
α-flips in the Lorenz system

Jennifer L Creaser, Bernd Krauskopf and Hinke M Osinga
Department of Mathematics, The University of Auckland, Private Bag 92019, Auckland, New Zealand

email: J.Creaser@auckland.ac.nz, B.Krauskopf@auckland.ac.nz, H.M.Osinga@auckland.ac.nz

Abstract

We consider the Lorenz system near the classic parameter regime and study the phe-
nomenon we call an α-flip. An α-flip is a transition where the one-dimensional stable
manifolds W s(p±) of two secondary equilibria p± undergo a sudden transition in terms of
the direction from which they approach p±. This fact was discovered by Sparrow in the
1980’s but the stages of the transition could not be calculated and the phenomenon was
not well understood [C. Sparrow, The Lorenz equations, Springer-Verlag New York, 1982].
Here we employ a boundary value problem set-up and use pseudo-arclength continuation
in Auto to follow this sudden transition of W s(p±) as a continuous family of orbit seg-
ments. In this way, we geometrically characterize and determine the moment of the actual
α-flip. We also investigate how the α-flip takes place relative to the two-dimensional sta-
ble manifold of the origin, which shows no apparent topological change before or after
the α-flip. Our approach allows for easy detection and subsequent two-parameter contin-
uation of the first and further α-flips. We illustrate this for the first 25 α-flips and find
that they end at terminal points, or T-points, where there is a heteroclinic connection
from the secondary equilibria to the origin. We find scaling relations for the α-flips and
T-points that allow us to predict further such bifurcations and to improve the efficiency
of our calculations.

1 Introduction

The Lorenz system is a classical example of a chaotic system. Introduced in 1963 by Edward
Lorenz [22] it is a greatly simplified model of thermal convection in the atmosphere given by
the three ordinary differential equations





ẋ = σ(y − x),
ẏ = ρx− y − xz,
ż = xy − βz.

(1)

Lorenz discovered that this relatively simple-looking system exhibits sensitive dependence on
initial conditions for the now classical parameter values of ρ = 28, σ = 10 and β = 8

3
[22, 28].

One important question is how chaos arises as ρ is changed from the simple to the chaotic
regime. The classic way of studying the system is to reduce it from the three-dimensional system
to a one-dimensional map. This reduction provides accurate information about the dynamics
on the chaotic attractor for ρ ≤ 30. For larger values of ρ this construction fails; one speaks
of the loss of the foliation condition and the point of failure has been estimated to be in the
interval ρ ∈ [30.1, 30.2] [27]. As a result, the majority of research on the Lorenz system focuses
on the range ρ ≤ 28. By contrast, for ρ > 28 much less is known and many open problems
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remain. The majority of the work from the 80’s is summarized in the book by Sparrow [27].
More recently the use of two-point boundary value problems and continuation to study the
stable and unstable manifolds of (1) [11, 12] has revealed the geometric mechanisms in the full
three-dimensional phase space of (1) that are behind the transition to chaotic dynamics. A
two-parameter study of (1) for ρ ≤ 400 and σ ≤ 60, conducted in [6, 7], provides insight into
the global bifurcation structures in the (ρ, σ)-plane.

In this paper we first investigate the dynamics of (1) for ρ > 28 while σ and β are kept fixed
at the classical values. We then investigate bifurcations of (1) for ρ > 28 and varying σ while
β remains fixed. Specifically, our object of study is the phenomenon of what we call α-flips,
which turn out to be related to terminal points, or T-points [5].

System (1) has three equilibria for ρ > 28 and σ > 10, and β = 8
3
. The origin 0 = (0, 0, 0) is

hyperbolic and has two negative real eigenvalues λss < λs < 0 with corresponding eigenvectors
vss and vs, respectively. Its third eigenvalue λu is positive with corresponding eigenvector vu.
Therefore, the Stable Manifold Theorem [25] guarantees the existence of a two-dimensional
stable manifold W s(0), consisting of trajectories that tend to 0 in forward time, and a one-
dimensional unstable manifold W u(0), consisting of trajectories that tend to 0 in backward
time. The manifolds W s(0) and W u(0) are tangent to the plane spanned by vss and vs and
the vector vu, respectively. The Lorenz system is symmetric under a rotation by π around the
z-axis, that is, the flow is invariant under the transformation

(x, y, z) 7→ (−x,−y, z). (2)

In particular, W s(0) is invariant under (2) and the two sides of W u(0) map to each other under
this symmetry. Furthermore, system (1) has a pair of secondary equilibria

p± = (±
√

β(ρ− 1), ±
√

β(ρ− 1), ρ− 1), (3)

which are each other’s image under (2). For ρ > 28 and σ > 10, the equilibria p± are saddle
foci, each with one real negative eigenvalue given by µs with corresponding eigenvector ws and,
therefore, one-dimensional stable manifoldsW s(p±). A pair of complex conjugate eigenvalues of
p± give rise to two-dimensional unstable manifolds W u(p±). The eigenvalues and eigenvectors
of the system can readily be calculated, for example, with Maple.

Sparrow observed in 1982 that the branches of W s(p±) “swing” around the z-axis [27]. By
using numerical integration to solve initial value problems, he calculated and plotted W s(p±)
for σ = 10 and various values of ρ ≥ 14. By employing bisection, he narrowed down the value
of ρ at which the branches of W s(p±) first make a “half-swing” to the interval [29.719, 29.720].
However, even at this accuracy, he was not able to give any details of the transition of W s(p±)
in phase space. Sparrow notes that the branches of W s(p±) continue to “swing” around the
z-axis:

“As r increases beyond 29.72, more “half-swings” around the z-axis occur in the
stable manifolds of C+ and C−. Each new half-swing appears to be presaged by
the manifold passing very close to (and below) the origin. This phenomenon is not
well understood.” [27, p.121]

In our notation r is ρ and C± are p±. Sparrow illustrates that, when ρ = 100, the manifold
W s(p+) has made three “half-swings” around the z-axis.

Figure 1 is our representation of Sparrow’s findings and shows W s(p±) for ρ = 29 in panels
(a) and for ρ = 30 in panels (b). Panels (a1) and (b1) show the projection onto the (x, y)-
plane and panels (a2) and (b2) show the projection onto the (x, z)-plane. The manifolds
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Figure 1: The stable manifolds W s
a (p

+) and W s
A(p

+) (light blue) and W s
a (p

−) and
W s

A(p
−) (dark blue) of the secondary equilibria p± projected onto the (x, y)-plane for

ρ = 29 (a1) and ρ = 30 (b1), and the (x, z)-plane for ρ = 29 (a2) and ρ = 30 (b2).
The large-amplitude branches W s

A(p
±) change from spiralling around the small-amplitude

branches W s
a (p

∓) of the other manifold to spiralling around their own branches W s
a (p

±).
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W s(p±) each consist of two branches, a large-amplitude branch, denoted W s
A(p

±), and a small-
amplitude branch, denoted W s

a (p
±). Since W s(p−) is the image of W s(p+) under the symmetry

(2) it suffices to consider only one of these manifolds, and we choose W s(p+). For ρ = 29,
the small-amplitude branch W s

a (p
+) spirals into the equilibrium point p+ from the direction of

positive x, while the large-amplitude branch W s
A(p

+) tends to p+ from the direction of negative
x, spiralling around W s

a (p
−). For ρ = 30, we observe that W s

A(p
+) now approaches p+ from

the positive x-direction, spiralling around W s
a (p

+) instead. There is no significant change for
the small-amplitude branch W s

a (p
+). It is unclear from Figure 1 how the manifolds make this

transition.
We describe this dramatic change of W s(p±) as a flip of the α-limits of W s

A(p
±). The α-limit

of a stable manifold is the set of accumulation points of the manifold in backward time. As
t → −∞ both branches of W s(p±) tend to infinity in the direction of positive or negative x
and we refer to the respective direction as the α-limit of the branch. For ρ = 29, the α-limit of
W s

A(p
+) is the negative x-direction and the α-limit of W s

A(p
−) is the positive x-direction. For

ρ = 30, the α-limits of W s
A(p

+) and W s
A(p

−) have switched so that the α-limit of W s
A(p

+) it
is now the positive x-direction and that of W s

A(p
−) it is the negative x-direction. The Lorenz

system (1) depends continuously on its parameters. Therefore, we seek a bifurcation value ρf

that marks the moment when the branches W s
A(p

±) are ‘in between’ these two α-limits. We
call this an α-flip and it turns out to be a well-defined codimension-one bifurcation at infinity.
We investigate the transition of W s(p±) and give a geometric characterization of an α-flip that
enables us to determine the value of ρf ≈ 29.7191 which lies in the interval [29.719, 29.720].
Sparrow’s observation that there are further “half-swings” as ρ is increased leads us to expect
more α-flips; indeed we find that, when ρ is increased from 28 to 100, the system undergoes
three α-flips. Moreover, we have found 25 α-flips in the interval 28 < ρ < 1300, and it is natural
to conjecture that there are infinitely many.

The one-dimensional manifolds W s(p±) for ρ ∈ [29, 30], as in Figure 1, can be found by
solving the initial value problem from points on the stable eigenvector ws close to p±, we
used continuation in integration time with the package Auto [13] for this purpose. In order to
follow the continuous transition ofW s

A(p
+) from one α-limit to the other we view W s

A(p
+) as a ρ-

dependent family of orbit segments that are solutions of a well-posed boundary value problem
(BVP). We use pseudo-arclenth continuation in Auto [13] to calculate this family; see the
Appendix for further details. The continuation step size of the pseudo-arclength continuation
in Auto is determined not by a fixed change in ρ, but by the change in the norm of the entire
orbit segment as well as the parameters [4]. This allows us to determine and visualize the stages
of the transition through an α-flip that cannot be found by numerical integration alone.

Of particular interest is the stable manifold of the originW s(0) which plays a significant role
in organising the dynamics of the system and, assuming that sensitivity on initial conditions
persists in the range 29 < ρ < 30, is dense in phase space [12]. Since W s(p±) and W s(0)
cannot intersect, we would expect there to be consequences for W s(0) during an α-flip. The
first studies of the global structure of W s(0) and its dependence on ρ were done in the 1980’s by
Perelló [26], Jackson [18, 19] and Abraham and Shaw [1]. More recently, the survey paper [21]
detailed different approaches for computing global stable (and unstable) manifolds in vector
fields, where W s(0) is used throughout as an example. The behaviour of W s(0) for 0 < ρ < 28
has been considered in relation to the two-dimensional unstable manifolds W u(p±) in [11] and
in the appearance of preturbulence in the Lorenz system in [12]; here the intersection of W s(0)
with a suitably large sphere is considered. We adopt this approach and calculate W s(0) and
its intersections with a sphere using the BVP set-up from [12]; see also the Appendix.

Overall, we compute the first 25 α-flips ρfn for n = 1, . . . , 25 for σ = 10 and β = 8
3
fixed
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and then continue each one in ρ and σ for fixed β = 8
3
. We find that each curve of α-flips

ends at a terminal point, denoted Tn for n = 1, . . . , 25. At a terminal-point or T -point [5]
the branches W s

A(p
±) coincide with W u(0) in a codimension-two connection. T-points are end

points of curves of homoclinic and heteroclinic bifurcations of the three equilibria and were
found in the Lorenz system by Alsfen and Frøyland in 1985 [5], where they identify 14 T-points
in the (ρ, β)-plane. Each of these T-points has a countably infinite set of subsidiary T-points
corresponding to the termination of related homoclinic and heteroclinic orbits. The principle
T-point is chosen to be the one that relates to the principle heteroclinic path, the most basic
connection from p+ to p− [5]. We find that the first α-flip ρf1 connects to this principle T-point.
Various configurations have been considered by Bykov [8] who identified the location of the first
two T-points in the (ρ, σ)-plane. The most recent investigation of T-points in the (ρ, σ)-plane
of (1) was performed by Barrio and Shilnikov, who use kneading sequences of W u(0) to reveal
intricate patterns with multiple spiral structures around each T-point [7]. In particular, they
show the approximate locations of five T-points in the range 0 < ρ < 400 and 0 < σ < 60.
These T-points play an important role in globally organising the complex chaotic dynamics of
the Lorenz system. A caricature of the orbit configuration of the principle T-point is shown
in [7] but the other four T-points are not discussed in detail and little is known about the
details of the bifurcation scenarios that give rise to T-points. The first five T-points T1,...,5

that we found appear to match the five T-points shown in [7], although we can only use visual
inspection as the ρ- and σ-values are not specified. In fact, finding α-flips and continuing them
in ρ and σ provides a systematic and reliable way of finding T-points in the Lorenz system.

This paper is organized as follows. In Section 2 we consider in detail the manifolds W s(p±)
and W s(0) for 29 < ρ < 30. We follow the manifolds in ρ, which allows us to determine the
exact moment of the α-flip and characterize it geometrically. Moreover, we investigate the
role of the stable manifold of the origin W s(0) and its interaction with W s(p±), and illustrate
how the branches W s

A(p
±) move through the phase space and around W s(0). In Section 3 we

compute and discuss the first ten α-flips. In Section 4 we investigate the connection between α-
flips and T-points, first showing the continuation of the first ten α-flip values in the (ρ, σ)-plane
and the configurations of the first six T-points. We then find a total of 25 α-flips and show
their connection to the first 25 T-points in the (ln(ρ), σ)-plane. We also show that, in good
approximation, the first 25 T-points lie on a degree-three polynomial in the (ln(ρ), σ)-plane.
We end in Section 5 with a discussion and outlook.

2 Global behaviour of the manifolds for 29 < ρ < 30

We begin by considering the stable manifold of the origin W s(0) and its interaction with the
manifolds W s(p±) for values of ρ around the α-flip 29 < ρf < 30. Here, we take the approach
in [12] where suitably large parts of the invariant objects of the Lorenz system are contained
within a carefully chosen sphere SR. Our definition of SR is the same as in [12] but we keep SR

fixed on the entire interval ρ ∈ [29, 30] so that it corresponds to the choice for ρf . Therefore SR

is the sphere with centre (0, 0, ρf − 1) in the plane Σρf = {z = ρf − 1} and radius R = 70.9529
defined by the second intersection point of W s

a (p
±) with Σρf .

Figure 2 shows an initial piece of W s(0) inside the sphere SR for ρ = 29 in panel (a) and
for ρ = 30 in panel (b). The manifold W s(0) is rendered as a transparent blue surface. Also
shown are the equilibria 0 and p±, and the one-dimensional stable manifolds W s(p±); compare
with Figures 1(a2) and (b2). The manifolds W s(0) and W s(p±) cannot intersect and we can
see in Figure 2 that W s(0) wraps around the small-amplitude branches W s

a (p
±) while the large-

amplitude branches W s
A(p

±) spiral around the surface of W s(0). The branch W s
A(p

+) comes
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Figure 2: The stable manifolds W s(p±) and W s(0) for ρ = 29 (a) and for ρ = 30 (b);
compare with Figure 1.
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close to the origin where it is in front of the surface of W s(0), in this projection, in both panels
(a) and (b). We conclude that for ρ = 29 and ρ = 30, the branches W s

A(p
±) are on the same

side of W s(0). Although one might expect the α-flip of W s
A(p

±) to be accompanied by a change
in W s(0), there is no apparent topological change between the pieces of W s(0) in panels (a)
and (b). Indeed there appears to be ‘space’ in between the layers of W s(0) in which W s

A(p
±)

can move but it is not immediately obvious how W s
A(p

±) behave during the transition.
To understand this in more detail, we calculate W s

A(p
+) as a ρ-dependent family of orbit

segments for ρ ∈ [29, 30]. We represent the branch W s
A(p

+) for ρ = 29 as a single orbit segment
with one end point at distance δ = 10−2 from p+ and the other end point on the sphere SR.
We continue this orbit segment, with ρ as the main continuation parameter, up to ρ = 30. In
this way, we compute a ρ-dependent family of manifold segments that show the transition of
W s

A(p
+) from ρ = 29 to ρ = 30; we denote this family by W+

ρ ; the symmetrically related family
of manifold segments corresponding to the transition of W s

A(p
−) is denoted W−

ρ .
Figure 3 shows W+

ρ rendered as a surface inside the grey sphere SR. The manifolds W s
A(p

+)
for ρ = 29 and ρ = 30 are highlighted along with the particular manifold segment of W s

A(p
+) on

W+
ρ that points vertically down to SR in the direction of negative z. The curve of intersection

Ŵ+
ρ : =W+

ρ ∩SR is shown in black and panel (b) shows the x-coordinate of this curve, denoted
xS , versus ρ. Note the small range of ρ in Figure 3(b) and the steep gradient of the curve
indicating that the transition of the end point of W s

A(p
+), from the negative x-direction to

the positive x-direction, happens in a very tiny interval of ρ. The majority of the manifold
segments on W+

ρ correspond to points on the nearly vertical part of the graph. The fact that
the change of the α-limits of W s

A(p
±) happens in such a tiny interval of ρ is the reason that the

initial value problem is unable to capture the transition itself.
We define the moment of α-flip as the ρ-value for which W s

A(p
+) points vertically down

to SR. More precisely, we consider the position of the end point on SR with respect to the
plane E = span(vs, vu) spanned by the weak stable eigenvector vs and the unstable eigenvector
vu of 0. We define the α-flip ρf as the value of ρ for which the α-limit of W s

A(p
±) lies in

E. We approximate this α-limit by the intersection point of W s
A(p

+) with SR in E and find
ρ ≈ 29.7191. Technically, the α-flip is a codimension-one bifurcation at ∞ but our definition
gives a well-defined approximation of ρf provided R is sufficiently large. The blue dot on the
graph in Figure 3(b) corresponds to W s

A(p
+)[ρ = ρf ], which appears to lie on the line xS = 0.

Indeed, W s
A(p

+) (and W s
A(p

−)) comes very close to the z-axis at the moment of the α-flip, but
at the point of flip x = 1.3120× 10−5 and y = −2.9295× 10−5.

Figure 4 shows W s
A(p

+) and W s
a (p

+) only for ρ = 29, ρ = 30, and the moment of the α-flip
at ρ = ρf . The pink square is the relevant part of the plane E that contains the end point
of W s

A(p
+)[ρ = ρf ] on SR. Panel (a) shows W s

A(p
+), W s

a (p
+) and E as seen from the positive

y-direction and panels (b)–(d) show the view from positive z-direction for ρ = 29, ρ = ρf , and
ρ = 30, respectively. Panels (a) and (c) show that W s

A(p
+)[ρ = ρf ] ∩ SR lies in E.

We now consider the interaction of W+
ρ with W s(0). Recall that we could not discern any

topological change of W s(0) before and after the α-flip in Figure 2. We calculate W s(0) for
ρ = ρf and compare it with W+

ρ . Figure 5 shows the surface W+
ρ from Figure 3 with the initial

piece of W s(0) calculated for ρ = ρf inside SR. The manifolds W s
A(p

+) and W s
a (p

+) for ρ = 29,
ρ = ρf , and ρ = 30 are highlighted as before. The surfaces W+

ρ and W s(0) lie very close
together in phase space but W+

ρ is always in front of W s(0) in this projection. This confirms
that, as ρ increases from 29 to 30, the manifold W s

A(p
+) remains on the same side of W s(0).

Symmetrically, W−
ρ lies on the other side very close to W s(0) in phase space and will always

remain on this side. Computer-generated artefacts can be seen on W+
ρ in Figure 5, which are

due to the surface rendering in light of the close proximity of W+
ρ and W s(0) in phase space.
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Figure 3: The ρ-dependent family of one-dimensional manifolds W s
A(p

+) inside SR ren-
dered as the surface W+

ρ in panel (a). The manifolds W s
A(p

+) and W s
a (p

+) are highlighted

for ρ = 29, ρ = ρf and ρ = 30. The curve of intersection Ŵ+
ρ =W+

ρ ∩SR is coloured black;

the inset panel (b) shows the x-coordinate xS of this curve versus ρ. The α-flip value ρf

is marked as a blue dot on this graph. See also the accompanying multimedia supplement
cko lorenz50 animation.gif.
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Figure 4: A geometric representation of the definition of the α-flip. Manifold segments
of W s

A(p
+) and W s

a (p
+) are shown for ρ = 29, ρ = ρf and ρ = 30 viewed from the positive

y-direction in panel (a). The panels on the right show the corresponding views of the
manifold segments W s

A(p
+) and W s

a (p
+) from the positive z-direction before (b), at (c)

and after (d) the α-flip. A piece of the plane E = span(vs, vu) is shown in pink. The end
point of W s

A(p
+)[ρ = ρf ] on SR lies in E.

In fact, the artefacts highlight the computed branches of W s
A(p

+) in the family W+
ρ .

Figures 2 and 5 show only the initial piece of W s(0) calculated for ρ = 29, ρ = ρf and
ρ = 30. We calculate a larger portion of it that continues to intersect SR, that is, we consider
many more intersection curves Ŵ s(0)⊆W s(0)∩SR on SR for ρ = ρf . This set must remain

separate from the families of points Ŵ±
ρ =W±

ρ ∩SR for 29 < ρ < 30. Due to symmetry (2), it
suffices to visualize only half of SR and we use stereographic projection of (x, y, z) ∈ SR, along
the positive x-axis with the transformation

(x, y, z) → (u, v) :=

(
y

x+R
,
z − (ρ− 1)

x+R

)
. (4)

Here, we choose the hemisphere x ≤ 0. We refer to [12] for further details. Figure 6(a) shows

Ŵ s(0) mapped onto a disk by the stereographic projection (4). In this same figure, we plot

the curves Ŵ±
ρ ; since we only consider the hemisphere x ≤ 0, only the portion of Ŵ+

ρ with

29 < ρ < ρf and the portion of Ŵ−
ρ with ρf < ρ < 30 are shown. The light-blue dot indicates

the position of Ŵ s
A(p

+) at ρ = 29 and the light-blue curve shows the intersection of Ŵ+
ρ for

29 < ρ < ρf . Similarly, the dark-purple dot indicates the position of Ŵ s
A(p

−) at ρ = 30 and the

dark-purple curve shows the intersection of Ŵ−
ρ for ρf < ρ < 30. Note that the small-amplitude
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Figure 5: The surface W+
ρ is shown as in Figure 3 with highlighted manifold segments at

ρ = 29, ρf and 30. The stable manifold W s(0) is calculated for ρ = ρf only. The surface
W+

ρ lies very close to W s(0) in phase space.

branches W s
a (p

±) change imperceptibly in the small interval of ρ in which the α-flip occurs.

Therefore, the intersection point Ŵ s
a (p

−) =W s
a (p

−)∩SR on the hemisphere x ≤ 0 is shown only
for ρ = ρf ; it is the dark-purple dot in the centre of the disk in Figure 6(a). Figure 6(b) is
an enlargement of the small black box in panel (a); a further enlargement of the small black

box in panel (b) is shown in panel (c). Panels (b) and (c) show parts of three curves, Ŵ s
A(p

+),

Ŵ s
A(p

−) and Ŵ s
1 (0), where Ŵ s

1 (0) is the intersection curve of the initial piece of W s(0) with
SR, as shown in Figure 5.

Note that W s(0) is dense in the phase space and, therefore, Ŵ s(0) is dense on SR. Due

to the finite-time nature of our calculations Figure 6 shows how the first part of Ŵ s(0) fills
SR when the computation is run with maximum integration time T = 8. As a result several
white regions can still be seen, which are eventually filled as one allows for larger values of
T [12]. The point Ŵ s

A(p
+) at ρ = 29 sits in one of these regions. As ρ increases, Ŵ s

A(p
+) traces

the light blue path that approaches the curve Ŵ s
1 (0). When ρ ≈ 29.7123, very close to ρf ,

10
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✻
v

(a)

(b)

Ŵ+
ρ

Ŵ−
ρ

Ŵ s
1 (0)

(c)

Ŵ+
ρ

Ŵ−
ρ

Ŵ s
1 (0)

Figure 6: Stereographic projection of SR for x ≤ 0, showing Ŵ s(0)⊆W s(0)∩SR for

ρ = ρf , the light-blue curve Ŵ+
ρ =W+

ρ ∩SR for 29 < ρ < ρf and the dark-purple curve

Ŵ−
ρ =W−

ρ ∩SR for ρf < ρ < 30. Panel (b) is an enlargement of the box [0.1, 0.17] ×
[0.22, 0.28] and panel (c) is an enlargement of the box [0.104, 0.105]× [0.2756, 0.2766]. The

curve Ŵ s
1 (0) is the primary intersection curve of Ŵ s(0).

Ŵ s
A(p

+) suddenly makes a sharp bend; see panel (b). As ρ continues to increase toward ρf ,

the curve Ŵ s
A(p

+) follows Ŵ s
1 (0) around anticlockwise and squeezes in between the curves of

Ŵ s(0). When ρ = ρf , the point Ŵ s
A(p

+) lies at the bottom edge of the disk in Figure 6(a) just

to the right of Ŵ s
1 (0) and, similarly, Ŵ s

A(p
−) lies as the bottom edge just to the left of Ŵ s

1 (0).

For ρf > ρ > 30, the curve Ŵ+
ρ lies on the hemisphere x ≥ 0 and by symmetry, Ŵ−

ρ lies on

the hemisphere x ≤ 0, shown in panel (a). As ρ increases from ρf , the point Ŵ s
A(p

−) moves up

clockwise on the opposite side of Ŵ s
1 (0) from the bottom of the disk to Ŵ s

A(p
+); see panel (c).

The dark-purple curve of Ŵ s
A(p

−) moves away from Ŵ s
1 (0) for ρ ≈ 29.7192 just larger than ρf ,

and at ρ = 30 the point Ŵ s
A(p

−) sits in another white region of the disk. Figure 6 illustrates

how the ρ-dependent curves Ŵ±
ρ of end points of W s

A(p
±) on SR lie in between the curves of

Ŵ s(0) for 29 < ρ < 30. We conclude that the branches W s
A(p

±) sit in between the layers of
W s(0) and do not force a topological change in W s(0) during the α-flip.

3 Further α-flips

As ρ is increased further, the α-limit of the branch W s
A(p

+) switches again from the positive x-
direction, to the negative x-direction. We detect this, and further α-flip points, in the same way
as before, as a transition of the end point of W s

A(p
+) through the plane E = span(vs, vu) of 0

11



on a suitably large sphere SR. Indeed, we can use our continuation set-up to track W s
A(p

+) over
a large ρ interval. As ρ increases, the manifolds in the Lorenz system increase in size; therefore,
the radius R of SR needs to be increased. By observing how the manifolds change, we decided
to set R = R(ρ) = 4.5ρ, which is large enough for our purposes. We continue W s

A(p
+) as ρ is

increased further and detect ten α-flips in the interval ρ ∈ [25, 400]. For convenience, we denote
these α-flips successively as ρfn for n = 1, . . . , 10, where ρf1 = ρf ≈ 29.7191; these ten values
are listed in Table 1 and are accurate to four decimal places. We checked the accuracy of these
values by altering the number of mesh points along each orbit and the distance from p+; see
the Appendix for further details.

Table 1: The first ten α-flip values ρf1 to ρf10; we also tabled the differences ∆n = ρfn−ρfn−1

and their ratios ∆n/∆n−1.

n ρfn ∆n ∆n/∆n−1

1 29.7191

2 57.6817 27.9626

3 89.5040 31.8223 1.1380

4 124.4925 34.9884 1.0995

5 162.2217 37.7292 1.0783

6 202.4018 40.1801 1.0650

7 244.8209 42.4191 1.0557

8 289.3161 44.4952 1.0489

9 335.7575 46.4414 1.0437

10 384.0383 48.2808 1.0396

Figure 7 shows the x-coordinate xS of Ŵ s
A(p

+) versus ρ, for 25 < ρ < 400. The ten blue
dots correspond to the first ten α-flip points, labeled along the top axis of the graph. Note that
xS ≈ 0 for ρ = ρfn, because at an α-flip W s

A(p
+) lies very close to the z-axis. As we saw for

the first α-flip in Figure 3, each α-flip occurs in a tiny interval of ρ, which is indicated by the
very steep gradient of the graph near each of the ρfn-values. The position of the points ρfn for
n = 1, . . . , 10 on this graph appear to occur at regular intervals. Table 1 shows the differences
∆n = ρfn − ρfn−1, and the ratios ∆n/∆n−1 of the points ρfn for n = 1, . . . , 10. The differences
decrease as n increases and the ratios appear to tend to 1. However, they remain larger than
1 and so the α-flips do not occur exactly at regular intervals for 25 < ρ < 400.

The diamonds (a)–(f) in Figure 7 correspond to panels (a)–(f) of Figure 8, which show the
projections onto the (x, y)-plane of the first parts of W s

A(p
+) andW s

a (p
+) for ρ-values selected in

between the first five α-flip points, specifically, for ρ ∈ {28, 44, 74, 107, 143, 182}. Observe that
W s

a (p
+) always approaches p+ from the positive x-direction; its amplitude gradually increases

as ρ increases but we adjusted the scale in the panels of Figure 8. The range in the x-direction
increases from x ∈ [−100, 100] to x ∈ [−180, 180]; the increase is particularly dramatic in the
y-direction with the range increasing from y ∈ [−40, 40] in panel (a) to y ∈ [−420, 420] in
panel (f). Figures 8(a) and (b) show W s

A(p
+) and W s

a (p
+) before and after the first α-flip at

ρ = ρf = ρf1 ; compare with Figures 1(a1) and (b1). This projection clearly shows how W s
A(p

+)
approaches p+ from the negative x-direction in panel (a) and from the positive x-direction in
panel (b). As we saw before, W s

A(p
+) loops around the z-axis before reaching p+ in Figure 8(b).

Panel (c) shows W s
A(p

+) and W s
a (p

+) after the second α-flip where W s
A(p

+) tends to p+ from
the negative x-direction, but it now completes a full loop around the z-axis as it approaches
p+. Figure 8 illustrates the observation by Sparrow that, as ρ increases from 29.72, there
are further “half-swings” of W s

A(p
±) around the z-axis [27], which we find are organized by

12
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Figure 7: The x-value xS of the end point of W s
A(p

+) on SR versus ρ; here R = 4.5ρ. The
graph is almost vertical near each α-flip, represented by the blue dots that indicate the val-
ues ρfn for n = 1, . . . , 10. The diamonds labeled (a)–(f) are ρ-values for the corresponding
phase portraits shown in Figure 8.
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Figure 8: The stable manifolds W s
A(p

+) and W s
a (p

+) with equilibria p+ and 0 for ρ = 28,
|x| ≤ 100, |y| ≤ 40 (a), for ρ = 44, |x| ≤ 130, |y| ≤ 70 (b), for ρ = 74, |x| ≤ 145, |y| ≤ 140
(c), for ρ = 107, |x| ≤ 160, |y| ≤ 220 (d), for ρ = 143, |x| ≤ 170, |y| ≤ 320 (e), and for
ρ = 182, |x| ≤ 180, |y| ≤ 420 (f).

13



(i)

0

p+

W s
A(p

+)

E(h)

0

p+

W s
A(p

+)

E(g)

0

p+

W s
A(p

+)

E

(f)

0

p+

W s
A(p

+)

E(e)

0

p+

W s
A(p

+)

E(d)

0

p+

W s
A(p

+)

E

(c)

0

p+

W s
A(p

+)

E(b)

0

p+

W s
A(p

+)

E(a)

0

p+

W s
A(p

+)

E

z

z

z

y y y

Figure 9: The manifolds W s
A(p

+) inside SR at the α-flip points ρfn for n = 2, . . . , 10,

together with the corresponding plane E. The sphere SR is shown for R = 4.5ρfn for
n = 2, . . . , 10 in panels (a)–(i), respectively.
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Figure 10: The continuation pathsαn from the first ten α-flips (blue) as ρ and σ increase.
The α-flips can be followed to T-points. The position of the T-point values ρTn and σT

n for
n = 1, . . . , 10 are labeled (purple dots).

consecutive α-flips.
Figure 9 shows a projection onto the (y, z)-plane of W s

A(p
+) inside SR at the moment of

α-flip, that is ρ = ρfn for n = 2, . . . , 10. The radius R = 4.5ρf2 ≈ 260 in panel (a) and has
increased to R = 4.5ρf10 ≈ 1728 in panel (i). A part of the plane E = span(vs, vu) is shown
in pink near the end point of W s

A(p
+) on SR; while it is not clear from this projection, the

end points are indeed contained in E. Each half-loop around the z-axis can be seen in this
(y, z)-projection as an additional sharp bend in W s

A(p
+).

4 Continuation of α-flips and the link to T-points

With the BVP set-up we can continue the α-flips in two parameters; we select ρ and σ. At the
first α-flip, shown in Figure 4(a), we see that the movement of W s

A(p
+) involves a close passage

by 0. When continuing the first α-flip in the direction of increasing ρ and σ, we find that the
calculation stops when the orbit segment of W s

A(p
+) passes extremely close to 0; in fact, part of

this orbit segment appears to lie on the z-axis, which is part of W s(0), and the rest of the orbit
segment approximates part of the unstable manifold of the origin W u(0). Our orbit segment,
by definition, has an end point near p+ along a linear approximation of W s

A(p
+) and it comes

close to 0 along a linear approximation of W u(0). This configuration is a codimension-two
bifurcation known as a T-point, and we call the associated connecting orbit from 0 to p+ a
T-point orbit. For each of the first ten α-flips, when continued in the direction of increasing ρ
and σ, the calculation stops at a T-point. In order to find the T-points properly, we used the
final points of the curves αn for n = 1, . . . , 10 as first approximations for a genuine connecting
orbit from 0 to p+, where the second end point is forced to lie in the unstable eigenspace of the
origin Eu; see the Appendix for details.

Figure 10 shows the continuation of the first ten α-flips (blue) in the (ρ, σ)-plane for σ ∈
[10, 18] and ρ ∈ [0, 1450]; each curve αn ends at a T-point (purple). Observe that ρf1 and
T1 in Figure 10 lie very close in the (ρ, σ)-plane, and in Figure 4(a) the manifold W s

A(p
+) for
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Figure 11: The first six T-point orbits shown in purple, together with the codimension-
zero connections shown in pink, projected onto the (x, z)-plane in (a1)–(f1) and onto the
(y, z)-plane in (a2)–(f2). The configuration of T1 is shown for −1 ≤ z ≤ 54, |x| ≤ 26,
|y| ≤ 36 (a), T2 for −3 ≤ z ≤ 161, |x| ≤ 55, |y| ≤ 95 (b), T3 for −6 ≤ z ≤ 318, |x| ≤ 86,
|y| ≤ 179 (c), T4 for −10 ≤ z ≤ 524, |x| ≤ 119, |y| ≤ 287 (d), T5 for −15 ≤ z ≤ 779,
|x| ≤ 152, |y| ≤ 419 (e) and T6 for −21 ≤ z ≤ 1081, |x| ≤ 186, |y| ≤ 575 (f).
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Figure 12: The continuation paths αn from the first ten α-flips (blue dots) as ρ and σ
decrease. The inset graph is an enlargement of ρ ∈ [1, 10], σ ∈ [2, 5]. The curve of Hopf
bifurcation is shown in red and the curve D of singularity in the eigenvalue equation is
shown in orange.

ρ = ρf1 passes very close to 0. The distance between W s
A(p

+) and 0 for σ = 10 increases as n
increases; for ρf10, shown in Figure 9(i), this distance is relatively large and the curve α10 is
correspondingly longer, showing that ρf10 lies much further away from T10.

The T-point orbits associated with the first six T-points, Tn for n = 1, . . . , 6, are shown
in Figure 11 projected onto the (x, z)-plane in panels (a1)–(f1) and the (y, z)-plane in panels
(a2)–(f2). The codimension-two connections from 0 to p± are coloured purple and we also show
the codimension-zero connections from p± to 0 (pink), that is, the two symmetrically related
intersection curves of the two-dimensional manifolds W s(0) and W u(p±). The classic image
of a T-point is the picture of T1 in panel (a1) in the projection onto the (x, z)-plane. Note
the similarity of columns (b2)–(f2) in Figure 11 with the α-flips shown in Figure 9(a)–(e). As
n increases the T-point orbits exhibit additional sharp bends in the (y, z)-projection that are
characteristic of the half-loops around the z-axis seen in the α-flips, ρfn; the difference is that
the T-point orbits connect to 0, while the α-flip orbits bypass zero and the lower part of the
orbit lies below 0, parallel to the negative z-axis.

We also continue the α-flips ρfn for n = 1, . . . , 10 at σ = 10 in the other direction, for
decreasing ρ and σ. Figure 12 shows the resulting curves αn for σ < 10, with the start values
ρfn, n = 1, . . . , 10, marked in blue along the top of the graph; compare with Figure 9. The red
curve labeled H is a Hopf bifurcation given by

ρ =
σ(β + σ + 3)

σ − β − 1
, (5)

which is defined for σ > β + 1 = 32
3
. The αn curves cross H as σ and ρ decrease, at which

point p± stabilize to become attractors with one strong stable eigenvalue and a pair of complex
conjugate (weaker) stable eigenvalues. There still exists a well-defined one-dimensional strong
stable manifold W ss(p±) associated with the strong stable eigenvalue, which is a continuous
deformation of W s(p±) on the other side of H . The manifold W ss(p±) has a large-amplitude
branchW ss

A (p±) and a small-amplitude branchW ss
a (p±) and we now define the α-flip as the value
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Table 2: T-point values σT
n and ρTn for n = 1, . . . , 10. The differences ∆σ

n = σT
n − σT

n−1

and ∆ρ
n = ρTn − ρTn−1 are shown, as well as the ratios ∆σ

n/∆
σ
n−1 and ∆ρ

n/∆
ρ
n−1.

n σT
n ∆σ

n ∆σ
n/∆

σ
n−1 ρTn ∆ρ

n ∆ρ
n/∆

ρ
n−1

1 10.1673 30.8680
2 11.8279 1.6606 85.0292 54.1612
3 12.9661 1.1382 0.6854 164.1376 79.1084 1.4606
4 13.8424 0.8763 0.7699 267.6019 103.4643 1.3079
5 14.5578 0.7154 0.8164 394.9239 127.3220 1.2306
6 15.1633 0.6055 0.8464 545.6849 150.7611 1.1841
7 15.6888 0.5254 0.8677 719.5287 173.8438 1.1531
8 16.1530 0.4642 0.8835 916.1474 196.6187 1.1310
9 16.5689 0.4159 0.8959 1135.2714 219.1240 1.1145
10 16.9456 0.3767 0.9058 1376.6619 241.3905 1.1016

of ρ for which the α-limit of W ss
A (p±) lies in E. In our continuation we use explicit formulae for

the stable eigenvalue µs and eigenvector ws of p+, calculated with the Eigenvectors command
in Maple. These explicit formulae are a convenient way of calculating µs and ws as ρ and σ
decrease, until the expressions become singular at the curve D and the continuation of each
α-flip stops. The inset graph shows an enlargement of the area within the box ρ ∈ [1, 10],
σ ∈ [2, 5].

The T-point values (ρTn , σT
n ) for n = 1, . . . , 10 are listed in Table 2. We calculate the

difference between the σ-values, denoted ∆σ
n, and the ρ-values, denoted ∆ρ

n, then find the ratios
of these differences to seek pattern in the T-points; these values are also listed in Table 2. It
is clear that ∆σ

n decreases and ∆ρ
n increases as n increases. The ratios of both sequences of

differences appear to tend to 1, however the ρTn values appear to increase in an exponential way
rather than linearly.

We now wish to follow W s
A(p

+) using continuation for large ρ-values to detect further occur-
rences of the α-flip. Tables 1 and 2 show that the ρ-values of the α-flips and associated T-points
appear to grow exponentially quickly. Therefore, to improve the efficiency of the calculations,
we use ln(ρ) in place of ρ in the BVP set-up. The radius of the sphere SR remains R = 4.5ρ
throughout. As ln(ρ) increases we detect an additional 15 α-flips in the interval ρ ∈ [400, 1300].
As before, we continue the α-flips in the direction of increasing ln(ρ) and σ, starting at the
α-flip values ln(ρfn) for n = 11, . . . , 25, until each continuation stops at a T-point. The T-point
values ln(ρTn ) and σT

n for n = 1, . . . , 25, are listed in Table 3. The differences between the

T-point values in both ln(ρTn ), denoted ∆
ln(ρ)
n , and σT

n , denoted ∆σ
n, and the ratios of these

distances, are also listed. As n increases, ∆
ln(ρ)
n increases and ∆σ

n decreases and the ratios of
both sequences appear to tend to 1, as seen for the first ten T-points; however, even with 15
additional data points convergence is still not conclusive.

The T-point values as shown in Figure 10 appear to lie on a curve. We used the (ln(ρ), σ)-
coordinates for the 25 T-points to fit a polynomial that expresses ln(ρ) as a function of σ. With
the function polyfit from Matlab we find that the cubic polynomial

ln(ρ) = T (σ) := a0 + a1σ + a2σ
2 + a3σ

3, (6)

with

a0 = −4.8883, a1 = 1.0523, a2 = −0.0277, a3 = 0.0005, (7)

is the best fit to the data.
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Figure 13: The position of the first 25 α-flips for σ = 10 (blue) and corresponding T-
points (purple) in the (ln(ρ), σ)-plane; compare Figure 10. The black curves αn end at the
T-points for σ > 10, which lie on the purple curve T (σ), and at the curve D for σ < 10,
compare Figure 12.
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Table 3: The α-flip values ρfn and ln(ρTn ) for σ = 10, and the T-point values σT
n and ρTn

for n = 1, . . . , 25. The differences ∆σ
n = σT

n − σT
n−1 and ∆

ln(ρ)
n = ln(ρTn ) − ln(ρTn−1) are

shown, as well as the ratios ∆σ
n/∆

σ
n−1 and ∆

ln(ρ)
n /∆

ln(ρ)
n−1 .

n ρfn ln(ρfn) σT
n ∆σ

n ∆σ
n/∆

σ
n−1 ρTn ln(ρTn ) ∆

ln(ρ)
n ∆

ln(ρ)
n /∆

ln(ρ)
n−1

1 29.7191 3.3918 10.1673 30.8680 3.4297
2 57.6817 4.0549 11.8279 1.6606 85.0292 4.4430 1.0133
3 89.5040 4.4943 12.9661 1.1382 0.6854 164.1376 5.1007 0.6577 0.6491
4 124.4925 4.8242 13.8424 0.8763 0.7699 267.6019 5.5895 0.4888 0.7432
5 162.2217 5.0890 14.5578 0.7154 0.8164 394.9239 5.9787 0.3892 0.7962
6 202.4018 5.3103 15.1633 0.6055 0.8464 545.6849 6.3020 0.3233 0.8308
7 244.8209 5.5005 15.6888 0.5254 0.8677 719.5287 6.5786 0.2766 0.8553
8 289.3161 5.6675 16.1530 0.4642 0.8835 916.1474 6.8202 0.2416 0.8735
9 335.7575 5.8164 16.5689 0.4159 0.8959 1135.2714 7.0346 0.2144 0.8877
10 384.0383 5.9507 16.9456 0.3767 0.9058 1376.6619 7.2274 0.1928 0.8990
11 434.0686 6.0732 17.2900 0.3443 0.9140 1640.1053 7.4025 0.1751 0.9082
12 485.7715 6.1857 17.6070 0.3171 0.9208 1925.4086 7.5629 0.1604 0.9159
13 539.0803 6.2899 17.9009 0.2938 0.9266 2232.3962 7.7108 0.1479 0.9224
14 593.9360 6.3868 18.1746 0.2737 0.9317 2560.9072 7.8481 0.1373 0.9280
15 650.2864 6.4774 18.4308 0.2562 0.9360 2910.7937 7.9762 0.1281 0.9328
16 708.0843 6.5626 18.6716 0.2408 0.9399 3281.9182 8.0962 0.1200 0.9370
17 767.2874 6.6429 18.8988 0.2272 0.9433 3674.1533 8.2091 0.1129 0.9408
18 827.8569 6.7188 19.1137 0.2150 0.9463 4087.3797 8.3157 0.1066 0.9441
19 889.7575 6.7909 19.3177 0.2040 0.9490 4521.4856 8.4166 0.1009 0.9470
20 952.9566 6.8596 19.5118 0.1941 0.9515 4976.3659 8.5125 0.0959 0.9497
21 1017.4240 6.9250 19.6969 0.1851 0.9537 5451.9213 8.6037 0.0913 0.9521
22 1083.1319 6.9876 19.8739 0.1769 0.9557 5948.0582 8.6908 0.0871 0.9543
23 1150.0540 7.0476 20.0433 0.1694 0.9576 6464.6875 8.7741 0.0833 0.9563
24 1218.1662 7.1051 20.2058 0.1625 0.9593 7001.7246 8.8539 0.0798 0.9581
25 1287.4456 7.1604 20.3620 0.1562 0.9609 7559.0891 8.9305 0.0766 0.9598

The cubic polynomial T (σ) matches the 25 data points to within 10−3. Note that the
leading coefficient is very small so ln(ρ) is almost quadratic in σ. However, we checked that a
quadratic polynomial approximation fits the data points only to within 10−1. We also checked
that a quartic polynomial fit did not improve this error; in particular, the leading coefficient is
100 times smaller than a3. Overall, we conclude the cubic approximation is the best fit. Apart
from being interesting in its own right, (6) can be used to predict the values of subsequent
T-points by calculating T (σ) for larger values of σ, and estimating the position of the next

T-point along the curve using the fact that ∆
ln(ρ)
n /∆

ln(ρ)
n−1 ≈ 1.

Figure 13 shows all 25 T-point values Tn for n = 1, . . . , 25, and the curve T (σ), in the
(ln(ρ), σ)-plane. The curves αn of the α-flips are shown in black and the α-flip values are
shown as blue dots on the line σ = 10. The red curve H and the orange curve D are as in
Figure 12, but note the logarithmic scaling in Figure 13. We can make the natural conjecture
from this numerical evidence that there are infinitely many α-flips and T-points in the Lorenz
system. Moreover the T-point values scale as given by (6) and it is quite a straightforward
exercise to calculate α-flips and T-points for higher ρ-values using our BVP set-up.
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5 Discussion and outlook

We investigated a transition in the Lorenz system that was first observed by Sparrow in the
1980’s [27], namely, where the large-amplitude branches of W s(p±) “swing” around the z-
axis. We showed that these swings are organised by α-flips. An α-flip is a codimension-one
bifurcation at ∞ that we define geometrically as the value of ρ for which the α-limit of W s

A(p
±)

lies in the plane E spanned by the weak stable and unstable eigenvectors of the origin. We
calculate an α-flip as the intersection point of W s

A(p
+) with E on a sphere SR. This gives

a well-defined approximation, provided R is sufficiently large. We found that, despite the
dramatic changes of W s(p±), there is no topological change in W s(0) in response to the first
α-flip. We calculated the first 25 α-flips for 28 < ρ < 1300 with fixed σ = 10 and β = 8/3,
and our conjecture is that there are infinitely many α-flips. Our calculations are done using
a two-point boundary value problem set-up which allows for a two-parameter continuation of
the α-flips. In the direction of increasing ρ and σ, all α-flip curves end at T-points, which
are codimension-two bifurcations at which W s

A(p
±) connects to 0. In the (ln(ρ), σ)-plane, the

T-points lie in very good approximation on a cubic polynomial T (σ). As each α-flip leads to
a T-point, we conjecture that there are infinitely many T-points. In particular, finding α-flips
first constitutes an efficient method for finding this family of T-points. We illustrated the first
six T-points in Figure 11, where T1 corresponds to the principle T-point in the Lorenz system
as found by Alfsen and Frøyland [5].

An additional motivation for our study is that we believe the first α-flip to be a precursor
to what is known as the loss of the foliation condition. To explain the foliation condition, let
us first discuss its role in the context of the geometric Lorenz model. The geometric Lorenz
model is a one-dimensional discontinuous map model of the strange (butterfly) attractor in
the Lorenz system. Descriptions of the geometric Lorenz model first appeared in 1976 by
Guckenheimer [14], in 1977 by Afrimovich, Bykov and Shilnikov [2, 3] and subsequently in
1979 by Guckenheimer and Williams [15] and Williams [30]. Guckenheimer constructed a
simple model to represent the symbolic dynamics in the Lorenz system, whereas the model by
Afraimovich et al. represents the dynamical flow of the Lorenz system; indeed the accuracy
of the model in [2, 3] was checked by numerical computation. The geometric Lorenz model is
a way to describe the dynamics on the intersection of the attractor with the Poincaré section
Σρ = {z = ρ − 1}, which contains p±. The section Σρ is foliated by infinitely many curve
segments, or leaves. One requires that there is a stable invariant foliation, which means that
the leaves are locally transverse to the attractor, map injectively to each other under the
flow and the dynamics on the leaves is a contraction towards the attractor. The geometric
Lorenz model assumes that each point on the attractor intersects exactly one leaf of the stable
foliation. This means that the dynamics on the attractor can be described in terms of a one-
dimensional mapping of the leaves of the foliation. The condition that there exists an invariant
stable foliation, which can be used to reduce the dynamics on the Lorenz attractor to the
one-dimensional Lorenz map, is known as the foliation condition.

It is well known that for ρ larger than ρ ≈ 30 the one-dimensional Lorenz map is not a strict
reduction of the Lorenz attractor [29]. Numerical investigations by Hénon and Pomeau [16, 17],
Sparrow [27] and, more recently, by Luzzatto and Viana [24, 23], show that the image of the two-
dimensional return map develops “hooks” when ρ > 30. The corresponding one-dimensional
map develops additional maxima and minima from the boundaries of the interval and no longer
faithfully represents the dynamics on the Lorenz attractor. The only estimate available for the
precise ρ-value at which the foliation condition is lost, for σ = 10, was calculated by Sparrow [27]
as lying in the interval ρ ∈ [30.1, 30.2].
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The first α-flip for σ=10 occurs at ρf ≈ 29.7191, which is very close to the estimated point
of loss of the foliation condition. We can continue ρf1 to the principal T-point T1 in the (ρ, σ)-
plane, at which point the foliation condition is lost because the attractor now encompasses the
equilibria p±. Our ongoing work is concerned with the loss of the foliation condition itself and
the role of the first α-flip as a precursor.
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Appendix

This appendix is on the numerical continuation methods used in the calculation of W s(p±) and
W s(0). Finite parts of global invariant manifolds of a dynamical system can be approximated by
solutions of a suitable two-point boundary value problem (BVP). For example W s(p+) is a one-
dimensional manifold that can be approximated by two orbit segments, similarly the first part
of a two-dimensional manifold W s(0) is formed by a one-parameter family of orbit segments.
We use the boundary value solver of Auto [13] to formulate and compute approximations
of stable (and unstable) global manifolds of the Lorenz system. Here we discuss the specific
boundary conditions used to calculate W s(0) and W s(p±) in this paper; for the general theory
see [9, 10, 13, 20]. We set up a suitable two-point BVP by first considering the time-rescaled
Lorenz system

u′(t) = Tf(u(t)), (8)

where f is given by (1). A solution u(t) of (8) is an orbit segment defined for t ∈ [0, 1], and
the integration time T is a parameter of the system. When calculating stable manifolds T is
negative.

In order to calculate one branch of W s(p+) we consider the orbit segment u(t) with

u(0) = p+ + δpws. (9)

Here ws is the normalized (strong) stable eigenvector of p+, which is the linear approximation
of W s(p+) near p+. We choose u(t) with u(0) at a small distance δp = 10−2 from p+.

Since T is a free parameter, system (8)–(9) has infinitely many solutions. We select one by
imposing a second boundary condition, namely,

‖u(1)− (0, 0, ρ− 1)‖2 = R2, (10)

so that u(1) ∈ SR. This two-point BVP can be used to calculate how W s
A(p

+) changes as
ρ is increased. We generate a family of solutions of system (8)–(10) by setting ρ as a free
continuation parameter. We monitor the quantity

u(1) · n̂, (11)

where n̂ is the vector normal to the plane E defined in Section 2. When quantity (11) is zero,
u(1) lies in E, which defines an α-flip. Figure 7 was calculated in a single continuation run,
starting from ρ = 25 to ρ = 400, detecting the α-flip values as zeroes in (11).

22



We can continue an α-flip in two-bifurcation parameters, namely σ and ρ, by using this set-
up. Having detected a zero of (11) we fix this condition and it becomes a boundary condition

u(1) · n̂ = 0. (12)

We then continue the orbit segment of system (8)–(10), with (12); here, σ and ρ are free
continuation parameters. The paths αn for n = 1, . . . , 25 shown in Figures 10 and 12 were
calculated in this way, and the same approach was taken for Figure 13, where the two-parameter
continuation was in ln(ρ) and σ.

To compute the T-points given in Tables 2 and 3 and to produce the pictures in Figure 11,
we require that one end point u(0) of u(t) lies close to p+ and the other end point u(1) lies
close to 0. We extract an approximate T-point orbit from the α-flip data by continuing the
orbit segment in system (8)–(9) and (12). Here, ρ or σ are kept fixed; note that u(1) is not
required to be on SR any longer. We monitor

uz(1), (13)

the z coordinate of u(1). A zero of (13) indicates u(1) lies on the unstable eigenvector vu of 0,
because u(1) ∈ E. We then set the additional boundary condition

uz(1) = 0, (14)

and continue the orbit segment of system (8)–(9), (12) and (14) with both ρ and σ again as
free continuation parameters. We monitor the quantity

‖u(1)‖ − δ0 (15)

as a user-defined point, where δ0 is a small distance from 0; we use δ0 = 10−2 throughout.
When (15) is zero, we consider the orbit segment a good approximation of the T-point orbit.
We are confident of the ρT - and σT -values to at least O(10−4), and checked that decreasing the
distances δ0 and δp does not improve on this accuracy, nor does increasing the number of mesh
points along each orbit. The values used to generate the manifolds in each figure, including the
number of mesh points, are summarized in Table 4.

The formulation of the two-point BVP for the computation of W s(0) is the same as in [12].
We view W s(0) as a family of orbit segments that start on a linear approximation near 0 given
by an ellipse defined by

u(0) = 0 +

(
cos(θ)

vs

|λs|
+ sin(θ)

vss

|λss|

)
. (16)

The family is parametrized by θ, where 0 < θ < 2π, and λs and λss are the stable eigenvalues
of 0 with corresponding eigenvectors vs and vss. The principle axes of the ellipse are in the
directions given by the eigenvectors vs and vss. The second boundary condition is (10). For
further details see [12].

Figure 11 shows the T-point orbit and the codimension-zero connections from p± to 0. These
are also calculated via continuation of a suitably posed two-point BVP. First we fix ρ = ρTn
and σ = σT

n for n = 1, . . . , 6 and consider one orbit segment with end point satisfying (16). We
impose the second boundary condition

u(1) · n̂c = 0, (17)
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Table 4: List of values used in the calculations of the figures in this paper. Here, NTST
is the number of mesh intervals used for discretization, DSMIN and DSMAX are the
maximum and minimum absolute values of the pseudo-arclength step size. The distances
δp and δ0 are as defined above, R is the radius of the sphere SR, and τ is the maximum
integration time allowed for the calculation of W s(0)∩SR.

Figure Manifold δp δ0 R τ NTST DSMAX DSMIN

1 W s(p±) 1e−2 200 400 1e+2 1e−5

2 W s(p±) 1e−2 200 400 1e+2 1e−5

W s(0) 1e−2 70.9529 2.1 200 1e−1 1e−4

3 W s(p±) 1e−2 70.9529 400 1e0 1e−5

4 W s(p±) 1e−2 70.9529 400 1e0 1e−5

5 W s(p±) 1e−2 70.9529 400 1e0 1e−5

W s(0) 1e−2 70.9529 2.1 200 1e−1 1e−4

6 W s(p±) 1e−2 70.9529 400 1e0 1e−5

W s(0) 1e−2 70.9529 8 200 1e−1 1e−5

7 W s(p±) 1e−2 4.5ρ 400 1e+2 1e−5

8 W s(p±) 1e−2 4.5ρ 400 1e+2 1e−5

9 W s(p±) 1e−2 4.5ρ 400 1e+2 1e−5

10 W s(p±) 1e−2 4.5ρ Table 5 1e+2 1e−2

11 W s(p±) 1e−2 1e−2 Table 5 1e+2 1e−5

12 W s(p±) 1e−2 4.5ρfn Table 5 1e+2 1e−3

13 W s(p±) 1e−2 1e−2 4.5ρ Table 5 1e+2 1e−2

Table 5: The number NTST of mesh intervals used in the calculation of each α-flip ρfn
and T-point Tn in Figures 10, 11, 12 and 13.

n 1 2 3 4 5 6 7 8 9 10
NTST 200 200 200 200 200 300 300 400 400 400

n 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
NTST 300 300 300 400 400 500 550 600 650 700 750 850 900 950 950

where n̂c is the normal vector to the plane Ec = span(wu
ℜ, w

u
ℑ), and wu

ℜ and wu
ℑ are the real

and complex parts of the complex eigenvectors of p+, respectively. Condition (17) ensures that
u(1) lies in Ec. We then continue the orbit segment in system (8), (16) and (17) with θ as the
main continuation parameter. We monitor the quantity

‖u(1)− p+‖2 − δp, (18)

which, when zero, ensures the end point lies in Ec at a distance δp = 1e−2 from p+.
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