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Abstract

We present a case study of a three-dimensional diffeomorphism called the shear rotation
map T . This one-parameter map has been proposed as the first example of an explicitly given
discrete-time dynamical system that potentially has heterodimensional cycles. A heterodi-
mensional cycle consists of two heteroclinic orbits between saddle periodic points of different
index (number of unstable eigenvalues). In the (minimal) three-dimensional case considered
here, one heteroclinic orbit lies in the non-transverse intersection of a one-dimensional stable
and one-dimensional unstable manifold, and the other in the transverse intersection of the
corresponding two-dimensional manifolds. Our goal is to characterize the bounded maximal
invariant set Λ of T for a fixed parameter value. To this end, we design an efficient algorithm
to compute millions of periodic orbits in Λ, and find that those with one-dimensional unsta-
ble manifolds are densely intermingled with those that have one-dimensional stable manifolds.
Hence, Λ cannot be a hyperbolic set. We then focus on and compute to long arclengths the
one-dimensional unstable and stable manifolds of the two fixed points of T and show that they
have the so-called carpet property of ‘behaving like a surface’; this strongly suggests that T
has robust heterodimensional cycles. Subsequently, we define suitably formulated boundary-
value problems to find both a non-transverse heteroclinic orbit and a one-dimensional family
of transverse return orbits between the two fixed points. This is the first heterodimensional
cycle computed for an explicit diffeomorphism. Our case study of the properties of the invari-
ant set Λ of T is representative in that it demonstrates generic properties of diffeomorphisms
with robust heteterodimensional cycles — the key objects used to prove that nonhyperbolic
dynamics can be persistent in open sets of diffeomorphisms.

1 Introduction

When modeling a real-world phenomenon as a dynamical system, small errors are often intro-
duced, for example, through simplifying assumptions. Nevertheless, the model still describes the
phenomenon of interest if its qualitative behavior is structurally stable; that is, it persists under
sufficiently small perturbations [21, 35, 41]. In this paper, we focus on discrete-time dynamical sys-
tems given by a diffeomorphism, that is, a smooth map with a smooth inverse [9, 15, 29, 39]. The
persistence of the qualitative behavior of such a system requires that any fixed or periodic points
are hyperbolic with stable and unstable manifolds that intersect transversely, if at all [34, 37, 38].
In the mid 1960s, it was widely believed that systems with this property are typical, in the sense
that loss of hyperbolicity or non-transverse intersections are not robust phenomena [3, 40]. How-
ever, in 1970, Abraham and Smale [1] constructed an open set of four-dimensional diffeomorphisms
that all have non-transverse intersections of stable and unstable manifolds. This showed that there
are open sets of diffeomorphisms that are not structurally stable.

The construction in [1] relied on the presence of a heterodimensional cycle, which is a pair of
heteroclinic orbits connecting two saddle fixed or periodic orbits with unstable manifolds of dif-
ferent dimension [7, 16, 18, 31]; this dimension is referred to as the index of the saddle orbit. For
example, in dimension three (the minimum dimension required), the one-dimensional unstable
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manifold of an index-one saddle and the one-dimensional stable manifold of an index-two sad-
dle intersect in a heteroclinic orbit and, simultaneously, the stable and unstable two-dimensional
manifolds of the two points intersect in a one-dimensional family of transverse return connecting
orbits. Note that the two one-dimensional manifold must necessarily intersect non-transversely in
the three-dimensional phase space; hence, the corresponding connecting orbit is not a robust ob-
ject, which seemingly provides a contradiction with the result in [1] and the more recent literature
on the robust occurrence of heterodimensional cycles [7, 16, 18, 31].

In spite of the importance of heterodimensional cycles for recent developments of the theory,
there are hardly any examples of explicitly given dynamical systems that are known to feature
them. To our knowledge, only the so-called Atri model, a four-dimensional vector field, is known
to have a heterodimensional cycle between two periodic orbits, which has been found numerically
with a boundary-value problem formulation [43]. This example can be viewed as a discrete-time
system defined by the return map to a three-dimensional Poincaré section, which then has a
heterodimensional cycle between two fixed points of different index [23], as described above. A
subsequent bifurcation study of the Atri model discovered many more heterodimensional cycles
of different types [42]. We do not know any example of a diffeomorphism for which a heterodi-
mensional cycle has been computed explicitly. However, a candidate diffeomorphism designed to
exhibit heterodimensional cycles was recently introduced in [22, 32]. The underlying map, which
we call the shear-rotation map, has its origins in multi-parameter models of particle accelera-
tors [24, 33], but in [32], it is defined in the form of a diffeomorphism that depends on only one
parameter k ∈ R as follows:

T : R3 → R3

(x, y, z) 7→ (z + k(x2 + y2 − 2), x, y).
(1)

The map T was studied in [32] for the fixed parameter value k =
√
20. This project focused on

finding the maximal invariant set Λ, which is the set of all orbits of T that remain bounded in
both forward and backward time; see Definition 1 for a precise definition. In [32], Λ is referred to
as the chain recurrent set [13], which is approximated numerically by the box-covering algorithm
implemented in the software package GAIO [14]. The dissertation [32] also reports on using GAIO

to compute periodic orbits in Λ for periods up to 11, as well as their one-dimensional stable
or unstable manifolds, which were computed by iterating points in the corresponding stable or
unstable eigenspaces. The map T has two hyperbolic fixed points, which we call p+ and p−,
and a first part the two-dimensional stable and unstable manifolds of these two fixed points were
computed with GAIO in [32] as well.

In this paper, we build upon the results from [32] and perform a comprehensive investigation
of the global dynamics of T when k =

√
20. To set the stage, Fig. 1 presents a global phase

portrait of T for k =
√
20; where the phase space R3 has been compactified to the unit ball B3;

see Section 2 for details of this compactification. Fig. 1 shows over 18 million periodic orbits of
T , with periods up to 26, that have been computed with the algorithm described in Section 3.
These periodic orbits all lie in the maximal invariant set Λ and, together, they form a good
approximation of Λ. The one-dimensional invariant manifolds W u(p+) and W s(p−) of the two
fixed points p+ and p−, which have index one and two, respectively, are shown in Fig. 1 as
well. Both were computed as curves with the method in [11] up to an arclength of L = 1,500
as measured in compactified coordinates, and they are shown with a color gradient that lightens
as the arclength increases. Observe that W u(p+) and W s(p−) make long excursions towards the
boundary of B3; more specifically, W u(p+) repeatedly approaches the point (1, 0, 0) and, similarly,
W s(p−) approaches (0, 0,−1); these excursions represent positive and negative infinity along the x
and z-axes, respectively. In between them, both W u(p+) and W s(p−) form a thick ‘weaving’ that
appears to ‘fill out’ a surface; indeed, already for L = 1500, both p± are obscured from view in
Fig. 1. The figure suggests thatW u(p+) andW s(p−) intersect and there exists a heterodimensional
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Figure 1: Phase portrait of T for k =
√
20 in the compactified phase space B3 (gray sphere).

Shown are the one-dimensional manifolds W u(p+) (red curve) and W s(p−) (blue curve) of the
fixed points p± up to an arclength of L = 1,500, colored in a gradient that lightens as arclength
increases. Also shown is the maximal invariant set Λ approximated by all periodic points up
to period 26 (green dots). See also the accompanying animation (dko hetdim anim fig01.mp4
[3.7MB]).

cycle between p+ and p−.
As mentioned earlier, a possible intersection between the two one-dimensional manifolds

W u(p+) and W s(p−) will be non-transverse, such that the existence of a specific heterodimen-
sional cycle is not expected to be robust. The literature describes the most common way how one
can transform a system with a single heterodimensional cycle into a system with robust heterodi-
mensional cycles: the idea is to embed one of the fixed or periodic orbits of the heterodimensional
cycle within a more complicated invariant set known as a blender [5, 6]. In three dimensions,
a blender is a hyperbolic transitive set with a one-dimensional stable or unstable manifold that
behaves like a surface in the sense that it cannot avoid intersections with a C1-open family of
curves. Consequently, the one-dimensional invariant manifold of the blender can have persistent
non-transverse intersections with the one-dimensional manifold of another periodic orbit, leading
to the robust existence of heterodimensional cycles [7].

We already know that T has the maximal invariant set Λ. Fig. 1 gives an impression of
the overall shape of Λ, because we are able to find sufficiently many periodic orbits. However,
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the periodic points in Λ are evenly split into two sets of periodic orbits with the same index.
Furthermore, the closure of either set separately yields the overall set Λ. Therefore, the two sets
of index-one and -two periodic orbits are intermingled, which means, in particular, that Λ is not
hyperbolic. In fact, this intermingling of points of different indices is very similar to what was
found in [16] as a different approach to creating robust heterodimensional cycles.

While we characterize Λ as a complicated non-hyperbolic, intermingled invariant set, each
point in Λ has well-defined one-dimensional (strong) unstable and (strong) stable manifolds. Fig. 1
suggests that, as the arclenths of the one-dimensional manifolds W u(p+) and W s(p−) increases,
W u(p+) and W s(p−) become so dense that their closures act like surfaces. We refer to this
characterizing property as the carpet property [12, 26, 27]; see Section 2 for more details. We
use the method from [27] to verify this observation. More specifically, we compute W u(p+) and
W s(p−) to very long arclengths and intersect them with a plane, where the surface-like property
of the manifolds translates to a curve-like structure of the intersection points. By projecting
the intersection points onto a one-dimensional submanifold, we demonstrate numerically that the
closure of the projected points fills an open interval as the arclength is increased.

The surface-like properties of W u(p+) and W s(p−) suggest a non-empty intersection, at least
for a nearby value of k. We present a method for finding a heteroclinic orbit in this intersection, as
well as a return orbit to complete the heterodimensional cycle between p+ and p−. Specifically, we
start from an approximate point of intersection and construct an associated pseudo-orbit with the
method in [11]. The pseudo-orbit serves as a seed solution for a suitably defined boundary-value
problem; corrections with Newton’s method yield an accurate approximation of the corresponding
non-transverse heteroclinic orbit, where k has changed only slightly from the value k =

√
20. The

return heteroclinic orbit in the (transverse) intersection W u(p−)∩W s(p+) is found with a similar
boundary-value problem setup for which k remains fixed; with pseudo-arclength continuation, we
compute the one-dimensional family of return orbits for this value of k. We observe that both the
non-transverse heteroclinic orbit and the curves in W u(p−) ∩ W s(p+) ‘align’ with the maximal
invariant set Λ. Our results suggest that this represents the generic structure of a bounded
maximal invariant set for a diffeomorphism with robust heterodimensional cycles.

This paper is organized as follows. We begin in Section 2 by describing the basic properties of
the shear rotation map as well as introducing some of the relevant theory for heterodimensional
cycles. In Section 3, we approximate Λ by the set of periodic orbits; we explain how we are able
to compute the millions of periodic obits shown in Fig. 1. Section 4 provides evidence that the
closures of the two one-dimensional manifolds W u(p+) and W s(p−) are guaranteed to intersect in
the three-dimensional phase space. Consequently, we find that W u(p+) cannot avoid intersection
with the closure of W s(p−), and we compute a heterodimensional cycles for a nearby value of the
parameter k in Section 5. We summarize our results in Section 6, and propose directions for future
research. Finally, Appendix A describes our algorithm for the efficient computation of periodic
points for T , as well as how we determine their index.

2 Background and setting

The shear rotation map (1) is constructed as the composition of the quadratic-shear (x, y, z) 7→
(x, y, z+ k [x2+ y2− 2]) and the the cyclic permutation of (x, y, z) 7→ (z, x, y), which is equivalent
to a rotation by 2π

3 about the axis (1, 1, 1). Given that both the shear and the rotation are volume
preserving, T is volume preserving as well. Consequently, T cannot have global attractors or
repellors. The inverse of T is given by

T−1(x, y, z) = (y, z, x− k [y2 + z2 − 2]). (2)
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The map T has two fixed points and two period-three orbits that lie at the corners of a cube in
R3, independent of k. We label the fixed points

p+ = (1, 1, 1) and p− = (−1,−1,−1),

and the period-three orbits

q+ = {q+1 , q
+
2 , q

+
3 } = {( 1,−1,−1), (−1, 1,−1), (−1,−1, 1)} and

q− = {q−1 , q
−
2 , q

−
3 } = {(−1, 1, 1), ( 1,−1, 1), ( 1, 1,−1)}.

For k > 0, the fixed point p+ has index one, because the Jacobian matrix DT (p+) has one unstable
eigenvalue (and two stable ones), while p− has index two. Similarly, for k > 1, the period-three
orbit q+ has index two, while q− has index one. Since p± are hyperbolic saddles, the Stable
Manifold Theorem [36] guarantees that each point has smooth, immersed stable and unstable
manifolds, denoted W s(p±) and W u(p±), comprising all points that converge to p± under T
and T−1, respectively. These manifolds are tangent to, and have the dimensions as the stable and
unstable eigenspaces at p±. In particular, W s(p+) is two dimensional, W u(p+) is one dimensional,
and the reverse is the case for W s(p−) and W u(p−).

The map T also has many higher-period periodic points, the existence of which depends on k.
We refer to the set of all periodic points of minimal period n as the set

Pern :=
{
x ∈ R | Tn(x) = x and T i(x) ̸= x for all 1 ≤ i < n

}
.

In particular, Pern does not contain any points with periods that are divisors of n. We already
saw that Per1 = {p±} and Per3 = {q±}. Moreover, T has no period-two or period-four orbits,
that is, Per2 = Per4 = ∅. For n ≥ 5, we find that the set Pern is non-empty for k =

√
20. We refer

to the total set of periodic points of T as Per, and it is given by the (disjoint) union

Per =
∞⋃

i=1

Pern.

We further distinguish periodic points by their index and refer to the set of all index-one periodic
points as Per1, and the set of all index-two periodic points as Per2.

The dynamical systems given by T is reversible: T is topologically conjugate to its inverse
T−1 = R ◦ T ◦R−1 via the homeomorphism

R(x, y, z) = (−z,−y,−x). (3)

Being reversible has two geometric consequences on the phase space. Firstly, the image of an
index-one period-n point under R gives an index-two period-n point, and vice versa. Indeed, each
of p± and q± are related by the reversibility; that is, R(p±) = p∓ and R(q±) = q∓. Secondly,
the image of the stable manifold of a period-n point under R gives the unstable manifold of its
R-conjugate period-n point and, likewise, for the image of an unstable manifold. In particular,
the image of W u(p+) under R is W s(p−).

All of the orbits in Per are certainly bounded and, therefore, must lie in some maximal invariant
set of T , which is formally defined as follows.

Definition 1 (Locally maximal invariant set [39]) Let B ⊂ R3 be closed. The maximal T -
invariant set ΛB of B is given by

ΛB =
⋂

n∈Z
Tn(B).
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In [32], it is shown that, for k > 2, all bounded orbits of T lie in the box (x, y, z) ∈ [−2, 2] ×
[−2, 2] × [−2, 2] =: [−2, 2]3. Hence, for k > 2, there exists a maximal invariant set Λ ⊆ [−2, 2]3,
independent of the closed subset B, that contains all bounded orbits of T . For k =

√
20, the set

Λ is very complicated, and we clarify its properties in the next section. In particular, it allows for
the existence of heterodimensional cycles.

Definition 2 (Heterodimensional cycles in R3 [16]) Let p1, p2 ∈ R3 be hyperbolic fixed or
periodic points with index one and index two, respectively. A heterodimensional cycle connecting
p1 and p2 consists of two heteroclinic orbits: a non-transverse connecting orbit from p1 to p2 in
W u(p1) ∩W s(p2) and a transverse connecting orbit from p2 to p1 in W u(p2) ∩W s(p1).

While a single heterodimensional cycle is not robust, the presence of heterodimensional cycles can
be made robust by replacing (at least) one of the connected saddle points with a more complicated
transitive hyperbolic set called a blender [5, 7]. There are different types of blenders, each with
its own definition. They all have in common that they are transitive sets which are uniformly
hyperbolic, that is, the set has a consistent index throughout; and they have stable or unstable
manifolds that behave as if their dimension is larger than suggested by their index [17]. The
key geometric characterization can be phrased as the so-called carpet property [26]: the respective
one-dimensional manifold of any saddle point in the hyperbolic set has a dense projection, so that,
colloquially speaking, one cannot see through it. This denseness implies that the hyperbolic set is
indeed a blender because the closure of the one-dimensional manifold of any point in the manifold
is the one-dimensional manifold of the hyperbolic set. Moreover, this is an open condition, and any
C1-family of curves close to the projection direction will intersect the one-dimensional manifold
of the blender, as required by the abstract definitions of blenders [6].

Since p± ∈ Λ have different index, the set Λ of T is, unfortunately, not uniformly hyperbolic
and, thus, cannot be a blender. Nevertheless, we find that the one-dimensional W u(p+) and
W s(p−) have the carpet property. We use this observation to construct heterodimensional cycles.

In order to check the carpet property, we compute very long pieces of manifolds. For this
purpose, it will be useful to consider a coordinate transformation that compactifies R3 to the unit
ball B3. We define the compactification

C(x, y, z) = (x̄, ȳ, z̄) :=
(x, y, z)

1 +
√
1 + r2

, (4)

where r = ∥(x, y, z)∥. It has the inverse

C−1(x̄, ȳ, z̄) =
2(x̄, ȳ, z̄)

1− r̄2
,

where r̄ = ∥(x̄, ȳ, z̄)∥. The compactified diffeomorphism C ◦ T ◦ C−1 : B3 → B3 is conjugate to T
and it is also reversible via the homeomorphism C◦R; throughout, we will refer to the compactified
map as T as well.

3 The maximal invariant set as the closure of periodic points

By definition, the maximal invariant set Λ of T contains all bounded orbits. Hence, we may
approximate Λ by computing many periodic orbits. To achieve this, we numerically solve for
entire orbits, rather than individual periodic points. This allows us to compute millions of periodic
orbits efficiently; see Appendix A for details. In particular, we can accurately determine the sets
Pern for 1 ≤ n ≤ 26. In addition, we separate the points in Pern by index. Finding this separation
necessitates computing the spectrum of high-period periodic orbits, which is a numerically sensitive
task that requires increased precision. We find that the set of period-n orbits with n ≤ 23 is
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Table 1: Overview of the effort involved in computing all period-n orbits with periods up to 26.
From left to right, the columns show the period n, the total number of points in Pern, the total

number of periodic orbits in Pern, the local growth rate g
(n)
T as defined in (5), the time it took to

compute Pern, and the time it took to separate Pern by index.

n |Pern| 1
n
|Pern| g

(n)
T time (s) for Pern Pern separation time (s)

5 30 6 0.6931 0.0939 0.4705

6 24 4 0.5776 0.0923 0.4791

7 126 18 0.6931 0.0933 1.1722

8 64 8 0.5237 0.0882 0.6626

9 450 50 0.6808 0.0892 3.1900

10 280 28 0.5743 0.0953 2.5016

11 1,364 124 0.6563 0.0945 8.5135

12 936 78 0.5729 0.1294 6.3966

13 4,498 346 0.6471 0.1752 26.2539

14 3,948 282 0.5938 0.1794 24.5634

15 15,510 1,034 0.6434 0.2297 95.1199

16 13,696 856 0.5956 0.4102 84.2666

17 51,544 3,032 0.6382 0.7298 317.8184

18 47,088 2,616 0.5983 1.2866 288.0314

19 163,020 8,580 0.6317 2.4500 992.5330

20 159,920 7,996 0.5992 4.7658 988.9010

21 534,870 25,470 0.6281 10.3682 3,646.554

22 583,924 26,542 0.6036 20.5057 3,952.367

23 1,806,328 78,536 0.6264 44.7350 9,720.938

24 1,984,080 82,670 0.6042 89.3406 -

25 5,977,350 239,094 0.6241 203.7565 -

26 6,693,804 257,454 0.6045 423.1983 -

exactly divided in half, as expected from the reversibility symmetry of T (3). We remark that the
computations are already very expensive which is why we did not compute the indices of periodic
orbits with periods 24, 25, and 26. The number of periodic points grows exponentially with n.
Table 1 shows that Pern grows from 30 points in Per5 to over six million in Per26. The total
number of points is shown in the second column and the total number of periodic orbits in the
third column. The last two columns show the computation time to find them and separate them
by index on a desktop computer, respectively. The fourth column shows the growth rate of the
number of period-n orbits, defined as

g
(n)
T =

1

n
log

n∑

d|n
|Perd|, (5)

which we compute by including all periodic divisors of n; we refer again to Appendix A for more
details.

Figure 2 shows the fixed points p± and period-three orbits q±, which lie on the corners of
a cube, together with all period-n orbits in Pern of periods 5 ≤ n ≤ 26. The disjoint union
∪26
i=1Per

i contains about 18.043 million points, which are all shown in Fig. 2(a), where each period
is indicated by the color bar. Moreover, periodic orbits with periods n ≤ 15 are shown as thicker
dots. We also show the set ∪23

i=1Per
i separated by index, with all index-one orbits (light green)

shown in panel (b1) and those with index two in panel (b2). Note that points of different periods
are not distributed equally throughout Λ. In particular, the points of lower periods, including the
thicker points of periods n ≤ 15, tend to cluster around the cube’s corners.

Figure 2(a) provides strong numerical evidence that the set ∪26
i=1Per

i is sufficient to represent
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p+

p− q+1

q+2

q+3

q−1

q−2

q−3

Figure 2: Periodic orbits of Tk for k =
√
20 with periods n ≤ 26. All panels show the fixed (black)

and period-three (yellow and blue) points, which lie at the corners of a cube (gray). The period-n
orbits in ∪26

i=5Per
i are shown with a color gradient in panel (a) as given by the color bar, and the

dots for orbits with periods n ≤ 15 are thicker. The period-n orbits with n ≤ 23 are separated
into those with index one (light green) and index two (dark green), shown in panels (b1) and (b2),
respectively. See also the accompanying animation (dko hetdim anim fig02.mp4 [2MB]).

the overall set of periodic points Per. Notice how the periodic points appear to align along curves.
We conclude that the closure of Per is a complicated, seemingly connected set of curves of a fractal
nature. We claim that ∪26

i=1Per
i also provides a good approximation of the maximal invariant set

Λ; this is consistent with the computation in [32, Figure 16] of Λ as the chain recurrent set [13],
which is precisely what the software package GAIO [14] approximates.

Panels (b1) and (b2) of Fig. 2 show the subsets Per1 and Per2 as represented by the period-n
points of index one and index two for 5 ≤ n ≤ 23, respectively. Observe that, even though we
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x̄ȳ

z̄

(a) (b)

W u(p+)

W s(p−)

W u(p+)

W s(p−)

p+

p−

Figure 3: One branch of each the one-dimensional manifolds W u(p+) (red) and W s(p−) (blue) in
B3, shown with a color gradient from darker to ligher with increasing arclength. Panel (a) shows
the manifolds up to an arclength of L = 60, and panel (b) up to L = 60,000. Panel (b) also shows
∪26
i=5Per

i (green dots); compare with Fig. 1, which is up to L = 1,500.

obtained neither set as the symmetric image of the other, panels (b1) and (b2), nevertheless, have
the reversibility symmetry given by (3). Comparison of panels (b1) and (b2) with panel (a) shows
that, separately, these index-one and index-two points take on practically the same shape as Λ.
However, some of the curves in panel (a) are not as well approximated in panels (b1) and (b2);
for example, the index-one points have a gap near the middle of the cube edge connecting p− and
q+1 in panel (b1); likewise, due to the reversible symmetry, the index-two points are not quite as
dense near the cube edge connecting p+ and q−3 . Despite these small local differences, panels (b1)
and (b2) suggest that Λ is densely filled with periodic points of each index; that is, we have
Λ = cl(Per1) = cl(Per2).

4 Invariant manifolds and their carpet property

As we already mentioned in the discussion of Fig. 1, the one-dimensional manifolds W u(p+) and
W s(p−) already look like surfaces for L = 1,500, that is, they appear to have the carpet property.
Recall that W s(p−) is the image of W u(p+) under R. Hence, we only verify the carpet property for
W (p+). To this end, we compute W u(p+) to a much larger arclength in compactified coordinates
(x̄, ȳ, z̄) ∈ B3. Fig. 3 shows W u(p+) and W s(p−) up to arclengths L = 60 in panel (a) and
L = 60,000 in panel (b). As in Fig. 1, we use a color gradient that gradually lightens with
increasing arclength along the manifolds. For the relatively short arclength in panel (a), it is clear
that both W u(p+) and W s(p−) are curves. However, as their arclength increases, these manifolds
accumulate so densely that they give the impression of surfaces in B3, resembling two ellipsoids.
This is illustrated in Fig. 3(b), where we also plot the approximation ∪26

i=5Per
i of Λ for reference.

To verify the visual evidence in Fig. 3, we employ the numerical test of the carpet prop-
erty developed in [27]. Briefly, this test involves computing the intersection set of W u(p+) or
W s(p−) with a planar section, and showing that the projection of these intersection points onto
a one-dimensional submanifold becomes dense as the arclength grows. Specifically, we consider
the planar section Σ :=

{
(x̄, ȳ, z̄) ∈ B3 | x̄ = z̄

}
, which contains p± and preserves the symmetry

R from (3). This particular choice for Σ was made for convenience: this section is perpendic-

ular to the axis of rotation of R and, thus, the intersection sets Ŵ u(p+) := W u(p+) ∩ Σ and

9



(a) (b)

Σ

p+

p−

W u(p+)

W s(p−) Σ

p+

p−

Ŵ u(p+)

Ŵ s(p−)

x̄ȳ
z̄

Figure 4: Intersections of W u(p+) (red) and W s(p−) (blue) with the plane Σ :={
(x̄, ȳ, z̄) ∈ B3 | x̄ = z̄

}
(yellow). Panel (a) shows the situation in B3 with W u(p+) and W s(p−) up

to L = 60. Panel (b) shows Σ with the 29,925 intersection points in each of Ŵ u(p+) := W u(p+)∩Σ
and Ŵ s(p−) := W s(p−) ∩ Σ, when each manifold is computed up to L = 63,956. Compare with
Fig. 3.

(a) (b) (c)

∆

∆

∆
1

0.1

0.01

m3 6 9 12

(a)

(b)

Figure 5: Checking the carpet property for W u(p+). Panels (a) and (b) show the radial projection

of 24 and 28 intersection points in Ŵ u(p+) onto the upper-right quadrant of S1, respectively. These
specific data points are highlighted by stars in panel (c), which displays the size ∆ of the largest

angular gap between points in Ŵ u(p+) in radians on a logarithmic scale against the power m of

the first 2m intersection points in Ŵ u(p+).

Ŵ s(p−) := W s(p−) ∩Σ are also R-conjugate; otherwise, any sufficiently transverse section would
yield qualitatively the same intersection sets, which would then both need to be computed and
no longer have the same rotational symmetry.

Figure 4 shows the intersection sets Ŵ u(p+) and Ŵ s(p−) in the compactified phase space in
panel (a) and in the planar section Σ in panel (b). Panel (a) illustrates how the intersection points

in Ŵ u(p+) and Ŵ s(p−) are created as the corresponding one-dimensional manifolds intersect Σ
in B3. Here, W u(p+) and W s(p−) are only shown up to arclengths L = 60, and the segments
that lie below Σ are shown in a fainter color shade; compare with Fig. 3(a). Panel (b) shows

29,925 intersection points in each of Ŵ u(p+) and Ŵ s(p−), obtained for the much larger arclength

L = 63,956. Notice how the points in Ŵ u(p+) and Ŵ s(p−) appear to accumulate and align along
‘layers’ of curves that are almost circular. This ‘curve-like’ behavior of the intersection points in
Σ is a manifestation of the ‘surface-like’ properties of the one-dimensional manifolds in B3.

Following [27], we now investigate whether Ŵ u(p+) densely fills a projection onto a one-
dimensional submanifold. Owing to the structure observed in Fig. 4, we consider the radial
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p+

p−

q+1
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q+3

q−1

q−2

q−3

Figure 6: The averages Ψε (magenta) in R3 of points xu ∈ W u(p+) and xs ∈ W s(p−), for which
the difference in compactified coordinates satisfies ∥xu − xs∥∞ < ε = 10−3. For comparison, we
also plot the periodic points (green) up to period 26, as well as p± (black) and the period-three
cycles q± (blue and yellow). See also the accompanying animation (dko hetdim anim fig06.mp4
[2MB]).

projection of Ŵ u(p+) onto S1, where we restrict our attention to the top right quarter disk of Σ
in B3. Panels (a) and (b) of Fig. 5 show this quarter disk with the first 2m intersection points
for m = 4 and m = 8, respectively, projected radially onto S1. The coordinates of the projected
points are now given in radians; hence, we can order them by their angle and use this ordering to
find the maximal angular gap ∆ between adjacent intersection points. Panel (c) illustrates, on a
logarithmic scale, that ∆ = ∆(m) decreases as we double the number of intersection points; the
specific data points shown in panels (a) and (b) are highlighted with stars. Indeed, the maximal
angular gap between the first 24 = 16 intersection points in panel (a) is ∆ ≈ 0.2134, but between
the first 28 = 256 points in panel (b) we already find ∆ ≈ 0.0528. The decreasing linear trend
in panel (c) suggests that ∆(m) → 0 as m → ∞. We find that the size of ∆(m) reduces by a
factor of approximately 0.66 when the number of intersection points doubles. Consequently, we
conclude that Ŵ u(p+) is dense in this projection and, therefore, W u(p+) has the carpet property.
By symmetry, the same analysis applies to W s(p−).
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5 Existence of heterodimensional cycles

Since W u(p+) and W s(p−) both have the carpet property, the closure either manifold cannot
avoid being intersected by the other A heterodimensional cycle between p+ and p− consists of
a non-transverse heteroclinic intersection of the one-dimensional manifolds W u(p+) and W s(p−)
and a transverse (return) heteroclinic intersection of the respective two-dimensional manifolds.
We begin with the problem of finding a non-transverse intersection — which is more difficult
because its existence is not generic. Fig. 1 already strongly suggests that W u(p+) and W s(p−)
may intersect, as the manifolds come very close to each other near the set of periodic points. We
make this observation precise by identifying where the one-dimensional manifolds W u(p+) and
W s(p−) are near each other. More specifically, we define the set

Ψε :=
{
1
2(xu + xs) ∈ B3 | xu ∈ W u(p+), xs ∈ W s(p−), and ∥xu − xs∥∞ < ε

}
.

Here, the choice of the accuracy parameter ε should be informed by the accuracy parameters of
the computation of the manifolds. Note that we use the L∞-norm (in compactified coordinates)
for computational efficiency. In each ε-cube (which defines a ball in the L∞-norm) around a point
in Ψε, we find segments of both W u(p+) and W s(p−). To determine the set Ψε in practice, we
consider pairs of points (xu, xs) ∈ R3 × R3 in the respective mesh representations of W u(p+)
and W s(p−) computed with the algorithm from [12]. We then employ the MATLAB function
ismembertol, which sorts the meshes lexicographically before finding all points within a certain
distance of each other with respect to the L∞-norm. By definition, the points in Ψε are then
computed as the average of the mesh points in W u(p+) and W s(p−) that lie to within distance ε
of each other.

Figure 6 depicts, in non-compactified coordinates, the set Ψε with ε = 10−3 in magenta,
together with ∪26

i=5Per
i in green, which represents the the maximal invariant set Λ. Notice that

points in Ψε closely align with the overall shape of ∪26
i=5Per

i, that is, cl (Per) and, thus, Λ seem to
lie in the intersection of the closures of W u(p+) and W s(p−).

5.1 Finding non-transverse heterodimensional connecting orbits

The set Ψε does not contain exact intersection points. However, we can use it to obtain a suitable
approximation of a non-transverse heteroclinic orbit from p+ to p− that can be refined with
Newton’s method as the approximate solution to an appropriate boundary value problem (BVP).
Our set-up is similar to the approach taken by Beyn and Kleinkauf [4]; see also [25]. We formally
define the heteroclinic orbit, denoted A, as an orbit segment of length Nu+Ns+1, for sufficiently
large integers Nu, Ns ∈ N, given by

A := {a−Nu , . . . , a−1, a0, a1, . . . , aNs} ,

where
T (ai) = ai+1, for i = −Ns, . . . , Nu − 1. (6)

To ensure that A approximates a connecting orbit, the first point a−Ns must lie close to p+ on
its one-dimensional unstable eigenspace. Similarly, the final point aNs must lie near p− on its
one-dimensional stable eigenspace of p−. We express these two requirements in the form of the
following boundary conditions

a−Nu = p+ + δu vu, (7)

and
aNs = p− + δs vs, (8)

where vu and vs are the unit unstable and stable eigenvectors of p+ and p−, respectively, and the
real parameters δu and δs measure the respective distances of a−Ns to p+ and aNu to p−. For A
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Figure 7: Minimal Euclidean distances between W u(p+) and W s(p−) in compactified coordinates.
Panel (a) shows the minimal distance du (red curve) from a point in W u(p+) to the first part of
W s(p−) up to arclength L = 80, parameterized by arclength along W u(p+). Similary, panel (b)
shows the minimal distance ds (blue curve) from W s(p−) to the first part of W u(p+). Also shown
are pseudo-orbits {ãui }−13≤i≤−1 and {ãsi}1≤i≤14 (magenta dots) to and from the local minima au0
of du and as0 of ds, respectively.

to be a good approximation, δu and δs need to be sufficiently small. The overall BVP (6)–(8);
comprises 3(Nu +Ns) + 6 equations, namely, the Nu +Ns three-dimensional mapping conditions
from (6), and the two three-dimensional boundary conditions from (7) and (8). To solve this
BVP, one needs to find the 3(Nu +Ns +1) coordinates of the points in A, as well as the distance
parameters δu and δs, which gives a total of 3(Nu + Ns) + 5 unknowns. Hence, to ensure this
BVP is well posed and has a locally unique solution, we allow the single parameter k to be solved
for as well; this reflects the fact that the heterodimensional connecting orbit we are seeking is of
codimension one; see again also [4, 25].

We construct a seed solution from a point in Ψε by considering the corresponding mesh points
in W u(p+) and W s(p−), as well as their backward and forward trajectories, respectively. We
obtain such trajectories as pseudo-orbits [29] along the computed meshes of W u(p+) and W s(p−)
with the method from [11]. For each computed mesh point of W u(p+) the algorithm stores a
pointer to another mesh point that is an approximate preimage. Consequently, for any point
in the mesh representing W u(p+), we can follow the pointers backwards towards p+, and the
resulting sequence of points constitutes a pseudo-orbit for T . How close the pseudo-orbit is to an
actual orbit depends on the accuracy parameters of the manifold computation; see [11] for specific
details. Similarly, we obtain a pseudo-orbit to p− for any mesh point in the computed part of
W s(p−).

Figure 7 illustrates our approach by showing the shortest distance du(L) of the point at
arclength L in W u(p+) to any point in the first part of W s(p−) up to arclength Lmax = 80; and
likewise for ds(L). More specifically, for arclength parameterizations wu(L) for W

u(p+) and ws(L)
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for W s(p−), we define

du(L) = min
ℓ<Lmax

∥wu(L)− ws(ℓ)∥ and

ds(L) = min
ℓ<Lmax

∥ws(L)− wu(ℓ)∥.

Here, we use the Euclidean norm, still in compactified coordinates. Figure 7 shows du(L) for L
increasing from 0 to 45 in panel (a), and similarly, ds(L) for L decreasing from 75 to 0 in panel (b).
Observe that the curve in panel (a) respects the symmetry (3) with the curve for 0 ≤ L ≤ 45
shown in panel (b); hence, du(L) = ds(L) if both are computed for the same Lmax. Each local
minimum in du is associated with exactly one specific local minimum in ds, and together they
represent a pair of points in W u(p+) and W s(p−) that are close in phase space. For the selected
pair au0 and as0 in Fig. 7, we have ∥as0 − au0∥ ≈ 3× 10−2. Panels (a) and (b) also show the pseudo-
orbits {ãu−13, . . . , ã

u
−1, a

u
0} and {as0, ãs1, . . . , ãs14} generated from au0 and as0, respectively; note that

these points are near, but not exactly on, the local minima of du and ds. We remark that the pair
(a0u, a

0
s) was chosen for illustrative purposes; the same construction works for any pair of nearby

points in W u(p+) and W s(p−), which typically leads to a different connecting orbit for a (slightly)
different k-value.

The two pseudo-orbits are concatenated at au0 ≈ as0 to give the approximate non-transverse
heteroclinic orbit

Ã :=
{
ã−Nu , . . . , ã0, . . . , ãNs} = {ãu−13, . . . , ã

u
−1, a

u
0 , ã

s
1, . . . , ã

s
14

}
,

with Nu = 13 and Ns = 14. We remark that the choice ã0 = au0 is for definiteness; one could
instead choose as0 or the average of these two points.

With Ã as a seed, Newton’s method converges to a solution

A = {a−13, . . . , a−1, a0, a1, . . . , a14}

of the BVP (6)–(8), and we find that k =
√
20 has now been adjusted slightly to k = k∗ ≈√

20 + 5.027× 10−4.
Figure 8 shows the computed non-transverse heterodimensional orbit A for k = k∗. Panel (a)

shows W u(p+) and W s(p−) in B3, up to their first intersection point a0. In addition, we show
the points in A, with only a−1, a0, and a1 labeled, together with local intersecting segments of
W u(p+) and W s(p−). Panel (b) shows the computed heterodimensional connecting orbit A in
non-compactified coordinates, again with the corresponding intersecting local manifold segments.
Notice that the start and end points ofA are very close to p+ and p−, respectively, which illustrates
the accuracy of this connection.

5.2 Finding transverse return connecting orbits

To complete the heterodimensional cycle for T at k = k∗, we also compute the intersection of
the two-dimensional manifolds W u(p−) and W s(p+) for the same parameter value. Generically,
W u(p−) ∩ W s(p+) has dimension one and consists of infinitely many return orbits from p− to
p+. As before, we choose suitable integers Nu, Ns ∈ N and represent one particular return orbit
B ∈ W u(p−) ∩W s(p+) as the orbit segment

B := {b−Nu , . . . , b−1, b0, b1, . . . , bNs} ,

where
T (bi) = bi+1, for i = −Ns, . . . , Nu − 1. (9)
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Figure 8: The heteroclinic orbit A = {ai}−13≤i≤14 (purple points) from p+ to p− for k∗ ≈√
20 + 5.027 × 10−4. Panel (a) shows in B3 the one-dimensional manifolds W u(p+) (red) and

W s(p−) (blue) until their first point of intersection a0; local intersecting segments (orange and
light blue) are shown at all other points ai. Panel (b) shows A in R3 with the respective local
segments of intersecting manifolds.

In this case, the boundary conditions take the form

b−Nu = p− + δu vu + δuu vuu, (10)

and
bNs = p+ + δs vs + δss vss. (11)

Here, vu and vuu are unit vectors that span the two-dimensional unstable eigenspace of p−, and
similarly, vs and vss span the stable eigenspace of p−. Note that there are now two pairs of distance
parameters δu, δuu, and δs, δss which control the distances along the respective eigendirections.
In total, the BVP (9)–(11) has 3(Nu +Ns) + 6 equalities for 3(Nu +Ns) + 7 unknowns. Hence,
this BVP is under-determined and its solution family comprises a one-dimensional intersection
set; unlike for the non-transverse case, we keep the parameter k = k∗ fixed.

To solve the BVP (9)–(11), we again require an approximate orbit as a seed solution. Finding
such a seed in W u(p−) ∩ W s(p+) is challenging because computing manifolds of dimension two
is far more difficult than for the one-dimensional case [30]. However, for our purposes, we are
not interested in the precise geometry of the global manifolds; instead, we only want to find
where the manifolds come close to each other so that we can find a point approximately in their
intersection set. Such seed points only need to be sufficiently accurate so that the BVP converges
with Newton’s method.

Figure 5.2 shows how we identify candidate points in W u(p−) ∩ W s(p+). First, we find a
localized approximation of each of the two-dimensional manifolds by applying T or T−1 to a
mesh representation of a local patch in the eigenspaces of p− and p+. More precisely, in Eu(p−)
we start with a 200 × 200 uniform mesh in the parallelogram spanned by vu and vuu with side
lengths lu = luu = 0.5. We then map this mesh twice by T and obtain surfaces by triangulation
of the resulting mesh points. Fig. 5.2(a) shows this surface along with image patches representing
W s(p+), generated similarly from a patch on Es(p+). Observe that the surfaces approximating
W u(p−) and W s(p+) intersect near two of the bottom corners of the cube. We identify bu0 and bs0
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Figure 9: Approxmiate patches of the two-dimensional manifolds W u(p−) and W s(p+) in R3 for
k = k∗ ≈

√
20 + 5.027 × 10−4. Panel (a) shows the cube of p± and q±, with patches of local

eigenspaces Eu(p−) (cyan parallelogram) and Es(p+) (pale orange parallelogram), together with
their first and second images under T (orange and red surfaces) and T−1 (light- and dark-blue
surfaces), respectively. Also shown are the orbit segments {bui }−2≤i≤0 and {bsi}0≤i≤2 (magenta

points), and the pseuo-orbits of their tails {b̃ui }−26≤i≤−3 and {b̃si}3≤i≤24 (dark purple points).
Panels (b1) and (b2) show the points on the local patches in Eu(p−) and Es(p+), respectively.

as the pair of closest mesh points on W u(p−) and W s(p+), and construct the orbit segments

{
bu−2, b

u
−1, b

u
0

}
=

{
T−2(bu0), T

−1(bu0), b
u
0

}
and

{bs0, bs1, bs2} =
{
bs0, T (b

s
0), T

2(bs0)
}
.

By definition, the second (pre-)images bu−2 and bs2 lie in Eu(p−) and Es(p+), respectively. Hence,
we can apply the linearized map to extend the orbit segments to the pseudo-orbit

B̃ :=
{
b̃u−26, . . . , b̃

u
−3, b

u
−2, b

u
−1, b

u
0 , b

s
1, b

s
2, b̃

s
3, . . . , b̃

s
24

}
.

Here, the points {b̃u−26, . . . , b̃
u
−3} are added by using the Jacobian matrix DT−1(p−) with subse-

quent projection onto the patch in Eu(p−); and the points {b̃s3, . . . , b̃s24} are added similarly, by

applying DT (p+). Panel (b1) in Fig. 5.2 shows {b̃u−26, . . . , b̃
u
−3, b

u
−2, b

u
−1} on the patch in Eu(p−).

Since the unstable eigenvalues of p− are real and negative, the points {b̃u−26, . . . , b̃
u
−3, b

u
−2, b

u
−1}

tend to p− from both sides of vu and vuu. Panel (b2) shows the points {bs2, b̃s3, . . . , b̃s24} on the

patch in Es(p+), which converge in a similar manner. By adding points in this way, we ensure B̃
begins and ends at points that lie within distance 10−3 from p− and p+, respectively, so that this
pseudo-orbit may serve as a good approximation for a heteroclinic orbit connecting the two fixed
points.

Since the BVP (9)–(11) is under-determined, we require an additional condition to get a unique
solution. As a practical choice, we fix the distance

η = ∥b0 − p−∥, (12)

from p− to b0, and introduce η as a new parameter. When we solve the augmented BVP with
Newton’s method and keep η fixed, we find the single heteroclinic orbit

B = {b−26, . . . , b0, . . . , b24} ⊂ W u(p−) ∩W s(p+).
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Figure 10: The family of heteroclinic orbits B = B1 ∪ B2 ∪ B3 ⊆ W u(p−) ∩W s(p+) from p− to
p+ for k = k∗ ≈

√
20+5.027× 10−4. Panel (a) shows the curves B1 (magenta), B2 (dark purple),

and B3 (light purple), along with the particular heteroclinic orbit B = {bi}−26≤i≤24 (dark purple
points). Also shown as small disks are the two-dimensional local eigenspaces Eu(p−) (orange) and
Es(p+) (light blue). Panel (b) shows the x-coordinates of all points in each of the curves Bi, for
i = 1, 2, 3, versus arclength L.

To compute the entire heteroclinic intersection set, we continue B in the parameter η of (12). We
ensure that the solution at each continuation step remains accurate by monitoring the distances
δ2u + δ2uu and δ2s + δ2ss of the two end points in the orbit segment to their respective fixed point.

Figure 10 depicts the result of this continuation starting from B. More precisely, we find
that the entire η-parameterized family of orbits forms three smooth, continuous curves, denoted
B := B1 ∪ B2 ∪ B3 ⊆ W u(p−) ∩ W s(p+); these are shown in panel (a) together with the two-
dimensional local eigenspaces (orange and light-blue disks) at P− and p+, respectively. Panel (b)
shows each curve Bi, for i = 1, 2, 3, in terms of their x-coordinates versus arclength L. All three
curves emanate from p− tangent to its two-dimensional local unstable eigenspace Eu(p−), and
end by converging to p+ along its two-dimensional stable eigenspace Es(p+). Moreover, owing to
the negative real eigenvalues, the curves spiral around the respective fixed points. The oscillating
nature of B1, B2 and B3 near p− and p+ is not very visible in panel (a), but is highlighted with
respect to their x-coordinates in the alternative arclength representation in panel (b). The curves
B1, B2 and B3 map to each other, that is, they can be ordered such that

B1
T7−→ B2

T7−→ B3
T7−→ B1.

Moreover, the reversibility R (3) also acts on these curves, namely,

B1
R7−→ B2

R7−→ B1 and B3
T7−→ B3.

This symmetry is reflected in Fig. 10 by B1 and B2 having the same shape, including a particularly
sharp excursion near b0 and b1, respectively. Note that, the curve B3 comes very close to q+3 and
q−1 , but does not include these points.

Figure 11 shows the overall heterodimensional cycle A ∪ B for k = k∗ ≈
√
20 + 5.027× 10−4.

In the same figure, we also show the set ∪26
i=5Peri computed for k = k∗. The set of periodic points

with periods less than 26 for k = k∗ is effectively the same as the one from Fig. 2 for k =
√
20,

and it is again a good representation of the maximal invariant set Λ for this value of k = k∗.
By definition, both the codimension-one orbit A and the family B of return connections lie in
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Figure 11: The heterodimensional cycle of T for k = k∗ ≈
√
20 + 5.027 × 10−4 consisting of the

non-transverse connecting orbit A = {ai}−13≤i≤14 and the family B of transverse return orbits
comprising the curves B1 (magenta), B2 (dark purple), and B3 (light purple). Also shown is Λ
as represented by ∪26

i=5Peri. See also the accompanying animation (dko hetdim anim fig11.mp4
[2MB]).

Λ = cl(Per). Notice further that B ‘traces out’ three of the curves along which the periodic points
align. We remark that the λ-lemma [29] requires the two-dimensional manifolds W u(p−) and
W s(p+) to follow the heterodimensional cycle A∪B around, producing further intersections [42];
these additional intersections must also be part of Λ. Indeed, we conjecture that Λ is also given by
the closure of the entire (much larger) intersection setW u(p−)∩W s(p+) of the two two-dimensional
manifolds.

6 Conclusions

We presented an extensive case study of the shear-rotation map (1) for the fixed parameter value
k =

√
20 to characterize its maximal invariant set. Specifically, we computed millions of period-n

points, namely, all periodic orbits with for n ≤ 26, and separated them by index for n ≤ 23.
We also computed the one-dimensional manifolds W u(p+) and W s(p−) of the two fixed points
up to very long arclengths and, by allowing k to vary slightly, located with a boundary-value
problem setup both a codimension-one heteroclinic orbit and a one-dimensional family of return
connections between p+ and p−. We can summarize our findings as the following mathematical
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observations for the map T at k =
√
20:

I Intermingled maximal Invariant Set: The (globally) maximal invariant set Λ of T lies
inside the box B = [−2, 2]3. It is the closure of both Per1 and Per2, which are the sets of
index-one and -two periodic orbits, respectively. Hence, Λ is not hyperbolic and and the
set is intermingled with respect to its index.

C Carpet property: The one-dimensional manifolds W u(p+) and W s(p−) of the fixed points
p± are both dense in suitable projections. Consequently, they have the carpet property,
implying that their closures intersect robustly.

R Robust heterodimensional cycles: W u(p+) and W s(p−) intersect at k = k∗ very close
to k =

√
20, forming a non-transverse heteroclinic orbit from p+ to p−. Moreover, the

two-dimensional manifolds W u(p−) and W s(p+) intersect transversely at k = k∗, so T
has a heterodimensional cycle between p+ and p−. Since W u(p+) and W s(p−) have the
carpet property, there exists a dense set of k-values in an interval around k =

√
20,

for which W u(p+) ∩ W s(p−) ̸= ∅. By taking the closure, it follows that T has robust
heterodimensional cycles near k =

√
20.

These observations are based on results obtained with accurate numerical methods that have
established error bounds. While they have the status of conjectures, the underlying computations
can, in principle, be made rigorous with interval arithmetic tools to obtain computer-assisted
proofs [10, 28].

The parameter value k =
√
20 is not special. Indeed, our investigation showed that the

dynamics are structurally the same for other values of k near
√
20. However, for k = 0 the map

T reduces to a simple rotation, and a natural question is: how do the complicated nonhyperbolic
structures, including Λ and heterodimensional cycles, disappear as k is decreased? We are actively
pursuing this research direction, and the results will be reported in a separate publication.

We studied the map T from the global perspective by revealing the properties of its entire
maximal invariant set Λ. Since Λ is not hyperbolic, it cannot be a blender. On the other hand,
the robust existence of heterodimensional cycles in Λ suggests that some local part of Λ should
be a blender, that is, a transitive hyperbolic set with the carpet property. This blender should
be a locally maximal invariant set that only contains periodic orbits of a single index. Taking
a simple neighbourhood around a fixed point or period-three orbit of the map T does not yield
such a hyperbolic set. However, initial explorations reveal that it may be possible to identify a
blender by considering a more elaborate open set. Taking this more local perspective is ongoing
work that will be reported elsewhere.

The map T is only one example of a dynamical system in R3 with robust heterodimensional
cycles. Nevertheless, we believe that its properties are generic in the sense that the properties
I, C, and R above will also be found for other three-dimensional diffeomorphisms with robust
heterodimensional cycles. Indeed, the numerical approach presented here can be used in the same
spirit to check this assertion for any other explicitly given diffeomorphism.
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A Finding periodic orbits of high periods and their spectrum

In [32], period-n points were found with Newton’s method as solutions of

Tn(x)− x = 0. (13)

Due to the saddle nature of the periodic points, Newton’s method will only converge if seeds are
chosen very close to a periodic point, especially as n increases. The method employed in [32]
involved an exhaustive search over the subset [−2, 2]3 of phase space; in particular, the Honours
student found 1,329 period-11 points, which reportedly took three days. Hence, this approach is
not suitable for finding Pern for large n.

To overcome this issue, we solve for all points in a period-n orbit simultaneously. More
precisely, a period-n orbit of T , given by

x1 =



x1
y1
z1


 7→ x2 =



x2
y2
z2


 7→ . . . 7→ xn =



xn
yn
zn


 7→ x1 =



x1
y1
z1


 .

is a solution of the 3n-dimensional system




x2
...
xi
...
x1




=




T (x1)
...

T (xi−1)
...

T (xn)




.

By making use of the special form of T , we can simplify this to the n-dimensional system




x1
x2
x3
...
xi
...
xn




=




xn−2 + k(xn
2 + xn−1

2 − 2)
xn−1 + k(x1

2 + xn
2 − 2)

xn + k(x2
2 + x1

2 − 2)
...

xi−3 + k(xi−1
2 + xi−2

2 − 2)
...

xn−3 + k(xn−1
2 + xn−2

2 − 2)




, (14)

with the y- and z-coordinates of points in the period-n orbit given by

(y1, y2, . . . , yn) = (xn, x1, . . . , xn−1) ,

(z1, z2, . . . , zn) = (xn−1, xn, . . . , xn−2) .

System (14) has two symmetries: cyclically permuting (x1, . . . , xn) does not change the equations
because the point x1 can be any point in the period-n orbit; furthermore, if (x1, . . . , xn) is a
solution of (14) then so is (−xn,−xn−1, . . . ,−x1), which is a consequence of the reversibility
R (3).

When solving (14), Newton’s method converges with seeds that may lie quite far from true
periodic orbits. According to [20, Theorem 3.1], the quadratic system (14) has 2n possible so-
lutions. Consequently, T has at most 2n period-n points, which motivates us to generate the
2n elements of {−1, 1}n as seeds for finding all period-n orbits, up to cyclic permutation. This
filtering of {−1, 1}n is achieved by the Necklace algorithm from [19]. With these seeds, we solve
the n-dimensional system (14) numerically with the Julia package NLSolve to find all period-n
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Figure 12: The number N = |Pern| = Σn
d|n|Per

d| (red crosses) of all period-n points against their

period n, shown together with the best linear fit (green).

orbits. Note that the resulting solution set includes period-d orbits for periods d that are divisors
of n; we remove such periodic orbits in a post-processing step to obtain the set Pern of periodic
orbits with minimal period n. The second and fourth columns of Table 1 respectively list the
total number of period-n points and the time it took to find them. For n ≤ 10, our results agree
with [32], and we find 33 additional points in Per11. Importantly, the computation time is greatly
reduced: with our implementation, we find all 1,364 period-11 points in under 0.01 seconds on a
desktop computer, and all points in ∪26

i=5Per
i are found in fewer than 15 minutes.

We observe that all periodic points in ∪26
i=5Per

i are found. To confirm this, we make use
of the polynomial nature of (14) and employ homotopy continuation using the Julia package
HomotopyContinuation.jl [8]. More specifically, we begin with the n-dimensional system of
polynomials F (x1, . . . , xn) =

(
x21 − 1, . . . , x2n − 1

)
, for wich our seeds are the actual and entire

solution family, and continue the solutions to those of (14). Crucially, note that F and (14) have
the same degree. In this way, we verify that our method finds all period-n points for n ≤ 19.
For n = 19, this computation already takes 20 minutes, and given the exponentially increasing
computation time with increasing period, it is impractical to use homotopy continuation for higher
periods. Nevertheless, it gives us confidence that our method finds all period-n points for n ≤ 26.

Further support of this statement is presented in Fig. 12. Here, we show on a logarithmic scale
versus n, the number N of all period-n points, including those with smaller least periods. We
find that this relationship is linear, as is shown by the line representing the least-squares fit of the
data. The data points come in consecutive pairs; the number of odd and even periods lie slightly
above and below the line of best fit, respectively. Indeed, the lack of outliers in this systematic
picture provides further evidence that we can find all points in Pern.

The growth rate of the number of periodic points

Figure 12 allows us to estimate the exponential growth rate of the periodic points by considering
the sequence

g
(n)
T =

logN

n
,

which is shown for 5 ≤ n ≤ 26 in Table 1. In fact, Fig. 12 suggests that there are two subsequences

of g
(n)
T , namely, one for even and one for odd n. We estimate that g

(n)
T approaches 0.604 and 0.624

for even and odd n, respectively. The overall limit

hT = lim
n→∞

g
(n)
T ≈ 0.615, (15)
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is given by the gradient of the linear least squares fit. Note that this value is very close to the
average of the two subsequences, which each have limits that appear to converge to hT very slowly.

The exponential growth of periodic points is closely related to topological entropy of the
system [2]. Indeed, the entropy of a diffeomorphism with a hyperbolic maximal invariant set that
is densely filled with periodic points is precisely given by (15). However, the maximal invariant set
Λ is not uniformly hyperbolic, so it is not clear whether this formula applies for T . Nevertheless,
our results give a very strong indication that the entropy of T is positive and, hence, the system
exhibits chaotic dynamics [2].

Computing the spectrum of high-period orbits

To determine the index of a period-n orbit {xi}1≤i≤n we need to assess how many eigenvalues
of the Jacobian matrix DTn(x1) have modulus larger than one. For large n, this computation is
numerically sensitive: strong unstable eigenvalues become very large and strong stable eigenvalues
become very small, while weak eigenvalues are near 1 in modulus. The loss of precision for the cen-
tral eigenvalues makes it hard to determine how many have modulus larger than one. To address
this problem, we use 32 digits of precision in MATLAB to compute the spectrum of a period-
n orbit by calculating DTn(x1) as the product of the Jacobians DT (x1)DT (x2) · · · DT (xn).
We employ the MATLAB function eig to determine the eigenvalues of this increased-precision
Jacobian.

We find equal numbers of index-one and index-two period-n points for all periods n ≤ 23, as
expected from the symmetry (3); see panels (b1) and (b2) of Fig. 2. This serves as an independent
test that 32 digits of precision are sufficient to separate the points with periods up to 23 by their
index. This precision is no longer sufficient to determine the index for periods beyond 23, which
itself takes almost three hours; details of how the computation time scales with the period n of
the orbit are shown in the last column of Table 1.
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