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Abstract

Abstract. We generalize the Plesken-Fabianska La-quotient algorithm for finitely presented groups
on two or three generators to allow an arbitrary number of generators. The main difficulty lies in a
constructive description of the invariant ring of GL(2, K) on m copies of SL(2, K) by simultaneous
conjugation. By giving this description, we generalize and simplify some of the known results in
invariant theory. An implementation of the algorithm is available in the computer algebra system
MAGMA.
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1 Introduction

The Plesken-Fabianska Lo-quotient algorithm [PF09] takes as input a finitely presented group G on two
generators and computes all quotients of G which are isomorphic to PSL(2, ¢) or PGL(2, ¢). The algorithm
finds all possible prime powers ¢, and also deals with the case when there are infinitely many. This was
adapted by Fabiariska [Fab09] to allow finitely presented groups on three generators. In particular, the
algorithm can decide whether G has infinitely many quotients isomorphic to PSL(2,q) or PGL(2,q), so
in some cases it can be used to prove that a finitely presented group is infinite. This has been applied
for example in [CHN11]. In this paper, we generalize the algorithm to allow finitely presented groups on
an arbitrary number of generators.

The method of Fabianiska and Plesken uses the character of representations F» — SL(2, K'), where F
is the free group of rank 2 and K is an arbitrary field. The character is fully determined by the traces of
the images of the two generators of F» and their product. This observation goes as far back as to Vogt
[Vog89] and Fricke and Klein [FK65]. Horowitz [Hor72] gives a rigorous proof of this fact, and generalizes
it to representations F,,, — SL(2, K) for an arbitrary m, by proving that a character is fully determined by
2™ —1 traces. While the traces for m = 2 are algebraically independent (that is, for every choice of traces
for the images of the two generators and their product, there always exists a representation with these
traces), this is no longer true for m > 2. The problem is thus to describe all relations between the traces,
or equivalently, to give a presentation for the invariant ring K[SL(2, K)™]%“25) where GL(2, K) acts
on m copies of SL(2, K) by conjugation. Furthermore, we need this description to be independent of the
characteristic of the field K. This problem has a long history. Procesi [Pro76] proves that the invariant
ring K [(K™*™)™] LK) is finitely generated if K has characteristic zero, and Donkin [Don92] generalizes
this to arbitrary fields K. However, their results are non-constructive. Procesi [Pro84] gives an implicit
description of the invariant ring C[(C?*2)™]S2.C) and Drensky [Dre03] gives an explicit description,
however, their results are not valid for fields of characteristic 2. Magnus [Mag80] uses Horowitz’s results
to to give a description of the quotient ring of the invariant ring.

We will use the approach of Horowitz and Magnus to get a partial description of the invariant ring.
The methods are constructive and the arguments are shorter than the original arguments; at the same
time we get more precise results, needed for the algorithm. This theory is developed in Section 2.
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Sections 3—7 are adaptations of [PF09], where we have to generalize results on characters and traces to
work for arbitrarily many generators. Up until the end of Section 7, all results assume that representations
restricted to the subgroup generated by the first two generators is absolutely irreducible. The results
in Section 8 show how the general case can be reduced to this special case. In Section 9, a new test to
recognize epimorphisms onto Ay, S4, and Aj is developed, since the test described in [PF09] is inefficient
for more than two generators. Section 10 describes the proper notation and theory to deal with an infinite
number of Lo-quotients. The algorithm is given in Section 11, with several examples in Section 12.

2 Fricke characters

Througout the paper, K is an arbitrary field and m > 2 an integer, unless specified otherwise. In this
section, we adopt the following notation.

Notation 2.1. Given matrices Ay,..., A, € SL(2,K) and a list 41,...,4; € {%1,...,+m}, we set
iy, i = tr(As -+ A;,), where A_; = Ai_1 forie{l,....m}. I ={iy,...,ix} C{1,...,m} with
I <tg < - < ik, then t; := til,-~~7ik'

Let Ay, As, A3 € SL(2, K). The traces satisfy the following basic identities.

t1,1,2 = t1t1,2 — to, (1)
to1o=tity —t1, 2)
t1,2,1,3 = t1,2t1,3 + t23 — tats, (3)
t1,3,2 = —t1,2,3 + tita 3z + tat1 3 + t3t1,2 — t1tals. (4)

The first two identities are easy consequences of the Cayley-Hamilton Theorem, and the others are easy
consequences of the first two (for (3) consider tr((A;Ag)?(A; " A3)); for (4) consider tr(A; (A5 A3)) =
tI‘((AgAl)ilAg)).

We first prove that all traces of words in the A; are consequences of the t; with ) # 1 C {1,...,m}.
This was already observed by Vogt [Vog89] and later by Fricke and Klein [FK65]. The first rigorous proof
of this fact was given by Horowitz [Hor72], and a shorter proof by Fabianiska and Plesken [PF09).

Let F,, be the free group of rank m, generated by g1, ..., gm-

Theorem 2.2 ([Hor72, Theorem 3.1], [PF09, Lemma 2.1]). Let X,,, :={zr |0 # 1 C {1,...,m}} be a
set of indeterminates over Z. For every w € F, there exists a polynomial T(w) € Z[X,,], such that for
every field K and every m-tuple A = (A4,...,A,) € SL(2, K)™,

tr(w(Ay, ..., An)) = ea(r(w)),
where € 4: Z[X.] — K is the evaluation map which sends xy to tr.

Since the proof in [Hor72] is lengthy, and the result in [PF09] is not as general, we present a short
proof here in its entirety. The basic idea is that of [PF09, Lemma 2.1].

Proof. We assume that w is freely and cyclically reduced and proceed by induction on the length of w.
If w is conjugate to g; 'w’ for some w' € F, of length |w| — 1, set 7(w) = 7(g;w’) — 7(g;)7(w'). Thus
we may assume that all exponents of w are positive. If w is conjugate to g;w’g;w” for some w', w” € F,
with |w'| + |w"| = |w| — 2, set T(w) = T(g;w")T(g;w") + T7(wW'w") — 7(W')T(w"). We are left to deal with
the case where w is of the form w = g;, - - - g;, where the ¢; are pairwise distinct. We may assume i1 < ;
for all j € {2,...,k}. The case i < --- < i) is the induction basis, so there is nothing to do. Otherwise,

let j be the smallest index with ; > d;41. Set w1 = g -~ gi;_,, w2 = gi;, and w3 = gi, ., "+ iy,
$0 w = wywows. By equation (4) we may set 7(w) := —7(wiwsws) + 7(w1)T(wows) + 7(we)T(wrws) +
T(w3)T(wrwse) — 7(wy1 )7 (w2)7(ws). Either wiwsws is of the desired form, or we repeat this process. This
terminates after finitely many steps. O



We call 7(w) the trace polynomial of w. If n > 2, then 7(w) is not unique. For example, define the
Fricke polynomial

2
¢($17I2,I3, T12,213,T23, 17123) = Tig3 + (1’1152503 — L1723 — T2T13 — 5631’12)17123

2 2 2 2 2 2
+ 27 + x5 + T3 + T]p + T3 + Ty3 — T1T2T12 — T1T3T13 — T2T3T23 + T12T13T23 — 4.

Then €4(¢p) = 0 for every choice of A. Proofs appear for example in [Hor72, Section 2] and [Mag80,
Lemma 2.2]. We will see below that ¢ is simply a determinant condition (see Proposition 2.4 and
Corollary 2.5).
A lot of effort has been put into describing all polynomial relations between the traces. More precisely,
let
I, :={f € Z[X\,] | ea(f) =0 for all Ay,..., A, € SL(2,C)}

and @, := Z[X,,]/ L, the ring of Fricke characters. It is easy to see that £ 4(f) = 0 for all A € SL(2, K)™,
so the role of C is not special. Horowitz [Hor72, Theorem 4.3] proves Is = (¢), and Whittemore [Whi73,
Theorem 1] proves that I,, is not principal if m > 4. Magnus [Mag80, Theorem 2.1] shows that ®,, can
be embedded into a finitely generated extension field of Q of transcendence degree 3m — 3. Note that
®,, ®7 C is isomorphic to the invariant ring C[SL(2,C)™]GH(2C) Procesi [Pro84] gives a description of
the invariant ring C[(C2*2)™]S(20) and an explicit presentation of the invariant ring with generators
and relations is given by Drensky [Dre03, Theorem 2.3]. However, these results are not valid for fields of
characteristic 2, and hence cannot be applied to describe ®,,.

Our first aim is to partially describe ®,,,; we give a presentation of a localisation of ®,,, which will be
enough for our algorithmic applications. By doing that, we will also find new and shorter proofs of some
of the results mentioned above.

We will use the following basic result.

Proposition 2.3 ([Mac69, Theorem 2], [Mag80, Equation (2.7)], [BH95, Proposition 4.1], [PF09, Proposi-
tion 3.1]). Let A = (A1, Ag) € SL(2, K)2. Then (A1, As) is absolutely irreducible if and only if (t1,ta,t12)
is not a zero of

pi=a2 4+ 22+ 22, — z1x0mys — 4.

This is based on the fact that (A1, As) is absolutely irreducible if and only if (Is, A1, Ag, A1 As) is a
K-basis of K2*2 (see for example [PF09]), a result which we will also use several times.

The main result in this section shows that two matrices A, Ao uniquely determine an arbitrary matrix
by the specification of four traces; it also shows that the Fricke polynomial is really a determinant condi-
tion. The basic idea of the proof has already been used by Brumfiel and Hilden [BH95, Proposition B.4].

Proposition 2.4. Let A;, Ay € SL(2,K) such that (A1, As) is absolutely irreducible, and let i >
3. Given T;, Ty, Toi, Tio; € K, there exists a unique A; € K?*2 such that t; = Ty for all I €
{{i},{1,4},{2,i},{1, 2,4} }. Moreover, det(A;) =1 if and only if p(t1,...,t12;) = 0.

More precisely, let

. 2 2 2
)\0 = (Il + 1’2 + 1'12 — T1T2XT12 — Q)Iz — T1x1; — T2X2; =+ (mlIg — 1‘12)I12i7

.
Al 1= =@ — TaZ12; + T12%2 + 2215,
i
Ay 1= —ToX; — T1%12; + T12%15 + 2294,
i )
Alg 1= —T1%2; — T2T1; — TiT12 + T1T2T; + 2T 1243

set A] = )\iI(tl,tg,n,t127T1i7TQi,T12i) fOT’ I S {{O}, {1}, {2}, {1,2}} Then

1
Ai = m(Ao[Q + A1A1 + A2A2 —+ A12A1A2).
Proof. Since (A, As) is absolutely irreducible, (I, A1, A, A1 Ag) is a K-basis of K2*2. Thus if A; exists
as in the statement, then A; = polo+ g Ay + po Ao + pi12 Ay As for some p; € K. Multiplying the equation



from the left by the matrices I, A1, Ao, A1 A5 and taking traces shows that the p; are the unique solution
of

2 i t2 t12 Ho T;
1 t2—2 12 t1t12 — to pr || T
12 12 3—-2  totin—t pe || T |
tie titio —ta totin—t1  ti, —2 H12 T12;

which is given by p; = A;/p(t1,t2,t12). This proves the uniqueness and existence of A;. It remains
to show the determinant condition. We use the idea of [PF09, Proposition 3.1]. Let a be a root of
X2% — ;X + 1; by enlarging K if necessary, we may assume a € K. Let v; € K?*! be an eigenvector of
A; with eigenvalue a. Set vy := Agvy, and let M € GL(2, K) be the matrix with columns v; and vy. Set
Bj:=M~'A;M for j € {1,2,i}. Then

_ (o tala—t1) +ti (0 -1
Bl—<0 t—a ) and BQ—(I t2>.
Since B; = 1/p(t1,t2,t12)(Aol2 + A1 B1 + A2 Bs + A12B1Bs),

O(t1, ... t12:) + p(t1, ta, t12)
p(t1,t2,t12)

which concludes the proof. O

)

Corollary 2.5. Let Ay, As, A5 € SL(2, K). The t; satisfy the Fricke relation, that is, ¢(t1,...,t123) = 0.

Proof. We may assume without loss of generality that K is algebraically closed. By Proposition 2.4, the
statement is true for the Zariski-open subset

U = {(A1, Az, A3) € SL(2, K)* | p(tr(Ar), tr(A2), tr(A1 A2)) # 0},
so by continuity, it is true for all elements in SL(2, K)3. O
The following is a generalization of [Mag80, Theorem 2.2] and [PF09, Proposition 3.1]. Set
T ={{i} |1 <i<m}uU{{i,j}|1<i<2/i<j<m}U{{l,2,k}|3<k<m}.
Corollary 2.6. Let Ty € K for I € 1,, such that
p(Th,T5,T12) #0 and (T, To, T, T12, Thk, Tok, Thok) = 0 for all 3 < k < m.

Let L be the splitting field of X> — ThX + 1 € K[X]. There exists A = (A1,...,Ay) € SL(2,L)™ such
that t; =Tt for all I € T,,, and A is unique up to conjugation by GL(2,L).

There exists A € SL(2, K)™ such that t; =Ty for all I € I, if and only if p(T1, T2, T12) = Ny k(2)
for some z € L. In this case, A is unique up to conjugation by GL(2, K).

Proof. By [PF09, Proposition 3.1], there exists A’ := (A1, Ay) € SL(2,L)? with t; = Ty, to = Ty, and
ti2 = Tia; furthermore, A’ is unique up to L-equivalence, and A’ exists in SL(2, K)? if and only if
p(T1,T>,T12) is a norm, in which case A’ is unique up to K-equivalence. By Proposition 2.4, the choice
of A’ and the T} uniquely determines the matrices As, ..., A.,. O

This result implies that the traces t; with J ¢ Z,,, can be expressed in the traces t; with I € 7, if
p(t1,t2,t12) # 0. The next result gives the precise formulae.

Proposition 2.7. Let Ay,..., A, € SL(2,K). Let3 <i<nand 0 # j C{i+1,...,n}. The tuple
t=(;|0#1C{l,...,n}) is a zero of the polynomials

Ao + A1 4+ Asrgj + Ajpwia)),

M1+ AL (@1215 — 35) + Myw12; + Ao (212125 — 225)),

zijp = (

T1igpP — (

Toiip — ()\6.’1)2]‘ + /\ﬁ(—xlgj + z129; + T2z + T;T12 — T1X2T;) + )\;(1‘21'2]‘ —z;)
+ No(z1279; — 2125 + 715)),

T12i5p — (NgT12j + AL (T12T15 — Takj + To5) + Ay(Tam12; — T15) + Ao (T127125 — T5)).



Proof. Tt is enough to prove the statement if p # 0 (see proof of Corollary 2.5). By Proposition 2.4,
we see A; = Aolo + A1 A1 + Ay Ay + Ao A1 Ay Multiplying from the right by A; and from the left by
15, Ay, As, A1 Ao and taking traces yields the result. O

For a ring R and r € R, let R, denote the localisation of R at the set {1,7,72,...}. While we do not
have an explicit description of the ring ®,, of Fricke characters, we have one for a localisation of ®,,.

Corollary 2.8. Let
q);n = (Z[{l?] | Ie Im]/<¢1237 sy ¢12m>)ﬂ7
where ¢12; = ¢(x1, X2, T;, T12, T1i, T2i, T12;) for 3 < i < m and p := p(x1,x2,212). The ring homomor-

phism @], — (®,,), defined by x; — x1 is an isomorphism.

Proof. Define a ring homomorphism a: Z[z; | I € Z,,,] = (®,,), by mapping «; to ;. By Proposition 2.7,
«a is surjective, and by Proposition 2.4, « factors over ®/ . But Proposition 2.4 also shows that the induced
map is injective (see also Corollary 2.6). O

Corollary 2.9 ([Mag80, Theorem 2.1]). The quotient field of ®,, is isomorphic to a (m—2)-fold quadratic
extension of a rational function field of trancendence degree 3m — 3 over Q.

3 Trace tuples

The ultimate goal is to get a bijection between prime ideals of ®/ and equivalence classes of representa-
tions Fy, — SL(2, K), where K ranges over all fields.

Definition 3.1. A tuple t = (t; | I € Z,,,) € KT is a trace tuple if
p(ti,t2,t12) #0 and  ¢(t1,t2,ti, ti2, tii, tai, t12;) = 0 for all 3 <@ < m.

If A € SL(2, K)™ such that (A;, As) is absolutely irreducible, then the traces t; = tr(A4;, --- A;, ) for
I={iy < - <ip} €I, form a trace tuple. We call this the trace tuple of A, and A a realization of t.
The tuple (t; |0 # J C{1,...,m}) is the full trace tuple of A.

Definition 3.2. Let I' be a group generated by 71, ..., vm. Let

R(T,K) :={A: T — SL(2,K) | Ay is absolutely irreducible}.

71,72)

Remark 3.3. The set R(F,,, K) is in bijection to the set of matrices A € SL(2, K)™ such that (A;, A3)
is absolutely irreducible, so we may talk about trace tuples of A and regard representations as realizations
of trace tuples.

We will first prove the results for finite fields and then generalize to arbitrary fields.

3.1 Finite fields

Definition 3.4. Let ¢,t' € Fgm be trace tuples. Let L and L’ be the subfields of F, generated by ¢
and t', respectively. We say that ¢t and ¢’ are equivalent if there exists an isomorphism «: L — L’ such
that a(t;) = a(t)) for all I € Z,,.

Remark 3.5. By Corollary 2.6, every trace tuple t € Fgm has a realization A € SL(2,F,)™.

Let t € Fgm be a trace tuple. Define a ring homomorphism «;: ®/, — F, by ay(z;) := t; for I € Z,,.
Then P; := ker(«;) is a maximal ideal of @/ .

Conversely, let P € MaxSpec(®/,), where MaxSpec(®/,) denotes the set of maximal ideals of @/, .
Let Fy = @), /P, and set (tp); := 1 + P € Fy for I € I,,,. Then tp := ((tp)r | I € I,,) € FZm is a trace
tuple.

Theorem 3.6. The maps P +— tp and t — P, induce mutually inverse bijections between MaxSpec(®! )
and the set of equivalence classes of trace tuples over finite fields.



Proof. Let P € MaxSpec(®),,). Since ay, (x;) = z; + P by definition, we sce P = P;,. Now let t € FZm
be a trace tuple; we may assume that F is generated by ¢. Then @/, /P, is a field with ¢ elements. Define
a homomorphism Fy — @/, /P, by t; — x; + P,. By definition of P, this is well-defined and it is clearly
surjective, hence an isomorphism; it maps ¢ to tp,, so t is equivalent to tp,. O

If ¢|¢’, then we can embedd R(F),,F,) into R(F,,,Fy ), and we can embedd R(F,,,F,)/T'L(2, q) into
R(Fp,Fq)/TL(2,q") (where I'L(2, ¢) acts on R(F,,,F,) by composition).

Corollary 3.7. There is a bijection between MaxSpec(®7,,) and U, R(Fm,Fq)/T'L(2,q), where q ranges
over all prime powers.

Proof. This follows by Theorem 3.6 and Corollary 2.6. O

3.2 Arbitrary fields

Definition 3.8. Let K and K’ be fields. Let t € KZm and ¢’ € (K')T™ be trace tuples, and let S and S’
be the rings generated by t and ', respectively. We say that ¢ and ¢’ are equivalent if there exists a ring
isomorphism «: S — S’ such that a(t;) =t} for all I € Z,,.

Remark 3.9. By Corollary 2.6, every trace tuple t € KZm has a realization, but in general we must
allow field extensions. That is, there exist matrices A € SL(2,L)™ with t; = tr(A;, ---4;,) for all
I={i <---<ig} €Ty, where L is either K or a quadratic extension of K.

Let t € KZm be a trace tuple. Define a ring homomorphism ay: ®/, — K by ay(x) :=t; for I € Z,,,.
Then P, := ker(ay) is a prime ideal of @/ .

Conversely, let P € Spec(®/,), where Spec(®!) denotes the set of prime ideals of ®/ . Let K be the
quotient field of ® /P; set (tp); == x; + P € K for I € Z,,,. Then tp := ((tp); | I € I,,) € KT is a
trace tuple.

Theorem 3.10. The maps P +— tp and t — P, induce mutually inverse bijections between Spec(®!,)
and the set of equivalence classes of trace tuples.

4 Actions

Definition 4.1. Let X, := {£1}™, the group of sign changes. Let A € R(F,,,, K), and let x: F,, —
F,: w— tr(A(w)) be the character of A. Let t € K7™ be a trace tuple.

1. Let 0 € ¥,,,. Define

“A: Fp, — SL(2,K): w = w(o)A(w);
x: Fry = K w— w(o)x(w); and

Ttr = (Hm)t;.

il
This defines actions of ¥, on representations, characters, and trace tuples.

2. Let 0 € ¥,,,. Define a ring automorphism on &, by mapping x; to ([[,c; 0s)zr. This defines an
action of 3,, on ®/ by automorphisms, and hence an action on the set of ideals of @/ .

3. Let a € Gal(K). Define

*A: Fy, = SL(2,K): w— a(A(w));
“x: Fn — K:w— a(x(w)); and
“tr == a(ty).

This defines actions of Gal(K) on representations, characters, and trace tuples.



Remark 4.2. The actions are compatible with the various bijections. More precisely, let A € R(F,, K),
let t € KZm be a trace tuple, and let P € Spec(®/,). Denote by xa the character of A and by ta the
trace tuple of A. Then

Xea) = "(xa), tea)y=7(ta), Pey=(P), and tep)y="7(tp)

for all o € 3,,,, and
Xea) ="(xa) and tea)=“(ta)
for all @ € Gal(K).

5 Projective representations and finitely presented groups
Definition 5.1. Let I' be a group generated by 7v1,...,vYm. Set
P([K) :={0: T — PSL(2,K) | 0|(y,,y,) is absolutely irreducible}.

Theorem 5.2. There is a bijection between MaxSpec(®;,)/S, and J, P(Fm,Fy)/PTL(2,q), where q
ranges over all prime powers.

Proof. This follows from Corollary 3.7, since two representations A, A’: F,,, — SL(2, ¢) induce the same
projective representation if and only if A’ = 7A for some o € %,,. O

Definition 5.3. Let G = (g1,...,9m | w1,...,w,) be a finitely presented group. For s € {£1}" define
L(G) == (T(wib) — s;7(b) [ 1 <i <7, b€ {1,01,92,9192}) < Py,

the trace presentation ideal of G with respect to the sign system s. (We regard the 7(w) as elements
of @7, via the isomorphism of Corollary 2.8.) Set I(G) := ;e (41}- Ls(G), the full trace presentation ideal
of G.

The following result is a reformulation of [PF09, Proposition 3.3].

Proposition 5.4. Let G be a finitely presented group. Let A € R(F,,SL(2, K)) with trace tuplet € KIm
and prime ideal P = P; € Spec(®!,). The following are equivalent:

1. The representation A induces a projective presentation 0: G — PSL(2, K).
2. The trace tuple t is a zero of I(G).
3. The prime ideal P contains I(G).

Proof. The equivalence of (2) and (3) is immediate. We prove the equivalence of (1) and (2). Let
A; := A(g;). Then A induces a projective representation of G if and only if w;(A,...,A,,) = s;I for

some s = (s1,...,8,) € {£1}". Since the trace bilinear form is non-degenerate, this is equivalent to
tr(w; (A1, ..., Am)B) — s;tr(B) = 0, where B runs through a basis of K2*2. Since (A1, A) is absolutely
irreducible, we can choose the basis (Is, A1, Ay, A1 As). O

Corollary 5.5. There is a bijection between the maximal elements of V(I(G))/%y,, where V(I(G)) =
{P € Spec(®;,) | (G) € P} and U, P(G,F,)/PT'L(2, q), where g ranges over all prime powers.

6 Subgroups

Corollary 5.5 describes a bijection between classes of maximal ideals and classes of absolutely irreducible
projective representations. In this section, we establish criteria to decide whether a maximal ideal is
mapped to a surjective projective representation.

According to Dickson’s classification (see for example [Suz82, Section 3.6]), an absolutely irreducible
subgroup U < PSL(2,q) is



isomorphic to Ay, S4, or As, or

a dihedral group, or

2

e isomorphic to PGL(2, ¢') for some ¢'|r if ¢ = r* is a square, or

isomorphic to PSL(2, ¢') for some ¢'|q.

For a finite group H let J(H) := (), I(G), where G ranges over all presentations of G on m generators.

Proposition 6.1. Let H be a finite group. Set J' (H) := (J(H) : (ﬂQ J(Q)) ) 9@/ where Q ranges
over all proper quotients of H.

Let A € R(F,,,SL(2,K)) with trace tuple t € KTm and prime ideal P = P, € Spec(®’ ). The
following are equivalent:

1. The representation A induces a projective presentation § such that im(6) = H.
2. The trace tuple t is a zero of J'(H).
3. The prime ideal P contains J' (H).

Proof. Tt suffices to prove the equivalence of (1) and (2). By Proposition 5.4, § factors over H if and only
if t is a zero of J(H), and it factors over @ if and only if ¢ is a zero of J(Q). But t is a zero of J'(H) if
and only if it is a zero of J(H) but not a zero of J(Q) for any proper quotient @) of H, which proves the
proposition. O

We will later let H be one of the groups A4, S4, or A5, which deals with the first kind of subgroups.
We handle the dihedral groups in a slightly more general context.

Lemma 6.2. Lett € KT be a trace tuple. Let ) # J C {1,...,m}. Ift; =0 for all I € T, with |INJ|
odd, then t;y =0 for all® #£1 C {1,...,m} with |I N J| odd.

Proof. Assume I ¢ Z,, with |[IN.J| odd. We proceed by induction on |I|. We assume that I N{1,2} = 0;
the other cases are analogous. Let i be the minimum of I, and let j := I — {i}. By Proposition 2.7,
tr = ti; = 1/p(t)(Ny(8)t; + Xo(t)t1; + A5(t)t2; + Aip(t)tiz;). There are eight cases to consider; we
give the proof for two of them, the other six are analogous. The first case is 1,2,i € J; the sets j,
{1} U j, {2} U j, and {1,2} U j have odd intersection with J, thus ¢; = t1; = tao; = t12; = 0 by
induction. The formula for t;; shows that ¢;; = 0. The second case is 1 € J but 2,4 ¢ J; now
tl = t2 = ti = tlg = tli = tgi = tlgi = tj = tgj = tlgj =0. By Proposition 2.47 )\Zl(t) = 0, SO tij =0. O

Let A € R(Fy,, K); then A is imprimitive if K?*! = Vi @ V5, for one-dimensional subspaces V;, Vo <
K?*! such that A permutes the V; transitively.

Proposition 6.3. Let K be an algebraically closed field. Let A € R(F,,, K), and let t be its trace tuple.
Then A is imprimitive if and only if there exists § # J C {1,...,m} such that t; =0 for all I € Z,,, with
[INJ| odd.

Proof. Let x: F,, — Fy: w— tr(A(w)) be the character of A. By [Jam14, Theorem 3.3], A is imprimitive
if and only if there exists an epimorphism : Fy,, — {£1} such that ¢(w) = —1 implies x(w) = 0 for
all w € F,,. For () # J C {1,...,m} define an epimorphism ¢ : F,, — {£1} by ¢;(g;) = —1if j € J
and ¥ 7(g;) = 1 otherwise. This yields a bijection between the non-empty subsets of {1,...,m} and the
epimorphisms of F,, onto {+1}. Let A; := A(g;) for i € {1,...,m}. We show that ¢;(w) = —1 implies
x(w) for all w € F, if and only if ¢; = 0 for all T € Z,,, with [T N J| odd.

The condition is obviously necessary; we show that it is sufficient. By Lemma 6.2 we may assume
that ¢; = 0 for all @ # I C {1,...,m} with [I N J| odd. Let w € F,, with ¢;(w) = —1. We prove
x(w) = 0 by induction on |w|, proceeding along the lines of the proof of Theorem 2.2. Note that
x(w) = ea(r(w)), where A = (A(g1),...,A(gm)). If w is conjugate to g; 'w’ for some i € {1,...,m}
and some w’ € F,, with |w'| = |w| —1, then x(w) = x(giw") — x(g:)x(w"). By induction, x(w) = x(g;w’),
since either 1 ;(g;w’)) = —1 or ¢ ;(g;) = —1. Similar considerations apply to the other cases of the proof
of Theorem 2.2, so we conclude x(w) = 0. O



The definition of imprimitivity depends on the field of definition. By abuse of notation we call a
representation imprimitive if it is imprimitive after field extension.

Corollary 6.4. Let
D= (| (@1 | 1€y with |[INJ| odd) < @),
0£JC{1,...,m}

Let P € Spec(®),), and let A € R(F,,, K) be a realization of tp, where K is the quotient field of @, /P.
Then A is imprimitive if and only if © C P.
In other words, the imprimitive representations correspond to the elements of the closed subset

V(D) = {P € Spec(®},) | D C P}

of Spec(®’.).

The dihedral subgroups of PSL(2,q) are precisely the images of imprimitive subgroups of SL(2, q).
Setting Ay := J'(Ay), G4 := J'(S4), and A5 := J'(Aj5), we can formulate the main result of this section.

Theorem 6.5. Let G be a finitely presented group on m generators. The set of normal subgroups N < G
such that G/N = PSL(2,q) for some prime power ¢ > 5 or G/N = PGL(2,q) for some prime power
q > 4 and such that (g1 N, g2 N) is absolutely irreducible is in bijection to the set of ¥,,-orbits of mazimal
ideals of

Q(G) = VI(G)) = V(D NA, NS4 NAs) C Spec(P),).

7 The PSL-PGL-decision

Definition 7.1. A finite group is of Lo-type if it is isomorphic to PSL(2, ¢) for some ¢ > 5 or to PGL(2, q)
for some g > 4. A quotient of a finitely presented group is an Lo-quotient if it is of Lo-type.

Theorem 6.5 gives a characterization of La-quotients purely in algebro-geometric terms. To decide
whether an Lo-quotient is isomorphic to PSL(2, ¢) or PGL(2, g) for some ¢, we use arithmetic tools.

Let M € Q(G) be a maximal ideal, and let ¢); be the trace tuple defined by M. Let A: F,,, — SL(2,q)
be a realization of tp;. The field ®/, /M is generated by tps, so @/, /M is the character field of A. Since
representations over finite fields can be realized over the character field, we may assume ¢ = |®/ /M]|.
If g is not a square, then by Dickson’s classification A induces an epimorphism onto PSL(2,¢q), and if
q = 72, then A induces an epimorphism onto PSL(2, ¢) or PGL(2,7). We give a criterion to decide which
case occurs. Note that A induces a projective representation onto PGL(2,r) if and only if the image of
A is conjugate to a subgroup of GL(2,7)F;, where F; is identified with scalar matrices.

Proposition 7.2. Let ¢ = r? be a prime power. Let t € Fgm be a trace tuple and A: F,, — SL(2,q) a
realization of t, and let o be a generator of Gal(F,/F,). The image of A is conjugate to a subgroup of
GL(2,7)F} if and only if °t = “t for some o € %,,.

Proof. Let x: Fy, — Fq: w — tr(A(w)) be the character of A. By [Jam14, Theorem 4.1}, the image
of A is conjugate to a subgroup of GL(2,7’)F2 if and only if there exists o € ¥, with “x = “x. Using
Lemma 6.2 and the construction of the 7(w) in the proof of Theorem 2.2, we can show as in the proof of
Proposition 6.3 that this is equivalent to “t; = “t; for all I € Z,,. O

Remark 7.3. Let M < ®/ be a maximal ideal, and let o € Staby, (M). Then @, /M — @] /M: x; +
M — %x; + M defines a Galois automorphism.

Corollary 7.4. Let M < @' be a mazimal ideal such that |®',/M| = q = r? is a square. Lett =ty be
the trace tuple of M, and let A: F,, — SL(2,q) be a realization of tp;. The image of A is conjugate to a
subgroup of GL(2,7’)FZ if and only if M has a non-trivial stabilizer in X, .

Together with Theorem 6.5 we get the following result.



Theorem 7.5. Let G be a finitely presented group on m generators. The set of normal subgroups N < G
such that G/N = PSL(2,q) for some odd q > 5 with (g1 N, g2N) absolutely irreducible is in bijection
to the regqular X,,-orbits of mazimal ideals of Q(G). The set of normal subgroups N < G such that
G/N = PGL(2,q) for some q > 4 with (g1 N, g2 N) absolutely irreducible is in bijection to the X,,-orbits
of mazimal ideals of Q(G) with a stabilizer of order 2.

When dealing with infinitely many Ls-quotients, the following reformulation in terms of trace tuples
if often useful.

Corollary 7.6. Let G be a finitely presented group on m generators, and let ¢ = p® be a prime power.
If ¢ > 5 is odd, then the set of normal subgroups N < G such that G/N = PSL(2,q) with (g1 N, g2N)
absolutely irreducible is in bijection to the regular ¥,, x Gal(FF,)-orbits of zeroes t € Fgm of Q(G) with
F, =TF,[t]. If ¢ > 4, then the set of normal subgroups N < G such that G/N = PGL(2, q) with (g1 N, g2 N)
absolutely irreducible is in bijection to the X, x Gal(IF 2 )-orbits of zeroes t € JF?;" of Q(G) withF 2 = Fpt]
having stabilizer of order 2.

Let G/Ny and G/N3 be La-quotients of G with Ny # No. What is the isomorphism type of G/N1NNo?
Clearly, if G/N; or G/Ns is simple, then G/N; N Ny = G/N; X G/Ns. This leaves the case that both
G/N; are non-simple, that is, G/N; = PGL(2, ¢;) for some prime powers g;.

Proposition 7.7. Let G be a finitely presented group on m generators. Let My and My be mazimal ideals
of Q(G) with stabilizers (cV) < %, of order 2, and let Ny, Ny < G be normal subgrops corresponding to
My, My in the bijection of Theorem 7.5. Let q1,q2 be prime powers with G/N; 2 PGL(2,¢;). If N1 # Na,
then

PGL(2 C2 PGL(2 if o) = o2

G/NlﬂNQE G (7q1)* G (7q2) ZfJ ' g,

PGL(2,q1) x PGL(2, ¢2) otherwise.
Proof. Let §;: G — PSL(2,¢?) be a realization of M;; define 61 X da: G — PSL(2,¢%) x PSL(2,¢3): g —
(61(g),02(g)). The image H of §; x Jo is a subdirect product of PGL(2, g1) x PGL(2, g2). Since N1 # N,
this subdirect product is amalgamated either in Cs or in the trivial group, and in the latter case the
product is direct. There is a unique epimorphism ¢;: PGL(2,¢;) — Co, where ¢;(6(g;)) = 1 if and only

if 0;(g;) € PSL(2,q;). By the proof of [Jaml4, Theorem 4.1], this is equivalent to 0]@ = 1. Hence
1(01(g)) = €2(02(gy)) if and only if o) = ¢ which proves the proposition. O

8 Arbitrary representations

Until now, we only considered representations A: F,, — SL(2, K') such that A, g,y is absolutely irre-
ducible. We now show how the case of arbitrary absolutely irreducible representations can be reduced to
this one.

Proposition 8.1. Let A: F,,, — SL(2, K) be a representation. For 1 <i,j,k < m set A;j = Ajg, 4,
and A; jk = Aj(g; g9;90)- Then A is absolutely irreducible if and only if one of A; j with 1 <i <j <m,
Aq 5 with 3 <1 <m, or Ao with 3 <1 < j < m is absolutely irreducible.

Proof. We generalize [Fab09, Lemma 3.4.4] and so strenghten [BH95, Proposition B.7]. We may assume
that K is algebraically closed, so absolute irreducibility coincides with irreducibility. Clearly if some
restriction of A is irreducible, then A is irreducible. So assume now that all given restrictions are reducible.
We show that A is reducible. Since A; ; is reducible, A(g;) and A(g;) have a common eigenspace. If the
minimal polynomial of some A(g;) is not square-free, then A(g;) has a unique eigenspace of dimension 1,
which has to be a common eigenspace for all A(g;). Thus A is reducible. So assume now that the
minimal polynomials of all A(g;) are square-free. We may further assume that all A(g;) have two distinct
eigenvalues; for if A(g;) is a scalar matrix, then A is reducible if and only if Aj, . 5 . 4. is reducible.
Let E; be the set of eigenspaces of A; and € := {E; | 1 <1i < m}. By our hypothesis, |E; N E;| > 1 for
all 7, 7. Note that |F;| = 2, so if |£] > 4, then the E; must have a common element, that is, the matrices
have a common eigenspace. The same is trivially true if |€| < 2. Assume now that || = 3. Consider
first the case Ey # FEy. Let By = {{v1),(v2)} and E; N Ey = {(v1)}. We claim that (v;) is a common
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eigenspace for all A(g;). For suppose that (v1) is not an eigenspace of A(g;) for some 4; then (v9) must be
an eigenspace of A(g;), since |Eq N E;| > 1. Since Aq o; is reducible, A(g1) and A(gzg;) have a common
eigenspace. This is either (vi) or (vy). In the first case, A(g2g;) and A(gs) have eigenspace (vi), so
A(g;) has eigenspace (v1), contradicting our assumption. In the second case, A(gag;) and A(g;) have
eigenspace (va), so A(ge) has eigenspace (v2), again a contradiction. Thus the assumption that (vq) is
not an eigenspace of A(g;) is impossible. We conclude the proof by showing that £y = Es is not possible.
Since |E] = 3, there exist ¢ < j with & = {E1, E;, E;}. All sets have at least one element in common,
so we may assume Ey = {(v1), (v2)}, E; = {{v1), (v3)}, and E; = {(v2), (v3)}. Since Ay ;; is reducible,
A(g2) and A(g;g;) have a common eigenspace. Assume that this is (v1); then (v1) is also an eigenspace
of A(g;), a contradiction. If it is (vq), then (v) is also an eigenspace of A(g;), also a contradiction. Thus
FE1 = F» is impossible. O

Let

Un ={{i}, i) [1 <i<j <mpU{({1},{2,5}) |3 <j <m}U{({2},{i,j}) |3 <i <j<m}.

For every u = (uj,us) € Up, let oy, € Aut(Fy,) with au(gy,) = g1 and ay(gu,) = ue, where g, :=
oy " Gy, for v = {v1 < -+ < wg}. Thus A: F,, — SL(2, K) is absolutely irreducible if and only if
(Aoag!)|(g,g) is absolutely irreducible for some u € Unp,.

By abuse of notation, if « € Aut(F,,) and G is a group generated by elements g1, ..., gn, then we
denote the automorphism of G defined by ¢; — «(g;) for 1 < i < m again by «a. Fix a total order <
on U,,. Set

L.(G) :=1(a(@)) + (p(@0y, Tuys Tvyuvy) | 0 € Uy v <)

For a maximal ideal M € V(L,(G)) let tpr be the trace tuple, and let Ay: Fp, — SL(2,q) be a
realization of ty;, where ¢ = |®/ /M|. The projective representation induced by A, o ay, factors over
G; denote this projective representation by s, and define Njs := ker(dar,) < G. Note that Ny is
constant on the X,,-orbit of M.

Conversely, let N < G such that G/N is of Lo-type. Let §: G — PSL(2,q) with ker(d) = N, and
let A: F,,, — SL(2,q) be a lift of 6. Set t = taA and My := P;; then My is a maximal Ly-ideal. Note
that My is only well-defined up to the action of ¥,,. If u € U,, is minimal such that (Ao ay")||(g, g.) 18
absolutely irreducible, then My € V(I,(QG)).

For u € U,,, set

Qu(G) =V, (G) - V@®NAL, NS4 NAs).

We now present the main result.

Theorem 8.2. Let G be a finitely presented group on m generators. The maps M — N and N — My
induce mutually inverse bijections between X.,,-orbits of maximal ideals of LﬂuEUm Qu(G) and normal
subgroups N < G such that G/N is of Lao-type (where |t) denotes the disjoint union).

Proof. This follows by Proposition 8.1 and Theorem 7.5. O

9 Subgroup tests

Proposition 6.1 allows us to test whether a realization A: F,, — SL(2,K) of a prime ideal P < &},

maps projectively onto Ay, Sy, or As, using the ideals J'(Ay4), J'(S4), and J'(A5). These ideals are easily
computed if m = 2, since there are only 4 presentations of A4 on two generators, 9 for Sy, and 19 for As;
see [PF09, Lemmas 3.7-3.9]. However, this approach is no longer efficient if m > 3. For example, there
are 65 presentations of A, on three generators, 420 for Sy, and 1688 for As.

In this section, we describe a more efficient test, using the absolutely irreducible subgroups of A4, Sy,
and As. Set A; := A(g;) and let a; € PSL(2, K) be the projective image, for 1 < i < m. We assume
that (Aq, As) is absolutely irreducible. Define H := (ay,...,a;). If H = Ay, then (a1,a2) € {V4, Ay};
if H =Sy, then (ay,as) € {Vy4,S3,Ds,A4,S4}; and if H = Sy, then (a1, as) € {Vy4,Ss3,D10,Ay,S4}. Tt
is easy to check whether (a1,as) € {V4,Ss,Ds,D1o, Ay, Sq, As}; for example, (a1,as) = V4 if and only
if tr(A;) = tr(4s) = tr(A1A2) = 0. If (ay,as) is one of the seven groups, then we can always find
matrices By = wi(Aq, As), Bo = wy(A1, A2) such that tr(B;) = tr(Bz) = 0 and (wq(a1,az2),wa(ar,as))
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is a dihedral group of order 4, 6, or 10. In the latter two cases we may also assume that tr(B;Bs2) = 1 or
tr(B1Bs) is a root of X2 + X — 1, respectively.
For B = (B1, Ba) € SL(2,¢)? and X € SL(2,q) let

0p(X) := (tr(X), tr(B1X), tr(B2 X), tr(B1 B2 X)) € F,.

If (B, Bs) is absolutely irreducible, then X is uniquely determined by 65 (X), see Proposition 2.4.

We give details of an Ay-test. Fix B, and let b; € PSL(2,¢) be the projective image of B;. Assume
(b1,b2) = Vy; let (by,be) < T < PSL(2,q) with T' = A, and let r< SL(2, q) be the full preimage of T.
Now X € SL(2,q) maps onto an element of T if and only if 05(X) € 0p(T) = {0(Y) | Y € T}, thus for
an effective subgroup test it is enough to compute the sets 65 (I"). The subgroups of PSL(2, q) isomorphic
to A4 are all conjugate in PGL(2,q), and (v py(T) = (M 'T) for all M € GL(2,q), so it is enough to
compute () for a fixed I and all possible B. Furthermore, v By (T) = 05(T) for all M € Nar(2,q) T,
so it suffices to compute 0p (f) for a fixed I" and all Ngp,(2,¢) (f)-conjugacy classes of pairs B € T mapping
onto generators for V4. Finally, the subgroups T are up to conjugation images of SL(2,3) < SL(2,Z][i])

modulo a prime ideal of Z[i], so 6p (f) can be computed uniformly for all prime powers ¢ by a single
computation over Z.
Summarizing, we get the following result.

Proposition 9.1. Let G = PSL(2,q) for an odd prime power q, let ai,as € G be generators of a Klein
four group V', and let z € G. Let A; € SL(2,q) be a preimage of A;, and let Z € SL(2,q) be a preimage

of z.
There is a unique H < G isomorphic to Ay which contains V, and z € H if and only if 0g(Z) is one
of the 24 elements

04 = {(£2,0,0,0),(0,£2,0,0),(0,0,£2,0),(0,0,0,£2), (£1,+1,+1,+1)}.

Proposition 9.2. Let Aj,..., A, € SL(2,q) such that (Aq, As) is absolutely irreducible. Let t =
(tr(Ay),tr(Az),tr(A14z)), and let a; € PSL(2,q) be the image of A;. Set B := (A1, Az). Then
(a1, ..., am) is isomorphic to Ay if and only if one of the following conditions is satisfied.

1. t =(0,0,0) and 0p(A;) € ©4 for all 3 < i < m, where B = (A1, A2), and at least one 0p(A;) =
(£1,41,£1, +1).

t=(0,%£1,£1) and 05(A;) € B4 for all 3 <i < m, where B = (Al,Az_lAlAz).
t = (£1,0,+1) and 0p(A;) € O4 for all 3 <i < m, where B = (A, AT AzAy).
t = (£1,£1,0) and 05(A4;) € O4 for all 3 <i < m, where B = (A1As, A3 Ay).

t = (£1,£1,+1) with an even number of —1’s, and 0p(A;) € ©O4 for all 3 < i < m, where
B = (A1A7Y AT A)Y).

Proof. The only absolutely irreducible subgroups of A4 are the Klein four group and A4. If ¢ = (0,0,0),
then (aj,az2) is a Klein four group, and the claim follows by Proposition 9.1. If ¢ = (0,41,+1), then
(a1,a2) = Ay, and (a1, a; 'ajaz) generate the subgroup of order 4; again, the claim follows by Proposi-
tion 9.1. The other cases correspond to the other three presentations of A4 and are handled similarly. [

It is straight-forward to give similar conditions for S; and Aj, utilizing the subgroups S3 and Dy in
addition to Vy.

10 Ls-ideals

Definition 10.1. An Lg-ideal is a prime ideal P € Spec(®),) — V(D NA, NS4 NA5). Let PNZ = (p),
and let d be the Krull dimension of P.

1. If d = 0, that is, P is a maximal ideal, let k := dimg, (®,,/P). Then P is of type La(p") if
Stabs, (P) is trivial, and of type PGL(2, p*/?) otherwise.

12



2. If d > 0 and p # 0, then P is of type Lg(p‘x’d), or of type Lo(p™) if d = 1.
3. Ifd=1and p=0, let k := dimg(®/,, ®z Q/P ®z Q). Then P is of type La(cc®).
4. If d > 1 and p = 0, then P is of type L2(0<>°°‘FI)7 or of type Ly(c0™) if d = 2.

For an Lo-ideal P let tp be the trace tuple, Ap arealization of ¢t p, and é p the projective representation
induced by Ap.

Proposition 10.2. Let P be an Lay-ideal.

1. If P is of type Lo(p¥), then the image of dp is isomorphic to La(p*); if P is of type PGL(2,p*),
then the image of dp is isomorphic to PGL(2, p*).

2. If P is of type Ly(co®), then every mazimal Ly-ideal containing P is of type Lo(p®) or PGL(2,p’/?)
with ¢ < k. Moreover, the set of maximal elements of V(P) which are not Lio-ideals is finite.

3. If P is of type Lg(pood), then there are infinitely many k € N such that V(P) contains La-ideals of
type Lo (p*). Moreover, the set of prime ideals in V(P) which are not La-ideals form a closed set of
dimension at most d — 1.

4. If P is of type Lg(oooodfl), then for all but finitely many primes p there exist infinitely many k € N
such that V(P) contains La-ideals of type La(p*). Moreover, the set of prime ideals in V(P) which
are not Lo-ideals form a closed set of dimension at most d — 1.

Proof. First note that the set of prime ideals in V(P) which are not Lso-ideals are precisely the elements of
the set V(P)NV(DNAL,NGE4,NAs) = V(P+DNA,NG,NAs). Since P does not contain D NA, NS, NAs
and P is prime, P ; P+9nNnAsNSyNAs, so the Krull dimension of the latter ideal is smaller than
that of P. This settles all claims about the size of V(P).

We prove the other claims.

1. This follows by Theorem 7.5.

2. The first point follows since dimp, (®;, ®zF,/P ®zF,) < dimg(®;, ®z Q/P ®z Q) for all primes p,
and the maximal ideals of ®/,, containing P and p are in bijection to the maximal ideals of @], ®zF,
containing P ®z IF),. For the second point, note that a set of dimension zero is finite.

3. Since @7, is finitely generated, there are only finitely many epimorphisms of @, onto I« for every k.
But there are infinitely many primes containing P.

4. In this case, (®),/P) ®z Q has algebraically independent elements, so there are epimorphisms onto
number fields of arbitrarily high degrees. Let a:: @/, ®7 Q — K be an epimorphism onto a number
field K of degree k such that o factors over @], ®z Q; set Q := ker(ag, ) < ®,. Then Q 2 P; if
Q is an Ly-ideal, then it is of type Lo(0co*). But the prime ideals which are not La-ideals form a
set of Krull-dimension d — 1, so this approach yields an Lo-ideal for almost all Q. The result now
follows by part (2). O

11 The algorithm

Definition 11.1. Let G = {g1,...,gm | w1(g1,-- -, Gm)s--- s wr(g1,- .., gm)) be a finitely presented group.
Then ¥, acts on the set {£+1}" of sign systems by

s = (w1(01, -, 0m)S1s -, Wr (01, - oy Opm)Sy)
for o0 € ¥,, and s € {£1}".

Remark 11.2. A prime ideal P € Spec(®;,,) contains I,(G) if and only if 7P contains I+ (G). Let T
be the kernel of the action and S a set of representatives of the orbits; then the ¥,,-orbits of V(I(G)) are
in bijection to the T-orbits of V([ .gIs(G)).
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This allows us to reduce the computations by a factor up to 2™.

Algorithm 11.3 (L2Quotients).
Input: A finitely presented group G.
Output: For every u € U,,, a set of representatives for the X,,-orbits of minimal Lo-ideals of Q,(G).

1. Set A:=U,, and R := 0.

2. Let u be the smallest element in A. Let T" be the kernel and S a set of representatives for the orbits

of the action of X, on the sign systems of o, (G).

3. Let P be the set of minimal elements in | J, g MinAss(I (G)), where MinAss(I) denotes the minimal
associated prime ideals of I. Remove from P all elements which contain one of the ideals ©, 2y,

Gy, or Us.
4. Choose a set P’ of representatives of T-orbits on P.

5. Add (P’,u) to R, and remove u from A. If A # (), go to step 2; otherwise return R.

Remark 11.4. 1. The output of the algorithm describes the La-quotients of G as follows. For every
N < G with G/N of Lao-type there exists u € Uy, and o € 3, such that My 2O P for some P.

Conversely, if M D P is a maximal Lo-ideal for some P, then Nj; < G with G/Nj; of La-type.

2. If all prime ideals returned by the algorithm are maximal, then G has only finitely many Lo-
quotients, and the normal subgroups N < G with G/N of Ly-type are in bijection to the maximal

ideals.

3. If the algorithm returns at least one prime ideal of positive Krull dimension, then G has infinitely

many La-quotients.

The algorithm has been implemented in MAaGMA [BCP97].

Remark 11.5. 1. Thering @/, is very useful for the theoretical description of the algorithm. However,
in practice the localization at p slows down computations considerably. Instead, we work with the

preimage of I3 (G) in Z[z; | 0 # J C {1,...,m}], and remove all prime components containing p.

2. The implementation uses Grobner bases to handle the ideals Iy (G). However, Grébner basis com-
putations over the integers can be very slow, especially as m grows. The algorithm in [Jam11]
to compute the minimal associated primes of an ideal replaces Grobner basis computations over
the integers by several Grobner basis computations over prime fields, resulting in a much faster

algorithm.

11.1 Adaptation to Coxeter groups

Coxeter groups are a special class of finitely presented groups, where the only relations are (gigj)cij =1
for a symmetric matrix C = (Cj;) € (Z U {o0})™*™ with 1’s along the diagonal (if C;; = oo, then we
simply omit the relation). We call C' a Cozeter matriz and denote the finitely presented group by G¢.
We are often only interested in smooth quotients of Coxeter groups, that is, those for which the images
also have the prescribed orders (unless the prescribed order is 0o). In this case, the Lo-quotient algorithm
can be simplified, which also results in a considerable speed-up of the computation. This is based on the

following.

For n € N let ¢, € C be a primitive n-th root of unity. Set 1, := (, + ¢, !, and let ¥,, € Z[T] be the

minimal polynomial of 7,,. For convenience, we define ¥, := 0.

Remark 11.6. Let A € SL(2, K') where k is a field of characteristic p > 0, and let n € N.
1. f p=0or (n,p) =1, then ¥, (tr(A)) = 0 if and only if |A| = n.
2. If n = p, then U, (tr(A4)) = 0 if and only if |4| € {1, p}.
3. If n =2p # 4, then ¥, (tr(A)) = 0 if and only if |A| € {2, 2p}.
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For a Coxeter matrix C' € (Z U {oo})™*™ set

I(C) = (21, ., xm) + (Yoo, (74;) | 1 <i < j < m with Cy; even)
+ (\I/Cij (-'L'ij)q/20ij (mzj) | 1 <1< j<m with Cij Odd> g (I);rm

where Tij = pil()\éibj + )\Zil'lj + )\é(ﬂg‘j + )\7i21'12j).

Remark 11.7. Let a1,a2 € La(q) with |a1]| = |az] = 2 and |aja2| # 1. Then (a1, aq) is absolutely
irreducible if and only if (g, |a1az|) = 1.

Theorem 11.8. Let C € (ZU {oco})™ ™ be a Cozeter matriz.

1. Let ¢ = p?, and let A: F,, — SL(2,q) be a representation which induces a smooth projective
representation 6: Go — PSL(2,q) such that §(G¢) is of La-type. Let t := ta and P := P;. If
16(9192)| # p, then P 2 1(C).

2. Let M D I(C) be a mazimal Ly-ideal and A = Aps: Fy, — SL(2,q) a realization. Then A induces
a projective representation 6: Go — PSL(2,q) such that 6(G¢) is of Lo-type. If (¢,2C;;) =1 for
all 1 <i<j<m, then § is smooth.

Proof. This follows easily by the preceeding remarks. O

This can be easily turned into an algorithm. We leave the details to the reader.

11.2 Computing realizations

The La-quotient algorithm returns a set of Lo-ideals, which contain a lot of information, for example,
the isomorphism types and number of Lo-images. However, in certain cases one will want to compute an
explicit epimorphism G — PSL(2, ¢) encoded by an Ls-ideal. We now present an algorithm to accomplish
that. This algorithm works for representations of arbitrary degree, so we present it in this generality.

Proposition 11.9. Let G be a finitely generated group, and let x: G — K be the character of an
absolutely irreducible representation A of degree n. There is a probabilistic algorithm with input x and
n which constructs an extension field L/K of degree at most n and a representation A': G — GL(n, L),
such that A" is equivalent to A. If K is finite, then we can choose L = K.

Proof. We assume first that G = F},, is a free group on g1, ..., gm. We first find words wq,...,w,2 € Fy,
such that (A(wi),...,A(wy,z)) is a basis of K™*". Let W, := {w € F,, | |lw| < i}, where |w| denotes
the length of the word w. For X C K™*™ denote by (X)x the K-span of X. Note that (A(W;11))kx =
(A(W;)) i for some 4 implies (A(W;))x = (A(W;))k for all j > 4. In particular, the chain

(A(Wo)yk C{AWY))k C -+

stabilizes after at most n? steps, so A(W,2_1) is a generating set of K"*". Let C be a subset of W,,2_; of
n? elements; define the matrix ¥ := (x(v,w))y,w, where v and w run through C. Since the trace bilinear
form S: K™ x K™ — K: (V,W) — tr(VW) is non-degenerate, A(C') is a basis of K™*™ if and only
if ¥ is non-singular. By running through all n2-element subsets of W,2_; we can find the w1, ..., wy,z.

Now let V := K™*! be the K F,,-module induced by A. We first construct the K F,,-module V" =
V.- @V =K"" To determine the action of F,,, on K™*™, it is enough to determine values /\é-k eK
such that A(gi)A(w;) = 3, AjA(wy), where 1 <i <m and 1 < j,k < n?. Since S is non-degenerate,
each )\; i is uniquely determined by the n? equations

,n2

X(giwjwe) = S(A(g:)A(wy), A(we)) = SO N Awr), Alwe)) = > Nypx(w - wy),
k

k=1

where 1 < £ < n2. By solving the linear equations, we can construct the K F,,-module V" = K"*",
Let I': F,,, — GL(K"™*"™) be the representation on V" = K"*". We denote the extensions of A and
T to the group algebras again by A and T, respectively. Let v = (vy,...,v,) € K™*", where the v; are
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the columns of v. Then I'(a)v = (A(a)vy,...,Aa)v,) for a € KF,,. In particular, T'(a) and A(a) have
the same minimal polynomial, and if ¢ € K[z] is the characteristic polynomial of A(a), then ¢" is the
characteristic polynomial of I'(a).

We now use an adaptation of [GLGOO06] to find a simple factor of the K F,,-module K™*". If K is
finite, choose random elements a € K F,,, until I'(a) has an eigenspace of dimension n. Since the image of
A is isomorphic to K™*™ | this terminates with high probability by a result of Holt and Rees (see [HR94,
Section 2.3]). Set L := K, and let A € L be an eigenvalue of I'(a) of multiplicity n. If K is infinite,
then choose random a € K F,,, until the characteristic polynomial of T'(a) is an n-th power of a separable
polynomial (that is, the characteristic polynomial of A(a) is separable). The characteristic polynomial
of a matrix is inseparable if and only if its discriminant is zero, so the set of matrices with inseparable
characteristic polynomial is Zariski closed in K™*"™. Thus the matrices with separable characteristic
polynomial are Zariski dense in K™*™. Since the image of A is isomorphic to K™*", the probability of
finding a suitable a is very high. Let L/K be a field extension such that the characteristic polynomial
has a root A in L.

Let v € L™*™ be an eigenvector of I'(a) with eigenvalue A. Then

L(a)v = (A(a)vr, ..., Ala)vy) = Ao = (Avg, ..., Avy).

We may assume without loss of generality that vy is non-zero. Since the A-eigenspace of A(a) is one-

dimensional, there exist &, ...,§, € L such that v; = &uv; for ¢ > 1. Thus v = (v1,&u1,...,&v1) and
T(a)v = (A(a)v1,&A(a)vr, ..., EnA(a)vy), so LE,v is isomorphic to LF,,v1 & L ®k V. Now choose
Wi, ..., Wy € Fy, such that B := (I'(wq)v,...,[(wy,)v) is a basis of LF,,v. For every generator g; of

F,, let A’(g;) be the representation matrix of g; on LF,,v with respect to B. By construction, A’ is
equivalent to A. This concludes the proof if G = F,,, is a free group.

Now assume that G is an arbitrary finitely generated group generated by m elements, and let v: F,,, —
G be an epimorphism. Let A := Aowv and X := x ov. We construct an extension field L/K and a
representation A’ such that A ~ A’. But then A’: G — GL(n, F) defined by A/(g) := A’(§), where
g € F,,, with v(g) = g is arbitrary, is a representation of G, equivalent to A. O

In our special setting, we can use the trace polynomials to compute all character values. Furthermore,
we always assume that A, gy is absolutely irreducible, so we can choose (wy,...,ws) = (1,91, g2, 9192)
in the first part of the algorithm.

12 Examples

For the results in this section we use our implementation of the Ly-quotient algorithm in Macma [BCP97].

12.1 Groups with finitely many L,-quotients
In [Cox39], Coxeter defines three families of presentations:
(¢, m|n, k) = (a,b | a*,b™, (ab)™, (a~'b)
(¢,m,n;q) = (a,b ] a’,b™, (ab)", [a,8]%),
G™™P = (a,b|a™,b", P, (ab)?, (ac)?, (bc)?, (abc)?).

"),

These groups have been intensively studied, see [EJ08] for an overview. After recent work of Havas and
Holt [HH10], only for four of these groups is it not known whether they are finite or infinite, namely
(3,4,9;2), (3,4,11;2), (3,5,6;2), and G>719. We study these groups and their low-index subgroups
[Sim94] using the Lo-quotient algorithm.

Proposition 12.1. Let G = (3,4,9;2). Then G has seven conjugacy classes of subgroups of index < 50.
For 1 <4 <50 let Hi < G with |G : H;| =1, if such a group exists. The only La-quotient of H; for
i€ {1,3,4,12} is Ly(89); the group Hg has a quotient Ly(89) x (PGL(2,5) A%2 PGL(2,5)); and Hao and
Hsg have a quotient 12(89) x PGL(2,5).

Let G = (3,5,6;2). Then G has two conjugacy classes of subgroups of index < 50, a group of index 3
and G itself. Both groups have the single Lo-quotient Lo (61).
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The groups (3,4,11;2) and G>™'° do not have non-trivial subgroups of index < 50. Both groups have
a single Ly-quotient, namely (3,4,11;2) has Lo (769), and G>7'° has Ly(113).

The next result concerns a question of Conder [Con92], asking whether a group has non-trivial finite
quotients.

Proposition 12.2. The group
G =(A,B,C,D,E,F |A% B® C? D* E* F? (AC)3 (AD)? (AE)3, (AF)3,
(BC)3,(BD)3,(BE)3, (BF)3,(ABA™'C)? (ABA™'D)? (A~'BAE)?,
(A'BAF)?* (BAB~'C)?,(B~*ABD)? (BAB'E)? (B 'ABF)?)

has no quotients isomorphic to La(q) or PGL(2,q) for any prime power q.

12.2 Groups with Ly-ideals of type Lj(co®)

If the algorithm returns an ideal of type Ly (oco¥), then the group has infinitely many Lo-quotients, finitely
many in every characteristic. Using algebraic number theory, the precise quotient types can be determined
as already outlined in [PF09, Example 8.1]. We illustrate the process by relaxing the conditions of the
Coxeter presentation G319,

Proposition 12.3. Let G = (a,b,c | a®,b7,(ab)?, (ac)?, (be)?, (abc)?). Then G has finitely many La-
quotients in every characteristic.

More precisely, let K/Q be the splitting field of X —4X*+3X?+1 with Galois group T = Gal(K/Q) =
((1,4),(1,2,3)(4,5,6)) = C21Cs. For a prime p # 2,7 denote by ¢, € I' the Frobenius automorphism
mod p. The La-quotient in characteristic p is

1. La(p)® if op = ();
2. La(p)* x PGL(2,p) if ¢p ~ (1,4);
3. La(p) x PGL(2,p) A©2 PGL(2,p) if vp ~ (1,4)(2,5);
4. PGL(2,p) A©2 PGL(2, p) A2 PGL(2,p) if ¢p ~ (1,4)(2,5)(3,6);
5. La(p®) if op ~ (1,2,3)(4,5,6)*";
6. PGL(2,p?%) if op ~ (1,2,3,4,5,6)F;
Moreover, G has quotients La(23) and PGL(2,7).

In this case, we do not need the precise conjugacy type of the Frobenius automorphism, the decompo-
sition of X6 —4X* 4322 +1 is enough. For example, taking p = 65537, we see that X6 —4X4+3X2+1 ¢
F,[X] has two irreducible factors of degree 3; this shows that G has a quotient Ly(65537%). Taking
p = 8388617 we see that X6 —4X*+3X2 +1 € F,[X] has two linear factors and two factors of degree 2;
this shows that G has quotient Ly(8388617) x PGL(2,8388617) A©2 PGL(2,8388617), that is, there is
precisely one N < G with G/N 2 1,(8388617), precisely two N < G with G/N = PGL(2,8388617), and
no other N < G with G/N = L(8388617%) or G/N = PGL(2,8388617%) for some k € N.

Proof. The algorithm returns the single Lo-ideal P = (z;+1, 23 +23—2x9—1, 23+ 23 —3, 212, 713, T23, T123)
of type La(cc%). The zeroes are

t= (71, 754 + 352 - 1757030a070) € ]an

where ¢ is a root of X6 —4X* 4+ 3X? + 1. We assume F, = F,[¢]. Let 6: G — PSL(2, ¢) be a realization
of t. There is no characteristic such that —¢* + 362 —1 = 0 or £ = 0, so A is never imprimitive, by
Proposition 6.3. Furthermore, £ is never a root of ¥y, for k € {3,4,5,6,8,10}, so |6(c)| > 5 for all ¢ (see
Remark 11.6), hence the image of § cannot be A4, Sy, or As. Thus im(d) € {L2(q), PGL(2,,/q)}. The
precise isomorphism type depends on the action of the Galois group. Note that “t = ¢ for a Galois
automorphism « and a non-trivial sign system o if and only if o = (1,1, —1) and «(§) = —£. The result
for p # 2,7 now follows by Corollary 7.6 and the fact that the Galois automorphism in characteristic p is
determined by the Frobenius automorphism. For p € {2,7} the result can be verified directly. O
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12.3 Groups with Ly-ideals of type Ly(p™)

The other kind of Ly-ideals of Krull dimension 1 are the ones containing a prime p. They seem to occur
far less frequently in practice than ideals of type Ly(oo¥). However, when they occur, we can again make
precise statements about the quotients.

Proposition 12.4. Let G = (a,b,c | a® = 1,[a,c] = [c,a™1],aba = bab,abac™ = caba). There erist
epimorphisms G — La(q) if and only if ¢ = 3* for some k € N. Similarly, there exist epimorphisms
G — PGL(2,q) if and only if ¢ = 3% for some k € N.

Proof. The algorithm returns the single Lo-ideal
P= (3,21 + 1,20+ 1,215 — 1,213 — 3, T3 — T3, T]p3 — T3T123 + 1)

of type La(3%°), so La-quotients can only occur in characteristic 3, proving the ‘only if’ parts. It remains
to show that every 3-power occurs. The zeroes of P are the trace tuples of the form

t = (t1,ta, t3, tio, tig, toz, tizs) = (2,2, + €71, L, E+ €71 E+671,9)

with ¢ € F3. Let k = [F3[¢] : F3], and let 6: G — PSL(3, 3F) be a realization of t. If k = 2¢ and e = ¢,
then the Galois automorphism o = (z — sz) and the sign system o = (1,1, —1) induce the same action
on t, so the image of § is PGL(2, 3%), by Proposition 7.2. Otherwise, the image is Lo (3%). O

Variations of the presentation yield similar results. We omit the easy proof.
Proposition 12.5. Let H = (a,b,c | [a,c|[a™!, ], [b,alba™t, a e tabac ta=tb~1).

1. Let G = H/(a®)". Then Ly(q) and PGL(2,q) are quotients of G if and only if ¢ = 5* for some
ke N.

2. Let G = H/{a",(ab=")®)H. Then La(q) and PGL(2,q) are quotients of G if and only if ¢ = 7% for
some k € N.

3. Let G = H/{a', (ab=")°). Then La(q) and PGL(2,q) are quotients of G if and only if ¢ = 11*
for some k € N.

4. Let G = H/{(a'?, (ab=1)*Y. Then La(q) is a quotient of G if and only if ¢ = 19% for some k € N
or ¢ = 37; and PGL(2, q) is a quotient of G if and only if ¢ = 19% for some k € N.
12.4 Coxeter groups
Example 12.6. Let

18 3 2

._815 4x4

C=|3 5 1 13|27
2 5 13 1

Then Ly(g) is a smooth quotient of G¢ if and only if g is one of the five primes
79, 6449, 699127441, 8438303591453 175937527551, 518103478579 218 726 546 844 118 197 999.
Similarly, PGL(2, ¢) is a smooth quotient of G¢ if and only if ¢ is one of the six primes
11311, 28081, 68466319, 24005442449, 13 345982337089, 408327690683 773 678271.

Definition 12.7. A C-group representation of rank m is a pair C = (H,S) such that S = {a1,...,an}
is a generating set of involutions of H which satisfy the intersection property

(a;lien(ajljed)y=(ax |keInJ) forallI,JC{1,...,m}.
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Example 12.8. Let

1 2 3 3
12 1 3 4 A4
C .= 33 1 2 SN/
3 4 2 1

Then Ly(7) is the only smooth quotient of G of Lo-type. A realization is given by

g 0 1 3 2 2 6 0 5
T\ 0/ \2 4/)°\5 5)7\4 0/’
and it is easy to check that this generating set satisfies the intersection property.

The intersection property can be checked easily if G¢ only has finitely many Lo-quotients. Infinitely
many quotients can be handled as well, but require a little more work, as shown in the following result.

Proposition 12.9. The only finite group of La-type having a C-group representation of rank 4 such that
(laras|, |aras|, |arasl, |azas|, lasas|) = (2,3,2,3,3) is PGL(2,5).

Proof. The algorithm returns only one La-ideal P of type La(cc?). Let P C M < ®/ be a maximal
ideal containing P, and let ¢t = t;; € Ff be the corresponding full trace tuple (see Theorem 3.6). Let
H = {(ay,...,a4) < PSL(2,q) be the image of the induced projective representation. Then

t = (t1,t2,t3,t4,t12, ..., t1234)
2 1

2 4
= 0707070707_1707_1777_17 ) o 14 sy T4y
( ER S N 3)

where 17 — 2 = 0. The induced trace tuple for H; = (as, a3, ay) is

2 2
0 := (ta2,t3,t4,t23, toa, taa, tags) = (O,O»Oa—l, 37—17—3774> .

We determine the isomorphism type of H;. By Proposition 6.3, H; is dihedral if and only if ¢34 = 0, that
is, if and only if 2 | ¢. The alternating group of degree 4 is not generated by involutions, and using the
methods of Section 9 it is easy to check that Hy & S, if and only if 5 | ¢; furthermore, H; 2 As for all g.
So if (g,30) = 1, then H; is of Lo-type. More precisely, if X? — 2 has a solution mod p, then 7y € F,,
so H; = PSL(2,p). If X? — 2 has no solution mod p, then 74 is a generator of F 2 /F,, and the Galois
group acts by the automorphism « which maps 74 to —n4. In particular, *0 = 76 for o = (-1, -1, —1),
so H; = PGL(2,p) by Proposition 7.2.

We now determine the isomorphism type of H. If 2 | ¢, then H is dihedral; in fact, in this case n4 = 0,
so t € F1, that is, H = PSL(2,2) = S3 = H;. If X? — 2 has a solution mod p, then H = PSL(2,p);
otherwise, “t = 5t for s = (—1,—1,—1,—1) with « as above, hence H = PGL(2,p). In any case, unless
5| g we see H = Hy, so the generating set does not satisfy the intersection property. We compute the
realization

({3 0\ (0 4 4 42 0 242 -
A_(<O 2)’(1 o)’<4n4+3 1 >’<2n4+3 0 ))ESL(M)

of the unique trace tuple in characteristic 5, and it is easy to check that the induced projective tuple
satisfies the intersection property. O

In this way, the Lo-quotient algorithm can be used in the classification of all C-group representations
of La(q) and PGL(2, q) of rank 4 ([CJL14]).
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