An Abstract Variational Theorem
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Abstract. Let (X, ||-||) be a Banach space and f : X — RU{oo} be a proper function.
Then the Fenchel conjugate of f is the function f*: X* — R U {oo} defined by,

F*(@*) = sup{(s” — f)(x)  w € X}.
In this article we will prove a theorem more general than the following.

Theorem: Let f: X — RU{oo} be a proper function on a Banach space (X, | -|). If
there is a nonempty open subset A of Dom(f*) such that argmax(z* — f) # & for each
x* € A, then there is a dense and G subset R of A such that (z*—f) : X — RU{—o0}
has a strong maximum for each z* € R. In addition, if 0 € A and 0 < ¢ then there is
an z* € X* with ||z*|| < e such that (z* — f) : X — RU{—o00} has a strong maximum.
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1 Introduction

The purpose of this paper is to prove a general variational theorem (see Theorem 3.4).
The problem with proving a general theorem of this type is that one cannot expect that
the conclusion is very strong. One can only get out, what one puts in. So if you do not
assume much, i.e., “do not put much in”, then you cannot expect “much out”. Having
said that, the striking feature of the variational theorem stated in the abstract, is that it
says anything at all. The basis for this somewhat curious variational theorem is a rather
technical preliminary result (Theorem 2.13) whose proof occupies most of the next section.
As a consequence, Section 2 contains a long sequence of preliminary results, which do not
make for enjoyable reading. We hope that the discomfort caused by this long sequence of
results is compensated by the fact that from Theorem 2.13 one may deduce several non-trivial
facts, including James’ weak compactness theorem, [7].

2 Preliminary Results

We start with some preliminary definitions.

A set-valued mapping ¢ from a topological space (A, 7’) into subsets of a topological space
(X, 7) is T-upper semicontinuous at a point xy € A if for each T-open set W in X, containing
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O (x9), there exists an open neighbourhood U of x such that ®(U) C W. In the case when ®
also has a nonempty compact image at xg, then we say that ® is a 7-usco at x¢. Furthermore,
if (X,+,-,7) is a linear topological space then we call ® a T-cusco at xg, if ¢ is a T-usco at
xo and ®(xzg) convex.

If ® is T-upper semicontinuous (a 7-usco) [a T-cusco] at each point of A then we say that ®
is T-upper semicontinuous on A (a T-usco on A) [a T-cusco on Al.

An usco (cusco) from a topological space (A, 7') into subsets of a topological space (X, 7)
(linear topological space (X, +, -, 7)) is said to be a minimal usco (minimal cusco) if its graph
does not contain, as a proper subset, the graph of any other usco (cusco) on A.

The following proposition ensures that there is an ample supply of minimal usco mappings.

Proposition 2.1 ([2]). Suppose that (X, 1) and (Y, ') are topological spaces and ® : X — 2V
is an usco on X . If (Y, 7') is Hausdor{f then there exists a minimal usco mapping ¥ : X — 2Y
such that Gr(¥) C Gr(®) (i.e., every usco contains a minimal usco).

Now that we have established the existence of minimal usco mappings, it is interesting to
observe that there is in fact a characterisation of when an usco is a minimal usco.

Proposition 2.2 ([2,4]). Let ® : A — 2% be a T-usco acting from a topological space (A, T")
into subsets of a topological space (X, 7). Then ® is a minimal T-usco if, and only if, for
every pair of open subsets U of A and W of X such that ®(U) N W # &, there ezists a
nonempty open subset V of U such that (V) C W.

For most of our considerations in this paper we will be dealing with cuscos rather than uscos,
so the next proposition, which explains the connection between these two notions, is very
useful.

Proposition 2.3 ([8,12]). Suppose that ® : A — 2% is a T-usco acting from a topological
space (A, T') into subsets of a locally convex space (X,+,-,7). If for each t € A, 0" ®(t) is
a compact subset of X, then the mapping ¥ : A — 2% defined by, U(t) := o ®(t) for all
te A, is aT-cusco on A.

The relationship between convex functions and minimal cuscos is revealed next.

Let f: C' — R be a convex function defined on a nonempty convex subset of a normed linear
space (X, || -]|) and let x € C. Then we define the subdifferential Of(x) by,

Of(z) ={a" € X" : 2" (y) — 2" (x) < f(y) — f(x) for all y € C}.

Proposition 2.4 ([10, Corollory 4.8]). If ¢ : A — R is a continuous convez function de-
fined on a nonempty open convexr subset A of a normed linear space (X,|| - ||), then the
subdifferential mapping, x — Op(x), is a minimal weak*-cusco on A.

One can show, using the Uniform Boundedness Theorem, [3, page 66|, that all weak* usco
mappings acting from a first countable topological space into subsets of the dual of a Banach
space are locally bounded (see, [1, Lemma 3]). However, one can also directly deduce the local
boundedness of the subdifferential mapping from the local Lipschitz behaviour of continuous
convex functions. This is recalled next.



Proposition 2.5 ([12, Proposition 1.11]). Let A be a nonempty open and convez subset of a
normed linear space (X, || -||) and let ¢ : A — R be a continuous convez function. If vg € A,
then the mapping, x — Op(x), is locally bounded at xo. That is, there exists an 0 < L and
a 0 < § such that B(xzo,0) C A and ||z*|| < L whenever z € B(xg,0) and x* € dp(x).

Since we will be working extensively with sequences it makes sense to introduce the following
notation.

If (z1 : k € N) is a sequence in a topological space (X, 7) then we define
clr(xy bk eN) = {zp:n <k} .

That is, cl-(zx : k € N) is the set of all 7-cluster points of (zy : k € N). Further, if (X, +,-,7)
is a linear topological space then we define K, (z : k € N) := 0" (cl,(z), : k € N)).

The following six technical results are needed in the proof of Theorem 2.13. Unfortunately,
there is not much more that can be done to break-up the presentation of these results.

Lemma 2.6 ([10, Lemma 4.11]). Let ¢ : A — R be a T-continuous convex function defined
on a nonempty convex subset A of a locally convex space (X, +,-,7) and let 7" be a Hausdorff
locally convex topology on X such that (1) 7" C 7 and (ii) ¢ is 7' -lower semicontinuous. If T'
is a nonempty 1'-closed and convex subset of X and S is any T-separable subset of A such
that S —T C A then, for every sequence (x,, : n € N) in T, either there exists a subsequence
without any T'-cluster points, or else, there exists a subsequence, (x,, : k € N) of (z,, : n € N)
such that ¢ is constant on, y — K (z,, : k € N) for ally € S and all a € [0, 1].

In Theorem 2.13 we shall apply this lemma in the case when 7 is the norm-topology on a
Banach space (Y, || - ||) and 7’ is the o(Y, Z)-topology on Y, for some subset Z of Y*. Here,
o(Y, Z) denotes the weakest topology on Y that makes each member of Z continuous.

Proposition 2.7 ([10, Proposition 3.14]). Let (X,+,-,7) be a locally convex space and let
(yn : m € N) be a sequence in a T-compact conver subset K of X. If (x, : n € N) is any
sequence such that x,, € co{yx : n < k} for alln € N, then cl.(z, : n € N) C K, (y, : n € N).

For a nonempty subset Y of a normed linear space (X, || -||) and a point x € X we define
dist(z,Y) :=inf{||lx —y|| : y € Y}

Lemma 2.8 ([10, Lemma 3.8]). Let (X, || - ||) be a normed linear space, let Y be a finite-
dimensional subspace of X* and let 0 < e. If x* € X* and ¢ < dist(z*,Y), then there exists
an x € Sx such that € < z*(x) and 0 = y*(x) for all y* € Y.

Lemma 2.9 ([11]). Let (V,+,-) be a vector space (over R) and let ¢ : A — R be a convex
function defined on a convex set A with 0 € A. If (A, : n € N) is a decreasing sequence of
nonempty convex subsets of V., (B, : n € N) is a sequence of strictly positive numbers such

that (3 .2, Bi)A1 € A and

Bir +¢(0) < inf ¢(Bra)  for some 0 < r < oo,
acAq
then there exists a sequence (a, : n € N) in V' such that, for all n € N:
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(i) a, € A, and

(ii) 90(2?:1 Bia;) + Bpiar < 90(2?;11 Bia;).
Note that if, in Lemma 2.9, ¢ is sublinear then the assumption: S;7+¢(0) < inj w(fra) sim-
acAy

plifies to: r < inj ¢(a). However, in Theorem 2.13, we need the full version of Lemma 2.9.
acAy

The following proposition is a version of Grothendieck’s compactness theorem, [6]. As it
involves several potentially different types of compactness we will make precise exactly what
the various notions of compactness mean, at least in the setting considered in this paper.

If (Y, ]| -]|) is a Banach space and Z is a subset of Y* then we shall say that a subset K of Z is
a relatively weak”-countably compact subset of Z, if every sequence in K has a weak® cluster-
point in Z. Furthermore, we shall say that a subset C' of Z is relatively weakly compact, if

"% is a weakly compact subset of Y*.

The following proposition also involves the notion of pointwise convergence. So we shall
introduce the relevant notation here. If X is a nonempty set and Y C R¥ (i.e., Y is a family
of real-valued functions defined on X) then we shall denote the topology on Y of, pointwise
convergence on X, by 7,(X).

Proposition 2.10. Let (Y,|| - ||) be a Banach space and let Z be a subset of Y*. If the
o(Y, Z)-topology on By is compact and Hausdorff, then every bounded, relatively weak"-
countably compact subset of span(Z), is relatively weakly compact. In particular, if C' is a
weakly closed and bounded, relatively weak®-countably compact subset of span(Z), then C' is
weakly compact.

Proof. Let K be a bounded relatively weak* countably compact subset of Span(Z). Let
C(By) denote the set of all real-valued, (Y, Z)-continuous functions defined on By and let
7 : span(Z) — C(By) be defined by, 7(2*) := z*|p, for all z* € span(Z). Note that this
function is well-defined, i.e., each m(z*) is indeed o(Y, Z)-continuous on By. To see this,
note that there exists a sequence (z : n € N) in span(Z) such that z* := lim,_, 2} (the
convergence being with respect to the dual norm on Y*). As each z} is a linear combination
of elements of Z, each z* is o(Y, Z)-continuous on Y. Furthermore, as ||7(z*) — 7(2})||cc =
||z*—zx|| for each n € N, 7(2*) = lim,,_,o 7(2}), with respect to the ||-||o-norm on By. Hence,
as the uniform limit of o(Y, Z)-continuous functions on By, 7(z*) is o(Y, Z)-continuous on
By . If we consider Span(Z) with the (restriction of the) dual norm and C(By) equipped with
the supremum norm || - ||, then 7 is a linear isometric embedding. Therefore, 7(5pan(Z))
is a closed linear subspace of C'(By), and hence weakly closed [3, page 422]. Furthermore,
7 : (Span(Z),weak”) — (C(By),7,(By)) is continuous and 7' : (w(span(Z)), weak) —
(span(Z), weak) is also continuous, as 7! is a bounded linear operator from 7(span(Z)) onto
Span(Z), [3, page 422]. Now, since 7 : (span(Z), weak™) — (C'(By),7,(By)) is continuous,

7(K) is relatively 7,(By)-countably compact. Therefore, by [6, Theorem 2], w(K) "B g
7,(By )-compact. Now, since 7 : (5pan(2), ||-||) = (C(By), |- |l) is an isometric embedding,

7(K) is boundelfi in (C(By),||*|le). Thus, by [6, Theorem 5], W(K)TF(BY) is weakly compact

and so 7(K) ", which is a subset of 7 (span(Z)), is also weakly compact. Hence,

weak

K ="' (n(K)) Cn }(n(K) )
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and the latter set is weakly compact as 7! : (7(span(Z)), weak) — (Span(Z), weak) is
continuous.

Note that if K is also weakly closed then K is weakly compact. [

Remark 2.11. By examining the proof of Proposition 2.10, or otherwise, one can see that
for any subset Z in the dual of a normed linear space (Y,|| - ||) and any bounded subset A of
Y, the relative o(Y, Z)-topology on A coincides with the relative o(Y,span(Z))-topology on
A.

The next lemma requires the notion of lower semicontinuity. Let (X, 7) be a topological
space. We say a function f : X — R U {oo} is lower semicontinuous if for every a € R,
{r € X: f(z) <a}is a closed set.

Lemma 2.12. Let A be a nonempty open bounded convex subset of a Banach space (Y, || -||)
and let Z be a subset of Y*. If ¢ : A — R is a continuous convex function and dp(y) N
span(Z) # @ for ally € A, then ¢ is o(Y, Z)-lower semicontinuous.

Proof. Let yp € A and let 0 < €. Then, there exists an z* € Jdp(yo) Nspan(Z). Define
h:A—R by

h(y) :== 2"(y — yo) + (o) for all y € A.

Then observe that, since z* € dp(yo), we have h(y) < ¢(y) for all y € A. Now, by Remark
2.11, the set
U={yeA:|z"(y —w)| <e}

is a o(Y, Z)-open neighbourhood of yo and for all y € U, we have that

©(Yo) —€ < 2" (Y —yo) + ¢(yo) = h(y) < ¢(y).

Therefore, ¢ is o (Y, Z)-lower-semicontinuous at yo. Since yo was arbitrary, we conclude that
¢ is o(Y, Z)-lower-semicontinuous on A. [

Theorem 2.13. Let A be a nonempty open convex subset of a Banach space (Y, ||||) and let Z
be a subset of Y*. If ¢ : A — R is a continuous convex function and 0p(y)Nspan(Z) # & for
ally € A, and the o(Y, Z)-topology on By is compact and Hausdorff, then dp(y) C span(Z)
for ally € A.

Proof. Let o € A. Without loss of generality, we may assume that zo = 0. Indeed, if
not, we consider the function ¢ : (A — xy) — R defined by, ¥(y) := ¢(y + xo). Note that
1 is continuous and convex and that dp(y + xg) = 0Y(y) for all y € A — 5. In partic-
ular, 0Y(y) Nspan(Z) # @ for all y € (A — xg) and Jp(xy) = 9Y(0). So, if g # 0, we
can simply replace ¢ by 1 and use the argument at 0. Let us also note that we may as-
sume that the set A is bounded, because if it is not, then we can replace the set A with
the set A’ := AN{y € Y : ||ly|| < 1} and the function ¢ with the function |/, since
Jp(y) = 0(plar)(y) for all y € A" and, in particular, 9p(0) = d(p|a)(0).

Now, since A is open and y — dp(y) is locally bounded (Proposition 2.5), there exist positive
numbers m and L such that mBy C A and ||y*|| < L for all y* € dp(mBy). Next, we let



(B, : n € N) denote any sequence of strictly positive numbers such that >~ 8, < m/2 and
nhjgo 5% iens18i = 0.

Then, since y — Jp(y) is a weak*-usco, (see, Corollary 2.4) there exists, by Proposition 2.1,
a minimal weak*-usco, M : A — 2¥" such that M(y) C dp(y) for all y € A. Furthermore,
by Proposition 2.3 and the fact that y — Jdp(y) is a minimal weak*-cusco, (see, Corollary
2.4), Op(y) =" [M(y)] for all y € A.

Therefore, to show that d¢(0) C span(Z), it suffices to show that M (0) C span(Z). This is
because, if M (0) C span(Z) then by Proposition 2.10, M (0) is weakly compact and so, by the
Krein-Phillips Theorem [9, 13], @6[M (0)] is also weakly compact. Since the weak* topology
is weaker than the weak-topology, ¢6[M (0)] is then weak*-compact and hence weak*-closed.
Therefore,
0p(0) = T [M(0)] = co[M (0)] C 5pan(Z).

So suppose, for the purpose of obtaining a contradiction, that M (0) Z span(Z). Then there
exists an y* € M(0) \ span(Z). Since span(Z) is a closed subspace of Y*, this means that
there exists an 0 < € such that 0 < ¢ < dist(y*,5pan(2)).

Part I: Let yo := 0. We inductively define sequences (y, : n € N) in Sy, (v, : n € N) in
mBy C A and (2} : n € N) in span(Z), such that the statements:

(An) 2z € dp(v,) Nspan(Z) and |Jv,|| < m/n;
(Bn)  (y" = 23)(y;)] <&/2forall0 < j <n;
(Cn) €<y (yn) and 2}(y,) = 0 for all 1 < j < n;

are true, for all n € N. [Note that for the remainder of this proof B(0, r) will denote the open
ball in Y, centred at 0, of radius 0 < r.] For the first step, choose any v; € B(0,m) C A.
Then Op(v;) Nspan(Z) # @ and so we may choose z; € Jdp(vy) Nspan(Z) which clearly
satisfies |(y* — 27)(yo)] = 0 < /2. Now note that

e < dist(y*,span(2)) < dist(y*, span{z]}),

and so, by Lemma 2.8, there exists y; € Sy such that ¢ < y*(y;) and z{(y;) = 0. So the
statements (A;), (By) and (C}) hold.

Now fix £ € N. Suppose that we have defined {vy,...,vc}, {2f,...,2;} and {v1,..., s}
such that the statements (Ag), (By) and (Cj) hold true. Then consider the weak* open set

W= N_o{o" € YV* 1 |(y" — 2%)(y)] < e/2}.

Note that y* € M(0)NW and so M (B(0, :77))NW # @. Therefore, by the minimality of M

and Proposition 2.2, there exists a nonempty open set V' C B(0, 5 ) such that M (V) C W.

Choose vg11 € V. Then ||vgs1]] < m/(k + 1). By hypothesis, since v € A, we have
that 0p(ve41) NSpan(Z) # @, and so we may choose z;,, € Span(Z) such that

*

Ziit € Op(vpsr) = 00" [M (vp1)] C @0 (W) € Mj_p{z" € Y71 |(y" — ™) (yy)] < /2}
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Thus the statements (Ag.1) and (Byy1) hold. Finally, observe that
e < dist(y",5pan(Z)) < dist(y", span{z], ..., 2;,1}),

and so, by Lemma 2.8, there exists y11 € Sy such that € < y*(yx41) and 25 (yx41) = 0 for
all 1 < 7 < k+ 1. Therefore the statement (Cj1) also holds. This completes the induction.

Part II: Now let (n; : k£ € N) be a strictly increasing sequence of natural numbers. Then
for all & € N, define v}, := v, and 2’ := 2} and yj, := y,,. Also define y; := 0. Then the
sequences (v, : n € N), (z*' : n € N) and (¢, : n € N) still satisfy (A,), (B,) and (C,)

for all n € N. Therefore, the properties (4,), (B,) and (C,) are stable under passing to
subsequences.

Now, since dp(y) Nspan(Z) # @ for all y € A, we have by Lemma 2.12 that ¢ is (Y, Z)-
lower semicontinuous on A. Let S := BBy Nspan{y, : n € N} and T’ := 3 By and note that
S —T CmBy C A. Then, by passing to a subsequence and relabelling if necessary, we may
assume, by applying Lemma 2.6 to the sequence (y), : n € N) defined, ¢/, := (m/2)y, for all
n € N, that

¢ is constant on, y — aly(yv,z)(y, :n €N), forall0 <a<1landallyes.
Since Ko(y,zy(ys, : n € N) = (m/2)Ksv,z)(yn : 1 € N), we have that
¢ is constant on, y — a[(m/2)|Kov,z)(yn : n €N), forall0 <a<landallyeS. (1)

Finally, as (y, : n € N) is a sequence in By (which is o(Y, Z)-compact), it must have a
o(Y, Z)-cluster point, which we will call y,.

Part III: Let & € N. For any k& < n, we have that z;(y,) = 0 by the statement (B,).
Therefore, it follows that 2} (ys) = 0. Since k was arbitrary, this is true for all £ € N.

On the other hand, let & € N and let k& < n. Then, by the statement (A,), we have
that |(v* — 22)(yx)| < €/2. Moreover, from (By), we know that ¢ < y*(yx). Combining these,
we get that

/2 <y (ue) + (2 = ") (k) = 2, (yr)
for all & < n. Therefore €/2 < 2} (yr — Yoo), for all k& < n. We also note that, from the
statement (A,), we have that (v, : n € N) converges to 0 in the norm topology. Therefore,
since ¢ is norm-continuous, there exists Ny € N such that

lo(vn) —(0)| < B1e/8  for all Ny < n.

Lastly observe that for all n € N, v, € B(0,m) and z; € 0p(v,) and thus ||z

local boundedness of dp. Therefore, if SﬂLT? < n, then we have that

| < L by the

|
n

Lm 518
22l < lzallloall < 2 < 25,



Part IV: For each n € N, let K,, := co{yx : n < k} — y» and note that (K, : n € N) is
a decreasing sequence of nonempty convex subsets of Y. Set, 0 < /8 =: r. Then we have
that

Bir +0(0) < inf ¢(Bie).

To see this, let x € K;. Then z = Zle AilYn; — Yoo Where 0 < \; for all 1 < ¢ < k and

S A = 1. Set max{n, ..., ng, No, SﬁLIZ‘} < N. Then we have,

pie/4 < 512?;1 N2y (Yn; — Yoo) — Pr€/4

Br(2x (i) A, — Yoc)) — Brz /4

Bizy(x) — Bie/8 — Bie/8

Brzy(x) — 2y (vw) — Bie/8

2y (B1r) — 2y (vw) + [p(on) — ¢(0)]

[p(B12) — @(vn)] + [p(vn) —(0)]  since 2 € dp(vy)
e(Brz) —p(0).

Therefore, since © € K, was arbitrary, we have that 517+ ¢(0) < inf,cx, ¢(812) as claimed.
So, by Lemma 2.9, there exists a sequence (x,, : n € N) such that for all n € N:

INIAN A

(i) =, € co{yx : n <k} and

(i) (X0, Bil@s — Yoo)) + Buprr < o(X1H Bilwi — y0)). (%)

Part V: Since (z,, : n € N) is a sequence in By, it must have a o(Y, Z)-cluster point. So,
let zo be a (Y, Z)-cluster point of (z, : n € N). Then, by Proposition 2.7, we have that
Too € Koy, z)(yn :m € N). Let n € N, then 0 < >"7" | ; < m/2 and so we have that

Yo Biri € S = F By Nspan{y, : n € N}.
Furthermore,

P Bi(i — 1)) = Qo Bimi — (Q0iL150) - Too)
= @(Z?zlﬂiiﬁi - (Z?:lﬂi) ‘yoo) by (Jf)
= o1 Bi(Ti — Yo)).  (3%)

Set x:= 32, fi(z; — Ts). Since ||z; — || < 2 for all i € N, we have that

D lIBiai — z) | =D Billwi — wall <2 Bi < 0.
=1 i=1 i—1

Therefore, since Y is a Banach space, x € Y. Furthermore, as ¢ is continuous, it is clear
that

(P> Bi(wi — 7o0)) s m € N)



is a convergent, and hence bounded sequence in R. Moreover, the statement (x) gives that
this is also an increasing sequence. Therefore, by the Monotone Convergence Theorem,
(>0, Bi(r; — 25)) : n € N) converges to its supremum. That is,

sup p (31 B — 2oo)) = T 0 (35, Bi(wi — o)) =p( lim 32, Bi(s — o)) = ().

neN n—oo n—oo

Part VI: Let us first note that ||z|| < 2> 7, 3; < m and so x € mBy C A. Therefore,
there exists z* € span(Z) N dy¢(x). Then, if 1 < n,
< (X1 Biri = yw)) — 0 (01 Bilwi = ys)) by (%)
(> i1 iz — 2e0)) — 90(2?:_11 i(T — o)) by (k)
(

=

< ¢(2) — p(Ci0) Bilwi —a))  since () = sup,enp (3, Fi(2i — 2o0))
< 2 (x) — 2 (000 Bilwi — 200)) since z* € dp(z)

= Z*(Zinﬁz(zz — Too)) = Bn2" (20 — 7o) + ZZn-HﬁlZ*(IZ — Too)-

Rearranging gives us that

2||="]]
Bn

1 o0 * * o
7 < 2Ty — Too) + 6_21‘:71-&-162'2 (Ti — o) < 2" (@n — Too) + Zi:n—f—lﬁi'

1
Since lim —»"* . 3 = 0 there exists an N € N such that

n—oo 6
2 (o) < 2"(20) + (1/2) < 2*(z,) for all N < n.
Therefore, as z* is o(Y, Z)-continuous on A, (see Remark 2.11) we have that

2 (To0) < 2 (Too) 4 (1/2) < 2" (200);

which is impossible. Hence, our original assumption that A (0) Z span(Z) must have been
false. This completes the proof. [

To show that Theorem 2.13 has some real “teeth” let us demonstrate how James’ weak
compactness theorem can be deduced from this theorem.

Corollary 2.14 ([7]). Suppose that C' is a nonempty closed and bounded convex subset of a
Banach space (X, ||-||) and suppose that every continuous linear functional on X attains its
supremum over C'. Then C' is weakly compact.

Proof. Suppose that C' is a nonempty closed and bounded convex subset of a Banach space
(X, ]| - ||) and suppose that every continuous linear functional on X attains its supremum
over C'. Note that, without loss of generality, we may assume that 0 € C, because if x is
any element of C' then C" := C' — {x}, is a closed and bounded convex set with the property
that every continuous linear functional on X attains its supremum over C’. Furthermore, if
C" is weakly compact then so is C.

We shall apply Theorem 2.13. To this end, let (Y, || - ||) denote the dual space of (X, || - ||)
and let Z := X - the natural embedding of X into X**. Furthermore, let A := Y and note
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that By is o(Y, Z) compact, by the Banach-Alaoglu theorem (since By = Bx+ and o(Y, Z)
is the weak* topology).

Define ¢ : Y — R by,

o(y) :=supy(c) forallyeY.
ceC

Then ¢ is a continuous convex function on Y and C' C 0¢(0). Furthermore, if y € Y attains
its supremum over C' then dp(y) N Z # &. This last fact follows because, if y € Y, c € C
and y(c) = ¢(y) then ¢ € dp(y) since for any = € Y,

() —ely) = z(c) —yle) < p(x) — o(y).
Thus, by Theorem 2.13,

*
-—<w

C  Cop(0) C X since, Dp(0) is weak*-closed.
Hence, C' is weakly compact. [

In the last part of this section we will show that under the assumptions of Theorem 2.13 the
function ¢ is in fact Fréchet differentiable at the points of a dense and G subset of A. This
is the needed ingredient for the proof of the “Abstract Variational Theorem”.

We shall proceed from here by investigating usco mappings that map from first countable
topological spaces into spaces where countably compact sets are compact.

Lemma 2.15. Let U : X — 2 be set-valued mapping acting from a first countable space
(X, 7x) into nonempty subsets of a topological space (Y,1y), and let xqg € X. Suppose that
every countably compact subset of (Y, 1y) is compact. Then the following are equivalent:

(i) U is a 1y-usco at xy € X,

(ii) every sequence (y, : n € N) in'Y such that y, € V(x,) for alln € N, for some sequence
(x,, :n € N) in X, converging to xq, has a Ty -cluster point in V().

Proof. (i) = (ii). Suppose that ¥ is a 7y-usco at xy € X and suppose that (y, : n € N) is
a sequence in Y and (z, : n € N) is a sequence in X such that y, € ¥(z,) for all n € N
and zg = lim,_,o ¥,. Fix n € N. Then {y, : n < k}TY NY(zg) # & because otherwise there
would exist an open neighbourhood N of x4 such that U(N)N{y, :n < k} ' = @. However,
this is impossible, since for k large enough (and certainly larger than n), xx € N. Thus,
{yp :n <k} NW(xy) # @. Since ¥(zg) is Ty-compact, we have, by the finite intersection
property, that (7, {yx :n < kY N WU(zg) # @. Therefore, (y, : n € N) has a my-cluster
point in W(x).

(ii) = (i). By assumption V(zq) # @. We will show that U(z) is 7y-compact. To this end,
let (y, : n € N) be a sequence in W(xy). Let (z, : n € N) be defined by, z, := z, for all
n € N. Then y, € ¥(z,) for all n € N and xy = lim,,_, z,. Therefore, (y, : n € N) has
a Ty-cluster point in W(xg). Thus, by assumption, W(x) is 7-compact. Next, let W be a
Ty-open set in Y, containing W(xg), and let (Uy : k € N) be a decreasing sequence of Tx-open
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neighbourhoods of z that form a local base for the 7x-topology at xy. We claim that there
exists an n € N such that U(U,) C W. Indeed, if this is not the case then there exist
sequences (yx : k € N)in Y and (24 : k € N) in X such that z) € Uy and y, € W(xp) \ W
for all £ € N. Then z¢ = limy_,o ; and so (yx : k € N) has a 1y-cluster point y., € V(zy).
However, this is impossible since {yx : £ € N} C Y \ W; which is 7y-closed. Therefore,
Yoo & W, which in turn implies that y,, & V(zy). Hence there must exist an n € N such
that W(U,,) € W. Thus, ¢ is a 7y-usco at zp. O

Theorem 2.16. Let A be a nonempty open convex subset of a Banach space (Y, ||-||) and let
Z be a subset of Y*. If p : A — R is a continuous convez function and Op(y)Nspan(Z) # &
for ally € A, and the o(Y, Z)-topology on By is compact and Hausdorff, then y — Op(y) is
a minimal weak-cusco on A.

Proof. Let yo € A. Since, y — 9p(y), is a weak*-cusco (see Proposition 2.4) we know that
Jp has nonempty convex images. To show that Jy is a weak-usco at 1y, we shall appeal to
Lemma 2.15. So let us first note that A is metrizable and hence first countable and secondly,
by the Eberlein-Smulian Theorem, [3, page 430], every weakly countably compact subset of
Y* is weakly compact. Therefore we may apply Lemma 2.15. To this end, let (2} : n € N) be
a sequence in Y* and let (y, : n € N) be a sequence in Y such that 2} € 0p(y,) for alln € N
and yo = lim,, o yn. Let C' 1= dp(yo) U {2z} : n € N}. Then C' is weak* compact and hence,
by the Uniform Boundedness Theorem [3, page 66|, bounded in Y*. Moreover, by Lemma
2.15, (2, : n € N) has a weak*-cluster point z* € Jd¢(yy) € C. Now, by Theorem 2.13,
C Cspan(Z) and so, by Proposition 2.10, C' is weakly compact. In particular, the weak and
weak® topologies must coincide on C'. Therefore z* € (1) is also a weak-cluster point of
(2 :n € N). This shows that dp(y) is a weak-cusco at yo. The fact that, y — Jdp(y), is a
“minimal” weak-cusco simply follows from the fact that every weak-cusco is a weak*-cusco.
Therefore, if ® : A — 2" is any weak-cusco such that Gr(®) C Gr(dp). Then ® is a
weak*-cusco such that Gr(®) C Gr(dy) and thus, from the minimality of dp, ® = dp. O

Corollary 2.17. Let A be a nonempty open convex subset of a Banach space (Y, ||-||) and let
Z be a subset of Y*. If p : A — R is a continuous convez function and Op(y)Nspan(Z) # &
for ally € A, and the (Y, Z)-topology on By is compact and Hausdorff, then the following
are equivalent:

span(Z) # & for ally € A;

)N

o(y) Cspan(Z) for ally € A;
YNspan(Z) # & for ally € A and y — 0p(y) is a minimal weak-cusco on A;
)

N
Cspan(Z) for ally € A and y — Op(y) is a minimal weak-cusco on A.

Proof. (i) = (ii) follows from Theorem 2.13. (ii) = (iii) follows from Corollary 2.16. (iii) =
(iv) follows from Theorem 2.13. (iv) = (i) is trivial. O

For the last two results of this section we will need the following definition.

Let @ : X — 2 be a set-valued mapping acting between a topological space (X,7) and
a normed linear space (Y, || - ||). The set-valued mapping ® is said to be single-valued and
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norm-upper semicontinuous at xy € X if, ®(xg) = {yo} is a singleton and for each 0 < ¢
there exists an open neighbourhood U of x, such that ®(U) C Blyo, €.

Theorem 2.18 ([2,5]). Suppose that ® : M — 2% is a minimal weak-cusco acting from a
complete metric space (M, d) into subsets of a Banach space (X, ||-||). Then ® is single-valued
and norm-upper semicontinuous at the points of a dense and Gs subset of M.

Corollary 2.19. Let A be a nonempty open convex subset of a Banach space (Y, ||-||) and let
Z be a subset of Y*. If p : A — R is a continuous convex function and 0p(y) Nspan(Z) # &
forally € A, and the o(Y, Z)-topology on By is compact and Hausdorff, then y — 0p(y) is
single-valued and norm-upper semicontinuous at the points of a dense and Gs subset of A.
Equivalently,  is Fréchet differentiable at the points of a dense and Gs subset of A.

Proof. This follows directly from Theorem 2.16 and Theorem 2.18. The fact that the con-
clusion of this result is equivalent to ¢ being Fréchet differentiable at the points of a dense
and Gy subset of A follows from [12, Proposition 2.8]. [

3 The Variational Theorem

Let X be any nonempty set and let Y C R¥. Throughout this section the family Y of
real-valued functions (i.e., the set of all perturbations) will be considered with pointwise
addition, pointwise scalar multiplication and with a complete norm || - ||, whose topology on
Y is at least as strong as the 7,(X) topology on Y. We emphasise here, right at the outset,
that there is at most one norm || - ||, up to equivalence of norm, that can be placed on Y
with this property. In this way, we see that the norm on the set Y, of all perturbations, is
completely determined by the set Y itself.

Proposition 3.1. Let X be a nonempty set and let Y C RX. If (V.|| - |l1) and (Y| - |2)
are both Banach spaces, under pointwise addition and pointwise scalar multiplication and the
topologies of both || - ||1 and || - ||2 are at least as strong as the 7,(X)-topology on Y, then
|- |l1 and || - ||2 are equivalent norms. (i.e., there is at most one complete norm on'Y (up to
equivalence of norm), whose topology is at least as strong as 7,(X)).

Proof. Suppose that (Y, || - |l1) and (Y,] - ||2) are Banach spaces and that the topologies of
both norms || - ||; and || - || are at least as strong as 7,(X). Then consider the identity
mapping I : Y — Y. Note that since the 7,(X)-topology on Y is Hausdorft,

Gr(l) = Ay ={(z,y) e Y xY :x =y}

is closed in Y x Y, when Y X Y is equipped with the product topology generated by 7,(X).
Hence, Gr(7) is closed in Y x Y, when Y x Y is endowed with the product topology generated
by (Y, | - |l1) and (Y, - ||2). Therefore, since I : Y — Y is linear, we have by the Closed
Graph Theorem [3, page 57] that I : (Y,||-]1) = (Y, || - ||2) is bounded. Of course, the same
argument applies to I : (Y,||-|l2) = (Y, ||-]]1) and so the norms || -||; and || ||2 are equivalent.
This completes the proof. [
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In the setting described above, it is possible to consider the canonical mapping = : X — Y™*
defined by, (y) := y(z) for all y € Y. Note that this mapping is well-defined since for
each z € X, the mapping ¥ : ¥ — R is linear and 7,(X)-continuous, and hence norm
continuous, since we are assuming that the norm topology on Y, is at least as strong as the
7,(X)-topology on Y.

Next, we consider the function py : X x X — R defined by

py(x,2) = | = 2| = sup{ly(z) — y(2)| : y € By }.

It is not hard to see that py is pseudo-metric on X and if Y separates the points on X then
it is a metric on X. Furthermore, the topology induced by the pseudo-metric py on X is
always at least as strong as the o(X,Y)-topology on X.

Now, we shall say that a function f : X — [—o0,00) attains (or has) a strong mazimum at
xo € X, with respect to py, if

f(zo) =sup f(x) and  lim py(z,,29) =0
zeX n—0o0

whenever (z,, : n € N) is a sequence in X such that

lim f(zn) = sup f(z) = f(z0)-

zeX

In order to expedite our results on maxima we shall utilise the theory of conjugates, but first
let us recall that: (i) for any function f: X — RU {oo} defined on a nonempty set X

Dom(f) :={x € X : f(z) < oo}
and (ii) a function f: X — R U {oo} is said to be a proper function if Dom(f) # @.
Let X be an arbitrary set and Y C R¥X. For a proper function f: X — RU {cc}, the
conjugate, fy Y — RU{oo} is defined by,

fy(v) rzilel)g(y—f)(fv)z sup  (y — f)(x).

z€Dom(f)

Our results on conjugate mappings depend upon the notion of e-derivatives. So next we give
the definition of an e-subderivative.

Suppose that f: X — R U {oo} is a proper function on a normed linear space (X, || -||) and
x € Dom(f). Then, for any 0 < &, we define the e-subdifferential 0. f(x) by,

O-f(x) :=={a" € X" : 2" (y) — 2" (z) < f(y) — f(z) + ¢ for all y € Dom(f)}.

Before we prove the main proposition for this section we first need to recall that bounded
above convex functions, are in fact, locally Lipschitz.

Proposition 3.2 ([12, Proposition 1.6]). Let A be a nonempty open conver subset of a
Banach space (X, ||-||) and let ¢ : A — R be a convex function. If ¢ is locally bounded above
on A, that is, for every xy € A there exists an 0 < M and a 0 < § such that B(xg,d) C A and
o(x) < M for all x € B(xo,d), then it is locally Lipschitz on A; that is, for every xo € A,
there exists an 0 < L and a 0 < § such that B(zo,d) C A and |o(x) — ¢(y)| < L||lz — y|| for
all x,y € B(xo,9).
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For any function f: X — RU {—oc0} defined on a nonempty set X we define

argmax(f) :={zr € X : f(y) < f(z) for all y € X}.

Proposition 3.3. Let f: X — RU{oo} be a proper function defined on a nonempty set X
and let (Y, || - ||) be a Banach space of real-valued functions defined on X. Suppose that the
norm-topology on'Y is at least as strong as the 1,(X)-topology on'Y . Then the conjugate f5
satisfies the following properties:

(i) fy is a convex and 7,(X)-lower semicontinuous function on Dom(fy);

(iii
(iv

(v

)
)
)
)

(i) fy is continuous on int(Dom(fy));

If y € Dom(fy) and z € argmax(y — f) then T € 0f3(y);
If0<e,y€ Dom(fy), x € X and fi(y) —e < y(x) — f(z) then T € O-f5(y);

If yo € int(Dom(fy)), xo € argmax(yo— f) and y — Of3(y) is single-valued and norm-
upper semicontinuous at yo, then yo — f has a strong mazximum at xq, with respect to

Py -

Proof. For those people familiar with the Fenchel conjugate, they may wish to skip the proofs

of (i)-(iv).

(i)

For each € Dom(f) define g, : Y — R by, ¢.(y) := Z(y) — f(z). Then each function
gz is 7, (X)-continuous and affine. Now for each y € Y,

Fry) = suwp g:(y).
€Dom(f)
Thus, as the pointwise supremum of a family of 7,(X)-continuous affine mappings, the
conjugate of f, is itself convex and 7,(X)-lower semicontinuous. [Recall the general fact
that the pointwise supremum of a family of convex functions is convex and the pointwise
supremum of a family of lower semicontinuous mappings is again lower semicontinuous].

Since this statement is vacuously true when int(Dom(f;)) = &, we will assume that
int(Dom(fy)) is nonempty. Let us first recall that by Proposition 3.2, the fact that
fy is convex and the fact that int(Dom(f;)) is also convex, it is sufficient to show
that fy is locally bounded above on int(Dom(f5)). In fact, as we shall now show, it is
sufficient to show that f; is locally bounded above at a single point yo € int(Dom(f5)).
To this end, suppose that f; is locally bounded above at yo € int(Dom(f;:)). Then
there exist an 0 < M and a 0 < 0 such that f;(y) < M for all y € Blyo,d]. Let
x be any point in int(Dom(f;)). Since int(Dom(f;)) is an open convex set, there
exists a point y € int(Dom(f;)) and a 0 < A < 1 such that z = Ay + (1 — A)yo. Let
M* := max{M, f;(y)} and note that

x € Blz, (1-X)d] = Ay+(1—X)Blyo, 0] C int(Dom(fy)), since int(Dom(f;)) is convex.

We claim that f; is bounded above by M* on B[z, (1 — X)d]. To see this, let z be any
element of B[z, (1 — \)d]. Then z = Ay + (1 — N)w for some w € By, d] since,

Blz, (1-X)d] = 2+ (1—=X)B[0,6] = Ay+(1—=N)yo+ (1 —A) B0, ] = Ay+(1— ) Blyo, 9].
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(i)

(iv)

Therefore,
fr(2) = Oy + (1= Nw) < Af(y) + (1= N fr(w) S AM* + (1= \M* = M*.

Next, we will use the fact that since int(Dom(f;)) is a nonempty open subset of a
complete metric space, it is itself a Baire space with the relative topology. Now, for
each n € N, let
F, :={z € int(Dom(fy)) : fy(x) <n}.

Since fy is 7,(X)-lower semicontinuous, it is lower semicontinuous with respect to the
norm topology too. Therefore, each set F), is closed with respect to the relative norm
topology on int(Dom(fy)). Since int(Dom(fy)) = U, ey Fn, there exists an ng € N
such that int(F,,) # @. Hence, f; is locally bounded above at each point of int(F},,).
This completes the proof of part (ii).

Let z be any element of Dom(f;). Then,

w(z) —2(y) = z(x) —y(x)
= [2(z) = f(@)] = ly(2) = f(2)]
[2(z) = f(@)] = [y (v) < v (2) = fy ().

z

- 5
= — f(
Therefore, 7 € 0f (y).
Let z be any element of Dom(f). Then,
() =) = #x) —y(@) = () — F@)] — ly(e) — F()
< @) = f@)] = y(w) —e < /7 (2) = [y () + e
Therefore, T € 0. f5(y).

Let (z, : n € N) be a sequence in X such that

lim (yo — f)(2a) = ig}g(yo — @) = 5 ().

n—oo

We will show that (z,, : n € N) converges to xg, with respect to the metric py. Let
0 < eandlet 0 <& <e/2. By (iii) and the assumption that Jdf; (yo) is a singleton
we have that df5(yo) = {Zo}. Since, y — 9f;(y), is norm-upper semicontinuous at yo
there exists a 0 < ¢ such that if ||y — yo|| < 0 then ||F — zp|| < ¢’ for all F' € 0f5(y).
Choose N € N such that fy(yo) — €0 < (yo — f)(z,) for all N < n. Then, by (iv),
T € Oursfy-(yo) for all N < n. Fix N < n and let v € Sy. Then
Tn(60) — To(0v) < [fy(yo + 0v) = fy(yo) +€'0] — To(bv). (%)
Let F' € Ofy(yo + dv) then,

F(—0v) < fy(yo) — fy(yo + 6v)

or, equivalently,
fy (o +6v) — fi(yo) < F(dv). (%)
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Substituting the inequality (%) into the inequality (%) we get that
Tp(00) — Zo(0v) < (F — Zp)(dv) + 0 < ||[F — o] - 6 +€'0 < &'d + 0.

Hence, (,—Zo)(v) = Tp(v)—Zo(v) < 26’ < e. Since v € Sy was arbitrary, ||z, —Zo|| < e
and 50 py (it 20) = [T — Fol] < &

This completes the proof. [

Theorem 3.4 (Abstract Variation Theorem). Let f : X — R U {oo} be a proper function
defined on a nonempty set X and let (Y,|| - ||) be a Banach space of real-valued functions
defined on X. Suppose that the norm-topology on'Y is at least as strong as the 7,(X)-topology
on'Y and that By is 1,(X)-compact. If there ezists a nonempty open subset of A of Dom(fs)
such that argmaz(y — f) # & for each y € A, then there exists a dense and Gg subset of R
of A such that (y— f) : X = RU{—00} has a strong mazimum, with respect to py, for each
y€eR.

Proof. Let Z := X C Y*. Then o(Y,Z) = 1,(X) and so the o(Y, Z)-topology on By is
compact and Hausdorff. Furthermore, by parts (i) and (ii) of Proposition 3.3, it follows that
fy|la: A — Ris a continuous convex function on A. Let us also note that by Proposition 3.3
part (iii) that O(f5|a)(y) N Z # @ for all y € A. Hence, by Corollary 2.19, y — O(fy]4)(vy)
is single-valued and norm-upper semicontinuous at the points of a dense and G subset R of
A. The result now follows from Proposition 3.3 part (v). O

In order to see the utility of Theorem 3.4 we need to see that the hypotheses of this theorem
are indeed satisfied by some Banach spaces. So below we give some obvious examples of
Banach spaces where all the assumptions of Theorem 3.4, (i.e., the norm-topology on Y is at
least as strong as the 7,(X)-topology on Y and the ball By is compact with respect to the
7,(X)-topology) are satisfied. We emphasise that this is not an exhaustive list, but rather,
only a small collection of examples.

Example 3.5.

(i) Let (X, -]|) be a normed space and let (Y, || -||) be the dual of X endowed with with the
dual norm. Note that in this example, by the Hahn-Banach theorem, py(x,y) = ||z — y||.

(i1) Let (X,d) be a metric space, with a distinguished point xy. Let'Y := Lip,(X) be the set
of all (possibly unbounded) Lipschitz functions from X to R that vanish at xo, endowed with
the Lipschitz norm

f(x) = f(y)

d(z,y)
Note that in this example, by a simple calculation, py(x,y) = d(x,y).

(iii) Let X be a nonempty set and let Y := B(X) be the set of all bounded real-valued functions
endowed with supremum norm || - ||oo-

(iv) Let X := [a,b] and Y := BV/[a.b] be the Banach space of real-valued functions with

bounded variation, endowed with the bounded variation norm

| fllBv :=sup{d i | f(x;) — f(xic1)| : {@i : 0 =0,...,n} is a partition on [a,b]} + |f(a)].

T sup{

16



(v) Let (X, d) be a metric space and let Y := BL(X) be the set of all real-valued bounded and
Lipschitz functions on X, endowed with the norm || - ||sz :== || - |z + 1| - |loe-

From Theorem 3.4 and Example 3.5 part(i) we obtain the following notable special case of
the Abstract Variational Theorem.

Corollary 3.6. Let f : X — RU{oo} be a proper function on a normed linear space (X, ||-]|)-
If there exists a nonempty open subset A of Dom(f%.) such that argmaz(x*—f) # & for each
x* € A, then there ezists a dense and G5 subset R of A such that (z*—f) : X — RU{—o00} has
a strong maximum, with respect to the norm-topology, for each x* € R. In addition, if 0 € A
and 0 < ¢ then there exists an xf € X* with ||z§|| < e such that (zj — f) : X - RU{—o0}
has a strong maximum, with respect to the norm-topology.

If we impose some stronger assumptions upon the function f: X — R U {oco} then we may
extract more information about the mapping, z* — argmax(z* — f).

For example, if f: X — R U {oo} is a proper convex lower semicontinuous function defined
on a Banach space (X, | - ||), 2" € Dom(f%.) and (x, : n € N) is any sequence in X such
that

lim (z* — f)(z,) = sup(z* — f)

n—oo zeX

then clyeax(, : n € N) C argmax(z* — f), i.e., all the weak-cluster points of (z, : n € N) lie
in argmax(z* — f).

Corollary 3.7. Let f : X — RU {oo} be a proper convex lower semicontinuous function
defined on a Banach space (X, ||-||). If there exists a nonempty open subset A of Dom(f%.)
such that argmazx(x* — f) # & for each z* € A, then the mapping, x* — argmazx(z* — f),
is a minimal weak-cusco on A.

Proof. Let xf € A. By assumption we know that, z* +— argmax(z* — f), has nonempty
convex images. To show that z* — argmax(z* — f) is a weak-usco at xj we shall appeal to
Lemma 2.15. So let us first note that A is metrizable and hence first countable and secondly,
by the Eberlein-Smulian Theorem [3, page 430], every weakly countably compact subset of
X is weakly compact. Therefore, we may apply Lemma 2.15. To this end, let (z, : n € N)
be a sequence in X and let (2 : n € N) be a sequence in A such that x,, € argmax(x} — f)
for all n € N and «fy = lim,,_,, . By Proposition 3.3 part (iii), z,, € df%.(x}) for all n € N.
Let YV := X* and let Z := X C X**. Then o(Y, Z) = weak" and so the o(Y, Z)-topology
on By is compact and Hausdorff. Furthermore, by parts (i) and (ii) of Proposition 3.3, it
follows that fy-|4 : A — R is a continuous convex function on A. Let us also note that by
Proposition 3.3 part (iii) that O(fy[a)(z*) N Z # @ for all 2* € A. Hence, by Corollary
217, * — Of%.(x*) is a minimal weak-cusco from A into 2%. Therefore, by Lemma 2.15,
(Zn : n € N) has a weak-cluster point T, in df%.(z5) € X. Thus, it follows, that 2o is a
weak-cluster point of (z, : n € N). We now need to show that z., € argmax(zf — f). Fix
n € N. Then,

fxr(ag) = Nlag = apllllanll < (25, = F)(wn) + (25 — 27) (20)
= (2= f)(zn)

< [y (). (*)
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Now, (z, : n € N) is bounded, since (i) ||z,|| = ||Z,| and T, € df%.(z*) for all n € N and
(ii) «* — Of %« (") is locally bounded, by Proposition 2.5. Furthermore, by Proposition 3.3
part (ii), * — f¥.(2*), is continuous at x. Therefore, by the Squeeze Theorem, applied to
(%), we get that

lim (g — f)(xn) = fx-(27)-

n—0o0

Thus, by the observation made before this corollary, we have that z,, € argmax(xz§ — f).
This shows that, z* — argmax(z* — f), is a weak-usco at zj. Since o € A was arbitrary,
we conclude that, x* +— argmax(z* — f), is a weak-cusco on A. The fact that, z* —
argmax(z* — f), is a “minimal” weak-cusco follows from the following argument. Suppose
that ® : A — 2% is a weak-cusco such that ®(z*) C argmax(xz* — f) for all z* € A. Let
& : A — 2% be defined by, ®(z*) = ®(z*) for all 2* € A and ¥ : A — 2¥ be defined
by, ¥(z*) := {7 : x € argmax(z* — f)} for all z* € A. Then, by Proposition 3.3 part
(iii), ®(z*) C W(z*) C df%.(z*) for all z* € A. Further, ® is a weak-cusco (and hence
a weak*-cusco). Since, z* — Jf%.(z*), is a minimal weak*-cusco on A (see, Proposition
2.4) we must have that ®(z*) = ¥(z*) = 8f%.(z*) for all z* € A. This then implies that
O(2*) = argmax(z* — f) for all 2* € A. That is, 2* — argmax(z* — f), is a minimal
weak-cusco on A. [
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