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Abstract

The Seiberg-Witten equations are a system of geometric PDEs whose solutions are of in-
terest in defining 3-manifold invariants. In 1997, it was shown by Mrowka, Ozsvath and Yu
that the Seiberg-Witten equations on Seifert 3-manifolds were related to another system
of geometric PDEs on their U(1)-orbit space called the vortex equations. The solutions to
these equations can, in turn, be characterised geometrically using a moment map argument;
this was accomplished by Garcia-Prada in 1994.

The purpose of this thesis is to explore the structure of the moduli spaces of vortices
and Seiberg-Witten monopoles, and to explain the correspondence between the two in de-
tail. These concepts are also generalised to the equivariant category: in the case that a
Seifert 3-manifold is equipped with the action of a finite group Λ commuting with the circle
action, it is shown that the moduli space of Λ-equivariant Seiberg-Witten monopoles on the
3-manifold has the same relationship with the moduli space of Λ-equivariant vortices on
the orbit space. Equivariant generalisations of the relevant existence theorems are given;
this includes an orbifold generalisation of Uhlenbeck’s weak compactness theorem and Uh-
lenbeck’s gauge theorem. In the case that Λ = Z2, the Klein surface formalism is used
to generalise the characterisation of the moduli space to Seifert 3-manifolds fibring over
non-orientable surfaces.
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Introduction

The study of closed orientable 3-manifolds is deep and diverse, tracing back to the work
done by Poincaré and Heegaard in the late 1800s [Gor99]. Manifolds in dimension 3 (and
4) lend naturally to interesting topology; closed orientable surfaces are simple enough to
be classified by an integer, and in dimension greater than 4 there are techniques such as
the Whitney trick [MSS65] that allow for more maps to be constructed between manifolds.
Thus, the introduction of specialised machinery is necessary to gain information about the
topology of 3-manifolds.

Inequivalent manifolds are generally distinguished through the assignment of topological
invariants: an algebraic object is assigned to each diffeomorphism class of manifolds, and one
shows that different objects are assigned to two manifolds of interest. One programme for
developing such invariants is Floer theory: to each manifold with a given structure (spin,
symplectic, etc.), one assigns a higher-dimensional manifold and computes its homology
using Morse theory. The associated manifold is often the configuration space for some
physics-inspired system, and the chain complex for the homology is generated by the critical
points of an energy functional. Floer’s original application in [Flo88b] was restricted to
symplectic manifolds, but it was later adapted in various forms to 3-manifolds.

One of these adaptations of Floer theory was built from a specific system of geometric
PDEs as follows. To a 3-manifold Y equipped with a vector bundle called a spinor bundle,
one associates the space of sections and connections on that bundle; the configuration space
of the theory is the quotient of this space by the gauge group. The critical points of the
relevant energy functional are the solutions to the Seiberg-Witten equations:

∗FA = −ρ−1(ψ ⊗ ψ∗), (1)
DAψ = 0. (2)

The quotient of the solution space by the gauge group is called the moduli space of Seiberg-
Witten monopoles. The original context for these equations was supersymmetric field theory
on flat 4-space, but they were subsequently adapted to 4-manifolds by Witten in [Wit94],
and then to 3-manifolds in [KM97] and [MST96]. That these equations could be used to
define Floer homology groups was first pointed out by Donaldson in [Don96]; this idea
was realised soon after by Mrowka, Ozsvath and Yu in [MOY96]. Seiberg-Witten Floer
homology groups would later be used by Manolescu in [Man15] to disprove the triangulation
conjecture in dimension greater than 4.

Thus, the moduli space of solutions to the Seiberg-Witten equations in dimension 3 is of
interest for low-dimensional topology. However, as a system of nonlinear geometric PDEs
on manifolds, it is difficult even to determine if these moduli spaces are nonempty, let alone
their structure. Nevertheless, in 1996, the structure of the moduli space was understood
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for a fairly large class of 3-manifolds by Mrowka, Ozsvath and Yu in [MOY96]. In this
paper, the 3-manifolds of interest were Seifert 3-manifolds, i.e., 3-manifolds equipped with
a U(1)-action with finite stabilisers. The authors related the Seiberg-Witten equations
on the 3-manifold to another system of equations on the U(1)-orbit space called the vortex
equations, another system of geometric PDEs defined on line bundles over Riemann surfaces
as follows:

∗FA = i
2(|φ|

2
h − τ), (3)

∂Aφ = 0. (4)

Once the moduli space of solutions to the vortex equations was determined, therefore, they
were able to characterise the moduli space of Seiberg-Witten monopoles.

Indeed, solutions to the vortex equations had already been analysed in detail several
years prior by Bradlow in [Bra90], where he was able to show that each gauge equivalence
class of solutions could be identified with an effective divisor on the underlying surface.
Another proof of this result was published in 1994 by Garcia-Prada in [Gar94]; this proof
was based on the approach used by Donaldson in [Don83] to study the moduli space of flat
vector bundles, which was later adapted to solve Hitchin’s self-duality equations in [Hit87].
In particular, Garcia-Prada showed that the vortex equations could be interpreted as the
zeros of a moment map, and then used a result in the theory of symplectic group actions
to construct a solution on each complex gauge orbit. The functional-analytic flavour of this
proof strategy is primarily informed by the use of Uhlenbeck’s weak compactness theorem,
which asserts that the space of connections with bounded curvature is weakly compact
up to gauge equivalence; this was first proved by Uhlenbeck in [Uhl82] to prove strong
compactness for connections satisfying the Yang-Mills equations.

The results obtained in [MOY96] apply to all Seifert 3-manifolds whose orbit space can
be equipped with a Riemann surface structure; the complex structure on the orbit space
is necessary to define holomorphicity for the vortex equations. However, there are some
orientable Seifert 3-manifolds whose orbit spaces are non-orientable, and therefore do not
admit complex structures; examples are the lens spaces L(4, 1) and L(4, 3) fibring over
RP2. A potential work-around uses the theory of Klein surfaces. Instead of attempting to
define a complex structure on a non-orientable surface, one may instead define it on the
orientable double covering and ensure that the action of Z2 on the covering flips its sign.
Once this is done, one may proceed as usual on the double covering, defining everything to
be Z2-invariant, and project back down onto the base space at the end. The theory of Klein
surfaces was initially developed by Klein, Harnack, and Weichold in the late 1800s [Nat90],
and its application to gauge-theoretic moduli spaces has been pioneered by Schaffhauser,
Ho, and Liu in [Sch17], [HLR08], [LS13].

Broadly speaking, the objective of this thesis is to present the characterisation of the
moduli space in [MOY96], including all major prerequisite topics, and to generalise their
work to include a finite group action. More precisely, this generalisation aims to characterise
the moduli space of Λ-equivariant Seiberg-Witten monopoles, where Λ is a finite group
acting on the Seifert 3-manifold in a way that commutes with the circle action. In the light
of the above paragraph, this characterisation would allow for an extension of the result in
[MOY96] to those Seifert 3-manifolds fibring over non-orientable base spaces, by simply
taking Λ = Z2. From a more practical perspective, however, the extra requirement of
Λ-equivariance could potentially lead to richer Floer invariants. Equivariant varieties of
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Seiberg-Witten Floer homology have been developed for certain classes of 3-manifolds in
[Man01], [Lin16], [BH24], and the resulting homology groups were found to have useful
extra algebraic structure; the computation of equivariant moduli spaces could be the first
step in the development of a new equivariant Floer homology for Seifert 3-manifolds.

The structure of this thesis is summarised as follows.

• Chapter 1 covers the theory of orbifolds; though the Seiberg-Witten equations will
always be defined on a 3-manifold Y , the vortex equations will be defined on the
orbit space Y/U(1) which is an orbifold. Particular emphasis is given on orbifold fibre
bundles, and how they may be used to define gauge theories on orbifolds. The notion
of a Seifert 3-manifold is also discussed at the end of the chapter, primarily through
the lens of orbifold circle bundles. Proofs are often omitted unless there is a perceived
gap in the literature, as the content is introductory.

• Chapter 2 is devoted to the vortex equations on orbifold Riemann surfaces, including
the characterisation of the moduli space of vortices in terms of effective divisors. The
theory is presented in the form of its equivariant generalisation, which carries through
smoothly when the finite group action preserves orientation. The existence proof is
adapted from Garcia-Prada’s existence proof in [Gar94], which lends more naturally to
equivariant generalisation than the original existence proof by Bradlow. Its adaptation
to orbifolds requires a generalisation of Uhlenbeck’s results to the orbifold category,
so this generalisation is also presented; even though we only ever take the structure
group to be U(1), the extension proved in this chapter applies for any compact Lie
group.

• Chapter 3 is an introduction to the Seiberg-Witten equations on 3- and 4-manifolds.
The author has attempted to separate the pointwise linear algebra from the bundle-
theoretic differential constructions as cleanly as possible. This chapter also serves to
set up the notation used in the remainder of the thesis.

• Chapter 4 explores the correspondence between the vortex equations and the Seiberg-
Witten equations proved by Mrowka et al., and the correspondence is generalised to
include a finite group action. The characterisation of the irreducible component of
the moduli space is essentially a direct adaptation from [MOY96], but the topology of
the reducible component differs significantly in the equivariant case. Once the moduli
spaces have been characterised in general, the result is applied to Seifert 3-manifolds
over non-orientable base spaces, as well as lens spaces. Further directions are briefly
discussed at the end of the chapter.

• Two appendices accompany the main text. The first appendix outlines the functional-
analytic setup for geometric analysis on manifolds, with interspersed remarks regard-
ing generalisations to orbifolds. This is essentially only used in Chapter 2. The second
appendix details the convention differences that exist in defining the Seiberg-Witten
equations across the literature, and what we have chosen throughout the thesis. This
is used throughout Chapters 3 and 4.

Conventions and notation: Orbifolds are locally quotients by faithful group actions.
All groups act on the left unless otherwise stated. All cohomology groups are singular Z-
valued cohomology or de Rham cohomology unless otherwise indicated. All manifolds are
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compact and connected unless otherwise stated. All line bundles are complex Hermitian,
and all connections preserve the Hermitian structure. From Chapter 2 onwards, every
chosen object is assumed equivariant under the action of the finite group Λ unless otherwise
stated. All complex inner products are conjugate linear in the second entry.



Chapter 1

Orbifolds

This chapter is dedicated to the geometry and topology of orbifolds and orbifold fibre
bundles. We begin with a brief review of the definitions of orbifolds and smooth maps, and
establish some basic examples. We then discuss orbifold fibre bundles, from both a local
and a global perspective, and we briefly comment on the algebraic invariants involved in the
study of bundles. This theory is applied to the specific case of complex line bundles over
orbifold Riemann surfaces; in particular, we define the invariants that allow such bundles to
be completely classified, and we touch on their relationship to unitary connections. Finally,
we define Seifert fibred spaces in terms of bundles over orbifold Riemann surfaces, and
we describe the relationship between bundles on Seifert fibred spaces and their underlying
orbifold Riemann surfaces.

In our exposition, we frequently use results without proof or gloss over subtleties. For a
more comprehensive discussion of orbifolds, the reader is referred to [Jr22], [CHK00], and
[ALR07]; for a more comprehensive discussion of Seifert fibred spaces, the reader is referred
to [Hat01] and [Sco83].

1.1 Basic Definitions

Orbifolds are essentially equivariant generalisations of manifolds; whereas manifolds are
built by gluing Euclidean patches together, orbifolds are instead built from quotients of
Euclidean spaces by finite groups. Described this way, it may be tempting to simply define
an orbifold to be locally homeomorphic to a quotient of Rn by a finite group. However,
this approach loses valuable information about the group structure; for instance, note that
R2/Zα (with the natural action by rotations) would be equivalent to R2 for every α. The
definition of an orbifold is built to incorporate the group structure of the quotient directly.

We begin by defining the notion of coordinate charts on orbifolds.
Definition 1.1. Let X be a topological space. An n-dimensional orbifold chart on X
consists of an open subset Ũ ⊆ Rn, a finite group Γ acting faithfully via diffeomorphisms on
Ũ , and a continuous map ϕ : Ũ → X which is invariant under the action of Γ and induces
a homeomorphism between Ũ/Γ and ϕ(Ũ). We will often refer to the tuple (Ũ ,Γ, ϕ) as an
orbifold chart, and we will denote ϕ(Ũ) by U .
Remark. Though Γ may act by diffeomorphisms in general, we can always reduce an orbifold
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chart such that Γ acts by linear orthogonal transformations on Ũ . The idea is that we can
put a Γ-invariant Riemannian metric on Ũ , and then identify an open subset of TpŨ (on
which Γ acts linearly) with an open subset of Ũ using the exponential map. For details, see
[Jr22].

Definition 1.2. Let (Ũ ,Γ, ϕ) and (Ṽ ,Λ, ψ) be two orbifold charts on X. An embedding of
(Ũ ,Γ, ϕ) into (Ṽ ,Λ, ψ) is a smooth embedding i : Ũ → Ṽ for which ψ ◦ i = ϕ.

At this point, the reader may wonder why the notion of an orbifold chart embedding
makes no reference to the group structure of each chart. It turns out that this definition is
sufficient to tightly constrain the behaviour of i under Γ and Λ, so much so that Γ must be
a subgroup of Λ and i must be Γ-equivariant. For a proof of this fact, refer to [MP97] and
[Jr22]. We will henceforth assume that an embedding induces a subgroup inclusion Γ ≤ Λ.

We are now ready to define orbifolds.

Definition 1.3. Let X be a topological space. An n-dimensional orbifold atlas on X is a
collection of n-dimensional orbifold charts {(Ũi,Γi, ϕi)}i∈I for which any x ∈ Ui ∩ Uj has a
corresponding chart (Ũk,Γk, ϕk) containing x that admits embeddings into Ui and Uj . An
orbifold atlas is a refinement of another atlas if every chart in the first embeds into a chart
in the second, and two orbifold atlases are equivalent if they admit a common refinement.

Definition 1.4. An n-dimensional orbifold is a paracompact Hausdorff space X equipped
with an equivalence class of n-dimensional orbifold atlases (or equivalently one maximal
orbifold atlas). If the embeddings are all orientation-preserving then we call the atlas an
oriented atlas, and X is an oriented orbifold. The underlying space will be denoted by |X|
if we wish to distinguish between the orbifold and its underlying topological space.

Remark. If the embeddings are constrained to be differentiable, smooth, or complex, then
we call the resulting orbifold differentiable, smooth, or complex. Unless otherwise stated,
every orbifold we define is smooth.
Example 1.5. If Rn is equipped with a faithful linear action by a finite group Γ, the quotient
space Rn/Γ has a natural orbifold atlas consisting of the chart (Rn,Γ, π) (where π : Rn →
Rn/Γ is the quotient map). Note that if Γ = {e}, the orbifold Rn/Γ is Euclidean; if Γ = Z2
acts via reflection in the hyperplane [xn = 0], the orbifold Rn/Z2 is naturally identified with
the upper half-plane; and if Γ = (Z2)⊕n acts by reflection in n perpendicular hyperplanes,
the orbifold Rn/(Z2)⊕n is naturally identified with the n-dimensional orthant. It follows
that manifolds-with-boundary and manifolds-with-corners can be endowed with natural
orbifold structures.
Example 1.6. For our purposes, 2-dimensional orbifolds are of particular interest. As O(2)
can be described as U(1)⋊Z2, the only finite subgroups of O(2) are of the form Zα or Zα⋊Z2
for α ∈ N, the latter being the dihedral group of order α. These correspond to the finite
groups which can be faithfully represented on R2, meaning a 2-orbifold must look locally
like R2/Zα or R2/Dα for some α ∈ N (around points where Γ is nontrivial). R2/Zα can
be interpreted as the boundary of a 3-dimensional cone, whereas R2/Dα can be naturally
interpreted as a flat wedge.

One might notice that certain points are distinguished from others in the orbifolds we
have defined thus far: the boundary/corners are distinguished in manifolds with corners,
and the cone points are distinguished in R2/Zα. The distinguishing feature is that these
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points have nontrivial isotropy under the finite group when they are pulled back to Rn.
Thus, we make the following definition:

Definition 1.7. Let X be an orbifold, and let x ∈ X. Given a chart (Ũ ,Γ, ϕ) containing
x, the local group at x is defined to be the isotropy subgroup of Γ at any point in ϕ−1(x).
It is denoted by Γx, and its isomorphism class is independent of the choice of chart and the
element of ϕ−1(x).

A point at which the local group is trivial is called a regular point, and the collection of
all such points is denoted by Xreg; this defines an open submanifold of X. Its complement
is said to be singular, and it defines a subspace of codimension at least 1.

The local group dictates the structure of the orbifold around a given point: if the local
group at x is Γx, then the orbifold looks like Rn/Γx around x. More precisely, we have the
following:

Proposition 1.8. Every orbifold has an atlas of the form {(Ũp,Γp, ϕp)}p∈X , where each
Up is a neighbourhood of p and the preimage ϕ−1

p (p) consists of a single point.

Proof. Let (Ũ ,Γ, ϕ) be a chart around p ∈ X, and choose some x ∈ ϕ−1(p). Observe that
ϕ−1(p) is a discrete subset of Ũ , so there is a connected neighbourhood Ṽ ∋ x such that
gṼ ∩ Ṽ ̸= ∅ if and only if g ∈ Γp. By replacing Ṽ with ∩g∈ΓpgṼ , we can assume that Ṽ is
a Γp-invariant subset of Ũ . We then define λ : Ṽ → Ũ to be the inclusion, and ψ : Ṽ → V
to be ϕ|

Ṽ
(where V = ψ(Ṽ ) by definition). It is clear that (Ṽ ,Γp, ψ) is a chart for which

ψ−1(p) = {x}, and moreover that λ is an embedding of charts. Repeating this construction
for every p, we obtain an equivalent atlas with the desired property.

We may now discuss the concept of a smooth map between orbifolds. Intuitively, a
smooth map should be one which descends to a smooth map between charts; however,
the finite quotient complicates matters, as we need some notion of “local equivariance”
for smooth functions. This has led to several inequivalent notions of a smooth map be-
tween orbifolds. We will use the following definition in general, but we will introduce a
specialisation when we come to discuss fibre bundles and pullbacks.

Definition 1.9. Let X and Y be orbifolds, and let f : X → Y be a continuous map. Given
a point x ∈ X, a smooth local lift for f at x consists of the following:

• a chart (Ũ ,Γx, ϕ) about x and a chart (Ṽ ,Γf(x), ψ) about f(x), for which f(U) ⊆ V ;

• a group homomorphism αx : Γx → Γf(x);

• and a smooth map f̃x : Ũ → Ṽ ;

for which f̃x is Γx-equivariant (i.e., f̃x(g · y) = αx(g) · f̃x(y) for every y ∈ Ũ and every
g ∈ Γx) and for which the following diagram commutes:

U V

Ũ Ṽ

f

ϕ

f̃x

ψ
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The map f is called smooth if it admits a smooth local lift at every point. Analogously, f
is called analytic or holomorphic if the map f̃x shares these properties at each point.

The idea behind this definition is that the map f can be locally thought of as a Γx-
equivariant smooth map f̃x between subsets of Rn, and the homomorphism αx specifies
exactly how elements of Γx should be thought of as acting on the image.
Example 1.10. Let f : [0,∞)→ R be continuous, and equip [0,∞) ∼= R/Z2 with its natural
orbifold structure. The smoothness of f around any nonzero input is equivalent to the usual
definition. Around x = 0, however, the local lift condition implies that f lifts to an even
function from R to R, meaning f ′(0) must be zero for f to be smooth. More generally, if a
manifold with boundary M is considered to be an orbifold, a local lift of f at x ∈ ∂M gives
local coordinates around x in which the normal derivative of f along the boundary is zero.
Thus, smooth functions on manifolds with boundary naturally satisfy Neumann boundary
conditions in the orbifold formalism.

1.2 Orbifold Fibre Bundles

To develop differential geometry on orbifolds, we need to generalise the notion of a fibre
bundle. In order for a fibre bundle to respect the local group structure of its base space,
the local triviality condition needs to be altered. We are led to the following definition.

Definition 1.11. Let X and F be orbifolds. An orbifold fibre bundle over X with fibre F
consists of another orbifold E and a surjective smooth map p : E → X with the following
property: for every x ∈ X, there is an orbifold chart (Ũ ,Γx, ϕ) about x and a smooth
extension of the action of Γx on Ũ to Ũ × F (which respects the fibre-wise structure of F ),
with a diffeomorphism (Ũ × F )/Γx ↔ p−1(U) making the following diagram commute:

(Ũ × F )/Γx p−1(U)

Ũ/Γx U

pr1/Γx p

A section of E is a smooth map σ : X → E which is a right-inverse for p, and the space
of such sections is denoted by Γ(E). In the special case that F is an n-dimensional vector
space and the action of Γx on Ũ ×F is fibrewise linear, E is called an orbifold vector bundle
with rank n.

Remark. In the case that π : E → X is an orbifold vector bundle, it is no longer necessarily
true that the fibres of E possess a vector space structure; indeed, a fibre over a singular
point may not even be homeomorphic to a Euclidean space. However, since the action of
Γx is taken to be linear in the above definition, there is still a well-defined vector space
structure on the lifting Ũ × F .

Intuitively, while a fibre bundle is locally a product with F , an orbifold fibre bundle
is locally a quotient of a product with F by a finite group action. In general, if Ũ × F is
equipped with a Γ-action extending the action on Ũ , we can write this action as follows:

γ · (x, v) = (γ · x, ρx(γ) · v). (1.1)
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Here γ ∈ Γ, x ∈ Ũ and v ∈ F are arbitrary, while ρx : Γ → G denotes the action of each
element of Γ on the fibre F over x, and G ≤ Aut(F ) is the structure group of F . The
requirement that γ · (γ′ · (x, v)) = (γγ′) · (x, v) manifests in this language as follows:

ρx(γγ′) = ργ′·x(γ) ◦ ρx(γ′). (1.2)

Thus, the map ρx behaves somewhat like an Aut(F )-representation of Γ. In fact, if x∗ is a
fixed point of Γ, we see that ρx∗ is a genuine Aut(F )-representation of Γ.

It turns out that this representation ρx∗ characterises the group action up to equivalence,
where, as in the classical case, an equivalence between two fibre bundles E,E′ → X is a
bijection ψ : E → E′ commuting with the projections onto X and preserving the fibre
structure. In the coming proposition, we take x∗ to be the origin and Γ to act linearly
(recall that this can always be done). We also assume that the structure group G is a Lie
group. The idea of the proof is adapted from similar results in [Las82].

Proposition 1.12. Let Γ be a finite group acting linearly and isometrically on Rn, and let
F be an orbifold with structure group G ≤ Aut(F ). Assume G is a finite-dimensional Lie
group. Let ρ, η : Rn × Γ→ G be maps for which the action

γ · (x, v) = (γ · x, ρx(γ)v) (1.3)

on Rn × F is a Γ-action (and likewise for η). Then the following are equivalent:

• The maps ρ and η define equivalent Γ-equivariant fibre bundles, in the sense that there
is a map h : Rn → G such that

hγ·x = ηx(γ)hxρx(γ)−1. (1.4)

for every γ ∈ Γ.

• The maps ρ and η define equivalent Γ-representations in G at the point 0 ∈ Rn, in
the sense that there is some h0 ∈ G such that

η0(γ) = h0ρ0(γ)h−1
0 . (1.5)

for every γ ∈ Γ.

Proof. If P := Rn ×G is equipped with the Γ-action

γ · (x, g) = (γ · x, ηx(γ)gρx(γ)−1), (1.6)

then a smooth map h : Rn → G defining a Γ-equivariant equivalence of representations is
the same as a smooth Γ-invariant section ψ ∈ Γ(P ) (the section is given by ψ(x) = (x, hx)).
Thus, we wish to show that the existence of such a section is equivalent to the existence of
a conjugation between the two maps at the identity.

It is easy to show that a Γ-invariant section of P gives a conjugation between the two
representations ρ0 and η0. Since Γ acts linearly, the point 0 ∈ Rn is a fixed point for the
Γ-action on Rn; it follows that the condition for h : Rn → G to be Γ-invariant at 0 is exactly
that h0 conjugates between the two representations.
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Conversely, assume that h0 ∈ G satisfies h0ρ0(γ) = η0(γ)h0. We will define a smooth
Γ-invariant section of P around the point 0 ∈ Rn using the Riemannian exponential map.
Given a smooth Riemannian metric δ on P , the following is a Γ-invariant metric:

gP :=
∑
γ∈Γ

γ∗δ. (1.7)

This allows us to define an exponential map expp : TpP → P for any p ∈ P , which takes
the zero tangent vector to p, and takes a neighbourhood Up of zero diffeomorphically to a
neighbourhood of p. Moreover, the Riemannian exponential is Γ-equivariant in the following
sense: where Lγ : P → P denotes the action of γ ∈ Γ, we have that

γ · expp = expγ·p ◦ d(Lγ)p. (1.8)

(This follows from the fact that gP is Γ-invariant, meaning Γ acts isometrically on P .)
We choose the point p to be (0, h0), and we shrink the neighbourhood Up so that it

is Γ-invariant. Note that p is fixed under the Γ-action since η0(γ)h0ρ0(γ)−1 = h0 and
γ · 0 = 0; thus, the above equation for the equivariance of expp shows that expp(Up) is also
Γ-invariant as a neighbourhood of p ∈ P . Furthermore, consider the subspace Vp ⊆ Up
consisting of tangent vectors to Rn × G pointing entirely in the Rn-direction. This is a
Γ-invariant n-submanifold of Up, and it is therefore taken to a Γ-invariant n-submanifold
under expp.

Since expp is smooth, we can shrink Up (and by restriction Vp) so that Vp always inter-
sects the fibres of Rn ×G transversally. It follows that the projection map π|Vp : Vp → Rn
is injective, and its image is open by the constant rank theorem. Thus, we define a section
h : π(Vp)→ π(Vp)×G as follows: h(x) is the unique element of Vp which is also contained
in the fibre {x} × G. We have just shown that it is well-defined, and it is smooth and
Γ-invariant by the smoothness and Γ-equivariance of expp and the Γ-invariance of Vp.

Corollary 1.13. Let x be a point in an orbifold X with local group Γx, and let F be a fibre
for an orbifold fibre bundle E → X with finite-dimensional structure group G. The local
behaviour of E around X is completely determined up to equivalence by a single represen-
tation ρx : Γx → G. In particular, every x ∈ X admits an orbifold chart (Ũ ,Γx, ϕ) over
which E|U is equivalent to (Ũ ×F )/Γx, where Γx acts on F according to the representation
ρx.

Henceforth, we call an equivalence of the kind in the above corollary a local trivialisation,
even though the bundle may be topologically nontrivial. Note that we recover the statement
that all fibre bundles are locally product bundles if every point in X is regular.

1.2.1 Transition functions and local constructions

It is desirable to have an analogue of the fibre bundle construction lemma for orbifolds (see,
for instance, [Hus94]). However, the above theorem demonstrates an added complication:
while classical fibre bundles always have the same local behaviour, orbifold fibre bundles
come with the additional structure of a representation of Γx at each point. In order to
define a transition functions between two charts, therefore, we will need to enforce some
kind of Γx-equivariance; this is only possible if one chart embeds into another, since this
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induces an inclusion of local groups which are otherwise incomparable. We therefore have
the following analogous result.

Proposition 1.14 (Fibre bundle construction lemma, existence). Let X be an orbifold with
orbifold atlas {(Ui,Γi, ϕi)}i∈I , and let F be an orbifold with the Lie group G as its structure
group. Then an orbifold vector bundle with fibre F is specified by the following data:

• For each i ∈ I there is a representation ρi : Γi → G, which induces an action on
Ũi × F by taking γ · (x, v) = (γ · v, ρi(γ) · v).

• For each embedding λji : Ũi → Ũj there is a Γi-equivariant fibrewise linear map
αji : Ũi×F → Ũj×F for which pr1 ◦αji = λji ◦pr1 (i.e., αji is a lift of the embedding
λji).

Additionally, the embedding lifts are required to satisfy the orbifold cocycle condition: for a
sequence of embeddings making the following diagram commute:

Ũi Ũj Ũk,
λji

λki

λkj

the induced bundle maps make the following diagram commute:

Ũi × F Ũj × F Ũk × F.
αji

αki

αkj

Remark. The lifts αji : Ũi × F → Ũj × F can also be thought of as maps ψji : Ũi → G; the
relationship between the two is as follows:

αji(x, v) = (λji(x), ψji(x) · v). (1.9)

If αji is required to be Γi-equivariant, then ψji is required to be equivariant under the action
of Γi by conjugation:

ψji(γ · x) = ρj(γ)ψji(x)ρi(γ)−1. (1.10)
We will call a collection of such ψji a set of transition functions. In particular, if x ∈ Ũi is
a fixed point of Γi, the representations ρi and ρj |Γi are conjugate under the element ψji(x).
We can therefore assume without loss of generality that ρj |Γi = ρi, and that ψji(x) is the
identity at a fixed point.

Proof. We start by showing that this data can be retrieved from an existing orbifold vector
bundle. As proved in Corollary 1.13, an orbifold chart on the base space of an orbifold
vector bundle induces a representation of the local group ρi : Γi → G. Furthermore, an
embedding of orbifold charts λji : Ũi → Ũj induces the Γi-equivariant map αji if we take
αji(x, v) = (λji(x), v). (Note that each fibre of Ũi × F has an induced action by Γj , and
therefore also by Γi since Γi ≤ Γj .) These induced maps clearly satisfy the cocycle condition.

Conversely, suppose all of the data above has been given. We proceed as in the nonsin-
gular case: we use the data to define an equivalence relation on the union of charts, and
quotient by this equivalence relation. If [(xi, vi)] ∈ (Ũi×F )/Γi and [(xj , vj)] ∈ (Ũj×F )/Γj ,
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and there is an embedding λji : Ũi → Ũj , we say that [(xi, vi)] ∼ [(xj , vj)] if [αji(xi, vi)] =
[(xj , vj)] (where square brackets denote equivalence classes under the group action). The
Γi-equivariance of αji ensures that this relation does not depend on the representative cho-
sen. Note that this relation implies that λji(xi) is in the Γj-orbit of xj . We have a reflexive
binary relation on the space ⊔

i

(Ũi × F )/Γi, (1.11)

and we take the symmetric and transitive closure of this relation to get an equivalence
relation. We denote by E the quotient of this space by the equivalence relation, and we
define the map p : E → X as follows:

p([(xi, vi)]) = ϕi(xi). (1.12)

If an equivalent representative (xj , vj) is chosen, we know that ϕj(xj) = ϕi(xi) by the
equivariance of each ϕ, as well as the fact that λji(xi) is in the same Γj orbit as xj . Hence,
p is well-defined. The map p also clearly admits a smooth local lift, since it is built to
respect the action of Γi on each fibre. The local triviality condition is essentially satisfied
by definition.

Note that the notion of an orbifold vector bundle is recovered by taking F to be a vector
space and G = Aut(F ) to be the collection of linear automorphisms of F . The resulting
Γi-actions are linear by definition.

Proposition 1.15 (Fibre bundle construction lemma, equivalence). Let X, {(Ui,Γi, ϕi)}i∈I ,
F , G be as above. Let ρi, ηi ∈ Hom(Γi, G) be a pair of representations for each Γi, and let
φji : Ũi → G be a set of transition functions with respect to ρi and ψji : Ũi → G a set of
transition functions with respect to ηi. The fibre bundle defined by the two sets of transition
functions are equivalent if and only if there is a collection of smooth maps hi : Ũi → G
satisfying the following two properties:

• The hi conjugates between the transition functions φji and ψji in the following sense:

ψji(x) = hj(x)φji(x)hi(x)−1. (1.13)

• The hi are Γi-equivariant under the conjugation action:

hi(x) = ηi(γ)hi(x)ρi(γ)−1. (1.14)

Remark. If x ∈ Ũi is a Γi-fixed point, then the Γi-equivariance condition on hi implies that
hi(x) conjugates between the representations ηi and ρi. Thus, two fibre bundles can only
be equivalent if the representations of their local groups in G are equivalent.

Proof. If the two fibre bundles defined by the transition functions are equivalent, let µi, νi :
π−1(Ui)→ (Ũi ×F )/Γ be the trivialisations associated with φji and ψji respectively. Then
we have that νi ◦ µ−1

i lifts to an equivariant map taking Ũi × F to itself, and it can be
written in the form (x, v) 7→ (x, hi(x)v) for Γi-equivariant functions hi : Ũi → G. These are
the desired functions for the proposition; using the approach in [Hus94] (Proposition 2.5),
we see that they conjugate between the two transition functions.
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Conversely, suppose the collection of functions hi exists. Define a collection of smooth
Γi-equivariant maps fi : Ũi × F → Ũi × F so that fi(x, v) = (x, hi(x)v). We claim that the
fi glue together to form an equivalence f between the fibre bundles induced by φji and ψji.
It is clear that the fi are fibrewise isomorphisms of F and, if they do glue together, the
equivalence locally looks like a Γi-equivariant isomorphism from Ũi × F with the ρi-action
to Ũi × F with the ηi-action. Thus, we only need to show that f is well-defined, meaning
that if (x, v) ∈ Ũi×F and (y, w) ∈ Ũi×F are equivalent, then their image under fi and fj
is also equivalent (in the sense of Proposition 1.14).

If (x, v) and (y, w) are equivalent, we assume without loss of generality that Ui ↪→ Uj ;
this means that (y, w) = (λji(x), φji(x)v). But then

fi(x, v) = (x, hi(x)v),

and
fj(y, w) = (y, hj(y)w) = (λji(x), hj(y)φji(x)v) = (λji(x), ψji(x)hi(x)v).

But this is precisely the action of αji = (λji, ψji) on (x, hi(x)v) = fi(x, v), meaning fj(y, w)
and fi(x, v) are equivalent. It follows that fi and fj glue across the quotient to form a
well-defined equivalence f between the fibre bundles.

We recover the classical theorem by taking each representation to be trivial and each αji
to be an inclusion; this clearly satisfies the conditions of the theorem. This also demonstrates
that an orbifold fibre bundle over an orbifold X reduces to a regular fibre bundle over Xreg.

The sections of a fibre bundle can be interpreted in this light as follows:

Proposition 1.16. Using the above notation, let E → X be an orbifold vector bundle with
fibre F , and let ψji : Ũi → G and ρi : Γi → G constitute a set of transition functions
compatible with E. The smooth sections of E are in one-to-one correspondence with the
collections of Γi-equivariant smooth maps σi : Ũi → F satisfying the following condition:

σj(λji(x)) = ψji(x)σi(x). (1.15)

Proof. The result follows immediately from the observation that, in order for (x, σi(x)) and
(λji(x), σj(λji(x))) to be equivalent, the second component must be related by a factor of
ψji(x).

We therefore obtain the following local picture of orbifold fibre bundles with finite-
dimensional structure group:

• Each orbifold fibre bundle is locally isomorphic to (Rn × F )/Γ, where Γ is a finite
group acting linearly on Rn and as a representation on F . These local charts are
isomorphic to one another if and only if the representations of Γ are conjugate.

• Given an orbifold atlas {(Ui,Γi, ϕi)}, an orbifold fibre bundle can be specified with
representations ρi : Γi → G for each i, and transition functions ψji : Ũi → G for every
chart embedding Ũi ↪→ Ũj . The representations can be chosen so that ρj |Γi = ρi for
any embedding, and the transition functions are required to be Γi-invariant under the
conjugation action and satisfy the cocycle condition.
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• Two orbifold bundles can only be isomorphic if the representation of the local group
at each point is conjugate; we can therefore always choose trivialisations where the
local group representations ρi : Γi → G are the same. Given two systems of transition
functions φji and ψji, they define equivalent bundles if and only if there is a smooth
Γi-equivariant function conjugating between them for every i.

Henceforth, we will freely move between the global description of an orbifold (as an orbifold
projection π : E → X) and the local description in terms of transition functions ψji : Ui → G
and representations ρi.

1.2.2 Examples of orbifold bundles

We now present some key examples of orbifold bundles, as well as some of their associated
structures. All of the examples we shall present have natural analogues in the non-singular
category.

Firstly, from orbifold vector bundles E,F → X, we can always construct new vector
bundles corresponding to linear algebraic operations on each fibre: there is the dual bundle
E∗, the direct sum E⊕F , the tensor product E⊗F , and the kth exterior power ΛkE. Note
that elements of the dual bundle can be naturally interpreted in a local trivialisation over
(Ũi, ϕi,Γi) as Γi-equivariant linear functionals on each fibre.

We will be dealing extensively with complex line bundles, i.e., rank 1 complex vector
bundles. The space of such bundles is closed under the tensor product operation; fur-
thermore, the trivial bundle serves as an identity for the operation, and the dual bundle
corresponds to the inverse. We have the following definition:
Definition 1.17. Let X be an orbifold. The collection of isomorphism classes of complex
line bundles over X, together with group operation given by the tensor product, is called
the topological Picard group. It is denoted by Pict(X).

We may now also define the tangent bundle on an orbifold X; given an orbifold chart
(Ũ ,Γ, ϕ) on X, there is a natural extension of the action of Γ on Ũ to T Ũ ∼= Ũ × Rn
given by differentiating the action. An embedding of charts naturally lifts to an equivariant
embedding of tangent bundles, since an inclusion is linear and therefore differentiates to
the inclusion itself. We therefore have a system of transition functions, and the associated
bundle TX is called the orbifold tangent bundle.
Remark. Depending on whether we take the Γx-quotient, the tangent space is referred to
by different names: the fibre TyŨ for y ∈ ϕ−1(x) is called the tangent space at x, whereas
p−1(x) ∼= TyŨ/Γx is called the tangent cone at x. An element of the tangent cone is what
we refer to as a tangent vector. Note that a tangent vector field on X will be naturally
valued in the tangent cone at each point.

Just as we have constructed the tangent bundle on a manifold, we may also construct
tensor bundles and exterior bundles, resulting in the notion of tensors and differential forms
on orbifolds. A rank k covariant tensor takes k tangent vectors and returns a number, and
it follows that, over a chart (Ũ ,Γ, ϕ), we can regard such a tensor as a Γ-equivariant map
from (TŨ)k to R. Since tangent vectors and smooth functions both have locally equivariant
lifts, we can also define the exterior derivative of a smooth function as df(v) = v(f) in local
charts. We therefore get extensions of several classical geometric notions:
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• A complex orbifold comes with a natural almost-complex structure J : TX → TX,
since a complex chart (Ũ ,Γ, ϕ) requires that the action of Γ on Ũ is complex-linear,
meaning multiplication by i on Ũ can be transported to TX by ϕ. It is easy to verify
that this definition does not depend on the coordinate chart. As in the manifold case,
we obtain splittings of the complexified k-forms Ωk(X) into (p, q)-forms Ωp,q(X) with
p+ q = k.

• A Riemannian metric g still induces a unique connection ∇g on TX, the Levi-Civita
connection, as well as a unique parallel volume form volg given by the wedge product
of an orthonormal coframe at any point, and an operator ∗ : Ωk(X) → Ωn−k(X) for
which α∧∗β = ⟨α, β⟩volg. If we additionally have a complex structure and the 2-form
(v, w) 7→ g(v, Jw) is closed, we have a Kähler structure on g; the Hodge star can be
extended so that ∗ : Ωp,q(X) → Ωn−p,n−q(X). We assume that the Hodge star is
complex antilinear throughout the thesis.

• We also get the various correspondences for complex vector bundles over complex
orbifolds: a holomorphic structure on a vector bundle E → X is still uniquely specified
by a map ∂E : Γ(E) → Ω1(E) satisfying the Leibniz rule, and over a Hermitian
vector bundle (E, h)→ X, we can naturally identify holomorphic structures ∂E with
Hermitian connections A by taking ∂E = (∇A)0,1 and ∇A = ∂E + h−1 ◦ ∂E ◦ h.

The notion of integration calls for a slight modification. To define integration of a
compactly supported n-form ω over an n-orbifold X, we assume (as in the nonsingular
case) that X is orientable, meaning it can be given an oriented atlas {Ũi,Γi, ϕi}. Given a
smooth partition of unity {ψi : Ui → [0, 1]} subordinate to the open cover {Ui}, we define
the integral of ω over X as follows:∫

X
ω =

∑
i

1
|Γi|

∫
Ũi

ϕ∗
i (ψi ω). (1.16)

It is routine to verify that this integral does not depend on the choice of charts or partition
of unity.

Tools from functional analysis also transfer to the orbifold setting; in particular, the
definitions of Sobolev spaces transfer directly to the orbifold setting. Given a rank n orbifold
vector bundle E → X, we define the Sobolev p-norm on X to be the following:

∥σ∥Lp
k
=

k∑
j=0
∥∇jσ∥Lp =

k∑
j=0

(∫
X
|∇jσ|p volg

)1/p
. (1.17)

Taking the completion with respect to this norm, we obtain the space of Lpk sections of E,
denoted by Γ(E)Lp

k
. By specialising E to various bundles, we obtain Sobolev vector-valued

functions, vector fields, k-forms, and tensors. Additionally, since the space of connections
on an orbifold vector bundle E is an affine space modelled on Ω1(E), we also get the notion
of a Sobolev connection. Finally, if Y is a manifold, we can embed Y into a Euclidean
space RN for some N by Whitney’s embedding theorem; we can therefore define the space
of Sobolev functions Lpk(X,Y ) to be the subspace of Lpk(X,RN ) for which the image of the
function is contained in Y (this definition only works when kp > n). This also allows for a
notion of Sobolev sections of any fibre bundle whose fibre is a manifold, by reducing such
sections to local Sobolev functions.
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In order to make these constructions precise, several technical details need to be resolved.
We refer the reader to the Appendix for a more precise treatment of this topic.

1.2.3 Gauge theory on orbifolds

With the notion of orbifold fibre bundles, we may begin the study of gauge theory on
orbifolds. Once again, most of the structures from gauge theory on manifolds transfer to
the orbifold setting, with only minor technical ramifications.

We begin with the notion of a principal bundle.

Definition 1.18. Let G be a compact Lie group, and let X be an orbifold. A principal
G-bundle over X consists of an orbifold G-bundle P → X equipped with a smooth right
action by G preserving the fibres of P , satisfying the following condition: for every x ∈ X
and every corresponding fibre Px, there is a homomorphism α : Γx → G such that the
G-action on Px is transitive with isotropy group (conjugate to) α(Γx).

The essence of this definition is that G acts freely and transitively on fibres over regular
points, but it is only G/Γ that acts freely and transitively over a point with nontrivial local
group Γ. Note that this quotient may still be all of G if Γ is chosen to act trivially on G.
In general, the local picture of a principal G-bundle is a Γx-equivariant G-bundle over an
open subset of Rn, and we will make a point of phrasing global definitions in this language
when possible.
Example 1.19. Let TX be the tangent bundle of an n-orbifold X. Just as in the nonsingular
case, we can define the frame bundle of X to be the principal GL(n)-bundle π : FX → X
defined as follows: given a local orbifold chart (Ũ ,Γx, ϕ) around x, the fibre of FX over
x is defined to be the collection of all equivalence classes of frames {e1, . . . , en} for TxŨ ,
where two frames are considered equivalent if they are in the same Γx-orbit (this does not
depend on the chart). Because of the equivalence relation, the fibre over x is acted on
transitively but not in general freely by GL(n); the action of Γx on TxŨ is faithful, so there
is an inclusion Γx ↪→ GL(n). Essentially by definition, the isotropy subgroup of a given
frame is Γx.

Additionally, if the orbifold X has extra structure, one may define reduced frame bun-
dles. For instance, if X has a Riemannian metric, the frames in the above construction can
be chosen to be orthonormal.

Definition 1.20. Given a principal G-bundle π : P → X, a gauge transformation is a
smooth G-equivariant map ψ : P → P preserving the fibres of P .

Remark. An equivalent definition for a gauge transformation is a smooth map h : P → G
which is equivariant when G is equipped with the conjugation action on itself; that is, for
every p ∈ P and g ∈ G,

h(p · g) = g−1h(p)g. (1.18)

The associated automorphism of P is p 7→ p · hp. Conversely, given an automorphism
ψ : P → P and a nonsingular point p, there is a unique h(p) ∈ G for which ψ(p) = p · h(p)
(since G acts freely and transitively on π−1(p)); by using smooth local lifts, the smoothness
of ψ allows h(p) to be smoothly defined even when p is singular.
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The equivalent definition in the remark is much more useful for defining gauge transfor-
mations locally:

Definition 1.21. Given a principal G-bundle P → X and a trivialising orbifold chart
(Ũ ,Γ, ϕ) with local Γ-action specified by the representation ρ : Γ → G, a local gauge
transformation over U is a map h : Ũ → G which is Γ-equivariant in the following sense:

h(γ · x) = ρ(γ)h(x)ρ(γ)−1. (1.19)

There is an associated automorphism of P |U ∼= (Ũ × G)/Γ given by taking (x, g) 7→
(x, h(x)g).

One of the reasons it is convenient to use the language of principal bundles is the
associated bundle construction. This construction makes precise the relationship between
similar bundles, such as the various tensor bundles and the bundles of differential forms.

Definition 1.22. Let π : P → X be a principal G-bundle, let F be an orbifold, and let
α : G → Aut(F ) denote a left G-action on F . Equip F with the right G-action given
by v 7→ α(g−1)v for v ∈ F . The associated bundle P ×α F is defined to be the following
quotient:

P ×α F = (P × F )/G, (1.20)
where G acts diagonally on P × F . It is straightforward to verify that this is an orbifold
vector bundle over X with fibre F .

Example 1.23. Given the frame bundle FX → X with structure group GL(n), one may
take the tautological representation of GL(n) on Rn, the dual representation, direct sum
representations, tensor product representations, and exterior power representations. Under
the associated bundle construction, this leads respectively to the tangent bundle, the cotan-
gent bundle, direct sums of bundles, tensor products of bundles, and bundles of differential
forms.
Example 1.24. Particularly important for the vortex equations is the interplay between
complex line bundles and U(1)-bundles. Given a complex line bundle L→ X with Hermitian
metric h, one can form a principal U(1)-bundle FU → X by taking the frame bundle
construction on L but with single unit-length vectors instead. Conversely, given a U(1)-
bundle P → X, one can get an associated complex line bundle P ×id C by taking the
tautological representation of U(1) in C.
Example 1.25. Denoting by c : G→ Aut(G) the map c(g)h = ghg−1, the space of all gauge
transformations h : P → G can be naturally identified with the sections of the associated
bundle P ×c G. A gauge transformation h defines a section given by x 7→ [p, h(p)] for any
p ∈ π−1(x), which is independent of the p chosen, and this correspondence is bijective. Note
that, when c acts trivially on G, the associated bundle reduces to X×G, meaning the space
of gauge transformations is just C∞(X,G). This occurs whenever G is abelian.

Recall the following from Proposition 1.15: given two sets of transition functions ψji, φji :
Ũi → G compatible with the same representations ρi : Γi → G, their respective fibre bundles
are equivalent if and only if there exist Γi-equivariant functions hi : Ũi → G which conjugates
between ψji and φji. By Definition 1.21, it follows that the hi can be naturally interpreted
as local gauge transformations. In Section 2.4.2, we will need to modify a series of local
gauge transformations so that they “glue together” to form a global gauge transformation;
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by this we mean that they can all be interpreted as the local representations of a map
h : P → G defined on all of P . It turns out that this can be interpreted in terms of
transition functions.

Proposition 1.26. Let P → X be a principal G-bundle with transition functions {φji},
and let gi : Ũi → G be a series of local gauge transformations. There is a corresponding
global gauge transformation g : P → G which matches gi on the orbifold charts Ui if and
only if the following holds:

gji := gjφjig
−1
i = φji. (1.21)

Proof. As noted above, gauge transformations correspond bijectively with sections of P×cG.
If the transition functions for P are given by multiplying by φji, then the transition functions
for P×cG are given by conjugating by φji. Applying Proposition 1.16 finishes the proof.

This leads to the following result. If a system of local gauge transformations gi is
modified by multiplication by another system hi (so gi 7→ higi), then the modified gi glue
to form a global gauge transformation if and only if hi constitutes an equivalence between
φji and gji, in the sense of the fibre bundle construction lemma (Proposition 1.15).

1.2.4 Pullback bundles

Though we have described many of the structures one would wish to transfer from manifolds
to orbifolds, we have not yet defined pullback of bundles. In order to do this, we need to
give our maps slightly more structure. The smooth maps along which pullback is allowed
will be called good maps. For a more comprehensive overview of pullback orbifold bundles,
refer to [CR01].

Definition 1.27. Let X be an orbifold. A compatible collection of charts on X is an
orbifold atlas {(Ũi,Γi, ϕi)}i∈I on a subset of X, such that any inclusion Ui ↪→ Uj has a
corresponding embedding of orbifold charts. If the collection of charts covers X, then it is
called a compatible cover.

Definition 1.28. Let f : X → Y be a smooth map between orbifolds. A compatible system
for f consists of the following data:

• A compatible cover {(Ũi,Γi, ϕi)}i∈I on X, and a corresponding compatible collection
of charts {(Ṽi,Λi, ψi)}i∈I on Y , such that f(Ui) ⊆ Vi for all i and Ui ⊆ Uj implies
Vi ⊆ Vj for all i, j;

• A collection of smooth local lifts f̃i : Ũi → Ṽi over each chart Ũi (cf. Definition 1.9);

• For each chart embedding λji : Ũi → Ũj a corresponding chart embedding µ(λji) :
Ṽi → Ṽj , such that

µ(λji) ◦ f̃i = f̃j ◦ λji, (1.22)
and

µ(λkj ◦ λji) = µ(λkj) ◦ µ(λji). (1.23)

We denote the compatible system by S = {Ui,Γi, Vi,Λi, f̃i, µji}. If a smooth map admits
a compatible system, then it is called a good map.
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It turns out that there is a well-defined notion a pullback bundle along a good map.

Theorem 1.29. Let X and Y be orbifolds, and let f : X → Y be a smooth map admitting a
compatible system S = {Ui,Γi, Vi,Λi, f̃i, µji}. If there is an orbifold F -bundle π : E → Y ,
then there is a canonically constructed bundle π′ : f∗ES → X together with a smooth map
f∗ : f∗ES → E lifting f . We call this bundle a pullback of E along f .

Proof. We assume that f is surjective; if not, we may simply redefine Y to be the union of
the subsets Vi.

Let (Ṽi,Λi, ψi) be a chart on Y in the compatible system S . We can take the pullback
of the bundle E|Vi ∼= (Ṽi×F )/Λi along f̃i to get a Γi-equivariant bundle f̃∗i (Ṽi×F ) over Ũi.
Additionally, since each f̃i is a smooth local lift, there is a natural Γi-action on the pullback
bundle given by the induced homomorphism Γi → Λi.

Now, suppose we also have a system of transition maps αji : Ṽi × F → Ṽj × F char-
acterising E → Y (as in Lemma 1.14). We obtain a natural system of transition maps
βji : f̃∗i (Ṽi × F ) → f̃∗j (Ṽj × F ) by simply precomposing with f̃i, i.e., βji = αji ◦ f̃i. Since
the αji are lifts of the µji, which in turn correspond to the λji, we know that the βji also
satisfy the cocycle condition. As such, we obtain a bundle f∗ES over X which locally looks
like the pullback of E, and there is clearly a map from this bundle to E given by the usual
induced pullback map.

Note that a good map may have several inequivalent compatible structures, and there is
nothing compelling their pullbacks to be isomorphic. However, there is an important class
of smooth maps for which we can expect exactly one pullback bundle.

Definition 1.30. A smooth map f : X → Y is called regular if f−1(Yreg) is open, dense,
and connected in X.

Theorem 1.31. Every regular map between orbifolds is a good map, and any two compatible
systems for a regular map induce naturally isomorphic pullback bundles.

As such, for a regular map f : X → Y and a bundle E → Y , we can essentially speak
of “the” pullback bundle along f . All of the maps we define pullbacks along will naturally
be regular; in particular, the projection map π : E → X and any section σ : X → E are
both always regular.

1.2.5 Algebraic topology on orbifolds

The results we have thus far on the structure of orbifold fibre bundles are primarily local.
In order to understand and classify the global structure of these bundles, we will need
orbifold analogues of several algebraic topological invariants. Thus, we make a brief note
on algebraic invariants for orbifolds.

We begin with the notion of the fundamental group. A naive definition for the fun-
damental group of an orbifold X is π1(|X|), the space of homotopy classes of continuous
loops on the underlying topological space. However, this definition fails to capture the rela-
tionship between the fundamental group and covering spaces: the space R2/Zα would have
trivial fundamental group, but we would like to say that R2 is its α-fold “universal cover”.
The following modification is due to Thurston [Thu02]:
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Definition 1.32. Let X be an orbifold. An orbifold loop in X is a loop in |X| equipped
with a partition into finitely many components, and a lift of each component into an orbifold
chart. Two orbifold loops are equivalent if their partitioned components can be subdivided
and mapped diffeomorphically onto each other by changes of charts, and a homotopy of
orbifold loops is a homotopy between the components of one loop into another such that
each slice of the homotopy defines an orbifold loop. The orbifold fundamental group of X
is defined to be the space of equivalence classes of orbifold loops on X, up to subdivision,
equivalence, and homotopy. It is denoted by π1(X)orb.

Additionally, there is the following result:

Theorem 1.33. Every orbifold X has a universal covering X̃ → X for which π1(X̃)orb = 1.

The definition of the fundamental is essentially designed so that π1(X)orb acts on the
universal cover by deck transformations. As an example, the orbifold fundamental group
of Rn/Γ is always isomorphic to Γ for any finite group Γ acting effectively on Rn. In the
case that X = Y/Λ is a global quotient of a smooth space by a finite group, there is a
relationship between the orbifold fundamental group of X and the fundamental group of Y
[ALR07]:

Proposition 1.34. If Y is smooth then the orbifold fundamental group of X = Y/Λ is a
π1(Y )-extension of Λ, i.e., the following sequence is exact:

0→ π1(Y )→ π1(X)orb → Λ→ 0. (1.24)

For more details on the definition and covering space theory, refer to [Jr22].
Next, we consider the notion of cohomology on orbifolds. The construction of charac-

teristic classes for vector bundles is one of the main reasons why cohomology is so useful
in gauge theory; this is especially true when studying complex line bundles, for which the
first Chern class c1 : Pict(X) → H2(X;Z) is a complete algebraic invariant. However, the
naive definition of cohomology on an orbifold X in terms of |X| again fails: orbifold bundles
generally have nontrivial behaviour around singularities, which clearly cannot be detected
by H•(|X|;Z).

The natural definition of orbifold cohomology makes use of the description of orbifolds
as groupoids, a tangent we will not discuss further. We refer the reader to [ALR07] for more
details on the definition of the orbifold cohomology H•(X)orb. In the case that an orbifold
is a global quotient Y/Λ where Y is smooth and Λ is finite, the definition reduces to the
following related cohomology theory:

Definition 1.35. Let Y be a smooth manifold acted upon by a finite group Λ. The
Λ-equivariant cohomology of Y is defined to be the cohomology of the stable homotopy
quotient of Y by Λ:

H•
Λ(Y ) := H•((Y × EΛ)/Λ), (1.25)

where EΛ is the universal principal Λ-bundle over the classifying space BΛ, and the Λ-action
is diagonal.

Finally, we make a brief note on de Rham cohomology theory. In Satake’s first paper
on orbifolds [Sat56], the following theorem is proved:
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Theorem 1.36. For any orbifold X, the de Rham cohomology of X is isomorphic to the
real-valued singular cohomology of |X|.

Thus, the global behaviour of differential forms on orbifolds is unaffected by their sin-
gularities.

1.2.6 Flat complex line bundles on orbifolds

We can use the algebraic invariants we have thus far defined to determine the structure of
the space of flat Hermitian line bundles on a given orbifold, that is, complex line bundles
equipped with a fibrewise Hermitian inner product and a unitary connection. In the nonsin-
gular case, each flat Hermitian line bundle corresponds uniquely to a U(1)-representation
of the fundamental group; this representation comes from the holonomy of the connec-
tion, which is homotopy-invariant by flatness. The representation may be extended to the
orbifold case as follows:

Proposition 1.37. The gauge equivalence classes of flat Hermitian line bundles over an
orbifold X are in one-to-one correspondence with Hom(π1(X)orb,U(1)) under the holonomy
representation.

Proof. First, we need to verify that a flat Hermitian line bundle (L,A) → X defines a
holonomy representation. Let γ : [a, b]→ X be an orbifold path; we can cover γ by finitely
many orbifold charts {Ũi,Γi, ϕi}, each of which has a specified smooth lifting of γ|Ui to Ũi
(since γ is an orbifold path). By subdividing, we may also choose these orbifold charts so
that L is trivialised over them and A admits a smooth lift as well. We define the holonomy in
the usual way on each chart, and patch them together to obtain the holonomy of the entire
curve. It is straightforward to verify that two equivalent orbifold paths define equivalent
holonomy. One can also verify (as in the manifold case) that the holonomy of an orbifold
loop homotopic to the trivial orbifold loop is the integral of the curvature over a bounding
surface, and therefore that a flat connection gives a well-defined holonomy representation
on homotopy classes of loops. It follows that a flat bundle over X defines a holonomy
representation of the orbifold fundamental group.

Conversely, given a representation ρ : π1(X)orb → U(1), we take the universal covering
X̃ → X, and define a Hermitian line bundle X̃×ρC via the associated bundle construction.
The flat connection on this line bundle is defined so that its pullback to X̃ is equal to
the exterior derivative, and the fact that ρ is valued in U(1) gives the associated bundle a
Hermitian structure.

Unitary gauge transformations do not affect the holonomy of a connection, and con-
versely, a connection is uniquely determined by its holonomy up to gauge equivalence (this
has been proven for manifolds in [Lew93], and extends to orbifolds since it has been shown in
[Lan20] that Xreg is connected, open, and dense in X). It follows that the two constructions
are mutually inverse.

Additionally, the following result allows us to restrict to trivial flat bundles if necessary.

Proposition 1.38. The space of trivial flat vector bundles on an orbifold X is given by
H1(|X|;R)/H1(|X|;Z).
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Proof. The space of unitary connections on a Hermitian line bundle over X is affinely mod-
elled on iΩ1(X), and d : C∞(X)→ iΩ1(X) defines a flat connection on any trivial bundle.
It follows that any flat connection on a trivial line bundle is given by a closed imaginary
1-form on X, and a 1-form iα corresponds to the following holonomy representation:

γ 7→ exp
(∫

γ
iα

)
. (1.26)

By the previous proposition, two flat connections are gauge equivalent if and only if they
induce the same holonomy representation. It is easy to see that any exact 1-form must
then be gauge-equivalent to d, meaning we have a map H1

dR(X) → Hom(π1(|X|),U(1));
by Satake’s theorem, this cohomology group is isomorphic to H1(|X|,R). Additionally, it
follows by definition that α defines a cohomology class valued in 2πZ if and only if its
holonomy representation is trivial. Applying the first isomorphism theorem completes the
proof.

The quotient space H1(|X|;R)/H1(|X|;Z) is called the Jacobian torus of X, and it is
sometimes denoted by J(X).
Example 1.39. To illustrate the behaviour of flat line bundles over orbifolds, we briefly
outline their restrictions to a two-dimensional coordinate chart. In particular, we take the
orbifold X to be R2/Zα for α ∈ N, so that all complex line bundles on X may be represented
by D2 × C a representation ρ : Zα → U(1) (cf. Proposition 1.12). The exterior derivative
always constitutes a Zα-equivariant flat connection on D2×C, and all other flat connections
may be obtained by adding a closed, Zα-equivariant 1-form α ∈ iΩ1(R2).

Note that exp(
∫
γ iα) will be zero for any closed loop γ in R2, since every 1-form on R2

is exact. However, this does not mean the holonomy representation is trivial; if γ is an
orbifold loop on R2/Zα then a vector field along the loop γ may suffer jump discontinuities
across liftings, according to the specified partition of γ and the representation ρ. Since
π1(X)orb = Zα, each representation ρ gives rise to a different holonomy representation for
a flat connection. In the case that ρ is trivial, the exterior derivative has trivial holonomy
and it is the only flat connection up to unitary gauge equivalence.

1.3 Orbifold Riemann Surfaces

We will be particularly interested in compact orbifold Riemann surfaces, and complex line
bundles over them. Throughout this section, we outline the topology and geometry of these
spaces.

Let Σ be a compact complex orbifold of dimension 1; then the underlying topological
space |Σ| is a surface of genus g. As Σ is compact and orientable, its singular locus must
consist of finitely many isolated points, all with cyclic local group. We can therefore con-
ceptualise Σ as a complex curve with a collection of marked points x1, . . . , xn ∈ Σ and
corresponding local invariants α1, . . . , αn ∈ N≥2, with the understanding that Σ is biholo-
morphic to C/Zαi in a neighbourhood Ui of xi, and is locally biholomorphic to C everywhere
else. Thus, we have an open cover {Ux}x̸=x1,...,xn of Σ1 and biholomorphisms φx : D2 → Ux,
as well as holomorphic Zαi-equivariant maps φi : D2 → Ui which induce homeomorphisms.
We will continue to use this notation throughout the document.
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Note that the complex structure on Σ restricts its orbifold atlas to be orientable. We
will eventually consider non-orientable 2-orbifolds in Section 2.1, but via the Klein orbifold
formalism.

1.3.1 Geometry and topology of orbifold Riemann surfaces

A Riemannian metric can be specified over each Ui as a Zαi-equivariant positive symmetric
bilinear form on TD2. Just as in the non-singular case, we can construct the Levi-Civita
tensor and hence the Riemann curvature tensor on an orbifold Riemann surface. One may
wonder whether the uniformisation theorem for surfaces can be generalised to orbifolds; the
following proposition details the exceptions:
Proposition 1.40. A compact orbifold Riemann surface Σ admits a metric of constant
curvature if and only if it is a very good orbifold, i.e., it is diffeomorphic to M/G for some
smooth surface M and some finite group G.

Proof. As shown in [Thu02], a 2-orbifold admits a covering by a smooth 2-manifold if and
only if it admits an elliptic, parabolic, or hyperbolic structure; this is to say it admits a
representation of the form S/Γ, where S is one of S2, E2, and H2, and Γ is a discrete
group acting isometrically on S. By projecting the homogeneous metric on S down to the
2-orbifold, we get a constant-curvature metric. On the other hand, it is known that all
2-orbifolds covered by smooth manifolds admit a finite smooth covering (see [Sco83]), so we
can take the group G to be the deck transformations of this covering.

Remark. The proof can be easily adapted to show the following: if Σ is a compact orbifold
Riemann surface acted on by a finite group Λ, then there is a constant-curvature metric on
Σ which is invariant under Λ. More precisely, the proposition gives us a constant-curvature
metric on Σ/Λ (which is also an orbifold), and this can be pulled up to a Λ-invariant metric
on Σ through the quotient Σ→ Σ/Λ.

It follows that, whenever we claim that Σ has a metric with constant curvature, we are
restricting to the very good orbifolds. However, not all 2-orbifolds enjoy this property. Bad
2-orbifolds all have topological type S2; these are the teardrop surfaces with one marked
point, and the spindle surfaces with two marked points of distinct multiplicity [Sco83].
Though the restriction is minor, it does have some consequences; we will eventually consider
Seifert fibred spaces over orbifolds with constant curvature, and spaces fibring only over bad
orbifolds will be excluded.

We will also use results regarding the algebraic topology of orbifold Riemann surfaces,
specifically the following two theorems:
Proposition 1.41. The orbifold fundamental group of Σ has the following presentation
[Sco83]:

π1(Σ)orb =
〈
a1, b1, . . . , ag, bg, g1, . . . , gn

∣∣∣∣gαi
i = 1,

∏
j≤g

[aj , bj ]
∏
i≤n

gi = 1
〉
. (1.27)

Proposition 1.42. If Σ is an orbifold Riemann surface, then the following holds [FS92]:

H1(Σ;Z)orb ∼= H1(|Σ|;Z), (1.28)
H2(Σ;Z)orb ∼= Pict(Σ). (1.29)
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Remark. The presentation of the orbifold fundamental group above is closely related to the
standard presentation of π1(|Σ|); the only difference is the inclusion of another generator of
order αi for each marked point xi.

In fact, there is another topological invariant which we make use of, the orbifold Euler
characteristic. Its generalisation to orbifolds can be understood best in the context of the
generalisation of the Gauss-Bonnet theorem, proved by Satake in [Sat57]:

Theorem 1.43 (Satake-Gauss-Bonnet). Given an orbifold Riemann surface Σ with a Rie-
mannian metric and associated Gaussian curvature K : Σ → R, we have the following
formula: ∫

Σ
KvolΣ = 2πχ(Σ), (1.30)

where χ(Σ) is the orbifold Euler characteristic:

χ(Σ) = 2− 2g −
∑
i≤n

(
1− 1

αi

)
. (1.31)

1.3.2 Complex line bundles

Recall that a complex line bundle over an orbifold is an orbifold fibre bundle with fibre C.
Here, we describe the structure of complex line bundles over orbifold Riemann surfaces in
some detail. From this point forth, we will always assume that a complex line bundle is
equipped with a Hermitian metric, and that connections preserve this metric. We will also
assume that all line bundles are complex.

Using the fibre bundle construction lemma (Proposition 1.14), we may characterise
complex line bundles over Σ explicitly. According to this lemma, we may think of a bundle
over Σ as an ordinary bundle everywhere except over marked points; thus, we briefly restrict
attention to the complex orbifold D2/Zα. Any complex line bundle over this orbifold is
uniquely specified by a U(1)-representation of Zα. Because Zα is cyclic, each representation
is described by taking the generator of Zα to some α-th root of unity in C. Moreover, if
the generator is taken to a primitive root of unity, say ζα ∈ U(1), the induced line bundle
clearly generates Pict(D2/Zα). The holomorphic sections of a line bundle over D2/Zα are
naturally represented by maps f : D2 → C which are equivariant under the action by
Zα; if the line bundle is induced by taking the generator of Zα to (ζα)β for 0 ≤ β < α,
then f(ζα · z) = (ζα)βf(z). By taking the power series expansion of f , it follows that
f(z) = zβg(zα) for some holomorphic map g : D2 → C.

These examples naturally extend to orbifold line bundles over Σ. We denote by Hxi

the bundle which is trivial everywhere except the neighbourhood Ui, where it is induced by
the representation taking the generator of Zαi to ζα ∈ U(1). A section looks locally like a
holomorphic function except around xi, where it looks like zβigi(zαi) for some holomorphic
map gi : D2 → C.

In general, the total space of a complex line bundle L → Σ will be singular around
each marked point; more precisely, its restriction to each neighbourhood Ui is isomorphic
to H⊗βi

xi for some βi ∈ [0, αi), which is singular if βi ̸= 0. We can recover a nonsingular
total space by tensoring with H⊗−βi

xi for each i.
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Definition 1.44. Let L → Σ be an orbifold line bundle over an orbifold Riemann sur-
face. If E ⊗H⊗−β1

x1 ⊗ · · · ⊗H⊗−βn
xn is locally trivial over each marked point, we call it the

desingularisation of L and denote it by |L|. From this, we define the following invariants:

• The Poincaré dual of the first Chern class of |L| (thought of as a line bundle over |Σ|)
is called the background degree of L.

• The integers βi mod αi are called the local invariants of L at xi.

The tuple (deg(|L|), β1, . . . , βn) is called the Seifert invariant of L.

Note that the bundle |L| has a section with deg(|L|) zeros (counted with multiplicity),
all of which can be chosen to lie away from the marked points xi. By tensoring with all of
the bundles Hβi

xi , we obtain a section of L with an additional zero at each xi (if βi ̸= 0). It
is natural to define the multiplicity of these zeros to be βi/αi, which leads to the following:

Definition 1.45. Let Σ be a compact orbifold Riemann surface, and let L → Σ be a
complex orbifold line bundle. The degree of L is defined to be the following sum:

deg(L) = deg(|L|) +
∑
i

βi
αi
. (1.32)

The degree defines a group homomorphism deg : Pict(Σ)→ Q.
Though the degree is a complete invariant for non-singular line bundles up to isomor-

phism, it does not completely classify orbifold line bundles; if Σ has two marked points x
and y of multiplicity 2, for instance, the line bundle Hx ⊗Hy has the same degree as the
non-singular line bundle with degree 1, even though they are clearly not isomorphic. We
can recover a complete invariant by considering in addition the local invariants:

Theorem 1.46. Let Σ be a compact orbifold Riemann surface. The map

Pict(Σ)→ Q⊕ Zα1 ⊕ · · · ⊕ Zαn

L 7→ (deg(L), β1, . . . , βn)
(1.33)

is injective (though it is not a group homomorphism). Its image consists of the tuples
(b+∑i γi/αi, γ1, . . . , γn) for γi ∈ Zαi and b ∈ Z.

Proof. The proof is due to [FS92]. Denote by Pict(Σ)β1,...,βn the subset of the Picard group
consisting of line bundles with local invariants given by βi, and define a map f : Pict(Σ)→ Z
by taking f(L) = ⟨c1(|L|), [|Σ|]⟩, i.e., the background degree of L. We claim that f is
bijective on Pict(Σ)β1,...,βn .

First, suppose f(L) = f(L′) for line bundles L,L′ ∈ Pict(Σ)β1,...,βn . We then see that
c1(|L−1| ⊗ |L′|) = 0; but since L and L′ have the same local invariants, we know that
|L−1| ⊗ |L′| = |L−1 ⊗L′|. It follows that the background degree of L−1 ⊗L′ is zero, and its
local invariants are all zero as well, so it is trivial. Hence, f is injective. Conversely, given
a bundle L ∈ Pict(Σ)β1,...,βn and some regular point x, we know from the theory of line
bundles on Riemann surfaces (see [Don11]) that there is a bundle Lx admitting a section
vanishing only at x (with multiplicity 1). It follows that Lx has trivial local invariants, but
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f(Lx) = c1(|Lx|) = c1(Lx) = 1. As such, we see that f(L⊗L⊗k
x ) = f(L) + k for any k ∈ Z,

meaning f is surjective.
Now, since f is bijective over each collection of local invariants, we can make this into an

injective map L 7→ (c1(|L|), β1, . . . , βn) from Pict(Σ) to Z⊕Z⊕n. The rest follows easily.

Corollary 1.47. Pict(Σ) has the following abelian group presentation:

Pict(Σ) = ⟨g, h1, . . . , hn |αihi = g for all i⟩. (1.34)

In particular, if the local invariants αi are pairwise coprime, then Pict(Σ) is generated by a
single line bundle with degree (α1 · · ·αn)−1.

We complete this section by discussing the canonical bundle on Σ, which coincides with
the holomorphic cotangent bundle Λ1,0Σ, and is denoted by KΣ.

Proposition 1.48. The Seifert invariant of the canonical bundle is (2g−2, α1−1, . . . , αn−
1). The degree of the canonical bundle is −χ(Σ).

Proof. The desingularisation of the canonical bundle is just the canonical bundle of |Σ|, and
it is a basic result from complex geometry that the degree of this bundle is −χ(|Σ|) = 2g−2.
To compute the local invariants around the marked points, we simply note that Zαi acts
locally on the tangent bundle by taking (z, w) 7→ (γ · z, dγ · w) = (γ · z, γ · w) (since the
group action is linear). It follows that the tangent bundle representation at xi takes the
generator of Zαi to e2πi/αi ; taking the conjugate transpose, we see that the cotangent bundle
representation at xi takes each generator to e−2πi/αi . It follows that the local invariant at
xi for KΣ is −1 ∼= αi − 1.

To calculate the degree of KΣ, one needs only use the formula for the degree above.

1.3.3 Connections on line bundles

The notion of a connection is fundamental to mathematical gauge theory. In particular,
connections on complex line bundles are convenient in several ways; the following result
illustrates the close link between the curvature of a connection and the topology of its
underlying line bundle.

Theorem 1.49. Let L → Σ be a complex orbifold line bundle over a compact orbifold
Riemann surface, and let A ∈ A (L) be a connection on L. Then we have the following
equation:

i

2π

∫
Σ
FA = deg(L). (1.35)

Proof. The proof is an adaptation of the approach in [Huy05]. We begin by choosing a series
of objects on Σ and L as follows. Let {Ux}x∈Σreg ∩ {Ui}i be an open cover of Σ respecting
the orbifold structure over which L is trivial, and let ϕi : D2 → Ui be a Zαi-equivariant map
reducing to a biholomorphism under the quotient by Zαi . Let σ ∈ Γ(L) be a section of L
with zeros of multiplicity βi/αi at xi, and deg(|L|) zeros elsewhere. Importantly, we ensure
that all zeros of |σ| are away from marked points. Denote by h the Hermitian structure on
L, and let ∇ be the corresponding Chern connection.
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All of these objects can be written locally over each U . If L is trivial over each U ,
then there are biholomorphic trivialisations ψx : Ux × C → L|Ux for each x ∈ Σreg, and
holomorphic maps ψi : Ui×C→ L|Ui which reduce to biholomorphisms under the quotient
of Ui×C by the action (z, w) 7→ (ζαi ·z, (ζαi)βi ·z) of Zαi . We can describe σ as a holomorphic
function σx : Ux → C over each Ux, and as a holomorphic function σi : D2 → C of the
form σi(z) = zβigi(zαi) for gi : D2 → C holomorphic over each Ui. We can describe the
Hermitian structure as a map hx : Ux → [0,∞) over each Ux, and as a map hi : D2 → [0,∞)
such that hi(ζαi · z) = hi(z) over each Ui; the explicit correspondence is that we take
h(σ(y)) = hx(y)|σx(y)|2 for y ∈ Ux, and1 h(σ(y)) = hi(ϕ−1

i n(y))|σi(ϕ−1
i (y))|2 for y ∈ Ui.

Finally, the connection matrix for ∇ can be locally expressed as h−1∂h = ∂ log h by the
Chern correspondence (see Proposition 4.2.14 from [Huy05]), meaning the curvature 2-form
is given by ∂∂ log h.

We now begin the proof. First, observe that ∂∂ log(h(σ, σ)) = ∂∂ log(hi) over Ui, since
σ is a holomorphic section and h(σ, σ) = hi · |σi|2 locally. It follows that F∇ = ∂∂ log(h ◦σ)
wherever σ ̸= 0. Around each zero of σ, we can find a neighbourhood on which |h ◦ σ| < ε
for any ε > 0; calling the union of these disks Dε, we can rewrite the integral of F∇ as
follows:

i

2π

∫
Σ
F∇ = lim

ε→0

∫
Σ\Dε

F∇

= i

2π lim
ε→0

∫
Σ\Dε

∂∂ log(h ◦ σ)

= i

2π lim
ε→0

∫
Σ\Dε

1
2d(∂ − ∂) log(h ◦ σ) (d = ∂ + ∂ and ∂2 = ∂

2 = 0)

= i

4π lim
ε→0

∫
∂Dε

(∂ − ∂) log(h ◦ σ). (Stokes’ theorem)

Locally, we have that h◦σ → hi · |σi|2 = hi ·σi ·σi. It follows that log(h◦σ) locally becomes
log(hi) + log(σi) + log(σi), and noting that the second term is holomorphic and the third is
antiholomorphic, we observe the following:

(∂ − ∂) log(h · |σi|2) = (∂ − ∂) log(hi) + ∂ log(σi)− ∂ log(σi)
= (∂ − ∂) log(hi) + 2i Im(∂ log(σi)).

Integrating this over ∂Dε and taking ε→ 0, we note that hi is positive-definite and smooth,
meaning (∂ − ∂) log(hi) is bounded; its integral over Dε will therefore vanish as ε → 0. If
we write Dε as a union of disks V ε

y around y, where y is a zero of σ, we have the following
expression for the integral of the curvature:

i

2π

∫
Σ
F∇ = − 1

2π lim
ε→0

Im ∑
y zero of σ

∫
∂V ε

y

∂ log(σi)

 . (1.36)

If y is not a marked point of Σ and σ vanishes at y with multiplicity k, it is shown in
[Huy05] that the integral is simply −2πik. If y is one of the marked points xi, we note
that σi(z) = zβigi(zαi) where gi is holomorphic, meaning ∂ log(σi) = ∂(log zβi + log g(z)) =
βi/z + ∂ log g(z). Moreover, since we chose |σ| to have no zeros at marked points, we know

1Note that this expression is well-defined since both hi and |σi|2 is unaffected by the action of Zαi .
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that g is nonzero in a neighbourhood of zero; it follows that ∂ log g(z) is holomorphic in a
small enough neighbourhood, and its line integral will vanish. Since ∂V ε

xi is a closed simple
curve containing the point xi, we can represent it as a closed curve Cε around 0 in a local
trivialisation of L. Finally, since the definition of the integral over an orbifold point is
slightly modified, we need to introduce an extra factor of 1/αi in our result. Thus, we get
the following:

lim
ε→0

∫
∂V ε

xi

∂ log(σ) = lim
ε→0

1
αi

∫
Cε

∂ log σi(z)dz

= 1
αi

lim
ε→0

∫
Cε

(βi/z + ∂ log g(z))dz

= −2πiβi
αi

.

(As stated in [Huy05], the negative sign appears because the initial domain of integration
was the complement of the interior.) Using our formula for the integral of the curvature,
we conclude that

i

2π

∫
Σ
F∇ = deg(|L|) +

∑
i

βi
αi
,

which is how we defined the degree of an orbifold line bundle.

The following result is related to the previous theorem; we will use it extensively when
discussing reducible solutions to gauge-theoretic equations.

Proposition 1.50. Given an orbifold Riemann surface Σ, any complex line bundle L→ Σ
can be given a connection whose curvature is a constant scalar multiple of volΣ, the volume
element of Σ. The constant of proportionality is −2πideg(L)/Vol(Σ). In particular, if
deg(L) = 0, then L admits a flat connection.

Proof. Consider [volΣ] as a class in H2
dR(Σ) ∼= H2(|Σ|;R) ∼= R. We claim that volΣ defines

a nonzero class; indeed, if volΣ defined the zero class, then it would be exact and Vol(Σ)
would be zero. Now, let A ∈ A (L) be some connection (which always exists by a partition
of unity argument); then FA = ifvolΣ for some f ∈ C∞(Σ). Since volΣ spans the de Rham
cohomology space, there is some constant ζ ∈ iR for which ζvolΣ − ifvolΣ is exact.

Let α ∈ Ω1(Σ) be the 1-form for which

dα = ζvolΣ − ifvolΣ. (1.37)

Then A + α is the desired connection, since FA+α = FA + dα = ζvolΣ. To determine the
value of ζ, we need only use the above result for the degree to determine that

deg(L) = i

2π

∫
Σ
FA+α = i

2πζ
∫
Σ
volΣ = iζVol(Σ)

2π ; (1.38)

the result follows from rearranging.
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1.4 Seifert Fibred Spaces

From the perspective of Seiberg-Witten theory, the interest in orbifold Riemann surfaces
is that they give a window into 3-manifold topology. The object through which this is
expressed is the Seifert fibred space.

Definition 1.51. Let Σ be a compact orbifold Riemann surface. A Seifert fibred space over
Σ is a 3-manifold Y together with a projection π : Y → Σ with the property that Y ∼= S(N),
the unit circle bundle of an orbifold line bundle N → Σ. Equivalently, a Seifert 3-manifold
is a 3-manifold Y equipped with a smooth action by U(1) whose stabiliser subgroups are
everywhere finite.

The equivalence between the two definitions is seen by taking Σ to be the space of
U(1)-orbits of Y ; this orbit space is an orbifold since all stabilisers are finite, and one may
recover the line bundle N as the associated bundle Y ×id C. It is fairly straightforward to
characterise the circle bundles which define smooth manifolds:

Proposition 1.52. A circle bundle S(N) over a Riemann surface Σ is a smooth manifold
(every point of S(N) is regular) if and only if gcd(βi, αi) = 1 for all i.

Proof. It clearly suffices to consider the local behaviour around a marked point; that is,
we assume the underlying Riemann surface is D2 with the usual action of Zα, and the line
bundle N is represented by (D2 × C)/Zα where the generator of Zα acts on D2 × C by
taking

(p, v) 7→ (ζα · p, (ζα)β · v) (1.39)
for some β ∈ {0, 1, . . . , α− 1}. We now restrict to Y , meaning we take v to be unit-length;
a fixed point of this action must then be of the form (0, v) for v ∈ C, and the elements of
Zα fixing v correspond to integers m satisfying

(ζα)βm = 1, (1.40)

or equivalently βm = 0 mod α. It follows from Bezout’s identity that the subgroup of Zα
fixing (0, v) is the cyclic group Zgcd(α,β), meaning the local group is trivial if and only if
gcd(α, β) = 1.

A circle bundle over an orbifold Riemann surface with singularities will be called a
Seifert 3-orbifold.

Note that the algebraic topology of a Seifert fibred space reflects its underlying orbifold
structure, as in the following theorem.

Theorem 1.53. Let N → Σ be a line bundle with Seifert invariant (b, β1, . . . , βn) over the
closed orbifold Riemann surface Σ, and let Y = S(N) be the associated Seifert fibred space.
Then the fundamental group of Y has the following presentation:

π1(Y ) =
〈
a1, b1, . . . , ag, bg, g1, . . . , gn, h

∣∣∣∣[aj , h] = [bj , h] = [gi, h] = gαi
i h

βi = 1,

∏
j≤g

[aj , bj ]
∏
i≤n

gi = hb
〉
. (1.41)
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Additionally, the first and second cohomology of Y can be written in terms of the cohomology
of Σ as follows:

H1(Y ) =
{
H1(|Σ|) deg(N) ̸= 0
H1(|Σ|)⊕ Z deg(N) = 0,

(1.42)

H2(Y ) = (Pict(Σ)/⟨N⟩)⊕ Z2g, (1.43)

where ⟨N⟩ denotes the cyclic subgroup of Pict(Σ) generated by N .

Proof. Refer to [FS92].

Remark. If Y is the trivial circle bundle over Σ, then the background degree b and the local
invariants βi are all trivial. The presentation of π1(Y ) then reduces to the direct product
of π1(Σ)orb with Z = ⟨h⟩, as expected.

1.4.1 Line bundles over Seifert 3-manifolds

A line bundle L → Σ induces a line bundle over Y in a natural way via pullback along π,
which manifests in cohomology as a map π∗ : H2(Σ;Z)→ H2(Y ;Z). The topological type
of the pullback bundle is then determined by the following theorem, again proven in [FS92]:

Proposition 1.54. The subgroup Pict(Σ)/⟨N⟩ ≤ H2(Y ) ∼= Pict(Y ) is naturally the image
of the pullback map π∗ : Pict(Σ)→ Pict(Y ). In particular, given two line bundles L,L′ → Σ,
the pullbacks π∗L and π∗L′ are isomorphic if and only if L′ ∼= L ⊗ N⊗k for some k ∈ Z
(here a negative tensor power is a tensor power of the dual bundle).

A natural question is whether there are any line bundles over Y which cannot be obtained
via pullback along π∗. The fact thatH2(Y ) = π∗Pict(Σ)⊕Z2g gives us an immediate answer:
as long as g ̸= 0, the nonzero elements of Z2g correspond to such bundles. However, if we
restrict attention to bundles which can be equipped with special connections, we can ensure
that every bundle may be obtained via pullback.

Proposition 1.55. Let π : Y → Σ be a Seifert fibred space. There is a natural one-
to-one correspondence between line bundles with connection over Σ and line bundles with
connection over Y whose fibrewise holonomy is trivial over regular points in Σ (that is,
the holonomy of the connection around any π−1(x) ⊆ Y for x ∈ Σreg is trivial). This
correspondence is induced by pullback, where the pullback of a connection ∇ ∈ A (L) over
a line bundle L→ Σ is defined so that

(π∗∇)v(π∗σ) = ∇π∗(v)σ, (1.44)

for any σ ∈ Γ(L) and any v ∈ TY . (Note that this condition fully determines π∗∇ by the
Leibniz rule.)

Proof. The proof is due to [MOY96]. If L → Σ is a line bundle and ∇ ∈ A (L), the
connection π∗∇ ∈ A (π∗L) will have trivial fibrewise holonomy over the nonsingular points
of Σ; this follows from the fact that π∗( d

dϕ) = 0. This is one direction in the correspondence.
Conversely, suppose E → Y is a line bundle and A ∈ A (E) is a connection with trivial

fibrewise holonomy. It clearly suffices to reduce to the trivial case, where Σ = D2/Zα and
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Y = (D2 × S1)/Zα, with Zα acting on S1 by the representation z 7→ zβ for β ∈ Zα. The
idea is to find a section of π, pull the bundle E back to Σ along this section, and then show
that this does not depend on the section using holonomy.

Let q : D2 → Σ and q′ : D2 × S1 → Y be the quotient maps induced by Zα. Instead of
working directly with sections σ : Σ→ Y , it will be easier to work with Zα-invariant maps
τ : D2 → Y for which π◦τ = q′; the two kinds of map are in one-to-one correspondence. An
example of such a map is given by q′◦τ , where τ : D2 → D2×S1 is the map τ(p) = (p, 1). We
then define the line bundle over D2 to be τ∗E, with the connection induced by pullback, and
we then quotient by Zα to obtain a line bundle over Σ. The relevant maps are summarised
in the following commutative diagram:

D2 × S1 Y

D2 Σ

q′

πτ

q

τ

Now we verify that this bundle is well-defined. Suppose τ, τ ′ : D2 → (D2 × S1)/Zα
are two Zα-invariant maps for which τ ◦ π = τ ′ ◦ π = q′; we wish to show that τ∗E and
(τ ′)∗E are canonically isomorphic. Note that τ(p) and τ ′(p) are in the same fibre of π
for any p ∈ D2, so there is some u(p) ∈ S1 for which τ(p) = u(p)τ ′(p). This defines a
Zα-invariant smooth map u : D2 → S1, but since D2 is contractible, u is homotopic to a
constant map p 7→ 1 via a homotopy F : D2 × [0, 1] → S1. We therefore define a map
from (τ ′)∗E to τ∗E as follows: the fibre (τ∗E)p is mapped to the fibre ((τ ′)∗E)p by first
identifying them with subbundles in E → Y , and then taking parallel transport along the
path t 7→ F (p, t)τ ′(p) ∈ Y according to the connection A. Though the two bundles are
always locally isomorphic, they are only canonically isomorphic because A has fibrewise
trivial holonomy: this fact ensures that parallel transport along the specified path does not
depend on the specific choice of homotopy F : u ≃ 1. These bundles pass down to the
quotient Σ so long as we ensure that F is also Zα-invariant.

There is a special case in which the fibrewise holonomy condition on the connection is
satisfied:

Proposition 1.56. Let A be a connection on a line bundle E → Y . If FA = π∗ω for some
ω ∈ iΩ2(Σ), and there is a point x ∈ Σreg for which π−1(x) has trivial holonomy, then A
has trivial fibrewise holonomy.

Proof. Let y ∈ Σreg be another regular point. Since Σ is assumed to be connected and there
are only finitely many singular points, there is a non-self-intersecting path γ : [0, 1]→ Σreg
connecting x and y. Note that π−1(γ) can be naturally interpreted as a cylinder, with
π−1(x) and π−1(y) constituting the boundary of the cylinder. First, we show that the
holonomy around π−1(x) and π−1(y) are related by a factor of exp(

∫
π−1(γ) FA).

Let Γ1,Γ2 : [0, 1] → Y be non-intersecting lifts of γ, with sources p1, p2 and targets
q1, q2 respectively. Let α : [0, 1] → π−1(x) and β : [0, 1] → π−1(y) be loops at p1 and q1
respectively, define α1 = α|[0,1/2] and α2 = α|[1/2,1], and define β1 and β2 likewise. Observe
that α1 ∗ Γ2 ∗ β−1

1 ∗ Γ−1
1 and Γ1 ∗ β−1

2 ∗ Γ−1
2 ∗ α2 are contractible loops which collectively
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bound the entire area of the cylinder π−1(γ); it follows that the product of their holonomies
is equal to

∫
π−1(γ) FA. On the other hand, the product of the loops is given by the

(α1 ∗ Γ2 ∗ β−1
1 ∗ Γ

−1
1 ) ∗ (Γ1 ∗ β−1

2 ∗ Γ
−1
2 ∗ α2) = α1 ∗ Γ2 ∗ β−1 ∗ Γ−1

2 ∗ α2. (1.45)

This can be rewritten as (αα2(β−1)Γ2)α−1
2 . Conjugation does not affect the holonomy, since

the structure group is abelian; thus, we have the following:∫
π−1(γ)

FA = HolA
(
(αα2(β−1)Γ2)α

−1
2
)
= HolA(α)HolA(β)−1, (1.46)

where we have used the fact that the holonomy is multiplicative.
However, if FA = π∗ω, it is clear that

∫
π−1(γ) FA = 0; observe that Λ2(π−1(γ)) is

spanned by a 2-form which contracts nontrivially with d
dϕ , but

d
dϕ ⌟π∗ω = 0. It follows that

the holonomies around π−1(x) and π−1(y) are the same.

1.4.2 Flat line bundles

Finally, we make a brief note on flat line bundles over Y . Recall that Propositions 1.37
and 1.38 allowed us to characterise the flat vector bundles on an orbifold in terms of the
orbifold fundamental group, and furthermore realise the trivial flat vector bundles as a
subspace. When the base space is a manifold, we may characterise the bundles which admit
flat connections more explicitly:

Proposition 1.57. A line bundle over an orientable manifold admits a flat connection if
and only if its first Chern class is torsion.

Proof. Observe that the first Chern class of a line bundle L → M is torsion if and only if
its image in H2(M ;R) is trivial. Let A ∈ A (L) be a connection; using Chern-Weil theory,
we see that c1(L) is torsion if and only if [FA] ∈ H2(M ;R) defines the trivial class. By
definition, this means that FA = dω for some 1-form ω, or equivalently that A− ω is a flat
connection on L.

By writing the homology of Y in terms of Σ, we get a characterisation of the space of
flat bundles on Y :

Proposition 1.58. Let Y → Σ be a Seifert 3-manifold for which Y = S(N), and denote
by J(Σ) the Jacobian torus of Σ. Then the space of trivial flat vector bundles on Y is given
by J(Σ) when deg(N) ̸= 0, and J(Σ) × U(1) when deg(N) = 0. If deg(N) ̸= 0, then the
U(1)-representation variety of Y fits into the following short exact sequence:

0→ H1(|Σ|;R)
H1(|Σ|;Z) → Hom(π1(Y ),U(1))→ Pict(Σ)/⟨N⟩ → 0. (1.47)

Proof. The space of trivial flat vector bundles on Y is given by its Jacobian torus, so the first
part of the theorem follows immediately from Theorem 1.53. In the case that deg(N) ̸= 0,
the torsion subgroup of H2(Y ;Z) can also be directly read off from Theorem 1.53 as the
third nonzero term in the above sequence. The exact sequence then follows at once.



Chapter 2

Equivariant Vortices on Orbifold
Riemann Surfaces

Now that we have developed the theory of orbifolds and fibre bundles over them, it is possible
to define gauge theories on orbifolds. We are in particular interested in the vortex equations
on orbifolds, which are necessary for understanding the Seiberg-Witten equations on Seifert
3-manifolds (as per the correspondence in [MOY96]). We will also eventually define an
equivariant moduli space for the Seiberg-Witten equations; this means it is important to
consider how vortices behave under finite group action as well.

As such, this chapter is devoted to the study of the equivariant vortex equations. We
begin by defining Λ-equivariant orbifolds and fibre bundles over them, where Λ is a finite
group; in doing so, we generalise the notion of a Klein surface to a Klein orbifold as the
special case where Λ = Z2. We then move on to discuss the Λ-equivariant vortex equations,
and we present an existence proof based on the moment map approach in [Gar94] on the
assumption that Uhlenbeck’s gauge theorem and Uhlenbeck’s weak compactness theorem
generalise to orbifolds. We also touch on the Kähler vortex equations, a related set of
gauge-theoretic equations of relevance to Seiberg-Witten theory. Finally, we give a proof of
Uhlenbeck’s results for orbifolds based on the approach in [Weh04].

Throughout this chapter, Λ always denotes a finite group acting on an orbifold Riemann
surface Σ. We further assume that Σ admits a constant-curvature metric; by Proposition
1.40, this is equivalent to the requirement that Σ is very good. We also assume that
the metric is invariant under the action of Λ, so that the orientation-preserving elements
act holomorphically on Σ and the orientation-reversing elements act antiholomorphically.
Unless otherwise stated, every collection of objects is equivariant under the action of Λ.
The Λ-equivariant subset of some collection X is traditionally denoted by XΛ, but we will
generally omit these superscripts to avoid cumbersome notation.

2.1 Λ-equivariant Orbifolds

We begin with the equivariant notion of an orbifold.

Definition 2.1. Let Λ be a finite group. A Λ-equivariant orbifold, or simply a Λ-orbifold,
is an orbifold X equipped with a smooth action by Λ. Note that X/Λ inherits orbifold

33
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charts from X, so is itself an orbifold.

Example 2.2. Given an orbifold Y , the trivial example of a Λ-orbifold is Y ×Λ with Λ-action
given by multiplication in the second factor. This example serves as a useful sanity check
for the constructions that follow; any conditions we specify for data defined on a Λ-orbifold
X should be met by the trivial example Y × Λ, so long as the data is defined on Y × {1}
and extended to Y × Λ in the obvious way.

Definition 2.3. Let X be a Λ-orbifold. A Λ-equivariant bundle over X is a bundle π :
E → X equipped with an action of Λ by automorphisms which commutes with π. That is
to say the following: given any e ∈ E and any h ∈ Λ, we must have that π(h · e) = h · π(e).
In particular, if E is a complex vector bundle, we further require that the action of h ∈ Λ is
complex linear if h preserves orientation, and complex antilinear if h reverses orientation.

Definition 2.4. Let E → X be a Λ-equivariant bundle. The gauge group of E consists of
all Λ-equivariant automorphisms of E, i.e., the collection of all maps g : E → E commuting
with π and respecting the fibre-wise structure of E, which satisfy the additional constraint
that g(h · e) = h · g(e) for any e ∈ E, h ∈ Λ. It is denoted by G .

The notion of an equivariant bundle behaves nicely under bundle operations:

• If E and E′ are Λ-equivariant fibre bundles, then their fibred product E ×X E′ has a
natural Λ-action given by h · (e, e′) = (h · e, h · e′). In particular, this means the direct
sum of equivariant vector bundles over X is also equivariant.

• If E and E′ are Λ-equivariant vector bundles, then their tensor produt E ⊗ E′ has a
natural Λ-action given on simple tensors by h · (e⊗ e′) = (h · e)⊗ (h · e′).

• If P → X is a Λ-equivariant principal G-bundle and F is an orbifold on which G acts
by a representation ρ : G→ Aut(F ), then P ×ρ F is naturally a Λ-equivariant bundle
under the action h · [(p, v)] = [(h · p, v)]. In particular, any vector bundle associated
to an equivariant principal bundle is equivariant; as a special case, this implies that
the dual and tensor powers of an equivariant vector bundle are equivariant.

Example 2.5. The simplest example of a Λ-equivariant bundle on a Λ-orbifold X is its
tangent bundle; the action of Λ on the tangent bundle is given by its derivative. By the
above discussion, all of the tensor bundles and the bundles of k-forms also admit a natural
Λ-action.

In order to make a gauge theory on a Λ-equivariant space X descend to the quotient
X/Λ, we will need to ensure that every object we define is Λ-equivariant. This includes the
following examples:

• Every section σ of a Λ-equivariant bundle E is required to be equivariant under Λ,
meaning σ(h · x) = h · σ(x) for every h ∈ Λ and every x ∈ X. Equivalently, if Γ(E) is
equipped with the left Λ-action σ 7→ hσh−1, we require that σ is invariant under the
action.

• Every connection on a Λ-equivariant principal G-bundle P can be identified with a
G-equivariant g-valued 1-form on P , i.e., A ∈ Ω1(P ; g), or equivalently a section of
the bundle Λ1(P ) × g. Since the action of Λ on g is trivial, we require that A is a
Λ-equivariant section of this bundle in the exact same way as above.
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• As mentioned in the definition, a gauge transformation will be presumed invariant
under Λ, meaning g ◦ h = g for every h ∈ Λ and every g ∈ G . Equivalently, if G is
equipped with the left Λ-action g 7→ h∗g = g ◦ h, we require that g is invariant under
the action.

• Finally, every map between Λ-equivariant objects will be required to be Λ-equivariant:
if f : X → Y is a map between two Λ-orbifolds, then h ◦ f = f ◦ h for every
h ∈ Λ. Equivalently, we require that f is invariant under the conjugation action f 7→
h ◦ f ◦h−1. In fact, the three previous examples are special cases of this phenomenon.

Because of the equivalence between equivariance and invariance stated above, we will es-
sentially use the terms interchangeably when discussing well-defined data on a Λ-orbifold.

Given a Λ-invariant n-form ω on an n-dimensional Λ-orbifold, we define its integral as
follows: ∫

X/Λ
ω = 1

|Λ|

∫
X
ω. (2.1)

We also redefine the degree of a line bundle (background or total) to be deg(L)/|Λ|. Note
that this preserves the Chern relation: given a unitary connection A on L, we have that

i

2π

∫
X/Λ

FA = deg(L). (2.2)

2.1.1 Klein orbifolds

As an application of the prior theory, we consider the following problem: how do we extend
problems initially defined on orientable manifolds to the non-orientable setting? One answer
is to observe that every unoriented manifold X has a double covering, called the orientation
double covering, which is itself orientable; the Z2-fibre over each point x ∈ X is given by a
choice of an orientation of TxX (i.e., a connected component of GL(TxX)). Thus, orientable
theory may be extended to the non-orientable setting by lifting to the double covering and
ensuring that everything defined is Z2-invariant.

If we restrict to the case where X is an unoriented surface, and the data we wish to
define is a complex structure, then the above idea specialises to the theory of Klein surfaces
and Real structures on vector bundles. We therefore briefly discuss these objects here, and
in doing so we shall generalise them to the orbifold category. (For a deeper overview of this
topic, refer to [Sch16b] and [Nat90].)

Definition 2.6. A Klein orbifold is an orbifold Riemann surface Σ (without boundary)
together with an antiholomorphic involution τ : Σ→ Σ. Explicitly, τ must be a smooth map
such that the complex conjugate of its smooth local lift around each point is holomorphic,
and τ2 must be the identity.

It is worth noting that (Σ, τ) is sometimes called a Real orbifold Riemann surface, as
there is another common definition of Klein structures:

Definition 2.7. Given a smooth 2-orbifold Σ0, a dianalytic structure on Σ0 is a com-
patible orbifold atlas such that every embedding between charts is either holomorphic or
antiholomorphic. A 2-orbifold with a dianalytic structure is called a Klein orbifold.
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The equivalence of the two definitions is seen by taking the quotient Σ/τ to be the
2-orbifold Σ0, with the inverse operation given by the orientation double covering of Σ0.
We will default to the former definition from this point forth.

Given a Klein orbifold (Σ, τ), the quotient |Σ|/τ is naturally a 2-orbifold; the fixed
point set Στ naturally corresponds to topological boundary points. Each orbifold Riemann
surface Σ0 can be naturally considered a Klein orbifold if we take Σ to be Σ0 ⊔Σ0 and τ to
permute Σ0 antiholomorphically. However, even though |Σ| must be orientable, |Σ|/τ need
not be; for instance, we can obtain RP2 as the quotient by taking Σ = CP1 and τ to be the
antipodal map.

In the case that Σ has no marked points, the pair (Σ, τ) is called simply a Klein surface.
The topological types of these objects are well-understood, to the point that there is a
relatively simple classification:
Theorem 2.8. Let (Σ, τ) be a compact Klein surface. Then the topology of Σ/τ is com-
pletely determined by the genus g of Σ, the number k of boundary components of ∂(Σ/τ),
and the orientability of Σ/τ . If Σ/τ is orientable then k is a number between 1 and g + 1
with opposite parity to g, and if Σ/τ is non-orientable then 0 ≤ k ≤ g. Conversely, a pair
(g, k) satisfying these conditions gives rise to a Klein surface.

We may extend this classification to the case of Klein orbifolds, by simply adding marked
points to Σ of various multiplicities. Note that, in order for τ : Σ → Σ to be a smooth
involution, the marked points should come in τ -related pairs; thus, every marked point
x ∈ Σ has a corresponding marked point τ(x) ∈ Σ with the same multiplicity.

Additionally, we have the notion of a vector bundle over a Klein surface:
Definition 2.9. Let (Σ, τ) be a Klein orbifold, and let π : E → Σ be a holomorphic orbifold
vector bundle. A Real structure on E is an antiholomorphic involution τ̃ : E → E which is
fibrewise antilinear and lifts the action of τ , i.e., π ◦ τ̃ = τ ◦ π. The pair (E, τ̃) is called a
Real vector bundle over (Σ, τ).

2.2 The Λ-equivariant Vortex Equations

With the theory of Λ-equivariant bundles established, we begin our discussion of the Λ-
equivariant moduli space of vortices on Λ-orbifolds. Our exposition of this theory will
closely follow the non-equivariant non-singular treatment of the equations; the reader is
referred to [Gar91] and [Bra90] for more details.

The natural setting for the vortex equations is a Riemann surface with a Hermitian line
bundle. Thus, in the Λ-equivariant setting, we take Σ to be a Λ-orbifold Riemann surface
and choose a Λ-equivariant line bundle L→ Σ.
Definition 2.10. The (unitary) gauge group is the group of Λ-equivariant unitary automor-
phisms of L, which is simply1 G = C∞(X,U(1))Λ. Its complexification G C = C∞(X,C∗)Λ
is called the complex gauge group. These both have a natural infinite-dimensional Lie group
structure, with Lie algebra g = C∞(Σ, iR)Λ and gC = C∞(Σ,C)Λ respectively. We assume
that g is equipped with the natural L2 inner product, which allows us to identify g with g∗.

1Recall from Example 1.25 that the gauge group reduces to maps into the structure group G when G is
abelian.
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While there is a natural action of G on A (L) given by conjugation, the action of G C is
more complicated: given A ∈ A (L) and g ∈ G C, we define Ag−A to be −g−1∂g+(g−1∂g)∗.

We are now ready to define the space of objects on which the vortex equations will be
defined.

Definition 2.11. The pre-configuration space of the vortex equations is the affine space
C (L) = Γ(L)×A (L), the space of pairs of Λ-invariant sections and unitary connections on
L. This space is acted upon smoothly by G , and the quotient B(L) = C (L)/G is called the
configuration space. The subset of C (L) on which G acts freely (i.e., with trivial isotropy)
is called the irreducible locus C ∗(L), and its complement is called the reducible locus. The
quotient C ∗(L)/G is denoted by B∗(L).

Note that a configuration may be written either as (φ,A) or (A, φ), where φ is a section
and A is a connection.

Proposition 2.12. A gauge transformation g ∈ G fixes an element of the pre-configuration
space if and only if g ∈ U(1), the subgroup of constant gauge transformations of G . An
element (φ,A) ∈ Γ(L)×A (L) is reducible if and only if φ is identically zero.

Proof. A is fixed by g if and only if g−1dg = 0 everywhere, which is equivalent to the
constancy of g. The pair (φ,A) is fixed by a nontrivial g if and only if g is constant and φ
is fixed by g; since g ∈ U(1), φ must be identically zero.

Definition 2.13. Let τ ∈ R be a fixed real number. The Yang-Mills-Higgs functional
associated to τ is the following real-valued functional on the pre-configuration space:

YMHτ (φ,A) =
∫
Σ
(|FA|2iΛ2Σ + |∇Aφ|2Λ1⊗L + ||φ|2 − τ |2)volΣ. (2.3)

Here, each subscript refers to the space in which the norm is being taken. Also, |φ|2 =
h(φ, φ), where h is the Hermitian structure on L; we generally suppress h in the notation.
Note that YMHτ is invariant under the action of G , meaning it descends to a well-defined
functional on B(L).

By using the twisted versions of the Kähler identities and expanding inner products, we
can rewrite the Yang-Mills-Higgs functional in the following form:

YMHτ (φ,A) = 2
∥∥∥∂Aφ∥∥∥2

L2
+
∥∥∥∗FA − i

2(|φ|
2 − τ)

∥∥∥2
L2

+ 2πτdeg(L). (2.4)

Here ∂A : Γ(L) → Ω0,1(L) denotes the holomorphic structure associated to the connection
A. We therefore find that a sufficient condition for the Yang-Mills-Higgs functional to be
minimised is for the vortex equations to be satisfied:

Definition 2.14. A pair (φ,A) ∈ C (L) satisfies the vortex equations if the following hold:

∗FA = i

2(|φ|
2 − τ), (2.5a)

∂Aφ = 0. (2.5b)

These equations are also invariant under the action of G , so their solution set descends to
a subset Mvtx(L) ⊆ B(L). This subset is called the moduli space of vortices.
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Remark. It is important to note that even if the connection A is invariant under the action
of Λ, the invariance of its associated holomorphic structure ∂A is only guaranteed if Λ acts
holomorphically on Σ. In particular, if the action of any element of Λ is antiholomorphic,
the only Λ-equivariant holomorphic section of a line bundle is the zero section.

By integrating the first equation over Σ, one obtains an obstruction to the existence of
vortices on L:
Proposition 2.15. If L → Σ admits an irreducible vortex, then τ > 4πdeg(L)/Vol(Σ). If
L→ Σ admits a reducible vortex, then τ = 4πdeg(L)/Vol(Σ).

Proof. Let (φ,A) be a vortex on L. Noting that
∫
Σ FA = −2πideg(L), we find that the

following holds:
−2πideg(L) = i

2
(
∥φ∥2L2 − τVol(Σ)

)
, (2.6)

or equivalently
τ = 1

Vol(Σ)
(
∥φ∥2L2 + 4πdeg(L)

)
. (2.7)

Note that, since φ is holomorphic, φ−1(0) is either finite if the vortex is irreducible, or all
of Σ if the vortex is reducible. It follows that ∥φ∥L2 > 0 for an irreducible vortex and
∥φ∥L2 = 0 for a reducible vortex, which gives the desired obstructions.

The vortex equations have a natural interpretation in terms of symplectic geometry. In
particular, observe that the pre-configuration space is an affine space locally modelled on
Γ(L)× Ω0,1(Σ), which can be naturally equipped with the following Kähler structure:

((φ, α), (ψ, β)) =
∫
Σ
Reh(φ, ψ) + Re gC(α, β),

ω((φ, α), (ψ, β)) =
∫
Σ
Im h(φ, ψ) + 2 Im gC(α, β).

(2.8)

The action of G on the pre-configuration space respects this Kähler structure, so C(L) has
the structure of a Kähler manifold equipped with a symplectic and isometric action by a
Lie group G . The first vortex equation takes on special meaning in this interpretation:
Proposition 2.16. The map µ0 : Γ(L)×A (L)→ g ∼= g∗ defined by taking

µ0(φ,A) = ∗FA − i
2 |φ|

2 (2.9)

is a moment map2 for the G -action on Γ(L)×A (L).

Proof. The map µA : A (L)→ g defined by taking µA (A) = ∗FA was shown to be a moment
map for the G -action on A (L) by [AB83] in the case that Λ acts trivially. The equivariant
connections constitute a subspace of the space of all connections, and the equivariant gauge
group is a Lie subgroup of the entire gauge group. A restriction of moment maps to a
subspace and a subgroup is still a moment map, so we find that µA is a moment map in
general. The map µΓ : Γ(L) → g defined by taking µΓ(φ) = − i

2 |φ|
2 is easily shown to be

a moment map for the G -action on Γ(L). The moment map of the product of G -spaces is
simply the sum of the moment maps on each respective space [Mar+07].

2By a moment map for a symplectic G-action on a symplectic Hilbert manifold (M,ω), we mean here
a G-equivariant map µ : M → g∗ satisfying d⟨µ, ξ⟩ = ξ̃ ⌟ω for every ξ ∈ g, where ξ̃ ∈ X(M) denotes the
infinitesimal group action of ξ ∈ g on M , and ⟨µ, ξ⟩ :M → R is the pairing ⟨µ, ξ⟩(p) = µ(p)(ξ).
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Thus, consider the submanifold3 N ⊆ C ∗(L) given by pairs (φ,A) for which ∂Aφ = 0.
This submanifold inherits the symplectic G -action, and it therefore has the moment map
µ0|N . This is not quite the first vortex equation for arbitrary τ , but it turns out that we
can introduce the parameter τ by quotienting a particular subspace by the U(1)-action.

Proposition 2.17. Given an arbitrary τ > 4πdeg(L)/Vol(Σ), define Nτ ⊆ N to be the
subspace for which ∥φ∥2

L2 = τVol(Σ) − 4πdeg(L). Then the moment map for G /U(1) on
Nτ/U(1) is the following:

µτ (φ,A) = ∗FA − i
2(|φ|

2 − τ), (2.10)

where U(1) ↪→ G is the subgroup of constant gauge transformations.

Proof. The direct product of two Lie group actions has a moment map given by the sum of
the two corresponding moment maps [Mar+07], so it follows that the moment map for the
quotient of a Lie group action can be obtained by subtracting the moment maps. On the
space Nτ , the restriction of µ0 to U(1) is given as follows:

µ0(φ,A)|U(1) =
∫
Σ
(∗FA − i

2 |φ|
2)volΣ = −2πideg(L)− i

2∥φ∥
2
L2 = − iτVol(Σ)2 =

∫
Σ
− iτ2 volΣ.

This leads to the desired formula when subtracted from the moment map µ0 on all of G .

Henceforth, we denote by Ñ the quotient Nτ/U(1), and by G̃ the quotient G /U(1).
Accordingly, we denote by G̃ C the quotient G C/C∗. We also drop the subscript on µτ .

We see, therefore, that the irreducible vortices on L → Σ are in one-to-one correspon-
dence with zeros of the moment map µ on Ñ . By the following two theorems, we can use
this fact to reduce the work in finding solutions significantly.

Proposition 2.18. Let µ : M → g∗ be a moment map for a free symplectic and isometric
G-action on a Kähler manifold M , let GC be the complexification of G, and let S ⊆ M
be a GC orbit. Then µ has a zero on S if and only if there is some p ∈ S for which
infq∈S∥µ(q)∥2 = ∥µ(p)∥2.

Proof. The original proof is due to Hitchin; see [Hit87]. Define f : M → [0,∞) so that
f(p) = ⟨µ(p), µ(p)⟩, and denote by ∇f ∈ X(M) the gradient vector field of f . Fix some
p ∈M . Given any vp ∈ TpM , observe the following computation:

g(∇fp, vp) = dvpf = 2⟨dvpµ, µ(p)⟩ = 2dvp⟨µ, µ(p)⟩ = 2ω(µ̃(p), vp) = 2g(Jµ(p), vp). (2.11)

By the nondegeneracy of g, it follows that ∇fp = 2Jµ̃(p). This means the gradient flow
lines of f are confined to the orbits of GC.

Now, suppose f |S is minimised at p ∈ S. Then ∇fp must be orthogonal to TS, which
means ∇fp = 0 by the above computation. It follows that µ̃(p) = 0, meaning µ(p) ∈ g
induces the trivial action on M . But since the action of G on M is free, this means
µ(p) = 0.

Proposition 2.19. If two irreducible vortices are in the same G C-orbit then they are uni-
tarily equivalent.

3The regular value theorem allows us to prove that the holomorphic sections define a further submanifold.
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Proof. Let (φ,A) and g · (φ,A) be two pairs satisfying the vortex equations, where g ∈ G C

is some complex gauge transformation. Observe that Fg·A = FA, meaning the following
holds:

i
2(|φ|

2 − τ) = ∗FA = ∗Fg·A = i
2(|g · φ|

2 − τ). (2.12)
This implies that |g||φ| = |φ|; since φ is a holomorphic section of a line bundle, it is nonzero
on a dense open subset of Σ. It follows that |g| = 1 almost everywhere, meaning g is unitary
everywhere by continuity.

The latter proposition implies that there is at most one vortex on each G C-orbit, and
the former proposition implies that a vortex can be found on each G C-orbit by showing that
µ achieves its infimum on each orbit.

2.3 Vortex Existence Proof

We now come to the proof of existence for Λ-equivariant vortices on orbifolds. We begin
with the characterisation for irreducible vortices, and then briefly discuss reducible vortices.
These results will subsequently be applied to specific cases.

2.3.1 Irreducible vortices

We now state precisely the existence theorem for irreducible Λ-equivariant vortices.
Theorem 2.20. Let Λ be a finite group, and let L be a Λ-equivariant unitary line bundle
with nonnegative degree over a Λ-orbifold Riemann surface Σ, on which Λ acts holomorphi-
cally. If τ > 4πdeg(L)/Vol(Σ), then the moduli space of irreducible vortices is diffeomorphic
to the space of (G C) orbits in N . This, in turn, is diffeomorphic to Sb(Σ/Λ), where b is
the background degree of L. If τ ≤ 4πdeg(L)/Vol(Σ), then the moduli space of irreducible
vortices is empty.

Before proving the theorem, we first outline the proof strategy in broad terms.

• First, we enlarge the spaces of smooth sections and connections to include sections
and connections with Sobolev class L2

1; the details for the constructions of these spaces
are in the Appendix. We denote by A 1 and (G C)2 the space of L2

1 connections and
the space of L2

2 gauge transformations. The essential motivation for this step is that
weak limits are generally only well-behaved for Banach spaces, so the space of smooth
sections and connections needs to be completed before the next step is possible.

• On each (G̃ C)2-orbit of Ñ , we choose a sequence of (representatives of) pairs con-
verging to the infimum of µ over the orbit. We show that this sequence can be chosen
to be weakly convergent to some (φ,A) not necessarily contained in the orbit.

• Since all elements of the sequence are in the same (G C)2-orbit, we can write them in
the form gn ·(φ0, A0) for gn ∈ (G C)2. We show that the complex gauge transformations
gn can be chosen to be of the form Kne

fn , where fn ∈ L2
2(Σ,C)Λ are L2

2-bounded and
Kn > 0 are bounded above and below by strictly positive numbers. This allows
us to choose a subsequence of gn which converges weakly to some complex gauge
transformation g, and therefore write (φ,A) = g · (φ0, A0).
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• We then revert the enlargement of the pre-configuration space, by showing that every
L2
1 solution to the vortex equations is L2

2-unitarily equivalent to a smooth one. This
is done by first finding a local gauge transformation to a smooth solution, and then
patching them together to find a global smoothing transformation.

• Finally, we show that the space of orbits Ñ /G̃ C is diffeomorphic to the space of
effective divisors with specified degree.

The proof of this theorem will require several technical results in analysis, generally per-
taining to weak compactness. The first is an elementary result in the theory of Sobolev
spaces.
Theorem 2.21. The closed unit ball in Lpk is weakly compact for every k ∈ N and every
p ∈ (1,∞).

Proof. By the Sobolev embedding theorems, we have a compact inclusion Lpk ↪→ Lp for every
k, p, and moreover Lp is reflexive for p ∈ (1,∞). By the Banach-Alaoglu theorem (which
states that the unit ball of the dual of a Banach space is weakly compact; see [Lan93]), the
space Lpk is weakly compact.

The second is a technical theorem demonstrating that the space of Sobolev connections
with bounded curvature is weakly compact, but only up to unitary gauge equivalence.
Theorem 2.22 (Weak Uhlenbeck compactness for orbifolds). Let P be a principal U(1)-
bundle over a compact 2-orbifold X. Let (Aν)ν∈N ⊆ A (P ) be a sequence of L2

1 connections
for which ∥FAν∥Lp is uniformly bounded. Then there exists some subsequence of connections,
also denoted by Aν , and a sequence of L2

2 gauge transformations (uν)ν∈N ⊆ G (P ) for which
the sequence uν(Aν) converges weakly in L2

1.

The third is another technical theorem demonstrating the existence of a special local
trivialisation for a bundle-with-connection.
Theorem 2.23 (Uhlenbeck gauge for orbifolds). Let P be a principal U(1)-bundle over a
compact 2-orbifold X, and let A ∈ A (P ) be an L2

1 connection on P . There exists a finite
open covering {Ui}i≤n of X trivialising P and a collection of local gauge transformations
ui ∈ G 2|Ui such that d∗(ui(A|Ui)) = 0 for every i.

The final result is elementary, but fundamental in demonstrating that the classical results
generalise to the setting of Λ-equivariant orbifolds.
Proposition 2.24. Weak and strong limits preserve invariance under a linear group action.
That is, if V is a normed space equipped with a linear action by a group G, and (vn)n∈N
is a sequence of G-invariant vectors which converge weakly or strongly to v ∈ V , then v is
also G-invariant.

Proof. The weak case implies the strong case, since strong convergence implies weak con-
vergence. Let g ∈ G, and let φ ∈ V ∗ be an arbitrary continuous linear functional. Denote
the group action by ρ : G → Aut(V ). Then, by the weak convergence of φ, we have the
following:

φ(vn) = φ(ρg(vn)) = (ρ∗gφ)(vn)→ (ρ∗gφ)(v) = φ(g · v). (2.13)
Since weak limits are unique, it follows that g · v = v.
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The proofs of Uhlenbeck’s results for orbifolds are deferred to the end of the chapter.
We now begin the proof with the following lemma. In what follows, we relax our

assumption that all objects are smooth; we instead assume that sections and connections
have at least L2

1 regularity, and that gauge transformations have at least L2
2 regularity.

Lemma 2.25. Every (G̃ C)2-orbit S = (G̃ C)2 · [(φ0, A0)] ⊆ Ñ 1 admits a weakly convergent
sequence of elements (φn, An) = gn · (φ0, A0) with weak limit (φ,A), such that ∥µ(φ,A)∥2 =
infp∈S∥µ(p)∥2.

Proof. Let (φ0, A0) be a representative for a (G̃ C)2-orbit in Ñ ; there is some sequence
(φn, An) in the orbit for which ∥µ(φn, An)∥2 converges to the infimum of ∥µ∥2 over the
orbit. Since ∥µ∥2 = YMHτ up to a constant term, and since ∥µ(φn, An)∥2 is bounded (by
convergence), it follows that YMHτ (φn, An) and hence ∥FAn∥2L2 are also uniformly bounded
sequences. By Uhlenbeck’s weak compactness theorem, we can therefore assume that An
converges weakly in L2

1 to some A ∈ A (L).

Since the φn are all in Ñ , they all have the same L2 norm. By the elliptic estimate, as
well as the holomorphicity of each φn with respect to An, we have that ∥φn∥L2

1
≤ Cn∥φn∥L2

for constants Cn. Furthermore, by using the weak convergence of An, it can be shown that
the Cn are uniformly bounded, meaning there is some C > 0 for which ∥φn∥L2

1
≤ C∥φn∥L2 .

Thus, we can assume that the sequence φn weakly converges in L2
1 as well.

Finally, note that the weak limit is also Λ-invariant since weak limits commute with the
action of Λ.

Lemma 2.26. Let gn · (φ0, A0)⇀ (φ,A) be as above. The gauge transformations gn can be
chosen to be of the form gn = Kne

fn, where the sequence Kn ∈ (0,∞) is strictly bounded
below and above and the sequence fn ∈ L2

2(Σ,C)Λ is L2
2-bounded.

Proof. The holomorphic structures defined by A0 and An are related by the addition of
g−1
n ∂gn, which is of class L2

1. We first show that these (0, 1)-forms can be assumed exact;
each fn will be defined to be the ∂-primitive of these (0, 1)-forms.

Since g−1
n ∂gn is ∂-closed, it defines an element of H0,1(Σ); this is in turn isomorphic to

H1(|Σ|;O) by Dolbeault’s theorem, where O is the sheaf of holomorphic functions on Σ.
The exponential sheaf sequence Z→ O → O∗ induces the following exact sequence in sheaf
cohomology:

H1(|Σ|;Z)→ H1(|Σ|;O)→ H1(|Σ|;O∗). (2.14)

Now, if we choose a finite open cover U for Σ with contractible intersections, then we can
identify each element of H1(|Σ|;O) with a map taking each nonempty intersection Ui ∩ Uj
of open sets in U to a section of O over Ui ∩ Uj . In particular, by direct computation,
we can see that g−1

n ∂gn takes the intersection Ui ∩ Uj to the section4 ln(gn) (which exists
uniquely up to addition of 2πi since Ui ∩ Uj is contractible); under the exponential map,
this is taken to the trivial cocycle in H1(|Σ|;O∗). By exactness, each g−1

n ∂gn corresponds
to an element of H1(|Σ|;Z) under the inclusion.

4The fact that gn is L2
2 ensures that ln(gn) is also L2

2, and therefore continuous; this is part of Lemma
A.4 in the appendix.
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Using the open cover U , we can give H1(|Σ|;O) a natural topology by taking the com-
pact open topology on each Γ(Ui ∩ Uj ;O). By choosing the harmonic representative of
g−1
n ∂gn, we see that the sequence of (0, 1)-forms defines a Cauchy sequence in H1(|Σ|;Z).
However, since Σ is closed and orientable, this is finitely generated and hence discrete,
meaning the sequence is eventually constant. By applying a fixed unitary gauge transfor-
mation, we can ensure that every associated class is the zero class. Thus, we can assume
from the outset that each gn is ∂-exact, and therefore that we can find constants Kn > 0
and L2

2-functions fn : Σ → C for which gn = Kne
fn and

∫
Σ fn = 0. (The latter condition

may be fulfilled because fn is determined only up to an additive constant.)
Since g−1

n ∂gn = ∂fn, we can use the elliptic estimate to ensure that

∥fn∥L2
2
≤ C(∥g−1

n ∂gn∥L2
1
+ ∥fn∥L2)

for some C > 0, and we can ignore the term ∥fn∥L2 if fn is orthogonal to the kernel of ∂.
However, the kernel of ∂ is the space of holomorphic functions, which are all constant since
Σ is compact, and the orthogonality condition follows from our choice that

∫
Σ fn = 0. Now,

since g−1
n ∂gn is uniformly bounded in L2

1, this implies that the sequence fn is uniformly
bounded in L2

2, and by the Sobolev embedding theorems it is also uniformly bounded in
C0. We therefore have the following inequalities for some M > 0: Inequalities

are out of
order|Kn|e−M ≤ |gn| ≤ |Kn|eM . (2.15)

Multiplying through by |φ0| and taking the L2-norm of each term in the inequalities, we
see that

|Kn|e−M∥φ0∥L2 ≤ ∥φn∥L2 ≤ |Kn|eM∥φ0∥L2 . (2.16)
But since φ0 and φn have the same L2-norm, it follows that |Kn| is itself uniformly bounded
above and below. Additionally, by Lemma A.4, an L2

2-bound on fn gives an L2
2-bound on

exp(fn).
We therefore find that the L2

2-norms of the gn are uniformly bounded, meaning we can
find a weakly convergent subsequence of the gn. This weak limit is a gauge transforma-
tion relating (φ0, A0) to the weak limit (φ,A), which achieves the infimum of ∥µ∥2, and
therefore satisfies the vortex equations. Additionally, as a weak limit of Λ-invariant gauge
transformations, it is also Λ-invariant.

Lemma 2.27. Let (φ,A) be an L2
1 solution to the vortex equations on the compact Λ-

equivariant orbifold line bundle L→ Σ. Around each point, there exists a local Λ-equivariant
L2
2 unitary gauge transformation taking (φ,A) to a smooth solution of the vortex equations.

Proof. The proofs of this lemma and the next are based on the approach in [FWX25] to
establish regularity for the Hitchin equations. The idea behind the proof is as follows.
First, we find a series of local smoothing transformations, by putting the connections into
Uhlenbeck gauge and using elliptic bootstrapping techniques. Then, we patch together the
local smoothing transformations to form a global one, by successively adding local charts
and gluing them together with cutoff functions.

Since (φ,A) satisfies the vortex equations we know that ∥FA∥L2 = 1
2∥|φ|

2−τ∥L2 , but the
latter is bounded above by the Yang-Mills-Higgs functional. Given an open neighbourhood
U of a given point, therefore, we can control the size of FA|U by shrinking U . We therefore
choose U sufficiently small that A may be put into Uhlenbeck gauge.
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On a given U , we can write locally A = d + A0 where A0 is an L2
1 complex-valued

Γi-equivariant 1-form on D2, and we can interpret φ as an L2
1 complex-valued Γ-equivariant

function φ0 on D2 as long as we interpret the Hermitian metric h as a similar smooth
function hi. The vortex equations can then be stated locally as follows:

∂φ0 +A0,1
0 φ0 = 0; (2.17)

dA0 =
i

2(h0|φ0|
2 − τ)volg. (2.18)

Since ∂ is elliptic and A0,1
0 φ0 is L2−δ

1 for every δ > 0 (by the Sobolev multiplication theorem),
we see by elliptic regularity that φ0 is L2−δ

2 . Moreover, taking the codifferential of both sides
of the second equation, we see that d∗dA0 = i

2d∗(h0|φ0|2volg). By the Uhlenbeck gauge
theorem for orbifolds, we see that there is a local gauge transformation g0 under which
d∗g0(A0) = 0 on U ; it follows that d∗dg0(A0) = ∆g0(A0), where ∆ is the Laplacian (which
is elliptic). We know that d(h0|g0(φ0)|2) is of class L2−δ for every δ, so elliptic regularity
shows that g0(A0) is L2−δ

2 . By applying this method inductively, we see that g0(A0) and
g0(φ0) are L2−δ

k for every k and every δ, meaning they must in fact be smooth. As such, we
have found a local gauge transformation g0 over U which takes (φ,A) to a smooth solution
to the vortex equations.

Lemma 2.28. Let (φ,A) be an L2
1 solution to the vortex equations on the compact Λ-

equivariant orbifold line bundle L → Σ. The local gauge transformations in Lemma 2.27
can be used to make a global Λ-equivariant L2

2 unitary gauge transformation taking (A,φ)
to a smooth solution of the vortex equations.

Proof. First, we choose appropriate open sets. Given some ε > 0, we can choose a finite
atlas {(Ui,Γi, ϕi)}i=1,...,n for Σ satisfying the following conditions:

• each Ui is an open set with closure diffeomorphic to D2/Γi;

• the line bundle L|Ui is equivalent to a standard line bundle of the form (D2 × C)/Γi;

• each ∥FA|Ui∥L2 is bounded above by ε;

• the charts Ui and the line bundles L|Ui are permuted equivariantly by the Λ-action;5
we will say that Ui and Uj are Λ-related if there is some g ∈ Λ for which g(Ui) = Uj .
We furthermore assume that the atlas has been ordered so that Λ-related charts are
indexed consecutively, meaning that if Ui and Ui+m are Λ-related for m > 0 then Ui
and Ui+k are also Λ-related for all 0 < k < m.

From the above lemma, we get local gauge transformations gi on each Ui making (φ,A)
smooth locally. Additionally, since (φ,A) is Λ-equivariant, we can assume that the gauge
transformations gi and gj for two Λ-related charts Ui and Uj are also Λ-related.

Next, we modify the gauge transformations gi : Ũi → U(1) so that they can be glued
together to form a global smoothing transformation. (Recall that we are conceptualising
local gauge transformations over Ui as Γi-equivariant maps from Ũi to U(1).) First, we will
ensure that the gi are sufficiently small that they can be written in terms of exp : iR→ U(1).

5It is always possible to find an atlas satisfying this condition; we can simply choose an open cover of
Σ/Λ and lift each open set to Σ.
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Since C∞ is dense as a subset of L2
2, we can always find Γi-equivariant smooth functions

hi : Ũi → U(1) that make ∥hi − g−1
i ∥L2

2
as small as we like. It follows that, by replacing

gi with gihi, we can also choose the gi to be arbitrarily close to the constant function
1 : Ũi → U(1) in L2

2.
We now glue together the gi to form a global smoothing transformation. The strategy

is to find a global gauge transformation g̃ for which g̃ · g−1
i is smooth for all i; this ensures

that g̃ · g−1
i · (gi(φ,A)) is smooth. We construct g̃ inductively on the orbifold charts, but we

will find that the charts must successively shrink. Thus, we make the following definition:
where d : Σ × Σ → [0,∞) is the metric on Σ inherited from the orbifold metric g, and for
δ > 0, the open subsets U δi ⊆ Σ are defined as follows:

U δi = {p ∈ Ui : d(p, ∂Ui) > δ} . (2.19)

By the Λ-invariance of the metric, these open subsets are still Λ-related to each other.
Furthermore, if δ is small enough to ensure that the open sets U δi still cover Σ, these open
sets still correspond to an orbifold atlas; the orbifold chart mappings ϕi : Ũi/Γi → Ui can
simply be restricted to cover U δi , and it is easy to verify that a chart embedding Ui ↪→ Uj
restricts to an embedding U δi ↪→ U δj . We choose δ > 0 small enough that the Unδi still cover
Σ, where n is the number of orbifold charts. At this point, we also reorder the sets Ui so
that the following condition is met:

• If U (k+1)δ
k+1 ∩ (∪i≤kU (k+1)δ

i ) is nonempty, and if Uj is another orbifold chart which
embeds into Uk+1, then j ≤ k.

This condition ensures that when U (k+1)δ
k+1 is added to the domain of g̃, any points already

in the domain of g̃ are in charts that can be embedded into U (k+1)δ
k+1 .

For each k = 1, . . . , n, a series of local gauge transformations g̃(k)i on each Ukδi for
i = 1, . . . , k is defined inductively in terms of the gi as follows:

• The gauge transformation g̃(1) is defined on U δ1 to be g1|Uδ
1
; note that g̃(1) · g−1

1 is
clearly smooth. We also need not adjust for Λ-equivariance; the charts are permuted
by Λ, and if Λ · U1 = U1 then g1 is already Λ-equivariant.

• Assume the local gauge transformation g̃(k) has been defined on ∪i≤kUkδi and g̃(k)g−1
i

is smooth for every i ≤ k. We now define the new local gauge transformations g̃(k+1)
i

on each U (k+1)δ
i for every i ≤ k + 1, and the definition depends on two things: which

charts Uk+1 is Λ-related to, and whether the new open set U (k+1)δ
k+1 is disjoint from the

remaining open sets.

◦ If Uk+1 is Λ-related to Uj via γ ∈ Λ for some j ≤ k, we define g̃(k+1)
i = g̃

(k)
i for

i ≤ k and g̃
(k+1)
k+1 = (g̃(k)k )γ . Note that this definition does not depend on the

choice of j by the ordering of the Ui.
◦ Assume Uk+1 is not Λ-related to any Uj for j ≤ k. If U (k+1)δ

k+1 and ∪i≤kU (k+1)δ
i

are disjoint, we define g̃(k+1)
i as follows:

g̃
(k+1)
i =


g̃(k)|

U
(k+1)δ
i

for i ≤ k
gk+1|U(k+1)δ

k+1
for i = k + 1.

(2.20)
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These local gauge transformations clearly glue together to a gauge transformation
g̃(k+1) on all of ∪i≤k+1U

(k+1)δ
i (since we have only added a single disjoint chart),

and also g̃(k+1)g−1
i is smooth for every i ≤ k + 1.

Again, Λ-equivariance is not an issue: either there is some γ ∈ Λ for which
γ ·Uk+1 = Uk+1, in which case gk+1 is also invariant under γ; or there is no such
γ, in which case the subsequent steps of the induction will provide Λ-equivariance.
◦ Assume that U (k+1)δ

k+1 is not disjoint from ∪i≤kU (k+1)δ
i , and additionally that

Uk+1 is not Λ-related to itself. The latter assumption allows us to ignore Λ-
equivariance for g̃(k+1)

k+1 , since it will be accounted for in the next inductive step.
We now use a cutoff function to interpolate between g̃(k) on ∪i≤kUkδi and gk+1

on the remainder of U (k+1)δ
k+1 . That is, we use a function φk+1 : U (k+1)δ

k+1 → [0, 1]
which is 0 on U (k+1)δ

k+1 ∩ (∪i≤kU (k+1)δ
i ) and 1 on U (k+1)δ

k+1 \(∪i≤kUkδi ).
Thus, we define g̃(k+1)

i = g̃
(k)
i for i ≤ k, and we define g̃(k+1)

k+1 as follows:6

g̃
(k+1)
k+1 =

exp
(
φk+1 · ln(gk+1(g̃(k)i )−1)

)
g̃
(k)
i on U (k+1)δ

k+1 ∩ Ukδi for i ≤ k
gk+1 otherwise.

(2.21)
If Ui and Uj overlap then, by the inductive hypothesis, we know that g̃(k)i and
g̃
(k)
j coincide. Moreover, the ln operator is well-defined since we chose the gi to
be sufficiently close to the identity. Thus, g̃(k+1)

k+1 is well-defined. Additionally,
since φk+1 = 0 on the domain of g̃(k), the local gauge transformations g̃(k+1)

i glue
together into a global gauge transformation.
We now show that g̃(k+1)

i g−1
j is smooth for any i, j ≤ k + 1: for i ≤ k it follows

directly from the inductive hypothesis, and for i = k+1 we observe the following
on U (k+1)δ

k+1 ∩ Ukδj :

g̃
(k+1)
k+1 g−1

j = exp
(
φk+1 · ln

(
(gk+1g

−1
j )(gj(g̃(k)i )−1)

))
(g̃(k)i g−1

j ). (2.22)

But by the inductive hypothesis, the terms gj(g̃(k)i )−1 and g̃
(k)
i g−1

j are both
smooth. Additionally, gk+1g

−1
j transforms the smooth connection gj(Aj) into

the smooth connection gk+1(Ak+1), and it is shown in [AB83] (Lemma 14.9)
that such a gauge transformation must be smooth. It follows that g̃(k+1)

k+1 is
smooth on U (k+1)δ

k+1 ∩ Ukδj and therefore on all of U (k+1)δ
k+1 .

◦ Finally, if U (k+1)δ
k+1 is not disjoint from ∪i≤kU (k+1)δ

i and Uk+1 is nontrivially Λ-
related to itself, then we use the same definition of g(k+1)

k+1 given in Equation
2.21. We just need to prove that it is equivariant under Λk+1 ≤ Λ, the subgroup
of Λ stabilising Uk+1. Before we do this, we need to make the smooth cutoff
function φk+1 satisfy Λk+1-equivariance; this is easily done by redefining φk+1 to

6Here each g̃
(k)
i : Ũkδ

i → U(1) is interpreted as map taking a Γk+1-equivariant subset of U (k+1)δ
k+1 to

Λ; this is possible because we assumed that the first k charts are either disjoint from or embed into the
(k + 1)-th chart. Note that this interpretation makes g̃(k)i a Γk+1-equivariant map. We also interpret φk+1

as a Γk+1-invariant smooth map from Ũ
(k+1)δ
k+1 to [0, 1]; together, these ensure that the definition of g̃(k+1)

k+1 is
Γk+1-equivariant.
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be 1
|Λk+1|

∑
γ∈Λk+1

γ∗φk+1. From here, however, the Λ-equivariance follows from
the induction: if Ui and Uj are Λ-related for i, j ≤ k then we have inductively
chosen g̃(k)i and g̃(k)j to be Λ-related, meaning we have the following on the overlap
for every γ ∈ Λ:

γ∗g̃
(k+1)
k+1 = exp

(
γ∗φk+1 · ln(γ∗gk+1(γ∗g̃(k)i )−1)

)
γ∗g̃

(k)
i

= exp
(
φk+1 · ln(gk+1(g̃(k)j )−1)

)
g̃
(k)
j = g̃

(k+1)
k+1 ,

where the last equality follows from the fact that g̃(k+1)
k+1 is defined independently

of which local representative of g̃(k) is used. It follows that the definition is
Λk+1-equivariant, and the induction extends this equivariance to all of Λ.

By induction, we obtain a global Λ-equivariant gauge transformation g̃(n) for which g̃(n)g−1
i

is smooth for all i. But then, since gi(φ,A) is smooth, g̃(n)(φ,A) is smooth everywhere.

Lemma 2.29. The space of G̃ C-orbits of Ñ is diffeomorphic to Sb(Σ/Λ).

Proof. Firstly, it is clear that the space of G̃ C-orbits of Ñ is the same as the space of G C-
orbits of N . Given a representative (φ,A) of such an orbit, the corresponding symmetric
b-tuple of points is given by the zeros of φ; note that there will be precisely b|Λ| zeros of φ
on Σ (up to multiplicity), since φ is a holomorphic section of a Λ-equivariant line bundle
with background degree b over Σ, and they will all come in sets of size |Λ| which descend to
Σ/Λ. Since G C acts smoothly and equivariantly, this tuple is preserved by the action of G C.
Given two sections φ and φ′ which define the same tuple of points, we define a corresponding
complex gauge transformation relating them to be the unique number g at each point for
which φ′ = gφ; this defines g almost everywhere since φ′ and φ are holomorphic, and the
definition can be extended continuously since the zeros of φ′ and φ have the same order at
each point.

Proof of Theorem 2.20. There is an L2
1 solution to the vortex equations on every orbit of

(G̃ )C by the first and second lemma, and this is L2
2 gauge equivalent to a smooth solution by

the third and fourth. Thus, the moduli space of vortices is simply given by the quotient of
the configuration space by the complexified gauge group, which was noted in the preceding
lemma to be Sb(Σ/|Λ|).

2.3.2 Reducible vortices

The discussion of reducible vortices is much simpler:

Theorem 2.30. The moduli space of reducible Λ-equivariant vortices on a line bundle L
over a compact orbifold Riemann surface Σ is nonempty if and only if τ = 4πdeg(L)/Vol(Σ).
In this case, it is homeomorphic to the Jacobian torus of Σ/Λ.

Proof. We first assume the Λ-action is trivial. When φ = 0, the vortex equations reduce to
∗FA = −iτ/2, and as shown in Proposition 1.50, any line bundle over an orbifold Riemann
surface admits a connection whose curvature is a constant multiple ξ of the volume form.
The constraint on ξ is equivalent to the requirement on τ stated in the theorem. Any
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two connections with the same curvature differ by tensoring with a flat line bundle, and
conversely tensoring with a flat line bundle does not change the curvature, so the space
of reducible vortices is a torsor on the space of trivial flat bundles. This was shown to be
homeomorphic to the Jacobian torus of Σ in Proposition 1.38.

The analogous statement for a nontrivial Λ-action can be recovered by repeating the
above argument for Σ/Λ, which is an orbifold.

2.3.3 Vortices on Klein orbifolds

The above results provide insight for non-orientable orbifolds.

Theorem 2.31. Let Σ be a non-orientable 2-orbifold. The moduli space of irreducible
vortices on Σ is always empty, and the moduli space of reducible vortices is nonempty if and
only if τ = 4πdeg(L)/Vol(Σ), in which case it is homeomorphic to the Jacobian torus of Σ.

Proof. If Σ is non-orientable, then there is some connected Klein orbifold (Σ0, τ) for which
Σ0/τ ∼= Σ; this is equivalent to a Z2-orbifold Riemann surface for which the Z2-action is
antiholomorphic. However, a vortex (φ,A) on the Real line bundle L must satisfy ∂Aφ = 0
and also must be τ -invariant. It follows that if φ is holomorphic at one point then it is
antiholomorphic at the corresponding point under τ ; since Σ0 is connected, this implies
that φ = 0. Thus, a non-orientable orbifold admits no irreducible vortices.

The claim regarding reducible vortices follows immediately from Theorem 2.30.

2.3.4 Kähler vortices

When we come to discuss the Seiberg-Witten equations on Seifert fibred spaces, the vortex
equations will appear as a dimensional reduction. However, they will be in a slightly different
form.

Definition 2.32. Let L → Σ be a Λ-equivariant line bundle over an orbifold Riemann
surface with a constant-curvature metric, let (α, β) ∈ Γ(L) × Γ(K−1

Σ ⊗ L) be a pair of
Λ-equivariant sections, and let A ∈ A (L) be a Λ-equivariant unitary connection. Then
(α, β,A) satisfy the Kähler vortex equations if the following equations hold:

2FA − FKΣ = i(|α|2 − |β|2)volΣ, (2.23a)
∂Aα = 0 and ∂∗Aβ = 0, (2.23b)

α = 0 or β = 0. (2.23c)

(Here FKΣ refers to the Levi-Civita connection on the canonical bundle.) We call the vortex
positive if α is nonzero, negative if β is nonzero, and reducible if both α and β are zero.
The moduli space of positive/negative vortices is the space of solutions up to unitary gauge
equivalence, and is denoted by M±

vtx(L).

If β = 0 (i.e., the vortex is positive or reducible), then FKΣ is a constant multiple of the
volume form; defining this constant multiple so that FKΣ = −iτvolΣ, we recover the usual
vortex equations. Additionally, we can understand the negative vortices as positive vortices
over different bundles:
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Proposition 2.33. If (β,A) defines a negative solution to the Kähler vortex equations on
L, then (∗β,A∗⊗ωSO) defines a positive solution to the Kähler vortex equations on L∗⊗KΣ.

Proof. Observe that the Hodge star defines an isomorphism ∗ : Γ(L⊗K−1
Σ )→ Γ(L⊗K−1

Σ ⊗
Λ1,1); the conjugation arises from the fact that it is antilinear. However, the Hermitian
structure on L and KΣ induce isomorphisms between the conjugate and the dual, meaning
we have the following sequence of isomorphisms:

L⊗K−1
Σ

∗←→ L⊗K−1
Σ ⊗ Λ1,1 h⊗Λ←−→ L∗ ⊗KΣ. (2.24)

(Here Λ : Λ1,1 → Λ0 is the contraction with the volume form, not the finite group.) It
follows that ∗β is a section of L∗ ⊗KΣ.

Furthermore, we know that ∂∗Aβ = 0, meaning ∂A∗β = 0. Since the holomorphic 1-forms
are precisely the 1-forms in the kernel of ∂, we see that ∂ is the holomorphic structure of
KΣ, and therefore that ∂ is the holomorphic structure of K−1

Σ . It follows from the tensor
product that ∂A is the holomorphic structure of L⊗K−1

Σ , so ∗β ∈ Γ(L⊗K−1
Σ ) is holomorphic

if and only if ∂A∗β = 0. This means ∗β is holomorphic, which makes it correspond to a
positive vortex on L∗ ⊗KΣ.

Corollary 2.34. The moduli space of Λ-equivariant positive vortices on L is equivalent to
the moduli space of Λ-equivariant negative vortices on L∗ ⊗KΣ. This is nonempty if and
only if 0 ≤ deg(L) < deg(KΣ)/2 = −χ(Σ)/2, in which case it is equivalent to Sb(Σ/Λ).

Corollary 2.35. The moduli space of Λ-equivariant reducible Kähler vortices on L is equiva-
lent to the moduli space of Λ-equivariant reducible vortices on L with τ = 2πdeg(KΣ)/Vol(Σ).
It is nonempty if and only if deg(L) = deg(KΣ)/2, in which case it is equivalent to the Ja-
cobian torus of Σ/Λ.

2.4 Uhlenbeck’s Theorems for Orbifolds

We now prove the extensions of Uhlenbeck’s results to the orbifold category. In character-
ising the moduli space of vortices, the only relevant case will be for L2

1 connections and L2
2

gauge transformations on a U(1)-bundle over a 2-orbifold whose local groups are all cyclic;
nevertheless, we will prove the theorems in full generality. We start with Uhlenbeck’s gauge
theorem and use it to prove Uhlenbeck’s weak compactness theorem.

2.4.1 Uhlenbeck’s gauge theorem

Before stating the theorem explicitly, we make some definitions. In what follows, X will be
an n-orbifold, G will be a compact Lie group with Lie algebra g, P → X will be a principal
G-bundle over X, and U will be a subset of X diffeomorphic to B/Γ, where B ⊆ Rn is the
closed unit n-ball and Γ is a finite group acting linearly on B. The connection A that we
refer to will always be Lp1 for some p ∈ (1,∞). We denote the collection of Lp1-connections
by A 1,p, and we denote by G 2,p the collection of Lp2-gauge transformations.

First, given some q ∈ [1,∞] and some connection A on a bundle over a Riemannian
manifold X, we define the q-energy of A to be the (qth power of) the Lq-norm of its
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curvature:
E (A) = ∥FA∥qLq =

∫
X
|FA|qvolX . (2.25)

Over the subset U ∼= B/Γ, on which we can represent a connection by a Γ-equivariant
g-valued 1-form on B, we say that a connection A ∈ Ω1(U, g) is in Coulomb gauge if it
satisfies the following differential equation and boundary condition:

d∗A = 0, (2.26)
∗A|∂U = 0. (2.27)

Additionally, given some q ∈ (1, p] and some C ≥ 0, we say that A is in q-Uhlenbeck gauge
with constant C if it is in Coulomb gauge and satisfies the following inequalities:

∥A∥Lq
1
≤ C∥FA∥Lq ; (2.28)

∥A∥Lp
1
≤ C∥FA∥Lp . (2.29)

The constant C and the regularity q are omitted if they are irrelevant or clear from context,
so the connection A is simply said to be in Uhlenbeck gauge.

With these definitions, the Uhlenbeck gauge theorem for orbifolds is the following:
Theorem 2.36 (Uhlenbeck Gauge Theorem). Let X be a Riemannian n-orbifold and G
a compact Lie group, and equip X with a principal G-bundle P . Let p, q ∈ (1,∞) be real
numbers satisfying the constraints that q ≤ p, q ≥ n/2, and p > n/2, as well as the
constraint that p ≤ nq

n−q if q < n. There exists some ε > 0 and some C > 0 for which the
following holds:

Every point in X has a neighbourhood U such that any Lp1-connection A on P satisfying
E (A|U ) ≤ ε admits an Lp2-gauge transformation u for which u(A) is in q-Uhlenbeck gauge
with constant C.

In essence, the theorem states that we can always locally transform a sufficiently regular
connection into Uhlenbeck gauge over a sufficiently small neighbourhood. To this end, we
will need to prove the special case of this theorem for the model case:
Theorem 2.37 (Uhlenbeck Gauge Theorem, model case). Let B ⊆ Rn be the closed unit
n-ball equipped with a linear action by a finite group Γ, let g be a Lie algebra, and let B× g
be a vector bundle with a lift of the Γ-action given by a representation ρ : Γ → g. Let
p, q ∈ (1,∞) be real numbers satisfying the constraints that q ≤ p, q ≥ n/2, and p > n/2,
as well as the constraint that p ≤ nq

n−q if q < n. There exists some ε > 0, some δ > 0, and
some C > 0 for which the following holds:

If B is equipped with a smooth metric g for which ∥g−1∥L∞
2
≤ δ, then any Γ-equivariant

Lp1-connection A on B × g satisfying E (A) ≤ ε admits a Γ-equivariant Lp2-gauge transfor-
mation u for which u(A) is in q-Uhlenbeck gauge with constant C.

Our proofs of each of these results are essentially direct adaptations of Wehrheim’s proofs
to the case of orbifolds. We will state several results without proof, and notably much of the
proof that the relevant connections are in Uhlenbeck gauge will be omitted.7 Note also that
Wehrheim’s statement is slightly more general and accounts for manifolds-with-boundary.

7From a broad perspective, this is because Wehrheim has already constructed the relevant connections
and shown that they are in Uhlenbeck gauge; our contribution is merely to show that every construction is
also Γ-equivariant, to ensure that they are well-defined under the orbifold quotient.
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In order to prove the model case, we define a modified q-energy E ′ : A 1,p → [0,∞) as
follows:8

E ′(A) = 1
|Γ|

∫
B
|FA|qg dnx (2.30)

where | · |g denotes the norm of a tensor with respect to the metric g and a suitable inner
product on g. Given ε > 0 and C > 0, we define two topological spaces of connections:

Aε = {A ∈ A 1,p(B) : E ′(A) ≤ ε}; (2.31)
Sε,C = {A ∈ Aε : there is some u ∈ G 2,p for which u(A) is in

q-Uhlenbeck gauge with constant C}.
(2.32)

The topology on Aε and Sε,C is inherited from the Lp1-norm on A 1,p. Note that Sε,C is a
nonempty subset of Aε, since the trivial connection is in Uhlenbeck gauge no matter what
q and C are and has zero energy (modified or not). The strategy of the proof is therefore
to show that Aε is connected and that Sε,C is a closed and open subset for some C.

We now break the connectedness argument into three key lemmas.

Lemma 2.38. Aε is connected. That is, any A ∈ Aε can be connected to the trivial
connection by a path which is continuous in the topology inherited from the Lp1-norm.

Proof. Define a path of connections At for t ∈ [0, 1] as follows: for every x ∈ D2,

At(x) = tA(tx). (2.33)

It is clear that A0 = 0 and A1 = A, and moreover, At is clearly of class Lp1 for every t. By
the linearity of the Γ-action on D2, the connections are also all Γ-equivariant. Moreover,
the modified q-energy of At is always bounded above by ε when q ≥ 1: it is fairly easy to
show that FAt(x) = t2FA(tx), meaning the energy of At is bounded above by t2q−nE ′(A),
which in turn is bounded above by E ′(A) < ε since we assumed q ≥ n/2. (It is this point
at which the modification to E is necessary.) This path of connections is continuous; for
the proof of this fact, see [Weh04].

Lemma 2.39. The subset Sε,C is always closed. In more detail, let g be a smooth Γ-
equivariant metric on B and let ε > 0. Let (Ai)i∈N ∈ Aε be a sequence of Γ-equivariant
connections converging to the Γ-equivariant connection A ∈ Aε in the Lp1-topology, and
suppose there exists a sequence of Γ-equivariant Lp2-gauge transformations (ui)i∈N ∈ G 2,p

for which ui(Ai) is in q-Uhlenbeck gauge with constant C. Then there is a Γ-equivariant Lp2
gauge transformation u for which u(A) is also in q-Uhlenbeck gauge with the same constant
C.

Proof. Since each ui(Ai) is in Uhlenbeck gauge, we know that ∥ui(Ai)∥Lp
1
≤ C∥FAi∥Lp .

Moreover, there is a uniform upper bound on ∥FAi∥Lp by the Lp1-convergence of the Ai
(see A.11 in [Weh04]), meaning the ui(Ai) are uniformly bounded as well. By the Banach-
Alaoglu theorem, there is a subsequence of the ui(Ai) which converges weakly to some Lp1

8Note that this is not the same as the energy E defined above; the metric g is being used to take the
pointwise norm of FA, but the Euclidean metric is being used to integrate this norm. Consequently, the
energy E is modulated by an extra factor of

√
det(g) in the integrand. We can nevertheless control the

deviation of g from the Euclidean metric 1 with the parameter δ, so E ′ can be made as close to E as we like
by shrinking δ. As such, we will treat bounds on E and bounds on E ′ as equivalent.
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connection Ã, and by the Sobolev inequalities, this sequence can be chosen to converge in
the L2p-norm. Since weak limits commute with the group action, Ã is Γ-equivariant.

Additionally, there is a subsequence of the gauge transformations ui which converges in
the C0-topology to some Lp2 gauge transformation u, which is also invariant under Γ since
strong limits commute with the group action, with the property that u−1

i dui converges in
the L2p-topology to u−1du. On the other hand, since ui(Ai) = u−1

i Aiui+u−1
i dui, it follows

that ui(Ai) converges in L2p to u−1Au+ u−1du = u(A); since this definitionally converges
to Ã, it follows that Ã = u(A). We have already noted that Ã, u, and A are all Γ-invariant,
and the proof that it is in Uhlenbeck gauge is clearly independent of this fact; we thus refer
to [Weh04] for the remainder of the proof.

Lemma 2.40. The constants ε, δ and C can be chosen such that the subset Sε,C ⊆ Aε

is open. In more detail, there exists some ε > 0, some δ > 0, and some C > 0 satisfying
the following: if ∥g − 1∥L∞

2
< δ then, given any A0 ∈ Aε which is Lp2-gauge equivalent to a

connection in q-Uhlenbeck gauge with constant C, there is an open neighbourhood of A0 in
Aε consisting of connections which permit Lp2 gauge transformations under which they are
also in Uhlenbeck gauge.

Proof. The idea behind the proof is to use the implicit function theorem to find a neigh-
bourhood of A0 which can be transformed into the Coulomb gauge, and then refine this
neighbourhood so that its elements also satisfies the curvature bound for the Uhlenbeck
gauge. We henceforth redefine A0 so that it is already in q-Uhlenbeck gauge with constant
C.

In order to use the implicit function theorem, we will introduce three new Banach spaces.
Firstly, Lp2(B, g)m is the collection of Γ-equivariant Lp2 functions v : B → g subject to the
condition that

∫
B v = 0. Secondly, Lp1(B, g)∂ is the quotient space of Lp1(B, g), the space of

Γ-equivariant functions φ : B → g, by the closed subspace consisting of functions vanishing
on ∂B. Thirdly, Z is defined as follows:

Z = {(f, φ) ∈ Lp(B, g)× Lp1(B, g)∂ :
∫
B
f +

∫
∂B
φ = 0}. (2.34)

We now define the map on which the implicit function theorem will be used: it is the map
D : A 1,p(B) × Lp2(B, g)m → Z defined by taking the pair (A, v) to the pair (d∗(exp(v) ·
A), ∗(exp(v) ·A)|∂B). Note that D−1(0) corresponds to connections and gauge transforma-
tions satisfying the Coulomb gauge, and (A0, 0) is necessarily in this set.

In order to apply the implicit function theorem around this point we need to linearise
D with respect to the second coordinate v, and then show that this linearisation is an
isomorphism. The linearisation of the gauge group action A 7→ ev · A with respect to v is
given as follows:

G(A, v)(ξ) = dξ + de−vAd(d−ve−ξ)A, (2.35)

where ξ : B → g is an arbitrary Lp2 map and dp denotes the derivative at p. By the linearity
of the Hodge star and the codifferential, we see that the linearisation of D is simply given
by

∂2D(A,v)(ξ) = (d∗G(A,v)(ξ), ∗G(A,v)(ξ)|∂B). (2.36)

Specifically, at the point (A0, 0), the linearisation of the gauge group action simplifies to
dξ − ad−ξ(A0). Through algebraic manipulations, as well as the defining properties of the
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Uhlenbeck gauge for A0, we find that the linearisation of D simplifies to the following:

∂2D(A0,0)(ξ) =
(
∆ξ, ∂ξ

∂ν

)
+ (∗[dξ ∧ ∗A0], 0), (2.37)

where ∆ is the Laplacian induced by the metric g, ∂
∂ν denotes the normal derivative on ∂B,

and [A ∧ B] denotes the wedge product combined with the Lie bracket. We therefore set
out to prove that this sum of maps is an isomorphism.

As noted in [Weh04], the first map is simply the operator of the inhomogeneous Neu-
mann problem, and it is shown that this problem always has solutions which are uniquely
determined when an additive constant is chosen (this was done in effect when we restricted
the elements of Lp1(B, g)m to average to zero over B). Additionally, it was shown that
the inverse of this operator is continuous as well. Though all of these results are obtained
without considering Γ-equivariance, it is a simple matter to add this element to the picture:
since the Neumann operator is linear and Γ acts linearly, a solution to the Neumann prob-
lem with Γ-equivariant sources must also be Γ-equivariant. (If u is a solution to the system
∆u = f where fΓ = f , for instance, then f = fΓ = (∆u)Γ = ∆(uΓ), meaning uγ is another
solution for any γ ∈ Γ; but solutions are uniquely determined up to additive constants,
meaning uγ = u.)

In order to prove that the added term does not change the fact that the map is an
isomorphism, the following lemma from functional analysis is used: if T, S ∈ B(X,Y )
are bounded linear operators between Banach spaces for which T is bijective and ∥S∥ <
1/∥T−1∥, then T + S is also bijective. Thus, the remaining operator is bounded above
by 1/2∥T−1∥ by shrinking the deviation of g from the usual metric on B. With this, we
conclude that the linearisation ∂2D(A0,0) is an isomorphism; it follows that there is some
∆ > 0 for which every connection A ∈ Aε within ∆ of A0 is gauge equivalent to a connection
in the Coulomb gauge, with gauge transformations given by corresponding elements of an
open neighbourhood of 0 ∈ Lp2(B, g)m.

To complete the proof, it is shown via functional-analytic estimates that all of these
connections immediately satisfy the curvature bound for some C when ε and ∆ are chosen
small enough. For details, see [Weh04]. (Note that it is this step at which C and ε must be
chosen; everything preceding this point holds for any value of C and ε.)

Proof of Theorem 2.37. As we have shown above, Sε,C is a nonempty closed and open
subset of Aε for some choice of ε and C. It follows that Sε,C = Aε, so by the definition
of Sε,C and Aε, every connection with low enough energy is Lp2-gauge equivalent to a
connection in q-Uhlenbeck gauge with constant C.

From the model case, it can be shown that the general case holds via a rescaling argu-
ment.

Proof of Theorem 2.36. Any given point in a Riemannian orbifold admits normal coordi-
nates, which is to say a chart ψ : tB → X for some t ∈ (0, 1] which satisfies ψ∗g(0) = 1
(the diagonal Euclidean metric) and ∇(ψ∗g)(0) = 0. Since g is assumed smooth, it follows
that by making t small enough, we can make ∥ψ∗g − 1∥L∞

1
arbitrarily small. In order to

apply the theorem above to ψ, its domain would need to be all of B; modifying ψ to the
map ψt : B → X defined so that ψt(z) = ψ(tz) allows for this, but ψ∗

t g is no longer close
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to 1 around 0. However, the rescaled metric t−2ψ∗
t g is close to 1 around 0. Additionally,

its derivatives are all zero, and its second derivatives can be computed to be t2∇2(ψ∗g),
which can be made arbitrarily small by shrinking t and noting that g is smooth. Thus, we
conclude that ∥t−2ψ∗

t g − 1∥L∞
2

can also be made arbitrarily small.
The conclusion of the preceding paragraph is that we may apply Theorem 2.37 to B

equipped with the rescaled metric gt := t−2ψ∗
t g for small enough t. In more detail, this

means the following: given p, q ∈ (1,∞) satisfying the relevant constraints, there is some
ε > 0 and some C > 0 such that any Lp1-connection A satisfying Egt(A) < ε admits an
Lp2-gauge transformation u taking A to a connection in q-Uhlenbeck gauge with constant
C, with respect to the rescaled metric gt. The remainder of the proof is in showing that we
can take gt to be simply g in this statement. This consists of two parts:

• In the general case, we start with a connection A on P for which Eg(A|U ) ≤ ε; we
need to show that this implies that Egt(A|U ) < ε. We do this by rescaling a general
metric h by t2 and observing the effect on the energy:

Et2h(A) =
1
|Γ|

∫
B
(t−2hikt−2hjℓ(FA)ij(FA)kℓ)q/2

√
t2ndet(h)dnx = tn−2qEh(A). (2.38)

In our case, the metric h plays the role of gt. If we assume that Et2h(A) < ε, therefore,
this implies that Eh(A) < t2q−nε; however, since we assumed q ≥ n/2 and t ≤ 1, it
follows that Eh(A) < ε as well. This completes the first part of the proof.

• Now that we have shown that A permits a gauge transformation u for which u(A) is in
Uhlenbeck gauge with respect to gt, we need to show that u(A) is also in Uhlenbeck
gauge with respect to g. The Coulomb gauge conditions both depend only on the
metric in the form of the Hodge star, which is conformally invariant, and the rescal-
ing of g is a conformal transformation; thus, u(A) also satisfies the Coulomb gauge
condition with respect to g. For the extra bounding conditions, it can be shown by
expanding out the relevant norms into integrals and rescaling the metric wherever it
appears that the following equations hold:

(∥A∥t2h,Lp)p = tn−p(∥A∥h,Lp)p; (2.39)
(∥FA∥t2h,Lp)p = tn−2p(∥FA∥h,Lp)p. (2.40)

Using the assumptions that p ≥ n/2 and t < 1, it follows that the inequalities are
preserved. Thus, u(A) is also in Uhlenbeck gauge with respect to g, which completes
the proof.

2.4.2 Uhlenbeck compactness

We now turn attention to Uhlenbeck’s weak compactness theorem, and we will use the
gauge theorem to assist in the proof. We restate the theorem as it will be proved:

Theorem 2.41. Let G be a compact Lie group, and let P → X be a principal G-bundle over
an n-orbifold X. Let (Aν)ν∈N ∈ A 1,p(P ) be a sequence of connections for which ∥FAν∥Lp

is uniformly bounded, and for which p > n/2. Then there exists some subsequence of
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connections, also denoted by Aν , and a sequence of Lp2 gauge transformations (uν)ν∈N ∈ G 2,p

for which uν(Aν) converge weakly9 in A1,p.

In proving this theorem, the extent to which the Uhlenbeck gauge theorem is used is
rather limited; we only need the part of the theorem pertaining to the curvature bound. We
will also need a technical lemma which allows us to patch together gauge transformations on
open covers of the orbifold in a way that retains the curvature bound. Before this lemma is
proved, we need a result from Lie theory which is also used in [Weh04], and which is proved
in [GHL90].

Lemma 2.42. Let G be a compact Lie group with Lie algebra g, and equip G with a left-
invariant metric d. Then there is some convex geodesic ball around the identity in G. That
is, there is some real number ∆exp > 0 satisfying the following two properties:

• The map exp : g→ G induces a bijection between the balls of radius ∆exp around the
origin in g and the identity in G.

• The ball of radius ∆exp around the identity in G contains unique minimal geodesics,
meaning any two points in this ball can be joined by a unique geodesic whose image
lies entirely within the ball and whose length is minimal among paths joining the two
points.

Lemma 2.43. Let X be a compact n-orbifold and let p > n/2. Let G be a compact Lie
group with Lie algebra g, fix a left-invariant metric d on G, and let ∆exp be the radius of a
convex geodesic ball in G. Fix a finite atlas {(Ũα,Γα, ϕα)}1≤α≤N on X for which each Uα
has compact closure in X. For each α define a homomorphism ρα : Γα → G, and extend
the action of Γα from Ũα to Ũα ×G by taking γ · (x, g) = (γ · x, ρα(γ)g).

Then there exists another atlas {(Ṽα,Γα, ϕα)}1≤α≤N for which Vα ⊆ Uα, such that the
following holds:

(i) Let k ∈ N, and for every inclusion Uα ↪→ Uβ, let gαβ, hαβ : Ũα → G be systems of
Lpk+1 transition functions for a principal G-bundle on X. If

sup
x∈Uα

d(gαβ(x), hαβ(x)) ≤ ∆exp (2.41)

for every chart inclusion Uα ↪→ Uβ, then there exist Lpk+1 local gauge transformations
hα : Ṽα → G satisfying the following condition on Vα:

h−1
α hαβhβ = gαβ. (2.42)

(ii) Let the hαβ in (i) run through a sequence hναβ of sets of transition functions such that
gαβ, h

ν
αβ are of class Lpk+1 for all k < K, where K ≥ 2 is an integer or ∞. Assume

that for every α, β and every k < K the sequence of 1-forms (hναβ)−1dhναβ is uniformly
bounded in Lpk. Then the gauge transformations hνα in (i) can be chosen so that, for
every α and k < K, the sequence of 1-forms (hνα)−1dhνα is uniformly bounded in Lpk.

9By weak convergence we mean here that if a reference connection A0 is chosen, the sequence of g-valued
1-forms uν(Aν)−A0 ∈ Ω1(X, g)Lp

1
converges weakly; this in turn means that there is some g-valued 1-form

α for which ϕ(uν(Aν)−A0) converges to ϕ(α) for every continuous linear functional ϕ on Ω1(X, g)Lp
1
.
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Remark. In light of the fibre bundle construction lemma, this lemma can be interpreted
as follows: if a sequence of systems of gauge transformations of a principal G-bundle are
sufficiently close together then they are all equivalent, and if they are uniformly bounded
then the equivalences are also uniformly bounded. We will use this lemma to glue local gauge
transformations together uniformly: over a bundle with transition functions φαβ, a gluing
of the local gauge transformations gα is the same thing as an equivalence φαβ ∼ g−1

α φαβgβ.

Proof. The idea of the proof is to construct the hα inductively as follows. If the chart Uα
does not overlap with any previous charts Uβ on which hβ has already been defined, then
hα is taken to be the identity gauge transformation. However, if any Uβ does overlap, hα is
defined on Uα ∩ Uβ to be whatever makes the equation h−1

β hβαhα = gβα true (namely the
gauge transformation h−1

βαhβgβα). On the rest of Uα, it is smoothly transformed into the
identity using a cutoff function; in order for this to be possible, the hα need to be sufficiently
close to the identity that they can be written in terms of the exponential map.

We begin the proof by reusing the notation and some of the restrictions for the bundle
atlas that were used in Lemmas 2.27 and 2.28. In particular, given some δ > 0, we define
the set U δα = {p ∈ Uα : dX(p, ∂Uα) > δ}, where dX is a metric corresponding to a
Riemannian metric on X. We then reorder the atlas so that the following holds: if U (j+1)δ

j+1

and ∪α≤jU (j+1)δ
α overlap, and if Uβ is another orbifold chart which embeds into Uj+1, then

β ≤ j. Since transition functions on orbifolds only make sense when one chart is embedded
into the other, this effectively means α ≤ β must hold in order for gαβ to be defined. We will
eventually define the Vα in the statement of the theorem to be Unδα , where δ is sufficiently
small that this collection of open sets still covers X.

We now begin the inductive construction of the hα. At the jth stage, we will obtain
a collection of local gauge transformations hα ∈ G k+1,p(U jδα ) which give an equivalence
between the transition functions gαβ and hαβ, and which additionally satisfy the following
constraint for every α ≤ j and every β ≥ j + 1:

d(h−1
αβhαgαβ, eG) ≤ ∆exp. (2.43)

• The local gauge transformation h1 : Ũ δ1 → G is defined simply to be the identity
gauge transformation (which is clearly Γ1-equivariant). Since g11 = h11 = eG, any
choice for h1 would have constituted an equivalence between the two. Additionally
d(h−1

1β g1β, eG) ≤ ∆exp for all β, by the G-invariance of the metric and by the assump-
tions on gαβ and hαβ.

• Suppose there exist Lpk+1 gauge transformations hα : Ũ (j−1)δ
α → G for every α ≤ j− 1

such that h−1
α hαβhβ = gαβ whenever Uα ↪→ Uβ, and additionally Equation 2.43 holds.

We wish to construct an Lpk+1 gauge transformation hj : Ũ jδj → G which maintains
these properties. To do this, first note that we have ordered the Uα so that Uj cannot
embed into any of the Uα for α ≤ j − 1, so it suffices to ensure that h−1

α hαjhj = gαj
on U jδα for the case that α ≤ j− 1 (we do not need to consider α = j), or equivalently
that hj = h−1

αj hαgαj .
First, we must check that this condition is consistent for any embedding Uα ↪→ Uj . If
Uβ ↪→ Uj is another embedding which overlaps Uα, then we may assume without loss
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of generality that Uβ ↪→ Uα; it follows from the cocycle condition and the inductive
hypothesis that

h−1
βj hβgβj = (h−1

βαhβj)
−1h−1

βαhαgβα(g
−1
βαgβj) = h−1

αj hβgαj , (2.44)

so the two definitions are consistent. Now, in the induction, the requirement that
h−1
αβhαgαβ is sufficiently close to the identity of G for α ≤ j < β implies that we can

write it in terms of the exponential map: there is some Γα-equivariant map (ξj)α :
Ũ jδα → g for which h−1

αj hαgαβ = exp(ξj). Now that we have this local representation
of hj on Uα ∩ Uj , we smoothly connect it to the identity on the rest of Uj as follows.
There is a smooth Γj-invariant map ψj : Ũ jδj → [0, 1] which is 1 on Ũ jδj ∩ (∪α≤j−1Ũ

jδ
α )

and 0 on Ũ jδj \(∪α≤j−1Ũ
(j−1)δ
α ). We define hj : Ũ jδj → G to be the following:

hj =
{
exp(ψj(ξj)α) on Ũ jδj ∩ Ũ

jδ
α

eG otherwise.
(2.45)

Since the (ξj)α match each other on overlaps and ψj tends to zero away from overlaps,
hj is well-defined and continuous. In fact, we use the same definition for part (ii) of
the theorem: given transition functions hναβ we define hνα to be exp(ψj(ξνj )α), where
(ξνj )α is defined to be exp−1((hναj)−1hναgαβ).

To complete the induction, we need to verify that the functions h−1
jβ hjgjβ are close to

the identity for any Uj ↪→ Uβ. Around any point not in U
(j−1)δ
α for α ≤ j − 1, the

function hj is the identity; thus, d(h−1
jβ hjgjβ, eG) = d(hjβ, gjβ) ≤ ∆exp. Otherwise,

there is a chart Uα ↪→ Uj containing any given point, so we may use the cocycle
condition and the inductive hypothesis:

d(h−1
jβ hjgjβ, eG) = d((hαjhjβ)−1hαjhjg

−1
αj gαjgjβ, eG)

= d(h−1
αβhαgαβ, eG) ≤ ∆exp.

This process is carried out for every hναβ, meaning we complete the induction with a series
of equivalences hνα.

Now that the equivalences hνα have been defined, it remains to verify the regularity and
uniform boundedness conditions for the relevant maps. For these purposes, we will be using
several technical lemmas in the theory of Sobolev connections and gauge transformations;
refer to the Appendix for discussion of these lemmas.

We begin by proving that each hα is Lpk+1 by induction on α. The base case is obvious as
h1 is constant, so assume that hα is Lpk+1 for α < j. Then, since gauge group multiplication
is well-defined for Lpk+1, we know that each h−1

αβhαgαβ is also Lpk+1; the exponential map
gives a local bijective correspondence between Lpk+1 functions, meaning (ξj)α is also Lpk+1.
By the smoothness of ψj the map ψj(ξj)α is Lpk+1, and therefore hj := exp(ψj(ξj)α) is Lpk+1.
This proves the inductive hypothesis, so hα is Lpk+1.

We now find uniform bounds for ∥(hνα)−1dhνα∥Lp
k
over ν by induction on α. Once again,

the base case is obvious, so assume that ∥(hνα)−1dhνα∥Lp
k
is uniformly bounded over ν for all

α < j. We will find the required uniform bounds by first finding bounds on (ξα)νj , and in
turn on exp(−(ξα)νj )d exp((ξα)νj ).
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To find bounds on the logarithmic derivative of exp((ξα)νj ), observe that it is equal
to (hναj)−1hναgαj ; by Lemma A.14, it suffices to find uniform bounds on ∥(hναj)−1dhναj∥Lp

k
,

∥(hνα)−1dhνα∥Lp
k
, and ∥(gναj)−1dgαj∥Lp

k
. But the first of these has uniform bounds by as-

sumption, the second has uniform bounds by the inductive hypothesis, and the third does
not depend on ν. It follows that exp(−(ξα)νj )d exp((ξα)νj ) is uniformly bounded in Lpk, and
by Lemma A.4, this is equivalent to a uniform bound on (ξα)νj in Lpk+1. Multiplying by the
smooth function ψj and using Lemma A.4, we get a uniform bound on (hνj )−1dhνj in Lpk,
proving the inductive hypothesis.

Proof of Theorem 2.41. Choose q ∈ (1, p) such that q ≥ n/2 and q ≥ pn/(p + n), so that
Theorem 2.36 holds with the Lq-energy E . Let C > 0 and ε > 0 be the constants from the
theorem (C being the bounding constant for the Lp1-norm of the connection and ε being
the maximum energy of a suitable connection). Over a small trivialising chart U for the
principal bundle P → X, the q-energy of the connection Aν restricted to U is given as
follows:

E (Aν |U ) =
∫
U
|FAν |qvolU ≤ (Vol(U))1−q/p∥FAν∥qLp , (2.46)

where we have applied Hölder’s inequality in the last step. Since the Lp-norm of the
curvature is uniformly bounded, the q-energy of the connections over U can be made smaller
than ε as long as U is made small enough.

By Uhlenbeck’s gauge theorem for orbifolds and the compactness of X, there is a finite
open covering of X over which P is trivial and each connection can be put into Uhlenbeck
gauge; we may assume without loss of generality that this covering can be refined to form an
atlas {(Ũα,Γα, ϕα)}1≤α≤N over X. Note that, over a trivialising open set Uα, the connection
Aν can be represented by an Γα-equivariant g-valued 1-form Aνα of class Lp1 on Ũα ⊆ Rn.
We denote by uνα : Ũα → G the local gauge transformations given by the Uhlenbeck gauge
theorem, so that

∥uνα(Aνα)∥Lp
1
≤ C∥FAν

α
∥Lp

2
; (2.47)

note that the uνα are Lp2 and are Γα-equivariant. It follows that ∥uνα(Aνα)∥Lp
1
is uniformly

bounded over ν for every α. If the gauge transformations uνα matched on overlaps then we
could use the Banach-Alaoglu theorem to construct a convergent subsequence; thus, the
remainder of the proof is devoted to patching together the gauge transformations while
maintaining the uniform Lp1 bound.

For each embedding Uα ↪→ Uβ, let φαβ : Ũα × G → Ũβ × G be the Γα-equivariant
transition function for P , and denote by uναβ : Ũα → G the following map:

uναβ = (uνα)−1φαβu
ν
β. (2.48)

Note that this sequence of systems of functions satisfy the cocycle condition, meaning they
constitute transition functions, and additionally note that an equivalence uναβ ∼ φαβ gives
a patching of the uνα together.

We will use the Lemma above to construct a series of equivalences, but in order to
do so, we need to ensure that the uναβ are sufficiently close together in G. Observe that
uναβ(uνα(Aνα)) = uνβ(Aνβ), and both uνα(Aνα) and uνβ(Aνβ) are uniformly bounded in Lp1 by
definition. By Lemma A.13, the sequence (uναβ)−1duναβ is uniformly bounded in Lp1 and it
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has a C0-convergent subsequence. In particular, it follows that every gauge transformation
in this subsequence is eventually within ∆exp of every other gauge transformation. We
therefore relabel the sequence in the following way: we define gα = u1α and gαβ = u1αβ, and
we ensure that d(uναβ, gαβ) ≤ ∆exp for every α, β and every ν ∈ N.

As a result, by taking uναβ to be the hναβ in the above theorem (with K = 2), we get a
series of equivalences hνα between uναβ and gαβ whose logarithmic derivatives are uniformly
bounded in Lp1. By multiplying each hνα by g−1

α , we get the following equivalence:

(hναg−1
α )−1uναβh

ν
αg

−1
α = φαβ. (2.49)

It follows that the local gauge transformations defined by ũνα := uναh
ν
αg

−1
α glue together to

give a global gauge transformation.
We now prove that ũνα(Aνα) is bounded in Lp1 over every Uα. The key observation is that

Lemma A.11 gives uniform Lp1 bounds on u(A) so long as u−1du and A are both uniformly
bounded in Lp1, meaning we need only find uniform Lp1 bounds on the following quantities:

• uνα(Aνα) is uniformly bounded by assumption, as uνα is the Uhlenbeck gauge.

• (hνα)−1dhνα is uniformly bounded by the Lemma above.

• g−1
α dgα is uniformly bounded as it does not depend on ν.

We conclude that ũνα(Aνα) is bounded in Lp1. By the Banach-Alaoglu theorem, it has an Lp1
weakly convergent subsequence over every α; by induction, this can be made into a weakly
convergent subsequence for all α. Once these are patched together, we obtain a single Lp1
convergent subsequence ũν(Aν).
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Chapter 3

Seiberg-Witten Theory

In this chapter, we at last turn attention to Seiberg-Witten theory. The Seiberg-Witten
equations of interest in this thesis are the 3-manifold versions; however, their original form
was defined on 4-manifolds, and the solutions to the 4-manifold equations on cylinders are
of great importance in assigning invariants to 3-manifolds. As such, we devote time to both
dimensions 3 and 4 throughout the chapter.

In contrast to the vortex equations, whose parameters consisted simply of a section and
unitary connection on a complex line bundle, the definition of the configuration space of
the Seiberg-Witten equations requires considerable algebraic machinery. Thus, the first two
sections provide an exposition of the requisite algebra and geometry. In particular, the
first section covers the complexified spin group and Clifford algebras, and the next section
explores their parametrised versions as Spinc-structures and spinor bundles. After these
sections, the Seiberg-Witten equations are defined on 3-manifolds and 4-manifolds, and the
interpretation of the 3-manifold equations in terms of the Chern-Simons-Dirac functional
is discussed. The 4-manifold equations are related to the Chern-Simons-Dirac functional in
the final section of the chapter, in the special case that the 4-manifold is a cylinder Y × R
over a 3-manifold.

We do not discuss equivariant generalisations in this chapter. However, from Section 3.2
onwards, it is possible to define a Λ-equivariant analogue for every geometric object in the
usual way. An equivariant Spinc-structure over a Λ-equivariant 3-manifold, for instance,
is a Λ-equivariant principal Spinc(3)-bundle together with a Λ-equivariant projection onto
the frame bundle. These equivariant generalisations will be used in Chapter 4, but we will
generally assume that the equivariant version of a geometric object can be intuited based
on the approach in Section 2.1.

Due to the wealth of sign and scaling choices involved in the development of Spinc-
geometry and the Seiberg-Witten equations, Appendix B compiles convention differences
across the literature and the choices we have made in this exposition.

3.1 Algebraic Preliminaries

Contrary to the vortex equations with structure group U(1), the structure group of Seiberg-
Witten theory is the complexified spin group. We therefore devote a section to the funda-
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mental properties of this group. For a more detailed study of Clifford algebras and spin
groups, refer to [Gar11], [Wer19], and [LM89].

3.1.1 Spin groups

The spin groups are usually defined via Clifford algebras:

Definition 3.1. Let (V, g) be a quadratic space over a field K. The Clifford algebra of
(V, g) is the associative unital algebra generated by V subject to the relations v2 = −g(v, v)
for all v ∈ V . We denote this algebra by Cl(V, g). If V is an R-vector space, the Clifford
algebra over the complexification of V is denoted by Clc(V, g), and is called the complexified
Clifford algebra; note that Clc(V, g) ∼= Cl(V, g)⊗ C.

Remark. Another common convention is to enforce the relation v2 = +g(v, v) instead, which
results in sign differences between sources. However, the literature on Seiberg-Witten theory
generally uses the negative sign convention.

In our setting, g will always be an inner product, and where there is no ambiguity we will
simply denote the Clifford algebra by Cl(V ). A g-orthonormal basis for V will generically
be denoted by {ei}; note that eiei = −1 for all i and eiej = −ejei for i ̸= j.

Definition 3.2. Let V be a real n-dimensional vector space with an inner product g. The
spin group Spin(n) is defined to be the subset of Cl(V, g) which can be written in the form
±v1 · · · v2k, where each vi has length 1 (and k is allowed to be zero). This forms a group
under the Clifford product, with inverses given by taking v1 · · · v2k 7→ v2k · · · v1.

There is a natural representation of the spin group on V given by conjugation: an
element γ ∈ Spin(n) acts on a vector x ∈ V by taking x 7→ γxγ−1 (it is a straightforward
exercise to show that γxγ−1 ∈ V ). Moreover, for any unit vector v ∈ V , the map x 7→ −vxv
is a reflection across the ray Rv. Since the action of any γ ∈ Spin(n) is a composition of
these transformations, and since these reflections generate O(n) under composition (see
[Gar11]), it follows that the representation of Spin(n) in GL(n) covers SO(n). It happens
that this is always a double covering:

Proposition 3.3. The map Spin(n)→ SO(n) defined by the conjugation action of Spin(n)
on Rn is a smooth double covering.

Proof. Refer to [Wer19].

A standard theorem of algebraic topology is that π1(SO(n)) = Z2 for n ≥ 3 (see [Ark11]),
meaning Spin(n) is even the universal cover of SO(n) for n ≥ 3 (note that Spin(n) is
connected for n ≥ 2).

It also follows from this proposition that Spin(n) is a Lie group, whose Lie algebra is
isomorphic to that of SO(n). We will occasionally need to make use of the isomorphism
between these two Lie algebras, so we state the explicit correspondence here. We identify
son with the Lie algebra of skew-symmetric matrices (with the commutator bracket), and
in turn we identify this with Λ2Rn by the linear isomorphism ei ∧ ej 7→ Eji −Eij ; here Eij
is the elementary matrix with nonzero entry at position (i, j).
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Proposition 3.4. The Lie algebra spinn, interpreted as the tangent space at 1 ∈ Spin(n),
can be identified with the subspace of Cl(Rn) spanned by {eiej}1≤i<j≤n with the commutator
bracket. This space, in turn, can be identified with Λ2Rn via the Lie algebra isomorphism
eiej 7→ 2(ei ∧ ej).

Proof. The following proof is adapted from [Wer19]. Observe that the map γ : R→ Cl(Rn)
defined by taking γ(t) = cos(t) + sin(t)eiej is valued in Spin(n), since it can be written as
−(cos(t/2)ei + sin(t/2)ej)(cos(t/2)ei − sin(t/2)ej). Moreover, we have that γ(0) = 1 and
γ′(0) = eiej , meaning eiej ∈ spinn for each i, j. Moreover, since there are n(n−1)/2 choices
for 1 ≤ i < j ≤ n, and since dim(Spin(n)) = dim(SO(n)) = n(n−1)/2, these elements span
the Lie algebra. Also, since Spin(n) is a Lie subgroup of the group of units of Cl(Rn), their
Lie brackets coincide. This proves the first correspondence.

Let ρ : Spin(n) → SO(n) denote the conjugation action; given some eiej ∈ spinn, we
compute the corresponding element of son by computing ρ∗0 applied to γ′(0). We do this
using the map ρ ◦ γ : R→ SO(n); computing this explicitly on some x ∈ Rn, we find that

(ρ ◦ γ)(t) · x = γ(t)xγ(t)−1

= (cos(t) + sin(t)eiej)x(cos(t)− sin(t)eiej)
= cos2(t)x+ cos(t) sin(t)(eiejx− xeiej)− sin2(t)eiejxeiej .

Differentiating this at t = 0, we obtain a tangent vector in son (applied to x):

(ρ ◦ γ)′(0) · x = eiejx− xeiej . (3.1)

The matrix representation of this endomorphism in the {ei} basis is given by 2(Eji −Eij),
which corresponds to the bivector 2(ei∧ej) under the standard identification with Λ2Rn.

Remark. Given two vectors v, w ∈ Rn and a metric on Rn inducing an isomorphism with
(Rn)∗, we can define an endomorphism v ∧ w ∈ End(Rn) given by v ∧ w = vw∗ − wv∗.
(Note that the matrix representation of eiej−ejei is Eji−Eij , so the two interpretations of
ei∧ ej are consistent.) This is another way to describe the correspondence between son and
Λ2Rn. We also find that [v, w] ∈ spinn, since all grade-zero components of vw are cancelled
by those of wv. Under ρ∗0, we find that [v, w] is mapped to the following:

ρ∗0([v, w]) = ρ∗0

∑
i,j

viwj [ei, ej ]


=
∑
i,j

viwjρ∗0(2eiej)

=
∑
i,j

4viwj(ei ∧ ej) = 4(v ∧ w).

In other words, we find that the Lie algebra element v ∧ w ∈ Λ2Rn ∼= son corresponds to
1
4 [v, w] ∈ spinn.

3.1.2 Spinc groups

The Seiberg-Witten equations make use of the complex analogue of the spin groups.
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Definition 3.5. Let V be a real n-dimensional vector space with an inner product g.
The complexified Spin group Spinc(n) is defined to be the subset of Clc(V, g) generated by
Spin(n) ⊗ 1 and U(1); that is, the group consists of all elements of the form eiθv1 · · · v2k
where each vi ∈ V has unit length.

Though every element of Spinc(n) is a product of elements of Spin(n) and U(1), the group
Spinc(n) itself is not the direct product Spin(n)× U(1); observe that eiθγ = (−eiθ)(−γ) ∈
Spinc(n). Instead, the complexified group has a fibred product structure: it is given by

Spinc(n) ∼= Spin(n)×Z2 U(1) := (Spin(n)×U(1))/Z2, (3.2)

where Z2 acts on each factor by negation. We will often denote elements of Spinc(n) by
pairs (γ, eiθ), with the understanding that they are equivalent to (−γ,−eiθ).

Nevertheless, we do get natural inclusions Spin(n) ↪→ Spinc(n) and U(1) ↪→ Spinc(n) by
taking γ 7→ (γ, 1) and eiθ 7→ (1, eiθ) respectively. The image of each inclusion is normal in
Spinc(n), and the quotient groups are naturally modulated by the Z2 action:

Spinc(n)/U(1) ∼= Spin(n)/Z2 ∼= SO(n), (3.3)
Spinc(n)/Spin(n) ∼= U(1)/Z2 ∼= U(1). (3.4)

We therefore have the following exact sequences:

1 Spin(n) Spinc(n) U(1) 1

1 U(1) Spinc(n) SO(n) 1

qU

qSO

Remark. The quotient map qU : Spinc(n)→ U(1) can be described explicitly as follows:

qU(γ, eiθ) = ei(2θ). (3.5)

This factor of 2 has subtle implications for Seiberg-Witten theory. In particular, when we
“break up” Spinc(n) into a spin piece and a U(1) piece, we will often find that the gauge
theory of Spinc(n) differs by a factor of 2 from U(1) gauge theory.

Combining the quotient maps, we obtain the following exact sequence:

0 Z2 Spinc(n) SO(n)×U(1) 1(qSO,qU)

It follows that Spinc(n) is a double covering of SO(n) × U(1). We once again obtain an
isomorphism of Lie algebras, but in this instance it is between spinc(n) and son ⊕ u1; the
exact form of this isomorphism is the content of the following proposition:

Proposition 3.6. The Lie algebra spinc(n), interpreted as the tangent space at the identity
in Spinc(n), can be identified with the (real) subspace of Clc(Rn) spanned by {eiej}1≤i<j≤n
and the grade-zero element i. This space, in turn, can be identified with son ⊕ iR via the
Lie algebra isomorphism a : spinc(n)→ son ⊕ iR defined on generators as follows:

a(eiej) = 2(ei ∧ ej),
a(i) = 2i.

(3.6)
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Proof. Since Spin(n) is a subgroup of Spinc(n), the non-complex generators can be found via
the exact same argument as in Proposition 3.4. To find the generator of the U(1) action, we
consider the path γ : R → Spinc(n) given by γ(t) = eit; this clearly has derivative i. Since
these generators are all linearly independent and exhaust the dimension of SO(n) × U(1),
we have the first correspondence.

For the second, we clearly still have that the spinn Lie subalgebra of spinc(n) corre-
sponds to Λ2Rn. Thus, we need only consider the induced Lie algebra isomorphism from
its complement to u1 by the map qU. On the other hand, differentiation of qU shows that
this map is simply multiplication by 2.

3.1.3 Representations of Clifford algebras

We now turn our attention to the representations of Clifford algebras. We will only consider
Clifford algebras over R3 and R4 with a positive-definite inner product from this point forth,
since the Seiberg-Witten equations are generally only considered on 3- and 4-manifolds.
Additionally, we restrict attention to irreducible representations. (In algebra, these are
often called simple Clifford modules.)

The Clifford algebras Clc(R3) and Clc(R4) have concrete characterisations in terms of
the Pauli matrices, which are defined as follows:

σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (3.7)

Proposition 3.7. The complexified Clifford algebra of R3 can be identified (as an ungraded
algebra) with M2(C)⊕M2(C) via the map ej 7→ (iσj ,−iσj), where σj is the j-th Pauli ma-
trix. Additionally, the complexified Clifford algebra of R4 can be identified (as an ungraded
algebra) with M4(C) via the following map:

e0 7→
(
0 −I2
I2 0

)
,

ej 7→
(

0 iσj
iσj 0

)
.

(3.8)

These representations will be referred to as the chiral representations.

To identify the irreducible representations, we use the following theorem (see [Lan12]):
Theorem 3.8. Let F be a field, and let n ∈ N. The matrix algebra Mn(F) of n × n
matrices with coefficients in F has a unique irreducible representation (up to isomorphism),
and it is given by the action on Fn by matrix multiplication. Additionally, a direct sum of
matrix algebras A =Mn1(F)⊕ · · · ⊕Mnk(F) has precisely k irreducible representations (up
to isomorphism), with the j-th irreducible representation given by taking (B1, . . . , Bk) ∈ A
to Bj ∈Mnj (F) and acting on Fnj .

As a corollary, we find that (up to isomorphism) there are two irreducible representations
of Clc(R3), and one of Clc(R4). We denote these representations by

ρ±3 : Clc(R3)→ End(∆±
3 ); (3.9)

ρ4 : Clc(R4)→ End(∆4), (3.10)
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where ∆3 ∼= C2 and ∆4 ∼= C4 as complex vector spaces. In terms of the chiral repre-
sentations, the representations of Clc(R3) correspond to the maps ej 7→ ±iσj , and the
representation of Clc(R4) is simply given by Equation 3.8. Note also that each of these
representations are skew-Hermitian and trace-free when restricted to R3 or R4, so we will
always assume that ρ±3 |R3 and ρ4|R4 are valued in su(∆±

3 ) and su(∆4) respectively.

Remark. For now, we will write every representation with subscripts and superscripts to
distinguish between them. However, we will eventually drop this convention, and the default
meaning of ρ will be ρ+3 , i.e., the representation of Clc(R3) taking ej 7→ iej . Additionally,
because Rn ⊆ Clc(Rn) is a generating set, we will often abuse notation and denote this
representation by ρ : Rn → su(∆) (and simply assume the Clifford relation is satisfied).

In the three-dimensional case, there is a coordinate-free way to distinguish the two
representations. Specifically, consider the volume element vol3 = e1e2e3 of R3: if ej 7→ ±iσj ,
then vol3 := e1e2e3 7→ ∓iσ1σ2σ3 = ±1. Thus, we say that the two representations have
opposite chirality; if vol3 7→ 1 then we say the representation has positive chirality, and if
vol3 7→ −1 then it has negative chirality.

Remark. This difference presents another sign ambiguity, as there are multiple conventions
for the definition of the volume element in the literature. We have chosen the convention
consistent with [MOY96].

In the four-dimensional case, the unique Clifford algebra representation ∆4 splits into
two complementary two-dimensional spaces, which is again related to the complex volume
element. If we define ωc := −e0e1e2e3 then we see that ω2

c = 1 and ρ(ωc) is self-adjoint,
meaning we can split ∆4 into two complementary eigenspaces of ρ4(ωc) with eigenvalues
±1. Furthermore, since ρ4(ωc)ρ4(v) = −ρ4(v)ρ4(ωc) for any v ∈ R4, the two eigenspaces of
ρ4(ωc) are isomorphically exchanged by the action of any v (which means both eigenspaces
are two-dimensional). We denote each eigenspace by ∆+

4 and ∆−
4 respectively. In the chiral

representation, ωc acts on C4 as the following matrix:

ρ4(ωc) =
(
−I2 0
0 I2

)
. (3.11)

It follows that the eigenspaces are given by ∆−
4 = span{e0, e1} and ∆+

4 = span{e2, e3}. (It
is also worth noting that the eigenspaces are preserved by the action of Spinc(4), so ∆ splits
into two inequivalent irreducible representations ∆± of Spinc(4).)

There is a correspondence between the three- and four-dimensional Clifford algebra
representations, and we will use this later to show that there is a correspondence between
the Seiberg-Witten equations on 3- and 4-manifolds. Specifically, we have the following:

Proposition 3.9. Denote by i : R3 → R4 the standard inclusion x 7→ (0, x), and denote
by p : R4 → R3 the standard projection (t, x) 7→ x; these induce inclusions and projections
of the corresponding Clifford algebras and spin groups, which we also denote by i and p.
Define a representation α : R3 → su(∆+

4 ) as follows:

α(v) = −ρ4(e0) ◦ ρ4(i(v)), (3.12)
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and define a representation β : R4 → su(∆+
3 ⊕∆+

3 ) as follows:

β(e0) =
(

0 I2
−I2 0

)
, (3.13)

β(ej) =
(

0 ρ+3 (p(ej))
ρ+3 (p(ej)) 0

)
(3.14)

Then there are maps f : ∆+
3 → ∆+

4 and g : ∆4 → ∆+
3 ⊕∆+

3 which constitute equivalences
ρ+3 ∼ α and ρ4 ∼ β. Furthermore, f and g|∆+

4
are mutually inverse, and the first and

second direct summands of ∆+
3 ⊕∆+

3 can be identified with ∆−
4 and ∆+

4 respectively.

Proof. Here we will write the definitions of f and g; the rest of the proof is straightforward.
Without loss of generality, we may write ∆±

3 as C2 and ∆4 as C4 with the action given in
terms of the Pauli matrices; as noted above, the eigenspaces of ωc on ∆4 are then given
by ∆−

4 = span{e0, e1} and ∆+
4 = span{e2, e3}. The map f : ∆+

3 → ∆+
4 is defined to

take ej 7→ ej+1, and the map g : ∆4 → ∆+
3 ⊕ ∆+

3 is defined such that g(z0, z1, z2, z3) =
((z0, z1), (z2, z3)).

This theorem allows us to essentially identify ∆±
3 with ∆±

4 , and we will omit the subscript
3 and 4 henceforth. Elements of ∆ will be called spinors, and elements of ∆+ will be called
positive spinors in dimension 4.
Remark. The sign ambiguity for positive/negative chirality mentioned above results in dif-
fering conventions for the map β in the literature; in particular, β(e0) is sometimes defined
to be the negative of the block matrix we have defined.

Though everything we have discussed in this section relates exclusively to Clifford alge-
bras, the group Spinc(n) appears naturally as the automorphism group of a Clifford module.

Definition 3.10. Let ρi : Vi → su(∆i) be equivalent complex irreducible representations
of Cl(Vi) for i = 1, 2, where the Vi are real oriented inner product spaces and the ∆i are
complex inner product spaces. An isomorphism from ρ1 to ρ2 is a pair consisting of an
oriented isometric isomorphism T : V1 → V2 and a unitary isomorphism α : ∆1 → ∆2
intertwining ρ1 and T ∗ρ2, meaning ρ2(Tv) ◦ α = α ◦ ρ1(v) for every v ∈ V1.

Proposition 3.11. The group Aut(ρ) of automorphisms of ρ : V → su(∆) is canonically
isomorphic to Spinc(V ). The space Iso(ρ1, ρ2) of isomorphisms from ρ1 : V1 → su(∆1) to
ρ2 : V2 → su(∆2) is a torsor on Spinc(V1) ∼= Spinc(V2).

Proof. Recall the canonical projection qSO : Spinc(V )→ SO(V ). It follows from the struc-
ture of spinc(n) that ρ|Spinc(V ) is valued in U(∆), so we define the map F : Spinc(V ) →
Aut(ρ) as follows:

F (g) = (qSO(g), ρ(g)). (3.15)
Note that ρ(g) is indeed an intertwining map, since ρ(qSO(g)v) = ρ(gvg−1) = ρ(g)ρ(v)ρ(g)−1

for any v ∈ Rn. It is clear that F is a group homomorphism, so we prove that it is an
isomorphism:

• Suppose F (g) = (id, id). If conjugation by g acts as the identity on V then g must be
a scalar. But the only scalar for which ρ(g) = 1 is 1; this proves that F is injective.
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• Suppose T ∈ SO(V ) and α ∈ U(∆) constitute an automorphism of ρ, meaning α inter-
twines ρ and T ∗ρ. Since Spinc(V ) covers SO(V ), we know there is some g ∈ Spinc(n)
such that qSO(g) = T . Then F (g) = (T, ρ(g)), so the action of ρ(g) intertwines ρ
and T ∗ρ as well. By Schur’s lemma, ρ(g) and α must differ by some eiθ ∈ U(1), so
ρ(e−iθg) = α and qSO(e−iθg) = T (the latter since qSO is U(1)-invariant).

The statement about isomorphisms follows immediately.

3.1.4 The quadratic map

One of the key components of the Seiberg-Witten equations is a map which takes as input
a spinor field ψ and outputs a differential form, and which varies quadratically with respect
to the input. In both the 3- and 4-dimensional cases, this can be interpreted as a differential
form naturally associated to the trace-free part of the self-adjoint endomorphism ψ ⊗ ψ∗,
where ψ∗ denotes the Hermitian conjugate of ψ according to the inner product on ∆. To
write down this quadratic map, we will use the following two lemmas:

Lemma 3.12. The representation ρ3 : Λ1(R3)→ su(∆+) constitutes a linear isomorphism
between Λ1(R3) and su(∆+).

Proof. Both Λ1(R3) and su(∆+) are 3-dimensional, so we need only prove that ρ3 is in-
jective. But ρ3(ej) = iσj in the chiral representation, and the Pauli matrices are linearly
independent.

In dimension 4, the Hodge star ∗ : Λ∗(R4) → Λ∗(R4) acts as an involution on the
subspace of bivectors. We denote by Λ2

±(R4) the subspace of bivectors α satisfying ∗α = ±α;
these two subspaces are complementary in Λ2(R4), and we call them self-dual and anti-self-
dual respectively.

Lemma 3.13. The representation ρ4 : Cl(R4) → End(∆) restricts to an isomorphism1

Λ2
±(R4) ∼= su(∆±).

Proof. Firstly, note that ρ4(α) does indeed preserve the splitting ∆ = ∆− ⊕∆+ whenever
α ∈ Λ2(R4); this is clear when ρ4 is taken to be the chiral representation. Moreover, the
spaces Λ2

±(R4) and su(∆±) are both three-dimensional, so we need only verify that ρ4 is
injective on these subspaces. But this can be easily verified in the chiral representation.

It follows that any trace-free self-adjoint endomorphism of ∆+ can be identified with an
element of iΛ1(R3) in three dimensions, or with an element of iΛ2

+(R4) in four dimensions.
This leads to the following definition:

Definition 3.14. The three-dimensional quadratic map is the map q : ∆+ → iΛ1(R3)
defined as follows:

q(ψ) = ρ−1
3 (ψ ⊗ ψ∗)0, (3.16)

1We are regarding bivectors as elements of Cl(R4) on the basis that Cl(R4) and Λ∗(R4) are linearly
isomorphic.
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where the subscript zero denotes the trace-free part of the endomorphism. Similarly, the
four-dimensional quadratic map is the map q′ : ∆+ → iΛ2

+(R4) defined as follows:

q′(φ) = ρ−1
4 (φ⊗ φ∗)0. (3.17)

The three-dimensional map has a useful algebraic characterisation as a quadratic “ad-
joint” to ρ3.

Proposition 3.15. For any ψ ∈ ∆+ and any α ∈ Λ1(R3), we have the following:

⟨q(ψ), α⟩Λ1 = 1
2⟨ρ3(α) · ψ,ψ⟩∆+ . (3.18)

Proof. It suffices to show that the following equation holds in the chiral representation:

(ψ ⊗ ψ∗)0 = 1
2ρ3

∑
j

⟨iσj · ψ,ψ⟩ej

 . (3.19)

Using the linearity of ρ3, and writing ψ = (α, β)T for α, β ∈ C, this is equivalent to the
following matrix equation:

1
2

(
|α|2 − |β|2 2αβ

2αβ |β|2 − |α|2

)
=
∑
j

⟨σjψ,ψ⟩σj . (3.20)

But this equation follows from the definitions of the Pauli matrices.

Remark. This characterisation is often taken to be the definition of q in the literature,
but some authors include a negative sign in Equation 3.18. This is a manifestation of the
differing conventions for positive and negative chirality.

3.2 Spinc Geometry

In formulating the Seiberg-Witten equations, we essentially parameterise all of the preceding
constructions over 3- and 4-manifolds. The key geometric structure that allows for this
parametrisation is a Spinc-structure.

3.2.1 Spinc-structures and spinor bundles

Let (M, g) be a connected Riemannian n-manifold, and let πSO : FSO → M denote the
bundle of oriented orthonormal frames on M . As above, denote by qSO : Spinc(n)→ SO(n)
the canonical surjection. There are two key structures on M in the spin geometry of the
Seiberg-Witten equations.

Definition 3.16. A Spinc-structure on M is a principal Spinc(n)-bundle π : P → Y with
a Spinc(n)-invariant bundle surjection π̂ : P ↠ FSO. That is, π̂ must satisfy π̂(g · p) =
qSO(g) · π̂(p) for all g ∈ Spinc(n) and all p ∈ P , as well as πSO ◦ π̂ = π.
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Definition 3.17. A spinor bundle over M is a Hermitian vector bundle W →M together
with a Clifford module structure, i.e., a smoothly varying irreducible representation ρ :
T ∗M → su(W ) of the Clifford algebra of T ∗M . Explicitly, we have a map ρ : T ∗

xM →
su(Wx) for each x ∈ Y such that ρ(α) ◦ ρ(α) = −g(α, α)idWx for every α ∈ T ∗

xM . A section
of W is called a spinor. We will always assume that ρ is isomorphic to the positive spinor
representation in odd dimensions; for a 3-manifold Y , this means that ρ(volY ) = 1.

In the light of Proposition 3.11, there is a natural correspondence between the two
notions. In what follows, we regard each element ex ∈ FSO as an isomorphism ex : TxM →
Rn via fibrewise basis decomposition.

• Given a Spinc-structure P → M , we can form a spinor bundle over M by taking the
associated vector bundle P ×ρ ∆, where ρ : Rn → su(∆) is an irreducible complex
Clifford representation. The Clifford module structure is defined on a fibre over x ∈M
in the natural way:

ρ(α) · [(p, ψ)] = [(p, ρ(π̂(p) · α) · ψ)]. (3.21)

Note that ρ|Spinc(n) is valued in U(∆), which gives the bundle a natural Hermitian
structure.

• Conversely, given a spinor bundle W → M , we get a Spinc-structure by taking the
space of all fibrewise isomorphisms from the representation ρ : T ∗

xM → su(Wx) to the
standard representation ρ : Rn → ∆; by Proposition 3.11, this is a Spinc(n)-torsor
over each point. The projection π̂ onto FSO is given by taking the corresponding
isomorphism T ∗

xM → Rn.

As such, we can always translate between a Spinc-structure and a spinor bundle, so we will
essentially identify them henceforth. We will think of them as the “background” geometry
for the Seiberg-Witten equations.

Upon encountering the definition of a Spinc-structure, a reasonable concern is that any
given manifold might not even admit such a structure. Indeed, there are some manifolds
that do not admit Spinc-structures; these spaces can be identified with the Stiefel-Whitney
classes (see [LM89]):

Proposition 3.18. The Riemannian n-manifold M admits a Spinc structure if and only if
its second Stiefel-Whitney class w2(TM) is the mod 2 reduction of an integral class (meaning
the map H2(M ;Z) → H2(M ;Z2) induced by the projection Z → Z2 on cochains contains
w2(TM) in its image).

In particular, since the tangent bundle of a closed oriented 3-manifold is trivial [KM07],
the Stiefel-Whitney classes of such a manifold all vanish, meaning every closed 3-manifold
has a Spinc-structure. Once a Spinc-structure is found, the following result allows us to
obtain all remaining Spinc-structures:

Proposition 3.19. If an n-manifold M has a Spinc-structure, then the space of all Spinc-
structures on M is a Pict(M)-torsor. The action of L ∈ Pict(M) on a spinor bundle
S →M is given by the spinor bundle L⊗ S → M , with Clifford module structure given by
u⊗ ψ 7→ u⊗ (ρ(ω) · ψ) for every ω ∈ T ∗

xM , u ∈ Lx, ψ ∈ Sx.
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Proof. The proof is adapted from [KM07]. First, we verify that the given action is well-
defined.

• If L and L′ are equivalent as line bundles by α : L → L′, the following map is an
equivalence between L⊗ S and L′ ⊗ S:

u⊗ ψ 7→ α(u)⊗ ψ. (3.22)

• Since the Clifford action on L ⊗ S commutes with the tensor product, it clearly
satisfies the Clifford relation. Additionally, by counting dimensions, the resulting
Clifford module is still irreducible under the tensor product, and it clearly has the
same chirality.

Thus, the action of Pict(M) on the space of Spinc-structures is well-defined. We now prove
that it is free and transitive:

• Transitivity: Let S1 and S2 be spinor bundles with Clifford module structures ρi :
T ∗M → su(Si). We define the complex line bundle E12 to be the bundle consisting of
fibrewise linear maps fx : (S1)x → (S2)x which intertwine ρ1 and ρ2. (Note that E12
is a complex line bundle by Schur’s lemma.) Now, observe that E12⊗S1 is equivalent
as a spinor bundle to S2 under the following map:

(fx, ψx) 7→ fx(ψx) for fx ∈ (E12)x and ψx ∈ (S1)x. (3.23)

• Freeness: Suppose S is a spinor bundle and E is a line bundle for which E ⊗ S and
S are equivalent spinor bundles, with equivalence given by α : E ⊗ S → S. Now, fix
some ux ∈ Ex. By Schur’s lemma, the map Sx → Sx given by ψx 7→ α(ux ⊗ ψx) for
each ψx ∈ Sx can be represented by a complex number f(ux) (equal to zero if and only
if ux = 0); thus, we must have that α(ux ⊗ ψx) = f(ux)ψx. The map f constitutes a
smoothly varying fibrewise linear isomorphism from Ex to C, meaning it extends to
a bundle equivalence from E to the trivial bundle, which implies that c1(E) = 0.

As usual, automorphisms of a given Spinc-structure are called gauge transformations.

Definition 3.20. A gauge transformation of W is a section u ∈ Γ(End(W )) which is a
fibrewise unitary automorphism respecting the Clifford module structure (i.e., u(ρ(α) ·ψ) =
ρ(α) · u(ψ) for all α ∈ T ∗M and ψ ∈W ). Equivalently, a gauge transformation of a Spinc-
structure P is an automorphism of P under which FSO is invariant. The collection of all
such maps is denoted by G .

As we noted above, the irreducibility of ∆ implies that a map from ∆ to itself respecting
the action of a complexified Clifford algebra must be scalar multiplication. It follows that u
can be considered to be an element of U(1) at each point, meaning we can identify G with
Map(M,U(1)). Thus, even though Spinc geometry is based on a principal Spinc(n)-bundle,
the structure group is essentially U(1).
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3.2.2 Connections on spinor bundles

The notion of a Spinc-compatible connection comes in two forms, depending on whether we
conceptualise a Spinc-structure in terms of spinor bundles or principal bundles. We begin
with the spinor description.

Definition 3.21. Let ∇SO be an SO(n)-connection on TY , that is, a connection derived
from a connection 1-form on FSO. A Hermitian connection A on the spinor bundle W is
called spinorial with respect to ∇SO if the following holds for every α ∈ Ω1(M) and every
ψ ∈ Γ(W ):

∇A(ρ(α) · ψ) = ρ(α) · (∇Aψ) + ρ(∇SOα) · ψ. (3.24)
More concisely, we require that [∇A, ρ(α)] = ρ(∇SOα). We denote by A (W ) the space of
all such connections. There is a natural action of G on A (W ) given by conjugation by u,
and this action is clearly compatible with the action on Γ(W ) (in that ∇u(A)u(ψ) = u(∇Aψ)
for any connection A and any section ψ).

It is fairly easy to see that A (W ) is an affine space modelled on iΩ1(M). For any
η ∈ Ω1(M) we know that A + iη will be Hermitian and spinorial; the fact that iη is
purely imaginary ensures that A+ iη will be Hermitian, and [∇A+ iη, ρ(α)] = [∇A, ρ(α)] +
[iη, ρ(α)] = ρ(∇SOα). Moreover, if A and A′ are two connections, their difference will
be an End(W )-valued 1-form that commutes with any α and therefore must be scalar
multiplication by an element of U(1). Finally, we know that a spinorial connection always
exists by a partition of unity argument and the fact that a spinorial connection always exists
locally (see Equation 3.26).

Definition 3.22. Let ωSO ∈ Ω1(FSO; so(n)) denote the connection form of some SO(n)-
connection. A spinorial connection form on P is a connection form α ∈ Ω1(P ; spinc(n))
which can be written in the form

α = a−1((qSO)∗ωSO) + iÃ, (3.25)

where Ã ∈ Ω1(P ;R) is a Spinc(n)-invariant 1-form satisfying iÃ(ξ̃p) = 1
2tr(a(ξ)) for any

ξ ∈ spinc(n), and where ξ̃ is the fundamental vector field on P generated by the action of
ξ. The gauge group acts on such connections by taking iA 7→ iA+ 2g−1dg for any g ∈ G .

This definition has the benefit that connection matrices may be computed in local
trivialisations with relative ease. By applying the correspondence between connection forms
and connection matrices, and writing ωSO in an orthonormal basis {ei} with the summation
convention, we find that the connection matrix is as follows:

[α] = ρ(a−1((ωSO)jie
i ⊗ ej)) + a−1(iA) (3.26)

= ρ(a−1(12(ωSO)ijei ∧ ej)) + i
2A (where ei ∧ ej = ei ⊗ ej − ej ⊗ ei)

= 1
4(ωSO)ijρ(eiej) + i

2A (definition of a)
= 1

8(ωSO)ijρ(ei ∧ ej) + i
2A. (where ei ∧ ej = 1

2(eiej − ejei))

This argument also clearly shows that spinorial connection forms always exist locally, and
that the collection of all such forms is an affine space over iΩ1(Y ): we just take A = 0 to
get a suitable connection form, and all others differ from this connection form by a purely
imaginary differential form.
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It remains to show that these two notions of connection are indeed equivalent; this is
the content of the following proposition.

Proposition 3.23. A spinorial connection form α on P locally induces a spinorial connec-
tion d + [α] on W .

Proof. The connection matrix for the Levi-Civita connection acting on a vector v can be
written as follows:

ω(v) = ωijv
iej = ωij(ej ⊗ ei)(v)

= 1
2ωij(ej ⊗ e

i − ei ⊗ ej)(v). (ωij = −ωji since ω ∈ son)

We also have that eiejv − veiej = 2(ej ⊗ ei − ei ⊗ ej)(v). The remainder of the proof is a
computation:

∇α(ρ(v) · ψ)− ρ(v) · ∇αψ

=
(
d(ρ(v) · ψ) + 1

4(ωSO)ijρ(eiej) + i
2Aρ(v) · ψ

)
− ρ(v) ·

(
d(ψ) + 1

4(ωSO)ijρ(eiej) + i
2Aψ

)
= ρ(dv) · ψ + 1

4(ωSO)ijρ(eiejv − veiej) · ψ
= (ρ(dv) + 1

2(ωSO)ijρ(ej ⊗ ei − ei ⊗ ej)) · ψ = ρ(∇SOv) · ψ,

where the last two lines were direct consequences of the two identities we mentioned.

Since both spaces of connections are affinely modelled on iΩ1(M), we conclude that the
two types of connection coincide.

A new perspective on the space of spinorial connections is offered by the notion of a
determinant bundle.

Definition 3.24. Let P →M be a Spinc-structure. The determinant principal bundle Pdet
is the U(1) bundle defined by taking P/Spin(n) (via the inclusion i : Spin(n)→ Spinc(n)),
with the natural projection induced by the quotient. By taking the canonical representation
of U(1) in C and taking the associated bundle, we obtain the determinant line bundle
Ldet := Pdet ×U(1) C. Note that the gauge group G acts on Pdet and Ldet as follows: for
g ∈ G , we take p ∈ Pdet to g2 · p, and z ∈ Ldet to g2 · z (this is a direct consequence of the
definition of qU in Equation 3.5).

Remark. An equivalent definition for the determinant line bundle is the top exterior power
of the spinor bundle.
Remark. It was shown in Proposition 3.19 that any two spinor bundles on a manifold
differ by tensoring with a line bundle. Under tensor product with the line bundle L, the
determinant line bundle is transformed by tensoring with L ⊗ L; see [Sal14] for details on
this fact.

Let α = a−1((qSO)∗ωSO) + iÃ be a spinorial connection form. Since the 1-form iÃ is
Spinc(n)-invariant, it descends to a 1-form Adet on Pdet. Note that this does not define a
connection on Pdet: the U(1)-factor is effectively squared under the quotient by Spin(n),
meaning

iAdet(îtp) =
1
2 it,
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for any it ∈ u(1). In any case, a spinorial connection can essentially be reduced to a U(1)-
invariant imaginary 1-form on Pdet. Given such a 1-form Ã ∈ Ω1(Pdet; iR), we can recover
a connection on P simply by taking the pullback (qU)∗Ã along the quotient and adding
(qSO)∗ωSO back in. Conversely, given a spinorial connection, we can take the trace of the
connection matrix in a local trivialisation to get the invariant 1-form on Pdet; by the com-
putation above, the component corresponding to the Levi-Civita connection is proportional
to the trace-free endomorphism ρ(ei ∧ ej). We therefore make the following definition:

Definition 3.25. The curvature 2-form of a spinorial connection A is given by the trace
of 1

2F∇A ∈ Ω2(End(W )) when considered as a matrix-valued 2-form. Equivalently, it is the
curvature 2-form2 of the corresponding invariant 1-form Ã on Pdet.

From this point forth, FA will always denote the traced version, i.e., FA will be an
element of iΩ2(M). If we wish to refer to the curvature of the spinorial connection ∇A as
an endomorphism of W , we will use the notation F∇A ∈ Ω2(End(W )).

3.2.3 The Dirac operator

A connection on a spinor bundle naturally induces a differential operator on sections called
the Dirac operator. It was first introduced by Dirac on flat spacetime as a “square root” of
the Laplacian, but was later adjusted and generalised to manifolds.

Definition 3.26. Denote by δ : Γ(T ∗M⊗W )→ Γ(W ) the map given by the Clifford module
structure, and let A ∈ A (W ) be a spinorial connection. The Dirac operator induced by A
is the differential operator DA : Γ(W )→ Γ(W ) defined as follows:

DA = δ ◦ ∇A.

In an orthonormal oriented frame {ei}, we can equivalently express this operator as DAψ =∑
i ρ(ei) · ∇eiψ.

Physically, the Dirac operator informs the dynamics of spin-1/2 fermions; the classical
field corresponding to a massless fermion under the influence of an electromagnetic field
represented by A naturally lies in the kernel ofDA. Elements of ker(DA) are called harmonic
spinors, and the PDE DAψ = 0 is called the harmonic equation.

The Dirac operator has several convenient analytic properties. We state three of these
which will be useful later.

Proposition 3.27. If ∇SO is the Levi-Civita connection, then the Dirac operator for a ∇SO-
spinorial connection is formally self-adjoint. That is, for a given connection A ∈ A (W ),
the following holds for every φ, ψ ∈ Γ(W ):

⟨DAφ, ψ⟩ = ⟨φ,DAψ⟩. (3.27)

Proof. Around any point in M , there exists a coordinate frame for which the Christoffel
symbols for the Levi-Civita connection are all zero; let {ei} be such a frame. The formal

2Note that Ã does not define a connection on Pdet in general, but its curvature can still be defined as
dÃ. This still descends to a well-defined 2-form on M .
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self-adjointness of DA then simply follows from the fact that ∇A is a Hermitian connection
and ρ(ei) is anti-self-adjoint:

⟨DAφ, ψ⟩ =
∑
j

⟨ρ(ej) · ∇Aejφ, ψ⟩

= −
∑
j

⟨∇Aejφ, ρ(ej) · ψ⟩

=
∑
j

⟨φ,∇Aej (ρ(ej) · ψ)⟩

=
∑
j

⟨φ, ρ(ej) · ∇Aejψ⟩+ ⟨φ, ρ(∇
SO
ej ej) · ψ⟩

= ⟨φ,DAψ⟩.

Proposition 3.28. The symbol of the Dirac operator is given by ξ 7→ ρ(ξ) for every ξ ∈
Ω1(M). As a consequence, the Dirac operator is elliptic: its principal symbol on nonzero
1-forms is always an isomorphism.

Proof. The principal symbol is given by ξ 7→
∑
i ξiρ(ei) = ρ(∑i ξiei) = ρ(ξ) ∈ End(W ).

When ξ is nonzero, the inverse of this endomorphism is given by − 1
|ξ|2 ρ(ξ) ∈ End(W ).

Proposition 3.29 (Unique continuation). The Dirac operator has the unique continuation
property. That is, any harmonic spinor ψ vanishing on a nonempty open set is the zero
spinor.

For a proof, refer to [BW93]. The analogue of this property for the Dolbeault operator
∂ on a complex manifold is the well-known identity theorem.

In the special case that the SO(n)-connection is the Levi-Civita connection on a 3-
manifold, we can characterise some of its behaviour with respect to the Clifford product:

Proposition 3.30. If ∇SO is the Levi-Civita connection on a 3-manifold Y and α ∈ Ω1(Y )
is a 1-form with dual vector field α♭ ∈ X(Y ), then the following anticommutator equation
holds:

{DA, ρ(α)} = ρ((∗d + d∗)α)− 2∇α♭ . (3.28)

Proof. Once again, we choose an orthonormal coframe {e0, e1, e2} for which all Christoffel
symbols vanish at a given point. Writing α locally as ∑i aie

i where ai are real-valued
functions, we see that

{DA, ρ(α)}(ψ) = DA(ρ(α)ψ) + ρ(α)DAψ

=
∑
j

[
ρ(ej)∇j

(∑
i

aiρ(ei)ψ
)
+ ρ(α)ρ(ej)∇jψ

]

=
∑
j

[
ρ(ej)

∑
i

(
ρ(ei) ∂ai

∂xj

)
+ ρ(ej)ρ(α)∇jψ + ρ(α)ρ(ej)∇jψ

]
(since Γijk = 0)

=
∑
i,j

[
ρ(ejei) ∂ai

∂xj

]
+
∑
j

[
ρ({ej , α})∇jψ

]
.
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We claim that the first and second term of this equation match the first and second term
in Equation 3.28, beginning with the second term. The anticommutator of two grade-1
elements of the Clifford algebra is known to be given by {ei, ej} = −2gij , where gij are the
matrix elements of the inverse metric; thus, we see that {ej , α} = −2∑i g

ijai = −2ej(α♭),
meaning the second term is simply −2∑j e

j(α♭)∇jψ = −2∇α♭ψ.

For the first term, we note that ∗dα = (∇× α♯)♭ and d ∗ α = ∗∇ · α♯, where ∇× α♯ =∑
i,j,k eiε

ijk∂jαk and ∇·α♯ =∑
i,j δ

ij∂iaj , and where εijk is the Levi-Civita symbol. On the
other hand, we have that ejei = −δij − ei ∧ ej = −δij − ∗∑k ε

ijkek. From these formulas,
the correspondence between the two terms follows easily.

3.3 The Seiberg-Witten Equations

Now that we have introduced the necessary machinery, we are ready to discuss the Seiberg-
Witten equations. We begin by discussing the three-dimensional equations.

3.3.1 Three-dimensional equations

In the three-dimensional theory, we denote our underlying 3-manifold by Y , with Spinc-
structure PY →M and spinor bundle W → Y . If we wish to avoid ambiguity then we will
denote the Clifford module structure by ρY : T ∗Y → su(W ); however, we will usually drop
the subscript. With this data, we define the pre-configuration space to consist of pairs of
sections and (spinorial) connections:

C (W ) := Γ(W )×A (W ). (3.29)

There is a natural action of the gauge group G on the pre-configuration space: the gauge
transformation g ∈ G acts on a pair (ψ,A) as follows:

(ψ,A) 7→ (gψ,A+ 2g−1dg). (3.30)

A pair is called irreducible if it is not fixed by any element of G ; otherwise, the pair is
called reducible. We denote by C ∗(W ) the collection of all irreducible elements. Just as for
vortices, the section ψ is what dictates reducibility:

Proposition 3.31. A gauge transformation g ∈ G fixes some pair if and only if g is
constant. A pair (ψ,A) ∈ C (W ) is fixed by some gauge transformation if and only if ψ is
identically zero.

We define the configuration space to be the quotient of C (W ) by the action of G , and
we denote it by B(W ). Similarly, the irreducible configuration space is denoted by B∗(W ).

With this preparation, we write the Seiberg-Witten equations on 3-manifolds.

Definition 3.32. A connection A ∈ A (W ) and a spinor ψ ∈ Γ(W ) are said to satisfy the
3-dimensional Seiberg-Witten equations if the following two equations hold:

∗FA + q(ψ) = 0; (3.31a)
DAψ = 0. (3.31b)
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The pair (ψ,A) will be referred to as a Seiberg-Witten monopole, or simply a monopole.
Note that the equations are G -invariant, i.e., each solution (ψ,A) to the equations gives rise
to another solution (uψ, u(A)) for any u ∈ G .

We will be interested in the space of solutions to the Seiberg-Witten equations modulo
gauge equivalence.
Definition 3.33. The moduli space of Seiberg-Witten monopoles on Y is the space of
monopoles up to the action of the gauge group G . It is denoted by Msw; the 3-manifold
and spinor bundle are generally clear from context. The irreducible component of the
moduli space is denoted by M ∗

sw.

3.3.2 The Chern-Simons-Dirac functional

It turns out that there is a natural interpretation of the three-dimensional Seiberg-Witten
equations in terms of an action functional.
Definition 3.34. Fix a reference connection A0 ∈ A (W ). The Chern-Simons-Dirac func-
tional3 is the functional csd : C (W )→ R defined as follows:

csd(ψ,A) = 1
2

∫
Y

(
Re⟨ψ,DAψ⟩volg − (A−A0) ∧ (FA + FA0)

)
. (3.32)

Remark. The constant factors on each term in the Chern-Simons-Dirac functional vary
across the literature. In [MOY96], the functional is twice our definition, while in [KM07],
the term with no ψ dependence is modulated by a factor of 1/4. Differing conventions will
result in different forms of the equation ∗FA + q(ψ) = 0

The reason we speak unambiguously of “the” Chern-Simons-Dirac functional, despite
its seeming dependence on a reference connection, is the following proposition:
Proposition 3.35. Given two reference connections A0, A1 ∈ A (W ), the corresponding
Chern-Simons-Dirac functionals csd0 and csd1 differ by a global constant which depends
only on A0 and A1, and not the input connection and section.

Proof. Clearly the term involving ψ has no dependence on the reference section. Let Ain ∈
A (W ) be the input connection, and define α = A1 − A0 and β = Ain − A0, so that
FA1 = FA0 + dα and FAin = FA0 + dβ. We see that the difference between the two
functionals is (half of) the following:

2csd1(ψ,A)− 2csd0(ψ,A) =
∫
Y
−(β − α) ∧ (2FA0 + dα+ dβ) + β ∧ (2FA0 + dβ)

=
∫
Y
α ∧ 2FA0 − β ∧ dα+ α ∧ dα+ α ∧ dβ.

But d(α∧β) = dα∧β−α∧dβ = β∧dα−α∧dβ by the Leibniz rule; using Stokes’ theorem,
we conclude that

csd1(ψ,A)− csd0(ψ,A) =
1
2

∫
Y
α ∧ (2FA0 + dα) = 1

2

∫
Y
(A1 −A0) ∧ (FA1 + FA0),

which clearly has no Ain-dependence.
3The name derives from each term in the integrand: the first term is essentially the Lagrangian density

for a massless Dirac spinor in an electromagnetic field, and the second term is familiar from Chern-Simons
theory.
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Theorem 3.36 (Kronheimer, Mrowka). The pairs in C (W ) satisfying the Seiberg-Witten
equations are precisely the critical points of the Chern-Simons-Dirac functional.

Proof. Let (ψ,A) ∈ C (W ) be arbitrary. A tangent vector in C (W ) is described by a 1-form
iα ∈ iΩ1(Y ) and a section φ ∈ Γ(W ). Given any ε > 0, we have the following:

csd(ψ + εφ,A+ iεα) = csd(ψ,A) + ε

2

∫
Y

(
(Re⟨φ,DAψ⟩+Re⟨ψ,DAφ+ ρ(iα) · ψ⟩)volg

− iα ∧ (FA + FA0)− (A−A0) ∧ idα
)
+ o(ε2)

= csd(ψ,A) + ε

2

∫
Y

(
(2Re⟨φ,DAψ⟩+Re⟨ψ, iρ(α) · ψ⟩)volg

+ ⟨iα, ∗(FA + FA0)⟩+ ⟨A−A0, ∗idα⟩
)
+ o(ε2).

(In the second line, we used the self-adjointness ofDA as well as the fact that β∧γ = −⟨β, ∗γ⟩
whenever β is a 1-form and γ is a 2-form.) Differentiating with respect to ε at ε = 0, we
find that the gradient of csd in the (φ, iα)-direction is the following:

∇csd(ψ,A)(φ, iα) =
∫
Y
Re⟨φ,DAψ⟩volg +

1
2

∫
Y
⟨ψ, iρ(α) · ψ⟩volg

+ 1
2

∫
Y
⟨∗(FA + FA0) + ∗d(A−A0), iα⟩ volg

= ⟨DAψ, φ⟩L2 + ⟨q(ψ), iα⟩L2 + ⟨∗FA, iα⟩L2

=
(
(DAψ, q(ψ) + ∗FA), (φ, iα)

)
L2
.

(In the first line, we used the fact that ∗d is self-adjoint; in the last line, we denoted the
L2-inner product on T(φ,A)C (W ) by round brackets with a subscript L2. We have also used
Proposition 3.15 to introduce the quadratic map.) The pair (ψ,A) is extremal if and only
if this inner product is always zero, which is equivalent to satisfying the Seiberg-Witten
equations.

It turns out that the Chern-Simons-Dirac functional is not gauge invariant in general.
Proposition 3.37. The Chern-Simons-Dirac functional is well-defined on gauge orbits
modulo 8π2Z.

Proof. Let g : Y → U(1) be a unitary gauge transformation. We assign to g the de Rham
cohomology class [g] associated to 1

2πig
−1dg. Note that this is a class valued in Z, as it

may be locally written as 1
2πid(ln(g)). (As a side note, the gauge transformations exhaust

H1(Y ;Z); this is because the connected components of G are the homotopy classes of maps
from Y to U(1) = BZ, which is isomorphic as a group to H1.) Now, let (ψ,A) ∈ C (W ) be
arbitrary; the following can be verified by a short computation:

csd(g · (ψ,A))− csd(ψ,A) =
∫
Y
(g−1dg) ∧ (FA + FA0). (3.33)

On the other hand, both FA and FA0 define the integral cohomology class −2πic1(W ) by
Chern-Weil theory. We can therefore rewrite the functional as

csd(g · (ψ,A))− csd(ψ,A) = 8π2⟨[g]⌣ c1(W ), [Y ]⟩, (3.34)

which is an integer multiple of 8π2.
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Remark. The constant 8π2 changes depending on the definition of the Chern-Simons-Dirac
functional. In [KM07], for instance, the constant changes to 2π2 because the Chern-Simons
term in their functional differs from ours by a factor of 4.

Because of this ambiguity, the Chern-Simons functional is often taken to be valued in
R/8π2Z. Note that the unmodified functional is still gauge invariant if one restricts to the
identity component of G , since the 8π2-shift comes from different homotopy classes of gauge
transformations. This is consistent with the fact that the critical points are gauge invariant.
Alternatively, if one restricts to spaces with trivial H1 (such as homology spheres), csd is
also gauge invariant.

3.3.3 Manifold structure

In general, it is difficult to characterise the moduli space of Seiberg-Witten monopoles; most
of our conclusive results will focus on the case where Y is a Seifert fibred space. However, it
is possible to characterise the local topology of the irreducible component via linearisations.

Since Y is compact with a Riemannian metric g, the space Γ(W ) × iΩ1(Y ) comes
equipped with the following natural Hilbert space structure (used in the proof of Theorem
3.36):

⟨(ψ, iα), (φ, iβ)⟩ =
∫
Y
(Re⟨ψ, φ⟩W + ⟨α, β⟩Λ1)volY . (3.35)

It follows that Γ(W )×A (W ) has the structure of a Hilbert manifold (being affinely modelled
over a Hilbert space). We can also realise the quotient Γ(W )×A (W )/G as a manifold; in
order to do this, we need the following elementary concept:

Definition 3.38. In what follows, we do not assume any space is finite-dimensional. Let X
be a manifold, and let G be a Lie group acting smoothly on X. Given some x ∈ X, denote
by Gx the isotropy subgroup of G at X. A slice of the G-action through x is a smooth
submanifold S ⊆ X containing x, which satisfies the following:

• S is invariant under Gx;

• The orbit G · S is open in X;

• The map (G× S)/Gx → G · S given by taking (g, s) 7→ gs is a diffeomorphism (here
the Gx-action on G× S is defined by taking (g, s) 7→ (gh−1, hs)).

We are particularly interested in the case where the G-action is free. In this case, all
isotropy groups are trivial; this means that the first condition is always fulfilled, and the
third condition is equivalent to requiring that S intersects the orbits of G transversely. It
follows that a slice of a free G-action is essentially a smooth local section of the G-bundle
X → X/G. From this reasoning, a result follows immediately:

Proposition 3.39. If a manifold with a free action by a Lie group G has a slice through
every point, then its G-orbit space is also a manifold.

Since the subspace C ∗(W ) := (Γ(W )\{0}) × A (W ) is acted upon freely by the gauge
group G , we can realise the G -orbit space B∗(W ) as a manifold simply by constructing a
slice of the G -action through each point.
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Proposition 3.40. Given γ = (ψ,A) ∈ C ∗(W ), define the space Sγ ⊆ Γ(W ) × iΩ1(Y ) as
follows:

Sγ = {(φ, a) ∈ Γ(W )× iΩ1(Y ) : −d∗a+Re⟨iψ, φ⟩W = 0}. (3.36)

Then the subspace γ + Sγ is a slice for the G -action on C ∗(W ).

The proof for this proposition can be found in [KM07]4. The essence of the proof is that
the infinitesimal gauge group action defines a closed subspace of tangent vectors at each
point (ψ,A) ∈ Γ(W )×A (W ) given by elements of the form (ξψ,−dξ) for ξ : Y → iR, and its
orthogonal complement is given by pairs (φ, a) satisfying d∗a = Re⟨iψ, φ⟩. This orthogonal
complement therefore defines a space of directions in the pre-configuration space which are
transverse to the group action.

The moduli space of irreducible Seiberg-Witten monopoles is also a smooth manifold.
For a proof of this fact, see [KM97]; the idea is essentially to take the function ∇csd :
Γ(W )∗×A (W )→ iΩ1(W )×Γ(W ), show that its linearisation is surjective over 0, and use
the implicit function theorem to put a smooth manifold structure on (∇csd)−1(0). Once
we have this fact, we can describe the tangent space of the solution set explicitly as the
kernel of the linearisation. More precisely, we can describe ∇csd as the following nonlinear
function:

(ψ,A) 7→ (∗FA + q(ψ), DAψ). (3.37)

The linearisation of this map at (ψ,A) is computed by taking some (φ, a) ∈ Γ(W )× iΩ1(Y ),
computing 1

ε (∇csd(ψ + εφ,A+ εa)−∇csd(ψ,A)) for ε ̸= 0, and taking the limit as ε→ 0;
this yields the map D(ψ,A)∇csd : Γ(W )× iΩ1(Y )→ Γ(W )× iΩ1(Y ) defined as follows:

D(ψ,A)∇csd(φ, a) = (DAφ+ ρ(a) · ψ, ∗da+ ρ−1(ψ ⊗ φ∗ + φ⊗ ψ∗)0). (3.38)

The kernel of this map defines the tangent space of the solution set at (ψ,A). We have
therefore proved the following:

Proposition 3.41. The tangent space of M ∗
sw at (ψ,A) is given by the linear subspace of

Γ(W )× iΩ1(Y ) satisfying the following system of equations:

∗da+ ρ−1(ψ ⊗ φ∗ + φ⊗ ψ∗)0 = 0, (3.39)
DAφ+ ρ(a) · ψ, (3.40)
d∗a = Re⟨iψ, φ⟩. (3.41)

The reducible locus does not necessarily have a manifold structure. However, we may
still understand its local structure in terms of the linearisations.

Definition 3.42. The tangent space at (0, A) ∈ Msw is defined to be the linear subspace
of Γ(W ) × iΩ1(Y ) consisting of pairs (φ, a) for which φ is harmonic and a is both closed
and co-closed.

4The statement of the proposition in this reference is much more general than our statement here. First,
their statement gives extra conditions on S corresponding to boundary conditions on ∂Y . Second, they
allow ψ and A to have Sobolev regularity L2

j , where we have assumed they must be smooth. Third, while
we have simply taken the subspace of C (W ) on which G acts freely, they analyse the local structure of the
blow-up of the pre-configuration space along the fixed points of G .
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By Hodge theory, it follows immediately that whenever (φ, a) in the tangent space, a
is also harmonic. Thus, we may identify a with its corresponding class in H1(Y ;R) and
obtain the following result:

Proposition 3.43. The tangent space to a reducible monopole (0, A) is isomorphic to
H1(Y ;R)⊕ ker(DA).

Remark. In the equivariant case, the de Rham theorem for orbifolds allows us to char-
acterise the Λ-equivariant tangent space to an equivariant reducible monopole (0, A) as
H1(|Y/Λ|;R)⊕ ker(DA).

3.3.4 Four dimensions

In the four-dimensional theory, the underlying Riemannian manifold is denoted by (M, gM )
and the Spinc-structure is denoted by PM → M . We denote the spinor bundle over M by
S →M , and we denote the Clifford module structure by ρM : T ∗M → su(S). Unlike the 3-
manifold case, the spinor bundle admits a nontrivial splitting according to the eigenspaces of
ρM (volM ); we denote the summand bundles of this splitting by S± and call them the positive
and negative spinor bundles respectively, so that S = S+ ⊕ S−. As in the unparametrised
case, multiplication by odd-grade elements of Clc(T ∗M) (such as 1-forms) exchanges the
two summands. In particular, given a spinorial connection A ∈ A (S), the Dirac operator
DA : Γ(S)→ Γ(S) takes sections of S+ to sections of S− and vice versa; we therefore define
the chiral Dirac operators to be the restricted maps D±

A : Γ(S±)→ Γ(S∓). (Note that the
connection A respects the splitting, i.e., positive spinors are mapped to positive spinors.)

With this data defined, we define the pre-configuration space C (S) to be the collection
of pairs of positive spinors and spinorial connections (φ,A) ∈ Γ(S+)×A (S). Once again, an
element of the pre-configuration space is irreducible if φ is not identically zero, and reducible
otherwise; the gauge group still acts freely on the irreducible part of the pre-configuration
space. This leads to the Seiberg-Witten equations on 4-manifolds:

Definition 3.44. A connection A ∈ A (S) and a positive spinor φ ∈ Γ(S+) are said to
satisfy the 4-dimensional Seiberg-Witten equations if the following two equations hold:

1
2F

+
A + q′(ψ) = 0; (3.42)

D+
Aφ = 0. (3.43)

Here, F+
A denotes the self-dual part of FA (i.e., F+

A = 1
2(FA + ∗FA)), and q′ : Γ(S+) →

Ω2
+(M) denotes the quadratic map from Definition 3.14.

Unlike the three-dimensional case, the four-dimensional Seiberg-Witten equations do not
admit a natural interpretation in terms of an action functional. In the following section,
however, we will see that the equations arise as the flow lines of the Chern-Simons-Dirac
functional.

3.4 Seiberg-Witten Theory on Cylinders

Though there are some key differences, the 3- and 4-dimensional equations are similar in
many ways. These similarities can be made precise if M is taken to be a cylinder over the
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3-manifold Y . The results in this section will not be used to characterise the moduli space
in Chapter 4, but we include them to give hints toward applications.

As before, we take Y to be a Riemannian 3-manifold andM is a 4-manifold. However, we
now restrict to the case for whichM = R×Y . There is a natural projection p :M → Y , and
we also choose a series of right inverses it : Y →M of p for each t ∈ R by taking it(x) = (t, x).
Note that the projection p induces a splitting of TM via pullback as R d

dt ⊕ p
∗TY , where

d
dt is the vector field induced by the flow lines t 7→ (t, x) for each x ∈ Y . Similarly, there
is a splitting of T ∗M into Rdt ⊕ p∗T ∗Y , where dt ∈ Ω1(R) is the dual of d

dt (according to
the usual Riemannian metric on R). There is a natural Riemannian metric on M given by
p∗g + dt2, which induces the volume form dt ∧ p∗volY on M .

3.4.1 Fibre bundles

We now turn attention to general fibre bundles over Y andM . A bundle overM corresponds
to a bundle over Y by restricting to it(Y ), while a bundle over Y corresponds to a bundle
over M by pullback along p. Given a bundle π : E → Y , we denote by π̂ : Ê → M
the corresponding pullback by p. It turns out that this induces a correspondence between
sections of E and sections of Ê:

Proposition 3.45. Let π : E → Y and π̂ : Ê → M be corresponding bundles, and denote
by p∗ : Ê → E and (it)∗ : E → Ê the induced bundle maps under pullback by the maps
p : M → Y and it : Y → M . A section σ̂ ∈ Γ(Ê) has a corresponding path of sections
σ• : R→ Γ(E) given by the following formula:

σt(x) = p∗(σ̂(t, x)); (3.44)
σ̂(t, x) = (it)∗(σt(x)). (3.45)

Proof. If we write σ̂ : M → Ê in terms of the usual explicit realisation of the pullback
bundle Ê ⊆M ×E, we can write σ̂(t, x) = ((t, x), f(t, x)) where f(t, x) ∈ Ex; we then have
that p∗σ̂(t, x) = f(t, x). Conversely, if we write each σt : Y → E explicitly, we see that
σt(x) = (x, gt(x)) where gt(x) ∈ Ê(t,x) ∼= Ex; we then have that (it)∗σt(x) = gt(x).

For the purposes of Seiberg-Witten theory, the primary bundles of interest are the
spinor bundles S → M and W → Y . The above proposition allows us to construct a
correspondence between the two types of spinor bundle:

Proposition 3.46. The maps p :M → Y and it : Y →M induce a one-to-one correspon-
dence between spinor bundles over Y and M .

Proof. Let S → M be a spinor bundle. Since M is four-dimensional, we can split S ∼=
S+ ⊕ S− into chiral components. Since we have an inclusion it : Y → M for each t and
an inclusion p∗ : T ∗Y → T ∗M , we can restrict S+ to a bundle over i0(Y ) ∼= Y . We obtain
a Clifford module structure on this bundle by defining ρ : T ∗Y → su(S+) as follows (cf.
Proposition 3.9):

ρ(α) = −ρM (dt) ◦ ρM (p∗α). (3.46)

Conversely, letW → Y be a spinor bundle with positive chirality. Since we have a projection
p :M → Y and a splitting T ∗M ∼= Rdt⊕p∗T ∗Y , we can again use the above proposition to
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make Ŵ⊕Ŵ into a spinor bundle overM if we take the following Clifford module structure:

ρM (dt) =
(

0 id
Ŵ

−id
Ŵ

0

)
,

ρM (p∗α) =
(

0 ρ(α)
ρ(α) 0

)
.

(3.47)

Thus, we can think of spinors on M as paths of spinors on Y . This is the essential
idea underlying the correspondence between the 3-manifold and 4-manifold Seiberg-Witten
equations, and we will carry out this analysis for each term in the equations.

3.4.2 Differential forms and the quadratic map

Before we discuss the terms in the Seiberg-Witten equations, we need to explicitly define
the correspondence between differential forms on M and on Y . Paths of differential forms
on Y do give rise to differential forms on M , but since there is an extra direction in which
to move on M , the relationship is slightly more complicated than that in Proposition 3.45.

First, consider the k-covectors ω ∈ Λk(T ∗M) for which d
dt ⌟ω = 0. This condition is

equivalent to the statement that ω = p∗α for some α ∈ Λk(T ∗Y ), which can be easily shown
in coordinates. On the other hand, it can also be shown that an arbitrary k-form ω ∈ Ωk(M)
can be decomposed into pieces of this form: we can always find a k-form α ∈ Ωk(M) and a
(k − 1)-form β ∈ Ωk−1(M) for which ω = α+ dt ∧ β, and which contract trivially with d

dt .
Together with Proposition 3.45, we get the following correspondence:

Proposition 3.47. Every pair of paths α : R→ Ωk(Y ) and β : R→ Ωk−1(Y ) corresponds
uniquely to a k-form on M given by ω = α̂+ dt ∧ β̂.

The next two propositions simply express the usual operations on differential forms in
this new language.

Proposition 3.48. Let α : R → Ωk(Y ) and β : R → Ωk−1(Y ) be paths of forms on Y , so
that ω = α̂+ dt ∧ β̂ is an arbitrary k-form on M . Then, we have the following formula for
the Hodge star:

∗Mω = (−1)kdt ∧ ∗̂Y α+ ∗̂Y β. (3.48)

Proof. It is easy to verify the formula in coordinates on simple k-forms in Ωk(M), which
allows us to extend by linearity to the whole space.

Proposition 3.49. As above, let ω = α̂ + dt ∧ β̂ be an arbitrary k-form on M . Then, we
have the following formula for the exterior derivative on M :

dMω = d̂Y α+ dt ∧ (α̇− dY β)̂ . (3.49)

Proof. By working in a coordinate system x, expanding α and β into linear combinations
of dxI for multi-indices I, and using the formula dM (fdxI) = dY f ∧ dxI + ḟdt ∧ dxI , the
result follows.
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Recall from Lemmas 3.12 and 3.13 that R3 is linearly isomorphic to su(∆+) and Λ2
±R4

is linearly isomorphic to R4. These suggest the following:

Proposition 3.50. There is a one-to-one correspondence between self-dual 2-forms on M
and paths of 1-forms on Y .

Proof. By the above formula for the Hodge star, a self-dual 2-form ω = α̂+ dt ∧ β̂ satisfies
dt∧∗̂Y α+∗̂Y β = α̂+dt∧β̂. Matching components with and without dt, we see that ∗Y β = α
and ∗Y α = β, meaning α and β are Hodge duals of one another. We therefore take the
self-dual 2-form ω to the path of 1-forms given by β. This process is clearly invertible.

Given a path of 1-forms α : R→ Ω1(Y ), we denote by sd(α) ∈ Ω2
+(M) the corresponding

self-dual 2-form on M . The correspondence between quadratic terms on 3-manifolds and
4-manifolds may now be phrased as follows:

Lemma 3.51. Let S → M be a spinor bundle over M with Clifford module structure
ρM : T ∗M → su(S), and let W → Y be the corresponding bundle over Y with Clifford
module structure ρY : T ∗Y → su(Y ). Let φ̂ ∈ Γ(S+) be a positive spinor, corresponding to
a path of spinors φ : R→ Γ(W ) over Y . Then, we have the following relation:

ρ−1
M (φ̂⊗ φ̂∗)0 = 1

2sd(ρ
−1
Y (φt ⊗ φ∗t )0). (3.50)

Proof. We can explicitly write the right-hand expression as follows:

sd(ρ−1
Y (φt ⊗ φ∗t )0) =

(
∗Y ρ−1

Y (φ⊗ φ∗)0
)̂

+ dt ∧
(
ρ−1
Y (φ⊗ φ∗)0

)̂
. (3.51)

Thus, it suffices to apply ρM to this expression, and show that it reduces to 2φ̂ ⊗ φ̂∗. To
evaluate ρM on the first term, we note that ρY (∗Y α) = ρY (α) for every α ∈ Ω1(Y ); this is
because α∧∗α = |α|2volY , which means that ρY (α)ρ(∗α) = −|α|2idW = ρY (α)2. It follows
from this and Equation 3.47 that

ρM
((
∗Y ρ−1

Y (φ⊗ φ∗)0
)̂ )

= φ̂⊗ φ̂∗. (3.52)

For the second term, we note that ρM (dt ∧ β̂) = ρM (dt) ◦ ρM (β̂) for every β : R→ Ω1(Y ).
The action of ρM (β̂) on S+ is the same as the action of ρY (β) on W , except that S+ is
mapped to S− by β. Since ρM (dt) acts as the identity, it follows that the second term also
evaluates to φ̂⊗ φ̂∗.

3.4.3 Spinorial connections

We now turn our attention to connections, curvature, and the Dirac operator on each spinor
bundle. For a general vector bundle E → Y and an arbitrary connection ∇ ∈ A (E), we
obtain a connection on Ê →M as follows: for v ∈ Γ(TY ) and σ• : R→ Γ(E), we define

∇̂α d
dt+v̂

σ̂ = α
d̂σ
dt + ∇̂vσ. (3.53)

Note that the induced connection ∇̂ is R-invariant, i.e., ∇̂τs = ∇̂, where τs : R × Y →
R× Y translates by s ∈ R along the factor of R. Conversely, a connection on Ê induces a
connection on E if the connection is R-invariant.
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This construction carries over to spinorial connections. Given a spinor bundle W → Y
and a spinorial connection B ∈ A (W ), we denote by B̂ the induced connection on Ŵ ∼= S+.
Since we take S ∼= Ŵ ⊕ Ŵ , this gives rise to a spinorial connection A := B̂ ⊕ B̂ ∈ A (S).
All of this information behaves nicely when converted to the language of principal bundles;
if W is associated to the principal bundle P → Y and α is the connection 1-form of B, the
connection 1-form of B̂ is simply p∗α and the connection 1-form of A becomes p∗α⊕ p∗α.

Since the space of all spinorial connections is an affine space modelled on the space
of imaginary 1-forms, we can write every spinorial connection on S in terms of a reference
connection A in the form A+ η̂+ iλdt, where η is a path in iΩ1(Y ) and λ ∈ C∞(M,R). Due
to the presence of λ in this decomposition, there is not a one-to-one correspondence between
connections on S and paths of connections on W ; however, up to gauge equivalence, this
correspondence can be restored.

Lemma 3.52. For any spinorial connection A ∈ A (S), there is a gauge transformation
g ∈ GM which takes A to a connection of the form A0 + η̂, where A0 = B̂0 ⊕ B̂0 for a
connection B0 ∈ A (W ) and η is a path in Ω1(Y ). Moreover, this gauge transformation is
unique up to gauge transformations on Y , i.e., two such gauge transformations will differ
by a gauge transformation g′ satisfying dg′

dt = 0.

Proof. If we choose some B0 ∈ A (W ), we know that we can write A = A0 + η̂ + iλdt for
some path of 1-forms η and some smooth function λ on M . Define a gauge transformation
g : R× Y → U(1) as follows:

g(t, x) = exp
(
−i
∫ t

0
λ(t′, x)dt′

)
. (3.54)

Note that g−1dMg = g−1dY g + g−1ġdt, if we think of g as a path of gauge transformations
of Y . But then ġ = −iλg, meaning g−1ġdt = −iλdt. Applying the gauge transformation g
to A corresponds to shifting A by g−1dMg; observe that the λ term is cancelled, and the
remaining 1-forms can all be considered paths in iΩ1(Y ). Thus, Ag is of the desired form.

To prove the second claim, suppose A = A0 + η̂ and Ag is also of the desired form.
Then g−1dMg has no dt component; however, since this can essentially be identified with
the t-derivative of g, the result follows.

It follows that paths of imaginary-valued 1-forms can be identified with connections on
S up to gauge equivalence, and likewise paths of spinors inW can be identified with positive
spinors in S up to gauge equivalence. Thus, we find that there is an equivalence between
paths in the pre-configuration space of Y and elements of the pre-configuration space of Z,
up to gauge equivalence.

We may now relate the curvature 2-forms and the Dirac operators on Y and M ; we
begin with the Dirac operator. Fix a reference connection B0 ∈ A (W ), and let A ∈ A (S)
be an arbitrary connection of the form A0 + η̂ + iλdt. By definition, ∇B̂0 = d

dt + ∇B0 .
Additionally, we know that φ corresponds to a positive spinor when we pass to S, and dt
acts as the identity on positive spinors; it follows that the positive chiral Dirac operator for
A is given by the following formula:

D+
A φ̂ = ̂̇φ+ D̂B0φ+ ρ̂(η)φ+ iλ̂φ. (3.55)
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To relate the curvature 2-forms of each connection, we use the language of principal bundles.
In this case, we can write the connection form of B0 as ωYSO + C, where C is an imaginary
1-form and ωYSO is the Levi-Civita connection form of Y . In this form, we can write the
connection form of A0 as ωYSO⊕ωYSO+C⊕C; but since C⊕C is simply C · idS , we conclude
that the induced connection on the determinant line bundle for W and S are the same (i.e.,
they are related under pullback). Moreover, the curvature 2-form of each connection is also
the same under pullback:

FA0 = p∗FB0 = F̂B0 . (3.56)
As we showed above, an arbitrary connection on S is gauge equivalent to a connection of
the form A0 + µ̂ for a path of imaginary 1-forms µ on Y . It follows that the curvature of
an arbitrary connection is simply

FA = F̂B0 + dM µ̂ = ̂FB0 + dY µ+ dt ∧ ̂̇µ. (3.57)

From here, we can use the correspondence between self-dual 2-forms on M and paths of
1-forms on Y to conclude that F+

A corresponds to the path of 1-forms given by the following:

F+
A ↔ ∗Y (FB0 + dY µ) + η̇. (3.58)

3.4.4 The Seiberg-Witten equations in terms of flow lines

With this, we can relate the two equations. Let φ ∈ Γ(S+) ∼= Γ(Ŵ ) be a positive spinor, and
let A ∈ A (S) be a spinorial connection. By the above decompositions, we can write positive
spinors as paths of spinors on Y , i.e., φ = ψ̂, where ψ : R→ Γ(W ) is a path of spinors. If we
choose a reference connection B0 ∈ A (W ) on Y , we can also write A = B̂0⊕ B̂0 + µ̂+ iλdt
where µ : R → iΩ1(Y ) is a path of 1-forms and λ : M → R is a real-valued function;
up to gauge equivalence, we can assume λ = 0. In this decomposition, we find that the
4-dimensional Seiberg-Witten equations take the following form:

1
2(∗Y FB0 + ∗Y dY µ+ µ̇) + 1

2ρ
−1(ψ ⊗ ψ∗)0 = 0, (3.59)

ψ̇ +DB0ψ + ρ(µ)ψ = 0. (3.60)

(We have already identified the self-dual 2-forms with paths of imaginary 1-forms in the first
equation, and we have removed all hats in the second equation.) By defining B := B0 + µ
and isolating µ̇ and ψ̇, we can rewrite this as follows:

µ̇ = − (q(ψ) + ∗Y FB) , (3.61)
ψ̇ = −DBψ. (3.62)

On the other hand, it has been shown in the proof of Theorem 3.36 that the right-hand
expressions constitute the components of ∇csd, the gradient of the Chern-Simons-Dirac
functional. We now state the correspondence between the two equations explicitly.

Theorem 3.53. Let Y be a 3-manifold, and let W → Y be a spinor bundle over Y . Let
M = R × Y be a corresponding 4-manifold, denote by Ŵ the pullback bundle of W by the
projection R× Y → Y , and let S := Ŵ ⊕ Ŵ →M be a spinor bundle over M . Then:

• The three-dimensional Seiberg-Witten equations onW → Y are defined by the extrema
of the Chern-Simons-Dirac functional.
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• The four-dimensional Seiberg-Witten equations on S → M are defined (up to gauge
equivalence) by the upwards flow lines of the Chern-Simons-Dirac functional.

This theorem was first stated by Kronheimer and Mrowka in [KM07] and by Morgan,
Szabo, and Taubes in [MST96]. It was later observed by Donaldson in [Don96] that, in the
light of this theorem, one might be able to construct Floer homology groups by using Morse
theory on the configuration space B(W ).

Recall that the finite-dimensional form of Morse theory runs as follows. Given a Rie-
mannian manifold M and a generic function f : M → R, one can define a flow under the
associated vector field ∇f ; the lines of this flow will naturally start and end at the fixed
points of f , and two fixed points with index differing by 1 will have finitely many flow lines
connecting them. One can use these flow lines to form a chain complex called the Morse
complex, and the homology of this complex turns out to be isomorphic to the singular ho-
mology of the manifold. This strategy for computing homology groups was adapted to the
study of 3-manifolds by Floer in [Flo88a], in which the manifold M was instead taken to be
the space of SU(2)-connections, and the Morse function was taken to be the Chern-Simons
functional.

The natural generalisation of this idea to the Seiberg-Witten equations was first carried
out by Mrowka, Ozsvath and Yu in [MOY96]. In this case, the manifold M was taken to
be the pre-configuration space C ∗(W ), and the function was taken to be the Chern-Simons-
Dirac functional. The lines of the flow were then identified with monopoles on R× Y , and
the fixed points of the flow were identified with monopoles on Y . Using this framework, the
authors were able to generate new invariants for 3-manifolds in the form of Seiberg-Witten
Floer homology. We will not discuss these invariants in further detail, but we refer the
reader to [KM07] for a refined development of the invariants.
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Chapter 4

Seiberg-Witten Monopoles on
Seifert 3-manifolds

In this chapter, we develop results characterising the moduli space of Λ-equivariant Seiberg-
Witten monopoles on Seifert 3-manifolds. Our proof is adapted from the non-equivariant
proof in [MOY96]. The essence of the proof is that solutions to the vortex equations on
the U(1)-orbit space of a Seifert 3-manifold pull up to Seiberg-Witten monopoles, and
conversely all Seiberg-Witten monopoles on a Seifert 3-manifold are U(1)-invariant so that
they descend to vortices on the orbit space.

The structure of the chapter is as follows. We begin with a brief discussion of Riemannian
structures on a Seifert 3-manifold. We then discuss spinors on Riemann surfaces, and the
reduction of spinors on a Seifert 3-manifold to its U(1)-orbit space; this includes an overview
of the equivariant generalisation, which involves group extensions of the finite group. With
these preliminaries, we extend the correspondence of Mrowka et al. between Seifert 3-
manifolds and vortices to the equivariant category. The irreducible component is treated
first; we relate the Kähler vortex equations on line bundles over Riemann surfaces to a
equivalent system on a spinor bundle, and we then prove that the pullback of these spinors
along the Seifert 3-manifold projection induces a diffeomorphism of moduli spaces. We then
treat the reducible locus, relating the reducible solutions to flat connections on line bundles.
Finally, we present some examples and discuss further directions for research.

Throughout this chapter, Λ will always be a finite group, Λ̂ will be a cyclic group
extension, Σ will be a Λ-equivariant orbifold Riemann surface, and π : Y → Σ will denote
a Seifert 3-manifold equipped with a Λ-action extending the action on Σ. The vector field
on Y generated by the U(1) action will be denoted by ∂

∂ϕ . A spinor bundle over Y will be
denoted by W → Y , whereas a spinor bundle over Σ will be denoted by S → Σ; in both
cases, the Clifford module structure is denoted by ρ. A spinorial connection on W will be
denoted by A until we discuss reducible monopoles; a Hermitian connection on a line bundle
over Σ will be denoted by B; and a spinorial connection on a spinor bundle over Σ will be
denoted by B̃. We use the letter ψ to denote spinors over both Y and Σ.

89
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4.1 Metrics and Connections on Seifert 3-manifolds

Let π : Y → Σ be a Seifert fibred space, and equip the fibration with a compatible Λ-
action. We assume that Σ has been given a constant-curvature Λ-invariant Riemannian
metric gΣ, with volume form volΣ and Levi-Civita connection ∇Σ. As in Chapter 2, we
assume Λ preserves the orientation of Σ unless otherwise stated. To construct a metric on
Y , we use Proposition 1.50 to find a constant-curvature U(1)-connection iη ∈ iΩ1(Y ) for
the U(1)-bundle Y → Σ; explicitly, we require that η satisfies the following three conditions:

• η is U(1)-invariant.

• η satisfies η( ∂∂ϕ) = 1.

• dη ∈ iΩ2(Y ) is a constant multiple of π∗volΣ ∈ Ω2(Σ). By Proposition 1.50, this
constant multiple is given by 2ξ ∈ R, where

ξ = −π deg(Y )
Vol(Σ) . (4.1)

With this prescription, there is the following natural metric on Y :

gY = η2 + π∗gΣ. (4.2)

The metric gY is sometimes called the adiabatic metric; see [Nic96]. The tangent and
cotangent bundle then have the following orthogonal splittings:

TY ∼= R ∂
∂ϕ ⊕ π

∗TΣ;
T ∗Y ∼= Rη ⊕ π∗T ∗Σ.

(4.3)

We denote by Πη⊥ : T ∗Y → π∗T ∗Σ the natural orthogonal projection; note that the other
projection is given simply by ⟨·, η⟩η : T ∗Y → Rη.

Already, however, we have reached a point of ambiguity: which SO(3)-connection should
be chosen for Y ? There are two desirable properties one might expect of a natural choice,
namely that the connection preserves the metric and that it preserves the orthogonal split-
tings above. The natural connection with the first property is the Levi-Civita connection
with respect to gY , which we denote by ∇̂SO, and the natural connection with the second
property is the connection1 d⊕ π∗∇Σ which we denote by ∇SO. These two connections are
different in general.

For the purposes of relating the Seiberg-Witten monopoles on Y to vortices on Σ, the
property of preserving the orthogonal splittings in Equation 4.3 is more important than
preserving the metric. The induced spinorial connections for each connection are related as
follows:

Proposition 4.1. Let W → Y be a spinor bundle with Clifford module structure ρ, and let
∇ and ∇̂ be connections which are spinorial with respect to ∇SO and ∇̂SO respectively. If
the traces of ∇ and ∇̂ are the same, then they are related as follows for every v ∈ TY :

∇̂v = ∇v + ξ(12ρ(v)− η(v)ρ(η)). (4.4)
1By this, we mean the connection ∇SO satisfying ∇SOη = 0 and ∇SO

v π∗X = ∇Σ
π∗(v)X for every X ∈ X(Σ).
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Additionally, if D and D̂ denote the Dirac operators for each connection, the two are equal
up to a constant shift:

D̂ = D − ξ

2 . (4.5)

Proof. It suffices to verify each formula in local coordinates. Let {e0, e1, e2} be an orthonor-
mal coframe on U ⊆ Y compatible with the splitting in Equation 4.3, meaning e0 = η and
e1 = π∗f1, e2 = π∗f2 for a given orthonormal coframe {f1, f2} on V ⊆ Σ. Denote by
(ωSO)ij ∈ Ω1(V ) the connection matrix for the Levi-Civita connection on T ∗Σ; since the
connection matrix is skew-symmetric, the only independent component is (ωSO)12. We may
identify the connection coefficients of ∇SO with those of ∇Σ, since all others are clearly
zero; thus, ∇SO has the following connection matrix:

[∇SO] =

0 0 0
0 0 (ωSO)12
0 −(ωSO)12 0

 . (4.6)

On the other hand, since ∇̂SO is the Levi-Civita connection, we may use Cartan’s structural
equation

dei =
∑
j

ωij ∧ ej (4.7)

to find its connection coefficients ωij . First, observe that dη = 2ξvolΣ = 2ξe1 ∧ e2 = ξe1 ∧
e2− ξe2∧ e1. Moreover, using the structural equations on Σ, we find that de1 = (ωSO)12∧ e2
and de2 = −(ωSO)12e1. Adding various terms to ensure that ωij is skew-symmetric, we find
the following connection matrix for ∇̂SO:

[∇SO] =

 0 −ξe2 ξe1

ξe2 0 ξe0 + (ωSO)12
−ξe1 −ξe0 − (ωSO)12 0

 . (4.8)

Thus, the two connections differ by the following so3-valued 1-form:

αij := [∇SO]− [∇̂SO] =

 0 −ξe2 ξe1

ξe2 0 ξe0

−ξe1 −ξe0 0

 . (4.9)

We may now use Equation 3.26 to find the difference between two spinorial connections
locally. As the two connections reduce to the same connection on Pdet, the imaginary
1-forms in the equation cancel, and we are left with the following local expression:

[∇]−[∇̂] = 1
4
∑
i,j

αij⊗ρ(ei∧ej) = ξ
2(−e

2⊗ρ(e0∧e1)+e1⊗ρ(e0∧e2)+e0⊗ρ(e1∧e2)). (4.10)

But e0 ∧ e1 = −e2volY , and likewise e0 ∧ e2 = e1volY and e1 ∧ e2 = −e0volY . It follows that
ρ(e0 ∧ e1) = −ρ(e2)ρ(volY ) = ρ(e2), since we chose the positive chiral representation. We
therefore rewrite this expression as follows:

[∇]− [∇̂] = ξ
2(e

0 ⊗ ρ(e0)− e1 ⊗ ρ(e1)− e2 ⊗ ρ(e2)) (4.11)

= ξ

η ⊗ ρ(η)− 1
2
∑
j

ej ⊗ ρ(ej)

 (4.12)
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Applying this to an element v ∈ TU , and noting that the result is independent of coordi-
nates, we find that

∇v − ∇̂v = ξ
(
η(v)ρ(η)− 1

2ρ(v)
)
. (4.13)

This proves Equation 4.4. Using this formula, the proof of Equation 4.5 is merely a com-
putation:

D − D̂ =
∑
j

ρ(ej)(∇j − ∇̂j)

= ξ
∑
j

ρ(ej)
(
η(ej)ρ(η)− 1

2ρ(ej)
)

= ξ
∑
j

(
η(ej)ρ(eje0)− 1

2ρ(ej)
2
)

= ξ

(
−1 + 3

2

)
= ξ

2 ,

where in the last line we have used the Clifford relation.

This allows us to extend Equation 3.28 to the non-metric-preseving connection ∇SO:
Corollary 4.2. The anticommutator of D with ρ(α), where α ∈ Ω1(Y ), is the following:

{D, ρ(α)} = ρ((∗d + d∗)α)− 2∇α♯ + 2ξ⟨α, η⟩. (4.14)

Proof. This follows immediately from Equation 3.28 for the Levi-Civita connection.

The derivation of this formula is the sole use of the Levi-Civita connection on Y in the
proof, and we will henceforth assume the connection on TY is ∇SO.

Under the orthogonal splitting of the tangent bundle, the Dirac operator also admits a
splitting. It will be useful to understand how this splitting behaves when the Dirac operator
is squared.
Proposition 4.3. Let DB be the Dirac operator associated to a spinorial connection B
on a spinor bundle W → Y (with respect to ∇SO). Define D2 to be the part of the Dirac
operator orthogonal to η in the following sense:

DB = ρ(η)∇B∂
∂ϕ

+D2. (4.15)

Then the square of the Dirac operator is given by the following formula:

(DB)2 = (ρ(η)∇Bd
dϕ
)2 + (D2)2 − ρ(Πη⊥ ∗ FB). (4.16)

Proof. It suffices to prove the following anticommutator relation:{
ρ(η)∇Bd

dϕ
, D2

}
= −ρ(Πη⊥ ∗ FB). (4.17)

Thus, let {η, e1, e2} denote an orthonormal coframe on a neighbourhood of Y , lifted from
one on Σ, and let { ∂∂ϕ , e1, e2} be the corresponding orthonormal frame. By definition, then,
D2 = ρ(e1)∇Be1 + ρ(e2)∇Be2 . We now wish to evaluate the expression of the form{

ρ(η)∇B∂
∂ϕ

, ρ(e1)∇Be1
}
. (4.18)
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Since the connection is spinorial, we know that ∇B ◦ρ(v) = ρ(v)◦∇B+ρ(∇SOv). However,
∇SO respects the splitting in Equation 4.3, meaning ∇SOη = 0; and since e1 pulls up from
Σ, we also know that it is parallel in the ∂

∂ϕ -direction. We can therefore rewrite the term
as follows: {

ρ(η)∇B∂
∂ϕ

, ρ(e1)∇Be1
}
= ρ(η)ρ(e1)

[
∇B∂

∂ϕ

,∇Be1
]
. (4.19)

On the other hand, the curvature of ∇B is defined to be the End(W )-valued tensor F∇B for
which F∇B (u, v) = [∇u,∇v]−∇[u,v]. Since e1 pulls up from Σ, its Lie derivative in the fibre
direction is necessarily 0; the commutator term is therefore simply F∇B ( ∂∂ϕ , e1). However,
a short computation shows that the following holds for every α ∈ Ω1(Y ):

F∇B (e0, e1)ρ(α) = ρ(α)F∇B (e0, e1) + ρ(F∇SO(e0, e1)α). (4.20)

Since ∇SO pulls up from Σ, the second term is zero; thus, the curvature tensor commutes
with the Clifford action. By Schur’s lemma, the curvature must be equal to its trace part,
which is simply FB(e0, e1). We therefore find that{

ρ(η)∇B∂
∂ϕ

, ρ(e1)∇Be1
}
= ρ(η)ρ(e1)FB(e0, e1). (4.21)

The same computation applies to the e2-component of D2, which means that{
ρ(η)∇Bd

dϕ
, D2

}
= ρ(η)ρ(e1)FB(e0, e1) + ρ(η)ρ(e2)FB(e0, e2) = ρ(η ∧ ιe0FB). (4.22)

By breaking FB into its components in eiej , one can verify that ∗η ∧ ιe0FB = Πη⊥ ∗ FB.
But then ρ(∗α) = −ρ(α) since ρ(volY ) = 1, which completes the proof.

4.2 Spinors on Riemann Surfaces

To relate Seiberg-Witten monopoles to vortices, we need a notion of spinors on Riemann
surfaces. This section is devoted to the spin geometry of complex manifolds.

4.2.1 Spinc-structures on complex manifolds

A central fact in the correspondence between spinors on Y and on Σ is that every complex
manifold can be given a canonical Spinc(2n)-structure. We prove this via the following
lemma:
Lemma 4.4. For any n ∈ N, let j : U(n)→ SO(2n) be the canonical map induced by the R-
linear isomorphism (x1+ iy1, . . . , xn+ iyn) 7→ (x1, y1, . . . , xn, yn), and let det : U(n)→ U(1)
be the determinant. Then the map (j,det) : U(n) → SO(2n) × U(1) admits a unique lift
σ : U(n)→ Spinc(2n) making the following diagram commute:

Spinc(2n)

U(n) SO(2n)×U(1)

(qSO,qU)

(j,det)

σ

where qSO : Spinc(2n) → SO(2n) is the U(1) quotient map and qU : Spinc(2n) → U(1) is
the Spin(2n) quotient map (as defined in Section 3.1).
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Proof. The following is an elaboration on a proof in [LM89]. Since Spinc(2n) is a double
covering of SO(2n) × U(1), we may use the lifting criterion to construct σ; this states
that the map σ exists if and only if the image of π1(U(n)) under (j,det)∗ is contained in
the image of π1(Spinc(2n)) under (qSO, qU)∗, which is equivalent to the requirement that
im j∗ ⊆ im (qSO)∗ and imdet∗ ⊆ im (qU)∗.

To prove this, we will use the fact that U(n) ∼= SU(n)⋊U(1), where U(1) is embedded
in U(n) via the map k : U(1) → U(n) given by eiθ 7→ diag(eiθ, 1, . . . , 1), which has the
property that det ◦ k = idU(1). Blowing up the product SO(2n)× U(1) into its constituent
factors, we summarise this setup in the following commutative diagram of Lie groups:

Spinc(2n)

SU(n)⋊U(1) U(n) SO(2n)

U(1) U(1)
k

∼

qSO
qU

j

det

Once we apply π1 to this diagram, we obtain another commutative diagram of the funda-
mental groups. To construct this diagram, we note the following:

• By applying the long homotopy exact sequence to the fibration U(n− 1) ↪→ U(n) ↠
S2n−1, as well as the fact that π1(S2n−1) = π2(S2n−1) = 1 for all n ≥ 2, we find that
the fundamental group of U(n) is Z for all n. Similarly, we find that SU(n) is simply
connected for all n, and π1(SO(2n)) = Z2 for n ̸= 1 while π1(SO(2)) = Z.

• Let γ : [0, 1]→ SO(2n) be a loop corresponding to the generator of π1(SO(2n)) which
starts at the identity. Since Spin(2n) doubly covers SO(2n), the loop γ can be lifted
to a path γ̃ : [0, 1]→ Spin(2n) for which γ̃(0) = 1 and γ̃(1) = −1. Now, consider the
loop η : [0, 1] → Spinc(2n) defined such that η(t) = eiπtγ̃(t); it is clear that qSO ◦ η
generates π1(SO(2n)) and qU ◦ η generates π1(U(1)). It follows that the subgroup of
π1(SO(2n)×U(1)) generated by (1, 1) is contained in the image of (qSO, qU)∗.
In fact, it turns out that this subgroup covers im(qSO, qU)∗ for n > 1; using the long
homotopy exact sequence on the Z2-fibration of Spinc(2n) over SO(2n)×U(1) shows
that π1(Spinc(2n)) constitutes an index-2 subgroup of π1(SO(2n) × U(1)). When
n = 1, the image is generated by (1, 1) and (1,−1).

• Since semi-direct products of topological groups correspond to topological products,
and since SU(n) is simply connected, we find that k and det constitute mutually inverse
isomorphisms between the fundamental groups of U(n) and U(1). This gives a direct
computation of det∗, but it also allows us to compute j∗. In particular, by identifying
u(1) with SO(2), we find that j ◦ k corresponds to the natural inclusion of SO(2)
into SO(2n); this inclusion induces a surjection from π1(SO(2)) ∼= Z to π1(SO(2n)),
which is either idZ if n = 1 or mod 2 if n > 1. Thus, we conclude that im(j, det)∗ is
generated by (1, 1). But we just proved that this generator is contained in the image
of (qSO, qU)∗, which completes the proof. The corresponding commutative diagram of
fundamental groups is shown below.
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Z

Z Z2

Z Z

k∗=idZ

(qSO)∗=mod 2
(qU)∗=idZj∗

det∗=idZ

Proposition 4.5. Every Kähler manifold M with real dimension 2n has a canonically
defined Spinc(2n)-structure, with a spinor bundle isomorphic to Λ0,∗TM with the following
Clifford product: given v ∈ TM and α ∈ Λ0,∗TM ,

ρ(v) · α = v ∧ α− v∗ ⌟α, (4.23)

where ⌟ denotes contraction and v∗ is the covector dual to v.

Proof. Let M be a 2n-dimensional Kähler manifold. The almost-complex structure J on
M naturally induces a reduction of the special orthogonal frame bundle FSO → M to the
unitary frame bundle FU →M (andM needs to be Kähler so that FU ⊆ FSO). In the above
Lemma, we demonstrated the existence of a canonical map α : U(n) → Spinc(2n), and we
therefore define the Spinc(2n)-structure to be the associated principal bundle P = FU ×α
Spinc(2n), together with the natural projection induced by qSO onto FSO. The spinor bundle
is then given by the associated bundle P ×ι Λ0,∗C2n, where ι : Spinc(2n) → Aut(Λ0,∗C2n)
is the conjugation map.

In the case that M is an orbifold Riemann surface Σ, this bundle can be described
explicitly in terms of antiholomorphic 1-forms. Recall thatKΣ denotes the canonical bundle.

Definition 4.6. The canonical spinor bundle over Σ is the 2-plane bundle S0 = C⊕K−1
Σ ,

with Clifford module structure given for any ξ ∈ Λ1Σ, any a ∈ C, and any β ∈ K−1
Σ by the

following:

ρ(ξ) · (a+ β) =
√
2(−h(ξ1,0, β) + aξ0,1). (4.24)

The trivial bundle C inherits a fibrewise trivial action from Σ, and KΣ inherits an action
from Σ since Λ acts holomorphically. The Clifford module structure is clearly equivariant,
so S0 defines a Λ-equivariant spinor bundle.

The Levi-Civita connection can be naturally extended to an equivariant spinorial con-
nection on the bundle; if∇Σ denotes the Levi-Civita connection on Σ, we define the spinorial
connection A0 ∈ A (S0) as follows:

∇A0(a+ β) = da+∇Σβ. (4.25)

The Dirac operator associated to this connection can be calculated to be the following:

DA0(a+ β) =
√
2(∂a+ ∂

∗
β); (4.26)

here ∂∗ := − ∗ ∂∗ is the formal adjoint to ∂. We can then use Proposition 3.19 to get the
following classification:
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Proposition 4.7. The Λ-equivariant spinor bundles over Σ can be identified with equivari-
ant line bundles L → Σ. Given such a line bundle, we construct the spinor bundle L ⊗ S0
with the Clifford module structure 1⊗ ρ, and conversely, a spinor bundle S → Σ gives rise
to a line bundle L = S+ by restricting to the (+1)-eigenspace of ρ(ivolΣ).

The unitary connections on L are in bijective correspondence with the spinorial connec-
tions on L⊗ S0: a unitary connection A ∈ A (L) induces the spinorial connection A⊗ A0
on L:

∇A⊗A0(u⊗ (a+ β)) = ∇Au⊗ (a+ β) + u⊗ (da+∇SOβ). (4.27)
Conversely, a spinorial connection on S gives rise to a unitary connection on S+ by re-
striction. The Dirac operator for the unitary connection A is given by

DA(u⊗ (a+ β)) =
√
2
(
∂A(u⊗ a) + ∂

∗
A(u⊗ β)

)
, (4.28)

where ∂A : Γ(L)→ Ω0,1(L) is the holomorphic structure associated to A, and ∂∗A := −∗∂A∗
is its formal adjoint.

As in four dimensions, the complex volume element ivolΣ splits the bundle L⊗ S0 into
±1 eigenspaces.

Definition 4.8. Elements of the (±1)-eigenspaces of ivolΣ on a spinor bundle are called
positive and negative spinors, and the subbundles they define are denoted by S±. Note
that, if S ∼= L⊗ S0, we have that S+ ∼= L and S− ∼= L⊗K−1

Σ .

4.2.2 Pullback to the Seifert 3-manifold

Now that we have parametrised the Spinc-structures on the underlying orbifold Riemann
surface, we can essentially lift the constructions to the total 3-manifold Y by pullback. The
pullback bundle π∗(L ⊗ S0) becomes a spinor bundle for Y when we extend the Clifford
action to the connection 1-form η as follows:

ρ(η) · u⊗ (a+ β) = iu⊗ (a− β). (4.29)

Expressed another way, ρ(η) = −ρ(volΣ); this comes from the chirality condition ρ(volY ) =
1. Additionally, the spinorial connection associated to a connection A ∈ A (L) lifts to a
U(1)-invariant connection on π∗Y , and its Dirac operator is easily seen to be the following:

DA(u⊗ (a+ β)) =
√
2
(
∂A(u⊗ a) + ∂

∗
A(u⊗ β)

)
+ i

d
dϕ(u⊗ (a− β)). (4.30)

Note that, by Proposition 1.55, any line bundle over Y with a connection that has trivial
fibrewise holonomy can be pulled up from Σ.

In general, because the odd-dimensional volume element acts homogeneously, spinors
over odd-dimensional manifolds tend not to admit splittings according to chirality. However,
for a Seifert 3-manifold, we can define chirality in terms of the action of volΣ instead:

Definition 4.9. Elements of the (±1)-eigenspaces of the action of iπ∗volΣ on the Λ-
equivariant spinor bundle W → Y are called positive and negative spinors, and the or-
thogonal subbundles they define are denoted by W±. Note that each of these bundles
inherit Λ-equivariance from the equivariance of volΣ.
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This splitting is useful in understanding the quadratic map that appears in the Seiberg-
Witten equations:

Proposition 4.10. Let α be a positive spinor, and let β be a negative spinor. The quadratic
map q : Γ(W )→ iΩ1(Y ) decomposes into η-components as follows:

⟨q(α+ β), η⟩ = − i2(|α|
2 − |β|2), (4.31a)

Πη⊥q(α+ β) = ρ−1(α⊗ β∗ + β ⊗ α∗). (4.31b)

Proof. Recall from the definition of q that

ρ(q(α+ β)) = ((α+ β)⊗ (α+ β)∗)0. (4.32)

Observe that α ⊗ α∗ has trace |α|2 (likewise for β ⊗ β∗), while α ⊗ β∗ and β ⊗ α∗ are
trace-free by the orthogonality of W±. Thus, an equivalent formulation of the proposition
is the following:

− i
2(|α|

2−|β|2)ρ(η)+α⊗β∗+β⊗α∗ = α⊗α∗+β⊗β∗+α⊗β∗+β⊗α∗− 1
2(|α|

2+|β|2); (4.33)

or after cancelling the trace-free terms,

− i
2(|α|

2 − |β|2)ρ(η) = α⊗ α∗ + β ⊗ β∗ − 1
2(|α|

2 + |β|2). (4.34)

But this equation can simply be checked by operating on α and β individually, and observing
that ρ(η)|W± = ∓i. Assuming without loss of generality that α and β are both nonzero,
and extending by linearity, the equation holds for all elements of W+ ⊕W− =W .

4.3 Group Actions on Seifert 3-Manifolds

Let Y be a Seifert 3-manifold fibring over Σ, and equip Σ with an isometric action by a
finite group Λ. We have already characterised the Λ-equivariant vortices on Σ, and the
correspondence in [MOY96] relates vortices on orbifold Riemann surfaces to monopoles on
Seifert 3-manifolds. We wish to define a compatible action on Y ; the precise notion of
compatibility is the following:

Definition 4.11. Let Y → Σ be a Seifert 3-manifold over an orbifold Riemann surface Σ
equipped with an isometric action by a finite group Λ. A lifting of the Λ-action is a Λ-action
on Y with the following two properties:

• The U(1)-action on Y commutes with the orientation-preserving elements of Λ, and
anticommutes with the orientation-reversing elements of Λ.

• The Λ-action preserves the fibres of Y : for all γ ∈ Λ and all y ∈ Y , we have that
γ · π(y) = π(γ · y).

The first condition is necessary to account for the non-orientable apparatus we have set
up.

Aiming to generalise the correspondence of moduli spaces, a natural question arises:
does the group action on Σ always lift to Y ? In general, the answer is no:
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Proposition 4.12. If the action of Λ on Σ lifts to Y , then the induced action of Λ on
bundles via pullback either preserves or reverses the isomorphism class of Y , depending on
orientation.

Proof. Let γ ∈ Λ be arbitrary. If Λ acts compatibly on Y , observe that the following
diagram commutes:

Y

γ∗Y Y

Σ Σ

γ

π

π

γ

By the universal property, there is a unique induced map from Y to γ∗Y compatible with
π; its inverse is clearly given by the corresponding map for γ−1 applied to γ∗Y , and the
fact that it either commutes or anticommutes with the U(1)-action means it defines an
isomorphism with Y or Y ∗.

Remark. If Σ is a smooth Riemann surface, then this condition is always met because the
action of Λ induces isomorphisms in cohomology. For a Riemann surface with singularities,
however, the Λ-action must also preserve the local invariants of Y around each point.

In particular, the pullback along γ ∈ Λ must preserve the local invariants of Y . Even
when this condition is imposed, however, there is an extra obstruction given by group
cohomology as follows. (For more on group cohomology, refer to [Bro82].)

Proposition 4.13. Let Λ be a finite group acting on an orbifold Riemann surface Σ pre-
serving the Seifert fibred space Y → Σ under pullback. Given a function σ : Λ → U(1),
define the map ω : Λ× Λ→ U(1) as follows:

ω(γ, γ′) = σ(γ)σ(γ′)σ(γγ′)−1. (4.35)

Then the group action admits a lifting to Y if and only if there is some choice of σ for which
ω defines the trivial group cohomology class in H2(Λ;U(1)). If there is no such choice, then
there is an extension Λ̂ of Λ by a cyclic group which acts compatibly on Y .

Proof. For the moment, we pick a single point p ∈ Σ and assume it is fixed by Λ. In this
case, a choice of lifting of the Λ-action over p is just a map σ : Λ → U(1) satisfying the
group action condition σ(γ)σ(γ′) = σ(γγ′). Thus, let σ : Λ → U(1) be an arbitrary map;
there is then a map ω : Λ× Λ→ U(1) satisfying the following:

σ(γ)σ(γ′) = ω(γ, γ′)σ(γγ′). (4.36)

By using the associativity of U(1), we obtain the following relation for all γ, γ′, γ′′ ∈ Λ:

ω(γ, γ′)ω(γγ′, γ′′) = ω(γ, γ′γ′′)ω(γ′, γ′′). (4.37)

This is the condition for ω to define a class in H2(Λ;U(1)). This class is trivial if and only
if ω = δµ for some µ : Λ→ U(1), where δµ(γ, γ′) = µ(γ)µ(γ′)µ(γγ′)−1; defining σ = σ ·µ−1

gives us the desired lifting.
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If the class is nontrivial, we define an extension Λ̂U(1) of Λ by taking the set Λ × U(1)
and equipping it with the following product:

(γ, eiθ) · (γ′, eiθ′) = (γγ′, ω(γ, γ′)ei(θ+θ′)). (4.38)

This group naturally acts on Y by multiplication by eiθσ(γ), and the map Λ̂U(1) → Λ given
by projection onto the first factor is clearly an epimorphism with kernel U(1). Furthermore,
since every group cohomology class for a finite group is torsion, we can take ω to be valued
in some finite subgroup of U(1); these must all be cyclic. This allows us to reduce to a
cyclic extension by simply taking the product of Λ with that cyclic subgroup.

Since this argument is independent of p, we can extend to all of Σ by noting that the
local behaviour of Y over p is preserved under Λ.

We shall deviate slightly from our established paradigm for equivariant structures from
this point forth. In all that preceded this proposition, there was only ever one finite group
Λ acting and everything was required to be equivariant with respect to that single group.
In the light of this proposition, however, we see that the natural notion of equivariance
should be with respect to a finite group Λ, and some cyclic extension Λ̂→ Λ on Y , whose
corresponding cyclic group acts along the fibres of Y . This will be assumed implicitly
henceforth.

Note that we get a correspondence of bundles as expected:

Proposition 4.14. A Λ-equivariant bundle over Σ induces a Λ̂-equivariant bundle over Y
under pullback, and the pullback of Λ-equivariant sections of a bundle are Λ̂-equivariant.

Proof. Let E → Σ be a Λ-equivariant bundle. Conceptualising the pullback π∗E as a subset
of Y × E, and denoting by q : Λ̂ → Λ the canonical epimorphism, we define a Λ̂-action on
π∗E as follows:

γ̂ · (y, v) = (γ̂ · y, q(γ̂) · v). (4.39)

The statement regarding sections is easily verified.

By choosing the constant-curvature metric on the orbifold U(1)-bundle Y/Λ̂ → Σ/Λ
and lifting it back up to Y , we may assume that the connection iη ∈ iΩ1(Y ), and hence
the adiabatic metric 4.2 on Y , are Λ̂-invariant. On the other hand, let W → Y be a spinor
bundle; then, in the same way that a Λ-action on Σ does not lift to one on Y , the Λ̂-action
on Y will generally only lift to W in the form of a group extension ̂̂Λ → Λ̂. For the sake
of simplicity, we will assume henceforth that this group extension splits, meaning we can
lift the Λ̂-action on Y to the Spinc-structure without extending Λ̂. In other words, we will
assume that the Spinc-structure we define on Y is Λ̂-equivariant.

4.4 Irreducible Moduli Correspondence

We now state a rough version of the correspondence between the irreducible moduli space
of Kähler vortices and the irreducible moduli space of Seiberg-Witten monopoles. (A more
precise version is given in Theorem 2.20.)
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Theorem 4.15. Let M ∗
vtx(Σ) denote the moduli space of irreducible Λ-equivariant Kähler

vortices on some line bundle over Σ, and let M ∗
sw(Y, π∗(L ⊗ S0)) denote the moduli space

of irreducible Λ̂-equivariant Seiberg-Witten monopoles. The pullback map π∗ induces a
diffeomorphism between the two moduli spaces.

This theorem will be proved in three parts. First, we will verify that the map π∗ is
well-defined, in that the pullback of a Kähler vortex is indeed a Seiberg-Witten monopole
and the map respects the gauge action. Then we will demonstrate that π∗ induces a
homeomorphism between the two spaces, which will involve a decomposition of the Dirac
operator on Y according to the Seifert fibration. Finally, we will prove that the map π∗ is a
diffeomorphism by analysing the linearisations of the Yang-Mills-Higgs functional and the
Chern-Simons-Dirac functional, and showing that their kernels are identified under π∗.

4.4.1 Rewriting the Kähler vortex equations

We recall the Kähler vortex equations here for convenience. Given a Hermitian line bundle
L → Σ with a unitary connection B ∈ A (L) and sections α ∈ Γ(L), β ∈ Γ(L ⊗K−1

Σ ), the
triple (B,α, β) is a Kähler vortex if and only if the following is satisfied:

2FA − FKΣ = i(|α|2 − |β|2)volΣ, (2.23a)
∂Aα = 0 and ∂∗Aβ = 0, (2.23b)

α = 0 or β = 0. (2.23c)

The idea of the proof is to rewrite the Kähler vortex equations in terms of a connection
and section on a spinor bundle S → Σ. Once this is done, we essentially prove that every
solution to the Seiberg-Witten equations on W → Y lifts from a solution of the rewritten
equations on S → Σ.

Proposition 4.16. Let L → Σ be a Hermitian line bundle over a Riemann surface, let
α ∈ Γ(L) and β ∈ Γ(L⊗K−1

Σ ) be sections, and let B ∈ A (L) be a unitary connection. Let
ψΓ(L ⊗ S0) be the spinor with chiral decomposition α + β, and let B̃ ∈ A (L ⊗ S0) be the
spinorial connection corresponding to B (i.e., B̃ = B⊕(B⊗ωg), where ωg is the Levi-Civita
connection on K−1

Σ ). Then (α, β,B) is a solution to the Kähler vortex equations if and only
if (ψ, B̃) is a solution to the following system of equations:

ρ(F
B̃
) = (ψ ⊗ ψ∗)0; (4.40a)
D
B̃
ψ = 0; (4.40b)

ψ ∈ Γ(S±). (4.40c)

Here, as in the three-dimensional case, F
B̃
refers to half of the trace of the curvature 2-form

of ∇B̃.

Proof. Equation 4.40c is equivalent to the vanishing of α or β (depending on whether
ψ ∈ S− or ψ ∈ S+), and Equation 4.40b is equivalent to the holomorphicity of α and the
coholomorphicity of β by the definition of the Dirac operator on S (Equation 4.28). Thus,
we focus attention on the first equation (4.40a).
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It is easy to show that the curvature of a direct sum or tensor product of connections
is the direct sum or tensor product of the curvatures. Thus, it follows that the trace of the
curvature of B̃ is simply FB + (FB + FK∗

Σ
) = 2FB − FKΣ . Thus, it suffices to prove that

i(|α|2 − |β|2)ρ(volΣ) = 2(ψ ⊗ ψ∗)0. (4.41)

To rewrite the right-hand side, first observe that either α or β vanishes identically, so

(ψ ⊗ ψ∗)0 = α⊗ α∗ + β ⊗ β∗ − 1
2(|α|

2 + |β|2). (4.42)

By computing the matrix representation in a basis of the form {s+, s−} with s± ∈ S±, one
can show that

(ψ ⊗ ψ∗)0 = ρ

(
i

2(|α|
2 − |β|2)volΣ

)
. (4.43)

Additionally, ρ takes imaginary 2-forms on Σ of the form itvolΣ isomorphically to linear
endomorphisms of L⊗ S0 which act by scaling S± by ±t. This completes the proof in the
case that the Λ-action is trivial.

If Λ acts nontrivially, the equivariance of α and β implies the equivariance of ψ = α+β
by linearity; moreover, since ωg is the Levi-Civita connection of an equivariant metric, the
equivariance of B implies the equivariance of B̃. By splitting into the Λ-invariant subbundles
S±, the converse follows immediately.

Henceforth, we will also refer to the pair (ψ, B̃) as a Kähler vortex, and to Equations
4.40a–4.40c as the Kähler vortex equations.

4.4.2 The pullback map

With this, we can define the pullback map taking Kähler vortices to monopoles more pre-
cisely.

Definition 4.17. Let (α, β,B) be a Kähler vortex on L → Σ, and let π : Y → Σ be a
Seifert fibred space. Then the pullback of (α, β,B) to Y is defined to be

π∗(α, β,B) = (π∗ψ, π∗B̃) ∈ Γ(π∗(L⊗ S0))×A (π∗(L⊗ S0)), (4.44)

where ψ = α + β ∈ Γ(L ⊗ S0) and B̃ ∈ A (L⊗ S0) are the associated spinor and spinorial
connection as in Proposition 4.16.

In the remainder of this section, we will show via a series of lemmas that the pullback
map induces a diffeomorphism between the moduli spaces of vortices and monopoles. We
begin with the following:

Lemma 4.18. The map π∗ : M ∗
v (Σ, L)→M ∗

sw(Y, π∗(L⊗ S0)) is well-defined.

Proof. We need to check two conditions: that the pullback of an equivariant Kähler vortex
is an equivariant monopole, and that equivariantly gauge-equivalent vortices define equiv-
ariantly gauge-equivalent monopoles. The latter condition follows simply from the fact that
a gauge transformation g : Σ→ U(1) pulls back to a gauge transformation π∗g : Y → U(1)
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and commutes with π∗ (since U(1) is abelian), so we focus our attention on the former
condition for the remainder of the proof.

Let (α, β,B) be a Kähler vortex, and let (π∗ψ, π∗B̃) be its pullback. By Proposition
4.16, we know that (ψ, B̃) satisfy the equations ρ(F

B̃
) = (ψ⊗ψ∗)0 and D

B̃
ψ = 0. We show

that each of the Seiberg-Witten equations hold individually:

• Observe that ρ commutes with pullback, and the pullback of the curvature of a con-
nection is the curvature of its pullback. Thus, we have the following:

ρ(∗F
π∗B̃

) = −π∗ρ(F
B̃
) = −π∗(ψ ⊗ ψ∗)0. (4.45)

In the second equality, we have used the fact that (ψ, B̃) corresponds to a Kähler
vortex. However, it is easy to verify that π∗(ψ ⊗ ψ∗)0 = ((π∗ψ)⊗ (π∗ψ)∗)0; using the
fact that ρ is an isomorphism when restricted to 1-forms, we find that

∗F
π∗B̃

= −q(π∗ψ). (4.46)

• Using Equation 4.28, as well as the fact that the pullback along π is U(1)-invariant,
we see that D

π∗B̃
(π∗ψ) = D

B̃
ψ = 0.

Thus, we find that the pullback of the Kähler vortex does indeed satisfy the Seiberg-Witten
equations. Equivariance follows from the fact that the pullback of Λ-equivariant sections of
line bundles over Σ is Λ̂-equivariant over Y (see Proposition 4.14).

We see that the pullback of a Kähler vortex on a spinor bundle S is always a Seiberg-
Witten monopole on the pullback spinor bundle W = π∗S.

The next part of the proof is to show that all Seiberg-Witten monopoles are pullbacks
of Kähler vortices. In order to do this, we must contend with the following fact: even if the
bundle W → Y admits some bundle S → Σ for which π∗S = W , there may be some other
bundle S′ → Σ which W also pulls up from. Indeed, if Y is the circle bundle corresponding
to the line bundle N → Σ, one may recall from Proposition 1.54 that π∗N → Y is a trivial
bundle; this means the spinor bundles S and N ⊗ S pull up to isomorphic spinor bundles
over Y . Thus, any sensible correspondence must incorporate all tensor powers of N .

Lemma 4.19. Let W → Y be a Λ̂-equivariant spinor bundle.

• If W ∼= π∗S for some Λ-equivariant spinor bundle S → Σ, then the map

π∗ :
⊔
k∈Z

M ∗
vtx(N⊗k ⊗ S)→M ∗

sw(W ) (4.47)

is a bijection. (Note that the disjoint union ranges over all spinor bundles which pull
up to W .)

• If W ≁= π∗S for any such S, then M ∗
sw(W ) is empty.

Proof. We begin by showing the following: if (ψ,A) is a solution to the Seiberg-Witten
equations on W → Y , then there is some spinor bundle S → Σ for which π∗S =W . Given
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such a solution, decompose ψ = α + β into its positive and negative parts. Using the
decomposition of (DA)2 (Proposition 4.3), the fact that DAψ = 0 implies that

⟨ψ,D2
Aψ⟩ =

〈
ψ,

(
ρ(η) · ∇ ∂

∂ϕ

)2
ψ

〉
+
〈
ψ, (D2)2ψ

〉
−
〈
ψ, ρ(Πη⊥ ∗ FA)ψ

〉
= 0. (4.48)

Observe that ρ(η) · ∇ ∂
∂ϕ

and D2 are both self-adjoint, meaning the first two terms are
nonnegative. The third term is also nonnegative: we have that ∗FA = −q(ψ) since (ψ,A)
is a Seiberg-Witten monopole, meaning

−⟨ψ, ρ(Πη⊥ ∗ FA)ψ⟩ = ⟨ψ, ρ(Πη⊥q(ψ))ψ⟩
= ⟨ψ, (α⊗ β∗ + β ⊗ α∗)ψ⟩
= |α|2|β|2.

It follows that, if ⟨ψ, (DA)2ψ⟩ = 0, the following three equations must hold:

∇ ∂
∂ϕ
α = ∇ ∂

∂ϕ
β = 0, (4.49a)

Πη⊥ ∗ FA = 0, (4.49b)
|α||β| = 0. (4.49c)

By Equation 4.49a, the fibrewise holonomy acts trivially on α and β; by Equation 4.49c, at
least one of α and β is nonzero on some regular fibre of Y (we are working in the irreducible
locus). It is straightforward to show that the fibrewise holonomy of any spinorial connection
form (with respect to ∇SO) must be in U(1) by Schur’s lemma; thus, the fibrewise holonomy
must be trivial over some regular fibre of Y . Additionally, the second equation shows that
FA pulls up from Σ; it follows from the correspondence detailed in Propositions 1.55 and 1.56
that there is some bundle-with-connection (S,B) → Σ for which π∗S = W and π∗B = A.
We defer the construction of a Λ-equivariant structure on S until ψ0 has been defined.

Using Equations 4.49a–4.49c, we can also prove that the pullback map is surjective.
Since α and β are both fibrewise constant, it follows that ψ is fibrewise constant; thus,
there is a corresponding section ψ0 ∈ Γ(S) for which π∗ψ0 = ψ. Given the Seiberg-Witten
monopole (ψ,A), we therefore define a corresponding vortex (ψ0, B). Once it is verified
that this pair satisfies the Kähler vortex equations, the surjectivity of π∗ is immediate:

• As per the argument in Lemma 4.18, the fact that (ψ0, B) satisfies ρ(∗FB) = −(ψ0 ⊗
ψ∗
0)0 on S → Σ essentially follows from the fact that all relevant objects commute

with π∗.

• Similar logic shows that DBψ0 = 0.

• To prove that ψ0 is either strictly positive or strictly negative, we use the fact that
|α||β| = 0 and both α and β are smooth. This means that one of the two must be zero
on an open set. However, both α and β are in the kernel of an elliptic operator (either
the Dolbeault operator or its formal adjoint); by the unique continuation theorem for
elliptic operators, one of them must vanish everywhere. Thus, ψ is either positive or
negative, and the pullback preserves the chiral splitting, meaning ψ0 is as well.
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We now construct a Λ-equivariant structure on S → Σ as follows: given γ̂ ∈ Λ and the
canonical projection q : Λ̂→ Λ, we define q(γ̂) · ψ0 so that the following holds:

π∗(q(γ̂) · ψ0) = γ̂ · π∗ψ0. (4.50)

Since ψ0 is nonzero on a dense open set, this defines the action everywhere by smoothness.
Moreover, the action is well-defined; if γ̂ projects to 1 ∈ Λ, then the fact that π∗ψ0 has
trivial fibrewise holonomy means it is unaffected by the action of γ̂. The action is compatible
with the action on Λ̂ essentially by definition, so π∗ is equivariant. This proves that (ψ,B)
is an equivariant Kähler vortex.

We now prove that π∗ is injective. First, we will show that Kähler vortices on non-
isomorphic spinor bundles over Σ pull up to distinct Seiberg-Witten monopoles on Y ; we
do this by showing that, if two spinors on Σ pull up to the same spinor on Y , then they
must be the same spinor. Let S and S′ be two spinor bundles satisfying π∗S ∼= π∗S′, and
let ψ ∈ Γ(S) and ψ′ ∈ Γ(S′) be spinors satisfying

π∗ψ′ = π∗ψ. (4.51)

We assume that both spinors are positive in order to view them as holomorphic sections
of line bundles S+ and (S′)+; the negative case is analogous. The strategy is to use the
behaviour of ψ and ψ′ around their zeros to prove that the two bundles are isomorphic.

Recall from Theorem 1.46 that a line bundle L is classified by its Seifert invariant
(deg(L), b1, . . . , bn). This invariant may be recovered by looking at a global meromorphic
section of L and examining the behaviour of its zeros and poles (in particular all that is
required is the order of a given zero or pole). Note that ψ ∈ Γ(S) encodes this data for
S±, and it can be recovered from π∗ψ ∈ Γ(π∗S) as follows: given some p ∈ Σ for which
ψ(p) = 0, take a smooth local section τ of π around an open neighbourhood U ∋ p and
compute the order of the zero on (π∗ψ)|τ(U) (considered as a section of (π∗S)±). This does
not depend on the section or the open neighbourhood, meaning all of the zeros of ψ and ψ′

have the same order. It follows that the Seifert invariants of S+ and (S′)+ match, meaning
the two spinor bundles are isomorphic. The fact that π∗(ψ′ − ψ) = 0 immediately implies
that ψ = ψ′.

Thus, Kähler vortices on non-isomorphic spinor bundles over Σ pull up to distinct
monopoles on Y . To finish the proof of injectivity, we need to show that any two Kähler
vortices whose pullbacks are gauge equivalent must themselves be gauge equivalent. Thus,
let (ψ,B) and (ψ′, B′) be Kähler vortices, and let g : Y → U(1) be a gauge transformation
for which

π∗(ψ′, B′) = g · π∗(ψ,B). (4.52)
In particular, this means that π∗ψ′ = g · π∗ψ. Applying ∇ ∂

∂ϕ
to this equation, we see

that (∇ ∂
∂ϕ
g)ψ = 0; since ψ is nonzero on a dense open set, we conclude that g is fibrewise

constant. Thus, there is some h : Σ→ U(1) for which g = π∗h, meaning

π∗(ψ′, B′) = π∗(h · (ψ,B)). (4.53)

By the above result, this implies that each Kähler vortex comes from the same spinor bundle,
and furthermore that (ψ′, B′) = h · (ψ,B). Since h relates two Λ-equivariant spinors whose
nonzero set is open and dense, it must be Λ-equivariant. We conclude that the two Kähler
vortices are themselves gauge equivalent.
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Finally, in order to prove that the moduli spaces are diffeomorphic, we must show that
π∗ identifies not only the elements of Mvtx and Msw, but also their respective tangent
spaces under linearisation.
Lemma 4.20. The map π∗ is a diffeomorphism, in the sense that the tangent spaces of
M ∗

sw and M ∗
vtx are identified by the action of π∗.

Proof. First, we construct the tangent spaces. As shown in Proposition 3.41, the tangent
space at (ψ,A) of the moduli space of Seiberg-Witten monopoles can be characterised as the
linear subspace of Γ(W )× iΩ1(Y ) consisting of pairs (φ, a) satisfying the following system
of equations:

ρ(∗da) = −(ψ ⊗ φ∗ + φ⊗ ψ∗)0, (4.54a)
DAφ+ ρ(a) · ψ = 0, (4.54b)
d∗a = iRe⟨iψ, φ⟩. (4.54c)

The tangent space of the moduli space of Λ̂-equivariant Seiberg-Witten monopoles is easily
seen to be the subspace for which (φ, a) are Λ̂-equivariant.

The construction of the tangent spaces for Mvtx parallels the construction for M ∗
sw: we

take the kernel of the linearisation of the vortex equations to get the tangent space of the
solution set, and we restrict to a linearised slice of the group action to get the tangent space
of the quotient. The modified vortex equations can be described as the zero set of the map
V : Γ(S±)×A (S)→ End(S)× Γ(S∓) defined as follows:

V (ψ,B) = (ρ(FB)− (ψ ⊗ ψ∗)0, DBψ). (4.55)

The linearisation D(ψ,B)V : Γ(S±)× iΩ1(Σ)→ End(S)×Γ(S∓) is computed by perturbing
the basepoint (ψ,B) by some ε(φ, b) ∈ Γ(S±)×iΩ1(Σ) for ε > 0 and observing the first-order
change. This yields the following:

D(ψ,B)V (φ, b) = (ρ(db)− (ψ ⊗ φ∗ + φ⊗ ψ∗)0, DBφ+ ρ(b) · ψ). (4.56)

The kernel of this linearisation describes the tangent space at (ψ,B) of the space of vortices,
when taken as a subset of Γ(S)×A (S). Next, according to the inner product

⟨(φ, b), (φ′, b′)⟩L2 =
∫
Σ

(
Re⟨φ, φ′⟩S + ⟨b, b′⟩Λ1

)
volΣ (4.57)

on Γ(S)× iΩ1(Σ), the linearisation of the gauge group action given by

ξ̂(ψ,B) = (ξ · ψ,−dξ) for ξ : Σ→ iR (4.58)

defines a closed subspace of Γ(S)× iΩ1(Σ) whose orthogonal complement defines a slice of
the gauge group action:

S(ψ,B) = {(φ, b) ∈ Γ(S)× iΩ1(Σ) : −d∗b+ iRe⟨iψ, φ⟩ = 0}. (4.59)

As such, the tangent space at (ψ,B) of the moduli space of Λ-equivariant vortices can be
characterised as the linear subspace of Γ(S)× iΩ1(Σ) consisting of Λ-equivariant pairs (φ, b)
satisfying the following system of equations:

ρ(db) = (ψ ⊗ φ∗ + φ⊗ ψ∗)0, (4.60a)
DBφ+ ρ(b) · ψ = 0, (4.60b)
d∗b = iRe⟨iψ, φ⟩. (4.60c)
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From here, we may begin the proof that π∗ induces identifications between the tangent
spaces. First, we will show that π∗ induces an injective map from the tangent space of M ∗

vtx
at (ψ,B) to the tangent space of M ∗

sw at (π∗ψ, π∗B). Let (φ, b) be a tangent vector to M ∗
vtx

at (ψ,B); this means it satisfies Equations 4.60a–4.60c. The Clifford module structure, the
Dirac operator, and the Hermitian product on S commute with π∗ by definition. Since
π is an isometry, π∗ also commutes with the Hodge star, the exterior derivative, and the
codifferential. Moreover, it is fairly easy to show the following:

(π∗ψ ⊗ (π∗φ)∗)0 = π∗(ψ ⊗ φ∗)0. (4.61)

Lastly, our conventions ensure that ρ(∗α) = −ρ(α) for all 2-forms α. It follows immediately
that, if (φ, b) satisfies Equations 4.60a–4.60c, then (π∗φ, π∗b) satisfy Equations 4.54a–4.54c.
Injectivity is immediate from the fact that π∗ is injective and Λ-equivariant.

We now begin the difficult part of the proof, namely that π∗ induces a surjection onto
the tangent spaces of M ∗

sw. Let (φ, a) ∈ Γ(W )× iΩ1(Y ) define a tangent vector to M ∗
sw at

the solution (ψ,A); we need to show three key facts:

• If ψ ∈ Γ(S±), then φ ∈ Γ(S±) as well.

• The spinor φ lifts from Σ, i.e., ∇ ∂
∂ϕ

= 0.

• The 1-form a lifts from Σ, i.e., a ∈ π∗(iΩ1(Σ)).

Note that we can always assume that ψ ∈ Γ(S±) by Lemma 4.19; every Seiberg-Witten
monopole is gauge equivalent to the pullback of a Kähler vortex, which is naturally either
positive or negative.

We suppose for the remainder of the proof that ψ ∈ Γ(S+); the case where ψ ∈ Γ(S−)
is analogous. We first work towards proving that φ is positive; to this end, decompose
φ = α+ β into its positive and negative parts. Using the fact that DAφ+ ρ(a) · ψ = 0, we
have the following:

0 = ⟨DA(DAφ+ ρ(a) · ψ), β⟩
= ⟨(DA)2φ+DA(ρ(a) · ψ), β⟩
= ⟨(DA)2φ, β⟩+ ⟨−ρ((∗d + d∗)a) · ψ, β⟩+ 2⟨−∇a♭ψ + ξ⟨a, η⟩ρ(η) · ψ, β⟩.

(by Equation 4.14)

Each of these terms can be individually evaluated:

• ⟨(DA)2φ, β⟩: We have a decomposition of (DA)2 into terms by Proposition 4.3, and
we have shown in Lemma 4.19 (Equation 4.49b) that the zeroth-order term vanishes.
Thus, we can write (DA)2 as follows:

(DA)2 = (ρ(η)∇B∂
∂ϕ

)2 + (D2)2. (4.62)

These remaining terms preserve the splittingW =W+⊕W−, meaning we can replace
φ with β in ⟨(DA)2φ, β⟩; moreover, the hermiticity of the operators allows us to
conclude that

⟨(DA)2φ, β⟩ =
∣∣∣∣ρ(η)∇ ∂

∂ϕ
β

∣∣∣∣2 + |D2β|2. (4.63)

These terms are both nonnegative real numbers.
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• ⟨−ρ((∗d + d∗)a) · ψ, β⟩: We further break this term down into two more terms:

⟨−ρ((∗d + d∗)a) · ψ, β⟩ = ⟨ρ(da) · ψ, β⟩+ ⟨−ρ(d ∗ a)ψ, β⟩. (4.64)

For the first term, we have by the definition of the Seiberg-Witten tangent space
(Equation 4.54a) that ρ(da)·ψ = (ψ⊗φ∗+φ⊗ψ∗)0·ψ; by expanding φ into positive and
negative components, using the fact that ψ is positive, and discarding all positive terms
under the inner product with β, this term reduces down to simply ⟨(β ⊗ ψ∗)ψ, β⟩ =
|ψ|2|β|2.
For the second term, observe that d∗a is a 3-form and therefore a scalar multiple of
the volume form. However, Clifford multiplication by the volume form preserves the
splittingW =W+⊕W−, meaning ρ(d∗a)ψ and β are orthogonal and the second term
vanishes. Thus, we observe that

⟨−ρ((∗d + d∗)a) · ψ, β⟩ = |ψ|2|β|2. (4.65)

• 2⟨−∇a♭ψ + ξ⟨a, η⟩ρ(η) · ψ, β⟩: Observe that the covariant derivative and ρ(η) both
preserve the splittingW+⊕W−. (The volume element of Σ is parallel under the Levi-
Civita connection, meaning its eigenspaces are preserved by the spinorial connection;
η is a product of factors which each preserve the splitting, namely η = −(volY )(volΣ).)
It follows that −∇a♭ψ + ξ⟨a, η⟩ρ(η) · ψ is a positive spinor, meaning it is orthogonal
to β:

2⟨−∇a♭ψ + ξ⟨a, η⟩ρ(η) · ψ, β⟩ = 0. (4.66)

Thus, we have the following:∣∣∣∣(ρ(η)∇ ∂
∂ϕ
β

∣∣∣∣2 + |D2β|2 + |ψ|2|β|2 = 0. (4.67)

All of these terms are nonnegative, so |ψ||β| = 0. But ψ is nonzero on a dense open set,
meaning β = 0 everywhere. This proves that φ is positive.

We now set out to prove that ∇ ∂
∂ϕ
φ = 0. A consequence of the fact that ψ, φ ∈ Γ(S+) is

that the operator −ρ(∗da) = (ψ⊗φ∗+φ⊗ψ∗)0 preserves the splitting W+⊕W−, meaning
∗da must be a multiple of η, which in turn means that e0 ⌟ da = 0. Since the connection on
T ∗Y is designed to pull up from Σ, it follows that ∇ ∂

∂ϕ
a = 0, and using the slice condition,

we therefore have the following:
∂

∂ϕ
Im⟨ψ, φ⟩ = i

∂

∂ϕ
d∗a = 0. (4.68)

Additionally, since a is parallel in the ∂
∂ϕ -direction, so too is da. It can be shown that

da = iRe⟨ψ, φ⟩volΣ, which implies that
∂

∂ϕ
Re⟨ψ, φ⟩ = 0 (4.69)

as well.
With this in mind, write a = aidxi, where ai are imaginary-valued functions on Y . The

positive spinor part of the equation DAφ+ ρ(a) · ψ = 0 is equivalent to

i∇ ∂
∂ϕ
φ+ ia0ψ = 0. (4.70)
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We know that i∇ ∂
∂ϕ
|W+ is self-adjoint; applying this operator to the above equation and

taking the inner product with φ, we observe that

0 = ∥i∇ ∂
∂ϕ
φ∥2L2 −

∫
Y

∂a0
∂ϕ
⟨ψ, φ⟩. (4.71)

However, the latter term is zero; integrating by parts, one finds a total derivative and a ϕ-
derivative of the inner product, both of which are zero. Iv follows that ∇ ∂

∂ϕ
φ = 0, meaning

φ pulls up from Σ.
Finally, we use the equation i∇ ∂

∂ϕ
φ + ia0ψ = 0 to show that a0 must vanish on the

nonzero set of ψ, which is dense and open, meaning a0 vanishes everywhere. It follows that
a = a1dx1 + a2dx2, which manifestly pulls up from Σ.

Thus, we may write φ = π∗φ0 and a = π∗b, where (φ0, b) ∈ Γ(S+)× iΩ1(Σ). Using the
exact same logic as in the injectivity argument, it is easy to show that (φ0, b) must be a
tangent vector to M ∗

vtx at the point (ψ0, B), where ψ = π∗ψ0 and A = π∗B. We conclude
that the two tangent spaces are isomorphically identified by π∗.

4.4.3 Characterisation of the irreducible moduli space

Combining these results together, we have the following characterisation of the irreducible
component of the moduli space.
Theorem 4.21. Let Y = S(N)→ Σ be a Seifert fibred space equipped with a compatible ac-
tion by a finite group Λ, and given some Λ-equivariant line bundle L→ Σ, denote by C±(L)
the moduli spaces of Λ-equivariant positive and negative Kähler vortices on L, respectively.
Let W = E ⊗ (C ⊕ π∗K−1

Σ ) be a Λ̂-equivariant Spinc(3)-structure on Y , where E → Y is
some equivariant line bundle. The moduli space of irreducible equivariant Seiberg-Witten
monopoles on W is nonempty if and only if E ∼= π∗(L0) for some equivariant line bundle
L0 → Σ. In this case, there is the following relationship between the two moduli spaces:

M ∗
sw(W ) =

⊔
k

C+(L0 ⊗N⊗k) ⊔ C−(L0 ⊗N⊗k), (4.72)

where k ∈ Z runs over the integers for which 0 ≤ deg(L0⊗N⊗k) < −χ(Σ)
2 . The spaces C±(L)

are each diffeomorphic to the space of effective divisors on Σ/Λ with degree deg(L)/|Λ| and
deg(L∗ ⊗KΣ)/|Λ| respectively.

Proof. We have shown above that the moduli space of Seiberg-Witten monopoles is dif-
feomorphic to the disjoint union of M ∗

vtx(S) over all spinor bundles S related to W by
pullback. Since the line bundle of positive spinors characterises S up to isomorphism, and
since the map π∗ : Pict(Σ) → Pict(Y ) has kernel generated by the bundle N , every such
spinor bundle can be written in the form S ⊗ N⊗k for a fixed bundle S and an integer
k. Furthermore, we have shown in Chapter 2 that the moduli space of irreducible positive
(resp. negative) Kähler vortices on L→ Σ is diffeomorphic to the space of effective divisors
of Σ corresponding to L (resp. KΣ ⊗ L∗) when 0 ≤ deg(L) < deg(KΣ)/2, and it is empty
otherwise.

Due to the restriction on the degree of the line bundle L, we obtain the following
topological restriction on the existence of irreducible monopoles:
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Corollary 4.22. If χ(Σ) ≥ 0, then the moduli space of irreducible monopoles is empty. In
particular, if Σ is a sphere with less than three marked points, or if Σ is a torus with no
marked points, then there are no irreducible monopoles.

Proof. Apply Equation 1.31 for the orbifold Euler characteristic, and set g = 0 or g = 1.

4.5 Reducible Moduli Correspondence

Once again, let Y → Σ be an equivariant Seifert fibration with respect to the Λ-action
on Σ and the Λ̂-action on Y . Recall that the equivariant Spinc(3)-structures on Y are in
one-to-one correspondence with equivariant line bundles over Y , and a spinorial connection
on a spinor bundle W → Y can be identified with the corresponding unitary connection
on W+, which we denote by E. Under the assumption of reducibility, the Seiberg-Witten
equations for (0, A) then simplify to the following:

FA = 1
2FKΣ = − iπdeg(KΣ)

Vol(Σ) π∗volΣ. (4.73)

In this section, we give a characterisation of the structure of the space of solutions to this
equation.

First, we have the following existence theorem for constant curvature connections over Y .
(Information about reducible monopoles is recovered by taking γ = −πdeg(KΣ)/Vol(Σ).)

Proposition 4.23. Let Y → Σ and E → Y be as above, and let γ ∈ R be arbitrary. Then
there exists a connection A ∈ A (E) satisfying FA = iγπ∗volΣ if and only if one of the
following conditions is satisfied:

• deg(Y ) ̸= 0 as a U(1)-bundle over Σ, and E pulls up from a Λ-equivariant line bundle
L over Σ.

• deg(Y ) = 0 as a U(1)-bundle over Σ, E pulls up from a Λ-equivariant line bundle L
over Σ, and γ = −2πdeg(L)/Vol(Σ).

Proof. If FA = iγπ∗volΣ for a Λ̂-equivariant connection A, then the fact that E pulls up
from Σ is guaranteed by Proposition 1.55, and it inherits a Λ-equivariant structure by the
same argument as in the proof of Lemma 4.19. We assume in the remainder of the proof that
E = π∗L, where L→ Σ is a Λ-equivariant line bundle, and we use Proposition 1.50 to find
a connection B ∈ A (L) with curvature (−2πideg(L)/Vol(Σ))volΣ on L. (We may assume
that B is Λ-equivariant by assuming that it lifts from a constant-curvature connection on
Σ/Λ.)

The statement to be proved now is as follows: the existence of a connection A ∈ A (π∗L)
with curvature iγπ∗volΣ is guaranteed if deg(Y ) ̸= 0, and equivalent to the condition that
γ = −2πdeg(L)/Vol(Σ) if deg(Y ) = 0. In the case that deg(Y ) ̸= 0, the following choice of
A ∈ A (E) is readily computed to have the desired curvature:

A = π∗B +
(
− 1

2πγVol(Σ)− deg(L)
deg(N)

)
iη. (4.74)
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Additionally, if deg(Y ) = 0 and γ = −2πdeg(L)/Vol(Σ), the choice A = π∗B clearly has
the desired curvature. The remainder of the proof is devoted to the following claim: if
γ ̸= −2πdeg(L)/Vol(Σ) and a connection exists with curvature iγπ∗volΣ, then deg(Y ) ̸= 0.

Let A ∈ A (π∗L) be a connection with curvature iγπ∗volΣ for γ ̸= −2πdeg(L)/Vol(Σ).
Defining a 1-form α = A − π∗B, we see that dα = FA − π∗FB is a nonzero constant
multiple of π∗volΣ; it follows by rearranging that π∗volΣ ∈ Ω2(Y ) is exact, or equivalently
its corresponding de Rham cohomology class in H2(Y ;R) is zero. Thus, the map π∗ :
H2(|Σ|;R) → H2(Y ;R) takes the class defined by volΣ to the zero class; without loss of
generality, we may assume that volΣ corresponds to an integral cohomology class by dividing
by Vol(Σ).

Recall that Theorem 1.53 gives the following formula for the second integral cohomology
of Y :

H2(Y ;Z) = (H2(Σ;Z)/⟨c1(N)⟩)⊕ Z2g, (4.75)

where the first direct summand is the image of H2(Σ;Z) under π∗. By tensoring with R, we
see that π∗volΣ is trivial in H2(Y ;R) if and only if there is some nonzero rational q ∈ Q∗

for which c1(N) = qvolΣ. However, by pairing volΣ and c1(N) with the fundamental class
of Σ, we see that

deg(N) = ⟨c1(N), [Σ]⟩ = ⟨qvolΣ, [Σ]⟩ = qVol(Σ), (4.76)

which proves that deg(N) must be nonzero for such a connection to exist.2

We use this existence result to prove the following general structure theorem for the
moduli space of reducible monopoles.

Theorem 4.24. Let Y → Σ be a Seifert fibred space equipped with a compatible Λ̂-action,
and let W → Y be a Λ̂-equivariant spinor bundle over Y . The moduli space of reducible
monopoles is nonempty if and only if one of the following conditions is met:

• deg(Y ) ̸= 0 and W+ ∼= π∗L for some Λ-equivariant line bundle L→ Σ;

• deg(Y ) = 0, W+ ∼= π∗L for some Λ-equivariant line bundle L → Σ, and 2deg(L) =
deg(KΣ).

In this case, the moduli space is homeomorphic to the space of flat Λ̂-equivariant trivial
bundles on Y , which is in turn equivalent to H1(|Y/Λ̂|,R)/H1(|Y/Λ̂|,Z), the Jacobian torus
of Y/Λ̂.

Proof. The existence result is obtained by taking γ = −πdeg(KΣ)/Vol(Σ) in Proposition
4.23. To find all other possible monopoles, note that any two bundles with the same
curvature differ by tensoring with a flat line bundle, and conversely tensoring with a flat
line bundle does not change the curvature. It follows that the space of equivariant reducible
monopoles on W is a torsor on the space of equivariant trivial flat bundles. Such a bundle
descends to the quotient Y/Λ̂ as a flat trivial orbifold line bundle by definition, and by
Proposition 1.38, the space of trivial flat bundles on Y/Λ̂ is given by its Jacobian torus.

2We have glossed over the introduction of a fundamental class for orbifolds, but such a cohomology class
does exist with rational coefficients so long as Σ is orientable and has singularities with codimension at least
2. The reader is referred to [GM80] for details.
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Corollary 4.25. In the case that Λ is trivial and deg(N) ̸= 0, the moduli space (if
nonempty) reduces to the space of flat connections on Σ, i.e., the Jacobian torus of Σ.

Proof. This follows from the fact that H1(Y ) ∼= H1(Σ) whenever deg(N) ̸= 0 (cf. Theorem
1.53).

Finally, we briefly discuss the tangent space structure of the reducible locus. Recall
that the reducible locus does not necessarily have a manifold structure, but we defined its
tangent space at (0, A) to consist of harmonic 1-forms and A-harmonic spinors. Since the
Jacobian torus is a quotient of H1(|Y/Λ̂|,R) by a discrete lattice, its tangent space can be
identified with H1(|Y/Λ̂|,R) as well. This leads to the following result.

Proposition 4.26. The tangent space of Msw at (0, A) is identified with the tangent space
of H1(|Y/Λ̂|,R)/H1(|Y/Λ̂|,Z) if and only if ker(DA) is trivial.

On the other hand, the kernel of the Dirac operator for a reducible monopole is not
generally trivial. Partial results on the kernel of the Dirac operator are given in [MOY96].

4.6 Examples

Now that the structure of the moduli space has been established, we reserve the remainder
of this chapter for examples of specific Seifert fibred spaces. Before applying the results to
specific spaces, however, we make the following general remark on the structure of Seifert
fibred spaces:

Proposition 4.27. Every Seifert 3-orbifold fibring over a very good orbifold Riemann sur-
face may be written in the form Ỹ /Λ̂→ Σ̃/Λ, where Ỹ → Σ̃ is a Seifert 3-manifold, Λ is a
finite group acting compatibly on Ỹ and Σ̃, and Λ̂ is a cyclic group extension of Λ.

Proof. Let Y → Σ be a Seifert orbifold, with Σ very good. Then there is a finite covering
Σ̃→ Σ by a (nonsingular) Riemann surface, and we denote its group of deck transformations
by Λ. By pulling back along this covering, we obtain another circle bundle Ỹ → Σ̃; since Σ̃
is nonsingular, so too is Ỹ . We then lift the action of Λ to Ỹ via Proposition 4.13, which is
compatible with the projections by definition.

This demonstrates that, theoretically, there is a wealth of examples for which the group
Λ does not act freely. Recall that the U(1)-bundle with Seifert invariant (b, β1, . . . , βn) over
the orbifold Riemann surface Σα1,...,αn defines a Seifert 3-manifold precisely when αi and βi
are coprime for all i. The case for which αi and βi share factors therefore defines a Seifert
3-orbifold. Of course, if we wish to define equivariant Seiberg-Witten theory on a given
Seifert 3-manifold Y ′ → Σ′, these examples are only useful insofar as we can demonstrate
that the Seifert 3-manifold agrees with Ỹ → Σ̃ for some Seifert orbifold Y → Σ. Further
research into the isomorphism types of these liftings may therefore be of interest.
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4.6.1 Seifert 3-manifolds fibring over non-orientable 2-orbifolds

Recall that a Seifert 3-manifold over a non-orientable 2-orbifold may be conceptualised as a
Seifert 3-manifold equipped with a compatible Z2-action, which acts antiholomorphically on
the base. By using the decomposition of the irreducible solutions into positive and negative
spinors, we see that the irreducible moduli space reduces drastically:

Theorem 4.28. If Y is a Seifert 3-manifold fibring over a non-orientable 2-orbifold Σ
with underlying space |Σ| ∼= (RP2)#k, then the moduli space of irreducible Seiberg-Witten
monopoles is empty. The moduli space of reducible Seiberg-Witten monopoles is nonempty
if and only if χ(Σ) = 0, in which case it is homeomorphic to U(1)k.

Proof. We first realise Σ as a Klein orbifold. Let q : Σ̃→ Σ be the (connected) orientation
doubling of Σ, and equip Σ̃ with a holomorphic structure which flips sign under the natural
involution. By pulling back along q, we can realise the Seifert fibration Y → Σ as a Z2-
equivariant Seifert fibration Ỹ := q∗Y over Σ̃; data on Y and Σ corresponds to invariant
data on Ỹ and Σ̃. Note that the volume element on Σ̃ naturally flips sign under Z2.

Given a spinor bundle W → Y , we may once again use pullback to get a Z2-equivariant
spinor bundle W̃ := q∗W → Ỹ . We get a natural Clifford module structure ρ̃ : T Ỹ → su(W̃ )
as follows: given ṽ ∈ T Ỹ lifting v ∈ TY and ψ̃ ∈ W̃ lifting ψ ∈ W , we define ρ̃(ṽ) · ψ̃ to
be the unique element of W̃ corresponding to ρ(v) · ψ under the quotient W̃ → W . This
is well-defined because the projection q∗W → W is surjective and Z2-invariant, implying
that such an element exists, and the projection is also a fibrewise linear isomorphism so it
is unique.

Thus, the moduli space of irreducible Seiberg-Witten monopoles on Y is equivalent to the
moduli space of Z2-equivariant monopoles on Ỹ , which in turn is equivalent to the moduli
space of Z2-equivariant Kähler vortices on Σ̃. Additionally, a Kähler vortex is contained
entirely in either the positive or the negative spinor bundle, meaning the volume element
acts on the spinor by multiplication by ±1; thus, the action of volΣ must exchange positive
and negative spinors. If a Kähler vortex is required to be Z2-equivariant, therefore, it must
be both positive and negative at once. We conclude that the spinor must be zero, meaning
all Z2-equivariant monopoles must be reducible.

Now, if A ∈ A (W+) is a Z2-invariant connection representing a monopole, the equation
FA = 1

2KΣ reduces to FA = 0, since the Z2-action takes the canonical bundle to its dual
and FK∗

Σ
= −FKΣ . It follows that deg(KΣ) = 0, meaning χ(Σ) = 0. The moduli space of

reducible solutions is therefore nonempty if and only if χ(Σ) = 0, in which case it is given by
the Jacobian torus of Y . Since Σ is non-orientable, its second cohomology vanishes; it follows
that all line bundles over Σ are trivial, so deg(Y ) = 0. It follows that H1(Y ) ∼= H1(|Σ|)⊕Z,
and H1(|Σ|) ∼= Zk−1. Thus, the Jacobian torus of Y is given by U(1)k.

4.6.2 Lens spaces

The next set of examples is generated by the lens space construction.

Definition 4.29. Let p, q be coprime integers with p > 0 and q ̸= 0, and consider S3 ⊆ C2.
The lens space L(p, q) is defined to be S3/Zp, where the generator of Zp acts on (z, w) ∈ S3
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as follows:
(z, w) 7→ (e2πi/pz, e2πiq/pw). (4.77)

The definition is extended to arbitrary coprime integers p, q by defining L(0, 1) = S2 × S1

and L(−p,−q) = L(p, q).

Note that the coprimality of p and q ensures that the action is free, making all lens
spaces nonsingular.
Proposition 4.30. Every lens space can be equipped with a Seifert fibration, the base of
which is either S2 (in which case there are at most two singular fibres) or RP2 (in which
case there is at most one singular fibre).

Proof. Defining a Seifert fibration for L(p, 0) is trivial, so we assume q ̸= 0. Given coprime
nonzero integers k, ℓ, define the following U(1)-action on L(p, q):

eiθ · (z, w) = (eikθz, eiℓθw), (4.78)

for any eiθ ∈ U(1). Note that the action commutes with the Zp-action, so it is well-defined
on L(p, q). Since the U(1)-action is free except at z = 0 or w = 0, where the stabiliser
subgroup is either Zℓ or Zk, we see that L(p, q)/U(1) is a 2-orbifold and the quotient map
L(p, q)→ L(p, q)/U(1) defines a Seifert fibration.

To characterise the base, note that every loop in the base of a Seifert fibration may be
lifted to a loop in the total space, meaning the map π1(L(p, q))→ π1(L(p, q)/U(1)) induced
by the quotient must be surjective. But π1(L(p, q)) ∼= Z/pZ, so the fundamental group of
the base is also cyclic; the only closed surfaces with cyclic fundamental group are S2 and
RP2.

Finally, to understand the singular fibres of the base, we may analyse the fundamental
group of a Seifert fibred space (cf. Theorem 1.53) and verify that the conditions on the
number of fibres are sufficient to ensure that the fundamental group is finite cyclic. For
details, refer to [GL18].

In order to use the equivariant machinery we have developed thus far on a lens space
L(p, q), we first need to equip such a space with an isometric action of a finite group
preserving the fibres of its Seifert fibration. Such group actions have been classified in
[KM]; compiling results from this paper, we have the following:
Proposition 4.31. Let L(p, q) be a lens space with p > 2. The diffeomorphism group of
L(p, q) consists only of orientation-preserving diffeomorphisms if and only if q2 ̸= −1 mod
p. A finite isometric group action on L(p, q) preserves the fibres of a Seifert fibration of
L(p, q) if and only if it preserves orientation. If q2 = 1 mod p, then the group Dm×Zℓ with
m, ℓ ∈ N and ℓ odd acts isometrically and non-freely on L(p, q), so L(p, q) admits a finite
isometric group action compatible with a Seifert fibration.

By applying Theorems 4.21 and 4.24 to L(p, q) → L(p, q)/U(1), we state the structure
of the moduli space for L(p, q).
Proposition 4.32. Let L(p, q) be a lens space with p > 2 and q2 = 1 mod p, and let Λ =
Dm×Zℓ. Given any Λ-equivariant spinor bundle over L(p, q), the moduli space of irreducible
monopoles is empty, and the moduli space of reducible monopoles is homeomorphic to the
Jacobian torus of |L(p, q)/Λ|.
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4.7 Further Directions

Up to this point, we have established a framework for Λ-equivariant Seiberg-Witten theory
on Seifert 3-manifolds. The next natural step is to follow the programme developed by
Kronheimer and Mrowka in [KM07], and use these moduli spaces to define and compute
Λ-equivariant Floer homology groups.

A related approach has been carried out by Baraglia and Hekmati in [BH24], but as an
equivariant generalisation of Manolescu’s construction of a Seiberg-Witten-Floer stable ho-
motopy type [Man01] rather than Mrowka et al.’s construction of a moduli space on a Seifert
3-manifold. While the Seiberg-Witten-Floer homology groups are known to have a module
structure over the ring H∗

U(1)(pt) ∼= Z[U ], it was found that the G-equivariant homology
groups formed modules over H∗

G×U(1)(pt) ∼= H∗(BG)[U ]; this richer module structure leads
to more sophisticated invariants. However, a notable obstruction to constructing these in-
variants for a given 3-manifold Y is that the first Betti number of Y must be zero. Beyond
this class of 3-manifolds, results are limited; a version of equivariant Seiberg-Witten-Floer
homology was touched upon in [LM18], but only for free group actions and instead within
the framework of Heegaard-Floer homology.

The work we have done in this thesis could potentially lead to extensions beyond this
work. In general, there is no restriction on b1(Y ) for Seifert 3-manifolds, so a generalisation
of the equivariant Seiberg-Witten-Floer homology based on the moduli spaces we have
constructed could be applied to a larger class of manifolds. A potential obstruction to this
programme is in the transversality of flow lines: the gradient flow lines of csd must be
transverse to the gauge orbits in Γ(W ) × A (W ) in order to have finitely many flow lines
between critical points, but the introduction of a finite group action adds extra conditions
to this transversality which may not be met in general.

If the equivariant generalisation is successful, the next step would be to understand the
ways in which a finite group may act compatibly on a Seifert 3-manifold, and the possible
cyclic extensions that may be obtained. Indeed, as was noted earlier, every Seifert 3-orbifold
can be constructed as the quotient of a Seifert 3-manifold by a compatible group action.
In order to apply the results from this thesis to such a space, however, the group must act
isometrically on Y and Σ. It may be interesting to investigate the compatible isometries of
Seifert 3-manifolds in more detail.
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Sobolev Spaces on Orbifolds

In this appendix, we briefly summarise the results from global analysis on manifolds that
will be used. At the end of each section, we briefly comment on their generalisations to the
orbifold category.

A.1 Definitions of Sobolev Spaces

First, we define the notion of Sobolev spaces of sections of vector bundles. All of the
following definitions generalise readily to the orbifold category.
Definition A.1. Let (X, g) be a smooth Riemannian manifold (not necessarily compact
and possibly with boundary), and let E → X be a rank-r vector bundle. Equip E with a
bundle metric h and covariant derivative ∇E : Γ(E) → Ω1(E). Extend the bundle metric
using the (inverse) Riemannian metric on X to a metric on (T ∗M)ℓ ⊗ E for all ℓ, and
extend the covariant derivative using the Levi-Civita connection to a covariant derivative
∇ : Γ((T ∗X)ℓ ⊗ E)→ Γ((T ∗X)ℓ+1 ⊗ E).

Denote by Γ(E)c the space of smooth compactly supported sections of E. For every
k ∈ N and every p ∈ [1,∞), define the Lpk Sobolev norm to be the following for every
α ∈ Γ(E)c:

∥α∥Lp
k
=

 k∑
j=0

∫
X
|∇jα|p

1/p

. (A.1)

In the case that k = 0, the Lpk norm reduces to the Lp norm which we simply denote by
∥α∥p.

The completion of Γ(E)c with respect to the Lpk norm is called the Sobolev space of Lpk
sections of E, and it is denoted by Γ(E)Lp

k
or Lpk(E). In the special case that E is the trivial

rank-n bundle over X, we denote the space by Lpk(X,Rn) and call its elements Lpk functions
from X to Rn; if n = 1, the space is denoted by Lpk(X).

In the case that X is compact, the resulting Sobolev spaces do not depend on the choice
of g, h, or ∇E ; however, the Sobolev norm itself does change with these structures.

This definition allows us to make sense of Lpk tensors and ℓ-forms as Lpk sections of various
powers of the (co)tangent bundle. We may use this definition of Sobolev spaces to make
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sense of Lpk connections as well, but to do this we must use the following fact: if P → X is
a principal G-bundle with Lie algebra g, and ad(P ) is the associated vector bundle P ×Ad g
with Ad : G → Aut(g) being the adjoint action, then the space of smooth connections on
G is an affine space modelled on the space of ad(P )-valued 1-forms Ω1(ad(P )) on X.

Definition A.2. Let X be a Riemannian manifold, let P → X be a principal G-bundle for
a Lie group G, and choose a smooth connection Ã ∈ A (P ). Given p ≥ 1 and k ∈ N, the
Sobolev space of Lpk connections A k,p(P ) is defined as follows:

A k,p(P ) = Ã+Ω1(ad(P ))Lp
k
. (A.2)

For compact base manifolds X, this definition does not depend on the choice of reference
connection Ã.

To define Sobolev spaces of mappings from X to another manifold Y , we essentially
treat Y as Euclidean space using a coordinate chart and use Definition A.1. Whereas we
previously allowed p and k to be any numbers and X to be any manifold, here we will
require that kp > dim(X) and that X is compact; this requirement implies that all Lpk
maps are continuous (in the light of the Sobolev embedding theorems which will be stated
later), which in turn ensures that the following definition is independent of the atlas.

Definition A.3. Let X and Y be Riemannian manifolds with X compact, and let p ≥ 1
and k ∈ N be numbers for which kp > dim(X). The Sobolev space of Lpk maps from X
to Y is the collection of continuous maps f : X → Y such that, in any coordinate chart
φ : U → Rdim(Y ) on Y , the map φ ◦ f |f−1(U) : f−1(U)→ Rdim(Y ) is an Lpk function.

We denote this space by Lpk(X,Y ), and we define a topology on Lpk(X,Y ) as follows:
a sequence fj : X → Y converges to f : X → Y if and only if fi converges to f in
the C 0-topology and φ ◦ fj converges to φ ◦ f in the Lpk norm for all coordinate charts
φ : U → Rdim(Y ) on Y .

It is worth noting that there are two other equivalent definitions for Lpk maps. If Φ :
Y → RN is a smooth embedding, then f : X → Y is Lpk if and only if Φ◦f : X → RN is Lpk,
which in turn holds if and only if there is some smooth map s : X → Y and some smooth
section v of the pullback bundle s∗TY → X such that f(x) = exps(x)(vx), where exp is the
Riemannian exponential on Y .

Lemma A.4. Let X and Y be orbifolds, let Φ : Y → RN be a smooth embedding, and let
kp > n. Then the following are equivalent for a continuous map f : X → Y :

• The map f is Lpk, in the sense of Definition A.3;

• The map Φ ◦ f : X → RN is Lpk, in the sense of Definition A.1;

• There is a smooth map s : X → Y and an Lpk vector field v ∈ Γ(s∗TY ) for which
f(p) = exps(p)(vp), where exp denotes the Riemannian exponential on Y .

• In the case that Y is a compact Lie group G with Lie algebra g: f−1df is an Lpk
g-valued 1-form, in the sense of A.1.

Furthermore, given a sequence of Lpk maps fj : X → Y , the following are equivalent:
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• fj → f in the topology defined by Definition A.3;

• Φ ◦ fj → Φ ◦ f in the Sobolev norm on the trivial bundle X × RN ;

• There exists a smooth map s : X → Y , an Lpk-section v ∈ Γ(s∗TY ), and for sufficiently
large j there exist smooth maps sj : X → Y and Lpk-sections vj ∈ Γ(s∗jTY ) such that
f = exps(v), fj = expsj (vj), and vj → v in the Lpk-norm.

• In the case that Y is a compact Lie group G with Lie algebra g: f−1
j dfj is a sequence

of Lpk−1 g-valued 1-forms converging to f−1df in the Lpk−1-norm.

Similar results apply for uniform Lpk-bounds.

This definition allows us to consider the notion of an Lpk gauge transformation of a
principal G-bundle P → X, since these can be regarded either as G-equivariant maps
ψ : P → P or as G-equivariant maps g : P → G. We denote the space of Lpk gauge
transformations of P by G k,p(P ).

Definition A.5. Let X and F be manifolds, and let E → X be an F -fibre bundle. The
Sobolev space of Lpk sections of E is the space of C 0 sections σ ∈ Γ(E)C 0 such that, for any
smooth local trivialisation ψ : E|U → U × F , the map ψ ◦ σ|U : U → F is an Lpk function.
We denote this space of sections by Γ(E)Lp

k
or Lpk(E), and we require that a sequence of

sections converges in Lpk if and only if their local representations all converge in Lpk.

These definitions generalise readily to orbifolds in the case that Y is a manifold (this is
required for a smooth embedding to exist). The only meaningful diversion is in the definition
of a local trivialisation, but this can be fixed by thinking of the section σ over an orbifold
chart (Ũ ,Γ, ϕ) as a Γ-invariant map σ̃ : Ũ → E|U , lifting this map to a Γ-equivariant map
σ̃ : Ũ → Ũ × F , and proceeding in the same way.

A.2 Embedding and Multiplication Theorems

The Sobolev embedding theorems give a series of relationships between the different Sobolev
spaces; though they were originally stated for bounded domains in Rn, they generalise
to compact manifolds and even compact orbifolds. Henceforth, we will denote by n the
dimension of the compact manifold X.

Theorem A.6. Let X be a compact n-manifold, and let π : E → X be a rank-r vector
bundle. Let j, k ∈ N be natural numbers for which j < k, and let p, q ∈ [1,∞).

• If k − n/p ≥ j − n/q then the inclusion Lpk(E) ↪→ Lqj(E) is continuous, meaning
there is some constant C > 0 such that ∥σ∥Lq

j
≤ ∥σ∥Lp

k
for all σ ∈ Γ(E)Lp

k
. If the

inequality is strict then the inclusion is a compact map, meaning a bounded sequence
of Lpk sections has a convergent subsequence in Lqj .

• If k − n/p > j then the inclusion Lpk(E) ↪→ Cj(E) is continuous and compact.
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The generalisation of this theorem from domains in Rn to sections of vector bundles over
compact manifolds is straightforward. To do so, choose a bundle atlas φi : π−1(Ui)→ Ui×Rr
for E; since X is compact, only finitely many charts (say N) are needed and each Ui can
be assumed Euclidean. Then, one can represent an arbitrary section of E as a collection
of maps σi : Ui → Rr, and furthermore break this into components (σi)j : Ui → Rr for j
ranging from 1 to r. The following norm is equivalent to the usual Sobolev norm:

∥σ∥′Lp
k
=
∑
i≤N

∑
j≤r
∥(σi)j∥Lp

k
(Ui), (A.3)

where Lpk(Ui) is the Sobolev space of real-valued functions on the Euclidean domain Ui. The
Sobolev embedding theorems for bounded domains allow us to bound the Lpk norms in terms
of the Lqj norms, which can be made into a bound for the norm ∥·∥′

Lp
k

in terms of ∥·∥′
Lq
j

since
there are only finitely many charts. Given an Lpk-bounded sequence of sections (σν)ν∈N, the
compact inclusions on bounded domains allows us to find Lqj -convergent subsequences of
the components of σν over each chart; since there are only finitely many components and
charts, we can make this into an Lqj -convergent subsequence of the σν over all of X. Note
that this proof generalises easily to the case of orbifolds, since orbifold vector bundles afford
similar bundle atlases and therefore allow for the same strategy.

The second major theorem that we will use extensively is the Sobolev multiplication the-
orem, which gives sufficient conditions for multiplying two Sobolev functions on a compact
manifold.
Theorem A.7. Let X be a compact manifold, let k ∈ N, and let p, r, s ∈ [1,∞) be real
numbers satisfying r, s ≥ p and 1

r+
1
s ≥

k
n+

1
p , with the additional constraint that at least one

of these inequalities is strict. Then the multiplication function Lrk(X)×Lsk(X)→ Lpk(X) is
continuous, which is to say that there is a constant C > 0 such that the following holds for
every f ∈ Lrk(X) and g ∈ Lsk(X):

∥fg∥Lp
k
≤ C∥f∥Lr

k
∥g∥Ls

k
. (A.4)

The proof of this theorem is given in [Weh04]; it is entirely functional-analytic, meaning
it only relies on facts about the Sobolev norms (including the embedding theorems above),
and therefore the logic applies equally to orbifolds. One special case of this theorem are
important for gauge theory:
Corollary A.8. If kp > n, q ≤ p, and j ≤ k, then Lpk(X) acts continuously on Lqj(X), and
Lpk(X) has a natural topological ring structure.

This gives sufficient conditions for the regularity of Lpk gauge transformations so that
they act continuously on spaces of sections and connections. The geometric analysis we do
will essentially be limited to vortices on Klein orbifolds for which n = 2; it follows that a
sufficient regularity for gauge transformations is L2

2.
The third major theorem we will use is the weak compactness properties of the Sobolev

spaces.
Theorem A.9 (Banach-Alaoglu). If E → X is a vector bundle over a compact manifold,
then Lpk(E) is weakly compact. That is to say, every bounded sequence σν in Lpk(E) has a
subsequence also denoted σν and a corresponding section σ such that, for any continuous
linear functional φ : Lpk(E)→ R, the sequence φ(σν) converges to φ(σ).
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This theorem also holds true for orbifolds.
There is also a result on the regularity of gauge transformations that we will need.

Proposition A.10. Let P → X be a principal bundle over a compact n-manifold X with
compact structure group G and Lie algebra g, and let k ∈ N and p ∈ [1,∞) be numbers
satisfying kp > n. Then a continuous gauge transformation u : P → G is Lpk if and only if
u−1du ∈ Ω1(g) is Lpk−1. Furthermore, a sequence of gauge transformations uν converges in
Lpk to a gauge transformation u∞ if and only if (uν)−1duν converges in Lpk−1 to (u∞)−1du∞.

The proof is given in [Weh04]. Moreover, the result generalises directly to orbifolds as
follows. Since the definition of Lpk gauge transformations is purely local, it suffices to prove
the following: given an open Euclidean domain Ũ with a smooth action by a finite group Γ,
and an extension of this action to Ũ ×G, a continuous Γ-equivariant gauge transformation
u : Ũ × G → G is Lpk if and only if u−1du is Lpk−1. This is a special case of the above
proposition.

Finally, there are several estimates on the Sobolev norms of connections and gauge
transformations on manifolds that we will need to prove Uhlenbeck’s theorems. Once again,
since the definition of Lpk functions is entirely local and an object defined around a singular
point in an orbifold is the same as a Γ-equivariant object defined in a neighbourhood of Rn,
the results transfer immediately to orbifolds.

Lemma A.11. Let k ∈ N and p ∈ [1,∞) be such that kp > n, let U be a domain in Rn,
and let G be a Lie group with Lie algebra g. There is a constant C > 0 such that, for every
u ∈ G k,p(U) and every A ∈ A k−1,p(U), the following inequality holds:

∥u(A)∥Lp
k−1
≤ ∥u−1du∥Lp

k−1
+ C∥A∥Lp

k−1
(1 + ∥u−1du∥L2p

k−2
)k−1. (A.5)

Lemma A.12. Let U , G and g be as above, let k, ℓ ∈ N be integers such that k > ℓ, and
let p ∈ [1,∞) be such that kp > n and p ≥ n/2. There is a constant C > 0 such that for
any u ∈ G k,p and any τ ∈ Ω•(U, g)Lp

ℓ
, the following inequality holds:

∥u−1τu∥Lp
ℓ
≤ C∥τ∥Lp

ℓ
(1 + ∥u−1du∥L2p

ℓ−1
)ℓ. (A.6)

Lemma A.13. Let k ∈ N and p ∈ [1,∞) be such that kp > n and p > n/2. Let P → X
be a principal G-bundle over a compact manifold X, and let {Uα}α∈I be a bundle atlas.
Let Aν ∈ A k−1,p be a sequence of connections and uν ∈ G k,p a sequence of gauge transfor-
mations for which both ∥Aν∥Lp

k−1
and ∥uν(Aν)∥Lp

k−1
are uniformly bounded, and denote by

Aνα and uνα the local representations of the connections and gauge transformations over Uα.
Then ∥(uνα)−1duνα∥Lp

k−1
is uniformly bounded over ν for all α, and there is a C0-convergent

subsequence of the uν .

We will use these results in the following lemma:

Lemma A.14. There exist constants C,D > 0 such that the following inequality holds for
all u, v ∈ G k+1,p:

∥(uv)−1d(uv)∥Lp
k
≤ C∥u−1du∥Lp

k
(1 +D∥v−1dv∥Lp

k
)k + ∥v−1dv∥Lp

k
. (A.7)
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Proof. First, observe that (uv)−1d(uv) = v−1(u−1du)v + v−1dv by the product rule; thus,
the Lpk norm of the first term is bounded above by the sum of the norms of the other two
terms. The second of these terms is already found in Equation A.7. For the first, we use
Lemma A.12 to find a constant C > 0 for which

∥v−1(u−1du)v∥Lp
k
≤ C∥u−1du∥Lp

k
(1 + ∥v−1dv∥L2p

k−1
)k, (A.8)

and we then use the Sobolev embedding Lpk ↪→ L2p
k−1 to find a constant D > 0 for which

∥v−1dv∥L2p
k−1
≤ D∥v−1dv∥Lp

k
. This completes the proof.

A.3 Elliptic Operators

Finally, we will make use of the ellipticity of the Dirac operator, and of the Dolbeault
operator on a Riemann surface. We briefly review elliptic operators here; for more details,
refer to [Ram04].

Let E,F → X be vector bundles over a compact orbifold X with rank r and s re-
spectively, and let D : Γ(E) → Γ(F ) be a linear map. Then D is called a differential
operator of order k if every open set U which trivialises E and F admits a series of maps
Aα : U → Hom(Rr,Rs) for each multi-index α on Rr, such that D is locally represented as
follows:

D|U =
∑
|α|≤k

Aα
∂|α|

∂xα
. (A.9)

The principal symbol of D is the k-homogeneous map σ(D) : T ∗X → Hom(E,F ) defined
as follows in local coordinates:

[σ(D)](ω) =
∑
|α|≤k

Aαω
α, (A.10)

where ωα = ωα1
1 · · ·ωαn

n . This definition is independent of coordinates. The operator D
is called elliptic if the principal symbol is an isomorphism whenever ω ̸= 0. Note that
the Dirac operator associated to a Clifford module structure ρ : T ∗X → su(S) is first-order
elliptic with principal symbol given by ω 7→ ρ(ω), and the Dolbeault operator on an orbifold
Riemann surface Σ is first-order elliptic with principal symbol given by ω 7→ (ωx + iωy)dz.

We will use the following two theorems on elliptic operators.

Theorem A.15 (Elliptic estimate). Let D : Γ(E)→ Γ(F ) be an elliptic operator of order
k on bundles over a compact orbifold. Then there is some constant C > 0 such that the
following holds for every σ ∈ Γ(E)L2

ℓ
:

∥σ∥L2
ℓ
≤ C(∥Dσ∥L2

ℓ−k
+ ∥σ∥L2). (A.11)

Additionally, if σ ⊥ ker(D), then the L2-term may be omitted.

Theorem A.16 (Elliptic regularity). If D is an elliptic operator of order k and Dσ is an
L2
ℓ section, then σ is an L2

ℓ+k section. In particular, ker(D) consists of smooth sections.



Appendix B

Spin Geometry Conventions

In setting up the Seiberg-Witten equations, many of the relevant spin-geometric objects can
be chosen in different equivalent ways. As a result, different resources on Seiberg-Witten
theory will give the equations in slightly different forms. In this Appendix, we briefly
review the convention differences that exist in the literature, the effect that they have on
the Seiberg-Witten equations, and what we have chosen in our exposition. For detailed
definitions of the objects we describe in this Appendix, refer to Chapters 3 and 4.

B.1 Inner products

A complex inner product is defined to be a nondegenerate sesquilinear form; this means
either the first or the second entry is conjugate linear. It is essentially consistent throughout
the mathematical literature that the second component is conjugate linear (though not in
the physics literature), so we have also adopted this convention.

B.2 The Clifford relation

The fundamental relation for the Clifford algebra over a vector space is either v2 = −g(v, v)
or v2 = +g(v, v); accordingly, a Clifford module structure ρ : T ∗Y → su(W ) could satisfy
either ρ(v)2 = −g(v, v) or ρ(v)2 = +g(v, v). We have chosen the former convention, which
is consistent with the literature on mathematical gauge theory (but not the literature on
algebra). One of the benefits of the former convention is that the associated Dirac operator
is formally self-adjoint, whereas it is formally anti-self-adjoint for the latter convention.

B.3 The double covering of SO(n)

The group Spin(n) ≤ Cl(n) has a natural orthogonal action on Rn by conjugation. This
action could be interpreted as x 7→ γxγ−1 or x 7→ γ−1xγ. We have chosen the former
convention, which is consistent with the literature; this convention has the benefit that the
action of Spin(n) on Rn is a left action, just as the action of SO(n) by matrix multiplication
is a left action.
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B.4 Lie algebra isomorphisms

The Lie algebra spinn is canonically identified with the subspace of Cl(Rn) consisting of
bivectors, in the sense that the Lie group exponential (in terms of the tangent space at the
identity) and the matrix exponential (in terms of the infinite series) coincide. In the same
way, the Lie algebra son is canonically identified with the subspace of End(Rn) consisting of
skew-symmetric endomorphisms. However, this can in turn be identified with Λ2(Rn) when
v ∧ w is interpreted as an endomorphism vw∗ − wv∗; this identification is canonical with
respect to the standard metric on Rn. The map Spin(n)→ SO(n) induces an isomorphism
of Lie algebras given by eiej 7→ 2(ei ∧ ej). Additionally, the commutator of two vectors
[v, w] is in spinn, and it naturally corresponds to the wedge product 4(v ∧ w).

Since Spinc(n) doubly covers SO(n) × U(1), its Lie algebra is isomorphic to son ⊕ iR.
This covering induces the isomorphism given by taking eiej 7→ 2(ei ∧ ej) and i 7→ 2i.

The above is consistent across the literature, but it has been reproduced here to empha-
sise the points at which choices are being made.

B.5 Clifford algebra representations and the volume element

When n is odd, there are exactly two irreducible representations of Clc(Rn); when n is even,
there is exactly one irreducible representation of Clc(Rn), but it splits into two irreducible
representations of Spinc(n). In either case, the two representations are distinguished by
the action of ΛnRn, according to chirality. Specifically, a distinguished spanning element
ω ∈ ΛnRn called the volume element is chosen, and the chirality is positive (or negative) if
ω acts by positive (or negative) multiplication.

The ambiguity in this definition is in the choice of the element ω. On an oriented real
inner product space with some oriented basis e1, . . . , en, there is a canonical choice of ω
given by e1 · · · en. However, this element only squares to the identity when n is equal to 3
or 4 mod 8; for other values of n its square is negative, and this means that ω has eigenvalues
±i on a given representation. To fix this, ω is replaced by a complex volume element ωc for
which ω2

c = 1, and which is conventionally defined as follows:

ωc := i⌊(n+1)/2⌋e1 · · · en. (B.1)

In particular, for n = 3, 4, we have that ωc = −ω; this still squares to 1, but the +1 and
−1 eigenspaces are flipped.

In the literature, and in particular in [MOY96], the convention chosen for dimension 3
and 4 is to use the real volume element ω, not ωc, to define positive and negative spinors. In
particular, the positive representation is chosen to be that for which e0e1e2 and e0e1e2e3 are
mapped to the identity element. However, in Section 5.4 of the paper, the volume element
of the Riemann surface Σ is used to split the spinor bundle over Y ; in this context, the
complex volume element of Σ, namely ie1e2, is used implicitly instead.

The choice to map e1e2e3 to the identity results in the following identity for 1-forms
α ∈ Ω1(Y ):

ρ(∗α) = −ρ(α). (B.2)
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Note that the Hodge star is defined to be complex-antilinear throughout this document
where relevant.

Finally, we note that in odd dimensions, the negative-chirality representation can be
achieved simply by negating the positive-chirality representation. This can serve as a useful
sanity check for understanding which quantities do and do not depend on chirality.

B.6 The quadratic map

In both three and four dimensions, there is a quadratic map relating spinors to k-forms; it is
valued in 1-forms for 3-manifolds and self-dual 2-forms for 4-manifolds. We will review the
differences in conventions for the three-dimensional map; the conventions for four dimensions
are very similar, but they are largely irrelevant for the development of the three-dimensional
theory.

Depending on the application, the three-dimensional quadratic map q : Γ(W )→ iΩ1(Y )
can be defined in three ways; each of these definitions differ by a scalar multiple. They are
as follows.

• As a pointwise “quadratic adjoint” to the action of Clifford multiplication by a spinor:
for arbitrary α, we define q to satisfy

⟨α, q(ψ)⟩Λ1(Y ) = C⟨ρ(α) · ψ,ψ⟩W . (B.3)

Here C is some complex constant, chosen by each respective author. Equivalently, it
is defined in a basis {e1, e2, e3} as follows:

q(ψ) = C∗
3∑
j=1
⟨ψ, ρ(ej)ψ⟩ej . (B.4)

• As a pointwise Clifford inverse of the endomorphism associated to a spinor:

q(ψ) = ρ−1(ψ ⊗ ψ∗)0. (B.5)

• As a pointwise Clifford adjoint of the endomorphism associated to a spinor:

q(ψ) = ρ†(ψ ⊗ ψ∗). (B.6)

This expression makes sense, since End(W )† ∼= End(W ) and ρ† : End(W )† → T ∗Y .
Also, since id∗W = tr and ρ(v) is always traceless, it is equivalent to take (ψ⊗ψ∗)0 as
the argument of ρ†.

Using the first definition as a reference point, we state how the other two definitions are
related:

• The second definition corresponds to the first by the choice C = +1/2.

• The third definition corresponds to the first by the choice C = −1. This also means
that ρ† = −2ρ−1.



124 APPENDIX B. SPIN GEOMETRY CONVENTIONS

The verifications of these facts reduce to computations in the chiral representation. Addi-
tionally, if the chirality of the representation is flipped, all three definitions of q flip sign;
this simply follows from the fact that only one factor of ρ appears in each definition.

The most common definition in the modern literature appears to be the second; in fact,
the issue of defining the quadratic map is often sidestepped by taking ρ(∗FA) = −(ψ⊗ψ∗)0
instead of ∗FA = q(ψ). In [MOY96], the quadratic map is defined in the first way with
C = −i/2; this offers the advantage that the codomain of q can be taken to consist of purely
real 1-forms, allowing the imaginary unit to be shown explicitly. In this instance we divert
from the convention chosen in [MOY96], instead opting for the second convention.

B.7 Spinorial connections

A spinorial connection is a connection on a spinor bundle commuting with the Clifford
action. While its curvature is an End(W )-valued 2-form, the curvature in the Seiberg-
Witten equations is an associated imaginary 2-form. There are two ways to understand this
2-form:

• It is the trace of the curvature 2-form with values in End(W ). It can be shown using
Schur’s lemma that this trace must always be imaginary.

• It is the derivative of the associated U(1)-invariant 1-form on the determinant line
bundle Ldet = (P/Spin(n)) ×U(1) C. Since this connection is unitary, its curvature
2-form is manifestly imaginary.

These two approaches differ by a factor of 2; specifically, the curvature of the connection
on Ldet is 1/2 the trace of the curvature 2-form on W . In [MOY96], the trace viewpoint is
exclusively adopted; we will make use of the determinant line bundle interpretation, as it
is the more modern approach in the literature. To be explicit, the symbol FA will always
refer to the imaginary-valued 2-form given by half the trace of F∇A , and F∇A will refer to
the End(W )-valued curvature 2-form of the connection ∇A.

B.8 The Chern-Simons-Dirac functional

The Chern-Simons-Dirac functional has essentially one definition across the literature: it is
a sum of a Chern-Simons functional and a Dirac Lagrangian functional. However, these two
summands will often be modulated by constant factors. In general, the Chern-Simons-Dirac
functional is always of the following form:

csd(A,ϕ) =
∫
Y
−K1

2 (A−A0)(FA + FA0) +
K2
2 ⟨ψ,DAψ⟩, (B.7)

where K1,K2 > 0 are constants. In [KM07], the constants are taken to be K1 = 1/4 and
K2 = 1. In our exposition, we take both K1 and K2 to be 1.
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B.9 The Seiberg-Witten equations

The first five sections in this appendix describe conventions which are relatively consistent
across the mathematical literature. The remaining three, however, vary considerably across
resources. Each of these choices will result in a slightly different version of the Seiberg-
Witten equation relating the curvature and the quadratic map (the harmonic equation is
unaffected).

Nevertheless, it should be possible to write every version of the equation into the fol-
lowing form for some M > 0:

∗FA +Mρ−1(ψ ⊗ ψ∗)0 = 0. (B.8)

The constant M depends on which definition is used for the quadratic map (i.e., the value
of C), the interpretation of FA, and the definition of csd (in particular the value of K1/K2).
In fact, when written in this form, one can prove the moduli space of irreducible Seiberg-
Witten monopoles does not depend on the above choices; the solution (A,ψ) to the M = 1
version corresponds to the solution (A,

√
M0ψ) to the M = M0 version of the equation.

However, it is important to note that M must have no imaginary component and must be
strictly positive in order for the solutions to be unaffected.



126 APPENDIX B. SPIN GEOMETRY CONVENTIONS



References

[AB83] M. Atiyah and R. Bott. “The Yang-Mills equations over Riemann surfaces”. In:
Philos. Trans. R. Soc. Lond. A 308.1505 (1983), pp. 523–615. doi: 10.1098/
rsta.1983.0017.

[AG71] N. L. Alling and N. Greenleaf. Foundations of the Theory of Klein Surfaces.
1st ed. Springer Berlin, 1971. doi: 10.1007/BFb0060987.

[ALR07] A. Adem, J. Leida, and Y. Ruan. Orbifolds and Stringy Topology. Cambridge
Tracts in Mathematics. Cambridge University Press, 2007. doi: 10 . 1017 /
CBO9780511543081.

[Ark11] M. Arkowitz. Introduction to homotopy theory. Springer Science & Business
Media, 2011. doi: 10.1007/978-1-4419-7329-0.

[BH24] D. Baraglia and P. Hekmati. “Equivariant Seiberg–Witten–Floer cohomology”.
In: Algebr. Geom. Topol. 24.1 (2024), pp. 493–554. doi: 10.2140/agt.2024.
24.493.

[Bra90] S. B. Bradlow. “Vortices in holomorphic line bundles over closed Kähler mani-
folds”. In: Comm. Math. Phys. 135.1 (1990), pp. 1–17. doi: 10.1007/BF02097654.

[Bro82] K. S. Brown. Cohomology of Groups. Springer New York, 1982. doi: 10.1007/
978-1-4684-9327-6.

[BS85] F. Bonahon and L. Siebenmann. “The classification of Seifert fibred 3-orbifolds”.
In: Low Dimensional Topology. Ed. by R. Fenn. London Mathematical Society
Lecture Note Series. Cambridge University Press, 1985, pp. 19–85.

[BW93] B. Booß-Bavnbek and K. P. Wojciechowski. Elliptic Boundary Problems for
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[MST96] J. W. Morgan, Z. Szabó, and C. H. Taubes. “A product formula for the Seiberg-
Witten invariants and the generalized Thom conjecture”. In: J. Differ. Geom.
44.4 (1996), pp. 706–788. doi: 10.4310/jdg/1214459408.

[Nat90] S. M. Natanzon. “Klein surfaces”. In: Russian Math. Surveys 45.6 (1990), pp. 53–
108. doi: 10.1070/RM1990v045n06ABEH002713.

[Nic96] L. I. Nicolaescu. “Adiabatic limits of Seiberg-Witten equations on Seifert man-
ifolds”. In: Comm. Anal. Geom. 6.2 (1996), pp. 331–392.

[Ram04] S. Ramanan. Global Calculus. Vol. 65. Graduate Studies in Mathematics. Rhode
Island: American Mathematical Society, 2004. doi: 10.1090/gsm/065.

[Sal14] D. A. Salamon. “SPIN GEOMETRYAND SEIBERG-WITTEN INVARIANTS”.
In: 2014. url: https://api.semanticscholar.org/CorpusID:116235731.

[Sat56] I. Satake. “On a Generalization of the Notion of Manifold”. In: Proc. Natl. Acad.
Sci. U.S.A. 42.6 (1956), pp. 359–363. doi: 10.1073/pnas.42.6.359.

[Sat57] I. Satake. “The Gauss-Bonnet Theorem for V-manifolds”. In: J. Math. Soc.
Japan 9.4 (1957), pp. 464–492. doi: 10.2969/jmsj/00940464.

[Sch16a] F. Schaffhauser. “Lectures on Klein Surfaces and Their Fundamental Group”.
In: Geometry and Quantization of Moduli Spaces. Ed. by L. A. Consul, J. E.
Andersen, and I. M. i Riera. Springer International Publishing, 2016, pp. 67–
108. doi: 10.1007/978-3-319-33578-0_2.

[Sch16b] F. Schaffhauser. “Lectures on Klein surfaces and their fundamental group”. In:
Geometry and quantization of moduli spaces. Birkhäuser, Cham, 2016, pp. 67–
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