of functional analysis. Its
proof is a beautiful synthesis of linear algebra and topology. The one down-side of this theorem is that its
proof has an unfortunate reputation of being very difficult. We hope, among other things, to dispel this
myth.

We shall start with a brief history of this problem. Back in 1933 (see, [32]) S. Mazur conjectured that a
Banach space (X, | - ||), over the real numbers, is reflexive if, and only if, every continuous linear functional
defined on X attains its maximum value on the closed unit ball of X. In 1957 (see, [19]), R. James confirmed
this conjecture for separable Banach spaces, i.e., those spaces that contain a countable dense subset. Later,
in 1963 (see, [20]), R. James completely confirmed the conjecture for arbitrary Banach spaces. One year
after this, in [21], R. James extended this result to show that a closed and bounded convex subset C of a
Banach space X is weakly compact if, and only if, every continuous linear functional defined on X attains
its maximum value over C'. The fact that this result does not extend to non-complete normed linear spaces
was established in [22], again by James. Almost immediately, even in 1965 (see, [44]), there was a search
for a simpler proof of James’ weak compactness theorem. The proof in [44] is indeed very clear and easy
to read, and is in fact the basis of a lot of the work in this paper. However, [44] still contains a series of
seven technical lemmas. In 1972, R. James (see, [23]) provided a simpler proof of his own weak compactness
theorem, and in [48], S. Simons, using an inequality that now bears his name, proved the weak compactness
theorem for separable Banach spaces. Since these early results there have been many attempts at providing
a simple proof of James’ theorem. Most of these require additional assumptions on the space. One approach
which is quite appealing is that of (I)-generation. This first appeared in [14] and then again in [13], but it
has since been shown (see, [26]) that this approach is essentially equivalent to the approach of S. Simons
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from 1972. In addition to the already mentioned papers the interested reader may also want to see the
papers [5,17,27,34,37,38], where several “simple” proofs of James’ theorem are given. The paper [5] also
has some interesting applications and historical facts.

We now return to the mathematics. In this paper all vector spaces and all normed linear spaces will be over
the field of real numbers. The key concept, which runs throughout this paper, is the notion of a convex set.
A subset C of a vector space (V,+,-), over the real numbers, is called convex if, for every pair of points
z,y € C and 0 < A < 1, we have Ax + (1 — \)y € C. We encourage the reader to follow the role that this
concept plays throughout the rest of this paper.

The structure of the reminder of this paper is as follows: Section 2 contains the necessary background
material. In particular, it contains Subsections; 2.1 on Weak topologies, 2.2 on Linear topology, 2.3 on the
Hahn-Banach Theorem, 2.4 on the Weak* topology. Readers with a background in linear topology may wish
to skip this section. Section 3 contains three proofs of James’ theorem given in three subsections; 3.1 on
James’ theorem for separable Banach spaces; 3.2 on James’ theorem for spaces with a weak* sequentially
compact dual ball, 3.3 the general version of James’ theorem. In Subsection 3.4 some applications of James’
theorem are given. In Section 4 a generalisation of James’ theorem is given. To achieve this, this section
contains Subsection 4.1 which gives the necessary background in convex analysis, then in Subsection 4.2 the
necessary set-valued analysis is given. In Subsection 4.3 the generalisation of James’ theorem is presented.
Finally, in Section 5, we give a variational principle that is based upon the generalised version of James’
theorem. The paper ends with an index of notation and assumed knowledge and a bibliography.

2 Preliminaries

In this section of the paper we will present the necessary background material that is required in order to
prove James’ theorem on weak compactness of closed and bounded convex subsets of a given Banach space.

2.1 Weak topologies on sets

An important part of general topology concerns the generation of topologies on a given set. In this subsection
we will show how to construct topologies that make a given function (set of functions) continuous.

Proposition 2.1. Let f : X — Y be a function between sets X and Y. If Ty is a topology on Y then
x = {fYU) : U € 7y} is a topology on X and f : (X,7x) — (Y,7y) is continuous. Furthermore, if T
is any topology on X such that f : (X,7) — (X, 7y) is continuous then 7x C 7. This is, Tx is the weakest
topology on X that makes f continuous (when'Y is endowed with the topology Ty ).

Proof. First we will show that 7x is a topology on X. Now, @ € 7x since @ = f (@) and @ € 7y.
Similarly, X € 7x since X = f~}(Y) and Y € 7y. Next, suppose that V; € 7x and Va € 7. Then, by the
definition of 7x, there exists U; € 7y and Uy € 7y such that V; = f~1(U;) and Vo = f~1(Us). Therefore,

VinVa = f~1(Uy) mfil(Uz) = fﬁl(Ul NUs).

Since 7y is a topology on Y, Uy N Uy € 7y. Hence, V1 N V5 € 7x. Finally, to show that 7x is a topology on
X, suppose that {V, : « € A} C 7x. Then, by the definition of 7x, there exist {U, : @ € A} C 7y such that
Vo = f71(U,) for each o € A. Therefore,

UaEAVOf = UaEAfil(Ua) = f71 (UocEAUa)'

Since 7y is a topology on Y, |J,c4 Ua € Ty. Hence, ,c 4 Vo € 7x. Thus, 7x is a topology on X. To show
that f: (X,7x) — (Y, 7y) is continuous we consider the following. Let U € 7y. Then f~1(U) € 7x, by the
definition of Tx. Therefore, by the definition of continuity, f : (X, 7x) — (Y, 7y) is continuous. For our last
step of the proof, we will show that 7x is the weakest topology on X that makes f continuous. To this end,
let 7 be any topology on X such that f : (X,7) — (Y, 7y) is continuous. Let V' € 7x. Then, by the definition
of Tx, there exists an U € 7y such that V = f~1(U). Since we are assuming that f : (X,7) — (Y, 7y) is
continuous, V = f~1(U) € 7. Thus, 7x C 7. This completes the proof. [



The topology 7x in Proposition 2.1 is called the weak topology on X generated by f and Ty, or more briefly,
when the context is clear, the weak topology on X.

When we have more than one function we still have the following result.

Proposition 2.2. Let X andY be sets and let 7y be a topology on'Y . If F is a nonempty family of functions
from X intoY then

B = {ﬂlékgnfk*l(Uk) :n €N, U, € 7y and fy € }'}

s a base for a topology Tx on X. Furthermore, the topology Tx is the weakest topology on X that make each
f € F continuous, when Y is endowed with the topology Ty .

Proof. Firstly, it is easy to see that @ and X are members of B. Indeed, since F # @ we may take a function
feF. Then o = f~1(2) and so @ € B since @ € 1y. Similarly, X = f~1(Y) and so X € B since Y € 7y
Next, let us observe that B is closed under taking finite intersections. Suppose V3 € B and V, € B. Then
there exists nq € N, f], € F and U], € 7y for each 1 < k < ny such that V; = ﬁlgkgm(f,'c)*l(U,’c). Similarly,
there exists np € N, f; € F and U}/ € 7y for each 1 < k < ng such that Vo = (e, (fi) 71 (UY). Let
n = ny + ng and for each 1 < k < ny let Uy, := U}, and for each 1 < k < ny let Uy, 41 := U}/. For each
1<k <myglet fr, := f}, and for each 1 <k < ng let f, 1% := f//. Then,

VinVa = Nicren, (F) 7 U0 N Nicran, ) TU) = Nickenfs ' (Uk) € B.

We now define 7x to be the set of all subsets of X that can be expressed as a union of members of 5. From
above we see that @ and X are members of 7x, and 7x is closed under taking finite intersections. For the
details of this last claim consider the following. Let V; € 7x and V5 € 7x. Then there exist disjoint sets I

and I such that V] = UZ.GI1 B, for some B; € B and V2 = J B; for some B; € B. Let I := I; x Iy then

VinVe = (Uier, Bi) N (Uier, Bi) = Ui jyerBi N Bj € 7x  since, B; N B; € B

i€ly

So it remains to show that 7x is closed under arbitrary unions. Suppose that {U; : i € I} C 7x. Then for
each ¢ € I, there exist disjoint sets J; such that U; = UjeJi Bj, where B; € B. Let J := [J;c; Ji- Then
Urer Ui = UjeJ B; € tx. We now show that 7x is the weakest topology on X the makes each function in F
continuous. So suppose that 7 is a topology on X that makes each function in F continuous. Then clearly
B C 7 since f~1(U) € 7 for each f € F and each U € 7y. Since Tx is the smallest topology on X that

contains B we must have that 7x C 7. [

The topology Tx in Proposition 2.2 is call the weak topology on X generated by F and Ty, or more briefly,
when the context is clear, the weak topology on X. For further information on general topology see [10, 28].

2.2 Linear topologies

Let (V,+,-) be a vector space over the field of real numbers and let 7 be a topology on V. Then (V,+,,7)
is called a linear topological space or a topological vector space if vector addition from V x V into V is
continuous, when V' x V is considered with the product topology and scalar multiplication from R x V into
V' is continuous, again when we consider R x V' with the product topology and R with the usual topology.

An important feature of linear topological spaces is that they are always regular. That is, if (X,+,-,7) is
linear topological space, C is a closed subset of X and 2 € X \ C then there exist disjoint open sets U and
V such that z € U and C C V. To see this, suppose that z = 2+ 0 € X \ C; which is open. Therefore, from
the continuity of addition, there exist open neighbourhoods U of x and W of 0 such that U + W C X \ C,
ie, (U+W)NC = @. Therefore, UN(C + (-W)) =a. Let V:=C+ (-W) =U,ccc—W. Then V is
an open set containing the set C and U NV = @. Thus, (X, 7) is a regular topological space.

Let (V,4+,-,7) be a linear topological space over R. We shall say that (V,+,-,7) is a locally conver space
if for each open set U in V, containing 0, there exists an open convex set W such that 0 € W C U, or,
equivalently, (V,7) has a local base consisting of open convex sets.

If (X, ]|-]]) is a normed linear space and @ # F C X* - the set of all continuous linear functionals on X, then
o(X,F) denotes the weak topology on X generated by F. We shall simply call o(X, X*) the weak topology
on X and write (X, weak) for (X, o(X, X*)).



Sometimes it is convenient to work with a more concrete representation of the (X, F)-topology. Fortunately
such a representation exists and furthermore, the representation is very similar to the way in which open
sets are defined in metric spaces. Let (X, | - ||) be a normed linear space, let zo € X, € > 0 and let F' be a
nonempty finite subset of X*. Then

Nx (o, F€) i= (Vyep{r € X o [f(2) — f(zo)] <e}.

Note: sometimes it is also convenient to write Nx (zo, f1, f2,- .., fn,€) When the finite set F' is enumerated
as F:={f1, fo,..., fn}. When the context is clear we simply write, N(xo, F,e) or N(zo, f1, f2y.--, fn,€).

Given a nonempty subset F of X* we shall say that a subset U of X is F-open if for every xzg € U there
exists a nonempty finite subset F' of F and an £ > 0 such that N(zo, F,¢) CU.

Proposition 2.3. If (X, || - ||) is a normed linear space and @ # F C X* then the set of all F-open sets
forms a topology on X. Furthermore, the set of all F-open sets coincides with the o(X, F)-topology on X.

Proof. First we will show that the set of all F-open sets forms a topology on X. It is easy to see that
vacuously, @ is F-open. To see that X is F-open, consider any element zg € X. Now, let * be any element
in F. Then N(zg,{z*},1) C X. Therefore, X is F-open. Next, suppose that U and V are both F-open
subsets of X. We will show that U NV is also F-open. To this end, let zg € U N V. Then, since o € U,
there exists a finite subset Fyy of F and an ey > 0 such that N(xg, Fyy,ey) C U. Similarly, there exists a
finite subset Fy of F and an ey > 0 such that N(xg, Fy,ey) C V. Let F := Fy U Fy and € := min{ey, ey }.
Then,
xXo € N(.’I;Q,F, 5) - N(l‘o,FU,EU) n N(xo,Fv,Ev) cunVv.

So it remains to show that an arbitrary union of F-open sets is again F-open. Let {U, : a € A} be a
family of F-open sets. Let xg be any element of |, 4 Us. Then there exists an ag € A such that zg € Uy,.
Since Uy, is F-open there exists a finite subset F' of F and an € > 0 such that N(zo, F,¢) C U,,. Now,
Uao € Uaen Ua and so N(xg, F,e) € |Jyeq Ua- Therefore, |, c 4 Uq is F-open. We will now show that the
two topologies coincide. Suppose that U is an F-open set. Then, for each x € U, there exists a finite subset
F, of F and an ¢, > 0 such that x € N(x, Fy,e,) C U. Therefore, | J, .y N(z, Fy,e,) = U. Thus, to show
that U is o(X, F)-open it is sufficient to show that every set of the form: N(z, F,¢) is o(X, F)-open, where
x € X, F is a finite subset of F and € > 0. So suppose that g € X, F = {f1, f2,..., fn} C F and € > 0.
Let Uy := (fx(x0) — ¢, fr(x0) +¢€) for each 1 < k < n. Then,

N(z,F,e) = Npep{e € X 1 |f(2) = flz0)| <€} = Micpznfi (Un)- ()

Therefore, by the definition of the o(X, F)-topology, N(x, F, ) is (X, F)-open. To show that every o(X, F)-
open set is F-open it is sufficient to show that each member of F is continuous with respect to the topology
generated by the F-open sets. However, this is obvious from the definition of the F-open sets. If you want
to see the details, then let f € F, 9 € X and € > 0. Then

F(N(zo,{f},€)) C (f(z0) — &, f(z0) +2).
This completes the proof. [

Remark 2.4. It follows from Proposition 2.3 and equation (%) that for each x € X, finite set @ # F C F
and € > 0, the set N(x, F,¢) is o(X,F)-open in X.

By using Proposition 2.3 and Remark 2.4, one can easily deduce the following result.

Proposition 2.5. Let Y be a subspace of a normed linear space (X, || -||) and let @ # F C X*. Then a
subset U of Y is open in the relative o(X,F)-topology on Y if, and only if, for each y € U there exists a
finite subset F' of F and an € > 0 such that Nx(y, F,e)NY CU.

Proposition 2.6. If (X, || - ||) is a normed linear space and F C X*, then (X,o0(X,F)) is a locally convex
topological space.



Proof. Let us first show that (X,0(X,F)) is a linear topology. Let S : X x X — X be defined by,
S(z,y) := x +y. We need to show that S is continuous. To this end, let W be a o(X, F)-open subset of X
and let (z,y) € S~1(W), i.e., S(x,y) € W. By Proposition 2.3 there exists a finite subset F of 7 and an e > 0
such that N(S(z,y), F,e) C W. We claim that S(N(x, F,e/2)x N (y, F,¢/2)) C N(S(x,y), F,e) C W. To see
this, let (¢/,y') € N(z, F,e) x N(y, F,e) and let f € F. Then, |f(z') — f(x)] <e/2 and |f(y") — f(y)| < &/2,
and so

' +y') = flz+y)l
' —x)+ [y — )l
< f@ =)+ f (Y —y)l
1) = f@)+1f) - fly) <e/2+e/2=¢.

Therefore, S(2',y') € N(S(z,y), F,€); which proves the claim. Now since both N(z, F\,e/2) and N (y, F,/2)
are o(X, F)-open we see that S~ (W) is open in X x X, with the product topology and so S is continuous.
Let M : R x X — X be defined by, M(r,z) := rz. We need to show that M is continuous. To this end,
let W be a o(X, F)-open subset of X and let (r,z) € M~1(W), i.e., M(r,x) € W. By Proposition 2.3 there
exists a finite subset F' of F and an 1 > ¢ > 0 such that N(M(r,z), F,e) C W. Set

IF(S@ ) = f(S(,y)l = If
= |f

~—~ o~~~

g

g1 1= ___° and €9 i1= ———
b 22+ 1)

2(1f (=) +1)

We claim that M ((r —e1,r+¢€1) X N(z, F,e2)) C N(M(r,x), F,e) C W. To see this is true, let
(r',2') € (r—e1,r+¢€1) x N(z, F,ez) and let f € F. Then, |’ —r| <&y and |f(z’) — f(z)| < e2, and so

[FM(',2")) = f(M(r,2)] = [f(r'a) = f(ro)l
= |f0'2) = f0'w) = [f(re) — f(r'a)]]
< 0 = FO' )+ | (re) — f(r'a))
= Ilf@) = f@)]+ [ =l f ()]
< (Irl+Dex+ea|f(z)] <e  since, '] <|r|+e1 <[r|+1.

Therefore, M (r',2') € N(M(r,x), F,e); which proves the claim. Now since (r — 1,7 4+ £1) is open in R
and N(x, F,e5) is o(X, F)-open we see that M ~1(W) is open in R x X, with the product topology and so
M is continuous. This shows that (X,o(X,F)) is a linear topological space. To see that (X,o(X,F)) is
locally convex we merely appeal to Proposition 2.3 and the fact that for each finite subset F' of F and € > 0,
N(0, F,¢e) is a convex open neighbourhood of 0. [

The beauty of linear topology lies in the interplay between linear algebra and topology. This is highlighted
in Proposition 2.8, which is based upon the following result from linear algebra.

Lemma 2.7 ([9, page 421]). Let V be a vector space over R and suppose that (f;)1_, are linear functionals
on V. If g is a linear functional on V such that (;_, ker(f;) C ker(g), then g € span{fi,..., fn}.

Proof. Define T : V. — R" by
T(xz) = (fi(x),..., fo(z)) for all z € V.

Observe that T is clearly linear and that ker(T) = (;_, ker(f;). We may assume that (f;)"_, is a minimal
(in terms of cardinality) family of functions such that (_, ker(f;) C ker(g), and from this we claim that 7
is also surjective.

Fix 1 < k < n. Then, by the minimality assumption on n, we have that ({ker(f;) : 1 < i < n, i #
k} & ker(g), and so in particular (\{ker(f;) : 1 <i<mn, i #k} € (;_, ker(f;). Now we may choose

zp € (ker(fi) 11 <i<mn, i#k}\(Ni ker(fi).

Then, after scaling zj, if necessary, we have that f(z;) = 1 and f;(xx) = 0 for ¢ # k. Therefore, T'(z1) = e,
where e, is the k' standard basis vector of R”. Then, since 1 < k < n was arbitrary, we have that



R™ = span{ey,...,e,} CT(V) and so T is surjective as claimed.

Now define g* : R™ — R by
g*(x) := g(2) for any z € T~ (x).

Then g* is well-defined. Indeed, let € R"™. Since T is onto, we have that T-!(z) # @. So, suppose
21,22 € T7Y(x). Then T(21) = = T(22) and so 21 — 23 € ker(T) C ker(g). Thus g(z1) = g(22) as required.
Moreover, a routine calculation shows that g* is linear, so g* € (R™)*. Since (R™)* = span{ej,..., e} }, there
exist (¢;)%, such that g* =Y.' | ¢;ef, where here €} (e;) = d;;, the ij-Kroeneker delta.

Finally, note that z € T~-Y(T(z)) and so g*(T(z)) = g(x) for all z € V. Therefore,

g=g 0T = cef)oT =3 ci(ejol) =31, cifi
since ef o T = f; for all 1 <i < n, and thus g € span{fi,...,fn}. O

Proposition 2.8 ([9, page 422]). If (X,| - ||) is a normed linear space, F C X* and x* € X* then the
following are equivalent:

(i) «* is o(X,F)-continuous;
(ii) z* is bounded on a o(X,F) neighbourhood of 0;
(iii) x* € span(F).

Proof. (i) = (4i). Suppose that z* € X* is o(X, F)-continuous on X. Then, in particular, 2* is continuous
at 0 € X. Therefore, there exists a o(X, F)-open neighbourhood N of 0 such that |z*(z)| = |z*(z) —2*(0)] <
1 for all x € N. Hence z* is bounded on N. (i) = (i4¢). Suppose that z* is bounded on a o(X, F)-open
neighbourhood N of 0. Then there exists a finite subset G of F and an 0 < ¢ such that N(0,G,e) C N.
Let S :=(),.ccker(y*). Then S is a subspace of X and furthermore, S C N(0,G,e) C N. Hence, z*[s is
bounded on S. Thus, z*[s = 0 and so (.. ker(y*) = S C ker(z*). The result now follows from Lemma
2.7. (i) = (i). Suppose that z* = Y7 A\yyj, where A, € R and yj € F for all 1 < k < n. Define
[ R = R by, f(z1,22,...,2,) = ZZ:l Az and F' @ X — R" by, F(2) := (y7(2),y5(2), ...,y (2)).
Then f is a continuous function on R™ and F' is a o(X, F)-continuous function on X. Therefore, 2* = fo F,
is also a o (X, F)-continuous function on X. O

Remark 2.9. It follows from Proposition 2.8 that for any normed linear space (X, || - ||) and any F C X*,
o(X,F) = o(X, span(F)). To see this, first note the general fact that if F C F' then o(X,F) C o(X,F’)
(i.e., to make more functions continuous you need more open sets) and then the equivalence of (i) and (iii)
above.

Proposition 2.10. If T : X — Y is a continuous linear operator acting between normed linear spaces
(X llx) and (Y, - ||y) then T : (X, weak) — (Y, weak) is also continuous.

Proof. Let W be a weak open subset of Y. We will show that 7~!(W) is open in the weak topology on X.
To this end, let xg € T-1(W). Then T(z¢) € W and so by Proposition 2.3 there exist {y7,y3,...,y5} CY*
and € > 0 such that Ny (T(zo),{yi,vs,...,y5},e) C W. For each 1 < k < n let z} := yf oT. Then
{z%,25,..., 25} C X*. We claim that T(Nx (xo, {z],25,...,25},€)) C Ny (T(xo),{yi,y5,-- -,y },e) CW.

To see this, let y € T(Nx (zo, {z7,25,...,2%},€)). Then there exists a © € Nx(xo, {z},25,...,2%}, ) such
that y = T'(z). Fix 1 <k <n. Then,
We(W) —yi(T(@o))l = lyp(T () — ye(T(20))]
|z} (x) — zi(z0)| < e, since z € Nx(xo,{z},x5,..., 25} €).

Therefore, y € Ny (T (x0),{y5,v3,...,y:},e) C W. This completes the proof of the claim. Hence
xo € Nx (w0, {},25,...,25},e) ST H(W).

Thus, by Proposition 2.3, T~1(W) is open in the weak topology on X. [



2.3 Hahn-Banach Theorem

A real-valued function p defined on a vector space V is called sublinear if for every z,y € V and 0 < A < o0,
p(Az) = Ap(x) and p(z +y) < p(z) + p(y).

Although it is easy, using linear algebra, to construct linear functionals on a vector space, it is not so easy
to construct continuous linear functions on a linear topological space. The key to constructing continuous
linear functionals on locally convex spaces is given next.

Theorem 2.11 (Hahn-Banach Theorem [9, page 62]). Let Y be a subspace of a vector space V' (over R)
and let p: V — R be a sublinear functional on V. If f is a linear functional on'Y and f(y) < p(y) for all
y €Y then there exists a linear functional F':' V — R such that F|y = f and F(z) < p(z) for allz € V.

Proof. Let & be the collection of all ordered pairs (M’, f’), where M’ is a subspace of V containing Y
and f' : M’ — R is a linear functional defined on M’ such that f'|y = f and satisfies f'(z) < p(x)
for all x € M'. & is nonempty because (Y, f) € &. We partially order & by, (M, f') < (M", f") if
M C M" and "y = f'. I {(Ma, fa) : @ € A} is a nonempty totally ordered sub-family of #2, then
set M' = |J{M, : @ € A} and define the linear functional ' : M’ — R by, f'(z) := fo(z) if x € M,.
Then (M’, f') € & and (M, fo) < (M, f') for all & € A. Therefore, by Zorn’s lemma, & has a maximal
element (M, F'). We must show that M = V. So suppose, in order to obtain a contradiction, that M # V
and pick g € V' \ M and put M* := span{M, zo}. We will define F* : M* — R so that (M*,F*) € &
and (M, F) < (M*,F*); which will be our desired contradiction. For each @ € R we define F, on M*
by, Fo(m + Axg) := f(m) + M. It is easy to check that F, is well defined and linear on M*. Moreover,
Fy|p = f. So it remains to show that F,,(z) < p(z) for all x € M*. To achieve this, we need to select the
right value of « € R.

Selection of a: For any mi,ms € M and 0 < A\; < 0o and 0 < Ao < co we have:
f()\flml + )\glmg) < p()\flml + )\glmg) < p()\flml — ) +p()\51m2 + x0).

Therefore,
FOT M) — p(AT ma — 20) < p(Ay 'ma + 20) — F(A; 'mo)

for all mi,me € M and 0 < A1 < 00, 0 < Ay < co. Hold msy and Ay fixed and take the supremum over
mi1 € M and 0 < A\; < co. Then for each ms € M and 0 < Ay < oo we have that:

sup (f()\*lm) — p()\*lm — xo)) < p()\glmg +x9) — f()\glmg).
0N <00

Now we take the infimum over mo € M and 0 < Ay < co. Then,

a:= sup (f(A7'm)—p(A"'m—a0)) < inf (p(A"'m+z0) — f(A'm)) =:b.

e M meM
02§<OO 0<A<o0o

Choose a* € [a,b]. Then from the left-hand side of the equation we get that:
f(m)+ (=N)a* <p(m+ (—=N)xg) forallme M and 0 < X < oco.
From the right-hand side of the equation we get that:
f(m)+ o™ < p(m+ Axg) forallme M and 0 < A < 0.
From these two equations we see that:
F*(z) :== For(z) < p(z) forall z € M*.
That is, (M, F) < (M*,F*)e &. O

We now give some applications of this famous theorem.



Corollary 2.12. Let Y be a subspace of a normed linear space (X, | - ||) (over R). If f € Y* then there
exists an F' € X* such that Fly = f and |F|| = ||f||-

Proof. Consider the sublinear functional p : X — R defined by, p(x) := || f||||z||. Then f(y) < p(y) for all
y € Y. By the Hahn-Banach Theorem, (Theorem 2.11) there exists a linear functional F': X — R such that
Fly = f and F(z) < p(x) for all z € X. Therefore, —F(x) = F(—z) < p(—z) = p(z) for all z € X too.
Thus, |F(z)| < p(x) for all € X. This in turn implies that ||[F|| < ||f||. On the other hand, since F' is an
extension of f, we must also have that || f|| < ||F|. O

Corollary 2.13. Let (X, | - |) be a normed linear space. For every x € X \ {0} there exists an f € Sx-
such that f(z) = ||z||.

Proof. Let Y := span{z} and define f € Y* by, f(Ax) := A||z|. Clearly, ||f|| = 1 and f(x) = ||z||. By
Corollary 2.12 there exists an F' € X* such that |F|| = || f|| = 1 and F|y = f. Therefore, in particular we
have that F(z) = f(z) = ||z||. O

Proposition 2.14. Let Y be a subspace of a normed linear space (X, || - ||). Then the topology o(Y,Y™*) on
Y coincides with the relative o(X, X*) topology on Y.

Proof. Let us first show that every relatively o (X, X*)-open set in Y is o (Y, Y ™) open. To this end, let U be a
relatively o(X, X*)-open set in Y. Let y € U. By Proposition 2.5, there exists a finite set {a},z3,... 2%} C
X* and an € > 0 such that Nx(y, {z},25,...,25},e)NY CU. For each 1 <k <n let y} := z}|y. Then

Ny (y,{y1: 92, > yntr€) = Nx(y, {a1, 25, ..., 2, },8) NY C U

Thus, by Proposition 2.3, U is o (Y, Y*)-open. Now, suppose that U is a o(Y, Y*)-open subset of Y. Then, by
Proposition 2.3, there exists a finite set {y7, y5, ...,y } C Y* and an e > 0such that Ny (y, {y7,v5,...,y5 . e) C
U. By Corollary 2.12, for each 1 < k < n, there exists an z} € X* such that z}|y = z}. Then

NX(ya {JZT,QJ;, s ,33‘:1},6) ny = NY(y7 {y;y;’ cee ,y:b},e’—j) cu
Therefore, by Proposition 2.5, U is open in the relative o(X, X*)-topology on Y. O

Next we will show how to use the Hahn-Banach Theorem to obtain some geometric properties of locally
convex spaces.

Let S be a nonempty subset of a vector space V. We shall say that a point x € S is a core point of S if for
every v € V there exists a 0 < § < oo such that x + Av € § for all 0 < A < 4. The set of all core points of S
is called the core of S and is denoted by Cor(S).

Let C be a convex set in a vector space V with 0 € Cor(C'). Then the functional puc : V' — R defined by,
pe(x) :=inf{A > 0:z € AC}

is called the Minkowski functional generated by the set C.

Theorem 2.15. Let C be a convex subset of a vector space V with O in the core of C. Then uc :'V — R is
a sublinear functional. Moreover,

{zeV ipuc(x) <1} CCC{r eV :puc(x) <1}

Proof. Given v > 0 and X > 0, clearly x € AC if, and only if, ax € AaC. Therefore, po(az) = apc(z) and
thus pc is positively homogeneous. We claim that e is subadditive; that is, po(x+y) < pe(z) +pe(y). Fix
any s > uc(z) and ¢ > pc(y). We have that there is some sg < s such that x € soC. Note that soC C sC.
Indeed, 0 € sC and if ¢ € C, then by the convexity of sC,

s0c = 8;0 (se) + (1 - S;O)O € sC.



We see that x € sC' and similarly y € tC. Then z 4+ y € sC + tC' and thus by the convexity of C,

S t
C
s+t +s+t

:c—i—ye(s—i-t)( C)C(t+s)C.

Therefore, pc(x +y) < s+t and so by the choice of s and t we have that pc(z + y) < pe(x) + pe(y)-
If po(z) < 1 then z € AC for some 0 < A < 1 and so (1/A)x € C. Since 0 € C and C' is convex,

x:)\(§>+(1f/\)060.

If z € C then pc(z) <1 by the definition of the Minkowski functional. O

Remark 2.16. If the set C' in Theorem 2.15 is a closed and convex subset of a topological vector space
(V, 1), with 0 € Cor(C) and zo & C then it is an easy exercise to show that 1 < peo(xg).

We now give the geometric version of the Hahn-Banach Theorem.

Theorem 2.17 (Separation Theorem [9, page 418]). Suppose that (X, 7) is a locally convex space over R
and C is a nonempty closed convex subset of X. If xg & C then there exists a continuous linear functional
z* on X such that

sup{z”(c) : c € C} < 2™ (o).

Proof. We may assume, without loss of generality, that 0 € C; because otherwise we would consider C' — x
and xg — x for some x € C. Since vector addition is continuous and xg + 0 ¢ C there exist convex open
neighbourhoods U of zp and V of 0 such that (U+V)NC = @. Thus, UN[C+ (—V)] = @. Now, —V is also
a convex open neighbourhood of 0 and so C' 4 (—V) is a convex open set containing the set C' and disjoint
from U. Let D := C + (=V), then D is a closed and convex set with 0 € int(D) and 2o € D. Let up be the
Minkowski functional for D. Since D is closed and zo € D we have pup(zg) > 1 (see Remark 2.16). Define a
linear functional on span{zo} by, f(Axg) := Aup(x¢). Then on span{xg} we have that f(Axg) < pp(Axg).
Indeed, for 0 < A it is clear from the definition of f; whereas for A\ < 0 we have f(Azg) = Aup(xg) < 0
while pp(Azg) > 0. By using the Hahn-Banach Theorem we may extend f onto X so that f(z) < up(x)
for all z € X. If x € D then pp(x) <1 and thus, f(z) < pp(x) < 1. Since D contains a neighbourhood of
the origin we have that f is a bounded on a neighbourhood of 0 and so by Proposition 2.8, f € X*. Since
f(zo) = up(xo) > 1 we get that sup{f(z) : x € C} <sup{f(x):x € D} <1< f(zg). O

An immediate consequence of the Separation Theorem is the following result, which is sometimes known as
Mazur’s Theorem.

Proposition 2.18 ([9, page 422]). Let C be a closed convex subset of a normed linear space (X, ||-]|). Then
C is also closed with respect to the weak topology on X.

Proof. If C' is empty or the whole space, then C is weakly closed, so let us suppose otherwise. Let
xo € X \ C. Since C is closed and convex, we have, by the Separation Theorem (Theorem 2.17), the
existence of an f,, € X* such that fy,(z0) > sup,cc fao(z). Thus, zo € fr.'((supgec fao(2),0)),
which, being the inverse image of an open set, is weakly open. It is then straightforward to check that
X\C= Ul_OeX\C f;ol((supg:ec Jao (), oo)) Hence, X \ C, being the union of weakly open sets, is weakly
open. Thus, C is weakly closed. [

2.4 Weak* topology

Let (X,] - ]|) be a normed linear space. For each z € X we define, ¥ € X** := (X*)* by, Z(z*) := 2*(z) for
all z* € X*. To show that T is really in X** we must first check that it is linear and then check that it is
continuous. So suppose that z* and y* are in X*, then

(" +y") = (@ +y")(@) =27 (z) +y* (z) = 2(z") + 2(y").
Also, for any A € R and z* € X* we have that
Z(Az*) = (Az™)(x) =A™ (z) = \Z(z™).

Now, |Z(x*)| = |(z*)(z)] < ||z*]| - ||=||. Therefore, |Z|| < ||z|| and so T € X**.



Proposition 2.19. Let (X, | -||) be a normed linear space. Then the mapping © — T is a linear isometry
from X into X**.

Proof. The mapping x — 7 from X into X** is linear, since for all z* € X*

o —

(z+y)(a") = 2"(x +y) = 2" (x) + 27 (y) = Z(¢") + y(7).

Therefore, x/—i—\y =2Z+7Yy. Also, for any A € R and z* € X*,

(\a)(z*) = 2*(\z) = Aa*(x) = AT (2).

Therefore, (Az) = AZ. Next we show that x +— Z is an isometry. For each € X, we have by Corollary 2.13,

a linear function z* € Sx~ such that *(z) = ||z||. Therefore, ||Z| > ‘ﬁ(;:\l)‘ = Z(z*)| = |z*(z)| = ||z||. O

If (X, ||-]]) is a Banach space then X is a closed subspace of X** where X is defined as {Z : z € X}. We call
X the natural embedding of X into X** and we call z — Z from X into X** the natural embedding mapping.

An important topology for our concerns is the weak* topology. Suppose that (X, || -||) is a normed linear
space. Then we call the topology o(X*, X) on X*, the weak* topology on X* and we write (X*, weak™) for
(X*,0(X*, X)). It follows from Proposition 2.8 that F' € X** is weak® continuous if, and only if, F' € X.

Let (X, ]| -||) be a normed linear space and let A C X. We define the (upper) polar of A to be the subset A°
of X* defined by
A% ={z" € X" : 2%(a) < 1forall a € A}.

Proposition 2.20. Let (X, ||-||) be a normed linear space and let A C X. Then A° is convex, weak*-closed,
and contains 0.

Proof. The fact that 0 € A° is trivial. To see that A° is weak*-closed and convex, note that A° =
Nuca @ (=00, 1] is the intersection of weak*-closed and convex sets, and so is itself, weak*-closed and
convex. [J

There are many useful properties of polars that can be easily verified. For example, (i) if A C B then
B° C A°, (ii) (Bx)® = Bxs, (iii) for any r > 0, (r4)° = r~1A°. By combining these we see that if
0 € int(A) then A° is bounded and if A is bounded then 0 € int(A°).

There is also a dual version of (upper) polars. Let (X, || - ||) be a normed linear space and let A C X*. We
define the (lower) polar of A to be the subset A, of X defined by

Ay :={r e X:a"(z) <1forall a* € A}.

There are many interesting relationships between t}lese polars. For example, for any @ # A C X, (A°), =
co(AU{0}) and for any @ # B C X*, (B,)° =co“ (BU{0}).

Perhaps the most famous theorem concerning polars is the following theorem.

Theorem 2.21 (Bipolar Theorer*n). Let C be a closed, conver subset of a normed linear space (X, ||-||) with
0€C. Then C°° = (C°)° =C

Proof. Tt follows directly from the deﬁniti*on of (C°)° that C C c°e. Moreover, by Proposition 2.20 we

—w
know that C°° is weak*-closed and so C'  C C°°. Now suppose, in order to obtain a contradiction, that

*

C C C°°. Then there exists an Fy € C°° \5 . By Theorem 2.17, applied in (X**, weak™), there exists
an x* € X* such that

0 <sup{F(z"): F ¢ Ew*} = sup{z*(F): F € gw} < 75 (Fy) = Fo(z*). (1)
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If necessary, we may replace x* by Az*, (for some 0 < A and relabelling), so that

sup{z*(c) : c € C} = sup{c(z*) : c € 6} <sup{F(z*): F € Ew} =1

Therefore, z* € C° and so Fy(z*) < 1, since Fy € C°°. However, this contradicts the inequality:

l=sup{F(z*): FeC }=sup{z*(F):FeC }<Fyz*), by(}).
This completes the proof. [
An important application of the Bipolar Theorem is given next.

Corollary 2.22 (Goldstine’s Theorem [9, page 424]). Let (X,|| - ||) be a normed linear space then By is
weak™ dense in Bxsx.

Proof. We apply twice, the general fact (observed before) that if By is the closed unit ball of a normed
linear space Y then By = (By)° to obtain

Bx-- = (Bx+)° = ((Bx)%)° = (Bx)**
and then apply the Bipolar Theorem. [

Perhaps the main reason for the interest in the weak* topology is contained in the next theorem. It says
that, although it is too much to ask that the dual ball be compact with respect to the norm topology (unless
the space is finite dimensional), it is possible that it is compact with respect to a weaker topology.

Theorem 2.23 (Banach-Alaoglu Theorem [1]). Let (X, || -||) be a normed linear space. Then (Bx«,weak*)
18 compact.

Proof. For each = € X, let I, := [z, ||z||] and let Y := [,y I» be endowed with the product topology.
By Tychonoft’s Theorem, Y is compact. It follows from the definition of the product topology and Propo-
sition 2.3 that 7 : Bx+ — Y, defined by, 7(z*)(x) := 2*(x) for all x € X, is a homeomorphic embedding of
Bx- into Y. So to show that (Bx~,weak™) is compact it is sufficient to show that m(Bx~) is a closed subset
of Y, that is, it is sufficient to show that m(Bx«) C w(Bx-). To this end, let g € W(Bx*>. We will show
that g is “linear”. Let x,y € X and € > 0. Then there exists * € Bx~ such that |g(x) — m(2*)(x)| < &/3,
lg(y) — m(x*)(y)| < e/3 and |g(x + y) — 7(z*)(z + y)| < /3. Then, since z* is linear,

gz +y) = lg(@) +9))] = gz +y) —n(z*) (@ +y)] +7(a") (@ +y) - [9(z) + 9(¥)]]
= |lg(z +y) — w(@") (@ + y)] + [r(2*)(x) — g(@)] + [*(z")(y) — 9(v)|
lg(z +y) —m(x")(x + y)| + |7(z") () — g(z)| + [7 (") (y) — 9(v)]
e/3+¢e/3+¢e/3=c.

IAIA

Since € > 0 was arbitrary, g(z + y) = g(x) + g(y). Next, let z € X, A € R and € > 0. Then there exists
x* € Bx- such that |[g(Az) — 7 (z*)(A\x)| < /2 and |g(z) — 7(z*)(x)| < €/2(J]A] +1). Then, since z* is linear,

lg(Aa) = Ag(@)] = [lg(hx) — 7(a™)(Ax)] + [r(z*) (A Ag (=)]]

= |lg\z) = 7(z") ()] + r(a )( Ag()]|
lg(Az) = m(2")(Az)| + |[Ar(a)(z ) (CC)H

/24 N|r(x*)(x) — g(z)] <e/2+¢/2 =

+
+
+

INIA

Since € > 0 was arbitrary, g(Ax) = Ag(z). Thus, if we define y* : X — R by, y*(x) := g(z) for all z € X,
then y* € Bx~ and g = n(y*) C n(Bx~). O

Proposition 2.24. Let (X, |- ||) be a normed linear space. Then the relative weak topology and the relative
weak™ topology coincide on the subspace X of X**.
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Proof. It follows immediately from the definitions that each relatively weak™ open subset of X is open in
the relative weak topology on X. So we need only consider the converse statement. Suppose that U is
a relatively weak open subset of X. Let Z be any element of U. Then by, Proposition 2.5 there exists a
finite subset {1, %a,..., F,} of X*** and an € > 0 such that N(Z, %1, %,,...,Fn,e)N X CU. For each
1<k<nlet fr : X - R be defined by, fr(z) := F,(Z). Then fi € X*, in fact ||fi] < ||Fk| for each
1 < k <n. We claim that

N(E,fhfg,...,fn,g)ﬁXgN(f,ﬁl,ﬁg,...,ﬁN,E)ﬂXQU.

To see this, letFeN(E,fl,fg,...,ﬁ,s)ﬂX’. Then F =g forsomey € X and y € N(E,ﬁ,f;,...,;‘;,e)ﬁX
Fix 1 <k <n. Then

| Z1(F) — Zu(@)| = | (@) — Z1@)] = | fr(y) — fi(@)] = |fe@) — Fo@)| = | Fa(F) = fr@)] < e.

Therefore, F' € N(Z, %1, %2, ..., FN,€) ﬂ)A(; which completes the proof of the claim. The result now follows
from Proposition 2.5. [

In what follows we will often use (without saying) the fact that if (Z, 7) is a topological space and A CY C Z,
then A is compact in Z if, and only if, A is compact in Y, with respect to the relative topology on Y.

Remark 2.25. Together, Theorem 2.23 and Proposition 2.24 are essential for our future endeavours, as
they provide a method for showing that a closed and bounded convex subset C' of a normed linear space
(X, ]| - 1) is weakly compact. Namely, to show that C' is weakly compact it is sufficient (and necessary) to

=w ~ =w
show that C C X. The reason for this is as follows: C' s a weak* compact subset of (X** weak™), by
Theorem 2 23, and hence compact with respect to the relative weak® topology on X. Therefore, by Proposztzon
’w

2. 24, is compact with respect to the relative weak topology on X. Further, by Proposition 2.14, C s
compact with respect to the O'(X (X) )-topology on X (i.e., the weak topology on X) Letj: X — X be the
linear isometry defined by, j(x) :=Z for all x € X. Then j~': : X — X is also a linear isometry. Thus, by

—w
Proposition 2.10, C C j=Y1(C ) is weakly compact. Since C is closed and convex it is closed in the weak
topology on X (see, Proposition 2.18). Hence C' is compact with respect to the weak topology on X.

As an example of this approach, we will give our first characterisation of reflexivity in terms of the weak
compactness of the unit ball.

Theorem 2.26 ([9, page 425]). Let (X, | -|) be a normed linear space. Then X is reflexive (i.e., X** = )?)
if, and only if, Bx is compact with respect to the weak topology on X.

Proof. Suppose that Bx is compact with respect to the weak topology on X. Then, by Proposition 2.10,
By is compact with respect to the weak topology on X** as: (i) the mapping, x — 2, is a bounded linear
operator from X into X** and (ii) the general fact that the continuous image of a compact set is compact.
Now, since the weak* topology on X** is weaker (and certainly no stronger) than the weak topology on
X**, Bg is compact with respect to the weak™ topology on X**. Furthermore, since the weak* topology
is Hausdorff, B¢ is closed with respect to the weak™ topology on X**. Thus, by Goldstine’s Theorem,
(Theorem 2.22)

w*

By =Bg = Bx--.
So, X** = J, ey nBx+ = U,y nBg = X.
Conversely, suppose that X** = X. Then Bx++ = Bg and so by Theorem 2.23, (Bg, weak™) is compact.

Since B¢ C X we have by Proposition 2.24 that (Bg,weak) is compact. Finally, since z + Z is a linear

isometry from X onto X** (since we are assuming that X** = X ), its inverse is a continuous linear operator
(in fact an isometry as well) and so by Proposition 2.10, (Bx, weak) is compact too, as the continuous image
of a compact set is compact. [
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3 James’ Theorem on weak compactness

In this section we will provide three proofs of James’ Theorem on weak compactness, listing them in order
of increasing generality. First we provide a proof that is valid in all separable Banach spaces, then we give
a proof that is valid in any Banach space whose dual ball is weak™ sequentially compact, and then finally,
we will present a proof that holds in all Banach spaces. It is our hope that this incremental approach to the
full James’ Theorem will make the final proof more accessible and less intimidating to the reader.

3.1 James’ Theorem on weak compactness: the separable case
Convexity is the key to all our proofs of James’ Theorem.

Let A be a nonempty convex subset of a vector space V' and let ¢ : A — R be a function. We say that ¢ is
convezx if

Pz + (1= Ny) < Ap(z) + (1= Nep(y)
forall z,y € Aand all 0 < A < 1.

Lemma 3.1 ([37]). Let 0 < 8, 0 < 8’ and suppose that ¢ : [0, 8 + B'] = R is a convex function. Then

p(B) —(0) _ 9(B+5) —(B)

5 B B
Proof. The inequality given in the statement of the lemma follows by rearranging the inequality
B / B’
< —— + + 0). O
so(ﬁ),ﬁﬂg,w(ﬁ ) ﬁ+6,<ﬁ( )

Our first application of convexity is given next. It plays an important role in all three proofs of James’
theorem.

Lemma 3.2 ([37]). Let V be a vector space (over R) and let ¢ : A — R be a convex function defined on
a conver set A with 0 € A. If (A, : n € N) is a decreasing sequence of nonempty convex subsets of V,
(Bn : n €N) is a sequence of strictly positive numbers such that (3., Bi)A1 C A and

Bir +¢(0) < ienjg w(Bra) for some 0 < r < oo,
a€A;
then there exists a sequence (a, : n € N) in 'V such that, for all n € N:
(i) an € A, and

(i) @, Biai) + Byrr < o(X077 Bias).

Proof. We proceed in two parts. Firstly we prove that if 5,7 + ¢(u) <inf,ca, p(u + Bpa) for some n € N
and some u € (Z;:Ol B:i)A1, where By := 0, then there exists an a,, € A,,, such that

ﬂn-{-l"' + QO(U + ﬂnan) < aienAf @(u + Bnan + Bn+1a)-

To see this, suppose that u € (Z?:_Ol B:)A1 and that 5,1 + ¢(u) < infeea, ©(u+ Bra). Then there exists an
€ > 0 such that

infaeAn QD(’LL + /Bna) 7 @(u) (*)
Bn .

So, choose a,, € A,, such that p(u + Bra,) < infeea, p(u + Bra) + Bni1e. Let a € A,,. Then
v = (Bnan + Bnt1a)/(Bn + Brnt1) € Ay (since A, is convex) and so,

T+ 2 <

r+2 < plut ﬂnv)ﬁ_ plu+ 0v) (by (%) and the fact that v € A,)
(u+ (B + Bnt1)v) — o(u+ Bav)

5n+1

< . (by Lemma 3.1.)
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Rearranging gives
ﬁn-ﬁ-l(r + 5) + [<p(u + /an) + 6n+15] < QO(U + Bnay + /Bn-t,-la),

for all a € A,,. Since ¢(u + Bpan) < [p(u+ Brv) + Bnri€], the desired inequality follows.

From this, we may inductively construct a sequence (a, : n € N) with the requisite properties (i) and
(ii). For the first step, we set u := 0 and then, by hypothesis, we have that

Bir+¢(0) < inf ¢(fra) = inf o0+ fra).
So, by the first result, there exists an a; € Ay, such that Sar + ¢(B1a1) < ieni p(prar + Baa).
a 1

For the n'® step, set u := E?:_ll Bia;. Since A, C A,_1, and by the way a,_1 was constructed, we
have that
Bar+o(u) < inf @(u+ Bra) < inf o(u+ Bra).
a€An_1 a€A,

So, by the first result again, there exists a,, € A,, such that
Brar + ¢ (i Biai) < Jnf o Xz Biai + Bntra)

which completes the induction. The sequence (a,, : n € N) has the properties claimed above. [
For the proof of James’ theorem we will only require the following special case of this lemma.

Lemma 3.3. Let V be a vector space (over R) and let ¢ : V. — R be a sublinear function. If (A, : n € N)
is a decreasing sequence of nonempty conver subsets of V, (B, : n € N) is a sequence of strictly positive
numbers such that Y .o, B; < oo and

r < inf @(a) for some 0 <r < oo,
a€Ay

then there exists a sequence (a, : n € N) in V' such that, for all n € N:

(i) an € Ay, and

(i) o>, Biai) + Bpyar < @(Z?;l ;).

In order to formulate our first version of James’ theorem on weak compactness we need to introduce the
following notions.

Let K be a weak® compact convex subset of the dual of a Banach space (X, || -||). A subset B of K is called
a boundary of K if for every ¥ € X there exists a b* € B such that Z(b*) = sup{Z(y*) : y* € K}. We shall
say B, (I)-generates K, if for every countable cover (C,, : n € N) of B by weak* compact convex subsets of

K, the convex hull of | J,, . Cr is norm dense in K. The following proof is found in [37].

Theorem 3.4 ([13,14]). Let K be a weak™ compact convex subset of the dual of a Banach space (X, || - ||)
and let B be a boundary of K. Then B, (I)-generates K.

Proof. After possibly translating K, we may assume that 0 € B. Let {C,, : n € N} be weak* compact,
convex subsets of K such that B C (J,,. Cr and suppose, for a contradiction, that co[l J,,cy Cr] is not norm
dense in K. Then there must exist an 0 < € and y* € K such that

y* € K\(co[,,cny Cn] +€Bx~)
Since, for each n € N, co[UJj_, Cj] is weak® compact and convex, there exist (Z,, : n € N) in S such that
max{Z,(z%) : 2" € co[Uj_, Cj]} + & = max{Z,(z") : 2" € co|Uj_, Cj] +eBx~} < Zn(y"). (%)
for all n € N. Now, (Z,(y*) : n € N) is a bounded sequence of real numbers and thus, has a convergent

subsequence (Tp, (y*) : k € N). Let s := klim Zn, (y*). Then, ¢ < s as 0 € Cn for some N € N and
— 00
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e =0+4¢e < Zy(y*) for all N < n, by the inequality (x). After relabelling the sequence (Z, : n € N) if
necessary, we may assume that lim, . T,(y*) = s and |Z,(y*) — s| < /3 for all n € N. Importantly, we
note that this relabelling does not disturb the inequality in ().

We define A,, := co{Z) : n < k} for all n € N and note that: (i) (4, : n € N) is a decreasing sequence of
nonempty convex subsets of X and (ii) if N < n and b* € Cy then

g(b*) < [g(y™) — €] forall g € A, ()
since, {Zp :n <k} C{T € X: Z(b* — y*) < —e}; which is convex. Next, we define p : X >R by,

p(3) == sup Z(z*) forall Te X.
z*eK

Then p defines a sublinear functional on X. Moreover, for all g € A;, we have (s — £/3) < g(y*) since
{Z, :neN}C{T € X :(s—¢/3) < Z(y*)}; which is convex. Therefore, (s —e/3) < p(g) for all g € Ay,
since y* € K.

Let (B : n € N) be any sequence of positive numbers such that li_>m (32 hs1Bi) /B = 0. Now,
(s—2/2) < (s —&/3) < inf plg).
geEA,

Therefore, by Lemma 3.3, there exists a sequence (g, : n € N) in X such that gn € A, and

P Bigi) + Buyr(s — €/2) < p(X1H Bigs)  for all n € N. (%)

Note also, that since lim, 00 Zn (y*) = 8, limp 00 gn(y*) = 5. As ||gn]] < 1 for all n € N, we have that
S 1Bigill < 3252, Bi < oo. Since X is a Banach space, this implies that g := 3°°, 8;9; € X. Because p
is continuous, this implies that (p(>"1, Big;) : n € N) is a convergent and hence a bounded sequence in R.
Moreover, by the inequality (s#x), we have that (p(>"1_; B:¢;) : n € N) is an increasing sequence. Therefore,
by the Monotone Convergence Theorem, (p(}.;, 8;gi) : n € N) converges to its supremum. That is,

sup (Y, Bigi) = lim p(3iL,Bigi) = p(Jim 30, Bigi) = plg).  (xree)
Since g € X and Bis a boundary for K, there must exist a b* € B such that
g(b%) = sup{g(z*) : 2" € K} = p(g)-
Let n € N, then
Bnl(s —€/2) < p(3ois, Bigi) — P(Z?:_ll /Bigz) by (#x3)

< p(9) —p(Z?:—f ﬁigi) by (k)

= g(b) —p (X1 B

< g(b") — (15 Bigi) (b) = 3552, Bigi (b°).

Since B C | Cy, b* € Cy for some N € N. Thus, if N < n, then

neN

(s=2/2) < - (E0aBi0i07) + 008 < 5-(EZsaBisn(t)) + on(0) =) by (42),

since g, € A,. By taking the limit, as n tends to infinity, we get that (s —e/2) < (s —e¢); which is impossible.
Therefore, B, (I)-generates K. O

1 1 1B
Remark 3.5. If B, :== — for alln € N or, B, := 307 for alln € N, then lim M =0.
n! n

n—oo Bn
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Theorem 3.6 (James’ Theorem: version 1, [19]). Let C be a closed and bounded convex subset of a Banach
space (X, ||-11). If C is separable and every continuous linear functional on X attains its supremum over C,
then C' is weakly compact.

Proof. Let K := éw . To show that C' is weakly compact it is sufficient to show K C X , (see Remark
2.25). In fact, since X is a Banach space and = — T is a linear isometry, we have that X is a Banach
subspace of X** and so a closed subspace of X**. Therefore, it is sufficient to show that for every 0 < ¢,
K C X + 2eBx+«~. To this end, fix 0 < £ and let {z,, : n € N} be a dense subset of C. For each n € N, let
K: := KN [z, +eBx+]. Then (K: : n € N) is a cover of C by weak* closed convex subsets of K. Since C
is a boundary of K, we have that K C colJ, .y K, € X+ 2e Bx«+; which completes the proof. O

By working a bit harder, we could extend this approach to proving James’ theorem, via (I)-generation, to
spaces whose dual ball is weak* sequentially compact. Indeed, this is done in the paper [34]. However, in
this paper we will take another tack. We will prove James’ theorem, in the case when the dual ball is weak*
sequentially compact, in a way that naturally extends to the general case, albeit requiring several extra
technical steps regarding the extraction of subsequences with “small” sets of cluster points.

One of the strengths of Theorem 3.6 is that it essentially only relies upon a separation argument (Theorem
2.17) and Lemma 3.3. In this way we see that this proof is very elementary.

3.2 James’ Theorem on weak compactness: the weak® sequentially compact
case

We shall start this subsection with two simple preliminary results.

Proposition 3.7 ([11, Corollary 49]). Let (X,]|-||) be a normed linear space. Then every finite-dimensional
subspace of X* is weak*-closed.

Proof. Suppose that Y := span{x7,...,z%} is a finite-dimensional subspace of X* and let 2§ ¢ Y. Then,
by Lemma 2.7, we have that (_, ker(z}) € ker(z). So, let

z € i, ker(z))\ ker(zg).

Then, taking —z if need be, we may assume that z{j(z) > 0, while 7 (x) = 0 for all 1 <i < n. Observe that
Y = span{z},...,z}} C ker(Z), since ker(Z) is a subspace and z} € ker(Z) for all 1 <i <n. So y*(z) =0
for all y* € Y. Thus,

{z* € X*:2*(x) >0} =2 (0,00)

is a weak*-open neighbourhood of z§, which is disjoint from Y. Since xf; was arbitrary, we have that Y is
weak*-closed. [

Lemma 3.8. Let (X, || -||) be a normed linear space, let Y be a finite-dimensional subspace of X* and let
e >0. Ifz* € X* and dist(z*,Y) > ¢, then there exists an x € Sx such that x*(x) > ¢ and y*(xz) = 0 for
ally* €Y.

Proof. Let Y be a finite-dimensional subspace of X* such that dist(z*,Y) > € > 0. Then we have that
x* ¢ Y +eBx~. Since Y is weak*-closed (Proposition 3.7) and convex, and Bx- is weak*-compact (Theorem
2.23) and convex, we have that Y + eBx~ is also weak*-closed and convex. Therefore, by Theorem 2.17,
there exists an z € Sx such that

x*(x) >sup{y*(z) : y* € Y +eBx~}
=sup{y™(z):y* €Y} +e>e.

Finally observe that for this x, we have that Z(Y") is bounded above, and since Y is a subspace, the only
way this is possible is if Z(y*) = y*(z) =0forall y* €Y. O

Theorem 3.9 (James’ Theorem: version 2). Let C be a closed and bounded convex subset of a Banach space
(X, || ). If (Bx+,weak™) is sequentially compact and every x* € X* attains its supremum over C, then C
s weakly compact.
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Proof. To show that C is weakly compact, it is sufficient to show that K := gw* X (see, Remark 2.25).
Suppose, for a contradiction, that this is not the case. Then, there exists an F' € K X. Since X is a Banach
space, X is a closed subspace of X**, and so there must exist an 0 < e < dist(F, )?) Let (6, :n €N) be a
sequence of strictly positive numbers such that lim,, ﬁ% Z;’in 1 B; = 0.

C
\

Part I: Let f, := 0. We inductively create sequences (f, : n € N) in Sx« and (Z, : n € N) in @,
such that the statements

(An)  |(F—=Zn)(fj) <e/2forall0<j<mn.
(Bn) F(fn)>cand Z;(f,) =0foralll<j<n.

are true for all n € N. For the first step, choose any Z; € C. Then it is clear that |(F — Z1)(fo)| = 0 < /2.
Now note that R
dist(F,span{z; }) > dist(F, X) > e.

So, by Lemma 3.8, there exists f; € Sx~ such that F(f1) > ¢ and Z;(f1) = 0. So the statements (A;) and
(B1) hold.

Now fix k € N. Suppose that we have created {Z1,...,Tr} and {fi1,..., fx} such that the statements
(Ag) and (Byg) hold true. Then consider the set

W= j_o{G € X™ 1 [(F = G)(f;)] < ¢/2}.

—=w” ~
Since W is a weak*-open neighbourhood of F and F' € C | we can choose Zj1 € C such that Ty, € W
i.e., such that the statement (Aj1) holds. Next, observe that

dist(F, span{@1, . . ., Tpp1}) > dist(F, X) > e.

So, by Lemma 3.8, there exists fr41 € Sx= such that F(fry1) > ¢ and Z;(fr41) =0forall 1 <j <k+1.
Therefore the statement (Bjy1) also holds. This completes the induction.

Part II: Now let (ng : k& € N) be a strictly increasing sequence of natural numbers. Then for all k¥ € N,
define f] := fp, and z} := x,,. Also define fj := 0. Then the sequences (z}, : n € N) and (f}, : n € N) still
satisfy (A4,) and (B,) for all n € N. Therefore, passing to a subsequence does not disturb the statements
(A,) and (By).

Now, as (Bx~,weak™) is sequentially compact, and (f, : n € N) is a sequence in Bx-, we have that
(fn : n € N) has a weak*-convergent subsequence. So, by passing to subsequences and relabelling if neces-
sary, we may assume that (f, : n € N) is weak*-convergent to some fo, € Bx+. By the above, we know that
the statements (A,,) and (B,,) remain true for all n € N.

Part II1: Let k¥ € N. For any n > k, we have that Zy(f,) = 0 by the statement (B,). Therefore, it
follows that Ty (f~) = 0. Since k was arbitrary, this is true for all k¥ € N.

On the other hand, let k¥ € N and let n > k. Then, by the statement (A,,), we have that |(F—Z,)(fx)| < €/2.
Moreover, from (By), we know that F(fx) > . Combining these, we get that

Zn(fr) = F(fx) + @n — F)(fr) > /2
for all n > k. Therefore Z,,(fr — foo) > €/2, for all n > k.
Part IV: For each n € N, define C), := co{fr : k > n} — f» and note that (C,, : n € N) is a decreasing

sequence of nonempty, convex subsets of X*. Define p : X* — R to be p(z*) = sup{z*(c) : ¢ € C} for all
x* € X*. Then p is a sublinear function and inf e, p(f) > €/4.
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To confirm this second assertion consider the following. Let f € C;. Then f = Zle Aifn; — foo Where
0< )\ foralll<i<kand Zle A; = 1. Let m > max{nq,...,ni}. Then

PU) 2 F(@m) = T (SEi NS = foo) = S AT (fo, = foc) > /2.

Therefore, since f € Cy was arbitrary, we have that infrcc, p(f) > /4 as claimed. So, by Lemma 3.3, there
exists a sequence (g, : n € N) such that for all n € N:

(i) gn € co{fr : k > n} and

(i) P, Bilgi — foo)) + Busre/d < p(X1H Bilgi — foo))- (*)

Part V: Now, since (X*, weak™) is a locally convex space (gp, : n € N) also converges to goo := foo. Indeed,
if W is any convex weak® open neighbourhood of f., then there exists an N € N such that f,, € W for all
n > N. Therefore, co{f; : ¢ > N} C W. Since gi € co{f; : i > N} for all £ > N, we have that g, € W
for all kK > N. This shows that (g : k € N) converges to goo = foo- Set g > ooy Bi(gi — foo). Since
llg: — fooll < 2 for all i € N, we have that

D NBigi = foo)ll = Y Billgi — fooll <2 Bi < 0.
i=1

i=1 i=1

v

Therefore, g € X* since X* is a Banach space. As p is continuous, it is clear that (p(} i, 8i(gi — foo)) i 1 €
N) is a convergent and hence a bounded sequence in R. Moreover, the statement (x) gives that this is also
an increasing sequence. Therefore, by the Monotone Convergence Theorem, (p(>_1; Bi(¢; — fx)) : n € N)
converges to its supremum. That is,

sup p(i1Bi(gi = foo)) = 1t p(3i B9 — foo)) =p( lim 35, Bilg: — Joc)) =p(9)-

n—

Part VI: Since g € X*, there exists a ¢ € C such that ¢(g) = g(¢) = sup{g(z) : « € C} = p(g). Then, for

any n > 1,
Bue/4 < p(ZiL1Bilgi — foo) = (I Bilgi = f)) by (%)
<plg) = p(15 Bilgi — f))  since p(g) = sup{p(3_{_1Bi(gi — fo)) : m € N}
=<lg) - (Zzn 1151(91 fo))
< C(g) (E ﬂz(gz - fOO)) = E(E:inﬂl(gz - foo)) = ﬁn/c\(gn - foc) + Zz?inJrlﬂiE(gi - foo)

Rearranging gives that

2|l
B

£/4 < Bgn — fo) + /;—nz;ﬁnﬂﬁiagi — foo) Segn — foo) + ATE LB

Taking the limit, as n tends to infinity, we get that
1
/A< i ,(0) = Fole) 42000 (fim 350 ) = i 0,(6) ~ Fele)

which contradicts the fact that fo(¢) = lim g,(c). Therefore, K C X and so C is weakly compact. [

n—

The power of this result stems from the fact that the class of all Banach spaces whose dual ball is weak*
sequentially compact is very large. Indeed, in addition to all the separable Banach spaces (whose dual ball
is weak* metrisable, [9, page 426]), it contains all Asplund spaces, [31] (i.e., spaces in which every separable
subspace has a separable dual space) and all spaces that admit an equivalent smooth norm, [18] (which
includes all WCG spaces, [8]). In fact, it contains all Gateaux differentiability spaces, [31].
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3.3 James’ Theorem on weak compactness: the general case

The short-coming of the previous subsection is that the dual ball of a Banach space need not be weak*
sequentially compact. For example, the dual ball of (C(SN),] - ||«) is not weak* sequentially compact,
as it contains a copy of BN - the Stone-Cech compactification of the natural numbers, endowed with the
discrete topology, and this space is known to have no nontrivial (i.e., not eventually constant) convergent
sequences, [10].

So the method of passing to a subsequence which is weak® convergent must be abandoned. However we

can, by passing to a suitable subsequence, insist that K := (), {fr: k> n}w is “small” in the sense
that for countably many weak* lower semicontinuous real-valued functions (p,, : n € N), the sets p, (K) are
singletons. In this way, the set K of all weak* cluster points of the sequence (f, : n € N) “acts” like a
singleton set in Part V and Part VI of the proof of Theorem 3.9.

So next we will show how to extract “nice” subsequences from a given sequence. The approach we adopt is
very general and will provide much more than needed, but these technical results may possibly be of some
independent interest.

We shall start with the precise definition of lower semicontinuity. Let (X, 7) be a topological space. We say
a function f: X — RU{oo} is lower semicontinuous if for every a € R, {x € X : f(x) < a} is a closed set.

Since we will be working extensively with subsequences we will introduce some concise notation for a subse-
quence of a given sequence. Let ¥ : N — X denote the sequence (x,, : n € N) and let J be an infinite subset
of N. Then J can be uniquely enumerated as, J = {ny : k € N} with ny < ngy; for all k € N. Then z|; will
denote the subsequence (z,, : k € N) of 7 = (x,, : n € N). We will also be working with the set of all cluster
points of a given sequence and so it is worth our while to introduce some notation for the set of all cluster
points. Let (X, 7) be a linear topological space and let ¥ : N — X be the sequence (z,, : n € N). We define

e (7) = 0 {ox k> n}

That is, ¢l (Z) is the set of all 7-cluster points of Z. Further, we define K. (z) := ©0" (cl,(z)). When there
is no ambiguity concerning the topology, we will simply write ¢l(Z) and K(T).

Lemma 3.10. If ¢ : A — R is a convex lower-semicontinuous function defined on a nonempty closed and
convex subset A of a Hausdorff locally convex space (X, +,-,7), then for every sequence T := (z,, : n € N) in
A, either there exists a subsequence without any cluster points, or else, there exists a subsequence T|j such
that ¢ is bounded on K (Z|y).

Proof. Let T := (x,, : n € N) be a sequence in A and suppose that every subsequence of = has a cluster
point. We shall construct a subsequence z|; that that ¢ is bounded on K(Z|s), but first, we shall construct
an infinite subset J’ of N such that ¢ is bounded below on K (Z| /).

Let z € cl(Z). Then z ¢ ¢~ !(—o00,¢(x) — 1], which is closed and convex. Therefore, there exists a closed
and convex neighbourhood, N of z such that N N~ (—o00, p(z) — 1] = @ i.e., p(N) C (p(x) — 1,00). Since
x is a cluster point of Z, we may choose an infinite set J' C N such that 2; € N for all j € J'. Then, because
N is closed and convex, K(Z|;) € N and so o(K(Z|;)) C ¢(N) C (¢(x) — 1,00). Hence o(K(Z|s)) is
bounded below.

We now claim that J’ possesses an infinite subset J such that ¢(K (Z|;)) is bounded above. Indeed, suppose
in order to obtain a contradiction, that this is not the case. Then we inductively proceed as follows. First,
there must be x € cl(Z| ;) with ¢(x) > 1, otherwise (K (Z|;)) C (—o0, 1] and we would be done. So, we
may choose a closed, convex neighbourhood, N of z such that N N ¢~!(—o00,1] = &. Then, since z is a
cluster point of Z|;/, we can choose an infinite subset J; C J’ such that z; € N for all j € J;. Because N is
closed and convex, we have that K (Z|;,) C N and so K (Z|;,) N~ (—0,1] = 2.

In general, suppose that we have chosen infinite subsets .J,, C --- € J; C J’ such that for all 1 < i < n:
K(Z]7,) N~ (—o00,i] = @.

For the (n + 1)'" step, we suppose that cl(Z];,)) € ¢~ (—o0,n + 1], otherwise p(K(z|s,)) C (—oo,n + 1]
is bounded above and we are done. Therefore, we can choose x € cl(Z];,) such that ¢(x) > n + 1, and a
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closed, convex neighbourhood, N of z such that N Np~!(—oco,n + 1] = &. Then, since z is a cluster point
of 7|, , we can choose an infinite subset J,,+1 C J, such that z; € N for all j € J,,+1. Because N is closed
and convex, we have that K(Z|;,,,) € N and so K(Z|,,,,) N ¢ '(—co,n + 1] = @. This completes the
induction.

Lastly, we apply the so-called diagonalisation argument. Define J = {ng : k € N} C Nsuch that ny < ng41
and ny € Jy, for all kK € N.

Consider the subsequence of = given by Z| ;» = (xy, : k € N). Then, since J,41 C J,, for all n € N, we have
that ng € J,, for all k > m. Let m € N. Then

K(x];) = K({zn, : k > m}) CK(@s,) € X\ ¢~ (—o0,m],

and so K(Z| ;)N ¢~ '(—oo,m] = @. Since m was arbitrary, this holds for all m € N and so we have that
@(K (] ;7)) = @, which contradicts our original assumption. Thus, there exists a subsequence z|; of Z such
that (K (Z|s)) is bounded. O

We can further refine Lemma 3.10 as follows.

Lemma 3.11. If ¢ : A — R is a convex lower-semicontinuous function defined on a nonempty closed and
convex subset A of a Hausdorff locally convex space (X, +,-,7), then for every sequence T := (x,, : n € N) in
A, either there exists a subsequence without any cluster points, or else, there exists a subsequence T|j such
that ¢ is constant on K(Z|y).

Proof. Let T := (x, : n € N) be a sequence in A and suppose that every subsequence of = has a cluster
point. Then, by Lemma 3.10, and by passing to a subsequence if necessary, we may assume that ¢ is bounded
on K(z). Let ay, 81 € R denote inf (K (Z)) and sup (K (T)) respectively and let Jy := N. Of course if
a1 = B, then (K (Z)) is a singleton and we are done. If not, we inductively construct a decreasing sequence
of infinite subsets (J,, : n € N) of N such that diam(o(K(Z];,)) < (81 — a1)/2™ for all n € N.

We begin as follows. Set §; := (a1 + (1)/2. Since ¢ is convex and lower-semicontinuous, we have that
o 1 (—00,61] is a closed, convex set. Then, we can pick x € cl(Z) such that §; < ¢(z) < 1. Indeed, if
not, then ¢(cl(Z)) C (—o0,01] and so (K (z)) C (—o0,d1] also. However, this contradicts the fact that
Br = sup (K (7).

Therefore ¢ ¢~ !(—o0,d1], and so there exists a closed, convex neighbourhood, N of z such that N N
¢ 1 (—00,01] = @. As x € cl(T), there is an infinite set .J; C N such that z; € N for all j € J;. In particular,
K(Z|5,) C N, since N is closed and convex, and so inf (K (Z|s,)) > d1. Also, because Z|, is a subsequence
of Z, we have that sup p(K(Z|s,)) < B1. Therefore, diam(o(K(Z|,)) < 1 — 61 = (81 — a1)/2.

Suppose now that we have created the infinite subsets J, C J,_1 C --- C Jy such that
diam(o(K (Z]5,)) < (B1 — a1)/2" forall 1 <i < n.
7.))s Bn = sup (K (Z

diam(p(K(Z]s,)) = Bn — an < (81 — a1)/27,

Set a,, = inf (K (T

7,.)) and 6, == (av, + B,)/2. Then,

by construction. If a, = 8, then let J,,+1 := J,, and we are done. Otherwise, we can choose (as above)
x € c(Z|,) such that z ¢ ¢~!(—o0,d,], because if not, p(K(Z|;,)) C (—o0,d,], which contradicts the
fact that 5, = sup (K (|, )). Therefore, there exists a closed, convex neighbourhood, N of x such that
NNy~ t(—o0,d,] = @. Since = € cl(Z|,, ), there is an infinite set J,+1 C J,, such that z; € N forall j € J,,41.
In particular, since N is closed and convex, K(z|s,,,) € N and so inf (K (Z|;,,,)) > 6,. Therefore,

diam(p(K (21,1.)) < B — 00 = (Bn — an) /2 < (B1 — an) /2.
Thus, by induction, we have created a decreasing sequence of infinite subsets (J,, : n € N) of N such that

diam(o(K(Z|7,)) < (81 — a1)/2™ for all n € N.
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Lastly, define J := {ny : k € N} such that n; < ngy; and ng € Ji, for all k¥ € N. Consider the subsequence
of Z given by Z|; = (2, : k € N). Then, since J, 1 C J, for all n € N, we have that ny € J,,, for all k& > m.
Let m € N. Then,

K(z]s) = K({zn, : k> m}) C K(z[s,),

m
which gives that diam(p(K(Z|s))) < diam(p(K(Z|s,))) < (81 — a@1)/2™. Since m € N was arbitrary, we
conclude that ¢ (K (Z|;)) is a singleton as required. O

For our next result we need to recall the definition of the topology of pointwise convergence. If X is a
nonempty set and A is a nonempty subset of X then we may put a topology on the vector space R of all
real-valued functions defined on X endowed with pointwise addition and pointwise scalar multiplication. We
will call the weak topology on R¥ generated by {6, : a € A} the topology of pointwise convergence on A,
where for each a € A, §, : R* — R is defined by, §,(f) := f(a). We shall denote the topology of pointwise
convergence on A by 7,(A).

Corollary 3.12. For each n € N, let ¢, : A — R be a convex lower-semicontinuous function defined on a
nonempty closed and conver subset A of a Hausdorff locally convex space (X, +,-,T), then for every sequence
Z:= (x, :n € N) in A, either there exists a subsequence without any cluster points, or else, there exists a
_ , ~ B

subsequence Z|y such that ¢ is a constant on K(Z|;), for each ¢ € {¢y, :n € N}Tp( ),

Proof. Let T := (z, : n € N) be a sequence in A and suppose that every subsequence of Z has a cluster
point. Let Jy := N. We inductively construct a decreasing sequence of infinite subsets (J,, : n € N) of N
such that ¢, is a constant on K(Z|;, ), for each n € N.

We begin as follows. Since ¢; is convex and lower-semicontinuous, there exists, by Lemma 3.11, an infinite
subset Jq of N such that ¢; is constant on K(z|, ).

Now, suppose that we have created infinite subsets J,, C J,_1 C --- C J; C N such that ¢; is constant on
K(Z|;,) for all 1 <i <mn.

Then, for the (n 4 1)*" step choose, using Lemma 3.11, an infinite subset J,41 of J, such that ¢,y is
constant on K(Z|s,,,).

Now, define J := {ny : k € N} C N such that ny < ng11 and ny € Jj, for all £ € N. Consider the subsequence
of Z given by Z|; = (zp, : k € N). Then, since J, 1 C J, for all n € N, we have that ny € J,,, for all m < k.
Let m € N. Then,

& # K(#ls) = K({aw, : k= m}) € K(@

J7n)7

and so 1 < |<pm(K(%\J))’ < |gom(K(%\Jm))| < 1. Since m was arbitrary, this gives that ¢,, is constant on
K(Z|;), for all m € N.

Now, let ¢ € {1 n € N}TP(A) and let x,y € K(z|s). Suppose, for a contradiction, that ¢(x) > ¢(y). Then

N:={F e R : F(z) > (1/2)[p(z) + ()]} N {F € R : F(y) < (1/2)[p(z) + ¢()]}
is a 7,(A)-neighbourhood of ¢. Since ¢ € {p, :n € N}TP(A) there must exist & € N such that ¢, € N.
However, this is impossible as ¢ (z) = pr(y) for all k € N, and so ¢ is constant on K(Z|;). O

By applying Corollary 3.12 we obtain the following technical result that is needed (i.e., provides the required
subsequence) in the proof of the general version of James’ weak compactness theorem.

Corollary 3.13. Let ¢ : X — R be a 7-continuous convex function defined on a locally convexr space
(X,+,-,7). If 7 is a Hausdorff locally convex topology on X such that (i) 7/ C 7 and (ii) ¢ is 7'-lower
semicontinuous then, for every sequence T := (z,, : n € N) in X, either there exists a subsequence without
any 7'-cluster points, or else, there exists a subsequence X|; of T such that ¢ is constant on, y — aK,/(Z| )
for all y € span{z,, : n € N} and all a € R.
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Proof. Let T := (x,, : n € N) be a sequence in X and suppose that every subsequence of Z has a 7’'-cluster
point. Observe that Y := span{z,, : n € N} is 7-separable, so let {y,, : n € N} be a countable, 7-dense subset
of Y. Moreover, let {g, : n € N} be an enumeration of Q\{0}. Now for all m,n € N, define ¢ : X — R by

o (@) = o(yn — gmz) for all z € X.

Since & — (Yn, — gma) is a 7'-continuous affine function and ¢ is convex and 7'-lower semicontinuous, we
have that ¢ is 7’-lower-semicontinuous and convex for all m,n € N. Then, by Corollary 3.12, [applied
in (X,+,-,7')] there exists a subsequence, Z| s, of ¥ such that v is constant on K, (Z|;), for each ¢ in the
Tp(X)-closure of {¢' : m,n € N}.

Now observe that, for all @ € R and all y € Y, the function ¢j : X — R given by pg(x) := p(y — ax) is
in the 7,(X)-closure of {¢" : m,n € N}. To see this, fix y € Y and a € R. Let F' := {z1,22,...,2%} be a
finite subset of X and let £ > 0. For each 1 < i < k choose a 7-neighbourhood U; of y and an open interval
Vi of a such that |o(y' — ¢'z;) — o(y — az;)| < € for all ¥’ € U; and all ¢ € V;. Note that this is possible
because ¢ is 7-continuous and the mapping (v',¢’) — (v — ¢'z;) is 7-continuous. Let U := (), ., U; and
V :=(\y<icp Vi then (y,a) € U x V. Since {y, : n € N} is 7-dense in Y there exists an n € N such that
yn € U and since {q,, : m € N} is dense in R there exists an m € N such that g, € V. Therefore,

lon (x:) — @y ()| = [0(Yn — gmzi) — p(y —az;)] <e  foralll <i<k.

This shows that, ¢ is in the 7,(X)-closure of {¢}" : m,n € N}. Therefore, ¢f (K. (z];)) = ¢(y — aK (Z|,))
is a singleton for all y € span{z, : n € N} and all a € R, as required. O

The last result we need before we can prove the full version of James’ theorem concerns the convergence of
the subsequences that we constructed in Part IV of the proof of Theorem 3.9.

Proposition 3.14. Let (X, 7) be a locally convex space and let T := (z, : n € N) be a sequence in a
T-compact convex subset K of X. If § := (yn : n € N) is any sequence such that yj € co{x, : n >k} for all
k €N, then cl(y) C K(Z).

Proof. Tt is sufficient to show that for any open convex neighbourhood, W of 0, cl(y) C K (%) + W. To this
end, let W be an open convex neighbourhood of 0. Then note that for &k sufficiently large,

{zp :n >k} Cc(T)+W.

Indeed if this is not the case, then we could construct a subsequence (z,, : k € N) of (z,, : n € N) such that
X, ¢ cl(Z)+ W for all k € N, However, since X \ [cl(Z) + W] is a closed set containing {z,, : k € N} we
have that {z,, : kK € N} N[cl(Z) + W] = &, but this is impossible since {z,, : k € N} Ncl(Z) # @. Thus, we
have a contradiction. Therefore, if y € ¢l(¥), then for k sufficiently large, we have that

yE€{yn :n >k} Ccof{x, :n>k} C K(Z)+W since, K(Z)+ W is closed and convex.
Hence, cl(y) C K(Z) + W as required. O

Theorem 3.15 (James’ Theorem: version 3, [21]). Let C be a closed and bounded convex subset of a Banach
space (X, || -|). If every x* € X* attains its supremum over C, then C is weakly compact.

—<w*

Proof. To show that C' is weakly compact, it suffices to show that K := C CcX (see Remark 2.26).
Suppose, for a contradiction, that this is not the case. Then there exists ' € K \)? . Since X is a closed
subspace of X**, this means there must exist 0 < ¢ < dist(F, )/f) Let (By, : n € N) be a sequence of strictly
positive numbers such that lim,, . 5% Zznﬂ B; =0.

Part I: We inductively create the two sequences (Z, : n € N) in C, and (f, : n € N) in Sx«, which
satisfy the statements (A4, ) and (B,,), exactly as in Part I of the proof of Theorem 3.9.

Part II: Define p : X* — R to be p(z*) = sup{z*(c) : ¢ € C} for all z* € X*. Then p is norm-
continuous, weak*-lower-semicontinuous and convex. Just as in Part IT of the proof of Theorem 3.9, passing
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to a subsequence does not disturb the statements (A,,) and (B,,).

So, by passing to a subsequence and relabelling if necessary, we may assume, by Corollary 3.13, that p
is constant on f — aKy«(fn : n € N) for all f € span{f, : n € N} and all a € R. Since (f, : n € N) is a
sequence in Bx- (which is weak*-compact), it must a have a weak*-cluster point, call it foo.

Part II1: This step is exactly the same as Part IIT of the proof of Theorem 3.9 - we deduce that Zx(foo) =0
for all k € N and that 2, (fx) > /2 for all n > k; from which we conclude that Z,, (fr— foo) > €/2 for alln > k.

Part IV: As in the proof of Theorem 3.9, we use Lemma 3.3 to construct a sequence (g, : n € N) such that
for all n € N:

(i) gn € co{fr : k> n} and

(i) P, Bigi — foo)) + Bur1e/4 < p(X17) Bilgi — fxo))-

Part V: Since (g, : n € N) is a sequence in Bx« (which is weak*-compact), it must a have a weak*-cluster
point, call it goo. Then, by Proposition 3.14, we have that goo € Ky« (fn : n € N). While it may no longer
be the case that f,, = g as in Theorem 3.9, we do have that, for all n € N,

p(Z?:ﬁi(gfgoo)) = p(Z?:1ﬂigi*Z?:1ﬂi‘QOO) = p(Z?:1ﬂigi*Z?=1ﬂi'f00) = p(zyz1ﬂi(gi*f00)) (**)

since goo € Ky (fn : n € N) and for all f € span{f, : n € N} and all a € R, the set p(f — aKy+(fn : n € N))
is a singleton. As in Part V of the proof of Theorem 3.9, we set g := >~ 5;(¢i—goo) and deduce that g € X*.

Part VI: This final step is almost the same as Part VI of the proof of Theorem 3.9, with two small
changes that we note here. We may replace f., with g, throughout the inequalities, not because foo = goo
but because of statement (xx) above. Lastly, the final contradiction is not because lim,,— oo gn(¢) = goo(c)
necessarily, but because liminf,,_,+ gn(¢) < goo(c). This still gives a contradiction. O

3.4 James’ Theorem: applications

Theorem 3.16 ([20]). Let (X, || ||) be a Banach space. Then X is reflexive if, and only if, every continuous
linear functional x* on X attains its norm (i.e., there exists an © € Bx such that ||x*| = z*(x)).

Proof. By Theorem 2.26, X is reflexive if, and only if, By is weakly compact. So the result now follows from
Theorem 3.15 once one remembers that every continuous linear functional on X is continuous with respect
to the weak topology on X. O

Note: if X is reflexive then one can use the Hahn-Banach Theorem to directly show that every continuous
linear functional on X attains its norm. Indeed, suppose that z* is a nonzero continuous linear functional
on X. Then by Corollary 2.13 there exists an z** € Sx«« such that z**(z*) = ||z*||. However, since X is
reflexive, ** = 7 for some = € Sx. Hence, ||z*|| = 2**(2*) = Z(2*) = 2*(x). This shows that =* attains its
norm.

We now recall a geometric concept in Banach space theory. We say that a Banach space, (X,] - ), is
uniformly convex if, for any € > 0, there exists . > 0 with the following property: if z,y € Bx and
|z +yl| > 2 — 0, then ||z —y|| <e.

Theorem 3.17 ([41]). Let (X, | -||) be a Banach space. If (X, || -||) is uniformly convex, then (X, || -||) is
reflexive.

Proof. Let a* € Sx~ and define (z,, : n € N) in Bx so that a*(x,) > 1 — % Let € > 0 and choose J. > 0
such that if z,y € Bx and ||z + y|| > 2 — d., then ||z — y|| < & Then, for n,m € N greater than Ny :=2/¢.,
we have that 2 > ||z, + || > 2*(2n + ) > 2 — 0. By the uniform convexity of X, this gives that for
n,m > Ny, we have ||z, — zp| < e. So, (z, : n € N) is a Cauchy sequence in X. Therefore, (z,, : n € N) is
convergent to some z € Bx. It is clear that for this x, *(x) = 1 = ||z*||. Since z* was arbitrary in Sx-,
every x* in X* attains its norm, and so, by Theorem 3.16, X is reflexive. [J

23



Another interesting application of Theorem 3.15 is the Krein-Phillips theorem.

Corollary 3.18 (Krein-Phillips Theorem, [30,43]). Let C' be a weakly compact subset of a Banach space
(X, |- 1) Then eo(C) is also weakly compact.

Proof. Let K :=@o5(C). Since C is weakly compact, every z* € X* must attain its supremum over C i.e.
for every «* € X*, there exists c € C C K such that 2*(c) = sup,cc 2* (). However, for every z* € X*, it
is a routine observation that

supz*(x) = sup z*(x) = sup z*(x).

zeC z€co(C) zeK
Thus, every z* € X* attains its supremum over K too. Therefore, by James’ Theorem (Theorem 3.15), K
is weakly compact. [

Using Theorem 3.4 we can prove some well-known results of S. Simons, see [48]. For a detailed survey of
Simons’ results and applications thereof, see [5].

Theorem 3.19 (Simons, [48]). Let K be a weak*-compact, convexr subset of the dual of a Banach space

(X, |- 1), let B be a boundary for K, and let f, : K — R be weak*-lower-semicontinuous, convex functions,

for alln € N. If (fn : n € N) is equicontinuous with respect to the norm, and limsup f,,(b*) < 0 for all
n—oo

b* € B, then limsup f,(z*) <0 for all z* € K.

n—oo

Proof. Let ¢ > 0. For each n € N, define:

Cni= [y € K : fuly") <¢/2}.

k>n

Let k € N. Since fi : K — R is weak*-lower-semicontinuous and convex, the set {y* € K : fi(v*) < ¢/2}
is weak*-closed and convex. It follows that for all n € N, C,, is the intersection of weak*-closed and convex
sets, and so is weak*-closed and convex itself. Then, since C,, C K for all n € N, we have that C,, is
weak*-compact and convex for all n € N. Moreover, if b* € B, then limsup,,_,. f»(b*) <0 and so b* € Cy
for some N € N. Hence, (C,, : n € N) is a countable cover of B by weak*-compact, convex subsets of K.
Therefore, since B is a boundary for K, by Theorem 3.4 we have that co[lJ, ey Cn] = U,eny Cn (since
Cp, C Cpyq for all n € N) is norm-dense in K. Let * € K. Since (f, : n € N) is equicontinuous with respect
to the norm, there exists a § > 0 such that f,(z*) < f,(y*) + /2 for all n € N and all y* € B(z*,9).

However since |J,,cy C is norm-dense in K, there exists N € N such that B(z*,§) N Cy # @. There-
fore, f,(xz*) < e for all n > N and so limsup,,_, ., fn(z*) < e. Since € > 0 and z* € K were arbitrary, we
have that limsup,,_, . fn(z*) <0 for all 2* € K as claimed. O

Corollary 3.20. Let K be a weak*-compact, convex subset of the dual of a Banach space (X,| - ||) and let
B be a boundary for K. Let (x, : n € N) be a bounded sequence in X and let x € X. If le b*(x,) = b*(x)

for all b* € B, then li_>m x*(xy) = 2" (z) for all z* € K.

Proof. For all n € N, define f,, : K — R to be given by

—

fo(®) == |a*(x,) — 2" (z)| = |(zp, — 2)(z™)] for all 2* € K.

Then f, : K — R is a weak*-lower-semicontinuous and convex function for all n € N, as 2* — (xn/—\x) (x*)
is weak* continuous and linear (into R) and r — |r| is continuous and convex. Furthermore, (f, : n € N)
is equicontinuous with respect to the norm. Finally, limsup,, . fn(b*) < 0 for all b* € B and so, by
Theorem 3.19, limsup,,_, . fn(z*) <0 for all z* € K. From this it is clear that nhﬂn;(} x*(xy) = z*(z) for all

rreK. O

Sometimes called the Rainwater-Simons Theorem, Corollary 3.20 is due to S. Simons (although he proved
it differently). It generalises a famous result of J. Rainwater, originally from [45].
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Corollary 3.21 (Simons). Let K be a weak™-compact convex subset of the dual of a Banach space (X, | -|),
let B be a boundary for K, and let (x,, : n € N) be a bounded sequence in X. Then

sup {limsupfc\n(b*)} = sup {limsupﬁc\n(x*)}.

b*eB n—r00 z*eK n—00

Proof. Since B C K, clearly

sup {limsup%\n(b*)} < sup {limsupﬁfn(x*)}.

b*eB n—ro0 z*eK n—o0

So it only remains to show that

sup {limsupfn(b*)} > sup {limsupﬁc\n(x*)}.
b*eB n—o0 z*eK n—00
To this end, let
r = sup {limsupfn(b*)}7

b*eB n— 00
and for each n € N, let f,, : K — R be defined by f,(z*) := sup{Zx(z*) : K > n} —r for all z* € K. Then,
for all n € N, f,, is weak*-lower-semicontinuous and convex, as the pointwise supremum of a family of convex
functions is again convex and the pointwise supremum of a family of lower semi-continuous functions is again
lower semi-continuous. Furthermore, (f,, : n € N) is equicontinuous with respect to the norm and moreover,
lim;, o0 frn(b*) < 0 for all b* € B. Therefore, by Theorem 3.19, lim,, o fn(z*) < 0 for all z* € K. From
this, the result is immediate. [

In the next part of this subsection we will show that in order to deduce that a closed and bounded convex
subset C' of Banach space (X, || -||) is weakly compact it is not necessary to show that all the elements of
X* attain their maximum value of C, but only a “large” subset of X*. To achieve this goal we need some
more definitions.

Let K be a subset of the dual of a normed linear space (X, || - ||). A point z* € K is called a weak®™ exposed
point of K if there exists a z € X \ {0} such that Z(z*) > sup,.c Z(y*). There are some simple, but useful,
facts that we can easily deduce about weak* exposed points.

Firstly, (i) if * is a weak* exposed point of K then Az* is a weak* exposed point of AK for any A € R\ {0};
(ii) if 2* is a weak™ exposed point of K then z* + y* is a weak* exposed point of K + y* for any y* € X*;
(iii) if * € A C K is a weak® exposed point of K then z* is a weak* exposed point of A.

The next result shows that weak™ exposed points are directly related to weak compactness.

Proposition 3.22. Let K be a closed and convex subset of the dual of a Banach space (X, ||-]|). If0 € int(K)
and every point of BA(K) is a weak® exposed point of K, then K, is a weakly compact subset of X.

Proof. We shall appeal directly to Theorem 3.15. To this end, let z* € X*\ {0}. We consider two cases.
Case (I) Suppose that for every 0 < A\, A\z* € K. Let k € K, and let 0 < A\. Then

Ax* (k) = (A\x™)(k) <1 since, Az* € K C (K,)°.

Therefore, z*(k) < A~!. Since 0 < A was arbitrary, z*(k) < 0 and so z* attains its maximum value over K,
at 0 € K.

Case(II) Suppose that for some 0 < A, (Az*) ¢ K. Let A := {r € [0,00) : ra* € K}. Then A is a
closed and bounded interval of [0,00) since K is closed and convex and A € A. Let \g := max,cpr. Then
Xoz* € BA(K). Hence there exists a € X \ {0} such that

AoZ(z*) = Z(Aox™) = sup Z(y*) >0 since, 0 € int(K).
y*eK
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By replacing by px for some p > 0 and relabelling if necessary, we can assume that

1=Z(\z*) = sup Z(y*) = sup y*(2).
y*eK y*eK

Therefore x € K,. On the other hand, since A\gz* € K C (K,)° we have that
(Moz™)(k) <1 = (Noz™)(z) forall k€ K.

Therefore A\gx™ attains its maximum value over K, at x, and hence so does z*. Therefore, by Theorem 3.15,
K, is weakly compact. [

Theorem 3.23 ([24]). Let (X, - ||) be a Banach space. If there exists a weak* open subset U of X* such
that @ # Sx+ NU and every member of Sx« NU attains its norm on X, then X is reflexive.

Proof. Suppose that {z1,22,...,2,} € X, e > 0 and 2 € X* are chosen so that if

W= ({z" € X"t 2" (zx) — 2 (za)] <e}  and W= [){z* € X" : 2" (zx) — 2(21)| < &}
k=1 k=1

then @ # Sx~ NW' and every member of Sx- N W attains its norm on X (i.e., every point of Sx- N W is a
weak™ exposed point of Bx» - just consider the x € Bx such that Z(z*) = ||z*|| = 1). Let K’ := W N Bx-.
Then K’ is closed and bounded and convex. Furthermore, int(K’) # @. Let us now recall some basic facts
from general topology. If A and B are closed subsets of a topological space (T, 7) then

Bd(AN B) C (Bd(A) N B) U (Bd(B) N A) C Bd(A) UBd(B).

So Bd(K’) C [BA(W) N Bx+] U [Sx~ N W]. We claim that every point of BA(K") is a weak* exposed point.
To see this, suppose that * € BA(W) N Bx+ C Bd(W). Then clearly, 2* is a weak* exposed point of the
set W (exposed by y, for some 1 < k < n). Then by property (iii) above, z* is a weak* exposed point of
W NBx-. If * € Sx- N W then by the way W was chosen, x* is a weak® exposed point of Bx+ and hence
by property (iii) above, also a weak* exposed point of Bx+ NW. Choose z* € int(K’) and let K := K' — z*.
Then 0 € int(K) and by property (ii) above, each point of Bd(K) is a weak* exposed point. Thus, by
Proposition 3.22, K, is weakly compact. Now since K is bounded, 0 € int(K,). Hence X is reflexive. [

The proof of the next theorem can be found in [36], (see also [39,40]). Its conclusion is phrased in terms
of the notion of “relative weak compactness”. So in order to avoid any possible confusion we will give the
precise definition of this notion here. A subset C' of a Banach space (X, || - ) is said to be relatively weakly
compact if its closure, with respect to the weak topology on X, is weakly compact.

Theorem 3.24 ([47]). Let (X, || -||) be a Banach space and let f : X — RU{oc} be a proper function on X.
If f —a* attains minimum for every x* € X* then for each a € R, S(a) :={(y,s) € X xR : f(y) < s <a}
1s relatively weakly compact.

Proof. In this proof we will identify the dual of X x R with X* x R. We will also consider X x R endowed
with the norm [|(z,7)||1 := ||z|| + |r| and note that with this norm, (X x R,|| - ||1) is a Banach space.
We shall apply James’ theorem, (Theorem 3.15), in X x R. Let H := {(z,r) € X xR : r = 0} and
define T : (X x R)\ H — (X x R)\ H by, T(x,r) := r~*(x,—1). Then T is a bijection. In fact, T is
a homeomorphism when (X x R)\ H is considered with the relative weak topology. Note that since f is
bounded below we may assume, after possibly translating, that 1 = inf,cx f(z). Our proof relies upon the
Fenchel conjugate (see, [46, page 102] or [2, page 49]) f* : X* — R of f, which is defined by,
£1(@") = supla” (o) = f(0)] = = inf [f(0) " (&) =~ miglf(e) — " (o) = o (&) — f o).

It is routine to check that f* is convex on X* (see, Proposition 5.2, part (i)). We claim that ¢5[T (epi(f)) U
{(0,0)}] is weakly compact. To show this, it is sufficient, because of James’ theorem, to show that every

non-zero continuous linear functional attains its maximum value over T'(epi(f)) U {(0,0)}. To this end, let
(z*,r) € (X* xR)\ {(0,0)}. We consider two cases.
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Case (I) Suppose that for every 0 < A, f*(Az*) < M. Then 2*(z) — A1 f(z) < 7 for all z € X and all
0 < A. Let (y,s) € epi(f) and let 0 < A. Then,
(@*,r)(T(y,5)) = s (2" (y) =) <571 2" () = [2"(y) = A W) = s AT <A™

since 0 < 1 < f(y) <s. As 0 < X was arbitrary, (z*,7)(T(y,s)) <0 = (z*,7)(0,0). Thus, (z*,r) attains its
maximum value over T'(epi(f)) U {(0,0)} at (0,0).

Case(II) Suppose that for some 0 < A, Ar < f*(Az*). Then, since the mapping, A — f*(Nx*), is real-
valued and convex, it is continuous. Furthermore, it follows, from the intermediate value theorem applied
to the function g : [0, A\] = R, defined by,

g(\) == ff(Na*) = Nr forall N €]0,)],
that there exists a 0 < g < A such that g(u) =0, i.e., f*(ux*) = pr, since
0(0) = £*(02") = — inf () = ~1 <0 < g().

Thus, p(x*,r) = (uz*, f*(uz*)). Choose z € X such that f*(uz*) = pa*(z) — f(z). We claim that (z*,r)
attains its maximum value over T'(epi(f)) U {(0,0)} at T(z, f(2)) = f(2)"'(z,—1). Now,

(@ )T f(2) = )@ (@) =) = ()7 @ (2) = - ()]
- )

(@, 1) (T(y.5)) = s (@"(y) —r)=s""(2"(y) = [u™" f* (ua")])
< st - ) e @D =sT e < et = (@0 n)(T(z £(2)

since 0 < 1 < f(y) < s. Note also that (z*,7)(0,0) = 0 < =t = (z*,r)(T(z, f(2))). Therefore, by James’
Theorem 3.15, co[T (epi(f)) U {(0,0)}] is weakly compact.

Let 1 < a, then T'(S(a)) C co[T(epi(f)) U {(0,0)}] N {(z,r) € X x R:r < —a~!'}; which is weakly compact
and disjoint from H. Therefore,

S(a) € T~ (@[T (epi(f)) U{(0,0)}] N {(z,7) € X xR:7 < —a™'});

which completes the proof. [

For each a € R, let L(a) := {x € X : f(x) < a}. Tt follows from Theorem 3.24 that if (X, || -||) is a Banach
space, [ : X — RU{oo} is a proper function on X and f — z* attains minimum for every z* € X* then, for
each a € R, L(a) is relatively weakly compact, since L(a) = 7(S(a)), where 7 : X x R — X is defined by,
m(x,r) =z for all (z,r) € X x R and is weak-to-weak continuous, (see Proposition 2.10).

An interesting corollary of this result is the following.

Corollary 3.25 ([47]). Let ¢ : U — R be a continuous convez function defined on a nonempty open convex
subset U of a Banach space (X, | - ||). If ¢ — x* attains minimum for every x* € X* then X is reflexive.

Proof. For eachn € N, let I, := {x € U : p(x) < n}. Then each set F}, is closed and U = | J,, ¢y Frr. Since X
is a Banach space, U is of the second Baire category. Thus, there exists an ng € N such that int(F),,) # @.
In particular, there exists an z¢ € F),, and a dg > 0 such that B[z, dg] C F),,. Therefore, by Theorem 3.24,
Blxg,do] = xo + doBx is compact with respect to the weak topology, and hence so is Bx. The result now
follows from Theorem 2.26. [

Lemma 3.26 ([35]). Let (Y,]||-||) be a Banach space and C be a nonempty bounded subset of Y xR, endowed
with the norm ||(y,7)|l1 := |lyll + |r|. If for every z* € Y*, max{(z*, —1)(y, s) : (y,s) € C} ewists, then C is
relatively weakly compact.
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Proof. Let m: Y x R =Y be defined by n(y,r) ==y, A:=7n(C) and f : Y — RU {oco} be defined by,

) ::{ i;f{seR:(y,s) eC} ig;j

Then f is a proper function on Y and z* — f attains it maximum for every x* € Y*. To confirm this second
assertion, consider the following. Let z* € Y, then

supa” = f)y) = sup(a” = f)(y) = sup (:Jf*(y)—(%%f6 cs):?e”j (m*(y)+(y§3120(—8))
= sup( swp (@'(y)—s)) = swp (@) —s5)= swp (@ -Ds): (D)
y€A N (y,s)eC (y,5)€C (y,s)eC

Now, by assumption, there exists an element (yo, so) € C such that (z*, —1)(yo,s0) = sup (z*, —1)(y,s).

(y,s)€EC
Thus,
sup(z* — f)(y) = (" = f)(wo) = 2"(y0) — f(yo)
yey
> x"(yo) —so  since f(yo) < so
= sup (z%,—-1)(y,s)
(y,s)eC
= sup(z” - f)(y) by (1)
yey

From this it follows that

(2" = ){yo) = sup(a” = f)(y) and 50 = f(yo)-

Therefore, by Theorem 3.24, for each a € R, S(a) := {(y,s) € Y xR : f(y) < s < a} is relatively weakly
compact. Since C' is bounded there exists an a € R such that C C S(a). O

Theorem 3.27 ([35]). Let (X,| - ||) be a Banach space and let A and B be nonempty closed and bounded
convez sets with 0 < dist(A, B). If every x* € X* with sup{(z*(b) : b € B} < inf{z*(a) : a € A} attains its
infimum over A and its supremum over B, then both A and B are weakly compact.

Proof. To show that both A and B are weakly compact it is sufficient (and necessary) to show that B — A
is weakly compact. This will be our approach. From the hypotheses it follows that if C':= B — A, then C'is
a bounded nonempty closed and convex subset of X with 0 ¢ C. Furthermore, it follows that each z* € X*
with sup{z*(c) : ¢ € C'} < 0 attains it supremum over C. Choose y* € X* such that sup{y*(c) : c € C'} < 0.
Note that such a functional exists by the Hahn-Banach theorem. Let Y := ker(y*) and choose 2y € C. Define
S:Y xR — X by, S(y,r) := y+rxo and let us consider Y x R endowed with the norm ||(y, 7)||1 := ||y|| + 7|
Then S is an isomorphism and there exists an 0 < € and an € < a such that

S~HC)C{(y,r) €Y xR:e <r<a}.

Moreover, each (z*,r) € (Y x R)* with sup{(z*,7)(y, s) : (y,s) € S71(C)} < 0 attains its supremum over
S7H(C). Let m: Y x R = Y be defined by 7(y,7) :=y, A:=m(S71(C)) and f:Y — RU {oo} be defined
by,

00 ify & A

Next, we define T : Y x (R\ {0}) = Y x (R\ {0}) by T(y,s) := s~ *(y, —1). Then T is a bijection. In fact,
T is a homeomorphism when Y x (R \ {0}) is considered with the relative weak topology. Let f*:Y* — R
be defined by,

)= { M ER G0 €STHON e

f*(x*) := sup[z*(y) — f(y)] = sup{(z*, —1)(y,s) : (y,8) € ST (C)}, as in the proof of Lemma 3.26.
yey
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It is routine to check that f* is real-valued and convex on Y™* (see, Proposition 5.2, part (i)). To show that
C is weakly compact it is sufficient to show S~1(C) is weakly compact, and to show that S=1(C) is weakly
compact, it is sufficient to show that

weak

T(S™HC)) CT(S7H(0))  C{(y,r)eY xR:—1/e <r < —1/a}
is a relatively weakly compact subset of Y x R. To achieve this we appeal to Lemma 3.26. First note that

T(S~Y(C)) is a nonempty bounded subset of Y x R. Then consider any x* € Y*. We consider two cases.

Case (I) Suppose that for every 0 < A, f*(Az*) < —A. Then z*(y) — A" f(y) < —1 for all y € Y and
all 0 < A. In particular, —A71f(0) < —1 for all 0 < A, i.e., A < £(0) for all 0 < A. On the other hand,
S(0,1) =20 € C, i.e., (0,1) € S7HC) and so f(0) < 1. Thus, Case (I) does not occur.

Case(II) Suppose that for some 0 < A\, =X < f*(Az*). Then, since the mapping, X' — f*(Nz*), is real-
valued and convex, it is continuous. Furthermore, it follows from the intermediate value theorem applied to
the function g : [0, \] = R, defined by,

g(\) == ff(Na*)+ X for all X € [0, \],
that there exists a 0 < p < A such that g(u) =0, i.e., f*(uz*) = —pu, since

9(0) = £(02") = — inf f(y) <~ < 0 =0 < g().

Thus, p(a*, 1) = (ua*, f*(ua*)) and so f*(ua*) = sup{(pz*, —1)(y, s) : (y,s) € S7H(C)} = —p < 0.

Choose (z,s0) € S71(C) such that (uz*,—1)(z,s0) = sup{(uz*,—1)(y,s) : (y,s) € STHC)} = f*(pz*).
Note that, as in the proof of Lemma 3.26, z € A and sy = f(z). We claim that (z*, —1) attains its maximum
value over T(S71(C)) at T(z, f(2)) = f(2)"1(z,—1). Now,

(@, =D)(T(z f(2)) = f2)7H@"(2) +1) = f(z) " (@"(2) = [u™" f* (uz™)])
= )N ) - () — ) =
On the other hand, if (y,s) € S~(C) then
(@, -1)(T(y,s)) = (@*(y) +1) = s~ (2" (y) — [ f(pa™)])
< sTHa(y) [t (y) T WD) =sT e <t = (@0 - D)(T(2 £(2)))
since 0 < € < f(y) < s. This completes the proof. [

571
s

Remark 3.28. [t might be interesting to note the following: If (X, || - ||) is a Banach space, A and B are
nonempty closed and bounded convez sets such that every x* € X* with inf{z*(a): a € A} < sup{z*(b): b€
B} attains its infimum over A and its supremum over B, then both A and B are weakly compact. To see
this, note that C := co[{0} U B — A] is a closed and bounded convex subset of X with the property that every
continuous linear function attains it supremum over C.

A special case of the previous theorem was given in [4].

Example 3.29. Let (X, | -||) be a non-trivial normed linear space. Then there exists an equivalent norm
-l on X and a nonempty open subset U of X* such that every member of U attains its norm on (X, || - |)-

Proof. Choose g € X with ||zg|| = 2. Then, by the Hahn-Banach theorem, there exists a continuous
linear functional z* € Sx- such that z*(zg) = 2. Let U := {y* € X* : |ly* — 2*|] < 1/3} and let
B := co(Bx U{zg, —x0}). Then B is convex, bounded, symmetric and 0 € int(B). Therefore, B is the closed
unit ball of some equivalent norm || - || on X. Furthermore, every member of U attains its maximum value
over B at xzg. Indeed, if y* € U then

y*(xo) = " (wo) + [y" (z0) — 2" (w0)] = 2 = |ly" — 2™ [[[|zo]| > 4/3.
On the other hand, for any = € Bx,
y (x) = " (2) + [y*(z) — 2" ()] <1+ [ly" — 2 |[Jzl] <14+ 1/3 =4/3 <y*(z0)

and y*(—xzg) = —y*(x9) = —2 < y*(x0). Therefore, y* attains its maximum value over B at xg. [
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Together, Example 3.29 and Theorem 3.23 give rise to the following conjecture.

Conjecture 3.30. Let (X, | -||) be a Banach space. If there exists a weak open subset U of X* such that
& #+ Sx+ NU and every member of Sx~ NU attains its norm on X, then X is reflexive.

A special case of this conjecture was proven in [24]. For some further results in this direction see [7].

4 Convex analysis and minimal uscos

In this section we prove a generalisation of James’ weak compactness theorem. Unfortunately, to achieve
this generalisation we will need to take an excursion into convex analysis and set-valued analysis. Hopefully,
some of the results along the way are of some interest in their own right.

4.1 Convex functions and monotone operators

We shall need the following very important fact regarding the continuity of convex functions.

Proposition 4.1 ([42, Proposition 1.6]). Let U be a nonempty open convex subset of a Banach space (X, ||-||)
and let ¢ : U — R be a convex function. If ¢ is locally bounded above on U, that is, for every xqg € U there
exists an M > 0 and a § > 0 such that B(xo,d) C U and p(x) < M for all x € B(xo,9), then it is locally
Lipschitz on U; that is, for every xog € U, there exists an L > 0 and 6 > 0 such that B(xo,0) CU and

lp(x) = e(y)| < Lz -yl
for all z,y € B(xo,9).

Proof. Let xg € U. Choose M* > 0 and 6 > 0 such that B(xg,2) C U and p(z) < M* for all z € B(xg, 29).
Then for all x € B(xo,d) we have that 2zg —x = 2o — (x — x0) € B(x0,9) and z¢ = (1/2)(2z¢ —z) + (1/2)x.
Hence,
209 — ) + p(x M* + p(x

s0 —p(x) < M* + 2|¢(xo)]; that is, |p(x)| < (M* + 2|p(zo)|) =: M’ for all x € B(zg,d). So |¢| is bounded
by M’ on B(zg,0). Let ¢’ := §/2. If x and y are distinct points in B(zg,d’), let a := || — y|| and let
z =y + (§/a)(y — z). Note that z € B(xg,20"). Since y = [a/(a + §")]z + [¢'/(a + §)]z is a convex
combination (lying in B(zg,24")), we have that o(y) < [a/(a+ §")]e(z) + [8'/(a + §")]p(z) and so

e(y) — (@) < [a/(a+0)]((2) — (@) + [0'/ (e + 8)](p(2) — ¢(x)) < (/d")2M" = 2M'/§") ||z — y.

Interchanging = and y gives the desired result, with M :=2M'/§'. O

Suppose that f : C — R is a convex function defined on a nonempty convex subset of a normed linear space
(X,||-1]) and = € C. Then we define the subdifferential 0f(x) by,

Of(z) :={x" € X" : 2" (y) — 2™ (x) < f(y) — f(x) for all y € C}.

We can also define the subdifferential in terms of the right-hand derivative of f. Suppose that f: U — R
is a convex function defined on a nonempty open convex subset U of a normed linear space (X, | - ||). Let
zo € U and let v € X. Then the right-hand directional derivative of f, at the point xg € U, in the direction
v, is defined to be

. + Av) — f(zo)

! cv) = 1 f(zo .

fi(woyv) := lim 5

Now there is a subtlety that we have overlooked. Namely, how do we know if the limit exists? Well, if we
revisit Lemma 3.1, then we can see why. So suppose f, xg and v # 0 are as in the definition of f! (xo;v)
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and suppose that 0 < 8 and 0 < 8’ Then,

flao+ B+ 8)v) — flwo) _ [flzo+ (B+)v) — flwo + Bv)] + [f(zo + Bv) — f(xo)]

Frh - B+p
> ﬁ (ﬂ[f(xo + Bv) — f(2o)] + [f (20 + Bv) — f(fro)]> by Lemma 3.1.
Ll (BB
5 (B 0+ 80) e
f (o + Bv) = f(o)

B

Therefore, ¢t +— M is an increasing function over (0,d) for some § > 0 small enough so that

zo + tv € U whenever 0 < ¢t < §. Since one can also use Lemma 3.1 to show that

f(xo + sv) — f(x0) < f(xo +tv) — f(x0)
S - t

for any s < 0 and 0 < ¢, (but small enough to stay in U),

we see that the limit in the definition of the right-hand directional derivative always exists.

We can now give the basic properties of the subdifferential mapping z — 9p(x).

Lemma 4.2 ([42, Proposition 1.11]). Let U be a nonempty open and convex subset of a normed linear space
(X, |- 1) and let ¢ : U — R be a continuous convex function. If xg € U then Op(xg) # @.

Proof. Let xy € U and define p : X — R by, p(z) := f/ (zo;z) for all z € X. Note that p is well-defined.
Let 0 < 4 < o0 and let z € X then

o(wo + A(pw)) — ¢(w0)

) =l 5
— 4 lim p(xo + (Au)z) — p(z0)
A—0+ /\[L
_ . p(wo + Nz) — p(x0) r_
= H,\/h_%+ v (where, X := A\u.)
= pup(z).

So p is positively homogeneous on X. Next, choose § > 0 such that B[zg,d] C U. We claim that p is convex
on B[0,4]. Fix n € N and define p,, : B[0, ] — R by,

_ etz (1/n)a) ~ plao)
pol) = (i)

for all x € B[0,d].

Since, x — xg + (1/n)z, is an affine map, x — ¢(z¢ + (1/n)z), is convex, and so p, is also convex. Now,
p(z) = lim, oo pu(z) for each z € B[0,6]. Therefore, p|pjo s is convex, as the pointwise limit of convex
functions is again convex. Since p is also positively homogeneous on X it is an easy exercise to show that p
is sublinear on X.

Let yo be any element of Sx and define f : span{yo} — R by, f(Ayo) := Ap(yo) for all A € R. Then
FQwo) = Ap(yo) = p(Ayo) < p(Ayo) for all 0 < A < oo. Now, fix 0 < A < oo, then

0 =p(0) = p((=N)yo + Ayo) < p((=N)wo) + P(Ayo).
Therefore, (—=A)p(yo) = —p(Ayo) < p((—A)yo). Thus,
F((=Nyo) = (=N)p(yo) < p((=A)yo)-
Hence, f(Ayo) < p(Ayo) for all A € R. Thus, by the Hahn-Banach Theorem (Theorem 2.11) there exists a

linear functional F': X — R such that F(z) < p(z) for all z € X. Note also, that by Proposition 4.1 and
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the definition of p, there exists an L > 0 such that F(z) < p(z) < L||z| for all z € X. Thus, F € X*. We
claim that F € dp(xq). To see this, let € U then

F(z)— F(xg) = F(z—xo)
< plz— o)
L ln M ) — ()
A0+ A
P(xo + 1(z — m0)) — p(20)
1
= (@) = p(xo).

since, A — W(I0+A(x*AIO))7<p(zg)

IN

, 1s increasing over (0, 1].

This completes the proof. [

Proposition 4.3 ([42, Proposition 1.11]). Let U be a nonempty open and convex subset of a normed linear
space (X, ||-]]) and let ¢ : U — R be a continuous convex function. If xg € U, then Op(xo) is a weak*-compact
convex subset of X*. Moreover, the map x — Op(x) is locally bounded at xo. That is, there exists an L > 0
and a 6 > 0 such that B(zg,d) CU and ||z*|| < L whenever x € B(xg,d) and x* € dp(x).

Proof. For each z € U, let F, := {z* € X* : 2*(z — x9) < o(x) — (x0)} = (& — 29) (=00, p(z) — ©(z0)].
Thus, each set I, is weak” closed and convex. Now, 0¢(z0) = [, ey Fz. Therefore, Op(zg) is weak™ closed
and convex. Let us now show that, z — Jdyp(x), is locally bounded at zy (Note: this will then automatically
show that dp(x) is weak* compact, by Theorem 2.23). By Proposition 4.1, there exists an L > 0 and a
d > 0 such that B(xg,d) C U and |p(z) — ¢(y)| < L||z — y|| for all x,y € B(zg,0). We claim that ||z*|| < L
whenever € B(xg,d0) and z* € dp(x). To this end, let x € B(xo,d) and a* € dp(x). Let v € Sx and
choose 0 < p such that « + pv € B(xg,d). Then,

oty E @) =) (o)~ pla) _ Lol _
7 7 7
Thus, ||z*|| < L. Note: we used here the simple fact that if 2*(v) < L for all v € Sx then |z*|| < L. O

One of the most important features of the subdifferential mapping of a convex function is that it belongs to
a much studied class of set-valued mappings called “monotone operators”.

Let T : X — 2% be a set-valued mapping from (X, || - ||) be a normed linear space into subsets of its dual
X*. T is said to be a monotone operator provided (z* — y*)(x — y) > 0 whenever z,y € X and z* € T'(z),
y e T(y).

Proposition 4.4 ([42, Example 2.2]). If ¢ : U = R be a continuous convex function defined on a nonempty

open convex subset U of a normed linear space (X, || - ||) then T : X — 2X° defined by,
T(z) = op(x), ze€U
, x¢U

18 a monotone operator on X.

Proof. Let a*,y* € X* and suppose that «* € T'(z) and y* € T(y) for some z,y € X. Then z,y € U since
T(x) # @ and T'(y) # @. In fact, T(z) = dp(x) and T(y) = dp(y). Therefore,

'y —z) <py) —plz) and (=y")(y—z)=y"(z—y) <o) - 9(y).

If we add these two inequalities together we get (z* — y*)(y —z) < 0 and so («* — y*)(z —y) > 0. Hence, T
is indeed a monotone operator. [

32



4.2 Minimal Uscos

In order to prove our final “convex analysts” proof of James’ theorem, we will need to briefly consider some
notions from set-valued analysis.

A set-valued mapping ¢ from a topological space A into subsets of a topological space (X, 1) is 7-upper
semicontinuous at a point zyg € A if for each 7-open set W in X, containing ¢(z), there exists an open
neighbourhood U of z such that ¢(U) C W. If ¢ is 7-upper semicontinuous at each point of A then we
say that ¢ is 7-upper semicontinuous on A. In the case when ¢ also has nonempty compact images then we
call ¢ a 7-usco mapping. Finally, if (X, 7) is a linear topological space then we call a 7-usco mapping into
convex subsets of X a 7-cusco mapping.

Our interest in cusco mappings is revealed in the next proposition.

Proposition 4.5 ([42, Proposition 2.5]). If ¢ : U — R is a continuous convex function defined on a
nonempty open convexr subset U of a normed linear space (X,| - ||), then the subdifferential mapping,
x — Op(x), is a weak*-cusco on U.

Proof. Tt follows from Lemma 4.2 and Proposition 4.3 that we need only show that,  — dp(x), is weak*-
upper semicontinuous on U. So suppose, in order to obtain a contradiction, that d¢ is not weak® upper
semicontinuous at some point xo € U. Then there exists a weak* open subset W of X*, containing dy(zo),
such that for every 0 < d, dp(B(x0,d)) € W. Therefore, in particular, there exist sequences (z, : n € N) in
U and (z} : n € N) in X* such that lim,,_, o z,, = 2o and z}, € 0p(x,)\ W. Furthermore, by Proposition 4.3,
we can assume that the sequence (2 : n € N) is norm bounded in X*. That is, there exists an 0 < L such
that ||z} || < L for all n € N. Hence, by the Banach-Alaoglu Theorem, [1] the sequence (z} : n € N) has a
weak™ cluster-point z?_, which must lie in X*\ W. We will obtain our desired contradiction by showing that
zt, € 0p(xo) C W. To this end, fix ¢ € U and 0 < e. Since ¢ is continuous at z( there exists an N € N
such that ||z, — xo|| < &/L and |p(x,,) — ¢(z0)| < € for all N < n. Let N < n then,

L —

(T mo)(@)) = al(e—z0) = aile— )+ (e, - 20)
o(@) — p(@a) + a4l — 2ol

(@) — p0)] + [p(20) — P(@a)] + Llizn — a0
[p(x) — plao)] + & +=.

IN A IA

Therefore, z¥_(z — 20) = (¥ — zo)(2%,) < [o(z) — @(z0)] + 2¢. Since 0 < ¢ was arbitrary, we have that
xh(x — x0) < p(x) — @(xo). Since x € U was arbitrary, we have that z% € dp(z0), as desired. O

Among the class of usco (cusco) mappings, special attention is given to the so-called minimal usco (minimal
cusco) mappings.

An usco (cusco) from a topological space A into subsets of a topological space X (linear topological space
X)) is said to be a minimal usco (minimal cusco) if its graph does not contain, as a proper subset, the graph
of any other usco (cusco) on A.

It is not immediately obvious from this definition that there are any interesting minimal usco mappings at
all, apart from single-valued continuous functions (e.g. f: A — X), which are trivially minimal uscos once
one replaces f(x) with {f(x)} - to make them set-valued mappings. So our first task is to show that there
are always many minimal uscos.

Proposition 4.6 ([6]). Suppose that (X, 7) and (Y,7') are topological spaces and ¢ : X — 2Y is an usco on
X. If (Y,7') is Hausdorff then there exists a minimal usco mapping ¥ : X — 2¥ such that Gr(¥) C Gr(yp)
(i.e., every usco contains a minimal usco).

Proof. Let U denote the family of all usco mappings defined on X whose graphs are contained in the graph
of . Obviously U # @ as the mapping ¢ is contained in &/. We may now partially order U as follows. If
U, and Uy are members of U, then we write ¥y < 1) if ¥y(z) C Wy(x) for each x € X. Next, we apply
Zorn’s lemma to show that (U, <) possesses a minimal element. To this end, let {¥., : v € T'} be a totally
ordered subset of U and let ¢pr : X — 2¥ be defined by, o (z) := {¥,(z) : v € T'}. Since each ¥, (z) is
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nonempty and compact, ¢ () too is nonempty and compact. Let W be an open subset of Y and consider
U:={xe€ X :pyu(x) CW} We need to show that U is open in X. We may, without loss of generality,
assume that U # @ and consider zy € U. By the finite intersection property, there exists some 7y € I' such
that W, (z¢) € W. Hence there exists an open neighbourhood Uy of zg such that ¥, (Uy) € W, which
means that ¢ (Up) € W. Therefore zg € Uy C U and so U is open in X. From this, it follows that ¢y € U
and ¢y < U, for each v € T'. Thus, by Zorn’s lemma, (U, <) possesses a minimal element. It is now easy
to see that this element is in fact a minimal usco. [

A similar argument shows that every cusco contains a minimal cusco. However, there is a much more concrete
supply of minimal cuscos.

Proposition 4.7. Let ¢ : A — 25 be a weak*-cusco defined on a nonempty open subset A of a normed
linear space (X, | - ||). If the mapping T : X — 2% defined by, T(z) := ¢(x) if x € A and by T(z) :== @& if
x € X\ A, is a monotone operator, then ¢ is a minimal weak®-cusco.

Proof. Suppose, in order to obtain a contradiction, that ¢ is not a minimal weak*-cusco. Then there exists a
weak*-cusco U : A — 2% such that U(z) C p(z) for all x € A, but ¥(zq) # p(z) for some 2o € A. Choose
xg € w(xo) \ U(zg) = T'(20) \ ¥(x0). By the Separation Theorem (Theorem 2.17), applied in (X*, weak™),
there exists a y € X such that sup,«cy () ¥(y") < y(zg). Let W= {z* € X* : y(z*) < y(zg5)}. Then Wisa
weak*-open subset of X*, containing W(z(). Therefore, there exists an open neighbourhood U C A of xg such
that (U) C W. Choose 0 < t < oo such that xg +ty € U. Let y* € ¥(zo +ty) C o(zo + ty) = T(xo + ty).
Since T is a monotone operator, xj, € T'(xg) and y* € T(xg + ty), we have that:

ty" —25)(y) = (25 — y")(—ty) = (x5 — y*) (w0 — (w0 + ty)) > 0;

which implies that y*(y) > x§(y). However, this contradicts the fact that y* € W, i.e., y(y*) < y(af). Thus,
o must be a minimal weak*-cusco on A. [

Corollary 4.8. If o : U — R is a continuous convex function defined on a nonempty open convex subset U
of a normed linear space (X, || - ||), then the subdifferential mapping, x — Op(x), is a minimal weak*-cusco
onU.

Proof. By Proposition 4.5 we have that, x — 9dp(z), is a weak*-cusco on U. So the result follows from
Proposition 4.4 and Proposition 4.7. O

We will end our detour into set-valued analysis by giving two more results concerning uscos. The first one
shows that minimal usco behave a lot like quasi-continuous mappings, see [12, page 52], while the last result
shows how to convert an usco into a cusco.

Proposition 4.9 ([6,12]). Let ¢ : A — 2% be a minimal T-usco acting from a topological space A into
nonempty subsets of a topological space (X, 7). Then, for every pair of open subsets U of A and W of X
such that o(U) N W # &, there exists a nonempty open subset V. of U such that o(V) C W.

Proof. Let U be an open subset of A and let W be an open subset of X such that o(U) N W # &. We
consider two cases.

Case(I): If there exists a x € U such that ¢(x) C W, then the result follows directly from the 7-upper
semicontinuity of .

Case(II): Suppose that for each x € U, o(z) € W. Let ¥ : A — 2% be defined by, ¥(z) := p(x) N (X \ W)
if £ € U and by ¥(z) := p(z) if x € U. Then, by assumption, ¥ has nonempty compact images. In fact,
we claim that ¥ is a 7-usco on A. To show this, we need only show that ¥ is 7-upper semicontinuous. Let
xzg € A and let W’ be a T-open set in X containing ¥(xg). If 2o ¢ U then clearly there exists an open
neighbourhood V' of xg such that ¥(V) C W’ since, in this case, p(zg) = ¥(zg) € W’ and ¥(z) C ¢(x) for
all x € A. So we are left to consider the case when xg € U. Suppose xg € U. Then ¢(xg) € W' U W, since
o(xo) N (X \ W) = T(xo) C W’. Since ¢ is T-upper semicontinuous there exists an open neighbourhood V
of g, contained in U, such that (V) C W/ U W. Therefore,

Y(V) = (V)N (X\W) S (W UW)N(X\W) =W n(X\ W)W,
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This shows that ¥ is an 7-usco. Since, ¢ is a minimal 7-usco, we must have that ¢ = ¥, but then
p(U) = ¥(U) C (X \ W), which contradicts our original assumption that ©(U) N W # &. Therefore,
Case(IT) does not occur, and so the result follows from Case(I). O

Proposition 4.10 ([25,42]). Suppose that ¢ : A — 2% is a T-usco acting from a topological space A into
nonempty subsets of a locally convex space (X, +,-,7). If for each t € A, To" p(t) is a compact subset of X,
then the mapping ¥ : A — 2% defined by, V(t) := 0" p(t) for all t € A, is a T-cusco on A.

Proof. Clearly, ¥ has nonempty, compact convex images. So it is sufficient to show that ¥ is 7-upper
semicontinuous on A. Let 29 € A and let W be a 7-open subset of X, containing ¥(xy). Since vector
addition is continuous, for each x € W(x() there exist 7-open convex neighbourhoods U, of x and V, of
0 such that © = x4+ 0 C U, + V, C W. Since linear topological spaces are also regular we can assume,
by possibly making V, smaller, that U, +V, C W. Now, {U, : © € ¥U(xg)} is an open cover of ¥(xg).
Therefore, there exists a finite subcover {U,, : 1 <k <n} of {U, : x € ¥(zo)}. Let V :=(;1<,, Var- Then
V' is a convex open neighbourhood of 0 and futhermore, o

U (o) +VT < (U1§k§nka) +VT = Ulgkgn(ka JFVT) =C U1gk§n(Umk + Va, ) S W.

Since ¢(x9) C ¥(xg) + V, which is 7-open, there exists an open neighbourhood U of xy such that ¢(U) C
U(zg)+ V. Let € U. Then

() =0 p(z) S0 (U(xo) + V) C U(zg)+V CW since, U(zo)+ V' is closed and convex.

Here we used the fact that the sum of a closed set with a compact set is closed. [

4.3 A generalisation of James’ Theorem

By making an obvious modification to Corollary 3.13, we obtain the following lemma.

Lemma 4.11. Let ¢ : A — R be a T-continuous convex function defined on a nonempty convex subset A
of a locally convex space (X, 7) and let 7' be a Hausdorff locally convex topology on X such that (i) 7/ C 7
and (i) ¢ is T -lower semicontinuous. If T is a nonempty 7'-closed and convexr subset of X and S is any
T-separable subset of A such that S — T C A then, for every sequence T := (z,, : n € N) in T, either there
exists a subsequence without any 7'-cluster points, or else, there exists a subsequence, T|y, of T such that ¢
is constant on, y — aK . (Z|;) for ally € S and all a € [0,1].

The following lemma shows us that in Theorem 4.13 we get the weak™ lower semicontinuity of ¢ for free.

Lemma 4.12. Let (X,| - ||) be a Banach space and let A be a nonempty open convexr subset of X*. If

v : A — R is a continuous convex function and Op(z*) N X # @ for all x* € A, then ¢ is weak*-lower-
semicontinuous on A.

Proof. Let 3 € A and let € > 0. Then, there exists an & € dp(23) N X. Define h: A — R to be
h(z*) :=Z(x*) — T(xf) + ¢(zg5) for all z* € A.
Then observe that, since Z € dp(xf), we have h(z*) < p(z*) for all 2* € A. Now the set
U:={z" € A:|z(z" —x)| < e},
is a weak*-open neighbourhood of zf;, and for all z* € U, we have that
p(xg) —e < z(x") — Z(xp) + @(g) = h(a™) < p(z").

Therefore, ¢ is weak*-lower-semicontinuous at xj. Since xj was arbitrary, we conclude that ¢ is weak*-
lower-semicontinuous on A. [

At last, we can present our “convex analysts” version of James’ weak compactness theorem.
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Theorem 4.13. Let (X,| - ||) be a Banach space and let A be a nonempty open convexr subset of X*. If
v : A= R is a continuous convex function and dp(x*) N X # @& for all x* € A, then dp(x*) C X for all
x* e A

Proof. Let z§ € A. Without loss of generality, we may assume that z§ = 0. Indeed, if not, we consider
the function ¢ : (A — zf) — R given by ¢ (2*) := ¢(z* + zf). Note that 9 is continuous and convex and

that dp(z* + x3) = dp(x*) for all z* € A — z. In particular, ¢ (2*) N X # @ for all z* € (A — z3) and
dp(xy) = 01(0). So, if x§ # 0, we can simply translate ¢ and use the argument at 0.

Since A is open and since x* — Jdp(x*) is locally bounded (Proposition 4.3), there exist m,L > 0 such
that mBx~ C A and ||z**|| < L for all 2** € dp(mBx~). Let (8, : n € N) be a sequence of strictly positive
numbers such that > 7, 3, < m/2 and lim,,_,« ﬁi Y1 Bi=0.

Since x* — Jp(z*) is a minimal weak*-cusco, (see, Corollary 4.8) we know that there exists a minimal
weak*-usco, M : A — 2X77 such that M(z*) C dp(x*) for all z* € A, by Proposition 4.6. In fact, by
Proposition 4.10, we know that dp(z*) = co® [M(z*)] for all z* € A.

~

Therefore, to show that dp(0) C X, it suffices to show that M(0) C X. This is because if M(0) C X,
then M (0) is weakly compact (see Remark 2.25) and then, by the Krein-Phillips Theorem (Corollary 3.18),
co[M (0)] is also weakly compact. Since the weak* topology is weaker than the weak topology, ¢o[M(0)] is
clearly weak*-compact and hence weak*-closed. Therefore,

*

9p(0) = 5" [M(0)] = @[M(0)] C X.

So suppose, for a contradiction, that M (0) € X. Then there exists an F € M(0) \)/(: Since X is a closed
subspace of X**, this means there must exist an 0 < ¢ < dist(F, X).

Part I: Let fy = 0. We inductively create sequences (f, : n € N) in Sx«, (v, : n € N) in mBx~ C A, and
(Zpn : m € N) in X, such that the statements

(4,)  Nlvell <m/n and Z,, € dp(vy,).

(Bn) |(F—=z,)(fj)] <e/2forall0<j<n.

(Cn)  F(fn) >eand Zj(f,) =0forall<j<n.

are true for all n € N. [Note that for the remainder of this proof B(0,r) will denote the open ball in X*,
centred at 0, of radius r > 0.] For the first step, choose any v, € B(0,m) C A. Then d¢(v;) N X # & and
so we may choose 1 € dp(vy) N X which clearly satisfies |(F — Z1)(fo)| = 0 < /2. Now note that

dist(F, span{z }) > dist(F, X) > ¢,
and so, by Lemma 3.8, there exists f; € Sx+ such that F(f;) > ¢ and Z1(f1) = 0. So the statements (A1),
(B1) and (C4) hold.

Now fix k € N. Suppose that we have created {vi,...,v;}, {Z1,...,2%} and {f1,..., fr} such that the
statements (Ag), (Bg) and (C) hold true. Then consider the set

W= j_o{G € X™ 1 |(F = G)(f;)] <e/2}.

Note that F' € M(0) N W and so M(B(0, 757)) N W # &. Therefore, by the minimality of M and Proposi-

tion 4.9, there exists a nonempty open set V' C B(0, kﬂﬂ) such that M (V) C W.

Choose vg41 € V. Then |[vgs1]| < m/(k+1). By hypothesis, since vg41 € A, we have that dp(vgs1)NX # 2,
and so we may choose Zj11 € X such that

*

Bt € 0p(vipr) = 00" [M(vp41)] ST0° (W) S N o{G € X* 1 |(F = G)(f;)] < &/2}.
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Thus the statements (Ag+1) and (Bg+1) hold. Finally, observe that
dist(F,span{Z1, ..., Tp41}) > dist(F, X) > ¢,

and so, by Lemma 3.8, there exists fr+1 € Sx~ such that F(fry1) > e and Z;(fr41) =0foralll <j <k+1.
Therefore the statement (Cgy1) also holds. This completes the induction.

Part II: Now let (ng : k& € N) be a strictly increasing sequence of natural numbers. Then for all k¥ € N,
define v;, := vy, and z}, := z,, and f], := f,,. Also define fj := 0. Then the sequences (v, : n € N),

(@, :n e N) and (f), : n € N) still satisfy (A,,), (By,) and (C,,) for all n € N. Therefore, the properties (4,,),
(By) and (C,,) are stable under passing to subsequences.

Now, since dp(z*) N X # @ for all z* € A, we have that ¢ is weak*-lower-semicontinuous on A, by
Lemma 4.12. Let S := FBx- Nspan{f, : n € N} and T' := % Bx+ and note that S —T C mBx- C A.
Then, by passing to a subsequence and relabelling if necessary, we may assume, by Lemma 4.11, that ¢ is
constant on f — a[(m/2) Ky« (fn:n € N)] forall 0 <a <1 and all f € S. Since (f, : n € N) is a sequence
in Bx~ (which is weak*-compact), it must have a weak*-cluster point, call it fu.

Part II1: As in Part IIT of the proof of Theorem 3.9, we derive from the statements (B,,) and (C},) that
Zi(fso) = 0 for all k € N and that Z,,(fi) > /2 for all n > k; from which we conclude that @, (fr — foo) > €/2
for all n > k. We also note that, from the statement (A, ), we have v,, — 0 in norm. Therefore, since ¢ is
norm-continuous, there exists Ny € N such that

lp(vn) — @(0)| < B1e/8, for all n > Nj.
Lastly observe that for all n € N, v,, € B(0,m) and Z,, € d¢(v,,) and thus ||Z,,|| < L by the local-boundedness

of 0p. Therefore, if n > 8;;:, we have that

~ ~ Lm  Bie
Falon)] < [Fallonl < = < 225,

Part IV: For each n € N, let K, := co{fx : ¥ > n} — fo and note that (K, : n € N) is a decreasing
sequence of nonempty convex subsets of X*. Set r :=¢/8 > 0. Then we have that

Brr +¢(0) < fienlgl o(BLf).

To see this, let f € K;. Then f = Zle Aifn, — foo where 0 < \; for all 1 <4 < k and Zle Ai = 1. Set

N > max{nq,...,ng, No, SﬂLl?}' Then we have,

(B1f)=»(0) = [p(Brf) — p(vn)] + [p(vn) — »(0)]
>Zn(Bif) —Zn(on) + [p(vn) —(0)]  since Ty €0p(vn)
> 1N (f) —Zn(on) — Bie/8
> BN (f) — Pie/8 — Bie/8
= BIEN(Sioy Aifny — foo)) — Bre/4
= B0 NEN (fn, — foo) — Pre/4 > Bre/A.

Therefore, since f € K, was arbitrary, we have that 817+ ¢(0) < inf ek, ¢(51f) as claimed. So, by Lemma
3.2, there exists a sequence (g, : n € N) such that for all n € N:

(i) gn € co{fr : k> n} and
(i) (7 Bilgi = foo)) + Butir < 01 Bilgi = fo))- (%)

Part V: Since (g, : n € N) is a sequence in By, it must have a weak*-cluster point. So, let g, be a
weak*-cluster point of (g, : » € N). Then, by Proposition 3.14, we have that go, € Ky (fn : n € N). Since
for all n € N, we have that Y ; Big; € S = B Bx~ Nspan{f, : n € N}, and 0 < > | 8; < m/2, then

(2 im1Bi(9:=900)) = P(iza Bigi=2 i1 Bi-go0) = (it Bigi—2oi1 Birfoo) = (X iia Bil9i—foo))s (%)
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by the observation made in Part II. As in Part V of the proof of Theorem 3.9, we set g := Y .=, 8i(9i — goo)
and deduce that g € X™.

Part VI: Lastly note that ||g|| <232, 8; <m and so g € mBx~ C A. Therefore, there exists Z € X such
that T € d¢(g). Then, if n > 1,

S Bilgi — foo)) — (1 Bilgi — foo)) by (%)

< (
= 0(X1218i(9i = 900)) = P(7) Bilgs — o) by (%)
< o(9) — (312 Bilgi — o)) since p(g) = sup,ene(Xie Bi(gi — goo))
< 2(g) — F(X15 Bilgi — g9x))  since T € Dp(g)
=Z(3 2, Bi(9i — 900)) = BnZ(gn — goo) + 2o ion 1 BiZ(gi — goo)-

Rearranging gives us that

1 o0 ~ ~ 2 T
S (0~ 00) < 00— 00) + 12 ”zl B

Taking the limit, as n — oo, we get that

T <Z(gn — goo) +

1

r <liminf g,(x) — goo(x) + 2||Z]| ( lim L5

n— oo

Zfin+1ﬁi) = hnrggfgn(x) - goo(x)a

which contradicts the inequality lim inf g, () < goo(2). Thus, our assumption that M(0) € X was false.
n—oo
This completes the proof. [

Remark 4.14. To see that Theorem 4.13 is indeed a generalisation of Theorem 3.15 consider the following.
Suppose that C' is a nonempty closed and bounded convexr subset of a Banach space (X, | - ||) with 0 € C.
Define p : X* — R by, p(z*) := sup.cc x*(c) for all z* € X*. Then C C 0p(0). If every z* € X* attains its
supremum over C' then Op(x*) N X # @ for every x* € X*. This last fact follows because, if z* € X* \ {0},
c € C and p(z*) = x*(c) then ¢ € Op(z*). Thus, by Theorem 4.183,

*
—_—<w

C Cop(0) C X since, Op(0) is weak*-closed.

Hence, C is weakly compact by Remark 2.25. Let us also note that an earlier version of Theorem 4.13
appeared in [33, Theorem 2.2].

5 Variational Principle

The corner stone of this section is the Brgndsted-Rockafellar Theorem which gives the existence of subgra-
dients for lower semicontinuous convex functions defined on Banach spaces. The key notion behind this
theorem is the notion of an “c-subgradient”. Suppose that f : X — R U {oco} is a proper function on a
normed linear space (X, | - ||) and « € Dom(f). Then, for any £ > 0, we define the e-subdifferential O, f (x)
by,

Ocf(x) ={a" e X" 12" (y) — 2" (x) < f(y) — f(z) + ¢ for all y € Dom(f)}.

Theorem 5.1 ([3]). Suppose that f : X — RU {oo} is a convex proper lower semicontinuous function on
a Banach space (X, | -||). Then, given any point o € Dom(f), € > 0 and any x§ € O f(x0), there exists
x € Dom(f) and x* € X* such that x* € Of(x), ||lx — zol| < Ve and ||z* — zf]| < Ve

We will use the Brgndsted-Rockafellar Theorem (Theorem 5.1) to show that certain functions attain their
maximum value in a rather strong way, that we now make precise. We shall say that a function f :
X — [—00,00) defined on a normed linear space (X, | - ||) attains a (or has a) strong mazimum at xy €
X if, f(xo) = supyex f(z) and lim,_,o 2, = zo whenever (z, : n € N) is a sequence in X such that
lit oo £ (@) = sup,ex £(@) = f(zo).
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In addition to the Brgndsted-Rockafellar Theorem and the definition of a strong maximum, we shall require
one more definition. Let ¢ : X — 2¥ be a set-valued mapping acting between a topological space (X, )
and a normed linear space (Y, ]| -||). Then we say that ¢ is single-valued and norm upper semicontinuous at
o € X if, p(zo) =: {yo} is a singleton subset of Y and for each £ > 0 there exists an open neighbourhood
U of x¢ such that p(U) C Blyo,].

We shall now combine the Brgndsted-Rockafellar Theorem with these definitions in order to obtain the
following preliminary result.

Proposition 5.2. Suppose that f : X — R U {oo} is a proper function on a Banach space (X, | - |) and
suppose that f*: X* — RU{oo} (the Fenchel conjugate of f), see [2,46], is defined by,
fr@) ==supla®(z) — f(z)] = sup [27(x) — f(2)].

zeX z€Dom(f)
Then,

(1) f* is a convex and weak™ lower semicontinuous function on Dom(f*);
(ii

) f* is continuous on int(Dom(f*));

(iii) if z* € Dom(f*) and = € argmax(z* — f) then T € Of*(z*);
)
)

(iv) if e > 0, 2* € Dom(f*), z € X and f*(z*) —e < a™(x) — f(z) then T € 0. f*(x*);

(v

if § € int(Dom(f*)), = € argmax(x§ — f) and x* — 9f*(x*) is single-valued and norm upper semi-
continuous at xjy, then xf — f has a strong mazimum at x.

Proof. For those people familiar with the Fenchel conjugate, they may wish to skip the proofs of (i)-(iv).

(i) For each x € Dom(f) define g, : X* — R by, g»(2*) := Z(2*) — f(z). Then each function g, is weak*
continuous and affine. Now for each 2™ € X*, f*(2") = sup,cpom(s) 9= (z*). Thus, as the pointwise
supremum of a family of weak* continuous affine mappings, the Fenchel conjugate of f, is itself convex
and weak* lower semicontinuous. [Recall the general fact that the pointwise supremum of a family of
convex functions is convex and the pointwise supremum of a family of lower semicontinuous mappings
is again lower semicontinuous].

(ii) Since this statement is vacuously true when int(Dom(f*)) = &, we will assume that int(Dom(f*)) is
nonempty. Let us first recall that by Proposition 4.1, the fact that f* is convex, and the fact that
int(Dom(f*)) is also convex, it is sufficient to show that f* is locally bounded above on int(Dom(f*)).
In fact, as we shall now show, it is sufficient to show that f* is locally bounded above at a single point
xy € int(Dom(f*)). To this end, suppose that f* is locally bounded above at x € int(Dom(f*)). Then
there exist an 0 < M and a 0 < d such that f*(y*) < M for all y* € B[z, 0]. Let 2* be any point in
int(Dom(f*)). Since int(Dom(f*)) is an open convex set, there exists a point y* € int(Dom(f*)) and
a0 < X < 1such that z* = Ay* + (1 — A)z§. Let M* := max{M, f*(y*)} and note that

¥ € Blz", (1 — A\)d] = Ay™ + (1 — N\) B[z, §] C int(Dom(f*)), since int(Dom(f*)) is convex.

We claim that f* is bounded above by M* on Blz*, (1 — A\)d]. To see this, let z* be any element of
Blz*, (1 — A)d]. Then z* = Ay* + (1 — MNw* for some w* € B[z}, 0] since,

Blz*,(1=X)d]=2"+ (1 = A)B[0,d] = A\y* + (1 — Naj + (1 — N\)B[0,6] = M\y™ + (1 — \)BJzg, 4]
Therefore,
) = £ OW 4 (1= Nwr) S AF () + (1= A () < AM + (1= \)M* = M.

Next, we will use that fact that since int(Dom(f*)) is a nonempty open subset of a complete metric
space, it is itself a Baire space with the relative topology. Now, for each n € N| let

F, :={z* € int(Dom(f*)) : f*(z*) < n}.
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Since f* is weak™ lower semicontinuous, it is lower semicontinuous with respect to the norm topology
too. Therefore, each set F, is closed with respect to the relative norm topology on int(Dom(f*)).
Since int(Dom(f*)) = U, ey Fn, there exists an ng € N such that int(F,,) # @. Hence, f* is locally
bounded above at each point of int(F,,). This completes the proof of part (ii).

(iii) Let y* be any element of Dom(f*). Then,
2(y")—2(27) = y*(x)—2"(2) = [y (2) = f (@)= [a"(2) = f(2)] = [y"(2) = f (@)= f"(27) < [ (") =" (7).
Therefore, T € Jf*(x*).

(iv) Let y* be any element of Dom(f*). Then,

2(y") —2(z7) y (x) - (2) = [y*(z) = f2)] = [ (z) = f(2)]
" (z) = f(@)] = [f* (%) —e] < 7 (y") = [7(27) + e

IN

Therefore, T € 0. f*(x*).

(v) Let (z,, : n € N) be a sequence in X such that

lim (25 — f)(2n) = sup (zg — f)(z) = f*(20)-
We will show that (x, : n € N) converges to x. Let ¢ > 0. By (iii) and the assumption that 0f*(x)
is a singleton we have that 0f*(z8) = {Z}. Since, z* — Jf*(a*), is norm upper semicontinuous at
there exists a 0 < 0 < & such that if ||* — z}|| < § then |F — Z|| < ¢ for all F € 9f*(z*). Choose
N € N such that (2§ — f)(zn) > f*(wg) — 62 for all n > N. Then, by (iv), T, € 9s2 f*(z) for all
n > N. Let n > N. Then, by the Brgndsted-Rockafellar Theorem, there exist x € Dom(f*) and
F, € X** such that F,, € 9f*(z%), ||zf — x| < d and ||F,, — Z,|| < 0 < e. Therefore,

len — 2|l = |20 — Z|| < [|Tn — Full + | Fn — 2| <€ 4 = 2e.

This completes the proof. [

Our first variational principle applies to dual differentiation spaces, [15]. Recall that a Banach space (X, ||-||)
is called a dual differentiability space (or DD-space for short) if every continuous convex function ¢ : A — R
defined on a nonempty open convex subset A of X* such that {z* € A : dp(z*) N X # @} contains a
dense and G5 subset of A, has the property that its subdifferential mapping d¢ : A — 2% is single-valued
and norm upper semicontinuous at each point of a dense and G5 subset of A (or equivalently, ¢ is Fréchet
differentiable at the points of a dense and G subset of A, [42, Proposition 2.8]).

Theorem 5.3. Let f : X — RU{oo} be a proper function on a dual differentiation space (X, || -||). If there
exists a nonempty open subset A of Dom(f*) and a dense and Gs subset R of A such that argmax(z*—f) # @
for each x* € R, then there exists a dense and Gs subset R’ of A such that (z* — f) : X - RU {—00} has
a strong maximum for each xz* € R'. In addition, if 0 € A and ¢ > 0 then there exists an xf, € X* with
lz3|| < e such that (z§ — f) : X — RU{—o00} has a strong mazimum.

Proof. Consider df* : A — 2X™". Then by Proposition 5.2 part (iii)
Ry :={z* € A: 0f* (z*)N X # &}
contains a dense and G4 subset of A. Since X is a dual differentiation space,
Ry :={z" € A: 0f" is single-valued and norm upper semicontinuous at z*}

contains a dense and Gs subset of A. Let R’ := R; N Ry. Then R’ contains a dense and G5 subset of A and
by Proposition 5.2 part (v), (z* — f) has a strong maximum for each z* € R’. O
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Remark 5.4. There are two main weaknesses with this theorem: (i) although it is known that many Banach
spaces (e.g. all spaces with the Radon-Nikodgm property, [15], all weakly Lindeldf spaces, [29], all spaces
that admit an equivalent locally uniformly rotund norm [16] and all spaces whose dual space X* is weak
Asplund, [15]) are dual differentiation spaces, it is still an open question as to whether every Banach space
is a dual differentiation space; (i) it is not clear how one would go about showing that there exists a “large”
subset R of int(Dom(f*)) with the property that argmax(z* — f) # & for each z* € R.

For our next result, and main variational principle, we address concern (i) of Remark 5.4 by giving a vari-
ational principle that holds in all Banach spaces. Unfortunately, there is a cost for this level of generality.
Namely, we need to impose a strong assumption upon the mapping x* — argmax(z* — f). We also need to
employ the following non-trivial result concerning minimal weak cuscos, which was first proved by J. Chris-
tensen in [6], using topological games (in the domain space), and later rephrased in [15].

Theorem 5.5. A minimal weak* cusco ¢ : A — 2X from a complete metric_space A into subsets of the
second dual X** of a Banach space (X, || - ), where the set {x € A : p(z) C X} contains a dense and Gy
subset of A, is single-valued and norm upper semicontinuous at the points of a dense and Gs subset of A.

In order to extend the applicability of Theorem 5.5, we will show that some sets that are not necessarily
complete metric spaces under their given metrics can be “re-metrized” to become a complete metric space
under a new metric, while retaining the same topology. Indeed, suppose that A is a nonempty open subset
of a complete metric space (M,d). Then (M x R, p) is also a complete metric space under the metric,

p((x1,71), (2, 12)) := d(x1,22) + |11 — 72

Let f : A — R be defined by, f(z) := inf{d(z,y) € R:y € M\ A} = dist(z, M \ A). Note that f is
continuous on A. Let G := {(z,7r) e M xR: 2 € Aand r = 1/f(z)}. Then G is a closed subset of M x R,
and hence is a complete metric space with respect to the restriction of the metric p to G. Finally, let us
note that G is homeomorphic to A. Indeed, the mapping 7 : G — A defined by, w(x,r) := z, is such a
homeomorphism. Thus, a nonempty open subset of a complete metric space is “completely metrisable”.

Theorem 5.6. Let f: X — RU {0} be a proper function on a Banach space (X,| - |). If there exists a
nonempty open subset A of Dom(f*) such that argmax(z* — f) # @ for each x* € A, then there exists a
dense and G subset R' of A such that (x*— f) : X - RU{—o0} has a strong mazimum for each x* € R'. In
addition, if 0 € A and € > 0 then there exists an xfy € X* with ||xf|| < € such that (2§ — f) : X — RU{—o0}
has a strong maximum.

Proof. Consider 9f* : A — 2%, Then, by Proposition 5.2 part (iii), 0 f*(z*) NX # @ for all z* € A. Thus,
by Theorem 4.13, 9f*(x*) C X for all z* € A. Furthermore, by Proposition 4.5, * — 9 f*(z*), is a minimal
weak* cusco on A. Therefore, by Theorem 5.5, there exists a dense and G subset R’ of A such that 9f* is
single-valued and norm upper semicontinuous at each point of R’. So, by Proposition 5.2 part (v), (z* — f)
has a strong maximum for each z* € R'. O

Note that the conclusion of this theorem is identical to that of Stegall’s variational principle, see [49].
Question 5.7. Is every Banach space (X, | - ||) a dual differentiation space?

If the answer to this question is “yes” then Theorem 5.3 will supersede Theorem 5.6.

Index of notation and assumed knowledge

e The natural numbers, N :={1,2,3,...}.
e The integers, Z :={...,—2,-1,0,1,2...}.
e The rational numbers, Q :={a/b: a,b € Z,b # 0}.

e The real numbers, R.
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For any set X, P(X) is the set of all subsets of X.
For any subset A of a topological space (X, 7), we define

— int(A), called the interior of A, is the union of all open sets contained in A;
— A, called the closure of A, is the intersection of all closed sets containing A;
— Bd(A), called the boundary of A, is A\ int(A),

For any points « and y in a vector space X, we define the following intervals:
—[myl={z+Ay—2):0<A<1}
—(zyy) ={z+ANy—2):0< A< 1};
— [z,y) ={z+Ay—2):0< A< 1}
— (z,yl ={z+AMy—=2): 0< A <1}

For any normed linear space (X, || - ||-), we define
— Blz,r]:={ye X : ||z —y| <r}, for any z € X and r > 0;
— B(z;r):={ye X :|lz—y| <r}, for any x € X and r > 0;
— Bx := B[0,1];
- Sx={zeX: |z =1}.

Given a compact Hausdorff space K, we write C'(K) for the set of all real-valued continuous functions on
K. This is a vector space under the operations of pointwise addition and pointwise scalar multiplication.
C(K) becomes a Banach space when equipped with the uniform norm || - ||, defined by

[flloo == sup |f(z)], forall f € C(K).
rzeK

Let A and B be sets. Given a function f: A — B, we define f(A) := (J,c4{f(x)}. Similarly, given a
set valued mapping ¢ : A — P(B), we define p(A) :=J,c 4 v(2).

For a normed linear space (X, || - ||-), X*, the set of bounded linear maps from X to R, is called the
dual space of X. X* is a Banach space when equipped with the operator norm, given by

If == sup |f(@), forall f € X",
rxE€EBx

Let X be a set and Y a totally ordered set. For any function f: X — Y we define

argmax(f) :={z € X : f(y) < f(x) for all y € X},
argmin(f) :={zx € X : f(z) < f(y) for all y € X}.

Let A be a subset of a vector space X. Then the convex hull of A, denoted by co(A), is defined to be
the intersection of all convex subsets of X that contain A.

Let X be a set and let f: X — RU{oc} a function. Then
Dom(f) :={z € X : f(z) < oo}.
We say that the function f is a proper function if Dom(f) # &.

Let (X, |- ||) be a normed linear space and f : X — [—o00,00]. Then the Fenchel conjugate of f is the
function f*: X* — [—o0, 0] defined by,

fr(@") = sup{z”(z) — f(x)}.

zeX

The function f* is convex and if f is a proper function then f* never takes the value —oo.
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e If f is a convex function defined on a nonempty convex subset K of a normed linear space (X, || - ||-)
and z € K, then we define the subdifferential of f at x to be the set df(x) of all * € X* satisfying

2 (y—x) < fly) — f(z) forallye K.

e It is assumed that the reader has a basic working knowledge of metric spaces, normed linear spaces and
even basic general topology. In particular, it is assumed that the reader is familiar with Tychonoff’s
theorem.

Theorem (Tychonoff’s Theorem [10]). The Cartesian product ||
is compact if, and only if, all spaces X5 are compact.

ses Xs, where X # & for all s € S,
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