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Chapter 1

Zorn’s Lemma

A partially ordered set (X, <) is a set X with a binary relation “< 7 satisfying the
following three axioms:

(i) for every x € X, z < x;
(ii) for every x,y € X, if z <y and y < z, then x = y;
(iii) for every z,y,z € X, if x <y and y < z, then x < z.

An element x of a partially ordered set (X, <) is called maximal if there are no other
elements greater than it, i.e., if  is maximal, then for every y € X, if x < y, then z = y.

Example 1.1. Let Y be a nonempty set and let X be the set of all nonempty proper
subsets of Y. Define “< 7 on X by, A< B if, and only if, A C B. Then (X, <) is a
partially ordered set.

Exercise 1.2. Find the mazimal elements in the partially ordered set (X, <) described
above.

A totally ordered set (X, < ) is a set X with a binary relation “< 7 satisfying the
following three axioms:

(i) for every x,y € X, either x < y, or y < z;
(ii) for every x,y € X, if z <y and y < z, then x = y;
(iii) for every z,y,z € X, if x <y and y < z, then z < z.

Example 1.3. If (X, <) is a totally ordered set, then (X?, =) is also a totally ordered
set if “<X” is defined by, (x,y) < (2',y') if, and only if, v < x’ orx =2 andy < y'.

Exercise 1.4. Show that if (T, <) is a totally ordered set and T has only finitely many
elements, then T' has a largest element i.e., there exists an element t.. € T such that
t < tpax forallt €T.

We will say that a subset S of a partially ordered set (X, <) is bounded above if there
exists an element © € X such that s <z forall s € S.



Theorem 1.5 (Zorn’s Lemma). Let (X, <) be a nonempty partially ordered set. If every
totally ordered subset of X is bounded above, then (X, <) has a maximal element.

Remarks 1.6. Zorn’s Lemma is equivalent to the “Axiom of Choice”.

Exercise 1.7. Let I be a proper ideal in a commutative ring with identity (R,+,-). Show
that I 1s contained in a mazximal proper ideal in R, i.e., show that every proper ideal s
contained 1 a maximal proper ideal.

Vector spaces

A vector space (V;+; - ) over a field K is a set V' together with two binary operations
+:VxV —=Vand-:KxV — V which obey the following set of rules:

l.u+v=v+uforall u,veV;

2. u+ (v+w)=(u+v)+wforal u,v,w e V;

3. there exists an element O € V such that u + O = O +u = u for all u € V;
4. for each u € V there exists an element v € V such that u +v =v +u = O;
5. t-(u+wv)=t-u+t-v foreach t € K and all elements u,v € V;
6. (s+t)-u=s-u+t-uforeachu €V and all s and t € K;
7. (st)-u=s-(t-u) for each u € V and all s and ¢ € K;
8

.l-u=wuforeachucV.

The elements of the set V' are called vectors and the operations + and - are called
vector addition and scalar multiplication respectively. The vector O is called the
zero vector.

Ezample 1. The set of all geometric vectors in 2-space (or 3-space) with the operations
of vector addition and scalar multiplication, as defined in first year.

Example 2. The collection of all ordered n-tuples of elements of K, together with the
operations of component-wise addition and scalar multiplication, i.e.,

((ll,(lg,...an) + (bl,bg,...bn) = ((1,1 +b1,a2+62,...an+bn)

t-(ay,as,...a,)

(tay,tas, . . .tay,)

We shall denote this system by K".

Ezample 3. Let X be a nonempty set. Then the system (F(X);+; - ) comprised of all the
K-valued functions defined on X (i.e., F/(X)), together with the operations of pointwise
addition and pointwise scalar multiplication, i.e., if f,g € F(X) then f 4 g € F(X) is
defined by, (f + g)(z) := f(z) + g(z) for each x € X and if t € K then t- f € F(X) is
defined by, (t- f)(z) :==t- f(z) for each z € X.

Example 4. Let X be a nonempty set. Then the system (Fo(X);+; - ) comprised of all
the K-valued functions defined on X with finite support (i.e., if f € Fy(X) then f € F(X)
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and {x € X : f(x) # 0} is a finite set), together with the operations of pointwise addition
and pointwise scalar multiplication (as in Example 3.).

Given two vector spaces (V'; ®; ®) and (V;+; - ) we say that (V’; &; ®) is isomorphic to
(V;+; - ) if there exists a 1-to-1 and onto mapping ¢ : V' — V such that (i) ¢(u & v) =
o(u) + p(v) for all w,v € V' and (ii) p(t @ u) =t p(u) for all t € K and all uw € V.

Ezxample 1. The geometric vectors in 2-space are isomorphic to R2. To see this, let S
be a basis for 2-space. Then the mapping ¢ that maps each vector w in 2-space to its
S-coordinates fulfils the hypotheses above.

Ezxample 2. The geometric vectors in 3-space are isomorphic to R3. To see this, let S
be a basis for 3-space. Then the mapping ¢ that maps each vector w in 3-space to its
S-coordinates fulfils the hypotheses above.

Ezample 3. Every vector space (V;+; - ) over the real numbers, that consists of more
than just the zero vector, is isomorphic to (Fy(X);+; - ) for some nonempty set X.

A linear combination of elements @, xs,...,x, of a vector space V with coefficients
A1, A2, .oy Ap € K is an expression of the form: MA@y + Aoxs + ... + A\, (or rather, the
value of this expression).

Exercise 1.8. Show that if (V;+; - ) is a vector space and F is a family of subspaces of
V, then (\ges S is a subspace of (V;4; - ).

The span of a subset X C V| denoted span(X), is the smallest subspace of V' containing
the set X. This is,

span(X) = ﬂ{S €2V : X C Sand S is a subspace of V}.

In particular, span(@) = {O}.

Exercise 1.9. Let X be a nonempty subset of a vector space V. Show that span(X) is
the set of all elements of V' that can be expressed as a linear combination of elements of

X.

A nonempty finite subset {x1,xs,...,x,} of V is said to be linearly independent if
the only solution to the equation \jxq + doxo+...+Ax, =0is A =Xy =---= )\, =0.
Otherwise, the set {x1,®xs,...,x,} is said to be linearly dependent. An arbitrary

subset X C V is said to be linearly independent if every nonempty finite subset of
X is linearly independent. So vacuously, @ is linearly independent. A subset X C V is
termed a basis for V' if it is linearly independent and spans V| i.e., span(X) = V.

Basic facts about bases

(i) every element x € V' admits a unique basis decomposition, this is, every @ € V
can be uniquely expressed as a linear combination of elements of a fixed basis X;



(ii) if Y spans V/, then Y contains a basis for V;
(iii) in particular, every nonzero vector space admits a basis;

(iv) every linearly independent subset Y can be extended to form a basis for V.

A vector space V is called finite dimensional if it admits a basis with only finite many
elements. If a vector space is not finite dimensional, then it is called infinite dimen-
sional.

A function from one vector space to another is called an operator (or transformation).
A mapping from a vector space (over a field K) into the field K is called a functional.
An operator f : U — V is called a linear operator if for any x,y € U and \ € K,
fle+vy) = f(x)+ f(y) and f(Ax) = Af(x). The collection of all linear functionals on
a vector space V forms a subspace of the vector space K", under pointwise addition and
pointwise scalar multiplication. It is denoted V# and is called the algebraic dual of V.
If V is finite dimensional, then V is isomorphic to V7.

Theorem 1.10. Every nonzero vector space (V;+; - ) admits a basis.

Proof. Let (V;+; - ) be a nonzero vector space and let X be the family of all linearly
independent subsets of V. Then X # @ and (X, C) is a partially ordered set (Note: if
x € V\{0}, then {x} € X). We claim that X contains a maximal element. By Zorn’s
Lemma to show this we need only show that each totally ordered subset of X has an
upper bound. Let @ # T C X be totally ordered and let U := (J{I : I € T'}. Clearly
I C U for each I € T and so U is an upper bound for T', provided we have U € X. So
suppose «; € U, 1 < j < n. Then for each 1 < j < n there exists a I; € T such that
x; € I;. Now since T is totally ordered their exists a k € {1,2,...,n} so that I; C I, for
each 1 < j < n. Hence {xy,xs, ..., x,} C [} and so are linearly independent. This shows
that U € X. Let X,,.x be a maximal element in (X, C). We claim that span(X..) =V,
for if this is not the case, then we may take € V\span(Xp.x) and set X* := X, ., U{x}.
Then X* € X, Xpax € X* but Xy.e # X*; which contradicts the maximality of X ..
Hence, X,,.x is a basis for V. 0O

Note that if V' = {O}, then technically & is a basis for V' as & is linearly independent
and span(@) = {0} = V.

Exercise 1.11. Prove that every vector space (V;+; - ) over the real numbers, that con-
sists of more than just the zero vector, is isomorphic to (Fo(X);+; - ) for some nonempty
set X. This is the first “Representation Theorem” contained in this course.

Exercise 1.12. Prove that every linearly independent subset Y of a nonzero vector space
(V;+; - ) can be extended to form a basis for V.

Exercise 1.13. Prove that if Y spans a nonzero vector space (V;+; - ), then'Y contains
a basis for V.



Chapter 2

Introduction to Banach spaces

A norm on a vector space V' (over a field K) is a function, denoted by || - ||, from V" into
R such that:

(i) ||z|| = 0 for all z € V and ||z|| = 0 if, and only if, x = 0;
(i) ||Az|| = [A|||z|| for all z € V and all A € K;
(i) [} + gl < Il + gl for all 2, € V.

Any pair (X, || - ||) consisting of a vector space and a norm is called a normed linear
space.
Proposition 2.1. Let (X, || -||) be a normed linear space. Then the function p : X? —

[0,00) defined by, p(z,y) = ||z —y|| for all z,y € X defines a metric on X.

Proof. From the definition, p(z,y) = 0 if, and only if, || — y|| = 0 and this only occurs
when z = y. Again, directly from the definition, if x,y € X, then

ple,y) = llz =yl = (=D — o)l = [ = Ully = =l| = [ly — zl| = p(y, ).
So it remains to verify the triangle inequality. Let x,y and z be members of X, then
pl,2) = ||z =zl = [[(z —y) + (y = ) <z =yl + lly = 2l = plz,y) + p(y, 2)-
This completes the proof. O
In a normed linear space (X, || - ||) we shall denote by, By := {z € X : ||z|| < 1} and
Sx :={z € X : ||z|| = 1}. For a subset A of a vector space V' (over a field K) and a

scalar A € K we define AA := {z € V : x = Xa for some a € A}. If xy € V, then we
define v+ A:=={zx € V : 2 = 2y + a for some a € A}.

Proposition 2.2. Let (X, || -||) be a normed linear space. Then for each v € X and each
positive real number v, x + rBx = Blx;r] :={y € X : ||y — z|| < r}.
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Proof. Suppose that y € © +rBx, then (y — ) € rBx and so (1/r)(y — x) € Bx; which
implies that |[(1/7)(y — x)|| = |1/r|||z — y|| < 1, i.e., ||y — z|| < r. Therefore, p(z,y) < r
and so y € Blz;r]. Conversely, suppose that y € Blx;r|, then |y — z|| < r and so
1(1/r)(y—2)|| < 1,ie., (1/r)(y—x) € Bx. Therefore, (y—x) € rBx and so y € v+ rBx.
This shows that Blz;r] =2 +rBx. O

A Banach space (X, |- ||) is a normed linear space that is complete in the metric defined
by, p(x,y) := ||z — y||, (i.e., Cauchy sequences in (X, p) are convergent).

Let (X, ||-||) be a normed linear space. We say that a series Y ;- x; in X (i.e., zy € X for
all k € N) is convergent if the sequence (of partial sums) s, := Y ,_, @, is convergent in
X. We say that a series > ;- | x), is absolutely convergent if > " |lzx| is convergent.

Proposition 2.3. A normed linear space (X, ||-]|) is a Banach space if, and only if, every
absolutely convergent series in (X, || -||) is convergent.

Proof. Suppose that (X, || -||) is a Banach space and >~ | x;, is an absolutely convergent
series in (X, || - ||). For each n € N, let s, := >,z and ¢, := > ;_, ||zx||. Then, for
any (m,n) € N> with m < n we have that

n

> n

k=m-+1

n

< Y Nl = lta — tul.

k=m-+1

|80 — smll =

Since the sequence (¢, : n € N) is convergent it is also Cauchy. It then follows that the
sequence (s, : n € N) is a Cauchy sequence in (X, | - ||) and hence convergent.

Converse: Suppose that (X, || - ||) is a normed linear space in which every absolutely
convergent series in (X, || - ||) is convergent. Let (x, : n € N) be a Cauchy sequence in
(X, |l-II)- To show that (z,, : n € N) is convergent it is sufficient to show that it possesses
a convergent subsequence. To this end, let us inductively define a strictly increasing
sequence (ny, : k € N) of natural numbers such that sup{||lz; —z;|| : np <4,7 € N} < 1/k%
Then define, (y : k € N) in X by, yx := o, , — Tn,. By construction the series Z;il Yj
is absolutely convergent, and hence by assumption, convergent. Let us also note that
T, + 2?21 Yj = T, ., for all k € N. Therefore, (z,, : k € N) is a convergent subsequence
of (z, : n € N); which completes the proof. O

Theorem 2.4. Let (X, ||-||) be a Banach space and letY be a subspace of (X, ||-]|). Then
(Y, || - ||) is @ Banach space if, and only if, Y is a closed subspace of (X, ]| - ).

Proof. The proof that a closed subspace of a Banach space is again a Banach space is left
as an easy exercise for the reader. To prove the converse it suffices to show that Y C Y.
So let y € Y. Then there exists a sequence (y, : n € N) in Y converging to y. Therefore,
(yn : n € N) is a Cauchy sequence in (Y, || - ||). Now since (Y, || -||) is a Banach space there
exists a point Yo, € Y such that lim,, 0 ¥ = Yoo (the limit is considered in (Y, |- ||)). On
the other hand, lim,, o ¥ = Yoo (considered in (X, || -|)). Since the limit of a convergent
sequence in (X, | - ||) is unique, ¥y = yoo € Y. Hence, Y CY. O
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Let Y be a closed subspace of a normed linear space (X, | -||). For each x € X we
consider the coset T relative to Y, 7 := x + Y. The space X/Y = {7 : x € &of all
cosets, together with the addition and scalar multiplication defined by, 7+ ¥ = x + y and
AT = Az is a vector space. It is routine to check that ||Z|| := inf{||y|| : y € T} defines a
norm on X/Y.

Let Y be a closed subspace of a normed linear space (X, || - ||). Then the space X/Y
endowed with the norm ||Z|| = inf{||y|| : y € &} is called the quotient space of X with
respect to Y.

Exercise 2.5. Let Y be a closed subspace of a normed linear space (X, || - ||). Show that
the mapping x — T from (X, || - ||) into (X/Y,|| - ||) is linear and continuous.

Theorem 2.6. Let Y be a closed subspace of a Banach space (X, ||-||). Then (X/Y,] )

1s a Banach space.

Proof. Let > ;| Tx be an absolutely convergent series in X/Y. For each k € N, choose
U € Tg so that ||Zg|| < [Jykll < |Zkl|+1/k* Then > |lyk|l is convergent. Since (X, ||-]])
is a Banach space Y-, yx is convergent in X. Let y := >, yj, then

Y= JLIQOZ%— lim Zyk hm Zyk hm Zxk—Zxk

This shows that every absolutely convergent series in (X/Y,| - ||) is convergent; thus
(X/Y,||-]|) is a Banach space. O

Next, we examine finite dimensional normed linear spaces.

Let || -] and || - || be norms on a vector space V. We say that the norm || - || is equivalent
to the norm || - || if, and only if, there exists real numbers 0 < m < M < oo such that
m||z| < ||z| < M|z| for all z € V.

Exercise 2.7. Let || -||1, || - ||2 and || - ||3 be norms on a vector space V. Show that if || - ||1
is equivalent to || - ||2 and || - ||2 is equivalent to || - ||3, then || - ||1 is equivalent to || - ||3-
Also show that || - ||1 is equivalent to || - ||2 if, and only if, || - ||2 is equivalent to || - ||1.

Theorem 2.8 (Fundamental Theorem of Finite Dimensional Normed Linear Spaces). Let
| -]l and || - || be norms on a finite dimensional vector space V.. Then || - || and || - || are
equivalent norms (i.e., all norms on a finite dimensional space are equivalent).

Proof : Let % := {e1,eq,...,e,} be a basis for V. On V we define the || - ||; norm by,
|zl := D r_, |zk| where (zx : 1 < k < n) are the coordinates of x with respect to Z. It
is easy to show that || - ||; is indeed a norm on V. So it will be sufficient to show that if
|| - || is any norm on V', then || - || is equivalent to || - ||;. Let M := max{||ex|| : 1 < k < n}.
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Then for any z € V,

n
E T€
k=1

< Z |zk| - |lex]] (by the triangle inequality)
k=1

< M (ZW) = Mzl

k=1

|z = where (21,29, ...,2,) are the coordinates of z with respect to #

So now it is sufficient to show that there exists a positive real number m such that
m||x||; < ||z| for all z € V. This is what we do next. Since

]l = HyH' <lle—yl < Mlz -yl forallz,yeV

we see that the mapping x — ||z is continuous on (V) || - ||1). Let us now show that S} :=
{z € V : ||z]|; = 1} is a compact subset of (V, ||-]|1). Consider Y := [—1,1]" endowed with
the product topology and let D := {(z1,22,...,2,) € Y : > 7_, |zg] = 1}. Then D is a
closed subset of Y and hence D is compact. Now, S1 = ¢(D), where ¢ : D — V is defined
by, (@1, 2, ..., %) = > p_, Txe. However, since ¢ : D — (V|| - |l1) is continuous, S;
is compact. Hence there exists a point zy € S such that 0 < m = ||zg|| < ||z|| for all
x € Sy. Therefore, m < ||(z/]|z]]1)]| for any x € V'\ {0} and so m||z||; < ||z] < M||x|
foralz e V. O

Corollary 2.9. FEvery finite dimensional normed linear space is a Banach space.

Proof. Let (X, ||-]|) be a finite dimensional normed linear space with basis # = {e1, ea,...,€,}.
Define the || - ||« norm on X by, ||z||e := max{|zk| : 1 < k < n} where (2 : 1 < k< n)

are the coordinates of x with respect to %. Then it is easy to check that (X, || - [|~) is &
Banach space. Since the norms || - || and || - || are equivalent (X, | - ||) is also a Banach
space. O

Corollary 2.10. Let (Y, || -||) be a finite dimensional subspace of (X, || -||). ThenY is a
closed subspace of (X, -]|).

Proof. By the previous corollary, (Y, || -||) is a Banach space. Hence, if we define a metric
p: X% = Rby, p(r,y) = ||z — y| for all 2,y € X, then (Y, p|y) is a complete metric
space. Therefore, from metric space theory, Y is a closed subset of (X, p). This proves
the result. O

Theorem 2.11. Let (X, || - ||) be a finite dimensional normed linear space. Then Bx is
compact in (X, | - ).

Proof. Let (X, ||-]|) be a finite dimensional normed linear space with basis Z := {e1, ez, ..., €,}.
Define the || - ||ooc norm on X by, [|z]|e := max{|zg| : 1 <k < n}, where (z, : 1 < k < n)
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are the coordinates of = with respect to . Consider Y := [—1,1]" endowed with the
product topology and let ¢ : Y — X be defined by, p(x1, 22, ..., 2,) ==Y ,_, Txex. Then
By := ¢(Y) is compact in (X, || - ||e) since Y is compact and ¢ : Y — (X, || - |) is contin-
uous. Now Bj is the closed unit ball in (X, || ||o). Hence, there exists a 0 < m < oo such
that mBx C Bj since || - || and || - || are equivalent norms. Moreover, since the norms
|- [loo and || - || are equivalent, By is closed in (X, ||+ ||s). Therefore, mBx is closed in By
and thus compact. It now follows that Bx is compact in (X, || - ||o) since the mapping
x +— (1/m)z is continuous on (X, || - ||«). Finally, since || - ||o and || - || are equivalent
norms, By is compact in (X, || -]|). O

Exercise 2.12. Let C' be a nonempty closed subset of a normed linear space (X, ||-||) and
let 0 < r < 1. Show that C' = (1, cn(C + 7" Bx).

Let T be a subset of a metric space (X, p). Then we say that T is totally bounded if
for every 0 < e there exists a finite set F. C X such that T C (J{Blx;¢] : « € F.}.

Theorem 2.13. Let (X, ||-||) be a normed linear space. Then (X, ||-||) is finite dimensional
if, and only if, Bx 1is totally bounded.

Proof. If (X, ]| -||) is finite dimensional, then By is compact and hence totally bounded.
Conversely, suppose that By is totally bounded. Fix 0 < r < 1. Since By is totally
bounded there exists a finite subset I of X such that Bx C |J,.p Blz;r]. Let Y :=sp(F).
Then Y is finite dimensional and hence a closed subspace of (X, ||-||) and Bx C Y +7rBx.

We claim that X =Y. To see this consider the following argument. Let n € N, then
rBx Cr"(Y +rBx) =r"Y +r""'Bx =Y + "' By.
Therefore,
Y +r"Bx CY + (Y +r""'Bx) = (Y +Y) +1""'Bx =Y + "' Bx.

Thus, by induction, it follows that Bx C Y + r"Bx for all n € N. Hence, by the
Exercise 2.12, Bx C Y. This shows that X =Y, which in turn means (X, || - ||) is finite
dimensional. This completes the proof. O

Corollary 2.14. Let (X, || - ||) be a normed linear space. Then (X, | -||) is finite dimen-
stonal if, and only if, Bx is compact.

Next, we consider one of the fundamental building blocks of Banach space theory.
If C'is a nonempty subset of a metric space (M, d), then for each x € M,
dist(x, C) := inf{d(x,c) : c € C}.
Exercise 2.15. Let Y be a proper closed subspace of a normed linear space (X, | - ).

Show that (i) dist(z,Y) = 0 if, and only if, x € Y; (ii) dist(Ax,Y") = |A|dist(z,Y") for all
ANeK and x € X; (i) dist(x +y,Y) = dist(z,Y) forallz € X andy €Y.
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Lemma 2.16 (Riesz’s Lemma). Let Y be a proper closed subspace of a normed linear
space (X, || - ||). Then for every 0 < e there exists a z € Sx such that 1 —e < dist(z,Y).

Proof : Choose ' ¢ Y. Then dist(z’,Y) > 0. Next, let us choose 0 < t so that
1 —e<tdist(z',Y) < 1. Set x :=ta’, then 1 — e < dist(z,Y) < 1, since

t dist(2',Y) = dist(t2',Y) = dist(z,Y).
Pick any y € Y such that ||z — y|| < 1 and set z := (z — y)/||x — y||. Then z € Sx and
1 —e<dist(z,Y) < (1/||lxz—yl) dist(z,Y)

= (1/llz —yl) dist(z —y,Y)
= dist((z —y)/[lz —yl, V).

This completes the proof. [l

Exercise 2.17. Let T be a subset of a metric space (X, p). Show that T is not totally
bounded if, and only if, there exists an 0 < € and an infinite subset C' of T such that
e < p(x,y) for all (z,y) € C*\ Ac.

We now give a second proof of the following fact.

Theorem 2.18. Let (X, ||-||) be a normed linear space. If (X, ||-||) is infinite dimensional,
then Bx is not totally bounded.

Proof. If (X,|| - ||) is infinite dimensional, then by Riesz’s Lemma we can inductively
construct a sequence (z, : n € N) in Sy such that 1/2 < dist(z,41,span{z1,za, ..., 2z, }).
Thus, 1/2 < ||x,, — x,|| whenever m # n. Therefore, Bx is not totally bounded. O

Linear Operators

We call a subset A of a normed linear space (X, ||-||) bounded if there exists an r € [0, 00)
such that A C rBx. Let (X, ||-]|) and (Y,]|-]|) be normed linear spaces and let T : X — Y
be a linear mapping. Then we say that T is a bounded linear mapping if T'(By) is a
bounded subset of Y. For a bounded linear mapping T acting between normed linear
spaces (X, || -]|) and (Y, | - ||) we define the operator norm of T to be,

1] = sup{[|T(x)[| : = € Bx}.

Exercise 2.19. Let T be a bounded linear mapping acting between normed linear spaces

T(x
(X, 1) and (¥, - ). Show that [Tl = sup O _ g yray.

veBx\{0} 7] z€Sx

Note: |T(x)| < ||T||||z] for all x € X. In fact, ||T|| is the smallest real number M such
that ||7'(x)|| < M|z for all z € X.
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Theorem 2.20. Let (X, | -||) and (Y,| - ||) be normed linear spaces and let T : X — Y
be a linear mapping. Then the following properties are equivalent:

(i) T is a bounded operator;
(ii) T is continuous at 0;

(iii) T is continuous on X.

Proof. (i) = (ii): Suppose that T" is a bounded operator. Then there exists a K > 0 such
that ||7'(x)|| < Kljz|| for all x € X. (Note: we could take K = ||T'||). Suppose € > 0 is
given. Let 0 :==¢/K > 0. Then |T(x) —=T(0)|| = |7(z)| < K||z|| = K|z —0]| < ¢ for all
|z — 0]] < 6. This shows that T" is continuous at = = 0.

(77) = (i): Suppose that 7" is continuous at 0. Let £ := 1. Then there exists a 6 > 0 such
that
§T(Bx) = T(6Bx) = T(B[0;6]) C B[T(0):¢] = B[0;] = By = By.

Therefore, T'(Bx) C (1/0)By and so T' is bounded.

(i) = (i27): Suppose that T is bounded. Then there exists a K > 0 such that ||T'(z)| < K||z||
for all z € X. Now suppose that xo € X and € > 0 are given. Let § :=¢/K. Then,

I () = T(@o)ll = IT(x = @)l < Kl — zofl <&
for all ||z — || < 0.
(73i) = (¢i): This is obvious. O
Let (X, ]| -||) and (Y, | - ||) be normed linear spaces (over a field K). Then by B(X,Y") we

denote the space of all bounded linear operators from X into Y. It is easy to show that
B(X,Y) is a vector space (over K).

Theorem 2.21. Let (X, | - |) and (Y,|| - ||) be normed linear spaces. Then B(X,Y),
equipped with the operator norm, is a normed linear space.

Proof. We need only show that the “operator norm” is indeed a norm. Let T' € B(X,Y),
then ||T|| = sup ||7'(z)||. Hence, | T|| > 0 and ||| = 0 if, and only if, T"= 0. Now, let

TESx

AeKand T € B(X,Y), then

AT = sup (AT)(@)[| = sup [A]- [|T(2)]| = [A] sup [[T(x)]| = [A] - [| T[]

€Sy €Sy TESX

Finally, if S, 7 € B(X,Y’), then for any x € Sy,
165+ T) (@) < [1S) | + 1T @) < 1S+ [17]]-

Therefore, ||S+T| = sup [|(S+T)(z)| < [[S|+[T]. O
rE€Sx
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Let (X, -||) be a normed linear space. Then we shall denote by X* the vector space of
all bounded linear functionals on X. The space X* equipped with the operator norm is
called the dual space of X and is a normed linear space since X* = B(X,K). The norm
on X* is usually called the dual norm (on X*) instead of the “operator norm”.

Theorem 2.22. Let (X, || - ||) be a normed linear space and let (Y, || - ||) be a Banach
space. Then B(X,Y) is a Banach space.

Proof. Let (T,, : n € N) be a Cauchy sequence in B(X,Y). Then for each z € X,
(T,(z) : n € N) is a Cauchy sequence in (Y, || - ||) since,

1T () = Ton(2) | = (T = T (@) < T = Tonll - |-

Since (Y, - ||) is complete the sequence (T,(z) : n € N) is convergent in (Y,|| - ||). For
each z € X let T'(z) := lim,, 00 T;,(x). Then T': X — Y is well-defined and linear. Since
(T,, : n € N) is a Cauchy sequence in B(X,Y), it is bounded in B(X,Y’), i.e., there exists
a constant M > 0 such that [|7,,]] < M for all n € N. We claim that ||T']| < M. Let
x € Sx, then

7)) = |

lim 7,,(2)|| = Tim | T5(@)]| < sup 1T (@)| < sup | To] < M.

Therefore, ||T'|| < M. We now claim that (7}, : n € N) converges to T" with respect to the
operator norm on B(X,Y"). To justify this claim let us consider an arbitrary € > 0. Then
there exists a N € N such that

| T () = T (2)|| < || T — Tn|| <e for all x € Bx and all m,n > N.
Thus, if we take the limit over m € N we get that
(T —T,)(x)|| = |T(x) — Th(z)|| <e forallz € By and all n > N.

Hence, we have that | T — T,,|| = sup{|[(T — T,,))(x)|| : « € Bx} < eforallm > N. O

Theorem 2.23. All linear operators defined on finite dimensional normed linear spaces
are continuous.

Proof. Let (X, || - ||) be a finite dimensional normed linear space, (Y, || - /) be a normed
linear space and 7' : X — Y be a linear operator. Let us define a norm || - || by,
|l :== ||z]| + ||7(z)|| for all x € X. By the Fundamental Theorem of Finite Dimensional
Normed Linear Spaces, there exists a constant M > 0 such that ||zf < M|z| for all
x € X. This implies that ||T'(z)|| < M||z|| for all z € X, ie., T € B(X,Y). DO

A linear transformation 7" : (X, - ||) = (Y, - ||) acting between normed linear spaces
(X, |- 1) and (Y, -||) is called a normed linear space isomorphism if:

(i) T is one-to-one and onto;
(i) T'e B(X,Y);

12



(ili) 71 € B(Y, X).

If there exists an isomorphism 7' acting between normed linear spaces (X, || - ||) and
(Y.l - I, then we say that (X, | - ||) is isomorphic to (Y, | -||)

Corollary 2.24. Any two n-dimensional normed linear spaces (over the same field K)
are isomorphic.

Proof. Suppose that (X, || - || and (Y,|| - ||) are n-dimensional normed linear spaces. Let
# + X — Y be any vector space isomorphism from X into Y. Note that such an
isomorphism exists since X and Y have the same dimension. Since _# is one-to-one and
onto, #~':Y — X exists. Moreover, # ! will also be linear. The result now follows
from Theorem 2.23. O

Exercise 2.25. Show that a normed linear space (X, || - ||) is finite dimensional if, and
only if, every linear functional on (X, || -||) is continuous.

These last two results indicate that the isomorphic theory of finite dimensional normed
linear spaces largely reduces to linear algebra.

13



14



Chapter 3

Hilbert Spaces

Recall that an inner product (or a scalar product or a dot product) on a vector space
X is a scalar-valued function (-, -) on X x X such that:

(i) for every y € X, the function x — (z,y) is linear;
(i) (z,y) = (y,x) for every x,y € X;
(ili) (x,x) = 0 for every z € X;
(iv) (z,z) =0 if, and only if, x = 0.
Note that by (i), (0,y) = 0 for any y € X, and so by (ii), (y,0) =0 =0.

Theorem 3.1 (Cauchy-Schwarz inequality). Let (-,-) be an inner product on a vector
space X .

(i) For any x,y € X, we have | < VAT, )Y, y);

(i) the function ||z| = <x,x> is a norm on X.

Proof. (i): If (y,y) = 0, then we have that y = 0 and the inequality is satisfied. So we
may suppose that (y,y) > 0. Then for any A € K,

0< lz = Myl? = (= Ay, z— \y)
= (z,7) — My, z) — Az, +|M (y Y)

y)
-3 )

)
Y,y)
Set A := (x,y)/(y,y) and multiply both sides by (y,y). Then,
[z, )* < (xw)(y,y)-
(ii): We will check the triangle inequality. For any x,y € X, we have

|z + y]|? (T+y,x+y) = (r,2)+ (y,y) + (,9) + (y, 2)

(z, > (y,y) + 2Real(z, y) < (z,2) + (y,y) + 2[(z, y)|
(z, (¥, 9) +2\/ T, )N/ (Y, )

(\/<x z) + v/ (y, u))? = (=l + llyl)>.

This concludes the proof O

/A
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Exercise 3.2. Show that |(z,y)| = /(x,z)\/(y,y) if, and only if, x and y are linearly
dependent.

One immediate consequence of Theorem 3.1 is that (-,-) is a continuous function on
(X - ]]) x (X,]| - ||) into the scalar field. In particular, it implies that for a fixed vector
y € X, x — (x,y) is a continuous linear functional on X.
An ordered pair (H, (-,-)) is called a Hilbert space if:

(i) H is a vector space;

(ii) (-,-) is an inner product on H and

(iii) (H,| - ) is a Banach space, where ||z||*> = (z,z) for all z € H.

Theorem 3.3. Let (V,||-||) be a normed linear space. Then there exists an inner product
(-,): V xV — K such that ||z||> = (z,z) for all z € V if, and only if, the norm || - ||
satisfies the parallelogram law, i.e.,

Iz + yll* + llo = ylI* = 2(l|«l* + [lylI*)  for all z,y € V.

Moreover, the inner product (-,-) is generated by the polarisation identity

(lz +yl* = [z = y|*) forallz,y €V, if V is a vector space over R

| =

(z,y) =

and by

(lz+yll* = llz = yI* +illz + iyl|* — il —iy[|*)  for allz,y €V

e~ =

(z,y) =
if V' is a vector space over C. Alternatively, we can write (x,y) = iZiﬂ i*||z + i*y)?.

Proof. (=) Suppose that the norm || - || is induced by the inner product (-,-). Then

lz+yl* = (x+y, 2 +y) = (x,2) + (2,y) + (y,2) + (y,y) and
|z —y|]> =z —y.x —y) = (z,2) — (z,y) — (y, 7)

—~
+
—~
=
<
~

Taking the sum gives the parallelogram law:

Iz +ylI* + llz = yl* = 2((z, 2) + (v, 9)) = 20| =] + [ly[I*)-

Taking the difference gives:

lz +yl1” = llz = ylI* = 2((z, y) + {y. 2)) = 2((z, y) + (2. y)) = 4Real(z,y)

which is the real part of the polarisation identity. Now,

(Il +ayll* = llo = iy]*)

e~ =

Im(x,y) = Real(—i(x,y)) = Real(x, iy) =
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(<) Suppose the norm satisfies the parallelogram law. It suffices to show that (-,-) is a
complex inner product if it is defined by the polarisation identity. The proof for real inner
product is similar by removing all the imaginary terms.

First we check that (x,y) = (y,x):

(,9) = 00+ 1 = llz = 9?) + (e + iyl ~ 1z — i)
= 1y + 2P = lly = 2l + S0l =0 + i)l = itz — i)

1 { : :
= 2y +2l* = lly = ") = 7y + iz ll* = ly = ill*) = (y, ).

It follows that (z,z) is real, so that we may check 0 < (z, z):
1 2 2 2
(z,2) = Real{z, 2) = 7 ([lz + 2" + [lo = 2[) = |l«]" > 0,

and (z,z) = 0 if, and only if, ||z||* =0, or z = 0.

We now show additive distributivity. For z,y,z € V: We will use the identity that
x4+ iFy + 2 = [(1/2)z +i*y] + [(1/2)x + i*2] and the parallelogram identity.

4
(wy+2) =Y ilo+ity+i*2|?
k=1
! T 2 T 2
— 3 (2 H§ atyll 42 H§ + zsz lif(y — z)|y2)
k=1
4

T 2 T 2
i (2 H§ T H§ +¢%H - H(y—z)”z)
k

=1

! LT ke 2 ! 5L || T & 2 € €
23 i+t 2 g+ =2 ((3w) + (32)
k=1 k=1

We used the fact that Zi:l ikc =0 for all ¢ € C. Putting z = 0 gives (z,y) = 2 <§, y> SO
that (r,y + 2) = (z,y) + (z,2). We now show scalar multiplication distribution. Using
(x,y+2) = (z,y) + (x, z) we can show, by induction, that {(az,y) = a{x,y) for all a € Q.
The equation then holds for all @ € R by the continuity of || - || and the density of Q in
(R,|-]). Finally, for complex multiples we have

4 4

(im,y) =Y il +iFy|> =iy o+ iyl =i, y)
k=1 k=1

so that (ax,y) = a(x,y) for all a € C by real linearity. This allows us to conclude that
(-,-) is an inner product on V' that induces the norm || -|. O
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Therefore, a Banach space (X, ||-||) is a Hilbert space if, and only if, every two dimensional
subspace of (X, || -||) is a Hilbert space.

Let (H,(-,-)) be a Hilbert space and let z,y € H. We say that x is orthogonal to y,
denoted = L y, if (z,y) = 0. Let M be a subset of H. We say that x € H is orthogonal
to M, denoted x L M, if x is orthogonal to every vector y € M.

Let M be a subset of a Hilbert space (H, (-,-)). Then the set
Mt :={heH:h1l M}
is called the orthogonal complement of M in H.

Exercise 3.4. Let M be a subspace of a Hilbert space H. Show that (i) M~ is a closed
subspace of H, (i) M N M+ = {0} and (i) M C (M+)*.

Lemma 3.5. Let M be a closed subspace of a Hilbert space (H,(-,-)). If xy € H, then
there exists an mg € M such that ||xg — mo|| = inf{||zg — m|| : m € M}.

Proof. Choose a sequence (m,, : n € N) in M such that
d = lim |zg — m,|| = inf{||zg —m|| : m € M}.
n—oo

Recall the parallelogram law; namely, ||z —y||* = 2[||z]|* + ||y||*] — ||= + y||*>. Let us apply
this with = := (xg — m,,) and y := (xg — m,,), then

170 — Ml + llzo — M) = 12200 — (20 + 1100) |

[
= 2[lzo — mall* + llzo — munl* = 2lw0 — (2 + M) /2]|7]
[

< 2[l|wg — mal]? + ||xo — M ||* — 2d%],  since (my, +my,)/2 € M.

|72 — mn||2 = 2

It now follows that (m, : n € N) is a Cauchy sequence in M. Let mg := lim m,. Then
n—oo

mo € M, since M is closed and ||xg — mg|| = lim ||z — m,||=d. O
n—o0

Lemma 3.6. Let M be a closed subspace of a Hilbert space X. If zg & M and there exists
an mg € M such that ||xg — mo|| = inf{||xg — m|| : m € M}, then (zg —mg) € M*.

Proof. Fix m € M and define D : R — R by,
D) = [z — (mo + Am)|[2 = ||z — mo) — Am]”.
Therefore,
D()\) = A?||m||* — 2AReal(m, 2o — mqg) + ||mo — mo||*; which is a quadratic in .

Now, by assumption, D attains its minimum value at A\ = 0 and so by elementary calculus,
0 = D'(0) = 2Real(m, xy — my), since D'(\) = 2\||m||* — 2Real(m, xog — my).

Thus, for any m € M, Real(m,zo — mo) = 0. Now, if m € M, then im is also in M
and so 0 = Real(im,zo — my) = —Im(m,xy — my), i.e., Im(m,zo — mpy) = 0 and so
(m, 19 —mg) = 0. Since m € M was arbitrary it follows that (zqg —mo) € M+. O
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Theorem 3.7. If M is a closed subspace of a Hilbert space (H, (-,-)), then M +M~*+ = H.
In fact, M © M+ = H.

Proof. Clearly, M + M=+ C H. So it is sufficient to show that H C M + M~*. Let 2y € H,
then by the earlier two lemmas there exists a my € M such that (g —mgy) € M L. Thus,
x0:m0+(x0—mo)EM+ML. O

Corollary 3.8. If M is a closed subspace of a Hilbert space (H,(-,-)), then (M+)t = M.

Proof. From before we know that M C (M)~ so it is sufficient to show that (M+1)+ C M.
To this end, choose z € (M*)*. Then x = m + m* for some m € M and m* € M* (as
H =M ® M%). Now, since z € (M*)*,

0= (z,m") = (m+m>",m") = (m,m") + (m>,m") =0+ |[m~|

Hence m* =0 andsox=me M. O

Let (H,(-,-)) be a Hilbert space and let S C H. Then S is called an orthonormal set
if (s,s’) = 0 whenever s # s’ and (s,s) = 1 for every s € S. A subset S of a Hilbert

space (H,(-,-)) is called an orthonormal basis for H if S is an orthonormal set and
H = span(S).

Theorem 3.9. Fvery nonzero Hilbert space admits an orthonormal basis.

Proof. Let (H, (-,)) be a nonzero Hilbert space and let X be the family of all orthonormal
subsets of H. Then X # @ and (X, C) is a partially ordered set. (Note: if x € Sy, then
{z} € X). We claim that X contains a maximal element. By Zorn’s Lemma to show
this we need only show that every totally ordered subset of X has an upper bound. Let
@ # T C X be a totally ordered and let B := [J{S : S € T}. Clearly, S C B for
each S € T and so B is an upper bound for T provided we have B € X. So suppose
that ,y € B and  # y. Then there exists S, € T and S, € T such that x € S, and
y € Sy. Now since T is totally ordered either S, C S, or S, C S,. Therefore, either
{z,y} € S; or {z,y} C S,. Hence, in either case, (z,y) = 0. Furthermore, it is easy
to see that if z € B, then ||z|| = 1. This shows that B € X. Let Byax be a maximal
element of (X, C). We claim that span(B,.x) = H; for if this is not the case then we may
choose x € Sy Nspan(Bumax)™ and set B* := Bpax U {z}. Then B* € X, Bp. C B*, but
B* # Bax; which contradicts that maximality of By... Hence B.x is an orthonormal
basis for H. O

Exercise 3.10 (Pythagoras’ Theorem). Let (X, (-,-)) be an inner product space. Show
that if x L y, then
lz -+ yll* = = ]1* + Iyl

Theorem 3.11. Let {ey : 1 < k < n} be an orthonormal set in an inner product space
(X, (-,-)). Let x € X and M := span{ey,es,...e,}. Then:

(i) (2 =X pi(m ener) L M;
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(i1) Y op_ (x, ex)ex is the closest point in M to x;
(1) [J? = 112 2k= (2, ex)erll + llz = D2k (2, exen]*.

Proof. (i): To show this it is sufficient to check that (z — >~ ,(z, ex)ex, €;) = 0 for each
1 < j < n. But this follows from the following simple calculation.

n n

(= (wenene;) = (we) = (O (w ex)er, ;)
k=1 k=1
= (z,6) = > _(wex)len, €5)
k=1
= <.T},€j> _Z<~T,ek>5k,j: <.T,€j> - <.T,€j> = 0.
k=1
(ii): Let m € M. Then m = >_;_, myey, for some (my,mo, ..., m,) € K*. Now,

n 2

(@ =Y (ween) + Y ({ ex) —mi)e

k=1

lz = m|* =

Therefore, since > ,_,((z,ex) — my)er € M and x — Y _, (z, ex)er € M+ we have that

T — Z(:c,ek>ek

k=1

2
+

2 2

n

Z((x, ex) — Mg)ex

k=1

n

T — Z(:c,ek>ek

k=1

lw = ml|* = >

Le, [z —m| = ||z — > _,(z,ex)ex|. (iii): The proof of this follows from part (i) and
Exercise 3.10. O

Exercise 3.12. Let (M,d) be a metric space. Show that (M,d) is not separable if, and
only if, there exists an € > 0 and an uncountable set C C M such that d(x,y) > e for all
(z,y) € C*\ A. Here A := {(z,y) € C*: x =y} - the diagonal of C*.

Theorem 3.13. Let (H,(-,-)) be a separable infinite dimensional Hilbert space. Then
(H,(-,-)) has an orthonormal basis {e,, : n € N} such that x = > ;- (x,ex)ex, for each
reH.

Proof. We know, from Theorem 3.9 that (H,(-,-)) has an orthonormal basis B. Since
H is infinite dimensional, B must be infinite. On the other hand, for every (b,b') €
B2\ A, b =V]|* = [|b]]> + ||V'|]> = 2 and so by Exercise 3.12, B must be at most
countable i.e., B can be expressed as B = {e, : n € N}. For each n € N, let M, :=
spanfer, €z, ...¢,}. Then span(B) = J, oy M,. Fix 2 € H. Since M,, € M, for
all n € N, 0 < dist(x, My,41) < dist(z, M,,) and so lim,,_, dist(z, M,,) exists, and is
greater than, or equal to 0. Further, since H = span(B) = |J,cy My, it follows that
lim dist(z, M,,) = 0. However, by Theorem 3.11 part (ii)

n—oo

n

T — Z(:p,ek>ek

k=1

dist(x, M,,) = for each n € N.

Thus, lim ||z —>"7_,(z,ex)ex]| = 0 and we are done. O
n—oo
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Exercise 3.14. Let {e; : 1 < k < n} be an orthonormal set in an inner product space
(X, (-,+)). Show that for any (a1, as,...a,) € K, [| >0 agexl|* = > r_; |akl*.

Theorem 3.15. Let {e, : n € N} be an orthonormal set in a Hilbert space (H, (-,-)) and
let v € H. Then: (i) > oo, [(x,ex)|* < ||z||* (Bessel’s Inequality); (ii) If {e, : n € N} is
an orthonormal basis for (H, (-,-)), then Y o [{x, ex)|* = ||x]|* (Parseval’s Identity).

Proof. (i): For every n € N, we have

n 2

T — Z(x, ex)ex

k=1

n

Z(x, ek )€k

k=1

0< = |ll* -

2 n
= Jlal* =D . en)l.
k=1

From which Bessel’s inequality follows.

(ii): If {e, : n € N} is an orthonormal basis for (H, (,-)), then z = >~ (z, ex)er. The
result then follows from the above equation. O

Example 3.16. Recall that (*(N) := {(z, : n € N) e KN : 3~ ¢ ]z,[* < oo}. On *(N)
one can define the following inner product.

((xp :n €N), (yp:n €N))g = Zazn%

neN

Then ((2(N), (-,-)2) is a separable infinite dimensional Hilbert space.

We now present a representation theorem for separable infinite dimensional Hilbert spaces.

Theorem 3.17 (Riesz-Fischer Theorem). Every separable infinite dimensional Hilbert
space (H, (-,-)) is isometrically isomorphic to ((*(N), (-, -)2).

Proof : Let {e, : n € N} be an orthonormal basis for (H,(-,-)). Define T : ¢*(N) —
H by, T(a) := > 2, axer, where a := (a; : k € N). First we must show that T is
well-defined, i.e., show that for each a € ¢*(N), T(a) really is an element of H. Let
a = (a : k € N) € *(N), then for each (m,n) € N? such that m < n we have that
> e, arexll* = Sor_, lag|®>. Therefore, the partial sums (3 ;_, axer : n € N) form a
Cauchy sequence in (H, (-,-)) and thus are convergent. It is easy to see that 7' is linear
and by Parseval’s Identity it follows that T is an isometric embedding. Therefore, it
remains to show that 7" is onto. To this end, consider € H. Then z = > 7~ (x, ex)e.
Define a := (ay, : k € N) by, ai := (z,e;). By Bessel’s inequality a € (?(N). The proof is
completed with the simple observation that T'(a) =z. O

Example 3.18. Let I' be a nonempty set and let p € [1,00). We shall denote by, (P(T")
the set of all functions from I into K such that

sup {Z |f())P . F is a finite subset ofT} < 00.

YEF
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Then (¢°(T), | - |l,) is a Banach space, where

1/p
N fll, == (sup {Z |f()|P: F is a finite subset ofT}> )
YEF
Note that if f € (*(T'), then {y € ' : f(y) # 0} is at most countable and we write
Nfll, = (nyer lF(NIP)YP. If p = 2, then (P(T') is a Hilbert space with inner product
defined by
(f.9)2=>_ f(1)a(7).

el
IfT ={1,2,...,n}, then we write (> instead of £*({1,2,...,n}).

Exercise 3.19. Let (H,(-,-)) be a nonzero finite dimensional inner product space. Show
that (H, {-,-)) is isometrically isomorphic to ((2,{-,-)2), where n := dim(H).

n’

More generally, one can prove that every nonzero Hilbert space (H, (-,-)) is isometrically
isomorphic to (¢%(T), (-, -)2) for some nonempty set T

Unlike the case of a general Banach space, one can give a satisfactory description of all
the bounded linear functionals on a Hilbert space.

Theorem 3.20 (Riesz’s Representation Theorem). Let * be a bounded linear functional
on a Hilbert space (H, (-,-)). Then there exists an element xy € H such that x*(y) = (y, zo)
for all y € H. Moreover, the element xq is unique and the operator norm of x* equals

o]l

Proof. Consider the mapping 7' : H — H* defined by, T'(x) := (-, z), i.e., T'(z)(y) = (y, x)
for each y € H. From our earlier work we know that 7" well-defined, i.e., T'(x) is a
continuous linear functional on H, for each x € H. Fix v € H, from the Cauchy-Schwarz
inequality we have that |(y,z)| < ||z||||y]| for all y € H and so the operator norm of T'(x)
is less than, or equal to, ||z||. However, |(z,z)| = ||z]|* and so

1T () || = sup{|T(x)(y)] - y € Su} = ||=[].
Thus, it remains to show that 7" is onto. To this end let z* € H*\ {0} and let M :=
Ker(z*). Choose z € M+ \ {0}. Note that this is possible since M # H. We claim that
H = span{xz, M}, ie., H={h € H : h= Ax+m for some A\ € K and m € M}. To prove
this assertion, let us consider any h € H. Then h — [x*(h)/z*(x)]z € M since

a*(h =" (h) /" (2)]x) = &*(h) = [2"(h) /2" (2)]z"(x) = 2" (h) — 2" (h) = 0.

Therefore, h = [x*(h)/z*(x)]z + m where, m := h — [x*(h)/z*(z)]x € M. We can now
check that T'(xz¢) = x* where z¢ := px and u := 2z*(z)/||z||?>. But this is easy to check
since we need only show that T'(z9) = z* on a spanning set for H. In particular, we need
only show that T'(xg) = x* on {z} and M. However, T'(z¢)(z) = (x,z9) = z*(x) and
T(x9)(m) = (m,z0) =0 =2a"(m) foreachme M. O

For the idea behind this proof note that if f and ¢ are linear functionals on a vector space
V and Ker(f) C Ker(g), then g = Af for some A € K. We shall examine the structure of
Hilbert spaces more closely later in this course.
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Chapter 4

Hahn-Banach Theorem

A real-valued function p defined on a vector space V is called sublinear if for every
z,y € Vand 0 < A < oo, p(Ax) = Ap(z) and p(x +y) < p(x) + p(y). If, moreover,
p(Az) = |Ap(z) for all z € V and all A € K| then p is called a semi-norm on V.

Exercise 4.1. (a) Show that every sublinear function p defined on a vector space V is
convez and has the property that p(0) = 0.

(b) Show that if p is a semi-norm then p(x) = p(—x) for all x € V and 0 < p(x) for all
xeV. Hint : 0= (1/2)(—x) + (1/2)x.

Let us start this section with some linear algebra. Suppose that U is a subspace of a
vector space (V;+; - ), over the field of real numbers and suppose that f: U — R is a
linear mapping. We will look at possible “extensions” of f to larger subspaces of V. To
this end, suppose that zp € V \ U and W := span(U, xy). Then every x € W can be
uniquely expressed in the form: x = Axy + u where v € U and A € R. That is,

span(U, zp) = {Azo+u €V :ue U and A € R}

and if, \yxg+u1 = Aoxg+ ug, then A\ = Ay and u; = us. Foreach a € R, let F,, : W — R
be defined by, F,(z) := f(u) + A\, where x = Azy + u. Note that since the A € R and
u € U are unique, this function is well-defined. It is also evident that F,|y = f. It is also
easy to verify that Fj, is linear on W. Thus, each F, is a linear extension of f to W.

Let us also observe that if G : W — R is any linear function on W such that G|y = f,
then G = Fy, for some o € R. In fact, G = Fi(,,). To see this we simply do a calculation.
Suppose that G : W — R is a linear function such that G|y = f and x € W. Then
r = Axg + u for some unique A € R and v € U and

G(x) = G(Axg + u) = AG(x0) + G(u) = AG(20) + f(u) = Fo(ae) (Ao + 1) = Fgy)(2).
Next, we shall consider whether we can extend f to a linear function G : W — R in
such a way that if f(u) < p(u) for all w € U, then G(z) < p(x) for x € W, where

p: V — R is some sublinear functional on V. From our observations above this reduces
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to the question of whether there exist an o € R such that F,(z) < p(z) for all z € W,
whenever, f(u) < p(u) for all u € U.

We shall look at this more closely. Firstly, F,(z) < p(z) for all x € W if, and only if,
f(u) + A < p(u + Axg) for all w € U and all A € R and this holds if, and only if,

fu)+Aa < plu+ Axg) for all w € U and all 0 < A and
fw)+(=Na < pu+ (=N)zg) for all w € U and all 0 < A.

Since f(u) < p(u) for all u € U, the above inequalities hold if, and only if,

a < p()\*lu +20) — f(A ) for all w € U and all 0 < \ and
a > fOAu) = p(ANtu— ) for all w € U and all 0 < .
Therefore, F,(z) < p(z) for all x € W, if, and only if,

sup f(A™'u) — p(A\'u — 20) <o < inf p(AMu+20) — F(AMu). (%)

uelU uelU
0<A 0<A

Lemma 4.2. Let U be a subspace of a vector space V' over the real numbers and let
p:V — R be a sublinear functional on V. If f is a linear functional on U, f(u) < p(u)
for alluw € U and xy € V \ U, then there exists a linear function G : span(U, xy) — R
such that G|y = f and G(z) < p(x) for all x € span(U, x).

Proof. Let W := span(U, x) and let F, : W — R be defined by, F,(z) := f(u) + Aa,
where u € U, A € R and = = Az + u. We need to show that the equality (%) holds. Let
uy,us € U and A1, Ay € (0,00). Then, since p is subadditive

FOT uy + A ug) < pOT g + A5 M) < p(AMug — 20) + p(Ag ug + 20).
Therefore,

FOT ur) = pOAT ur — 20) < (g ua + @) — f(A; " ua).
Hold us and A, fixed, then

sup f(A M) — p(A u — 20) < p(Ag ug + 20) — F(A; ).

uelU
0<A

Now, take the infimum over us € U and 0 < Ay to get

sup f(AMu) — p(AMu — 1) < inf p(ZNru+x0) — FOA ).
ued hex

Next, choose a € R such that

sup f(A'u) — p(A ' — 29) < a < 11615 p(AN " u 4 zo) — F(A ).
uelU u
0<A o<

Then, by (%), Fp(z) < p(x) forallz e W. O
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Theorem 4.3 (Hahn-Banach Theorem). Let U be a subspace of a vector space V' (over
R) and let p : V. — R be a sublinear functional on V. If f is a linear functional on U
and f(u) < p(u) for all w € U, then there exists a linear functional F': V — R such that
Fly = f and F(z) < p(z) for allz € V.

Proof. Let & denote the collection of all ordered pairs (W', f'), where W' is a subspace of
V' containing U and f’: W’ — R is a linear functional defined on W' such that f'|; = f
and satisfies f'(x) < p(x) for all z € W’. & is non-empty as (U, f) € &?. We partially
order & by, (W', [y < (W", f")if W CW”" and f"|w = f'. U {(W,, fa) :a € A} is a
nonempty totally ordered sub-family of &2, then W’ := | J{W,, : a« € A} is a subspace of
V' containing U. The function f': W’ — R defined by, f'(z) := fo(z) if z € W, is well-
defined and linear. In fact, (W', f') € . Moreover, (W,, fo) < (W', f') for all a € A.
Therefore, by Zorn’s Lemma, & has a maximal element (W, F). We must show that
W = V. So suppose, in order to obtain a contradiction, that W # V and pick o € V\ W.
Then, by the previous lemma, there exists a linear function G : span(W, zy) — R such
that G|y = F and G(x) < p(z) for all = € span(W, zy). Then (span(W, zy),G) € & and
so (W, F) < (span(W, xy), G); which is impossible, since (W, F) is a maximal element of
. Therefore, W =V, which completes the proof. O

Exercise 4.4. Let Y be a subspace of a normed linear space (X,|| - ||) (over R). If
f € Y* then there exists an F € X* such that Fly = f and ||F|| = || f||. Hint: Consider
p: X — R defined by, p(x) := ||f| - ||z]|]. Note also that F(zx) < p(x) for all x € X if,
and only if, |F(z)| < p(x) for all x € X.

Let V be a vector space over C. Then V may also be considered as a vector space over
R (or indeed, any subfield of C). Let us denote this vector space by Vk. In this way, if
(X, || - ) is a normed linear space over C then (Xg, || -||) is a normed linear space over R.
If f e X*then fg : Xg — R defined by, fr(z) := Real[f(z)], is a member of (Xg)* (i.e.,
fr is real linear and continuous).

Fact : Let (X,| -||) be a normed linear space over C and let f € X*. Then ||fr] =
| fll. Clearly, ||fr]| < ||f]]. To obtain the reverse inequality, let us fix z € Sx and set
0 := arg(f(x)) € [0,27). Then, f(e ®z) = e f(z) € R and so f(e ?x) = fr(e ?z).

Therefore,

[f(@)] = [f(e72)] = [ fu(e™2)] < I felllle™ =] = [ felllz] = |l /el

Since x € Sx was arbitrary, ||f]| = sup |f(x)| < || f&]-
r€Sx

Exercise 4.5. Let [ be a linear functional defined on a vector space V' over C. Show
that f(x) = fr(x) —ifg(iz) for all x € V. Hint: Write f as: f = fr + ifi where
fi(z) := Im[f(x)] for all x € V. Conversely, show that if g is a real linear functional on
Vand f : V — C is defined by, f(x) := g(x) — ig(ix) then f is complex linear and
fr=g.

Theorem 4.6. Let Y be a subspace of a normed linear space (X, ||-||) (over C). If f € Y*
then there ezists an F' € X* such that F|y = f and |F| = || f]|-
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Proof : Consider the real linear functional fr : ¥ — R. By an earlier exercise there
exists a G € (Xgr)* such that G|y = fg and |G| = || frl|| = || f]|. Define, F': X — C by,
F(z) := G(z) —iG(ixz). Then F is complex linear and

IEN = N Fell = &1 = [I£1]-

Moreover,
Fly(y) = Gly(y) — Gy (iy) = faly) — ife(iy) = f(y)
forally e Y, ie, Fly=f. O

Corollary 4.7. Let (X, | -||) be a normed linear space. For every x € X \ {0} there exists
an f € Sx« such that f(z) = ||z

Proof. Let Y := span{z} and define f € Y* by, f(Ax) := A||z||. Clearly, ||f|| = 1 and
f(z) = ||z||. By Theorem 4.6 there exists an F' € X* such that ||F|| = || f]| and F|y = f.
In particular, F(x) = f(z) = ||z]]. O

Let S be a nonempty subset of a vector space V. We shall say that a point x € S is a
core point of S if for every v € V' there exists a 0 < § < oo such that x + Av € S for all
0 < A < 9. The set of all core points of S is called the core of S.

Let C' be a convex set in a vector space V' with 0 in the core of C'. Then the functional
pe = Vo — R defined by, pc(x) = inf{A > 0 : x € AC} is called the Minkowski
functional generated by the set C.

Theorem 4.8. Let A be a convex subset of a vector space V- with 0 in the core of A.
Then pa: V — R is a sublinear functional. Moreover,

{r eV ipalr) <1} CAC{x eV :pua(x) <1}

Proof. To show that 4 is positively homogeneous (i.e., pa(sx) = sua(x) for all
0 < s<ooandall z € V) it is sufficient to show that pa(sz) < spa(x) for all 0 < s < oo
and all x € V. To see this, let 0 < s < oo and let x € V', then

pa(@) = pa(s™'(s7)) < s 'pa(sr) andso  spa(r) < pa(sz).
Note that as p14(0) = 0, we get for free that pa(0x) = Opa(z) for all z € V.

Next, let 0 < s < oo, x € V and let 0 < . Then choose 0 < A < (ua(x) + €/s) such that
x € MA. Therefore, sz € (sA\)A. Thus, pa(sx) < s and so pa(szr) < spa(x) + €. Since
0 < € was arbitrary, pa(sz) < spa(z).

We now show that p4 is subadditive (i.e., pa(x +y) < pa(x) + pa(y) for all z,y € V).
Let z,y € V. Let 0 < € be arbitrary. Then there exists 0 < A\; < pa(z) + ¢/2 and
0 < A < pa(y) +¢/2 such that x € A\jA and y € Ay A. Then

r4+y € MA+ A= (A +X)A, since A is convex.
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Therefore, pa(r +y) < M + Ao < pa(x) + pa(y) +e. Since 0 < ¢ was arbitrary,
pa(r +y) < pa(z) + paly).

If ,LLA( ) < 1, then there exists a 0 < A < 1 such that z € AA or A™'z € A. Therefore,
A[(A )]+ (1 A)0 € A, since A is convex. On the other hand, if x € A, thenx € 14
and sopa(r) <1, O

We now introduce some topology to the situation.

Proposition 4.9. Let p : X — R be a sublinear functional defined on a normed linear
space (X, || - 1|). Then p is continuous on X if, and only if, p is continuous at 0.

Proof. Clearly if p is continuous on X, then p is continuous at 0. So we consider the
converse. Suppose that p is continuous at 0. Note that for any z,y € X

p(z) <plz—y)+ply) and py) < ply — ) +p().
Therefore, p(z) — p(y) < p(z —y) and p(y) — p(z) < p(y — ). Thus,

*[p(x) — p(y)] < max{p(z —y),ply —z)}.

That is, |p(z) — p(y)| < max{p(x — y),p(y — x)}. Now, suppose zo € X and 0 < ¢ are
given. Since p is continuous at 0, there exists a 0 < ¢ such that |p(z)| = |p(z) —p(0)| < &
for all ||z|| = |Jz —0]| < §. Note also that |p(—x)| < e for all ||z|| < §. So if, ||z — x| < 9,
then

Ip(z) — p(wo)| < max{p(r — x0),p(ro — )} = max{p(x — o), p(—(r — z0))} <e.
Hence, p is continuous at x5, O

Proposition 4.10. Let A be a conver subset of a normed linear space (X,| - ). If
0 € int(A), then 4 is continuous on X.

Proof. By the Proposition 4.9 we need only show that p4 is continuous at 0 € X. To this
end, let 0 < . Since 0 € int(A) there exists an 0 < r such that rBx C A. Therefore,
(er)Bx C €A and so if x € B(0,er), then pa(x) < e. Let § := er. Then 0 < ¢ and if
|z — 0| <90, |pa(z) — 11a(0)] = pa(z) < e. This completes the proof. O

Corollary 4.11. Let A be a convex subset of a normed linear space (X, || - ||) with 0 €
Cor(A). Then py is continuous on X if, and only if, 0 € int(A).

Proof. From Proposition 4.10, if 0 € int(A), then p4 is continuous on X. So we consider
the converse. Suppose that y 4 is continuous on X, then (4)~*((—1,1)) is an open subset
of A and moreover, since 14(0) =0 € (—1,1), (ua)~((—1,1)) is an open neighbourhood
of 0, that is contained in A. Hence, 0 € int(A). O
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Exercise 4.12. Let C be a convex subset of a normed linear space (X, ||||) with 0 € int(C).
Then _
{r eV :pc(z) <1} =mt(C) and {zxeV:puc(x)<1}=C.

In particular, if C is a closed subset of X with 0 € int(C) and xo € C, then 1 < pc(zo).

Theorem 4.13 (Separation Theorem)). Let C' be a nonempty closed convexr subset of
a normed linear space (X, || - ||). If o & C, then there exists an f € X* such that
sup{ Real[f(z)] : x € C} < Real[f(z0)].

Proof. First, let us consider the case when (X, || -||) is a normed linear space over R. We
may assume without loss of generality that 0 € C'; otherwise we consider C'—x and xg —x
for some x € C. Let ¢ := dist(z9,C) > 0. Set D := {x € X : dist(x,C) < §/2}. Since
0 € C, we have that 0 € int(D). D is also closed and convex and zo ¢ D. Let up be the
Minkowski functional for D. Since D is closed and xy ¢ D we have pup(zg) > 1. Define
a linear functional on span{zo} by, f(Azo) := Aup(zo). Then on span{zy} we have that
f(Azg) < pup(Azp). Indeed, for 0 < A it is clear from the definition of f; whereas for
A < 0 we have f(Axg) = Aup(xo) < 0 while up(Azg) > 0. Extend f onto X so that
f(z) <upp(z) forallz € X. If x € D, then up(x) < 1 and thus, f(x) < pp(x) < 1. Since
D contains a neighbourhood of the origin we have that f is a bounded on a neighbourhood
of 0 and so f € X*. Since f(zo) = up(zo) > 1 we get that sup{f(z) : x € C} <1 < f(xo).

In the complex case, we construct g from (Xg)* as in the real case and then define

f(@) == gla) — igliz). O

Two subsets A and B of a normed linear space (X, ||-||) are said to be strongly separated
by a closed hyperplane if there exists an f € X*, an o € R and an 0 < € < oo such
that:

AC{re X :Real[f(z))] < a—e} and BC{zre X :Realf(z)]>a+c}.

Theorem 4.14 (Strong Separation Theorem). Two disjoint closed and convez subsets A
and B of a normed linear space (X, || - ||) can be strongly separated by a closed hyperplane
if there exists a 0 < § < oo such that (A+dBx) N B = @.

Proof. Let K := A— B. Then K is a nonempty closed and convex subset of X and
0 ¢ K. So from Theorem 4.13 there exists an f € X* and an r € R such that

sup{Real[f(z)] : x € K} <r < Real[f(0)] = 0.

In particular, for any a € A and b € B, Real[f(a) — f(b)] < r < 0, or equivalently,
Real[f(a)] < r + Real[f(b)] for any a € A and b € B. Hold b € B fixed and take the
supremum over a € A to get:

sup{Real[f(a)] : @ € A} < r + Real[f(D)]
Now take the infimum over b € B to get:

sup{Real[f(a)] : a € A} <r +inf{Real[f(b)] : b € B} < inf{Real[f(b)] : b € B}.
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Let
a = (1/2)sup{Real[f(a)] : a € A} + (1/2) inf{Real[f(b)] : b € B}

and € := (1/2) inf{Real[f(b)] : b € B} — (1/2) sup{Real[f(a)] : a € A} > 0. Then,
AC{re X :Real[f(x)]<a—¢c} and B C{zxe€ X :Reallf(z)] >a+ec}
which completes the proof. O

Exercise 4.15. Let M be a closed subspace of a normed linear space (X, ||-||). If vo € M,
then there exists an f € X* such that Real[f(x¢)] = 1 and Real[f(x)] =0 for all x € M.

Note that if a linear functional is bounded on a vector space, then it must be the zero
functional. If the vector space is over the field of real number, and a linear function is
bounded above (or below), then it must also be the zero functional.
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Chapter 5

Baire’s Theorem

Let C' be a nonempty subset of a metric space (M, d). Then we define the diameter of
C to be:
diam(C') := sup{d(z,y) : z,y € C}.

Theorem 5.1 (Cantor Intersection Property). Let (F,, : n € N) be a decreasing sequence
(i.e., Fi1 C F, for alln € N) of nonempty closed subsets of a metric space (M,d). If
(M, d) is a complete metric space and lim diam(F,) = 0, then (), oy Fn # @.

n—oo

Proof : For each n € N| choose z,, € F,,. We claim that the sequence (z,, : n € N) is a
Cauchy sequence. To verify this claim let us fix 0 < €. Since lim,,_,, diam(F},) = 0, there
exists an N € N such that diam(F},) < ¢ for alln > N. Let N < n < m, then

tm €EF,CF,1C---CF,1CF, ie, xy,,x, €F,. (%)
Therefore, d(z,, z,) < diam(F,) < e. This completes the proof of the claim.

Since (M, d) is a complete metric space, (x, : n € N) converges to some point z,. We
now claim that zo € (),cy Fn- Let n € N, then by (x) it follows that z,, € F, for all

m > n. Therefore, since F,, is a closed set, ro, = lim =z, € F,,. However, as n € N was
m—oQ0

arbitrary, o, € [, ey Fn. This completes the proof. [

neN - n

Theorem 5.2 (Baire Category Theorem). Let (M,d) be a nonempty complete metric
space and let (O, : n € N) be dense open subsets of (M,d). Then, (\,—, O, is dense in
(M, d).

Proof. Let W be a nonempty open subset of (M, d); we will show that ()2, O, NW # @.
We proceed inductively. First choose x1 € Oy NW. Note this is possible since O; is dense
in (M,d) and W is a nonempty open subset of (M, d). Then choose 0 < r; < 1 such that
Blzy,71] € O NW. Note: this is possible since O; N W is an open set.
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In general, we will choose x,, € M and 0 < r, < 1/n such that
B[ZL‘n, rn] g B(xn—la rn—l) N On g B[xn—la Tn—l]-

Inductive step. Choose x,1 € B(xp, ) N Oy,yq. Note this is possible since O, is dense
in (M,d) and B(x,,r,) is a nonempty open subset of (M, d). Then choose 0 < r,;1 <
1/(n+ 1) such that

B[xn—l—la Tn-‘,—l] g B(l‘n, rn) N On+1 g B[l‘n, rn]~
Note this is possible since B(zp,7,) N Opy1 is open in (M, d).

By the Cantor Intersection Property @ # (,cy Blon, 7] € Blzy,71] € W. So we need
only show that (,cy Bl#n: 7] € N,eny On- However, by construction, Blz,,r,] € O, for
alln € N, and so (,,cny BlTn: 7] € (,eny On- This completes the proof. O

Example 5.3. Let {r, : n € N} be an enumeration of the rational numbers. For eachn €
N, let O,, := Q\{r,}. Then each O,, is a dense open subset of Q. However, (\,—, O, = &.
This demonstrates the need for the metric space to be complete.

Corollary 5.4. Let (M,d) be a nonempty complete metric space and let (F,, : n € N) be
a closed cover of (M,d). Then for some k € N, int(F}) # &.

Proof. For each n € N, let O,, := M \ F,,. Then,
(VOn=[M\F,)=M\|]JF,=2.

neN neN neN
Therefore, for some k € N, Oy must not be dense in (M,d). Thus, F, = M \ Oy has
nonempty interior. O

We shall call a topological space (X, 7) a Baire space if for each sequence (O, : n € N)
of dense open subsets of (X, 7), (1,cy On is dense in (X, 7).

From Theorem 5.2 we see that every nonempty complete metric space is a Baire space.

Exercise 5.5. (a) Show that every nonempty regqular compact space is a Baire space;
(b) Show that if M is a nonempty complete metric space and X is a nonempty reqular
compact space, then M x X is a Baire space; (¢) Show that every nonempty open subset
of a Baire space is a Baire space (with the relative topology); (d) Show that if Y is a dense
Gs subset of a Baire space X, then'Y (with the relative topology) is also a Baire space; (e)
Let X be an uncountable set. Show that X with the co-finite (or co-countable) topology is
a Baire space.

Let (X, 7) be a topological space. Then we shall say that a subset F' of (X, 7) is first
category in (X, 7) if there exists a sequence (F, : n € N) of closed subsets of (X, 7) such
that: (1) F' € U, ey Fr and (ii) int(F},) = @ for each n € N. We shall say that a subset S
of (X, 1) is second category if it is not first category.

Note that a topological space (X, 7) is a Baire space if, and only if, each nonempty open
subset of (X, 1) is second category.
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Application

Lemma 5.6. Suppose that a < b and f € Cla,b]. Then for each ¢ > 0 and n € N
there exists a piecewise linear mapping g € Cla,b] such that (i) ||f — glle < € and (ii)
|9’ (z)| > n for all x € [a,b).

Proof. Consider the following set:

S :={x € [a,b] : there exists a piecewise linear mapping g € Cla, x| with
9(z) = (@), [ fljaa) — glloo < € and |g} (y)| > n for all y € [a, z)}

Let s := sup{x € [a,b] : x € §}. Clearly, a < s < b. To complete the proof we need to
show that s € S and that s = b (i.e., show that s < b leads to a contradiction). O

Example 5.7. If a < b, then there exists a continuous nowhere differentiable function on
[a, b].

Proof. Let D denote the set of all functions in (Cla,b],|| - ||«) that have a right-hand
derivative at some point of [a,b). For each n € N, let

flz+h) - f(x)
h

D, :={f € Cla,b] : 3z € [a,b— 1/n] for which  sup
0<h < 1/n
Clearly, D C |J,,cy Pn- Let us now show that each D, is closed subset of (Cla, b], || - ||s)-
So fix n € N and let (f;, : k& € N) be a sequence in D,, that converges to f in (Cla, bl, || |ls0)-
We need to show that f € D, i.e.,

flz+h) - fz)
h

N

sup <n for some x € [a,b— 1/n].

0<h < 1/n

Our first task is to find the candidate point x € [a,b—1/n] such that this inequality holds.

For each i € N, choose z; € [a,b— 1/n] so that

filzi +h) — fi(x)
h

<n.

sup
0<h < 1/n

Since [a,b— 1/n] is compact, by passing to a subsequence if needed, we may assume that
(x; : 1 € N) converges to z € [a,b— 1/n]. (This is our candidate point!). We claim that:

f(x+h) - f(x)
h

sup < n.

0<h < 1/n

To see this, let 0 < h < 1/n be arbitrary. We need to show that

flz+h) = fx)
h

To this end, let 0 < ¢ be arbitrary. We will show that:

flz+h) - f(x)
h

~X

<n+e.
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Choose k € N so that:
(1) [f(zx) = f(z)| < he/4;
(ii) |f(xx+h) — f(x+h)| < he/4 and
(iti) |If — full < he/4.

Note that such a choice is possible since x = lim x; and f = lim f;. Then,
i—00

‘f(erh)—f(fU) < f<x+h>_f<xk+h)‘+'f(xk+h)_fk<xk+h)‘
h = h h
N TCESOES TEA IR TACAESIES
+ M <e/d+e/d+n+e/d+e/d=n+e.

Since 0 < ¢ was arbitrary,

< n.

‘ﬂx+m—f@)
h

Since h € (0,1/n] was arbitrary,

B) —
y |[Hem = f@]
0<h < 1/n h
This shows that f € D,.
We now show that each D,, is nowhere dense in (Cf[a,b], || - ||). So fix n € N. Suppose,

in order to obtain a contradiction, that there is some f € D, and r > 0 such that
B(f,r) € D,,. Then, by Lemma 5.6, there exists a piecewise linear mapping g : [a,b] — R
such that (i) || f — gllec < 7; (il) ¢, () exists for all x € [a,b) and (iii) |¢, ()] > n for all

x € [a,b). However, this is impossible, since g € B(f,r) C D,, but g ¢ D,,. O

Remarks 5.8. The previous example actually shows that the set of all functions in C|a, b]
that have a right-hand derivative at at-least one point of [a,b) is of the first category in

(Cla, 0], || - ll)-
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Chapter 6

Open Mapping Theorem

Lemma 6.1. Let (X, || - ||) be a Banach space, (Y, | -||) a normed linear space and T €
B(X,Y). If 0 < r,s satisfy B[0,s] C T(B[0,r]), then B[0,s] C T(B|0,2r]).

Proof. By considering the mapping (r/s)T" if necessary, we may assume that r = s = 1.
Let y be an arbitrary element of B[0,1]. We will construct an = € B[0,2] such that

y="T(z).
Now, since BJ0, 1] C T'(B[0,1]), we have that for each x € X and each 0 < ¢
B(T(z),e) = T(x)+ B(0,¢)

= T(z)

()

()

T

N

T(x) +eT(B [0 1)
T(z) +eT(B0,1]) = T(B[z,e]). (%)

Xz

We shall inductively construct a sequence (z, : n € N) in X such that:
(i) x, € Blw,_1,1/2"71 for all n € N and
(ii) T'(z,) € B(y,1/2") for all n € N.
Set zo := 0. Base Step. Since y € T(B[0,1]), B(y,1/2") N T(B[0,1]) # @. Choose
71 € B[0,1] = Blxo, 1/2° so that T'(x1) € B(y,1/2%).
Let n € N and suppose that we have constructed xg, x1, ..., z, such that:
(i) 7y € Blzp_1,1/28 1] for all 1 <k < n and
(ii) T(zy) € B(y,1/2%) for all 1 < k < n.
Inductive Step. Since T(x,) € B(y,1/2"), y € B(T(x,),1/2"). Thus, by (x), y €

T(B|xn,1/2"]). Therefore, B(y,1/2"") N T(B|x,,1/2"]) # &. Hence, we may choose
Tpy1 € Blxy,, 1/2" such that T(z,.1) € B(y,1/2"™). This completes the induction.

Now, z,, = > p_,(xx — z—1) and ||z — z_1|| < 1/2F71. Therefore,

h_)m T, = hm Zk (@) —xK—1)  exists and moreover,
n—0o0
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lall = I Bim STy (o — )l = T ([ (o — )|

<l S ol
< lim YOp_ 1/t =2
n—o0
i.e., x € 2Bx. On the other hand, ||y — T(z,)| < 1/2" for all n € N. Therefore,
0<ly—T@I = ly—T(lm o)

=y~ lim T(z,)]

Tim [}y — T(z,)]
< lim 1/2" =0.

n—oo
Thus, y = T(z) and so B[0,1] C T(B[0,2]). O

Theorem 6.2 (Open Mapping Theorem). Suppose that (X, ||-||) and (Y, |-||) are Banach
spaces and T € B(X,Y). If T maps onto Y, then T is an open mapping (i.e., maps open
sets to open sets).

Proof. First, let us show that there exists an 0 < s such that B(0,s) C T'(2Bx). In light
of Lemma 6.1, to accomplish this, we need only show that B(0,s) C T'(Bx). To this end,
consider the following:

Y =T(X)=T(|JnBx) = | JnT(Bx) C |JnT(Bx) C V.

neN neN neN

Therefore, by Baire’s theorem, for some ny € N, int[ngT(Bx)] # @. Choose y € Y and
r > 0 such that Bly,r] C ngT(Bx). Then,

B[0,r] = (1/2)Bl-y,r] + (1/2)Bly,r] € noT(Bx)

since ngT'(Bx) is convex and symmetric. Therefore, if s := r/ng, then

SBY = (1/%0)3[0,7“] Q (1/710)(7’LQT(B)()) = T(Bx)

Next, let G be a nonempty open subset of (X, ||-]|) and let y € T'(G). Choose x € G such
that y = T'(x). Since G is open there exists a § > 0 such that B[z,2d] C G. Then,

y € B(y,s6) =y+dB(0,s) =T(z)+dB(0,s) C T(x)+T(2Bx) =T(x + 20Bx)
— T(Blz.26) C T(C)
and so T'(G) isopen in (Y, | -|)). O
Corollary 6.3. Suppose that (X, ||-||) and (Y, | -||) are Banach spaces and T € B(X,Y').
If T is 1-to-1 and onto, then T~' € B(Y, X).

Proof. Since T is 1-to-1 and onto 7! exists and is linear. So it is sufficient to show that
T~! is continuous. To this end, let G’ be an open subset of (X, ||-||). Then (T!)~}G) =
T(G); which is open in (Y, | - ||). Therefore, T~! is continuous. O
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Corollary 6.4. Suppose that (X, ||-||) and (Y, | -||) are Banach spaces and T € B(X,Y').
If T is onto, then (X/Ker(T),| - ||) is isomorphic to (Y, | - ).

Proof. Apply Corollary 6.3 to the mapping T:X /Ker(T) — Y defined by, f(x +
Ker(T)) := T(x). To see that T is continuous, notice that the open unit ball in X /Ker(7T')
is contained in By and so T'(B(0,1)) € T(Bx); which is bounded in (Y,||-||). O

Theorem 6.5 (Closed Graph Theorem). Suppose that (X, | - ||x) and (Y,| - ||y) are
Banach spaces and T is a linear mapping from X into Y. If the graph of T is a closed
subset of X XY, then T is continuous.

Proof. Let || - || : X — R be defined by, ||z|| := ||z||x + [|T(z)|ly. Then || - | is a norm
on X and |z]|x < ||z] for all x € X. Therefore, the linear mapping I : (X, - ||) —
(X, || - |lx) defined by, I(x) := z is 1-to-1, onto and continuous. Next, we will show that
(X, ]| -]]) is a Banach space. Now, if (z,, : n € N) is a Cauchy sequence in (X, || - ||), then
(z,, : m € N) is a Cauchy sequence in (X, ||+ || x) and (T'(z,) : n € N) is a Cauchy sequence
in (Y,] -|ly). Let z := nlgr(; x, and y := lim T'(x,). Since T has closed graph y = T'(x)

n—oo
(i.e., (x,y) € Graph(T')). Therefore,

lim ||z — z,|| = lim ||z — x,||x + lim ||T'(z) — T(z,)|[y =0
n—00 n—00 n—oo
and so (X, || - ||) is a Banach space. Thus, by Corollary 6.3 || - || and || - || x are equivalent

norms on X ; which implies that 7" is continuous. O

Exercise 6.6. Show that if (X,| -||) and (Y,| - ||) are normed linear spaces and T €
B(X,Y), then T has a closed graph.

Application

Let (X,]|| -||) be an infinite dimensional separable normed linear space. A sequence (e, :
n € N)in (X, ||-||) is called a Schauder basis if for every x € X there exist unique scalars
(an : n € N), called the coordinates of , such that © = Y _\ a,e,. For each n € N, the
canonical projections P, : X — X are defined by, P,(D> ;7 axer) = > p_; axex.

If (ex : k € N) is a Schauder basis for a normed linear space (X, || - ||), then for each
n € N, the mapping 27 : X — K defined by, 2% (z) := a,, where a,, is the n''-coordinate
of « with respect to the basis (e, : k € N), is a linear functional on (X, | - ||), called the
coordinate functional.

Theorem 6.7. If (e : k € N) is a Schauder basis for a Banach space (X, | - ||). Then
for each n € N, the coordinate functional x is continuous.
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Proof. Define || - ||x : X — R by, ||z||x := sup{||P.(x)|| : n € N}. (Note: this is well
defined since (P,(x) : n € N) converges to z in (X, ||-]|) and so sup{||P.(z)|| : n € N} < o0
i.e., convergent sequences are bounded.)

Then || - ||x is a norm on X. Moreover, |z| < ||z|/x for all z € X since

el = | mn P(@)]| = lim [IPu(2)]| < sup{I1Pa(@)l] : n € N} = o] x.
Therefore, if we can show that || - || x is a complete norm, then we have by Corollary 6.3
that || - ||x is an equivalent norm to || - ||. To show this we need several facts: (i) If

(xn : n € N) is a Cauchy sequence in (X, | - ||x), then for each k € N, (z}(z,) : n € N)
is a Cauchy sequence in K, and hence is convergent; (ii) If ay := lim,, o 2} (x,) for each

k € N, then x := ), arep is an element of X; (iii) (z, : n € N) converges to x in
(X - x)-

Since each z is continuous with respect to || - ||x and || - || x is equivalent to || - || we have
that each z is continuous with respect to || - ||. O

Exercise 6.8. For each n € N, let f,, : [0,1] = R be defined by, f.(zx) = z".

(a) Show that (f, : n € N) is a Schauder basis for (P[0,1], ] - ||oc), i.e., the polyno-
mials on [0, 1] equipped with the sup-norm.

(b) Show that the coordinate functionals on PI0,1], with respect to the basis (f, :
n € N), are not continuous.

Exercise 6.8 shows that the completeness of (X, || -||) is essential to deduce the continuity
of the the coordinate functionals.
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Chapter 7

Uniform Boundedness Theorem

Theorem 7.1 (Uniform Boundedness Theorem). Let (X, ||-||) be a Banach space, (Y, | -||)
be a normed linear space and {T, : « € A} C B(X,Y). If

{r € X : {T,(z) : « € A} is bounded}

is second category in (X, || - ), then {T, : o € A} is uniformly bounded (i.e., there exists
an M > 0 such that ||T,|| < M for all o € A).

Proof : Let S :={x € X : {T,(x) : o € A} is bounded}. For each n € N, let

F, = {ze X :|T,(2)] <nforalla € A}
= ({zeX:|Tu@)l < n}

acA

= (YUl lleTa)™ ([0,n]);

a€cA

which is closed. Since {7}, : @ € A} is pointwise bounded on S, S C | J°7, F,,. Therefore,
for some ng € N, int(F},,) # &. Choose x € X and r > 0 such that B[z,r] C F,,. Then
Bl—z,7] C F,, and B[0,r] = i B[—x,7] + $Bz,r] C F,,, since F,, is symmetric and
convex. Hence, for any x # 0 and aw € A

L@l =T, (” H)n|<no.

Therefore, ||T,(x)|| < (no/r)||z|| for all z € X and o € A and so ||T,]| < M for all a € A,
where M := (no/r). O

Corollary 7.2. Let (X, || - ||) be a Banach space, (Y,| - ||) be a normed linear space and
{T,, : « € A} C B(X,Y). If for some xy € X, {T,(x0) : « € A} is unbounded, then
{r € X : {T\(z) : « € A} is bounded} is first category in (X, | -]).

Theorem 7.3 (Banach-Steinhaus Theorem). Let (X, || -||) and (Y, | -||) be Banach spaces
and let (T,, : n € N) be a sequence in B(X,Y). If (T,, : n € N) is pointwise Cauchy, then
it is pointwise convergent to some T € B(X,Y).

39



Proof. For each z € X, let T(x) := lim,, o T,(x). Since (Y,|| - ||) is complete, this is
well-defined. Moreover, it is easy to check that 7" is linear. Since (7, : n € N) is pointwise
convergent it is pointwise bounded. Thus, by the Uniform Boundedness Theorem, there
exists an M > 0 such that ||7,]| < M for all n € N. In particular, ||T,,(x)| < M||z| for
all z € X and all n € N. Therefore, [|T(z)|| < M||z| for allz € X. O

Let (X, || -]|) be a normed linear space. For each x € X we define, T € X** := (X*)* by,
Z(z*) := x*(z) for each x* € X*. To show that  is really in X** we must first check that
it is linear and then check that it is continuous. Fix x € X and suppose that x* and y*
are in X*, then

(@ +y7) = (@ +y)(2) = 2™ () + y*(z) = Z(2") + Z(y).
Also, if s € K and z* € X*, then we have that
z(sz*) = (sz*)(x) = sa™(z) = sz(x).

This shows that Z is linear. Now, let z* € X* then |z(z*)| = |(z*)(x)] < |=*| =]
Therefore, ||Z|| < |||

Proposition 7.4. Let (X, ||-||) be a normed linear space, then for each x € X, ||Z|| = ||z]|.

Proof. Fix x € X, then by Corollary 4.7, there existence of a continuous linear function
x* € X* such that ||z*|| = 1 and z*(x) = ||z||. Therefore,

2 — o) = ) = bl

[zl =
This completes the proof. O

Moreover, the mapping x +— Z from X into X** is linear. To see this, fix * € X*. Then,

(@ +9)(2") = 2*(z + y) = 2 (2) + 2°(y) = B(z") + J(a").

—

This shows that © +y =7 + 7. Also, if s € K and z* € X*, then

—

(sx)(x*) = 2" (sz) = sx™(x) = sT(x"),

—
~

which shows that (sz) = sZ.

If (X,||-|) is a Banach space, then X is a closed subspace of (X**,|| - ||), where X is
defined as {Z : € X}. We call X the natural embedding of X into X** and we call
x — ¥ from X into X** the natural embedding mapping.

We will say that a subset A of a normed linear space (X, | - ||) is weakly bounded if for
each z* € X*, sup,c 4 |z*(x)] < 0.

Theorem 7.5. Let A be a nonempty subset of a normed linear space (X, || -||). Then A
1s a weakly bounded if, and only if, A is bounded.
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Proof. Suppose A is bounded (i.e., there exists an M > 0 such that [|z|] < M for all
x € A). Then, |z*(z)| < ||lz*|| - ||z]| < M||z*|] < oo for all x € A.

Conversely, suppose A is weakly bounded and consider the family, {z € X** : x € A}.
Now, (X*, || - ||) is a Banach space and by the hypothesis {z € X** : z € A} is pointwise
bounded. Therefore, by the Uniform Boundedness Theorem, there exists an M > 0 such
that [[z|| = [|Z]| S M forallz € A. O

Corollary 7.6. Let T be a linear mapping acting between normed linear spaces (X, || - ||)
and (Y, || - ). Then T is continuous if, and only if, for each y* € Y*, y*oT : X — K is
continuous.

Proof. If T is continuous, then for every y* € Y™ y* o T is continuous. This follows
from the general fact that the composition of continuous functions is continuous. Now,
suppose that for each y* € Y*, y*oT : X — K is continuous. We will show that T'(By)
is a weakly bounded subset of (Y, | - ||), and hence by Theorem 7.5, a bounded subset of
(Y.l - ). Let y* € Y*. Then y*(T(Bx)) = (y* o T)(Bx) is a bounded subset of K, since
by assumption, y* o T" is a bounded operator. Since y* € Y* was arbitrary, it follows that
T(Bx) is weakly bounded. O

In the proof of the next theorem we will, in order to avoid any possible confusion, denote
the norm on the second dual of the normed linear space (X, || - ||) by || - |I**

Theorem 7.7. Let (X, || -||) be a normed linear space. Then there exists a Banach space
(Y.l - |I) (called the completion of X ) such that (X, || -||) is isometrically isomorphic to
a dense subspace of (Y, | - |)-

Proof. Firstly, (X*™,|| - |I"*) is a Banach space. Let Y := X and let I - || denote the
restriction of the norm || - [|** to the subspace Y. Then, (Y, | - ||) is a Banach space, X is
clearly dense in (Y, || - ||) and (X, || - ||) is isometrically isomorphic to X. O

Application

Let Cs,(R) denote the space of all continuous real-valued functions defined on R such that
f(z) = f(xz + 2m) for all x € R. Note that it follows from induction that if f € Cor(R),
r € R and n € Z, then f(z) = f(x + 2mn).

b b+2nm
It follow from this that for any a < b and any n € Z, / f(t) dt = / ft) dt  (x).
a a+2nm
™ T+x
Furthermore, if 0 < x < 27, then / f(t) dt = / f(t) dt. To see this consider the
- —T+z

following.
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/Z ft)dt = /:wz ft) dt + /:ﬂ £(t) dt

T+x ™
= / f(t) dt—i—/ f(t) dt apply (%) witha = —mand b= -7+

—m+x

:‘/Mf@&.@ﬂ

—m+x

By combining (%) and (x*) we get the (probably obvious) fact that for any = € R,

ﬂﬂﬂ&:fmf@&.

—T+x

Theorem 7.8. There exists a function f € Cor(R) whose Fourier series is divergent at
each point of a dense subset of R.

Proof. We shall begin by showing that
{f € C2:(R) : the Fourier series for f converges at 0}

is first category in (Car(R), || - ||oe). For each f € Cy(R) and n € N, the n''-partial sum
of the Fourier series of f is:

- ; 1 4 .
Sn(f,x) = k_E cpe™  where ¢ = 5 /_7r f(t)e™™* at.
Now,

Notice that if we define ¢, : Cor(R) = R by, ¢, (f) := S,(f,0) for each n € N, then each
©n is a continuous linear functional on Cy,(R). In fact,

1 ™
= — D, (t)| dt.
lonll = 57 | 1Datt)

Next suppose, in order to obtain a contradiction, that
S :={f € Cy[—m, x| : the Fourier series for f converges at 0}
is second category in (Cor(R), | - |[s). Then by the Uniform Boundedness Theorem the
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set {||¢nl| : » € N} is bounded. However, we have that,

/7r |D,(t)| dt = 2/07T|Dn(t)| dt 24/07r |Sin[(njl/2)t]| U

/2 | o
_ 4/ | sin[(2n + 1)¢]| A&t
0

t

(k+1)mw

2n+1 2 1
42/ T | sin[(2n + )t”dt

2n+1

WV

n—1 (k+1)m

2n+1 2n+1
> 4y 2l in[(2 dt =
kz%(kﬂ)w/% |sin{(2n + 1)¢] Zk+1

which is divergent. But this contradicts the boundedness of {||¢,| : n € N}. So the set
S must be first category in (Cor(R), || - ||oo)-

Next, we show that for each a € R,
Se :={f € Cyx(R) : the Fourier series for f converges at —a}

is of the first category in (Car(R), || - ||s). To this end, fix « € R. Let T,, : R — R be
defined by, T,(t) := t + « for each t € R and let T : Cy,(R) — Ca(R) be defined by,
Tx(f) :== foT,. Then T} is an isometry. Hence, T7(S) is first category in (Cor(R), || ||o0)-
Claim: S, C Tx(S). To see this consider g € S,. Since T is onto there exists an

f € Cy(R) such that g = T7(f). We need to show that f € S. To this end, consider the
following;:

1 ™
= — | gt)e ™ dt = —/ T (f)(t)e * At = —/ ft+a)e ™ dt

2
1 ﬂ+a k(t— ik(t etk ikt

= — f(t)e k=) qt = f() —ik(t=a) gt = f(t)e_’ dt.
21 ) _ria 2 2T J_.

Therefore, for each n € N, we have that

Sn(g,_a) — ( zka/‘ f —zkt dt) —iko

_ —ikt k0
= kE_n (27r /_7r f(t)e dt) e = S, (f,0).
Therefore, f € S.

Let S := |U{Sa : @ € Q}. Then S is first category in (Cor(R), | - [|o) and lim S,(f, @)
n—oo
diverges for each o € Q and each f € Cy,(R)\S. O

Exercise 7.9. Letn € N andt € R\ 2xZ. Show that:

z (n+1)t __ e—int ei(n+1/2)t _ e—i(n+1/2)t B sin[(n 4 1/2)t]

Z ¢ t—1 - eit/2 — e=it/2 ~ sin[(1/2)¢]

k=—n
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Remarks 7.10.

Sn(f, )

For each f € Cyr(R) and n € N,

53 L)
k=—n

;ﬁ f(t) (Z et ) dt

k=—n

—/ F(t) Dol — 1) dt,

27'(' T+

1 T+

— —t)D

o ) flz=t)D(t) dt
1 ™

— —t)D

o | fle—0Du(0) dr,

—T

sin[(n + 1/2)t]

where D, (t) := Sn[(1/2)1

f(:v—t)D( )y dt,)  where t' =1 —1t

since, t — f(x —t)D,(t), has period 2.
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Chapter 8
Conjugate Mappings

Let T be a continuous linear mapping acting between normed linear spaces (X, || - ||) and
(Y.l - |I)- Then we define 7" : Y* — X* by, T'(y*) := y* o T for each y* € Y™, i.e., for
each x € X, [T"(y")](x) = y*(T'(x)). Note that T’(y*) is indeed a member of X*.

Similarly, we define 7" : X** — Y** by, T"(2*) := 2™ o T" for each z** € X** i.e., for
each y* € Y™, [T"(z™)|(y") = [z™* o T"|(y*) = 2™ (T"(y")) = 2™ (y" o T).

Fact: Let T : X — Y be a continuous linear operator acting between normed linear
spaces (X, || - ||) and (Y, || - ||). Then T is an isomorphism if, and only if, 7" is onto and
there exists an m > 0 such that m/||z| < ||7(x)|| for all z € X.

Proof. First note that 7" must be one-to-one, since if = # 0, then |T'(z)| = m|z| # 0
i.e., z ¢ Ker(T). Hence, Ker(T) = {0} and so T is one-to-one. Therefore, T~! exists and
is linear. We need to show that it is continuous. Consider y € Y. Now, m|z| < ||T(x)||
for all = € X. Therefore, |7~ (y)]| < IT(T(y)] = lyll. That is, [T~ (3) ]| < Myl
for all y € Y where, M :==1/m. O

Fact: Let T be a continuous linear mapping acting between normed linear spaces (X, || -]|)

and (Y, || - ||)- Then 7" is one-to-one if, and only if, 7(X) = Y. In particular, if X or Y’
are finite dimensional, then 7" is one-to-one if, and only if, T" is onto.

Proof. Suppose that T'(X) =Y and consider y* € Y* such that 7"(y*) = 0, i.e., y*oT = 0.
Then, for each z € X, y*(T'(x)) = 0, i.e., y*|rx) = 0. Since y* is continuous, this implies
that y* =0 on T(X) =Y. Thus, if 7"(y*) = 0, then y* = 0.

Now, suppose T” is one-to-one, but T(X) # Y. Then by Exercise 4.15 there exists a
y* € Sy« such that y*(T'(X)) = {0}. Then T'(y*) = 0; which implies that 7™ is not
one-to-one. [

Corollary 8.1. Let T be a continuous linear mapping acting between normed linear spaces
(X, |- ) and (Y, || - ). Then T" is one-to-one if, and only if, T'(Y*) = X*.
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Fact: Let T be a continuous linear mapping acting between normed linear spaces (X, ||-||)

and (Y, | - ||). Then, T"|¢ = T, where T : X — Y is defined by, f(/x\) =T(x).

Proof. T"(Z) = T o T"'. Therefore, for any y* € Y*,

[T (@)](y") =2 T(y") =2(T"(y") =Z(y" o T) = (y" o T)(z) = y"(T(x)) = T(x)(y").

—

Thus, T"(Z) = T(z) = T(z). O

Corollary 8.2. Let T be a continuous linear mapping acting between normed linear spaces

(X, |- ) and (Y, || - ). If T"(Y*) = X*, then T is one-to-one.

Warning : The converse is not true! That is, there exist 1-to-1 mappings 1" such that T’
does not have dense range.

Fact: Let (X, - |lx), (Y,|l-|ly) and (Z,] - ||z) be normed linear spaces and suppose
SeB(X,Y)and T € B(Y,Z). Then (T o S) € B(Z*,X*) and (T oS) =5 oT".

Proof. Firstly, S" o T" is well defined since 7" € B(Z*,Y*) and ' € B(Y*, X*). Now,
(ToS)(z") =2"0(TeS)=(z"0T)oS = (T'(z")) 0§ = S(T"(z")) = (5" 0 T")(2").
for any z* € Z*. Therefore, (T'0S)' = S5"oT". O

Exercise 8.3. Let (X, | -||) be a normed linear space. Show that (Ix)" = Ix+, where Ix
is the identity mapping on X and Ix~ is the identity mapping on X*.

Theorem 8.4. Let (X, ||-]|) and (Y, | -|)) be a Banach spaces and let T : X — Y. Then
T is an isomorphism if, and only if, T' : Y* — X* is an isomorphism.

Proof. Suppose T' is an isomorphism from X onto Y. Then,

(T o (T™H)= (T oT) = (Ix) = Ix-
and

(T oT') = (To T = (Iy) = Iy-.
Therefore, (7)1 = (T71).

Now, suppose that 7" is an isomorphism, then in particular, 7" is one-to-one. Therefore,
T(X) =Y. Since T" is an isomorphism there exists an m > 0 such that |7 (z™)| = m/|z**||.
Hence,

IT@) =N @)I = 1T @) = IT" @) = m|lz] = m]=].
Thus, T is one-to-one, and an isomorphism onto 7'(X). Since (X, ||-||) is a Banach space,

T(X) is also a Banach space, with the restriction of the norm || - || on Y to T'(X), and is
therefore a closed subspace. Hence, T'(X) = T'(X) = Y and so T is an isomorphism. O
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What does 7" look like in finite dimensions? Suppose that (X, | -||) is a finite dimensional
normed linear space.

Let (e,)Y_, be a basis for X and for each 1 <n < N, let e : X — K be defined by,

In particular, e (eg) = dp for each 1 < k< Nand 1 <n < N.

: N
Claim: For each z* € X*, 2" =), 2*(ey)e;.

To see this, observe that

N
z*(e,) = (Z x*(ek)ez> (e,) foralll<n < N.
k=1

Also, if Z]kvz1 crel = 0 for some ()Y, € KV, then for each 1 <n < N,

Cp = (Z ckez> (en,) = 0.

Hence (e})X_, is a basis for X*. In particular, dim(X) = dim(X*).

Now, suppose that both (X, ||-||) and (Y, ||-||) are finite dimensional normed linear spaces
and T': X — Y is linear. Let (e)}_; be a basis for X and (f)},; be a basis for Y. Also,
let A be the m x n matrix representation of 7" with respect to (ex),_, and (fx);—, (That
is, [A];; = i*" coordinate of T'(e;) with respect to (f¢)—,).

Similarly, let B be the n X m matrix representation of 77 : Y* — X* with respect to
(ff)ely and (e;),_, (That is, [B];; = i*" coordinate of T"(f) with respect to (e})i_;).

What is the relationship between B and A?

Firstly, A is an m x n matrix and B is an n X m matrix. Moreover, [B];; is the ‘!
coordinate of T"(f;) with respect to (e;)i_,, i-e.,

[Blij = T'(f)(e:) = [5(T(e3));

which is the j™ coordinate of T'(e;) with respect to (fi),-,, which is [A];;. That is,
[B]Z] = [A]ﬂ Thus, B = At. ]
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Chapter 9

Reflexive Spaces

We shall say that a normed linear space (X, || - ||) is reflexive if X = X"
Fact: If (X, || -|) is reflexive, then (X, | - ||) is a Banach space.

Fact: It (X,|| - ||) is separable and reflexive, then (X**, | -|) and (X*, | - ||) are also
separable.

Corollary 9.1. (c¢o(N), || [|oe), ((X(N), || 1]1) and (C[a,b], || - ||eo) are not reflexive. Note:
we can also deduce that ((>°(N), || - ||«) s not reflexive since closed subspaces of reflexive
spaces are reflexive and (co(N), || - ||loo) s a closed subspace of ({°(N), | - ||leo)-

Theorem 9.2 (James’ Theorem). Let (X, || - ||) be a Banach space. Then (X,|| - ) is
reflexive if, and only if, for each x* € Sx« there ezists an x € Sx such that ||z*|| = z*(z).

Theorem 9.3. All finite dimensional normed linear spaces are reflexive.

Proof. Let (X, ||-]|) be a finite dimensional normed linear space. Then X (i.e., the natural
embedding of X into X**) is a subspace of X**. However,

dim(X) = dim(X) = dim(X*) = dim(X**).

Therefore, X = X** and so X is reflexive. O

In the next exercise we use the following definition. For each n € N, e : (?(N) — K is
defined by, e} ((xr)52,) := x,. It is easy to show that e} € P(N)* and |le}| = 1 for all
neN

Exercise 9.4. Suppose that 1 < p, 1 < q and 1/p + 1/q = 1. Show that: (c,):"
S oo cn€l is an isometry from (C4(N), || - |l,) onto (P(N)*, |- ]).

—

n=1

Theorem 9.5. (*(N), || - ||,) is reflexive for each 1 < p < co.
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Proof. As always, (P (N) is a closed subspace of P(N)**. So it is sufficient to show that
?(N)** C ¢p(N). To this end, consider F' € ?(N)**. Then

F <icke,’;> = F <T}ngogckez> :nlggoF <icke,’;>

k=1 k=1

= nlggoZCkF(GZ) = chF (€}) .
k=1

k=1

Next we show that (F(e})),—, € (*(N), i.e., Y ooy |F (ef) |’ < oo. For each n € N, define
x) € (P(N)* by,

n

xy = ) [sign[F (¢)] - [F () I Vej.

k=1
Then,

D IF () P =F(a) <|IF| - .
k=1
Now,

n 1/q n 1/q
(B (Z (\F(e}i)lp_l)q> = (Z\F(e}iﬂ”)

k=1

since (p — 1)q = p. Therefore, for each n € N,
n n 1/q
i <iel (Sirer)
k=1 k=1

n 1/q
By dividing both sides by (Z |F (e}i)|p> we get that for each n € N,
k=1

1-(1/q)

n 1/p n
(Swrer) - (Siwar] i<
k=1 k=1
Finally, we claim that (F{(e,’;\))zo:l = F'. To see this, note that for each n € N,

(F(ep)hemr(en) = e (Feh)2y) = Fley)-
Since span (e};),~, = (*(N)* and both (F/((%)ZO:1 and F' are continuous linear functionals
on P(N)*, (F(ef))_, =F. O

Theorem 9.6. Let (H,(-,-)) be a Hilbert space. Then its dual space is also a Hilbert
space and the mapping x — x* from H into H*, defined by, 2*(y) := (y,x) for ally € H,
1 a conjugate linear isometry.
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Proof. From our earlier work on Hilbert spaces we know that the mapping x — x* is onto
and an isometry. Let us now show that it is conjugate linear. Suppose x,y € H. Then
for any z € H,

(#+y)"(2) = (2, (x +y)) = (z.2) + (z,y) = 2"(2) +y"(2).
Therefore (z + y)* = z* + y*. Suppose A € C and x € H. Then for any z € H,
(A2)*(2) = (2, \x) = Mz, 7) = Az*(2).

Therefore, (Az)* = Az*. Next, we define an inner product on H* as follows. For * and
y* € H* we define

(%, y") == (y,z).

We need to check that this indeed defines an inner product:
(i): (z*,2*) = (x,z) = ||z]|* = 0 and (z*,2*) = 0 if, and only if, z* = 0.
(ii): For any x*, y* and z* in H*,

(" +y", ") =z +y), ") =(z,x+y) = (z,2)+(2,9)

(i4i): For any z*, 2z* in H* and \ € C,

(Ax*, 2*) = ((dx)*, 2") = (2, \x) = j(z,@ = XNz, z) = Nz", 2").

(iv): For any z* and 2* in H*, (z*, z*) = (2,z) = (x, z) = (z*, x*). Therefore, this defines
an inner product on H*.

We now need to show that the norm generated by this inner product is consistent with
the operator norm on H*. To this end, let ||z*| gz := /(x*, 2*) for all z* € H*. Therefore,

le* )l = V(2% 2%) = V(w,2) = ||| = J|*].

for all * € H*, since x — z* is an isometry. As (H*,| -||) is a dual space, it is also
automatically complete. O

Note: it follows from the proof of Theorem 9.6 that the inner product on H* is given by,
(@ ") = (y, x).
Corollary 9.7. Every Hilbert space is reflexive.

Proof. Let (H,(-,-)) be a Hilbert space. It is sufficient to show that H** C H. To this
end, consider F' € H**. By Theorem 9.6 we know that F' = f* for some f € H* and that
f = x* for some x € H. We clam that T = F. To see this consider the following. Let
y* € H*, then

Fly) = f"(y") =" f) =" 2") = (z,y) = y"(x) = 2(y")
Since y* € H* was arbitrary, it follows that F' = Z, and so H** C H O
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Adjoint Operators on Hilbert Spaces

Let (H,(-,-)) be a Hilbert space and let ¢ : H — H* be defined by, p(z)(z2) := (z,z) for
all z € H, (i.e., in terms of the notation from Theorem 9.6, ¢(x) = z*).

Given a continuous linear operator 7" on H we can associate with T another continuous
linear operator on H, derived from its conjugate 7" on H*, and the mapping ¢ : H — H*
defined above.

For a continuous linear operator T' on a Hilbert space (H, (-,-)) we define the adjoint of
T by, T* == toT 0.

Remarks 9.8. Since ¢, ¢! and T" are additive so too is T*. Since ¢ and o' both

are conjugate homogeneous and T" is homogeneous then T* is homogeneous. Therefore,
T* is linear. As both ¢ and p~' as isometries, and in particular continuous, and T' is
continuous, it follows that T* is also continuous. Thus, T* € B(H).

Theorem 9.9. Let (H,(-,-)) be a Hilbert space and let T' € B(H), then for any z, z € H,
(T'(2),x) = (2, T*(x)). Moreover, if S € B(H) and (T'(x),z) = (x,S5(z)) forallx, z € H,
then S =1T*.

Proof. Suppose that z,z € H. Then

(2, T"(x)) = o(T"(x))(2) =

(

(T'(=

Suppose that S € B(H) and (T'(x), z) = (z,S5(z)) for all z, 2 € H. Fix z € H and let
be any member of H. Then,

(,T7(2)) = (T'(x), 2) = (x,5(2))-

Therefore, (z,T*(z) — S(z)) =0 for all € H. In particular, if z := T%(z) — S(z), then
|T*(z) — S(2)||> = 0 and so T*(z) = S(z). Since z € H was arbitrary, S =T*. O

Theorem 9.10. Given a Hilbert space (H, (-,-)) the adjoint mapping T — T* defined on
B(H) has the properties:
(i) (S+T) =S*+T* forany S,T € B(H);
(ii) (ANT)* = AT* for any A € C and T € B(H);
(iii) (ST)* =T*S* for any S, T € B(H);
(iv) T* =T for any T € B(H);
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(V) IT*T|| = || T||* for any T € B(H).

Proof. The proof of these facts are left as an exercise for the reader. O

Exercise 9.11. Let H be a Hilbert space. Show that for any T € B(H), ||[T*|| = ||T|.
Also show that (T*(x),z) = (x,T(z)) for any x,z € H.

What does T look like in finite dimensions? Suppose that (H, (-, -)) is a finite dimensional

Hilbert space and T € B(H). Let (e)}_, be an orthonormal basis for H and let A be the

n X n matrix representation of 7" with respect to (ex)?_, (That is, [A];; = i coordinate of

T'(ej) with respect to (ej);_,). Similarly, let B be the n x n matrix representation of 7™
with respect to (ex)7_; (That is, [B];; = i*" coordinate of T*(e;) with respect to (ex)7_,).

What is the relationship between B and A? Firstly, A and B have the same shape and
moreover,

[Bliy = (T"(¢)), &) = (¢, T(es)) = (T(es), ) = [A] ;.

Therefore, B = (A)*.

In the next example will be working in L?[a,b]. Recall that (L?[a,b], (-,-)) is a Hilbert
space, where the inner product (-, ) is defined by,

(f,q) = " f(t)g(t) dt for all f,g € L*[a,b].

Note also that || f]lo = \/(f, f) for all f € L?[a,].
Example 9.12. Let K € C¢([a,b] x [a,b]). Then the mapping

T (L%[a, 0], || - [l2) = (L2[a, 0], || - [I2)

T(x)(t) := . K(t,s)x(s) ds  for allt € [a,b] and all z € L*[a,b]

is a member of B(L*[a,b]).

Claim: S : (L?[a,b], {-,-)) — (L*[a,b], (-,-)) given by,

S()(s) = / K s)a(t) dt  for all s € [a,5] and all z € L2[a, }]
[a,b]
is the adjoint of T, i.e., S =T".
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Proof. Tt is sufficient to show that for every z,y € L*[a, 0],

(T'(x),y) = (x,5(y)), that is

Now,

This complete the proof of the claim. O

Remarks 9.13. Note that if K is real-valued and symmetric, i.e., K(s,t) = K(t,s) for
all (s,t) € [a,b] x [a,b], then T =T*. In this case we call T self-adjoint.
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Chapter 10

Stone-Weierstrass Theorem

Let (T,7) be a topological space. We shall denote by C(T) the space of all bounded
real-valued continuous functions defined on T'. We shall say that a nonempty subset o7 of
C(T) is an algebra if it is a vector subspace of C(T)), i.e., closed under pointwise scalar
multiplication and pointwise addition, and is also closed under pointwise multiplication,

ie,if f,g € o/, then f-g € o/, where (f-g)(t) := f(t)g(t) for each t € T

We shall say that a subset L of C'(T') is a lattice if it is closed under taking pointwise
maximums and pointwise minimums, i.e., if f,g € L, then fVg € L and fAg € L, where

(fVg)(t) := max{f(t),g(t)} for each t € T and (f A g)(t) := min{f(¢),g(t)} for each
tel.

Exercise 10.1. Let (T, 1) be a topological space and let S be a vector subspace of C(T).
Show that S is a lattice if, and only if, |f| € S for every f € S.

Exercise 10.2. Let (T, 1) be a topological space. Show that if < is a subalgebra of C(T),
then the closure of & in (C(T),] - ||leo) is also a subalgebra of C(T).

Theorem 10.3. There exists a sequence of polynomials (P, : n € N), without constant
terms, defined on R that converge uniformly on [—1,1] to the function g : [—1,1] — [0, 1]
defined by, g(z) = |z| for all x € [-1,1].

Proof. Let us inductively define a sequence (P, : n € N) of polynomials by, Py(t) := 0
for all t € R and P,1(t) := P,(t) + (1/2)[t> — P,(t)?] for all t € R. Clearly each P, is a
polynomial and P, 1(t) = P,(t) + (1/2)(|t| — Pu(t))(|t] + P.(t)) for all ¢t € R.

We shall prove, by induction, that
0<|t]| = Pu(t) <2lt]/(2+n|t]) <2/(2+mn) forall =1 <t < 1andallneN.
Firstly, let us note that the inequality 2|t|/(2+n|t|) < 2/(2+n) for all —1 < ¢ < 1 follows

directly from cross multiplying. Next, let us note that
[t = Pori(t) = [t] = [Pult) + (1/2)(Jt] = Pa(t))(|t] + Pa(t))]
= It = Pa(®)] = (1/2)(|t] = Pa(t))(|t] + Pa(t))
= [lt| = P.()][1 = (1/2)(|t| + Pu(t))] forallm e N. (%)
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Using equation (x) and the recursive definition of the polynomials P, we may deduce, via
induction, that 0 < P,(t) < [t for all n € N and ¢ € [—1,1]. Indeed, if 0 < P,(t) < |¢| for
all t € [—1,1], then 0 < t? — P,(t)* and so P,y1(t) = P,(t) + (1/2)[t? — P.(t)*] > 0.

Note also that if P,(t) < |[t| and t € [—1,1], then (1/2)[|t| + P.(t)] < 1 and so
0< (1= (1/2)([t] + Pu(1)))-

Therefore, if t € [—1,1] and 0 < P,(t) < |t|, then by Equation (x) we have that 0 < |t| —
P,ii(t) for all t € [—,1,1]. Thus, P,+1(t) < || for all t € [—1,1].

Now, since 0 < P, (t) for all ¢ € [-1,1], 1 — (1/2)[|t| + Pu(t)] <1 — (1/2)[¢|. Therefore,

2+ (n+D][1 = 1/2)([t + Pa®)] < [24 (0 + D] [1 = (1/2)]¢]
= 2+ (n+ D= (t/2)[24 (n+ 1)|t]]
= 2+nft|— [(n+1)/2]t)?
< 2+4nft] forallneNandte[-1,1].

Therefore, by cross multiplying, we get that:

1
2 + nlt|

1

< ———— forall dte|-1,1
T Dl oralln e Nand ¢ € | ]

1= (1/2)(t] + Pa)]

Then, by multiplying through by 2|¢|, we get that:

2|t|
2+ nlt|

2[t|
[1 — (1/2)(Jt] + Pn(t>>] S E 0l

(x)

for all n € N and t € [—1,1]. The inequality |t| — P,(t) < 2|t|/(2 + n|t|) now follows from
induction by applying the inequality (x*) to equation (x). O

Theorem 10.4. Let (T, 7) be a topological space and let &/ be a subalgebra of C(T'). Then
the closure of </ in (C(T),|| - |ls), denoted o7, is a sublattice of C(T).

Proof. By Exercise 10.2, / is a subalgebra of C (T), and in particular, a subspace of C(T').
So by Exercise 10.1 we need only show that |f| € &/. In fact, because < is homogeneous,
we need only show that |f| € o/, whenever f € o and || f||- = 1.

Now, from Theorem 10.3 there exist polynomials (P, : n € N), without constant terms,
on R such that

£ = lim (P, o f)

in (C(T),]| - |les). Therefore, since (P, o f) € o foralln € N,|f| € /. O

Let (T, 7) be a topological space and let S be a subset of C(T"). We shall say that S has
the 2-point approximation property if for every f € C(T),z,y € T and € > 0 there
exists an s € S such that |s(z) — f(x)| < e and |s(y) — f(y)] < e.
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Theorem 10.5 (Stone-Weierstrass Theorem). Let (T, 7) be a compact space and let L be
a sublattice of C(T'). If L possesses the 2-point approximation property, then L = C(T).

Proof. Let f € C(T) and € > 0. It will be sufficient to show that there exists a g € L
such that ||f — g|| < e. Fix x € T. For each y € T there exists an open neighbourhood
U, of y and an element gi € L such that g;(z) < f(z) +¢ and f(t) — ¢ < g;(t) for all
t € Uy. Let {U; : 1 <j <n} be afinite subcover of {Uj : y € T'} and let g, : T — R be
defined by,

0:(t) = max g (1)

1<j<n

e, . =Vi< <9y €L Then g,(z) < f(x) + ¢ while f(t) —e < g.(t) for all t € T

We now consider the family of functions {g, : € T'}. For each x € T there exists an open
neighbourhood V,, of & such that g,(t) < f(t) +¢ forall t € V,. Let {V,, : 1 <j < m} be
a finite subcover of {V,, : x € T'} and define g : T'— R by,

t) ;= min 2 (T
glt) = amin g, ()
Le, 9= /N, <j<mYs; €L It is easily seen that [g(t) — f(t)| < e for each t € T and so
lg = fllw <e. O

Corollary 10.6. Let (T, 7) be a compact space and let </ be a subalgebra of C(T). If o/
possesses the 2-point approximation property, then C(T) = <.

Proof. By Theorem 10.4, </ is a lattice. Since &/ C o7, o clearly possesses the 2-point
approximation property. Therefore, by Theorem 10.5, C(T) = &/ = o/. O

Corollary 10.7. Let (T,7) be a compact space and let o/ be a subalgebra of C(T') that
contains all the constant functions and separates the points of T' (i.e., if v #y € T, then
there ezists an f € o such that f(x) # f(y)), then C(T) = .

Proof. If o contains all the constant functions and separates the point of T', then 7 has
the 2-point approximation property. The result then follows from Corollary 10.6. O

Let (T,7) be a topological space. We shall denote by, Cc(7T) the space of all bounded
complex-valued continuous functions defined on 7. We shall say that a subalgebra <7

of Cc(T) is self-adjoint if f € o whenever f € &7, where f : T — C is defined by,

f(t) .= f(t) for each t € T.

Theorem 10.8. Let (T,7) be a compact space and let o/ be a self-adjoint subalgebra
of Cc(T') that contains all the constant functions and separates the points of T, then
Ce(T) = .

Proof. The proof of this is left as an exercise for the reader. O
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Applications

Theorem 10.9. Let (X, 7) and (Y,7') be compact spaces. Then for each h € C(X xY)
and € > 0 there exist (f;)7—, in C(X) and (g;)5—, in C(Y') such that

<e forall (z,y) e X xY.

h(z,y) — Z fi(2)g;(y)

Proof. The proof of this is left as an exercise for the reader. O

Theorem 10.10. The set {
space (L2[07 27T]7 <'7 >)

et ke Z} 1s an orthonormal basis for the Hilbert

1
V2T

Proof. We give here only an outline.

(i) First note that { ek € Z} is an orthonormal basis if, and only if,

1
V2T

e ke Z};

1
L?(0, 27| = span {
0, 27] = spam | ==
(i) Justify the fact that L?[0, 2] = span {

et ke Z} if, and only if, C£[0, 27] C

2T

spﬁ{\/;_ﬂe’kx k€ Z}, where C§[0,27] := {f € Cc[0,2n] : f(0) = f(2m)};

1 )
(iii) Let 7 be the algebra generated by the set {—e”“ ke Z}. Show that
V2T

1 .
4/ = span e”“:k:GZ};
P {\/271’

(iv) Show that o7 is a self-adjoint algebra;
(v) Adapt the proof of the Stone-Weierstrass Theorem to show that

C¢0, 27 = span{ e*r k¢ Z}

1
2T
considered in (CE[0,27], || - |lso);

(vi) Hence deduce that C§&[0, 27| C span{
(L2210, 27], || - [l2)-
This completes the proof. O

ek ke Z} when considered in

1
2T
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Chapter 11

Arzela-Ascoli Theorem

A subset T' of a metric space (X, d) is called totally bounded if for each ¢ > 0 there
exists a finite subset F. of X such that 7" C | J{B[z;¢]| : x € F.}.

Theorem 11.1. Let (X, d) be a complete metric space and let K be a closed and totally
bounded subset of (X,d). Then K is compact.

Proof. Let (z, : n € N) be a sequence in K. We need to show that (z,, : n € N) possesses
a subsequence that is Cauchy. For each n € N, let {C} : 1 < j < N,,} be a finite cover of
K by sets with diameter less than 1/n. Note: this is possible since K is totally bounded.
We shall inductively construct infinite subsets {.J,, : n € N} of N such that:

(1) Jps1 C J,, for all n € N;

(ii) for each n € N there exists a j, € {1,2,..., N,} such that z; € C}, for all
ke J,.

The construction of these sets is left as an exercise for the reader. Next, we may define
(ng : k € N) such that:

(1) nk < ngyq for all k € N;
(i) ng € Ji for all k € N.

Now, since J,.1 C J, for all n € N and n, € J; for all £ € N we have that for each
N e N, n € Jy for all k > N. Therefore, for each N € N, diam{z,, : k > N} < 1/N.
Hence (z,, : k € N) is a Cauchy sequence. O

Corollary 11.2. Let (X, ||-||) be a Banach space and let K be a closed subset of (X, ||-]|).
Then K is compact if for each € > 0 there exists a compact subset C. of (X, | -||) such
that K Q Cg -+ EB)(.

Let (T, 7) be a topological space. We shall say that a subset F' of C(T') is equicontinuous
on T if for every € > 0 and every t € T there exists a neighbourhood U(t,¢) of ¢t such
that [f(t') — f(t)| < eforall ' € U(t,e) and all f € F.
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Theorem 11.3 (Arzela-Ascoli Theorem). Let (T, 7) be a compact space and let K be a
nonempty subset of C(T). Then K is compact in (C(T),| - ||s) if, and only if, K is
bounded and equicontinuous on T

Proof. Suppose that K is compact. Consider the function d : K — [0,00) defined by,
d(f) := ||f|ls- Then d is continuous on K (since |d(f) — d(g)| < ||f — 9llo) and hence

bounded above by some M > 0. Then | f|loc = d(f) < M for all f € K (ie., K is
bounded).

We will now show that K is equicontinuous on 7'. To see this, consider ¢t € T" and € > 0.
Since K is compact there exists a finite set (f,,))_; in K such that K C Ugil B(fn,e/3).
For each 1 < n < N, choose a neighbourhood U (t,n, €) of t such that |f,,(t') — f.(t)| < ¢e/3
for all #' € U(t,n,e) and let U(t,e) :== Mo, U(t,n,e). Let f € K and let t' € U(t,¢).
Then choose k € {1,2,..., N} so that || f — fx|leo <€/3. Thus,

1f@) = fW) < 1f@) = fe@] + [ fult) = Sl + 1fult)) = f(@)]
< 20 = Srllso + 1fk(t) — fr(@)]

< 9.8,¢
-+ - =¢.
3 3
Hence, K is equicontinuous.
Converse direction. Since we know that (C(T),] - ||o) is complete and K is closed it is

sufficient to show that K is totally bounded. Thus, let us fix € > 0. For each x € T there
exists an open neighbourhood V, of x such that |f(y) — f(z)| < ¢ for all y € V, and all
f € K. Since T is compact and {V, : x € T'} is an open cover of T there exists a finite
subcover {V,,, Viy, ..., Vo, } of T. Now, {f(z;) : i € {1,2,...,n}, f € K} is bounded in
R. Therefore there exist real numbers {y1, 2, ..., ym} such that

{f(x;):i€{1,2,....,n},f € K} C B(yy,e) U B(ya,€) U---U B(ym, €).
Let 7:{1,2,...,n} = {1,2,...m} be a function. Then define,
Sri={f € K: f(x;) € B(yru)e) for all 1 <i < nj.

Note that
{Spime {12, mprhy

is a cover of K. Next, we will show that each S, has diameter at most 4¢. To this
end, let 7 € {1,2,...,m}{b2n et f, f' € S, and let x € T. Then there exists an
i€ {1,2,...,n} such that = € V.. Thus,

[f (@) = f1@) < 1f (@) = f(@)l + [ f (@) = Yoo + [yno) = f/ ()| + ' (2:) = f(2)] < 4e.

Since x € T was arbitrary it follows that ||f — f'||oc < 4¢, and since f, f' € S, were also
arbitrary, we have that || - ||« — diam(S;) < 4e. Hence, K can be covered with at most
m” closed balls of radius 4e. Thus, K can also be covered with at most m” closed balls of
radius 4¢, as a finite union of closed sets is again closed. This completes the proof. O
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Exercise 11.4. Prove the following complez-valued version of the Arzeld-Ascoli Theorem:
Let (T, T) be a compact space and let K be a nonempty subset of Cc(T'). Then K is compact
in (Cc(T), || lleo) #f; and only if, K is bounded and equicontinuous on T .

Exercise 11.5. Let K be a subset of a complete metric space (X,d). Show that K is
compact if, and only if, every sequence in K has a Cauchy subsequence.

Exercise 11.6. Let (X, - ||) and (Y,| - ||) be normed linear spaces and suppose that

T € B(X,Y). Show that if T(Bx) is a compact subset of (Y,| - ||), then T'(By+) is a
compact subset of (X*, [ - ||)-

Hint: In light of Exercise 11.5, to prove Exercise 11.6 we need only show that every
sequence in T"(By~) possesses a Cauchy subsequence. On the other hand, if we consider
K = {y"l7myy 1 ¥° € By+} as a subset of (C(T(Bx)), [ - [|), then one should be able to

show that K is compact, by appealing to the Arzela-Ascoli Theorem.

The result in Exercise 11.6 is called “Schauder’s Theorem”.
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Chapter 12

Banach Algebras

An algebra over a field K is a vector space A over K with a multiplication operation
(a,b) € A x A ab € A such that:

(i) z(yz) = (zy)z for all z,y,z € A;
(ii) z(y+ 2) =2y +xz and (y + 2)z = yx + zz for all z,y, z € A;
(iii) a(zy) = (ax)y = z(ay) for scalars o € K and z,y € A.
In this course all algebras will be over the field of complex numbers. An algebra need not
have a multiplicative identity element, i.e., an element e € A\ {0} such that ea = ae = a
for all a € A. If it does have one, then it can be shown to be unique and we will denote

it by 14. We call 1,4 the identity of A and we say that A is an algebra with identity
if A is an algebra that possesses an identity element.

Example 12.1. Let M, (C) denote the set of all n xn matrices over C. Then M, (C) with
the operations of matrix addition and matrix multiplication is an algebra with identity.

A Banach algebra is a Banach space (A, ||-||) over C which is also an algebra over C and
in which the norm is related to multiplication by the following inequality ||ab|| < ||a||||?]|
for all a,b € A. In this case we say that the norm is submultiplicative.

A Banach algebra (A, || - ||) need not have a multiplicative identity, but if it does and it
satisfies ||14]| = 1, then we call it a unital Banach algebra or else a Banach algebra
with identity.

Example 12.2. Some examples of unital Banach algebras

(i) The space (Cc(K),| - |le) of all complex-valued continuous functions defined on a
compact space K, with scalar multiplication, addition and multiplication defined pointwise
1s a unital Banach algebra. The multiplicative identity is the function that maps every
element of K to 1.

(ii) Let D :={z € C: |z| < 1} and let A(D) be the subset of (Cc(D), |- ||o) consisting of
all the functions that are analytic on {z € C: |z| < 1}. This is called the disc algebra.
Again the multiplicative identity is the function that maps every element of D to 1.
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(iii) If (X, || -||) is a nontrivial Banach space over C, then (B(X), ||-||) ¢s a unital Banach
algebra, with scalar multiplication and addition defined pointwise and multiplication de-
fined by composition, i.e., if S,T € B(X), then ST := S oT. The multiplicative identity
in this case is the identity mapping on X.

(iv) Let (G,-) be a group with identity e and let

(MG) = {feC ) |f(g)] < o0},

geG

with scalar multiplication and addition defined pointwise. For f,g € (*(G) we define the
convolution of f and g to be the function f xg: G — C defined by,

(fxg)(@) =) fley gly

yeG

Then ((1(G),]| - |l1) is a unital Banach algebra. The identity element is the function
1:G —{0,1} defined by, 1(z) := 1 if, and only if, x = e.

Proof. (i) We already know that (Cc(K), ||||«) is @ Banach space and that Cc(K) is closed
under pointwise multiplication. Further, if f,g € Cc(K) and k € K, then [(fg)(k)| =

[F(B)[lg(R)] < [ Fllellglloo and so [[fgllec < [ fllcclglloc- Note also that [|1]jec = 1, where
1: K — Cis defined by, 1(k) =1 for all k € K.

(ii) It is easy to verify that A(D) is a subalgebra of C¢(D) with identity element 1. It
also follows, for free, since A(D) is a subset of C¢(D) that the norm is submultiplicative
and ||1]| = 1. It remains to show that A(D) is a closed subalgebra of Cc(D). Suppose
that (f, : n € N) is a sequence in A(D) converging to f in (Cc(D), || - ||s). Now suppose
that I' is a simple closed contour with length L lying in D, then

Ahwﬂb—lf@dzz

and thus fr fu(2) dz — fr ) dz. By Cauchy’s Theorem we have that fr fa(2) dz =0
for all n € N, hence f f(2) dz = 0. Morera’s Theorem then implies that f is analytic on
{z € C: |z| < 1}. Thus, f € A(D).

(iii) The only interesting feature here to check is that for any S, 7" € B(X), ||ST|| < |[S|IIIT]]-
To see this, let x € X. Then

ISTY @) = (IS ) < ISTIT @) < [ISTIT{]-

Since x € X was arbitrary it follows that ||[ST'|| < ||S|||7|-

F(fn = f)(z) dz

(iv) This is an important example, called the group algebra of G, so we will take the
opportunity to verify a couple of the axioms to show that ¢;(G), endowed with the convolu-
tion, really is a unital Banach algebra. Specifically, we will show that || f*g|l1 < || fll1]lg]l1
for all f,g € £1(G) and ||1||; = 1. Of course we do already know that (¢1(G), || - 1) is a
Banach space.
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Let f,g € ¢1(G), then

If=alli = D I(f*9)()

reG
= > D flay e
zeCG |yeG
< ZZ| f(zy™Hllg(y)] by the triangle inequality
zeG yelG
= ZZ| f(zy ™ Hlg(y)] swap the order of summation
yeG zeG
= Zlg(y)l<2|f(xy‘1)l>
yeG zeG
= > |g(y)\(z \f@\) since G = Gy ™!
yeG zeG
= D> lg@IIAL = 111D lg@)] = 1 1lllglh-
yeG yeG

Note also that [[1]; = Y [1(z)| =1(e) =1. O
zeG

Exercise 12.3. Let (G,-) be a group. Show that the convolution operation on {,(G) is
associative. Hint: Show that for all f,g,h € ¢1(G) and all x € G

((f*g)*h)( Z{f ¢):(a,b,c) € G® and x = abc} = (f * (g h))(z).

Note also that for every x € G, >_{|f(a)g(b)h(c)|: (a,b,c) € G* and x = abc} < oo.

Finally, note that m : G — (1(Q), defined by, [7(9)|(z) =1 if v = g and [7(g)](x) = 0 if
x # g, is a group monomorphism from (G, -) into ({1(G), *).

Theorem 12.4. Every unital Banach algebra is isometrically isomorphic to a unital sub-
algebra of B(X), for some Banach space (X, || - ||)-

Proof. Let (A, ]| -||) be a unital Banach algebra. Consider the mapping M : A — B(A)
defined by, M(a)(x) := ax for all x € A. One can verify that M is indeed an isometric
isomorphism and that M (A) is a unital Banach subalgebra of B(A). O

An element a of a unital algebra A is invertible if there exists an element b € A such
that ab = ba = 14. Note that if ab = ba = 14 and ac = ca = 14, then b = ¢. Simply
note that b = b14 = b(ac) = (ba)c = 1ac = c¢. Any element b € A such that ab = ba = 14
is called an inverse of a and by our previous argument we see that the inverse of a is
unique. Hence, if a € A is invertible, then we can denote its inverse by a~!.
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Basic facts: Let (A, || - ||) be a unital Banach algebra, then
(i) If A1 := {a € A:a! exists}, then (A71,+) is a group, called the group of units
or group of regular elements.

(ii) (x,y) — x -y is jointly continuous, that is, if lim z, = = and lim y, = y, then
n—o0 n—oo

nh_fglo(xn “Yn) =T Y.

(iii) If z,y € A7L, then (zy)™' =y 'z~ and if A # 0, then Az € A~ and
(Az) ' = "t
(iv) If 2y = yx, then 2y € A7' if, and only if, both x € A~ and y € A~L.

(v) If a € A7, then the mapping T, : A — A defined by, T,(z) := az for all z € A is a
homeomorphism, i.e., T}, is one-to-one and onto and both T}, and T,"! are continuous.

(vi) fo,ye A theny ! —a =Y a—y)y =y o —y)z .

Exercise 12.5. This ezercise concerns inverses.

(i) Let K be a nonempty compact space. Show that an element f of Cc(K) is invertible

if, and only if, 0 is not in the image of f, i.e., if 0 & f(K).

(i) Show that an element f of A(D) is invertible if, and only if, 0 is not in the image of

f, ie,if0& f(D).

(iii) Let (X, || -]|) be a Banach space. Show that S € B(X) is invertible if, and only if, S

s a bijection.

(iv) Let A € M,(C). Show that A is invertible if, and only if, Ker(A) = {0}.

Theorem 12.6. Let (A, || - ||) be a Banach algebra. Then for each x € A,
lim ||x"||% exists
n—oo

and ) )
lim [|2"||= = inf{||z"||= : n € N}.
n—oo

Proof. Clearly the result is true if z = 0, so we shall consider the case when 0 < ||z||.
First note that ||z"| < ||z||* for all n € N and so ||z"||= < ||z|| for all n € N. Therefore,

lim sup Hx”H% exists. Hence it will be sufficient to show that if
n—o0

M = int{[|z" > : n € N}, then M = limsup |="[+.

n—o0

To this end, let & > 0 and choose m € N such that ||#™||= < M +¢. Then for each n € N,
there exists ¢, € N and 0 < r, < m such that n = ¢,m + r,,. Thus,

M < ||z |9 tra

29| - [l ||

NN

an n
™ ][ - ]

anm

1\ n n
= (hm) "
q

N
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. . T . qnMm . T
Therefore, since lim — =0 and lim —— = lim 1 — =% =1,
n—oco M n—oco n n—r00 n

M < limsup [|2*]|* < lmsup(M + &)™ [|z||% = lim (M +¢)™" ||z|* = M +e.
n—oo

n—oo n—oo

. . : 1
Thus, since € was arbitrary, limsup ||z"||» = M. O
n—oo

Exercise 12.7. Let (A, || -||) be a Banach algebra. Show that if x € A and
: n L
Tim 2”1 = o],
then ||z"|| = ||z||™ for alln € N.

Theorem 12.8. Let (A, || - ||) be a unital Banach algebra. If v € A and lim ||x”||% <1,
n—o0
then (14 —x) € A and (1a —2) " =14+ 3, 2™

Proof. For each n € N, let

oo
Then notice that by the “Root Test” for convergence, Z |2*|| < co. Therefore, since

k=0
(A, |l - ]]) is a Banach space

14+ Zxk = lim s,, exists.

n—oo
keN
Moreover,
n n+1 n n+1
(1a— )8, = Zxk - Zxk = (14— 2" = Zxk — Zxk =5,(14 — )
k=0 k=1 k=0 k=1
Therefore,
(1a—2)1+) a¥) = lim (14 —2)s, = lim (14 —a""")
1 n—o0 n—oo
= 14
P ] — — k J—
= T}Lrgosn(lA x)=(1a+ Zw )(1a — )

Thus, (14 —2) ' =144+ ,n2t. O
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Remarks 12.9. Given a unital Banach algebra (A,| - ||) and an element x € A the
previous theorem shows that (14 — A\x) is regular provided lim ||()\:E)"||% < 1; that is,
n—o0

provided that:
0 < |A < 1/(lim ||#”||%), if lim ||z"||* # 0 and for all A € C if, lim ||2"||" = 0.
n—00 n—00 n—00

For any such X\ in this range,

This series is called the Neumann series for z.

Corollary 12.10. Let (A,]| - ||) be a unital Banach algebra. Then B(14,1) C A™L.

Proof. The proof is left as an exercise for the reader. O
Corollary 12.11. Let (A, || -||) be a unital Banach algebra. If x € A and ||z|| < 1, then

1
1— [l

1(La =) <

Proof. From Theorem 12.8,

1A+5§:1ﬁ
k=1

This completes the proof. O

(14 —2)7' =

oo oo 1
STt < DNl = =
k=1 k=0

Corollary 12.12. Let (A,]| - ||) be a unital Banach algebra, then A~ is an open set.

Proof. Let g € A™'. Then zy € zo - B(14,1) C A™!, since B(14,1) € A™!. Now,
xo - B(1a,1) is open in (A, || - ||) and so zy € int(A™!); which completes the proof. O

Theorem 12.13. Let (A, |- ||) be a unital Banach algebra, then x — x~! is continuous
on A7L. In fact, (A71,-) is a topological group.

Proof. Suppose z,y € A™1, then
ly™ =27 = [la™ @ =y < =7 @ =)l -yl
and since 27t =y~ + (a7t —y7)
l== < Ny I+ ly ™ =2 <y e e =yl Ty~
Note that this immediately implies that
I (L=l =yl -y =) <y~
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or )
Iy~

(L= llz =yl lly=l)
provided ||z — y|| < 1/|ly~!|]. This then gives us that

l= ] <

lz =yl -y~

(1= llz =yl lly=1)

lo™ =y~ < P

<2l =yl - lly

provided 0 < ||z — y|| < 1/2|ly~!||. Thus, given € > 0, if we choose

1 €
5::min{ , }>O
2[ly =1 2fly =

then ||z7! — y71| < e whenever ||z —y| <d. O

Unitisation

Theorem 12.14. If (A,||-]|) is a Banach algebra without an identity element, then there
exists a unital Banach algebra (B, | - ||) such that A is a closed subalgebra of B.

Proof. Let B := A x C and define,

(5,0) + (1,5) = (& + 9,0+ D), (2,0)(9, ) := (a2 + ay + bz, ab), A2, ) = (Az, Aa).
Also define ||(x,a)|| := ||z|| + |a|. Then (B, | - ||) is a Banach algebra with identity
15 :=(0,1) and A is isometrically isomorphic to A x {0}. O

Application

Suppose that f, g € Ccla, b] and that k is a continuous complex-valued function defined
on the triangular region {(z,t) € [a,b] X [a,b] : a <t < x}. Then the Volterra integral
equation determined by f, g, kK and A € C is the equation:

f(z) =g(x) + )\/ k(xz,t)f(t) dt for all x € [a,].

[a,2]
Theorem 12.15. For each g € Ccla,b] and continuous complez-valued function k defined

on the triangular region {(z,t) € [a,b] X [a,b] : a <t < x}. The Volterra equation

f(z) =g(x) + )\/ k(x,t)f(t) dt  for all z € [a,b]

[a,2]

has a unique solution for every \ € C.
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Proof. We define the Volterra operator K : (Cc[a,b],| - ||o) = (Ccla,b], || - ||l) by,
K(PW = | ks a

It is a straightforward exercise (which we leave to the reader) to show that K is a contin-
uous linear operator on Ccla,b]. In terms of the Volterra operator, the Volterra integral
equation can be written as (I — AK)(f) = ¢g. From before, we see that (I — AK) is

invertible (i.e., regular) for all A € C, provided that lim ||K ”H% = 0 and furthermore the
n—oo

solution will be given by the Neumann series

f=U=2K)"g) = (I + X,en\"K")(9).

That is, we hav? a series solution for the Volterra integral equation. So next we will show
that lim [|K"||» = 0. Now,
n—o0

[K(f)(2)]

N

/[ k(e 0) @

< (@ —a)sup{[k(z, D|[f(O)] - a <t <z}
< M| fllso(z —a

)
where M := sup{|k(z,t)|: a <t <z and a < z < b}. We shall prove by induction that

K (e <M1 foralla <z <

We have already shown that this is true in the case when n = 1. So suppose that the
statement is true for the case n = m. Then,

[K™ (F)(@)] = [K(E™(f)(@)] =

/[ )K" dt]
< /[ Ol 0]

M™| fllo
< M oo M(t —a)™ dt
m)! [a,7]
M™ | flloo (@ — @)™
h (m+1)!
which concludes the induction. Using this fact we obtain that for all n € N,
n n n (b — a)n
I (F)lloe = max{[K*(f)(2)] - a < @ < b} < M| flloo™—
and so
n n n(b — a)n
I} = sup{ K" (F)lloo : 1 £]lo0 < 1} < M.
1
Since lim = 0 we conclude that lim ||K"||% =0. O
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Chapter 13

The Resolvent Function

Let (A, || - ||) be a unital Banach algebra. We define the spectrum of x € A to be
oa(x) :={A € C:x— A\, is singular}.

When there is no ambiguity we shall simply write o(x) for o4(z). Recall that an element
a € A is called singular if a ¢ A7

It is easy to see that A — (x — A1,) is a continuous function from C into A. Since the
set of singular elements in A is closed, it follows at once that o4(z) is closed. Further,
observe that o4(z) C {z € C: |z| < ||z]|} because if A > ||z||, then (14 — A™1x) is a unit,
since ||A"'z|| < 1 and so (z — Al,) is a unit as well, since (z — ALs) = (=A)(14 — A" '2).
Thus, for each x € A, 04(x) is compact.

Basic facts: Let (A, ]| - ||) be a unital Banach algebra.
(i) If A is a subalgebra of a Banach algebra (B, || -||), then op(x) C o4(x) for all z € A.
(ii) If A € C and = € A, then o4(A\x) = Aoa(x).
(iii) If A € C and x € A, then o4(z + A\14) = oa(x) + .
)

(iv) If B is a Banach algebra and 7 : A — B is a unital homomorphism (i.e., an algebra
homomorphism such that 7(14) = 1p), then og(7(x)) C oa(z).

(v) Ifx € A7 and A € C\ {0}, then (z7! — A7114) = (=) ta7 1z — A\1,).
(vi) If z € A7Y then oa(z™) = {\"L: XN €oa(n)}.
(vii) If 2,y € A and (14 —2y) € AL, then (14 —yx) € A™L. Hint: Consider the element
14 +y(la —ay) to.

(viii) For any x,y € A, oa(zy) \ {0} = oa(yx) \ {0}.

Proof. We give only outlines.
(i) This follows from the fact that A=' C B~1.

(ii) Check first that 04(0z) = 0o(x) = {0}, assuming we know that o4(x) # &.
Then check that o4(Az) = Aoa(x) for A # 0.
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(iii) Straightforward.
(iv) Firstly note that m(A™') C B~!. Indeed, if 14 = ab = ba, then

1 =7(14) = w(ab) = w(a)w(b) and 1p=m(14) = 7w(ba) = 7(b)7(a).
Therefore, m(a) € B~!. Now, suppose that A\ € o4(x), then (z — A\14) € A~! and
so m(x) — A =n(x — A\l4) € B! ie, A € op(m(x)).
(v) Straightforward.
(vi) Again straightforward.

(vii) To check this, one just does the multiplication, but to see where this formula
might have come from, consider the following formal calculation

= Lty (ey)* - = Latr(Latyr+(yr) )y = Lata(la—yz) "y,

(La—zy)
(viii) This just follows from (vii).

This completes the justifications of the basic facts. O

Example 13.1. We consider some basic examples.

(i) Let A .= M,,(C) and define | M| := sup{||Mz|| : ||| = 1}. Then (A, | -||) is a unital
Banach algebra and for each M € A, o4(M) consists of all the eigenvalues of M.

(ii) Let A = Cc(K), then for each f € A, oa(f) = {f(k) : k € K}, i.e., oa(f) is the
image of f. To see this, note that if f € A, then
ANEoal(f) <= (f — A1) is invertible
<~ (f—=Al)(x) #0 foranyz € K
< N# f(z) foranyx € K
<~

A fK).

(iii) Let H be a Hilbert space. For T' € B(H), opm)(T) contains all the eigenvalues, but
could be strictly larger. For example, take H = (*(N) and let T be defined by,

T(xy,x9,3,...) := (0,21, T2, x3,...).

We claim that (a) T has no eigenvalues and (b) op)(T) = {A € C: |X| < 1}. To prove
(a) suppose X is an eigenvalue so that there exists a nonzero sequence (z,, : n € N) € ¢*(N)
with T[(z, :n € N)] = ANz, : n € N). Then

(0,1, 29, x3, . ..) = (Az1, AT, A3, . . .);

the left-hand side is nonzero, so A cannot be zero. Also it follows that Ax1 =0, i.e., x;1 =0
and x, = A\rpyq for alln € N, i.e., x, 1 = X"z for alln € N. Therefore, x, = 0 for all
n € N, which is a contradiction.

(b) Since || T|| = 1 we know from above that opy(T) € {A € C: |X| < 1}. So let us show
that if || < 1, then T'— A1 is not surjective by showing that (1,0,0,0,...) is not in the
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range of (T — \1). Suppose that (z, : n € N) € (*(N) satisfies (T — A\1)[(z,, : n € N)] =
(1,0,0,0,...). Then

(0 - )\.Tl,ﬂfl - )\.TQ,.CL’Q — )\.Tg, c. ) = (1,0,0,0, .. )

Since —Axy =1, 1y = —1/\. Moreover, since x,, — Axp+1 = 0 for all n € N we have that
Tni1 = A2y for alln €N, de., 2,01 = =X~ for all n € N, but then (z, : n € N) ¢
(*(N). This gives (b). O

Proposition 13.2. Suppose that (B, || - ||) is a unital Banach algebra and (A, || - ||) is a
Banach subalgebra of B, with 15 € A. Then for any x € A, doa(x) C op(x) C oa(x).
Here, 0o a(x) denotes the boundary of oa(x).

Proof. As A=t C B7! it follows that op(x) C oa(z). So we consider the other set
inclusion. To obtain a contradiction, let us suppose there is some A\ € do4(x) \ op(x).
Then (x — M)~ € B\ A. Since A € doa(x) there exists a sequence (), : n € N) in
C \ oa(z) such that A = lim,, .o, \,. Therefore, (x — \,15)"! € A for all n € N and

-1
(r —Alp) !t = (lim (x — )\nlB)> = lim (z — \,1p) ' € A
n—oo n—oo
since A is closed and the mapping b — b~! is continuous on B~!. However, this contradicts

the assumption that A € o4(z). O

Example 13.3. Let D:={z € C: |z| <1} and let T := 0D, i.e., T={z € C: |z| = 1}.

Let A(D) = {f € Cc(D) : f is analytic on int(D)}. Then (A(D),| - ||o) is a unital
Banach algebra and o 4py(f) = f(D) for every f € A(D).

Proof. From Example 12.2 part(ii) we know that (A(D), | -||«) is a unital Banach algebra
and by Exercise 12.5 part(ii) we know that f € A(D) is invertible if, and only if, 0 &
f(D). From this it follows that oapy(f) = f(D). Let R : A(D) — C(T) be defined
by, R(f) := flr. Then by the Maximum Modulus Principle, |R(f)|l~ = |||l for all
f € A(D). Therefore, R is a Banach algebra isomorphism from A(D) onto R(A(D)). Let
X = A(D) and Y := R(A(D)). Then ox(f) = oy(R(f)) for all f € X. In particular,
oy (R(idp)) = ox(idp) = D, where idp : D — C is defined by, idp(z) := z for all z € D.
Let g :== R(idp)), then oy(g) = D.

On the other hand, Y is a subalgebra of Z := C¢(T) and o4(g) = T. Thus,
0z(9) =T = 0D = 9oy (g)).

This completes the exmple. O

Let (A, ]| - ||) be a unital Banach algebra, then the resolvent of x € A is the function
R:C\ o4(z) — A defined by,

R(\) = (z — A1)71.

Since R(\) = (—=\) ' (1=XA"'2)"! for A € C\ oa(x) we have that | R(\)|| — 0 as |\| — oo.
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If pand A € C\ 04(z), then

Thus, if z* € A*, then

o (R(p)) — 2
= A

(R(V)

= 2" (R(A)R(p))

for all u, A € C\ o(z) with p # .

The next theorem requires a result from complex analysis, namely Liouville’s Theorem,
which says that the only bounded analytic functions f : C — C are the constant functions.

Theorem 13.4. Let (A, ||-||) be a unital Banach algebra and let a € A. Then o4(a) # .

Proof. Fix x* € A* and define f : C\ o4(x) — C by, f(A) := 2*(R(\)). Then for any
Ape Coalz), (A # p),
fw) = (V)

= (RORW)

Thus,

f'(\) = }l}_I)I}\ w = 2*(R*()\)), since R is continuous on C\o (7).

So f is analytic on C\ g4(x). Moreover, for any A € C\oa(x),
* * — -1
SOOI 2" TR = (17D = A )
Therefore |f(A)] — 0 as |A\| — oc.

Now suppose, in order to obtain a contradiction, that o4(x) = @. Then f is a bounded
entire function (i.e., analytic on all of C) and so from Liouville’s Theorem f = ¢ for some
¢ € C. However, since f — 0 as |A\| — oo it must be the case that f = 0. Therefore, for
each z* € A, z*(R(\)) = 0 for all A € C. Hence, by the Hahn-Banach Theorem R(\) =0
for all A € C. However, this is absurd since 0 is not invertible. O

An algebra with identity in which each nonzero element is invertible is called a division
algebra.

Theorem 13.5 (Gelfand-Mazur). If (A, || -||) is a division Banach algebra, then it equals
the set of all scalar multiples of the identity.

Proof. Let x € A and A € g4(x) # &. Then x — A\14 must equal 0, i.e., x = A14. O

74



For an element x of a unital Banach algebra (A, || - ||) we define the spectral radius of
x to be

ra(z) ;== max{|\| : A € o4(2)}.
When there is no ambiguity we simply write r(x) for r4(x).

We need some further results from complex analysis. Recall that if f is analytic in a ball
B(zp,7), then the Taylor series for f converges to f throughout B(zg,7). We need the
following analogue for functions analytic in an annulus

A(zo,m, R) :=={2€ C:r <|z| < R}.

Theorem 13.6. Suppose that the power series - a,(z—20)" converges when |z—zy| <
Rand 1 an(2—2)" converges when |z—zy| > r. Then the function f = A(z,r, R) —

n=—oo

C defined by the following Laurent series

o0 [e.9]

f(x) = Z an(z — 29)" = Z an(z — z0)" + Z an(z — zo)"

n=—oo n=—oo n=—oo

is analytic in A(zo,r, R). Conversely, if f : A(zo,7, R) — C is analytic, then there is a
unique Laurent series which converges absolutely to f(z) for every z € A(zo, 7, R).

Theorem 13.7 (Spectral Radius Formula). Let (A, || -||) be a unital Banach algebra and
let v € A. Then

. 1
ra(e) = lim 27+

Proof. Note that r(x) < lim ||:E"||% since if A > lim ||x"||%, then lim H()\_lx)nHZ <1
n—00 n—00 n—o0
and so (1 — )\’1;1:) is a unit. However,
(x— A1) = (=A) (1 — 2"'z)
and so (r — A1) is a unit as well, i.e., A & oa(x).
So now we need only show that r4(z) > lim ||x"||% To do this, it suffices to show that
n—oo
if ra(z) < a, then lim ||x"||% < a.
n—oo
For || > ||z|| we have that

RO =(z—=A1)7 = (=N (1 -2T) = (=07 ARt

00
k=0

Fix z* € A* and define f : C\ o4(z) — C by, f(A) := z*(R()N)). For |[A| > ||z||, and in
particular, for A € A(0, [|z]], ||z|| + 1) we have that

FO) = (N

= o (ah)
k=0
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As we have seen previously, f is analytic on C \ o4(x). Therefore, f has a Laurent
expansion on A(0,74(z), ||z|| + 1). Moreover, since the Laurent expansion of f is unique
it must coincide with the Laurent expansion given above on the annulus A(0, ||z]|, ||«]|+1).
Hence,

=, (at)

FO)=E=0"1)0 i for A€ A0, ra(@), [z + 1).
k=0

Therefore,

Fla) = (~a) ST (L) g (ot

ak
k=0

In particular, lim, ,, 2* (a”"2") = 0 and so the set {z*(a™"z") : n € N} is bounded.
Since this holds for any x* € A* the set {a "z" : n € N} is weakly bounded and hence,
by the Uniform Boundedness Theorem, norm bounded. That is, there exists a K > 0
such that [|z"|| < Ka" for all n € N. Thus, [|z"]|+ < Kwa for all n € N and so

lim ||:E"||% <la=a O
n—oo

Let A be an algebra. Then a linear functional x* on A is called a multiplicative linear
functional if 2*(xy) = 2*(2)x*(y) for all z,y € A.

Note that if K is a compact topological space and = € K, then 0, : Cc(K) — C defined
by, 0.(f) := f(x) for all f € Cc(K) is a multiplicative linear functional on C¢(K).

Remarks 13.8. Let A be an algebra. Then x* : A — C is a multiplicative linear functional
on A if, and only if, x* is an algebra homomorphism.

Exercise 13.9. These exercises are on multiplicative linear functionals.

(i) Show that if A is an algebra with identity and x* is a nonzero multiplicative linear
functional on A, then z*(14) = 1.

(ii) Show that if (A,|| - ||) is a Banach algebra and x* € A* is a multiplicative linear

functional on (A, || - ||), then ||z*|| < 1. Hint: Suppose to the contrary that there exists

an element ' € By such that |z*(2")] > 1. Then show that this implies that there
1

exists an element v € A such that ||z|| < 1 and x*(xz) = 1. Let x := mx' and consider

y:=> 2 " and show that x+xy = y. Finally, deduce that this leads to a contradiction.

(#ii) Show that if (A, | - ||) s a unital Banach algebra and x* € A* is a nonzero multi-
plicative linear functional on (A, || - ), then ||z*|| = 1.

Let (A, - ||) be a unital Banach algebra. We call a functional z* € A* a state if
|z*|| = «*(1) = 1. We shall denote by S(A) the set of all state functionals in A* and
by A4 the set of all nonzero multiplicative linear functionals on A. We know from the
previous exercises that Ay C S(A) C Sa-.

Note that if K is a compact Hausdorff topological space and p is a Borel probability
measure on K, then z* : Cc(K) — C defined by, 2*(f) := [, f dp for all f € Cc(K), is
a state on C¢(K).
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Recall that a subset U in the dual of a normed linear space (X, || - ||) is called weak*
open if for each z* € U there exists an ¢ > 0 and a finite set {z1,xs,...2,} in X such
that the set

N(z*, 21, 29,...2n,€) = {y" € X" |2"(x;) —y"(z;)| < e for each 1 < j <n}
is contained in U.

Exercise 13.10. Let (X, || -||) be a normed linear space.

(i) Show that the set of all weak® open subsets of X* forms a topology on X*. This topology
15 called the weak® topology on X*.

(i) Show that the weak® topology on X* is weaker than the norm topology on X*.

(#ii) Show that each element of X is continuous on (X*, weak").

Let (X, -||) be a normed linear space. Then the weak* topology on X* is sometimes
called the topology of pointwise convergence on X. Furthermore, it can be shown
that the weak* topology on X* is the weakest topology on X* that make each functional
from X continuous, i.e., the weak™ topology on X* is the weak topology on X* generated
by X.

Theorem 13.11 (Banach-Alaoglu Theorem). Let (X, ||-||) be a normed linear space, then

(Bx+, weak®) is compact.

Exercise 13.12. Let (A,|| - ||) be a unital Banach algebra. Show that S(A) is a weak*
compact convez subset of A*. Hint: S(A) = Ba- N (14)71(1).

Theorem 13.13. Let (A, || - ||) be a unital Banach algebra. Then Ay is a weak®™ closed
and hence a weak® compact subset of Bax.

Proof. Firstly, as already noted, Ay C S(A) C By. So it is sufficient to show that A4 is
weak™ closed.

Ax = (yyealz” € A" 27 (14) = 1 and 27 (zy) = 2" (2)2"(y) }
= ﬂ$7yeA{:p* € A" :2*(14) =1 and (zy — 7y)(z*) =0

= (14)7'(1) NN,y yealey(0),  where gpy = Ty — T7.

y
}

Since each ¢, is weak® continuous, g, ;(0) is weak* closed. Therefore, A4 being the
intersection of weak* closed subsets is itself weak* closed. O

Eventually, we will show that if (A, || - ||) is a commutative unital Banach algebra, then
there exists an algebra homomorphism ¢ : (A, ||-||) = (Cc(A4), | - [|s) such that for each
v e A (@)l = ().

To prove this we first need to prove three preliminary results.

Let A be an algebra, then a subset I of A is called a 2-sided ideal if:
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(i) I is a vector subspace of A;

(ii) I C I and Iz C [ for all x € A.

Using Zorn’s Lemma it is easy to show that every proper ideal in a unital algebra is
contained in a maximal, with respect to set inclusion, proper ideal.

If Ais a commutative algebra with identity and = € A, then the set {ax : a € A} is an
ideal in A and is called the principal ideal generated by x and is denoted by (z). An
ideal [ is called a principal ideal if [ = (x) for some = € I.

Lemma 13.14. Let A be a commutative algebra with identity. Then every singular el-
ement x € A is contained in a maximal proper ideal. In fact, x € A is singular if, and
only if, it is contained in a mazximal proper ideal.

Proof. If x is singular, then (x) is a proper ideal in A, since 14 ¢ (x). Hence, by the
above, there exists a maximal proper ideal N such that z € (z) C N. Conversely, if z is
nonsingular (i.e., invertible) and N is an ideal in A containing x, then N = A. Thus, if
is a unit in A, then x is not contained in any proper ideal in A. O

Note: If (A, || - ||) is a unital Banach algebra, then each maximal ideal is closed, since if
I is an ideal in A, then so is I. Moreover, if I is a proper ideal in A, then I N A™! = @.
Therefore, I N A~' = @ and so I is also a proper ideal in A.

Lemma 13.15. If I is a proper closed 2-sided ideal in a Banach algebra (A, || - ||). Then
the quotient Banach space A/I is a Banach algebra in which (a + I)(b+ I) = (ab+ I).
The quotient map q : a — a + I is a norm-decreasing homomorphism with kernel I.
Furthermore, if (A, || - |) is a unital Banach algebra, then so is AJI, with multiplicative
wdentity 14 + 1.

Proof. 1t is routine to check that if I is an ideal, then (a + I)(b+ I) = (ab + I) gives a
well-defined multiplication on A/I. Indeed, if a+ 1 =a' + 1 and b+ I = b + I, then
a=a +xand b=V +y for some z,y € I and

ab=(a +x)(V/ +y)=d + (d'y + b + zy);
because [ is a 2-sided ideal, a'y + zb’ + zy € I and so ab+ I = d't/ + I. Associativity,
distributivity and the properties of the identity 14 + I all follow immediately from the
corresponding properties of A. We know from our work on Banach spaces that if I is
closed in (A, || - ||) then A/I is a Banach space in the quotient norm

|la+ 1| :=inf{|la+ x| : z € I}.
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To see that the norm is submultiplicative, let a + I, b+ 1 € A/I. Then,

e+ DG+ D = llab+I]]
inf [Jab + wl|
wel

< inf1||ab+ (az' + 2b+ 22)||
z,2' €

= inf [[(a+2)(b+ 2]
z,2'€l

< inf Jla+ z]|[[o+ 2|
z,2'€l

(inf la + zH)(inf Ib+ z’H)
zel z'el

la+I]lllb+ 1]

ie., ||(a+I)(b+ 1) < ||la+ I]|||[b+ I]|; which shows that the norm on A/I is sub-
multiplicative. In particular,

La+ 1l = 1(1a+ DAa+ D < 14+ 1"

Since 14 ¢ 1,14+ 1 # I and so 0 < ||[14 + I||. Therefore, 1 < ||14 + I||. On the other
hand, |14 + || = inf{||1a + 2| : 2 € [} < |14 + 0| = ||14]] = 1, since 0 € I. Thus,
|14 + I]| = 1, which shows that A/I is a Banach algebra. That ¢ is norm decreasing
follows from the definition of the quotient norm, that ¢ is a homomorphism follows from
the definition of scalar multiplication, addition and multiplication in A/I. O

Lemma 13.16. Let N be a maximal proper ideal in a commutative unital Banach algebra
(A, || - ). Then there exists a nonzero multiplicative linear functional x* on A such that
N = Ker(x*).

Proof. Firstly, from our earlier note, we know that N is closed. Therefore, by Lemma 13.15
we know that A/N is a unital Banach algebra. We claim that A/N is a division Banach
algebra. To justify this claim let us consider x + N € A/N with x + N # N. Also, let us
consider the mapping 7 : A — A/N defined by, 7(a) := a+ N. Then if x + N is singular
in A/N, then (z + N) would be a proper ideal in A/N and so 7! ({x + N)) would be
a proper ideal in A that contains N as a proper subset. However this contradicts the
maximality of N. Therefore, 2+ N must be invertible in A/N. Thus, from Theorem 13.5,
we know that A/N is isomorphic to C. Let o : A/N — C be an isomorphism that realises
this. Then (0 o7) : A — C is a multiplicative linear functional (i.e., a homomorphism)
and Ker(com)=N. O

By combining the previous three results we get the following useful fact.

Corollary 13.17. Let (A, ]| - ||) be a commutative unital Banach algebra and let x € A.
Then x is singular if, and only if, there exists a nonzero multiplicative linear functional
x* € A* such that v € Ker(x*).
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Exercise 13.18. Let (A,| - ||) be a commutative unital Banach algebra and let x € A.
Then N\ € oa(x) if, and only if, there exists a nonzero multiplicative linear functional
x* € A* such that A = z*(x).

Let (A, || -]|) be a commutative unital Banach algebra and let A4 denote the set of all
nonzero multiplicative linear functionals on A. The Gelfand transform of an element
a € A is the function @ : Ay :— C defined by, a(z*) := z*(a). We know from our work
on Banach spaces that @ € Cc(A 4, weak™).

Theorem 13.19 (Gelfand, 1941). If (A, - ||) is a commutative unital Banach algebra,
then: (i) the mapping a — @ is a unital algebra homomorphism from A into Cc(Ay);
(11) 0a(a) = range(a) = oce(a, (@) and so ra(a) = |[al| and (i) A is a subalgebra of
Cc(AL) that contains all the constant functions and separates the points of A4.

Proof. Consider the mapping a — @ from A into Cc(A4). As mentioned above we know
that this mapping is well-defined, i.e., @ € Cc(A 4, weak™) for all a € A.

(i) Now, ﬁ(m*) — 2*(14) = 1 for all z* € Ay since Ay C S(A). Therefore, 1, = loay,)-
Next, suppose that =,y € A and A € C, then for each z* € Ay,

o~ ~

r4y(@) =2 (z +y) = 2" (x) + 27 (y) = T(«") +y(27),

Az(z*) = 2*(\z) = Az (z) = A3 (")
and
ry(a”) = a*(zy) = 2" (x)2" (y) = T(=")y(a").
Therefore, © +y = 7 + 7, Az = A7 and Ty = Zy. This shows that a — @ is a unital
algebra homomorphism.

(ii) This follows from the Exercise 13.18.

The first part of (iii) follows from the fact that a — @ is a unital algebra homomorphism.
To show that A separates the points of A4 we simply note that if *, y* € Ay and 2* # y*
then there exists an a € A such that x*(a) # y*(a). Therefore,

a(z®) = 2"(a) # y*(a) = aly’).

This completes the proof. O
Application

Let (A, | - ||) be the commutative unital Banach algebra ¢!(Z) under convolution. For
each z € T := {z € C: |z| = 1}, there is a nonzero homomorphism f, : A — C such that

fo(a) == Za(n)z" for all a € (1(Z).

nez
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That this defines a homomorphism is not obvious and relies upon careful handling of
absolutely convergent series. In fact every g € Ay has the form f, for some z € T. To
see this, for each n € Z, define e,, € (*(Z) by

| 0 for k # n;
en(k) '_{ 1 for k =n.

Observe that e; and its inverse e_; generate A, in the sense that A is the smallest Banach
algebra that contains e; and e_;. Therefore, if g,h € A4 and g(e;) = h(e1), then g = h
since if g(e1) = h(ey), then

gle-1) = gler") = gler) ™ = h(er) ™" = h(ey") = hle-1)
and {a € A: g(a) = h(a)} is a Banach subalgebra of A.

Now note that (i) g(e,) € T for all n € Z and all ¢ € Ay and (ii) f.(e;) = z for all
z € T. Therefore fy.,)(e1) = g(e1) for every g € Ay and so fy,) = g for every g € Ay.
Thus, z — f, is a bijection from T onto A4, with inverse given by, g — g(e1). Since, (i)
g — g(e1) is continuous, by the definition of the weak* topology on Ay, (ii) g — g(e;)
is a bijection from A4 onto T, (iii) T is Hausdorff and (iv) A4 is compact, it follows
that g — g(e1) is a homeomorphism. Therefore, 7 : T — A4 defined by, 7(2) := f, is
a homeomorphism. [Since 7 is the inverse of g — g(e1)]. Hence, 7* : C'(A4) — C(T)
defined by,

™ (9)(2) == (gom)(2) = g(f>) for all z € T,

is an Banach algebra isomorphism. In particular, if a := (a(n) : n € Z) € (*(Z), then
a€ C(Ay) and

(@)() =a(f) = £-0) = 3 aln)=".

nez

If f € O(T) and f = 7*(a) for some a € ¢*(Z), then we can recover a(n) as the n'" Fourier
coefficient of f. This is,

1 & ) )
a(n) = %/ f(e®e™? 4§ for each n € Z.

The algebra A = (*(Z) is often called the algebra of absolutely convergent Fourier
series because a continuous function f € C(T) has the form 7*(@) for some a € (}(Z) if,
and only if, the Fourier coefficients of f form an ¢! sequence on Z. This relies upon the
fact that if two continuous functions on T possess the same Fourier coefficients, then they
are equal.

Theorem 13.20 (Wiener). If f is a unit in (C(T),| - ||«), i€, 0 & f(T) and has an

absolutely convergent Fourier series, then so does 1/ f.

Proof. (Gelfand) Let a(n) denote the n'" Fourier coefficient of f so that a € ¢*(Z) by
hypothesis. Then 7*(a) € C(T) has the same Fourier coefficients as f, hence equals
f. Thus f non-vanishing says that 7*(@) is a unit in C(T) which in turn implies that
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a € C(Apz) is a unit in C(Agp(z)) and so, by the Gelfand Theorem, a is a unit in £'(Z).

But then, 7*(a=!) is an inverse of 7*(a) = f, and so

(1/£)(2) = (@ )(2) = Y a (n)2".

ne”

This shows that 1/f has an absolutely convergent Fourier series. O
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Chapter 14

(C*-algebras

Given an algebra A over C, an operation z +— z* on A which satisfies the properties:

(i) (x+y)" =x*+y* for all z,y € A;

(i) (Az)* = Az* for all A € C and x € A;

(ili) (zy)* = y*z* for all x,y € A;

(iv) 2™ =z for all z € A.
is called an involution on A. An algebra A with an involution * is called a x-algebra. A
Banach algebra (A, || - ||) with an involution * that is related to the norm by the equation

(v) |lzz*|| = ||z||? for all z € A

is called a C*-algebra. This last requirement of the norm is called the C*-condition.

Exercise 14.1. Show that in a C*-algebra (A, | - ||), ||x|| = ||z*| for all z € A.
Hint: ||z||* = [lz2*|] < [l/[l2]].

Example 14.2. (a) Let (H,(-,-)) be a nontrivial Hilbert space. Then B(H) is a C*-
algebra, the involution being the adjoint operation; (b) Let K be a compact Hausdorff
space, then (Cc(K), | - |loo) is a C*-algebra, the involution being pointwise conjugation.

We shall say that an element = of a C*-algebra A is normal if x*z = zz* ie., if z
commutes with its adjoint. Moreover, we shall say that an element x € A is self-adjoint
if x = z*. Clearly every self-adjoint element is normal.

We shall let A, denote the set of self-adjoint elements of A. Note that if (A, | - ) is a
unital C*-algebra and a € A, then al¥ = (14¢*)* = (¢*)* = a and similarly 1%a = a.
By the uniqueness of the multiplicative identity, it follows that 14 = 1% and so 14 is
self-adjoint.

Exercise 14.3. Let (A, | -||) be a unital C*-algebra. Show that:
(i) 0* = 0;

(ii) x € A is a unit if, and only if, x* is a unit;

(iii) If x € A is a unit, then (z*)~' = (z71)*;

(iv) If v € A, then o4(x*) = {\: X € oa(z)}.
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Lemma 14.4. If (A, || -||) is a C*-algebra and a € A, then there exist unique self-adjoint
elements b,c € A such that (i) a = b+ ic and (i) ||b]], ||c|| < ||al-

Proof. Note that $(a+a*) and 5(a—a*) are self-adjoint and a = $(a+a*) + i3 (a —a*).
This shows existence. Suppose a = b+ ic where b,c € A,, then a* = b — ic. From these

equations we get b = 1(a + a*) and ¢ = F*(a — a*). This shows uniqueness.
Using the triangle inequality, [|b]] = [|5(a + a*)|| < 3(|la|| + [la*|]) = ||a|| and similarly
lell < flall. B

Lemma 14.5. Suppose (A, || - ||) is a unital C*-algebra and f is a state on A. Then
f(a*) = f(a) for all a € A. In particular, if f is a multiplicative linear functional on A,
then f(a*) = f(a) for alla € A

Proof. Let a € A be self-adjoint. Then f(a) = a + i for a, 8 € R. For each A € R
consider by := a 4+ iA14. Note that || f|| =1 so,

[FOF < [10all? = 16301l = (@ — iALa) (@ +iA1a)[| < [lall® + A%
On the other hand from the definition of by,
[FOFP = [f(a) + AP = o +i(B+N)]* = a® + 57+ X + 2)8.

Putting this together gives o + 5% + 28X < [ja||* for all A € R. But this is impossible
unless 5 = 0. Thus f(a) € R. Now in general if a € A then a = b+ ic for b,c € A,. So,

7(a) = Fo+ic) = FO) +i7(@) = f(b) = if(c) = f(b—ic) = f(a®). D

Corollary 14.6. Let (A, ||-||) be a unital C*-algebra and let f be a state, and in particular
a nonzero multiplicative linear functional on A. If a € A is self-adjoint, then f(a) € R.

Exercise 14.7. Suppose (A, | - ||) is a unital C*-algebra and a € A is normal. Show that

a*" is normal for all n € N.

Lemma 14.8. Suppose (A, | - ||) is a unital C*-algebra and a € A is normal. Then
ra(a) = [lall.

Proof. Let a be a normal element of A. Note that (a*)* = a*a* = (a*)?. Then,
la®[I* = lla*(a®)*]| = lla*(a")*]| = ll(aa")(aa™) | = [laa™||* = [lal|*.

Now proceeding inductively and noting that a?" is normal for all n € N we see that
|a2"|| = ||a||?" for all k € N. Hence using the spectral radius formula,

ra(a) = lim |||+ = lim [|a®[|F = [la]. O
n—00 k—00

Theorem 14.9. If (A, | -||) is a unital C*-algebra, then ||a|| = \/ra(aa*). In particular,
the norm on A is completely determined by the algebraic structure on A.
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Proof. Let (A, ]| -||) be a unital C*-algebra and let a € A. Then r4(aa*) = ||aa*|| = ||a||?,
since aa* is self-adjoint and hence normal. Therefore, ||a|| = y/74(aa*). Now the right-
hand side of this equation is solely determined by the algebraic structure of A. O

The next corollary shows that unital x-homomorphisms between unital C*-algebras are
automatically bounded and hence continuous.

Corollary 14.10. Suppose that (A, || - ||) and (B, | - ||) are unital C*-algebras and m :
A — B is a unital x-homomorphism. Then ||m(a)| < ||a|| for all a € A.

Proof. For a € A we have og(m(a*a)) C o4(a*a) and so

I7(a)l = /rp(r(a)*w(a)) = \/rp(n(a*a)) < y/rala’a) = |al|. O

Theorem 14.11 (Commutative Gelfand-Naimark). Suppose (A, || -||) is a nonzero com-
mutative unital C*-algebra. Then the Gelfand transform a — @ is an isometric *-
isomorphism from A onto C(A,).

Proof. We know a — @ preserves scalar multiplication, addition and multiplication. Fur-
ther for a € A and f € A4 using Lemma 14.5,

a*(f) = f(a") = f(a) =a(f).

It follows the Gelfand transform is a x-homomorphism. As A is commutative every element
of A is normal. Hence,

lall = ra(a) = [[alle

for all @ € A. It follows the Gelfand transform is isometric, hence injective and A is
closed. Finally as A is a closed self-adjoint subalgebra of C'(A,4) that contains all the
constant function, it follows from the Stone-Weierstrass Theorem that A=C (A,) and
so the Gelfand transform is surjective. This completes the proof. O

Even though the Commutative Gelfand-Naimark Theorem only applies to commutative
unital C*-algebras we shall later see it can be useful even if the C*-algebra is not com-
mutative or have a multiplicative identity. Note that if (A, ] - ||) is a C*-algebra, S is a
set and for each s € S, B, is a C*-subalgebra of A, then the intersection B := (), .¢ B; is

also a C*-subalgebra of A. If S C A we shall let C'(S) denote the smallest C*-subalgebra
of A containing S. That is, C'(S) is the intersection of all C*-algebras containing S. If
{a1,as,...,a,} C A, then we will write C(ay, as, ..., a,) instead of C'({ay, as, ..., a,}).

Lemma 14.12. Suppose that (A, || - ||) is a C*-algebra and a € A. Then
Comm(a) :={b€ A:ab=ba and ab* = b"a}
is a C*-subalgebra of (A, | -||).

85



Proof. It is easy to see that Comm/(a) is a subspace of A that is closed under multiplication
and the involution. Further, suppose (b, : n € N) is a sequence in Comm(a) converging
to b € A. Then ab, = b,a for all n € N. Therefore, as multiplication is continuous,
ab = lim,_, ab, = lim,,_,oc bhoa = ba. As the involution is continuous ab* = b*a also.
It follows b € Comm(a). Hence, Comm(a) is closed in the norm topology and so is a
C*-subalgebra of A. This completes the proof. O

Lemma 14.13. Suppose (A,| - ) is a unital C*-algebra and a € A is normal. Then
C(a,14) is a commutative C*-algebra.

Proof. Consider Comm(a). As a is normal aa* = a*a and so Comm(a) is a C*-algebra
containing 1, and a. For b € Comm(a), ab = ba and ab* = b*a. That is, ba = ab
and ba® = a*b and so 14,a € Comm(b). Define C' := (,coomm(q Comm(b). Then C
is a C* algebra containing 14 and a. It follows that C'(a,14) € C. Further, since
a € Comm(a), C(a,14) € C C Comm(a). Now, if ¢,d € C(a,14), then ¢ € Comm(a)
and d € C(a,14) C C C Comm(c). Therefore, it follows that cd = de, and so C(a,1,) is
commutative. O

The Commutative Gelfand-Naimark Theorem allows us to construct a continuous func-
tional calculus. If (A, | - ||) is a unital C*-algebra and a € A is normal, then C(a,14)
is a commutative unital C*-algebra. Let f be a function continuous on o4(a). Then

—

foae C(Ay). Welet f(a) denote the unique element of C'(a,14) such that f(a) = foa.
This construction has many desirable properties.

Corollary 14.14. Suppose that (A, | - ||) is unital C*-algebra and a € A is self-adjoint.
Then oa(a) CR

Proof. Consider the commutative unital C*-algebra C(a,14). As a = a*, applying the
Commutative Gelfand-Naimark Theorem we get @ = a* = @ and so range(a) C R. Hence,
oa(a) C 0¢(aa,)(a) =range(a) CR. O

Lemma 14.15. Suppose that (A, || - ||) is a unital C*-algebra with identity 14 and B is a
C*-subalgebra of A with 14 € B. Then for a € B, a is a unit in B if, and only if, a is a
unit in A. In particular og(a) = oa(a).

Proof. Suppose first that a is self-adjoint. Then og(a) C R by Corollary 14.14. Then
op(a) a closed subset of C with empty interior so dog(a) = op(a). Then, by Proposi-
tion 13.2
op(a) = dog(a) C oa(a) C op(a)

and so og(a) = o4(a). Noting 0 € o4(a) if, and only if, a is singular, the result follows
for self-adjoint elements. Now for arbitrary a € B, suppose a is a unit in A. Then a*a is
also a unit in A. But as a*a is self-adjoint from the special case previously proved a*a is
a unit in B and so (a*a)™! € B. Then,

CLil — CLillA — CLfl(aafl)* — ail((afl)*a*) — (a—l(a—l)*>a* — (a*a)’la*

so a~! a product of elements in B and so a~' € B. It follows a is invertible in B. The
reverse implication is obvious as B~1 C A=1. O

1
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Chapter 15

Positive elements

Our first goal in this section is to show that for a self-adjoint element a of a unital
C*-algebra (A, ]| - ||), oa(a) C [0, 00) if, and only if, a = bb* for some b € A.

Lemma 15.1. Suppose that a is a normal element of a unital C*-algebra (A, | - ||). If
A€ C andr >0, then oa(a) C B[\, r| if, and only if, ||a — A14]| < 7.

Proof. Suppose that a € A is normal, A € C and r > 0, then

oa(a) C B[\ 1]
oala) C X+ B[O, 7]
ala) = A € B[0,r]
(a
(a

Q

— AL4) C B0, ]
—)\1,4) <7’

la — A14|| < r  since a — A1 is normal.

A

rala

171110

This completes the proof. O

Corollary 15.2. Suppose {ai,as,...,a,} are normal elements of a unital C*-algebra
(A7 || ) ||) [f {>\17 >\27 ) )\n} g C and {T17r27 s 7r7l} g [07 OO) are such that UA(ak) g
B[, k] for all 1 < k < n, then

oalar +ay+ - +a,) CBl(M+ A+ + ), (1 + 1o+ 1))

Proof. Suppose that {aj,as,...,a,} are normal elements of A, {\;, \a,...,\,} € C and
{Tla T, ... 7rn} C [07 OO) Then,

0 < ra((lag+as+-+a,) — AN +A+-+A)1a)
< e +ar+-+an) = (A + A+ + Aa) 14|
= [[(ar = M1a) + (a2 = Aola) + -+ (an — Au1a) |
< flan = MLall + llaz = AaLall + -+ lan — AuLa]
< ri+rg+---+r, by the Lemma 15.1.
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Therefore, oa((a; + az + -+ + a,) — (M + Ao+ - A\)1a) C B0, + 19 + - + 1]
and so oa(ar +az + -+ ap) — (A + A+ -+ X)) € B0,y + 1o + oo+ 1), e,
UA(G1+CL2+"~+an)§B[()q+)\2+"')\n),(7“1+7’2+~-~+7’n)]- O

Theorem 15.3. Suppose that a and b are self-adjoint elements of a unital C*-algebra
(A, || - 1])- If oa(a) C[0,00) and 64(b) C [0,00), then ga(a+b) C [0,00).

Proof. Firstly, note that a + b is self-adjoint and so oa(a+0) C R. Let A; := 11 := ||a|/2
and Ay := 79 := ||b]|/2. Then o4(a) C [0, ||lal|] € B[\, r1] and o4(b) C [0, ]|b]|] C B[Ae, ra].
Therefore, by Corollary 15.2, o4(a+0b) C B[(A1 + A2), (r1 +72) | "R = [0, [la]| + ]|0]]. O

Unfortunately, we are still unable to prove the desired result that for any element a of a
unital C*-algebra (Al - ||), ca(a) C [0,00) whenever a = bb* for some b € A. However, we
can easily prove the following partial result.

Proposition 15.4. Suppose that a is any element of a unital C* algebra (A, || -||). Then
oa(aa* + a*a) C [0, 00).

Proof. Write a as: a = x + iy, where z and y are self-adjoint elements of A. Then,
aa* +a*a = (z + iy)(z — iy) + (z —iy)(x +iy) = 2(2* + 3?).

Because = and y are self-adjoint we have, via the Gelfand-Naimark Theorem, applied to
C(z,14) and C(y,14), that

04(2%) = 002,14 (2) = range[(7)?] C [0, 00)
and
oa(y*) = oo (y?) = range[(5)*] C [0,00).
Hence, by Theorem 15.3,
oalaa* + a*a) = o4(2(2* + %)) = 204(2* +9%) C [0, 00).
This completes the proof. O

Theorem 15.5 (Square Root Theorem). Let a be a self-adjoint element of a unital C*-
algebra (A, || - ||). Then oa(a) C [0,00) if, and only if, a = bb* for some b € A.

Proof. It follows from the Gelfand-Naimark Theorem applied to C'(a,14) that if a is a self-
adjoint element and o4(a) = 0¢(,1,)(a) C [0,00), then there exists a self-adjoint element
b € C(a,14) such that a = b*> = bb*. This is essentially an application of functional
calculus. So we concern ourselves with the converse.

Suppose that a = bb* for some b € A. In order to obtain a contradiction let us suppose
that o4(a) = oc(a14)(a) Z [0,00). We shall first show that this implies that there exists
a nonzero element d € C(a,14) such that o4(d*d) = o¢(a,1,)(d*d) € (—00,0]. From the
Gelfand-Naimark Theorem applied to C(a,14) we have range(a) = 0¢(,1,)(a) € [0,00).
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Therefore there exists a “bump” function g € Cc(Ac¢(q,1,)) such that: () g: AC (a14) —

[0,1]; (i) ||gallec # 0 and (iii) range(g&\) C (—00,0]. For example, g : = Tl L min{a,0}.
Let h € Cc(Ac(a1,)) be defined by, h = /g(a*) for all 2* € Age1,). Next, select

c € C(a,1,4) so that ¢ = h and note that ¢ = c¢* since h = h. Then,
cac = cac = hah = h*a = ga.
Therefore, cac # 0 since ga # 0 and the Gelfand transform is 1-to-1. Furthermore,
oa(cac) = 0¢(a,)(cac) = range(cac) = range(ga) C (—oo,0].
Let d := b*c, then
d*d = (b*c)*(b*c) = (cb)(b*c) = ¢(bb*)c = cac.
Thus, o4(d*d) C (—00,0] and d # 0, since cac # 0.

We will now use this d to obtain a contraction. Since o4(dd*) \ {0} = g4(d*d) \ {0} we
also have that o4(dd*) C (—o0,0]. Thus, from Theorem 15.3, o4(dd* + d*d) C (—o0,0].
On the other hand, by Proposition 15.4, 0 4(dd* +d*d) C [0, 00), i.e., o4 (dd*+d*d) = {0}.
Since dd* + d*d is self-adjoint, ||dd* + d*d|| = ra(dd* + d*d) = 0, i.e., dd* = —d*d. In
particular, this implies that

oa(dd*) \ {0} = oa(=d"d) \ {0} = —(oa(d"d) \ {0}) € [0, 00)

ie., o4(dd*) C (—00,0] N [0,00) = {0}. Thus, ||d||* = ||dd*|| = r4(dd*) = 0. However,
this contradicts our assumption that d # 0. Hence, o4(a) C [0,00). O

Let (A,]| - ||) be a unital C*-algebra. An element a € A is said to be positive if it is
self-adjoint and o4(a) C [0,00). Or equivalently, by the Square Root Theorem, if a = bb*
for some b € A. We shall denote by A, the set of all positive element of A.

If V is a vector space over R and C' is a subset of V such that C' N (—=C) = {0} and
aa+ Bbe C for all x,y € C and o, B € [0,00), then we say C' is a cone of V.

Lemma 15.6. Suppose V' is a vector space over R and C is a cone of V. If we define a
relation on 'V by, x >y, if v —y € C, then > 1is a partial order on V.

Proof. Note x —x =0€ Csoz >z Ifx >yand y > x, then x —y,—(x —y) € C so
r=y Ifr>2yandy >z thenz —yy—2€Csox—z=(r—y)+(y—2) € C so
x > z. It follows > is a partial ordering of V. O

If (A,]-]]) is a unital C*-algebra we can regard Ay, as a vector space over R in a natural
way. From Theorem 15.3 it is obvious that ca+8b € A, foralla,b € Ay and o, § € [0, 00).
Moreover, if a € A, N (—A,), then o04(a) = {0} so as a is self-adjoint and hence normal
|la|| = ra(a) =0 so a =0. It follows Ay is a cone of Ay, and the relation “ > 7 defined
by a > b, if a — b € A, is a partial ordering of A,,.
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Lemma 15.7. Suppose (A, || - ||) is a unital C*-algebra. If a € A is self adjoint, then
“Jlall1a < a < ol La.

Proof. Suppose a € A is self-adjoint. Consider C'(a, 14),

oala+llall1a) = oc(an,(a + llal|1a) = range(@ + [|al|Ls) = range(@) + [l < [0, 00).

So a + ||a||14 is positive. Therefore, —||al|14 < a. Similarly, a < [ja||14. O

Sesquilinear Forms

Suppose V' is a vector space over C and [-,7] : V x V' — C is a map that is linear in the
first variable and conjugate linear in the second variable. That is,

(i) [w+az,y+z =[wyl+ w2+ [z,y] + [z, 2] for all w,z,y,2 €V,
(ii) [ex, By] = afBlz,y] for all z,y € V and «, B € C.
Then we say that [-,-] is a sesquilinear form. Further,

(i) if [z, 2] > 0 for all z € V, then we say that [-,-] is positive sesquilinear form,

(ii) if [z,y] = [y, | for all z,y € V, then we say that [-,-] is a hermitian sesquilinear
form,

(iii) if [-,-] is positive and [z,z] = 0 = x = 0, then we say that [-,-] is a positive
definite sesquilinear form.

Note that if V' is a vector space and [-,-] is a sesquilinear form on V', then for any z € V|
2[z,0] = [22,0] = [x + 2,04+ 0] = [x,0] + [z, 0] + [z, 0] + [z, 0] = 4]z, 0]

and so [z,0] = 0. Similarly, it follows that [0, z] = 0.

Let (A, | - ||) be a unital C*-algebra. Suppose f is a linear functional on A. We say f

is a positive linear functional if f(a) > 0 for all @ € A,. Note that positive linear

functionals respect the ordering on Ag,. If a > b, then a—b is positive and so f(a—b) > 0.

Therefore, f(a) — f(b) > 0 and so f(a) > f(b).

Note that if K is a compact Hausdorff topological space and p is a positive Borel measure
on K, then * : Cc(K) — C defined by, z*(f) := [, f du for all f € Cc(K), is a positive
functional on C¢(K). Furthermore, if T'r : M,,(C) — Cis defined by Tr((ai;)) :== > i, au,
for all (a;;) € M,(C), then T'r is a positive functional on M,,(C).

Lemma 15.8. Suppose (A, ||-]|) is a unital C*-algebra and f is a positive linear functional
on A. Then f is bounded.

Proof. Consider a € Ag,. Then —||a||14 < a < |al|1a so —|lal|f(1a) < f(a) < ||a||f(1a).
Hence, |f(a)] < [la||f(14). In general, if a € A, then there exist self-adjoint elements
b,c € A such that a = b+ic, ||b|| < ||a|]| and ||¢|| < ||a||. Then,

[f(a)] = [f(b+ic)l < [fB) +[f () <ol f(La) + [lellf(1a) < 2F(La)lall.
Which shows f is bounded and in particular || f|| < 2f(14). O
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Example 15.9. Suppose (A, || -||) is a unital C*-algebra and f is a positive linear func-
tional on A. Define [a,b]; := f(b*a). Then [-,-]s is a positive sesquilinear form. In fact
la,b] := f(ab*) is also a positive sesquilinear form, but we will not use this latter.

Lemma 15.10. Suppose V is a vector space over C and [-,-] : V x V. — C is a positive
sesquilinear form. Then [-,-] is a hermitian sesquilinear form.

Proof. Suppose x,y € V and A € C then,

0 < [o+ Ay, 2+ My) = [z, 2] + [AP[y, y] + Aly, 2] + A, y).
As [z, 2] + |A\[y, y] € R it follows that Im(A[y, 2] + A[z,y]) = 0. Setting A =1 and A =i
shows that Im[z,y] = —Imly, z] and Relz, y] = Re[y, z]. Thus, [-,-] is hermitian. O

If (A,||-]|) is a unital C*-algebra and f is a positive linear functional on A, then

f(a*) = f(a"14) = [1a,a]; = [a,14]; = f(Lha) = f(a).

This shows positive linear functionals preserve the involution. Recall also that a positive
definite sesquilinear form is an inner product.

Lemma 15.11. Suppose V is a vector space and [-,-] : VXV — C is a positive sesquilinear
form. If y € V is such that [y,y] = 0, then [y, z] = [x,y] =0 for all z € V.

Proof. Recall from previously that [-,-] is hermitian, as [-,-] is positive. Let x € V' and set
A= —t[x,y] for t € R. Then

0< [+ My x4+ M) = [ 2] + X ] + My, o] = [,2] = 28]
So if [z,y] # 0, then [z, z] — 2t|[z, yH2 is negative for large enough ¢t € R. Therefore, it
follows that [z,y] = 0. As [-,-] is hermitian it also follows that [y,z] =0. O

The next lemma gives a version of the Cauchy-Schwarz inequality for positive sesquilinear
forms.

Lemma 15.12 (Cauchy-Schwarz inequality). Suppose V' is a vector space and [-,] : V
V — C is a positive sesquilinear form. Then H:p,y]‘z < [z, 2]y, y] for all z,y € V.

Proof. Let z,y € V note that as [-,-] is positive, [-,-] is hermitian. Consider first the case

when [y, y] = 0. Then, by above, [z,y] = 0 also and so Hx,yHQ < [z, z][y, y] holds. Now
suppose that [y, y] # 0. Set « := [y, y] and 8 := —[z,y]. Then,

0 < [ax + By, ax + By] = o[z, 2] + |Bly, y] + afBlz, y] + Baly, z]
= [y, y)*[z, 2] — [y 9]|[z. y]|”

so rearranging and dividing by [y, y] we get that Hx, yH2 < [z, 2]ly,y]. O
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If (A,||-]|]) is a unital C*-algebra and f is a positive linear functional on A, then by
applying this result to [a, b]; we get that |f(b*a)|* < f(a*a)f(b*D) for all a,b € A. We call
this the Cauchy-Schwarz inequality for positive linear functionals.

Theorem 15.13. Suppose V' is a vector space and [-,/] : V x V. — C is a positive
sesquilinear form. Then: (i) N :={x € V : [x,z] = 0} is a subspace of V'; (ii) the map
(-;) : VIN xV/N — C defined by (x + N,y + N) := [z,y] is a well defined inner product
on V/N.

Proof. First note 0 € N. If x,y € N and «,8 € C, then by the previous lemma,
[z,y] = [y, 2] = 0 and so,

[ax + By, ax + By] = o[z, 2] + B[y, y] + Bz, y] + Baly, ] = 0

This shows az + Sy € N. It follows N is a subspace of V. If z1,x9,y1,y2 € V are such
that 1 + N =29+ N and y; + N = yo + N, then 1 — 29, y1 — y2 € N so, by the previous
lemma, [z, y1 — y2] =0, [x1 — 22, y2] = 0 and [z — x2,y1 — yo] = 0. Then,

[T1,y1]) = [22 + (1 — 22),y2 + (y1 — ¥2)]
= 2, yo] + [T2, Y1 — Yo] + [T1 — @2, o] + [21 — T2, Y1 — Vo]
= [l’g,yg].

This shows (-,-) is well defined. The fact that (-,-) is linear in the first variable and
conjugate linear in the second is easily verified as [-,-] is a positive (hence hermitian)
sesquilinear form. As [--] is positive it follows (x + N,z + N) := [z,z] > 0 for all
x+ N € A/N. Finally, if (x + N,z + N) = 0, then [z,2] = 0 and so = € N, that is,
x4+ N =0. It follows (-,-) is positive definite. O

More on Positive Linear Functionals

Lemma 15.14. Suppose that f is a state on a unital C*-algebra (A, ||-||) and a is a normal
element of A. If X € C, and r > 0 are such that c4(a) C B[\, r|, then f(a) € B[A,r].

Proof. From Lemma 15.1 we know that ||a — A14]| < r. Therefore,
[f(a) = Al = |f(a) = fALA)] = [f(a = AL4)| < [ f[lfle = ALall < 7.
This completes the proof. O

Theorem 15.15. Suppose that f is a linear functional on a unital C*-algebra (A, | - |).
Then f is a positive functional if, and only if, | f]| = f(1a).
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Proof. Suppose first that f is a positive functional on a unital C*-algebra (A, || - ||). If
f = 0, then the result is obvious, so suppose that f # 0. By Lemma 15.8 we know that
f is bounded. Consider a € A with ||a|]| = 1. Then

F@F = [f1a)f since 15 =14
< f(1%14)f(a*a) by Cauchy-Schwarz inequality
= f(la)f(a*a) since 1% =14
< fADNfllaall = F@a)lfIlllal® = fFDIA-

Therefore,

|al|=1

IF1I* = [lsup \f(a)\] = sup [f(a)]* < FALIFI < IfI* since [[14] =1

and so f(14) = ||f]|, since ||f]] # 0. Conversely, suppose that || f|| = f(14). If ||f]] =0,
then the result is obvious, so suppose that || f|| # 0. Let g := f/||f]|. Then ||g|| = g(14) =
1 and so g is a state on A. Let a be any element of A. From the section on C*-algebras
we already know that g(aa®) € R since (aa*)* = aa*. We now show that 0 < g(aa®).
Let A :=r := ||a||?/2. Then o4(aa*) C [0, ||a||*] € B[\, r]. Therefore, by Lemma 15.14,
g(aa*) € B[\, 7] NR = [0, ||a|*]. Hence, g is a positive functional. Since f = || f]g it
follows that f is a positive functional as well. O

Corollary 15.16. Suppose that [ is a positive linear functional on a unital C*-algebra.
If either ||f|| =1 or f(14) = 1, then f is a state on A.

Proof. By Theorem 15.15, || f|| = f(14) and so the result follows immediately. O

The next lemma establishes a technical inequality that will be used later.

Lemma 15.17. Suppose (A, || - ||) is a unital C*-algebra and f is a positive linear func-
tional on A. Then for a,b € A, f((ab)*ab) < f(b*b)]|a|*.

Proof. If f(b*b) = 0, then f((ab)*ab) = f(b*a*ab) = f(b*(a*ab)) = [a*ab,b]; = 0, by
the Cauchy-Schwarz inequality, and so the inequality holds. Suppose f(b*b) # 0. Define

g: A— Chbyglc) = f((b;fbb)) for all ¢ € A. Then g is linear and

g(cc) = f(breteh) = f((ch) ch) >0 forall ce A

f(brb) f(0*b)

Therefore, g is positive. Moreover, g(14) = 1. Hence, g is a state. Therefore,

lg(a*a)| < ||a*al| = ||a||* for alla € A
and so f((ab)*ab) < f(b*b)|a|? for all a,b€ A. O
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The GNS Construction

If (A,] - ]|) is a Banach algebra and N is a subspace of A with the property that for all
a € Aandall be N, ab € N, then we shall say N is a left ideal of A.

Lemma 15.18. Suppose (A, | - ||) is a unital C*-algebra and f is a positive linear func-
tional on A. Then N :={a € A: f(a*a) = 0} is a left ideal of A.

Proof. From before we know that NV is a subspace of A. Further if a € A and b € N,
then f((ab)*(ab)) = f(b*a*ab) = f(b*(a*ab)) = [a*ab,b]; = 0, by the Cauchy-Schwarz
inequality, and so ab € N. O

We shall need the following general result from linear algebra.

Lemma 15.19 (Factorisation Lemma). Suppose U,V and W are vector spaces, g : U —
W is a surjective linear map, f: U — V is a linear map and ker(g) C ker(f). Then there
exists a linear map h - W — V' such that f = hog.

Proof. For y € W, as g is surjective, there exists an x € U with g(z) = y. Define
h(y) == f(z). If g(z1) = y = g(x3) then g(x; — x2) = 0 so 1 — x2 € ker(g). Hence
x1— o € ker(f) and so f(x1) = f(x2). This shows h is well defined. It is immediate from
the definition of h that f = hog. As g and f are linear it can easily be checked h is also
linear. O

This lemma can be generalised to many other algebraic structures such as groups and
rings. However, we shall only need the above version for vector spaces.

Suppose that (A, || -||) is a C*-algebra, (H, (-, -)) is a Hilbert space and 7 : A — B(H) is
a *-homomorphism (i.e., preserves scalar multiplication, addition, multiplication and the
involution). Then we say say that the pair (7, H) is a representation of A. If 7 is an
isometric *-homomorphism, then we say that (7w, H) is an isometric representation.
Furthermore, if (A, || - ||) is a unital C*-algebra and 7 is a unital *-homomorphism (i.e.,
7(14) is the identity operator on H), then we say that (7, H) is a unital representation.
If there exists a vector h € H such that span{m(a)(h) : a € A} is dense in H, then we

say that (m, H) is a cyclic representation and the vector h is called a cyclic vector
for (m, H).

Example 15.20. Suppose (A, || - ||) is a unital C*-algebra and (7, H) is a unital repre-
sentation of A. Let h € H and define f : A — C by f(a) := (mw(a)(h),h). Then f is a

linear functional. Further, since

fla*a) = (z(a*a)(h), h) = ((w(a)"w(a))(h), h) = (7 (a)(h),m(a)(h)) = O

it follows that f is a positive functional on A.
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The next theorem is perhaps the most important theorem in this part of the course. In
some sense it gives a converse to the above example and says that all bounded positive
functionals come from a representation. Recall that if V' is an inner product space then
there exists a Hilbert space H containing V' as a dense subspace. Furthermore the space
H is unique, up to a unitary map, and is called the Hilbert space completion of V.

Theorem 15.21 (The GNS construction). Suppose that (A, || - ||) is a unital C*-algebra
and f is a positive functional on A. Then there exists a unital representation (ms, Hy), of
A and an hy € Hy such that and hy € Hy such that (my, Hy) is cyclic, with cyclic vector
hy, and f(a) = (m¢(a)(hs), hy) for all a € A.

Proof. Firstly, N := {a € A: f(a*a) = 0} is a subspace of A and A/N is an inner product
space with inner product (a+ N,b+ N) = f(b*a). Let a € A and define h, : A — A/N by
hq(b) = ab+ N. Then h, is a linear map. Define g, : A — A/N by g,(b) = b+ N. Then
ga is a surjective linear map. Suppose b € ker(g,). Then b € N, so as N is a left ideal
of A, ab € N and h,(b) = ab+ N = N thus b € ker(h,). By the Factorisation Lemma
there exists a linear map 7w(a) : A/N — A/N such that h, = w(a) o g,. In particular
m(a)(b+ N)=ab+ N for allb+ N € A/N. Now, by Lemma 15.17,

lw(a)(b+ N)|I* = (ab + N, ab+ N) = f((ab)"ab) < f(b"b)al* = [[b+ NI|*|a]*
So 7(a) is bounded with ||7(a)|| < ||all.

Let H; be the Hilbert space completion of A/N. Then, as A/N is a dense subset of
Hy and m(a) is uniformly continuous, m(a) extends uniquely to a bounded linear func-
tional on Hy, say my(a). Now, mp : A — B(Hy) is a well defined map. Further for a,b € A
and A€ Cand c+ N € A/N,

m(ab)(c+ N) = abc + N = 7s(a)(bc + N) = ms(a)ms(b)(c + N),

mi(a+b)(c+N)=(a+bc+N=(ac+N)+ (bc+ N)=mn(a)(c+ N)+7ms(b)(c+ N),
r(Aa)(c+ N) = dac+ N = ANac+ N) = Arg(a)(c+ N),
mp(ab) = my(a)ms(b), wp(a+b) = ms(a) + 74 (b) and wp(Aa) = Amys(a)

on A/N. As A/N is dense in H; by continuity these equations hold on all of H;. Next we
show that 7 preserves that involution. To do that we need to show that (7(a*)(h), k) =
(h,m¢(a)(k)) for all h,k € Hy. To this end, let a € A, b+ N,c+ N € A/N then,

(mi(a*)(b+ N),c+ N) = (a"b+ N,c+ N)
= f(c*a"b) this is why we used [a, b]; = f(b*a) rather than f(ab")
= f((ac)"b)
= (b+ N,ac+ N)
= (b+ N,7s(a)(c+ N))

95



As A/N is dense in Hy and by the continuity of the inner product and of 7¢(a) we have
(re(a*)(h), k) = (h,ms(a)(k)) for all h,k € H;. Hence we have ms(a*) = ms(a)*. This
shows that 7s is a *-homomorphism. It follows that (7y, Hy) is a representation of A.

Now set hy := 14 + N. Then,
span{7ms(a)hs:a € A} =span{rs(a)(la+ N):a € A} =span{a+ N :a € A} = A/N
is dense in H; and so (my, Hy) is cyclic with cyclic vector hy. Next, for any a € A,
(mp(a)(hy), hy) = (mp(a)(Xa+ N), 1o+ N) = (a+ N, 14 + N) = f(14a) = f(a).
Finally, note that for a + N € A/N,
mr(1a)(a+N)=a+N=1I(a+ N)

where I is the identity operator on Hy. As ms(14) and I are equal on a dense subset of
H ¢ by continuity it follows 7s(14) = I. It follows (7s, Hy) is a unital representation. O

Suppose (A4, || -||) is a unital C*-algebra and f is a positive linear functional on A. Let
(ms, Hy) be the representation of A as constructed above. Then we call (7¢, Hy) the GNS
representation of A corresponding to f.

We saw earlier that the proof of the commutative Gelfand-Naimark Theorem relied upon
an ample supply of nonzero multiplicative linear functionals. Enough in fact that for every
a € A there existed a nonzero multiplicative linear functional z* such that |x*(a)| = ||a||.
However, as the next example shows, we cannot in general, expect a large supply of
multiplicative linear functions.

Example 15.22. Consider the finite dimensional Hilbert space C", endowed with the
usual inner product. Then B(C™) has no non-trivial ideals. In particular, there are no
nonzero multiplicative linear functionals on B(C"), as the kernel of such a functional
would be a proper ideal in B(C").

Proof. Suppose that J is an ideal of B(C") containing a nonzero operator A € J. Then
there is at least one vector z € C" such that A(z) # 0. Foreach 1 <i < n,let B; € B(C")
and C; € B(C") be defined by, B;(x) := (z,e;)z and C;(z) = (x, A(2))e;. Let x € C",
then

(CiAB;)(x) = CiA(B(2)) = CiA((z, ei)z) = (v, e)) Ci(A(w)) = (z, &) | A(2) | %e:.
Let D, := WC’iABi € J, then D;(x) = (x,e;)e; and so for each = € C",

(i D)) = 220 D) = 20 (w, ei)es = © = Lo ().

Thus, I, =Y ", D; € J. This shows that J = B(C"). O

The next theorem shows that there are plenty of states on a unital C*-algebra.
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Theorem 15.23. Let a be any normal element of a unital C*-algebra (A, || - ||) and let
A € oa(a). Then there exists a state f € A* such that f(a) = A. In particular, since
la|l = ra(a) there ezists a state f € A* such that |f(a)| = |la]|.

Proof. Consider C(a,1,4). This is a commutative unital C*-algebra and hence the Gelfand
transform is an isomorphism from C(a,14) onto Cc(Ac(ay). Since

A € 04(a) = 0¢(an,)(a) = range(a)

there exists an * € Ag(q,1,) such that A = a(z*) = 2*(a). By the Hahn-Banach extension
theorem there exists an f € A* such that || f|| = ||z*|| = 1 and f|¢(s,1,) = #*. In particular,
since x* is a nonzero multiplicative linear functional f(14) = 2*(14) = 1. Thus, f is a
state and f(a) = 2*(a) = A. O

Corollary 15.24. Let a be any element of a unital C*-algebra (A, ||-||). Then there exists
a state f € A* such that f(a*a) = ||a|?.

Proof. Since a*a is self-adjoint it is normal. Therefore, by Theorem 15.23, there exists a
state such that |f(a*a)| = ||a*al| = ||a||>. However, as all states are positive functionals,
f(a*a) € [0,0). Therefore, f(a*a) = |la||*>. O

In the next section we will prove the following theorem.

Theorem 15.25 (Gelfand-Naimark, 1943). Suppose (A, | - ||) is a C*-algebra. Then
there exists a Hilbert space (H,(-,-)) such that (A, ] - ||) is isometrically x-isomorphic to
a C*-subalgebra of B(H).
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Chapter 16

Gelfand-Naimark Theorem

Lemma 16.1. Suppose that (A, - ||) and (B,|| - ||) are C*-algebras and 7 : A — B
is an isometric unital x-homomorphism. Then w(A) is a C*-subalgebra of B and A s
isometrically x-isomorphic to w(A).

Proof. As m : A — B is an isometric unital x-homomorphism it follows that m(A) is
closed in the norm topology. It is easy to see that m(A) is closed under multiplication
and the involution. It then follows that m(A) is a C*-subalgebra of B that is isometrically
x-isomorphic to A. O

As a corollary of the above result, to prove the Gelfand-Naimark Theorem it suffices to
show every C*-algebra has an isometric representation.

Let A be a nonempty set and for each A € A, let (H), (-,-)) be a Hilbert space. Note
that for each A € T, || - ||3 = (-.-)» We define,

@HA = {(hA))\EA € HH)\ : ZHh)\Hi < OO} .

AEA A€A AEA

If scalar multiplication and addition are defined pointwise, that is,

a(hy)aen + B(ka)rea = (ahy + Bka)rea

and

((ha)xens (kadaen) == D {Pas kaa,

AeA
then @,., H) is a Hilbert space with inner product (,-).

Further, if for each A € A, T), is a bounded linear operator on Hy and sup,c,||Zx| < oo,

then
D Ta((ha)ren) = (Ta(ha))rea

defines a bounded linear operator on €, ., Hy with ||@,., Th|| = supyeal|Th||- The
proofs of these claims are straightforward calculations.
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Lemma 16.2. Suppose (A, | - ||) is a unital C*-algebra, A is a nonempty set and for
each X € A, (m\, Hy) is a unital representation of A. Set H := @, Hx and define
m:A— B(H) by n(a) := @,c, mr(a). Then,

(i) (m, H) is a unital representation of A.
(i) If for each a € A\{0} there exists X € A with ||m\(a)|| = ||al|, then (7, H) is isometric.

Proof. Since my is a unital *-homomorphism, ||m\(a)|| < ||a|| for all A € A. Therefore,
sup, [|[ma(a)]] < [la|| so m(a) = @,c ma(a) is a bounded linear operator for each a € A.
Some straightforward calculations show that 7 is a unital *-homomorphism and so (7, H)
is a unital representation of A.

Suppose that for each a € A\{0} there exists a A € A with [|m\(a)|| = |jal|. As 7 is a
x-homomorphism, 7 is norm decreasing and so it follows that
lall = [[7(@)]| = D m(@)] = Supllﬂ( )= llell-
A€A

This completes the proof. O

Suppose (A, || -||) is a unital C*-algebra, A is a nonempty set and for each A\ € A, (my, Hy)
is a unital representation of A. Further, suppose that H and 7 : A — B(H) are defined
as above, then we say that (7, H) is the direct sum of ((7, H)))xea-

Suppose (A, || - ||) is a unital C*-algebra. For each f € S(A), let (7s, Hf) be the GNS
representation corresponding to f with cyclic vector hy. Let (7, H) be the direct sum of
((mp, Hy))escay- We shall call (m, H) the universal representation of A.

Lemma 16.3. Suppose that (A, | - ||) is a unital C*-algebra and (7, H) is a unital rep-
resentation of A. Let h € H and define f(a) = (m(a)(h),h) for each a € A. Then

LAI = 1811

Proof. From earlier we know that f is a positive linear functional. Using the Cauchy-
Schwarz inequality and the fact that unital x-homomorphisms are norm decreasing we get

that,

[f(@)] = [m(a)(h), )] < [|w(@) () 1A]F < [[7(a)[HIRI7 < llall|A]?
so | fIl < [[h[I*. Further, as f(14) = (7(L1a)(h),h) = (h, h) = [|h||* it follows || f|| =[]
This completes the proof. O

Theorem 16.4 (Gelfand-Naimark Theorem). Suppose that (A, ||-]) is a unital C*-algebra.
Then there exists an isometric unital representation of A.

Proof. Let (m, H) be the universal representation of A. Then (7, H) is a direct sum of
unital representations and so is itself a unital representation. It remains to show (7, H)
is isometric. For each a € A\{0}, there exists a state, f € S(A) such that f(a*a) = ||a|*
Let (ms, Hy) be the GNS representation corresponding to f with cyclic vector hy. Then

as f(a) = (m¢(a)(hy), hy) we have,
L= £l = lIsl*

100



by Lemma 16.3. Furthermore,

la]l* = f(a*a

3
~
Q
=
=
=

where we used the fact that unital x-homomorphisms are norm decreasing. Equality is
forced in the middle and so ||7¢(a)|| = ||a||. From our earlier results, it follows that (7, f)
is an isometric representation. O

The question now remains as to how we handle non-unital C*-algebras.
Unitisation

In Gelfand and Naimark’s 1943 paper the C*-algebras were assumed to be unital among
other conditions. Later on it became apparent that this excluded many interesting ex-
amples such as the space of compact operators on an infinite-dimensional Hilbert space.
Nevertheless, C*-algebras with a unit are easier to work with. The aim of this section
is to describe how to appropriately embed a non-unital C*-algebra inside a unital C*-
algebra. This enables many results to be proved assuming a multiplicative identity and
then extending to the non-unital case.

Lemma 16.5. Suppose that (X, ||-||) is a Banach space, S is a closed subspace of (X, ||-||)
and T is a finite dimensional subspace of (X, || - ||). Then S+ T is a closed subspace of

(XA 1D

Proof. 1t is easy to see S + T is a subspace of X. As S is closed X/S is a Banach space
with norm ||z + S|| = dist(x,S). Let 7 : X — X/S be the quotient map. Then 7 is a
linear map and as T is finite dimensional, 7(7") is finite dimensional and hence closed.
Therefore S +T = 7~ (w(T)) is the inverse image of a closed set so is closed. O

Suppose that (A, ||-||) is a C*-algebra. For a € A define L, : A — A by L,(b) := ab for all
b€ A. Let I denote the identity operator in B(A). For a € A and A € C define L, :=
Lo+ M. Let Ly :={L,:a€ A} C B(A) and Laxc :={La+ X :a€ A, A € C} C B(A).
Lemma 16.6. Suppose that (A, || -||) is a C*-algebra. Then,

(i) [|[La|| = ||la|| for all a € A.

(ii) La is a closed subspace of B(A).
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(iii) Laxc s a closed subspace of B(A).

Proof. For b € A, ||La(b)]| = ||ab|| < ||al]l||b|| so L, is bounded and || L,|| < ||a||. It is easy
to see Ly is a subspace of B(A). Moreover,

lall* = llaa™|| = | La(a")]| < | Lallla”]] = | Lol llall-

This shows || L,|| = ||a||. The map A — L4 : a — L, is surjective and isometric. L4 is
the isometric image of a complete space and so is closed. Further, CI := {A] : A € C} is
a finite dimensional subspace of B(A). It follows Laxc = L4 + CI is a closed subspace of
B(A), by Lemma 16.5. O

Lemma 16.7. Suppose that (A, || - ||) is a Banach algebra that is also a *-algebra and
satisfies ||a||* < ||a*a|| for all a € A. Then (A, || - ||) is a C*-algebra.

Proof. Let a € A. Then ||a|* < ||a*al| < [|a*||||la||, so ||la|| < |la*||. By considering a* we
also have [la*|| < flaf] and so [la*| = a]]. Then [lall® < flaal < la*llall = a|]? and 50
lall* = [la*a]. O

Lemma 16.8. Suppose that A is a x-algebra and b € A is a left identity for A. Then b
is also a right identity for A, and so b is an identity for A.

Proof. As b is a left identity for A, ba = a for all a € A. Then by taking the involution
of this we get that b* is a right identity for A. Therefore, b = bb* = b* and so b is both a
left and right identity for A, and hence an identity for A. O

Define A := AxC. On A we may define scalar multiplication a(a, \) = (aa, a)), addition
(a1, A1) + (ag, A2) := (a1 + az, A1 + A2), an involution (a, \)* := (a*, \) and multiplication
(a1, Ar)(ag, A2) := (aras + Araz + Aaar, A )g).

Then one can check that with these operations A is a unital *-algebra over C with mul-
tiplicative identity (0,1). Let 7 : A — B(A) be defined by 7((a, A)) = La,-

Lemma 16.9. Suppose that (A, || - ||) is a non-untial C*-algebra. Then the function
m: A — B(A) defined above is an injective homomorphism

Proof. Tt is easy to see  is linear. Let (a1, A1), (a2, A2) € A. Then for ¢ € A,

T((a1, A1) (az, A2))(c) = m((a1az + Araz + Asar, A1Ag))(c)

= L(a102+)\1a2+>\2a1,)\1)\2)(C>

= a1a9C + )\1(120 + )\2(1,10 + )\1)\20

= L(a1,>\1)<a2c + )\26)

= L(al,Al)L(GQ,)\z)(C)'
This shows 7 preserves multiplication and so is a homomorphism. Suppose 7((a, \)) =
Ly = 0. If A =0, then 0 = || L\ || = [[La|| = ||la|| and so a = 0 also. If A # 0, then
ac+ Ac =0 for all ¢ € A, so _Tla is a left identity for A and so is an identity for A by

Lemma 16.8 which contradicts A being non-unital. It follows (a,\) = 0 and so 7 is an
injective homomorphism. O

102



If A is non-unital, then from Lemma 16.9 it follows that Laxc is a subalgebra of B(A)
and that 7 is an isomorphism from A onto L4yc. Define ||-|| on A by

llCa, M == {lme((a, A= N Lo -

As m is an isometric isomorphism and L4xc is a closed subspace of the complete space
B(A), it follows that (A, || - ||) is a Banach algebra.

Theorem 16.10. Suppose that (A, || - ||) is a non-unital C*-algebra. Then (A, | -|) is a
unital C*-algebra.

Proof. (A, ] -) is a unital Banach algebra that is also a x-algebra. It remains to verify
the C*-condition. Let (a,\) € A. Then,

(e, VI = L@

= sup |lab+ Ab|]?
ol < 1

= sup |[(ab+ Ab)*(ab+ Ab)||
ol < 1

= sup [[b*(a*ab+ Aa*b+ Aab+ |A\]*b)||
ol < 1

< sup [|b*|[la*ab + Aa*b + Aab + |A]?Y]|
ol < 1

< sup |la*ab+ Aa*b+ dab + A0
lloll < 1

= HL(a*a+Aa*+Xa,\A|2)H

= ||#x((a*a+ Xa* + Aa, |A]?))]]
l(a*a+ Aa™ + Aa, [AP)]]
ll(a; A)*(a, A)].

By Lemma 16.7, it follows that the C*-condition is satisfied and so Laxc is a unital
C*-algebra. 0O

Lemma 16.11. If (A, || - [|) s a non-unital C*-algebra, then A x {0} is a C*-subalgebra
of (A, || - I) and the map ia : A — A x {0} defined by ia(a) := (a,0) is an isometric
x-1s0morphism.

Proof. 1t is easy to check that Ax {0} is a subspace of A that is closed under multiplication
and the involution. It is also easy to check that i, is a linear map which preserves
multiplication and the involution. By Lemma 16.6,

lea(a)ll = (e, 0)ll = [l7 (@, O)I| = [ L@oy | = I Lall = lla]-

So i4 is isometric and A x {0} is the isometric image of the complete space A, and so is
closed. It follows that A x {0} is a C*-subalgebra of A. Obviously, i, is surjective, so it
follows that i4 is an isometric *-isomorphism. O
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If (A, | - ||) is a non-unital C*-algebra, then we call (A, | - ||) the unitisation of (A, ]| - ||).

We can now present the full Gelfand-Naimark Representation Theorem.

Theorem 16.12 (Gelfand-Naimark Theorem™*). Suppose that (A, | - ||) is a C*-algebra.
Then there exists an isometric representation of A.

Proof. If (A, | - ||) is non-unital consider (A, ]| - I, the unitisation of (A, || - |). Let (r, H)
be the universal representation of (A, | - ||). The inclusion *-homomorphism ig : A — A
is an isometric *-homomorphism. The composition of two isometric *-homomorphisms is

again an isometric *-homomorphism. Therefore, (moi4, H) is an isometric representation

of A. O

We have shown that every C*-algebra has an isometric representation. Hence, by Lemma 16.1,
we also have the following version of the Gelfand-Naimark Theorem.

Theorem 16.13 (Gelfand-Naimark Theorem™). Suppose (A, ||-||) is a C*-algebra. Then
there exists a Hilbert space, (H,(-,-)), such that A is isometrically x-isomorphic to a
C*-subalgebra of B(H).
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Chapter 17

Compact Operators

Let (X, || -|]) and (Y,]|-, ) be normed linear spaces and let T' € B(X,Y’). Then T is called
a compact operator if 7'(By) is a compact subset of (Y, |-, ||). Clearly if either X or Y
is finite dimensional, then 7" is a compact operator. In this section we will show that if
(X, ]| -]|) is a Banach space and T' € B(X) is compact, then Ix — T is 1-to-1 if, and only
if, Ix — T is onto. Moreover, both of these conditions are equivalent to Ix — T being an

isomorphism from (X, || - ||) onto (X, | - ||).

Theorem 17.1. Given a compact operator T on a Banach space (X, || - ||), if Ix — T is
1-to-1, then Ix —T has a continuous inverse on (Ix —T)(X). In particular, (Ix —T)(X)
is a closed subspace of (X, || -||).

Proof. Let m := inf{||(Ix — T)(z)|| : * € Sx}. Claim: m > 0. To prove this let us
suppose, in order to obtain a contradiction, that m = 0. Then there exists a sequence
(xn :n € N) in Sx such that lim ||(Ix — T)(z,)|| = 0. Since

n—oo

{T(x,) :n € N} CT(Bx),

(xn, : n € N) possesses a subsequence (x,, : k € N) such that y := lim T'(x,, ). Then,

k—o00

Jim a,, = lim Ty (2,,) = lim (Ix = T)(2n,) + lim T(wn,) =0+y =y

and so y € Sx, since {z,, : k € N} C Sx. On the other hand,

I(Lx = DY) = |[(x = ) (Jim ) | = Jim [(x = T)(an,)| = 0.

Therefore, y € Ker(Ix —T) N Sx = @, as Ker(Ix —T) = {0}. Hence, we have obtained
our desired contradiction and so it must be the case that m > 0.

Now, ||[(Ix — T)(z)|| = m|z| for all x € X and so (Ix — 7T) is an isomorphism onto
(Ix —T)(X). For the justification for this, see the first “fact” in the chapter on conjugate
mappings. O
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Let (X, ||-]|) be a Banach space. We shall denote by /(X)) the set of all compact operators
on (X,| -|I). It is easy to show that K(X) is an ideal in B(X), that is, (i) K£(X) is a
vector subspace of B(X); (ii) T oS € K(X) for all T € B(X) and all S € K£(X) and
SoT € K(X) for all S € K£(X) and all T" € B(X). Note that: (i) Ix € K(X) if, and
only if, X is finite dimensional and (ii) if (H, (-,-)) is a Hilbert space, then KC(X) is closed
under the adjoint operation on B(H). This follows from the original definition of the
adjoint operation and Schauder’s Theorem, see Exercise 11.6.

Lemma 17.2. Given a compact operator T on a Banach space (X, |- ||), for each n € N,
(Ix —T)" = Ix — Sy, where, S, is a compact operator on (X, || -||).

Proof. Let n € N, then
(Ix =T)" =) (-1) < ) T7 = Ix — 8, where, S, := Y (=1)U~" < ) T
j=0 J J=1
Now, S, is compact, since K(X) is an ideal in B(X). O

Theorem 17.3. Given a compact operator T on a Banach space (X, || - ||), if Ix — T is
1-to-1, then Ix — T is onto, and so an isomorphism on (X, | - ||).

Proof. For each n € N, let X, :== (Ix —T)"(X). Then clearly,
CXp €X, S X C X C X

Suppose that X, is a proper subspace of X,, for all n € N. By Theorem 17.1, X,,;; is a
closed subspace of X,,, so by Riesz’s Lemma (Lemma 2.16) there exists an x,, € Sk, such
that dist(x,, X,11) > 1/2. Now, for any n > m we have

1T (2m) = T(@n)ll = l2m = [(Ix = T)(@m) + 20 — (Ix = T)(za)]l| > 1/2

since [(Ix — T)(xm) + 20 — (Ix — T)(x,)] € Xpy1. Also, {z, : n € N} C By, but
(T'(x,,) : n € N) has no convergent subsequences; which is impossible since 7" is a compact
operator. Hence, there must be some m € N such that X,,,; = X,,.

Since (Ix — T) is 1-to-1, (Ix — T)™ is 1-to-1. Now let = be any element of X. Then
(Ix = T)™(x) € X, = Xppy1 = (Ix — T)™ (X)) and so there is some y € X such that

(Ix =T)"(2) = (Ix = 1) (y) = (Ix = T)"((Ix = T)(y))-

However, since (Ix —T)™ is 1-to-1, z = (Ix — T)(y) € X;. Therefore, X; = X, ie.,
(Ix — T) is onto. The fact that Ix — T is an isomorphism now follows from the Open
Mapping Theorem, see Theorem 6.2. O

Theorem 17.4. Given a compact operator T on a Banach space (X, || - ||), if Ix — T is
onto, then Ix — T is 1-to-1, and so an isomorphism on (X, || - ).

106



Proof. Since Iy — T is onto, its conjugate (Ix —T) = Ix+ — T" is 1-to-1 on X*, see
the second “fact” in the conjugate mapping chapter. Since 7" is compact, by Schauder’s
Theorem, its conjugate 7" is also compact. It then follows from Theorem 17.3 that Ix«—T"
is an isomorphism on (X*, || -||), and so from Theorem 8.4, Iy — T is an isomorphism on
(X1 B

Corollary 17.5 (Fredholm Alternative). For a compact operator on a Banach space
(X, ||-]|) the following are equivalent: (i) Ix —T is 1-to-1; (ii) Ix —T is onto; (iii) Ix =T
is an isomorphism on (X, | - ||).

Given a linear operator 1" on a vector space X, over K, an eigenvalue of T' is element A
of K such that T'(x) = Az for some nonzero vector x € X, i.e., A is an eigenvalue of T" if
Ker(T— A x) # {0}. A nonzero vector x € X is called an eigenvector of 7" if there exists
an element A € K such that T'(z) = Az. The eigenspace corresponding to an eigenvalue
A is equal to the kernel of (T'— Aly), i.e., it is the set of all eigenvectors (corresponding
to the eigenvalue \) plus the zero vector.

Theorem 17.6. Let T be a compact operator defined on a Banach space (X, || -||). Then
each element of o(T') \ {0} is an eigenvalue of T.

Proof. Suppose that A € o(T)\{0}, then T—XIx = —X\(Ix—A"'T) is not an isomorphism.
Therefore, Ix — A\™'T is not an isomorphism. Now, as A~!7T is a compact operator, we
have by Corollary 17.5, that Iy —A™T is not an isomorphism if, and only if, Ix — A7!T is
not 1-to-1, i.e., if, and only if, there exists a nonzero z € X such that (Ix —A7T)(z) = 0,
Le, T'(z) =Ax. O

Theorem 17.7. Let'T" be a compact normal operator defined on a nontrivial Hilbert space
(H,(-,-)), over C. Then T has an eigenvalue X\ € C, such that || = ||T|.

Proof. First, if ||T'|| = 0, then the result is obvious. Hence we may assume that that
|T|| > 0. Since T is a normal operator r(T") = ||T|| > 0. Thus we may choose A\ € o(T)
such that |\| = 7(T") > 0. Then, by Theorem 17.6, A is an eigenvalue of 7. O

More facts concerning compact operators

Theorem 17.8. For a compact operator T on a Banach space (X, || -||), Ker(Ix —T)
18 finite dimensional. In particular, for each nonzero eigenvalue \ of T', the eigenspace
corresponding to \ is finite dimensional.

Proof. Let Y := Ker(Ix — T). Then Y is a closed subspace of (X, || -||). Notice that if
y €Y, then T(y) = Ix(y) = y. That is, T|y = Iy. However, T|y is a compact operator
and so By = Iy(By) = T|y(By) C T|y(By); which is compact. Therefore, Y is finite
dimensional. O

Theorem 17.9. Let T be a linear operator defined on a vector space X. If {e1,eq, ..., e,}
are eigenvectors of T' corresponding to distinct eigenvalues of T, then {e1,eq,...,€e,} is a
linearly independent set.
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Proof. The proof of this is left as an exercise for the reader. O

Theorem 17.10. Let T be a compact operator defined on a Banach space (X, ||-]|). Then
o(T) is at most countable. Moreover, if o(T) has infinitely many elements, then they may
be listed as a sequence that converges to 0.

Proof. To prove the statement of the theorem it is sufficient to show that for each ¢ > 0,
{z € o(T) : € < |z|} is finite. To this end, fix € > 0 and suppose that there is an infinite
sequence (A, : n € N) of distinct elements of o(7) \ eBc. For each n € N, let M, :=
span{ey, e, ... e, }, where e, is an eigenvector of T' (with unit length) corresponding to the
eigenvalue \. Next, for each n > 1, choose z,, € SxNM,, such that dist(z,, M,,_1) > 1/2.
Then note that z,, — A\, 'T'(x,) € M,_1, since if z,, = Y __, cxey, then

Ty — )\;1T<5L’n) = Zzzlck(l — A;l)\k)ek = Zz;ick(l — )\1:1)%)6]g e M,_;.
Hence, dist(\,;'T(z,), M,,_1) = dist(z,,, M,,_1) > 1/2. Thus,
dist (T (z), My_1) > |\al/2 = €/2.

Notice that if n > m, then ||T(z,) — T(xn)|| > /2, since T'(z,,) € M, C M,_,. Now,
{z, : n € N} C By, but (T(x,) : n € N) has no convergent subsequences; which is
impossible since 7" is a compact operator. Therefore, {z € o(T') : ¢ < |z|} is finite. O

Let (X,]| -||) be a Banach space and suppose that 7' € B(X). Then T is called a finite
rank operator if dim(7(X)) < oco. We shall denote by F(X) the set of all finite rank
operators defined on (X, || - ||). Clearly, F(X) C K(X) since bounded subsets of finite
dimensional spaces are relatively compact.

Exercise 17.11. Let (X,|| -||) be a Banach space. Show that both F(X) and K(X) are
ideals in B(X).

Theorem 17.12. Let (X, ||-]|) be a Banach space. Then K(X) is a closed ideal in B(X).

Proof. Let (T,, : n € N) be a sequence in K(X) and suppose that 7' = lim,, ,, T;,. We need
to show that T'(By) is compact. Since (X, || -||) is a Banach space it will be sufficient to
show that for every € > 0 there exists a compact set K in X such that T'(Bx) C K +¢By,
see Corollary 11.2. To this end, fix ¢ > 0 and choose n € N such that ||7—17,,|| < . Then

which completes the proof, since T,,(By) is compact. O

Exercise 17.13. Let K be a compact subset of a Banach space (X, ||-||) and let (T,, : n €
N) be a sequence in B(X). Show that if (T,, : n € N) converges pointwise to T € B(X) on
X, then (T, : n € N) converges uniformly to T on K. Hint: Use the Uniform Boundedness
Theorem.

Theorem 17.14. Let (X, | - ||) be a Banach space with a Schauder basis. Then K(X) =
F(X).
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Proof. 1t follows from the fact that (i) F(X) C K(X) and (ii) K£(X) is closed, see Theorem
17.12, that F(X) C K£(X). So we need only show the reverse set-inclusion. To this end,
let T € K(X). Let (e, : n € N) be a Schauder basis for (X, || - ||) and let (P, : n € N)
be the canonical projections. Then for each n € N, (P, oT) € F(X). Now, (P, : n € N)
converge pointwise to Ix € B(X) on X and T'(By) is compact. Therefore, by Exercise
17.13, (P, : n € N) converges uniformly to Ix on T'(Bx). Thus,

lim (P,oT) =T with respect to the operator norm on B(X).

n—oo

This completes the proof. O
Example 17.15. Suppose that K € Cc([0,1] x [0,1]). Then the mapping

T <L2[07 1]7 H ) ”2) - (C(C[Ov 1]7 ” ’ Hoo) defined by,

T(x)(t) := o K(t,s)x(s) ds for allt € [0,1]

1S a compact operator.
Proof : By the continuity of K and the compactness of [0, 1] x [0, 1], we have
M = sup{|K(t,s)| : (t,s) € [0,1] x [0,1]} < o0

and hence for any x € B2y and any t € [0, 1] we get

T(x)(1)] = K(t,s)x(s) ds

[0.1]

< / K (2, 5)]]a(s)] ds
[0,1]

1
(/ K (L, 5)[2 ds) lzlls < < M2 ds) lzlls < M.
[0,1] [0,1]

Given 0 < ¢, it follows from the continuity of K and compactness of [0, 1] x [0, 1] that there
exists a 0 < § such that if t1,¢5 € [0,1] and |t; — to] < 9§, then |K(t1,s) — K(t2,s)| < ¢ for
all s € [0, 1]. Consequently, for every x € Byz(g 1) and every 1y, ty € [0, 1] with [t; — 1] <
we have

/N

|T(z)(t1) — T(x)(t2)|] = K(ty,s)z(s) ds — K(ty,s)x(s) ds

[0,1] [0,1]

<[R9~ Kt s)a(s)] ds
[0,1]
%
< (/ |K<t1,s>—K<t2,s>|2ds) Il
[0,1]

1
< (/ g ds) |z]|2 < e.
[0,1]

Therefore, T'(x) € Cc[0,1]. In fact, we also showed that T'(B2(o 1) is a uniformly bounded
(by M) and an equicontinuous subset of C¢[0,1]. Hence, by the Arzela-Ascoli Theorem,
T(Brzp,) is relatively compact in (Cc[0,1], [ - [|o). O
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Remarks 17.16. If we let I : (Cc[0,1], || - [|oo) — (L2[0,1], ]| - |2) be the natural inclusion
map, then we see that [oT : (L*[0,1], ] - ||2) — (L?[0,1], || - ||2) s a compact operator too,
since I is a continuous linear operator. Hence T : (L*[0,1], | - [l2) — (L2[0,1], ] - ||2), as
defined above, may be directly viewed as a compact operator on (L*[0,1], ] - ||2).

Exercise 17.17. Suppose that K € C¢([a,b] X [a,b]). Show that the mapping

T (La 8], 0 - ll2) = (L2[a, 0], || - ll2)  defined by,

T(x)(t) := . K(t,s)x(s) ds for allt € |a, b

18 a compact operator.
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Chapter 18

Spectral Mapping Theorem

Lemma 18.1. For a normal operator T defined on a Hilbert space (H,(-,-)), A is an
eigenvalue of T if, and only if A is an eigenvalue of T™*. Moreover, A and \ have the same
etgenspace.

Proof. For any z € H and normal operator N of H,

IN*(@)II* = (N"(z), N"(2)) = (NN"(2), 2) = (N"N(), )
= (N(2),N(2)) = [N (2)]*.

That is, |N*(z)|| = || N(x)||. Therefore, |[(T"— A )(x)
also a normal operator. O

| = |[(T* — XI)(2)|| since T — A is

Theorem 18.2 (Spectral Mapping Theorem). Let (H, (-,-)) be a complex infinite dimen-
stonal separable Hilbert space. If T is a compact normal operator on H, then there exists
an orthonormal basis (e,)32, of H where each e; is an eigenvector corresponding to an
eigenvalue \; of T', such that for each x € H we have

T(z) = Z Az, en)e,

Moreover, for every A ¢ o(T') and x € H we have that
RO(@) = 3 S
N n=1 )\n —A .

Proof. Let U be a maximal (with respect to set inclusion) family of orthonormal eigen-
vectors of H. To prove the first part of the theorem it is sufficient to show that if
X :=span(U), then H = X.

Suppose, in order to obtain a contradiction that X # H. Then X+ # {0}. Next, let us
show that T|y. : X+ — X+ and T*|x1 : X+ — X*. To see this, first note that both T
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and 7" map X into X, since the members of U are eigenvectors for both 1" and 7. Fix
y € X+, then for any v € X

(T(y).2) = (1. T"(@)) =0 and  (T"(y),2) = {y, T(x)) = 0.

Therefore, T(y) € X+ and T*(y) € X*. Moreover, it is easy to check that Ty is also a
compact normal operator. Hence, by Theorem 17.7, T'|x. has an eigenvector e € X+ of
unit length. But then & U {e} is an orthonormal family of eigenvectors which is strictly
bigger than Y. However, this contradicts the maximality of &/. Hence, it must be the
case that X = H. Now, because H is separable, we have, by Exercise 3.12 that U/ is at
most countable, since ||u —v|| = /2, for each u,v € U with u # v. Note also that U/ is an
infinite set, because otherwise, H = span(U) = span(i), would be finite dimensional.

Hence, we may enumerate U as {e, : n € N}. For each n € N| let A, denote the eigenvalue
of T, corresponding to the eigenvector e,.

Then for any z € H, x = lim Z(:p,ek>ek =

n—oo

(z, exyex. Therefore,

n o)
k=1

k=1

T(x) = T (7111_{1()102(:1:, ek)ek>
- nhlgoT <zn:<x, ek)ek>

k=1

= lim Z(x, er)T'(ex)
= lim Z)\k@, ex)ex
n—oo
k=1

= Z )\k<$, €k>€k.
k=1

Next, suppose x € H and A € o(T') then for some y € H we have that:

= (T = A)(y) = (T = AI) (Z<y, >) =3 O = Ny enden.

n=1 n=1

Therefore, for each n € N, (z,¢e,) = (A, — A)(y, e,) and so

(y,en) = ix’ini for all n € N.

n

On the other hand, y = (T'— M)~ '(x) = R()\)(x). Therefore,

This completes the proof O
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