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Abstract. We compute the Floer homology and Seiberg–Witten Floer homo-

topy type of Seifert rational homology 3-spheres which fiber over RP2. We show

that they are all L-spaces and their Floer homotopy type is a suspension of S0.

Additionally, we compute the Ozsváth–Szabó d-invariants, or equivalently the

Seiberg–Witten δ-invariants for such 3-manifolds. This is done by computing

the eta invariant of spinc-Dirac operators associated to spinc-connections cov-

ering the adiabatic connection, a certain metric connection distinct from the

Levi–Civita connection. It turns out that this eta invariant involves a contri-

bution given by the eta invariant of an orbifold pinc-connection on the orbifold

base of the Seifert fibration, which we also compute.

1. Introduction

A Seifert 3-manifold which is a rational homology 3-sphere must fiber over S2 or

RP2. For the Seifert 3-manifolds which fiber over S2, their Floer homology has been

studied extensively. Ozsváth–Szabó showed that the Heegaard Floer homology of

such Seifert manifolds is isomorphic to lattice homology, which can be computed

algorithmically [15], [12]. Dai–Sasahira–Stoffregen promoted this to a computation

of the Seiberg–Witten Floer homotopy type [4].

In this paper we will compute the Seiberg–Witten Floer homology and homotopy

type of the Seifert rational homology 3-spheres which fiber over RP2. It turns out

that these are all L-spaces and their homotopy type is a suspension of S0, so

the problem of computing their Floer homology is reduced to that of computing

their Ozsváth–Szabó d-invariants, or equivalently their Seiberg–Witten δ-invariants,

δ(Y, s) = d(Y, s)/2. To do this, we compute the eta invariants of the spinc-Dirac

operators on such 3-manifolds. To take advantage of the Seifert geometry Y → Σ,

we follow the approach of Mrowka–Ozsváth–Yu [9] in which the Seiberg–Witten

equations are studied using spinc-connections which cover a metric connection which

is not the Levi–Civita connection. For the computation of the eta invariant of

the Dirac operator, we follow a similar approach to that used by Nicolaescu [10,

11] in the case that the base is orientable, however a new feature emerges. The

non-orientability on the base orbifold Σ contributes an additional term to the eta

invariant of the Dirac operator on Y . This additional term is the eta invariant

ηpin
c

(Σ, sΣ) of a corresponding orbifold pinc-Dirac operator on Σ. Using indirect
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methods (the Frøyshov inequality), we are able to compute ηpin
c

(Σ, sΣ) and in turn

compute the delta invariants of Y .

Our first main result is that Seifert rational homology 3-spheres with RP2 base

are Seiberg–Witten L-spaces, by which we mean that their Seiberg–Witten Floer

homology has no reducibles. In fact a stronger result is true which is that the

Seiberg–Witten Floer homotopy type is a suspension of S0. That such Seifert man-

ifolds are Heegaard Floer homology L-spaces has been shown by Boyer–Gordon–

Watson [3, Proposition 5]. We use SWF (Y, s) to denote the Seiberg–Witten Floer

homotopy type of (Y, s), HSW ∗(Y, s) = H̃∗S1(SWF (Y, s)) the Seiberg–Witten Floer

cohomology of (Y, s) and HSW ∗red(Y, s) the reducible part of HSW ∗(Y, s). We do

not specify which coefficient group we are using to define Seiberg–Witten Floer

cohomology because our results are not sensitive to this choice.

Theorem 1.1. Let Y be a Seifert rational homology 3-sphere with RP2 base. Then

Y is an L-space, that is, HSW ∗red(Y, s) = 0 for every spinc-structure s. Moreover

the Seiberg–Witten Floer homotopy type of (Y, s) is a suspension of S0:

SWF (Y, s) ∼= Σδ(Y,s)CS0.

Our next result gives a formula for the delta invariants of Seifert rational homol-

ogy 3-spheres with RP2 base. To state the result we need to describe the set of spinc-

structures on such 3-manifolds. Such Seifert 3-manifolds are classified by an Euler

class b and the Seifert invariants of the singular fibres (a1, b1), . . . , (an, bn), (see

Section 3). We write Y = S(b; (a1, b1), . . . , (an, bn)) for such a 3-manifold. There

are 4a1 · · · an spinc-structures on Y , which can be described by a tuple (E0, τ,m)

as we now briefly describe (more details can be found in Section 4.1).

Let Σ denote the base of Y , which is an orbifold whose underlying topolog-

ical space is RP2. Σ has orbifold points of orders a1, . . . , an. Associated to Σ

is an oriented double cover orbifold Σ̃ which has 2n orbifold points of orders

a1, a1, a2, a2, . . . , an, an. Pulling back Y under Σ̃ → Σ yields a Seifert fibration

π : Ỹ → Σ̃ over Σ̃. Let p : Ỹ → Y be the covering map. Then for any spinc-

structure s on Y the pullback p∗(s) necessarily has the form p∗(s) ∼= E ⊗ scan,

where scan is the canonical spinc-structure on Ỹ determined by the Seifert geome-

try and E is a line bundle. Then E ∼= π∗(E0) for some orbifold line bundle E0 whose

Seifert invariants are (e; γ1, δ1, . . . , γn, δn), where e = deg(E0) and γi, δi ∈ Zai . It

turns out that we may choose E0 such that there is an integer m ∈ {−1, 0} for

which

(1.1) e = −χ(Σ)−ml,

where χ(Σ) = 1−
∑n
i=1(ai − 1)/ai, l = b−

∑n
i=1 bi/ai and

(1.2) γi + δi = −1 +mbi (mod ai) for i = 1, . . . , n.

Notice that for each choice ofm there are exactly a1 · · · an choices for (γ1, δ1, . . . , γn, δn),

since we can choose the γi arbitrarily and then solve for the δi. Thus, there are

2a1 · · · an pairs (E0,m) satisfying conditions (1.1), (1.2).



FLOER HOMOTOPY TYPE AND ETA INVARIANTS OF SEIFERT 3-MANIFOLDS 3

Given (E0,m) satisfying (1.1), (1.2), there is an extra piece of data τ , which we

call an equivariant structure of weight m which allows us to descend E ⊗ scan to a

spinc-structure on Y (see Definition 4.1). For each (E0,m) there are exactly two

equivariant structures on E0 of weight m. If τ is one, then the other is −τ . So in

total there are 4a1 · · · an choices for (E0, τ,m), each of which yields a corresponding

spinc-structure s(E0,τ,m) on Y .

The integer m has the following interpretation. To each spinc-structure s =

s(E0,τ,m) on Y , there is up to gauge equivalence a unique spinc-connection B which

is a reducible solution to the Seiberg–Witten equations for (Y, s) (with respect to a

suitably defined metric on Y and a suitably chosen connection on TY , see Section

4.1 for details). The holonomy of B around a fibre of Y is given by (−1)m = ±1,

thus the spinc-structures with m = 0 are said to have trivial fibre holonomy and

the spinc-structures with m = −1 are said to have non-trivial fibre holonomy.

The spinc-structures on Y with trivial fibre holonomy (m = 0), can be interpreted

as pullbacks under π : Y → Σ of orbifold pinc-structures on Σ. To each spinc-

structure s(E0,τ,0) with trivial fibre holonomy, there is a corresponding orbifold

pinc-structure sΣ
(E0,τ) on Σ and this correspondence defines a bijection between

orbifold pinc-structures on Σ and spinc-structures on Y with trivial fibre holonomy.

The spinc-connection B corresponding to s(E0,τ,m) descends to a pinc-connection

B0 on Σ. Associated to B0 is a corresponding pinc-Dirac operator DB0 and we let

ηpin
c

(Σ, sΣ
(E0,τ)) denote the eta invariant of DB0

.

Before stating our next theorem there is one more ingredient that we need to

introduce. Let a, b be coprime integers with a > 0. Then lens space L(a, b) may

be defined as the quotient of S3, the unit sphere in C2 by the Za-action (x, y) 7→
(ωx, ωby), ω = e2πi/a. As explained in Section 5.3, there is a bijection u 7→ su
between Za and the set of spinc-structures on L(a, b). The delta invariants of

L(a, b) are given by:

δ(L(a, b), sn) = λ(b, a;n)− 1

2
s(b, a),

where s(b, a) is the Dedekind sum

s(b, a) = − 1

4a

a−1∑
j=1

(1 + ω−j)(1 + ω−bj)

(1− ω−j)(1− ω−bj)
, ω = e2πi/a

and λ(b, a;n) is defined by

λ(b, a;n) =
1

a

a−1∑
j=1

ωnj

(1− ω−j)(1− ω−bj)
.

Recall that the degree of Y → Σ, which we denote by l is given by

l = b−
n∑
i=1

bi
ai
.

Theorem 1.2. Let [E0] = (e; γ1, δ1, . . . , γn, δn) and m ∈ {−1, 0} satisfy (1.1),

(1.2) and let τ be an equivariant structure on E0 of weight m.
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(1) If the fibre holonomy is trivial (m = 0), then

δ(Y, s(E0,τ,0)) =
l

8
− 1

2
ηpin

c

(Σ, sΣ
(E0,τ))−

1

2

n∑
i=1

(δ(L(ai, bi), sγi) + δ(L(ai, bi), sδi)) .

(2) If the fibre holonomy is non-trivial (m = −1), then

δ(Y, s(E0,τ,−1)) = −
n∑
i=1

δ(L(ai, bi), sγi).

In the case of non-trivial fibre holonomy, Theorem 1.2 completely determines

the delta invariants of Y . In the case of trivial fibre holonomy, the theorem de-

termines the delta invariants in terms of ηpin
c

(Σ, sΣ
(E0,τ)), the pinc-eta invariant of

the corresponding pinc-structure on Σ. The next theorem gives the value of the eta

invariant, up to a sign ambiguity.

Theorem 1.3. For any (E0, τ, 0), we have

ηpin
c

(Σ, sΣ
(E0,τ)) = ±1

2
.

Moreover, we have that

ηpin
c

(Σ, sΣ
(E0,−τ)) = −ηpin

c

(Σ, sΣ
(E0,τ)).

Remark 1.4. Recall that for any pair (E0,m) satisfying (1.1), (1.2), there are exactly

two equivariant structures on E0 of weight m and they come in a ± pair τ,−τ .

Theorem 1.3 says that the pinc-eta invariant equals +1/2 for one of τ,−τ and

equals −1/2 for the other. Thus, one could use the value of ηpin
c

as a means of

distinguishing between the two orbifold pinc-structures sΣ
(E0,τ), s

Σ
(E0,−τ) and also as

a means of distinguishing between the two spinc-structures s(E0,τ,0) and s(E0,−τ,0).

The proof of Theorem 6.1 also gives a means of determining the correct sign of

the eta invariant.

Example 1.5. The Hantzsche–Wendt manifold is the unique flat 3-manifold which

is a rational homology sphere. It is Seifert fibered and is given by Y = S(1; (2, 1), (2, 1)).

Since 4a1 · · · an = 16, there are sixteen spinc-structures. By Theorem 1.2, the delta

invariants for the spinc-structures with non-trivial fibre holonomy are given by:

δ(Y, s(E0,τ,−1)) = −δ(L(2, 1), sγ1
)− δ(L(2, 1), sγ2

).

Since δ(L(2, 1), s0) = 1/8, δ(L(2, 1), s1) = −1/8, the delta invariants with non-

trivial fibre holonomy are ±1/4 (two times each) and 0 (four times).

For the spinc-structures with trivial fibre holonomy, γi + δi = 1 (mod 2), so

δ(L(2, 1), sγi) + δ(L(2, 1), sδi) = 0, so from Theorems 1.2 and 1.3 we have

δ(Y, s(E0,τ,0)) = −1

2
ηpin

c

(Σ, sΣ
(E0,τ)) = ±1

4
,

with ±1/4 both occurring four times (in Section 6.4 we will arrive at this result by

a different method that does not use Theorem 1.3).

Therefore the delta invariants of Y are ±1/4 (six times each) and 0 (four times).
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1.1. Outline of the proof of the main results. Central to this paper is the

approach to studying the Seiberg–Witten equations on Seifert 3-manifolds given by

Mrowka–Ozsváth–Yu [9]. However, this description is only available when the base

of the Seifert fibration is orientable (and therefore admits a complex structure). To

get around this, we work equivariantly on the double cover Ỹ which is the pullback

of the Seifert fibration Y → Σ under the orientation double cover Σ̃ → Σ. Thus,

for example, instead of working directly with spinc-structures on Y , we work with

equivariant spinc-structures on Ỹ .

On Ỹ , a spinor field ψ can be decomposed into components ψ = (α, β), where

α, β are sections of certain line bundles. Mrowka–Ozsváth–Yu show that solutions

to the Seiberg–Witten equations (with respect to a suitable choice of metric and a

suitable choice of connection on the tangent bundle) have either α = 0 or β = 0. On

the other hand, we show that the covering involution σ : Ỹ → Ỹ exchanges the roles

of α and β, so that if one of them vanishes then the other must too. This means

that the only solution to the Seiberg–Witten equations is the reducible (unique up

to gauge equivalence).

We prove that the reducible is non-degenerate. This implies that the Seiberg–

Witten Floer homotopy type SWF (Y, s) is a suspension of S0, so SWF (Y, s) ∼=
Σ−n(Y,s)CS0 for some n(Y, s) ∈ Q. If we were working with spinc-connections

covering the Levi–Civita connection, then n(Y, s) would be equal to the quantity

n(Y, s, g) defined by Manolescu in [7], which is a combination of eta invariants for

the Dirac operator and signature operator. However, since we are working with

spinc-connections that do not cover the Levi–Civita connection, the definition of

n(Y, s, g) has to be modified. We show in Section 2 that the correct extension of

n(Y, s, g) to the case of general spinc-connections is given by

(1.3) n(Y, s, g, B) =
1

2
ηdir(g,B)− 1

2
h(g,B)− 1

8
ηsig(Y, g)−

∫
Y

Tr(∇,∇LC,g).

See Section 2 for precise definitions of the terms involved. Compared with the usual

formula in the case that B covers the Levi–Civita connection, there is an additional

term -
∫
Y
Tr(∇,∇LC,g). Here Tr(∇,∇LC,g) is the transgression form from ∇ (the

connection on TY induced by B) to ∇LC,g (the Levi–Civita connection), given by

Tr(∇0,∇1) =
1

96π2
tr

(
ω ∧ F +

1

2
ω ∧ d∇

0

ω +
1

3
ω ∧ ω ∧ ω

)
,

where F is the curvature of ∇ and ω = ∇LC,g −∇.

Since SWF (Y, s) ∼= Σ−n(Y,s,g,B)CS0, it follows that the delta invariant δ(Y, s) is

given by

δ(Y, s) = −n(Y, s, g, B)

where g is a suitably defined metric on Y and B is the spinc-connection which is the

unique reducible solution of the Seiberg–Witten equations. Therefore to compute

δ(Y, s), it suffices to compute the four terms on the right hand side of (1.3). In

fact h(g,B) = 0, which leaves only three terms. The transgression term and ηsig
are relatively easy to compute and so the main task is to compute ηdir(g,B). This
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takes up a substantial part of the paper. We follow the strategy of Nicolaescu [10],

[11] for computing ηdir(g,B). However the non-orientability of Σ enters in a crucial

way and we find a contribution to ηdir(g,B) which comes from the eta invariant

of the Dirac operator on Σ for an orbifold pinc-structure. The pinc-eta invariant is

computed in Section 6. This is achieved by applying the Frøyshov inequality to a

suitably chosen negative definite cobordism from Y to a non-singular circle bundle

over RP2. For a spinc-structure determined by an equivariant structure τ , this

allows us to obtain ± 1
2 as an upper bound for the pinc-eta invariant. By applying

the Frøyshov inequality a second time to the flipped structure −τ , we obtain the

reverse inequality.

1.2. Structure of the paper. In Section 2 we recall the construction of the

Seiberg–Witten Floer homotopy type of a rational homology 3-sphere and ex-

plain how to adapt the construction to spinc-connections that do not cover the

Levi–Civita connection. In Section 3 we review some basic results and establish

notation concerning Seifert 3-manifolds which fiber over S2 or RP2. In Section

4, we determine the Seiberg–Witten Floer homotopy type of Seifert rational ho-

mology 3-spheres Y which fiber over RP2. To do this, we first need a conve-

nient description of spinc-structures on Y . This is carried out in Section 4.1. The

Seiberg–Witten equations on Y are studied in Section 4.2, where Theorem 1.1 is

deduced. As described earlier, this reduces us to the computation of the delta in-

variants δ(Y, s), which is carried out in Section 5. We do this by computing the

terms ηsig(Y, g),
∫
Y
Tr(∇,∇LC,g) and ηdir(g,B) appearing on the right hand side

of Equation 1.3. These are computed in Sections 5.1, 5.2 and 5.3 respectively. As

a result we obtain Theorem 1.2. In Section 6, we determine the pinc-eta invari-

ant using the Frøyshov inequality. We also compute the pinc-eta invariant in the

non-hyperbolic cases RP2, RP2(a) and RP2(2, 2) by independent means.

Acknowledgments. The first author was financially supported by an Australian

Research Council Future Fellowship, FT230100092. The second author was sup-

ported by the Royal Society of New Zealand Marsden Fund 3733339 and is grateful

to the Max Planck Institute for Mathematics in Bonn for its hospitality.

2. Seiberg–Witten Floer spectra for general spinc-connections

In this section we briefly recall the construction of the Seiberg–Witten Floer

homotopy type of a rational homology sphere, following Manolescu [7]. We explain

how to modify the construction for spinc-connections which are not lifts of the

Levi–Civita connection. Since only minor modifications are required, we will be

brief and refer the reader to [7] for further details.

Let Y be a rational homology 3-sphere, g a Riemannian metric on Y and s a

spinc-structure on Y with corresponding spinor bundle S. Let L = det(S) be the

determinant line of S. Let ∇ be a metric compatible connection on TY and let

Conn∇(S) denote the set of spinc-structures on S which lift ∇. Then Conn∇(Y )

is an affine space over iΩ1(Y ). If B is a spinc-connection we let FB denote the u(1)
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part of the curvature of B. Equivalently, FB is equal to half of the curvature of the

connection on L induced by B. If B is a spinc-connection, we let DB denote the

corresponding Dirac operator.

We will first consider the case that ∇ = ∇LC,g is the Levi–Civita connection

of g and then we will explain how to modify the construction to the general case.

Define the configuration space of (Y, s) to be

C(Y ) = Conn∇(S)× Γ(Y, S).

Fix a reference connection B0. We assume B0 is chosen to that FB0
= 0 (this is

always possible as Y is a rational homology sphere). Then any spinc-connection

may be written as B = B0 + b for a unique iΩ1(Y ) and so we may identify the

configuration space with iΩ1(Y )×Γ(Y, S). Thus an element of C(Y ) will be written

as a pair (b, φ), where b is an imaginary 1-form and φ ∈ Γ(Y, S). The Chern–

Simons–Dirac functional L : C(Y )→ R (with respect to B0) is defined by

L(b, φ) =
1

2

(∫
Y

〈φ,DB0+bφ〉dvolY −
∫
Y

b ∧ db
)
.

The gauge group G = Map(Y, S1) acts by gauge transformations on C(Y ),

namely g(b, φ) = (b − g−1dg, gφ). Define the global Coulomb slice V of C(Y )

(with respect to B0) to be the subspace Ker(d∗)× Γ(Y, S) ⊂ C(Y ). If one defines

the reduced gauge group G0 to be the set of gauge transformations of the form

g = eif where
∫
Y
fdvolY = 0, then V can be identified with the quotient C(Y )/G0.

This determines a metric g̃ on V by taking the natural L2-metric on C(Y ) and

restricting it to the subbundle of the tangent bundle which is orthogonal to the

gauge orbits. The Chern–Simons–Dirac functional L is gauge invariant and hence

defines a functional on V , which is just L|V . Fix an integer k ≥ 4 and let Vk denote

the L2
k-Sobolev completion of V . The (formal) gradient of L|V with respect to g̃

defines a map χ : Vk → Vk−1 which has the form χ = l + c, where l is the linear

operator given by

l(b, φ) = (∗db,DB0
φ)

and c is a compact non-linear operator (we will not need to know the precise form

of c).

A trajectory for the downward gradient flow of L|V is a differentiable map

x : R→ Vk satisfying
d

dt
x(t) = −χ(x(t)).

The construction of the Seiberg–Witten homotopy type proceeds by taking a

finite-dimensional approximation of V and a finite-dimensional approximation of

the downward gradient flow. Given real numbers µ, λ, let V µλ denote the direct sum

of all eigenspaces of l in the range (λ, µ] and let p̃µλ be the L2-orthogonal projection

from V to V µλ . For technical reasons it is useful to replace the projections p̃µλ by

smoothed out versions pµλ : V → V µλ [7, §4]. The precise details of this smoothing

procedure will not be important to us.
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On V µλ one can consider trajectories x(t) satisfying an approximate gradient flow

equation

d

dt
x(t) = −(l + pµλc)x(t).

Solutions to these equations are called approximate Seiberg–Witten trajectories.

Manolescu showed that if λ,−µ are sufficiently large, then there exists an R > 0

such that if an approximate trajectory x : R → L2
k+1(V µλ ) lies in the ball B(2R),

then in fact x(t) ∈ B(R) for all t.

Since V µλ is non-compact, the flow lines of the vector field (l+pµλc) might not exist

for all time. To get around this one fixes a compactly supported cut-off function

uµλ which is identically 1 on B(3R) and considers the vector field uµλ(l+ pµλc). Since

this vector field is compactly supported, the flow exists for all time and defines a

1-parameter family of diffeomorphisms ϕt of V µλ . Let Sµλ denote the union of the

set of critical points and flow lines of l+ pµλc which lie in B(R). This is an isolated

invariant set for the flow ϕt (see [7, §5]). The S1-action on V by constant gauge

transforms induces an S1-action on V µλ and this action preserves the approximate

gradient flow. Therefore we may take the S1-equivariant Conley index

Iµλ = IS1(Sµλ ).

Iµλ is an S1-equivariant homotopy type. The S1-equivariant homotopy type of Iµλ
can vary with µ, λ, but only by a suspension. To cancel the dependence on µ, λ one

defines the following S1-equivariant spectrum

SWF (Y, s, g, B0) = Σ−V
0
λ (g,B0)Iµλ (g,B0).

Here we write V 0
λ (g,B0) and Iµλ (g,B0) instead of V 0

λ , I
µ
λ to highlight the dependence

on g and B0.

The spectrum SWF (Y, s, g, B0) depends on g and B0 so does not yet define an

invariant of (Y, s). If one varies (g,B0) along a path (g(t), B0(t)), then one finds

that

SWF (Y, s, g(1), B0(1)) ∼= Σ−SF (−Dt)CSWF (Y, s, g(0), B0(0))

where SF (−Dt) ∈ Z is the spectral flow of the family {−Dt}. Here Dt denotes the

Dirac operator associated to g(t) and B0(t).

In order to get an invariant of (Y, s), one needs to “split” the spectral flow. That

is, we seek a quantity n(Y, s, g, B0) ∈ Q such that SF (−Dt) = n(Y, s, g(0), B0(0))−
n(Y, s, g(1), B0(1)). Assuming for the moment that such a quantity has been de-

fined, we can then set

SWF (Y, s) = Σ−n(Y,s,g,B0)CSWF (Y, s, g, B0)

to get an S1-equivariant spectrum whose stable homotopy type depends only on

Y and s. In general, n(Y, s, g, B0) is a rational number, but not an integer, so one

has to make sense of the desuspension Σ−n(Y,s,g,B0)C by using a suitably defined

category of spectra, see [7, §6] for details.
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Manolescu obtains a splitting of the spectral flow by taking

(2.1) n(Y, s, g, B0) =
1

2
ηdir(g,B0)− 1

2
h(g,B0)− 1

8
ηsig(Y, g),

where ηdir(b, B0) denotes the eta invariant of the Dirac operator Dg,B0 determined

by g,B0, h = dim(Ker(Dg,B0)) and ηsig(Y, g) is the eta invariant of the signature

operator on Y with respect to the metric g.

We will now consider adapting the construction of SWF (Y, s) to the case where

we use spinc-connections which cover a metric connection ∇ on Y which is not

necessarily the Levi–Civita connection. The definition of the configuration space

C(Y ) = Conn∇(Y ) × Γ(Y, S) is identical to the Levi–Civita case, except we use

Conn∇(Y ), the set of spinc-structures which are lifts of ∇. If B ∈ Conn∇(Y ), then

we let DB denote the associated Dirac operator. Fix a reference spinc-connection

B0, where as before we assume that FB0
= 0.

The Coulomb slice V and its finite-dimensional approximations V µλ are defined in

the same way as in the Levi–Civita case and this leads to a Conley index Iµλ (g,B0)

and spectrum SWF (Y, s, g, B0). To eliminate the dependence of SWF (Y, s, g, B0)

on (g,B0), we again want to split the spectral flow of the Dirac operator. The

only difference is that now our Dirac operators are defined using spinc-connections

which do not necessarily lift the Levi–Civita connection. Thus we seek a quantity

n(Y, s, g, B0) ∈ Q defined for all spinc-connections, not just those lifting the Levi–

Civita connection. The quantity n should satisfy the following two properties:

(1) If B0 is a lift of the Levi–Civita connection, then n(Y, s, g, B0) is given by

Equation (2.1).

(2) For any path (g(t), B0(t)), the spectral flow of the associated family of Dirac

operators is given by SF (−Dg(t),B0(t)) = n(Y, s, g(0), B0(0))−n(Y, s, g(1), B0(1)).

Property (2) ensures that the spectrum SWF (Y, s) = Σ−n(Y,s,g,B0)SWF (Y, s, g, B0)

does not depend on the choice of (g,B0). Property (1) ensures that our definition

of SWF (Y, s) agrees with Manolescu’s spectrum.

Let M be a Riemannian manifold and let ∇0,∇1 be two metric connections on

M . The transgression form from ∇0 to ∇1 is the 3-form

Tr(∇0,∇1) =
1

96π2
tr

(
ω ∧ F +

1

2
ω ∧ d∇

0

ω +
1

3
ω ∧ ω ∧ ω

)
,

where F is the curvature of∇0, ω = ∇1−∇0 and tr denotes the trace tr : Ω∗(M,End(TM))→
Ω∗(M) of differential form-valued sections of End(M). Clearly Tr(∇,∇) = 0 for

any connection ∇.

Definition 2.1. Given (Y, s, g, B), we set

n(Y, s, g, B) =
1

2
ηdir(g,B)− 1

2
h(g,B)− 1

8
ηsig(Y, g)−

∫
Y

Tr(∇,∇LC,g) ∈ R

where B is a spinc-connection which lifts∇ and∇LC,g is the Levi–Civita connection

for g.
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Notice that n(Y, s, g, B) agrees with Equation (2.1) when B covers the Levi–

Civita connection.

From Definition 2.1 it is not at all clear that the quantity n(Y, s, g, B) should be

a rational number. However, this turns out to be the case. Moreover, we can show

that n splits the spectral flow of the Dirac operator:

Proposition 2.2. Let gt be a path of metrics on Y and Bt a path of spinc-

connections, where Bt covers a metric connection ∇t on Y . Then

SF (−Dgt,Bt) = n(Y, s, g0, B0)− n(Y, s, g1, B1).

Moreover, n(Y, s, g, B) ∈ Q for every g,B.

Proof. We first argue that the spectral flow SF (−Dgt,Bt) depends only on the

endpoints. Indeed, given two paths with the same endpoints, we can join up the

two paths to form a loop of Dirac operators. The difference of spectral flows of

the two paths is given by the index of the resulting elliptic operator on S1 × Y [1,

Theorem 7.4]. But this index will be zero because Y is a rational homology sphere.

Since the spectral flow depends only on the endpoints, we can therefore assume

that the path (gt, Bt) has the following properties:

(1) (gt, Bt) is constant near 0 and 1.

(2) Let X be the cylinder X = [0, 1] × Y with metric ĝ = (dt)2 + gt. Then

there is a spinc-connection B̂ on X which is cylindrical near the boundary

and B̂|{t}×Y = Bt for t = 0, 1.

The APS index theorem on X then gives

(2.2) SF (−Dgt,Bt) = −1

2
η(D1) +

1

2
h(D1) +

1

2
η(D0)− 1

2
h(D0) +

1

24

∫
X

p1(∇̂),

whereD0 = Dg0,B0
, D1 = Dg1,B1

h(Di) = dim(Ker(Di)) and p1(∇̂) = − 1

8π2
tr(F 2

∇̂
)

is the first Pontryagin form of ∇̂, the connection on TX induced by B̂.

Let ∇̂LC denote the Levi–Civita connection on X for ĝ. Using

p1(∇̂LC)− p1(∇̂) = −24dTr(∇̂, ∇̂LC),

we have∫
X

p1(∇̂LC)−
∫
X

p1(∇̂) = −24

∫
X

dTr(∇̂, ∇̂LC)(2.3)

= −24

∫
Y

Tr(∇1,∇LC,g1) + 24

∫
Y

Tr(∇0,∇LC,g0).

The APS signature theorem on X gives

(2.4) 0 =
1

3

∫
X

p1(∇̂LC)− ηsig(g1) + ηsig(g0).



FLOER HOMOTOPY TYPE AND ETA INVARIANTS OF SEIFERT 3-MANIFOLDS 11

Combining Equations (2.2), (2.3), (2.4), we get

SF (−Dgt,Bt) = −1

2
η(D1) +

1

2
h(D1) +

1

8
ηsig(g1) +

1

2
η(D0)− 1

2
h(D0)− 1

8
ηsig(g0)

− 1

24

∫
X

(
p1(∇̂LC)− p1(∇̂)

)
= −1

2
η(D1) +

1

2
h(D1) +

1

8
ηsig(g1) +

1

2
η(D0)− 1

2
h(D0)− 1

8
ηsig(g0)

+

∫
Y

Tr(∇1,∇LC,g1)−
∫
Y

Tr(∇0,∇LC,g0)

= n(Y, s, g0, B0)− n(Y, s, g1, B1).

It remains to prove rationality. Since n(Y, s, g0, B0)−n(Y, s, g1, B1) = SF (−Dgt,Bt) ∈
Z, it suffices to show that n(Y, s, g, B) ∈ Q for a single choice of (g,B). But in the

case that B is a lift of the Levi–Civita connection, rationality of n(Y, s, g, B) was

shown in [7, §6]. �

3. Seifert 3-manifolds with RP2 base

In this section we establish some general results concerning the topology of 3-

manifolds which are Seifert fibrations over RP2. It will be necessary to also consider

Seifert 3-manifolds which fibre over S2 and so we consider these first.

Let M be an oriented Seifert 3-manifold which fibers over S2. So M is a circle

bundle over a 2-dimensional oriented orbifold S whose underlying space is the 2-

sphere. Such Seifert manifolds are classified by a tuple (b; (a1, b1), . . . , (an, bn)),

where b, a1, b1, . . . , an, bn are integers, ai > 0, 0 < bi < ai and ai, bi are coprime for

each i. We use the notation M = M(b; (a1, b1), . . . , (an, bn)). As a smooth orbifold,

S is classified by the orders a1, . . . , an of the orbifold points. Let x1, . . . , xn ∈ S
be the orbifold points. Choose an orbifold metric on S. This makes S into a

complex orbifold. Our conventions for Seifert manifolds are such that M = S(N)

is the unit circle bundle of the orbifold line bundle N associated to the divisor

bx − b1x1 − · · · − bnxn, where x is any non-singular point of S. We can drop the

conditions that 0 < bi < ai, but then we have isomorphisms (as Seifert fibrations

over S) M(b; (a1, b1), . . . , (an, bn)) ∼= M(b+1; (a1, b1), . . . , (ai, bi+ai), . . . , (an, bn)).

Now we consider Seifert fibrations over RP2. Let Y be an oriented Seifert 3-

manifold which fibers over RP2, so Y is a circle bundle π : Y → Σ over a 2-

dimensional orbifold whose underlying space is RP2. By [14, Theorem 2, §5.2], such

Seifert manifolds are classified by a tuple (b; (a1, b1), . . . , (an, bn)), where b, a1, b1,

. . . , an, bn are integers, ai > 0, 0 < bi < ai and ai, bi are coprime for each i.

We denote the corresponding Seifert 3-manifold by Y = S(b; (a1, b1), . . . , (an, bn)).

In the notation of [14], our manifold S(b; (a1, b1), . . . (an, bn)) has Seifert invari-

ants {−b; (n2, 1); (a1, b1), . . . , (an, bn)}. Note that Y is always a rational homology

3-sphere.
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Since the underlying topological space |Σ| of Σ is RP2, its oriented double cover is

S2. Orbifolds charts on Σ can be lifted to the double cover and this gives S2 an orb-

ifold structure which we denote by Σ̃. Let p : Σ̃→ Σ denote the covering map and

σ : Σ̃→ Σ̃ the covering involution. As a smooth orbifold, Σ is classified by the or-

ders a1, . . . , an of the orbifold points and we sometimes write Σ ∼= RP2(a1, . . . , an).

Similarly, Σ̃ ∼= S2(a1, a1, . . . , an, an). Let π : Ỹ → Σ̃ denote the pullback of Y under

p : Σ̃→ Σ. Then Ỹ is an oriented Seifert manifold over Σ̃ and it is easily seen that

Ỹ ∼= M(2b; (a1, b1), (a1, b1), . . . , (an, bn), (an, bn)). We will use the same notation

p, σ to denote the covering map p : Ỹ → Y and covering involution σ : Ỹ → Ỹ .

Proposition 3.1. H1(Y ;Z) is finite of order 4a1 · · · an. Hence Y has exactly

4a1 · · · an spinc-structures.

Proof. A presentation of π1(Y ) is given by [14, §5.3]:

π1(Y ) ∼= 〈v, q1, . . . , qn, h | vhv−1h, [qj , h], q
aj
j h

bj , q1 · · · qnv2hb〉

and therefore

H1(Y ;Z) ∼=
Z[v, q1, . . . , qn, h]

〈2h, ajqj + bjh, q1 + · · ·+ qn + 2v + bh〉
∼=

Zn+2

ϕ(Zn+2)

where ϕ : Zn+2 → Zn+2 has matrix

A =


a1 b1 0

. . .
...

...

an bn 0

1 · · · 1 b 2

0 · · · 0 2 0

 .

It is easily seen that |det(A)| = 4a1 · · · an and hence H1(Y ;Z) is finite of order

4a1 · · · an. Since H2(Y ;Z) ∼= H1(Y ;Z), there are 4a1 · · · an spinc-structures on Y .

�

4. Seiberg–Witten Floer homotopy type of Y

4.1. Spinc-structures on Y and pinc-structures on Σ. In order to study the

Seiberg–Witten equations on Y we wish to find a convenient description of spinc-

structures on Y . However this is complicated by the fact that Y fibers over the

non-orientable orbifold Σ. We find it is easier to first pass to the double cover Ỹ ,

where spinc-structure can easily be defined in terms of orbifold line bundles on Σ̃

and then descend to Y .

Let gΣ be an orbifold metric on Σ. We will always take gΣ to be a metric of

constant curvature. Let gΣ̃ be the pullback of gΣ to Σ̃. Fix an orientation on Σ̃.

The orientation on Σ̃ together with the orbifold metric gΣ̃ determines a complex

structure which makes Σ̃ into a complex orbifold and the covering involution σ : Σ̃→
Σ̃ is then an antiholomorphic involution.
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The Seifert fibration Y → Σ can be regarded as the S1-bundle associated to

a principal O(2)-orbifold bundle P → Σ. Let N = P ×O(2) R2 be the associated

R2-bundle. Then Y = S(N) is the unit circle bundle of N . Since Y is oriented,

the orientation class of N coincides with the orientation class of TΣ. Let Ñ denote

the pullback of N to Σ̃. The orientation on Σ̃ then induces an orientation on Ñ

and hence a reduction of structure to SO(2) ∼= U(1). Thus Ñ can be regarded as a

complex orbifold line bundle. Then Ỹ = S(Ñ) carries a natural circle action given

by complex multiplication on the fibres of Ñ . Define the degree l = deg(N) of N

to be

l = b−
n∑
i=1

bi
ai
.

Set l̃ = 2l. Then l̃ = deg(Ñ) is the orbifold degree of Ñ .

Let ∂ denote the vector field on Ỹ which is the tangent at θ = 0 of the circle action

(eiθ, y) 7→ eiθy. The flow generated by ∂ has period 2π. Let iη be a connection

form for the orbifold circle bundle Ỹ → Σ̃. That is, η is a real 1-form on Ỹ which

is invariant under the circle action and satisfies ι∂η = 1. We can choose iη to have

constant curvature, that is, dη = 2ξvolΣ̃, where

(4.1) ξ = − πl̃

V ol(Σ̃)
= − πl

V ol(Σ)
.

Notice that since σ reverses fibre orientation, we have σ∗(∂) = −∂. Furthermore,

since σ reverses orientation on Σ̃, we have σ∗(volΣ̃) = −volΣ̃. Replacing η by

(η − σ∗(η))/2, we can assume that the connection iη is chosen so that σ∗(η) = −η
and dη = 2ξvolΣ̃.

Let r > 0 and define a metric gỸ on Ỹ by

gỸ = r2η2 + π∗(gΣ̃).

With this metric the non-singular fibres of Ỹ → Σ̃ have length 2πr and thus

V ol(Ỹ ) = 2πrV ol(Σ̃), where V ol(Ỹ ) is the volume of Ỹ with respect to gΣ̃. Since

σ∗(η) = −η and σ∗(gΣ̃) = gΣ̃, it follows that gỸ is σ-invariant and thus descends

to a metric gY on Y . Throughout this paper we always take Y to be equipped with

a metric of this form.

The kernel of η can be identified with the pullback π∗(T Σ̃) of the tangent bundle

of Σ̃ and thus we get orthogonal splittings

T Ỹ = R∂ ⊕ π∗(T Σ̃), T ∗Ỹ = Rη ⊕ π∗(T ∗Σ̃).

Under the action of σ, the vertical tangent bundle VỸ = R∂ (a trivial line bundle on

Ỹ ) descends to a flat line bundle VY on Y , the vertical tangent bundle of π : Y → Σ.

We thus get similar orthogonal splittings

TY = VY ⊕ π∗(TΣ), T ∗Y = V ∗Y ⊕ π∗(T ∗Σ).

We let∇LC,gY , ∇LC,gỸ denote the Levi–Civita connections on Y and Ỹ with respect

to the metrics gY , gỸ .
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Following [9], we introduce the adiabatic connection ∇Y on TY given by ∇Y =

∇VY ⊕π∗(∇Σ), where ∇VY is the flat line bundle on the vertical tangent bundle VY
and ∇Σ is the Levi–Civita connection on Σ. Similarly we define ∇Ỹ = d⊕ π∗(∇Σ̃)

(notice that ∇Ỹ is the pullback of ∇Y to Ỹ ). When it is clear whether we are

referring to Y or Ỹ we will write the Levi–Civita connection as ∇LC and the

adiabatic connection as ∇.

Recall that Ỹ = S(Ñ) is the unit circle bundle of Ñ . Therefore Ỹ is the boundary

of the complex orbifold W̃ = D(Ñ), the unit disc bundle of Ñ . Since W̃ is a

complex orbifold it carries a canonical orbifold spinc-structure, which then restricts

to a spinc-structure on Ỹ which we call the canonical spinc-structure on Ỹ and

denote it by scan. The spinor bundle for scan is given by Scan = C ⊕ K−1

Σ̃
and

Clifford multiplication ρ : T ∗Ỹ → End(Scan) is given by

(4.2) ρ(v) =

[
0 −

√
2v1,0

√
2h−1

Σ̃
v0,1 0

]
for v ∈ π∗(T ∗Σ̃) and

ρ(η) =

[
i
r 0

0 − i
r

]
.

In the above formula for ρ(v), v1,0 = (v − iIv)/2, v0,1 = (v + iIv)/2, so that

v = v1,0 + v0,1 with v1,0 valued in KΣ̃, v0,1 valued in KΣ̃ and hΣ̃ denotes the

Hermitian metric on T Σ̃ determined by gΣ̃, regarded as a section of KΣ̃KΣ̃.

In what follows, we seek to descend spinc-structures on Ỹ to spinc-structures on

Y and descend orbifold spinc-structures on Σ̃ to orbifold pinc-structures on Σ. As a

first step towards this aim, we observe that the action of σ on KΣ̃ and on Ñ can be

captured by sections of σ∗(K∗
Σ̃

)K∗
Σ̃

and σ∗(Ñ)Ñ as follows. Since σ is an antiholo-

morphic isometry of Σ̃, the derivative of σ defines an isomorphism σ∗(T Σ̃) ∼= T Σ̃.

On the other hand, the Hermitian metric hΣ̃ defines an isomorphism T Σ̃ ∼= T Σ̃∗.

By composing these two isomorphisms we get an isomorphism σ∗(T Σ̃∗) ∼= T Σ̃, or

equivalently a non-vanishing section µΣ̃ of σ∗(K∗
Σ̃

)K∗
Σ̃

. Since σ is an isometry, one

finds that µΣ̃ is σ-invariant, that is, σ∗(µΣ̃) = µΣ̃. In a similar manner, we have an

isomorphism σ∗(Ñ∗) ∼= Ñ , which may be identified with a σ-invariant section µÑ
of σ∗(Ñ)⊗ Ñ .

Let E be a complex line bundle on Ỹ . Then we obtain a corresponding spinc-

structure sE on Ỹ given by sE = E ⊗ scan. This map defines a bijection between

line bundles and spinc-structures on Ỹ . The spinor bundle for sE is given by

SE = E ⊗ Scan = E ⊕ (E ⊗K−1

Σ̃
).

We have that c(sE) = 2c1(E)− c1(KΣ̃).

We would like to find a description of spinc-structures on Y similar to the above

description of spinc-structures on Ỹ . Unfortunately since Σ is not oriented, there is

no sensible notion of a canonical spinc-structure on Y . To get around this problem
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we work equivariantly on Ỹ . Suppose that s is a spinc-structure on Y . The pullback

p∗(s) is a spinc-structure on Ỹ and hence must be isomorphic to sE for some

line bundle E on Ỹ . Furthermore, since sE is a pullback, we must have that

σ∗(sE) ∼= sE . Since σ∗(scan) ∼= KΣ̃ ⊗ scan, we must have σ∗(E) ∼= EK−1

Σ̃
. Recall

that every line bundle E on Ỹ is isomorphic to a pullback E ∼= π∗(E0) of an orbifold

line bundle E0 on Σ̃ and moreover E0 is unique up to tensoring by powers of Ñ

[9, Theorem 2.0.19]. Therefore we must have σ∗(E0) ∼= E0KΣ̃Ñ
m for some m.

Additionally, for sE to descend to Y we need the isomorphism σ∗(E0) ∼= E0KΣ̃Ñ
m

to induce a Z2-action on SE . This leads us to the following:

Definition 4.1. Let E0 be an orbifold line bundle on Σ̃. An equivariant structure

on E0 of weight m is a section τ of E0σ
∗(E∗0 )K∗

Σ̃
Ñm such that τσ∗(τ) = −µΣ̃µ

m
Ñ

.

Let E0, E
′
0 be two orbifold line bundles on Σ̃ and let τ be an equivariant structure

on E0 of weight m and τ ′ an equivariant structure on E′0 of weight m′. We say that

(E0, τ,m) and (E′0, τ
′,m′) are equivalent if m′ −m = 2r is even and there is a line

bundle isomorphism E′0
∼= E0Ñ

−r under which τ ′ is sent to τµr
Ñ

.

According to the above definition, if τ is an equivariant structure on E0 of

weight m, then τµÑ is an equivariant structure on E0 ⊗ Ñ−1 of weight m+ 2 and

(E0, τ,m) ∼ (E0Ñ
−1, τµÑ ,m + 2). Let T (Σ̃) be the set of equivalence classes of

triples (E0, τ,m) where τ is an equivariant structure on E0 of weight m. We can

then write T (Σ̃) = T0(Σ̃) ∪ T1(Σ̃), where Ti(Σ̃) is the set of equivalence classes

of the form (E0, τ,m) with m = i (mod 2). Using the equivalences (E0, τ,m) ∼
(E0Ñ

−1, τµÑ ,m+ 2), every element of Ti(Σ̃) can be represented by a triple of the

form (E0, τ,−i).

Let U → Σ be a complex orbifold line bundle on Σ and let Ũ be the pullback

of U to Σ̃. Then Ũ is an orbifold line bundle on Σ̃ and σ lifts to an involution

on Ũ , or equivalently, there exists a non-vanishing section τU of σ∗(Ũ∗)Ũ with the

property that τUσ
∗(τU ) = 1. Conversely, if Ũ is an orbifold line bundle on Σ̃ with

a section τU of σ∗(Ũ∗) satisfying τUσ
∗(τU ) = 1, then τU gives Ũ the structure of an

equivariant orbifold line bundle on Σ̃. Now if (E0, τ,m) is an equivariant structure

on E0 of weight m and (Ũ , τU ) is an equivariant line bundle on Σ̃, then ττU is an

equivariant structure on E0Ũ of weight m. In this way, we see that for each fixed

m, the set of equivalence classes of tuples (E0, τ,m) is (if non-empty) a torsor for

the group of equivariant orbifold line bundles on Σ̃, that is, a torsor for the group

Pict(Σ) of orbifold line bundles on Σ.

Proposition 4.2. Both T0(Σ̃) and T1(Σ̃) are non-empty, hence they are torsors

for Pict(Σ). Furthermore, Pict(Σ) is a finite group of order 2a1 · · · an. Hence

|T0(Σ̃)| = |T1(Σ̃)| = 2a1 · · · an and |T (Σ̃)| = 4a1 · · · an.

Proof. Suppose E0 is an orbifold line bundle on Σ̃. A necessary condition for

E0 to admit an equivariant structure of weight m is that Eσ∗(E∗)K∗
Σ̃
Ñm ∼= 1.

We will first show that such line bundles exists for any m. By the equivalence

(E0τ,m) ∼ (E0Ñ
−1, τµÑ ,m+ 2), it suffices to consider the cases m = 0,−1.
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Recall [9] that Pict(Σ̃) ∼= {(e; γ1, δ1, . . . , γn, δn) ∈ Q ⊕
⊕n

i=1 Z2
ai | e =

∑
i(γi +

δi)/ai (mod Z)}. Suppose that [E0] = (e; γ1, δ1, . . . , γn, δn). Then [σ∗(E0)] =

(−e;−δ1,−γ1, . . . ,−δn,−γn). We also have [KΣ̃] = (−χ(Σ̃); a1−1, a1−1, . . . , an−
1, an − 1) and [Ñ ] = (l̃;−b1,−b1, . . . ,−bn,−bn).

Consider the case m = 0. We want to solve E0σ
∗(E∗0 ) ∼= KΣ̃. This holds if and

only if e = −(1/2)χ(Σ̃) = −χ(Σ) and for each i, γi + δi = −1 (mod ai). There

are exactly a1 · · · an solutions given by choosing γ1, . . . , γn arbitrarily and setting

δi = −1− γi for each i. Note that (−χ(Σ); γ1,−1− γ1, . . . , γn,−1− γn) defines an

isomorphism class in Pict(Σ̃) because

e = −χ(Σ) = −1 +

n∑
i=1

(
1− 1

ai

)
=

n∑
i=1

(γi + δi)

ai
(mod Z).

So there are a1 · · · an isomorphisms classes of line bundles E0 satisfying E0σ
∗(E∗0 ) ∼=

K∗
Σ̃

.

Similarly form = −1 we want to solve E0σ
∗(E∗0 ) ∼= KΣ̃Ñ . If [E0] = (e; γ1, δ1, . . . , γn, δn)

then this is equivalent to e = −χ(Σ) + l and γi + δi = −1 − bi (mod ai) for each

i. Again there are a1 · · · an solutions given by choosing γ1, . . . , γn arbitrarily and

setting δi = −1− bi − γi.

Now suppose that E0 is an orbifold line bundle on Σ̃ such that E0σ
∗(E∗0 )K∗

Σ̃
Ñm

is trivial. We will prove that E0 admits an equivariant structure of weight m. Since

E0σ
∗(E∗0 )K∗

Σ̃
Ñm is trivial, there exists non-vanishing section τ0 of E0σ

∗(E∗0 )K∗
Σ̃
Ñm.

Then τ0σ
∗(τ0) = −fµΣ̃µ

m
Ñ

for some function f : Σ̃ → C∗. Since τ0σ
∗(τ0), µΣ̃ and

µÑ are σ-invariant, we must have f ◦σ = f . The underlying topological space of Σ̃

is the 2-sphere, which is simply-connected, so we can write f = e2πih for some func-

tion h : Σ̃→ C. Since σ∗(f) = f , we must have that σ∗(h) = h+ k for some k ∈ Z.

But h = σ∗(σ∗(h)) = h + 2k, so k = 0 and therefore σ∗(h) = h. Set τ = τ0e
−πih.

Then τσ∗(τ) = τ0σ
∗(τ0)e−2πih = −µΣ̃µ

m
Ñ

and hence τ is an equivariant structure

on E0 of weight m.

It remains to show that Pict(Σ) has order 2a1 · · · an. Recall that Pict(Σ) =

H2
orb(Σ;Z) is degree 2 orbifold cohomology of Σ. Observe that H∗orb(Σ;Z) ∼=

H∗O(2)(Ỹ ;Z) and similarly H∗orb(Σ̃;Z) ∼= H∗S1(Ỹ ;Z). From S1 → O(2) → Z2 we

have a spectral sequence Ep,qr converging to H∗O(2)(Ỹ ;Z) ∼= H∗orb(Σ;Z), where

Ep,q2 = Hp(Z2;Hq
S1(Y ;Z)) ∼= Hp(Z2;Hq

orb(Σ̃;Z)). Since H1
orb(Σ̃;Z) = 0, we ob-

tain from the spectral sequence a short exact sequence

0→ Z2 → Pict(Σ)→ Pict(Σ̃)σ → 0.

So |Pict(Σ)| = 2|Pict(Σ̃)σ|. We will show that |Pict(Σ̃)σ| = a1 · · · an. Suppose

[E0] = (e; γ1, δ1, . . . , γn, δn). Then [E0] = [σ∗(E0)] if and only if e = 0 and γi+δi = 0

for all i. There are a1 · · · an solutions. �

In what follows we will give a bijection between T0(Σ̃) and the set of orbifold

pinc-structures on Σ and between T (Σ̃) and the set of spinc-structures on Y .
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Let (E0, τ, 0) ∈ T0(Σ̃). Thus E0 is an orbifold line bundle on Σ̃ and τ is a section

of E0σ
∗(E∗0 )K∗

Σ̃
such that τσ∗(τ) = −hΣ̃. Let sΣ̃

can denote the canonical orbifold

spinc-structure on Σ̃ and set sΣ̃
E0

= E0⊗sΣ̃
can. The spinor bundle for sΣ̃

E0
is given by

SE0
= E0 ⊕ (E0K

−1

Σ̃
) with Clifford mutliplication defined identically to Equation

(4.2). To obtain a pinc-structure on Σ̃, we need to lift σ to an involution on SΣ̃
E0

which makes Clifford multiplication σ-equivariant. We define

στ : Γ(Σ̃, SΣ̃
E0

)→ Γ(Σ̃, SΣ̃
E0

)

by

στ

[
α

β

]
=

[
−τµ−1

Σ̃
σ∗(β)

τσ∗(α)

]
.

Then it is easily checked that σ2
τ = id and στ ◦ ρ(v) = ρ(v′) ◦ στ for all 1-forms v,

where v′ denotes the pullback of v under σ as a 1-form. Thus στ makes sΣ̃
E0

into

an equivariant pinc-structure on Σ̃, which then descends to a pinc-structure on Σ

which we will denote as sΣ
(E0,τ). Let P(Σ) denote the set of isomorphism classes of

orbifold pinc-structures on Σ. We have just defined a map

(4.3) ψ : T0(Σ̃)→ P(Σ), (E0, τ, 0) 7→ sΣ
(E0,τ0).

Proposition 4.3. The map ψ given by (4.3) defines a bijection from T0(Σ̃) to

P(Σ).

Proof. This follows immediately since both T0(Σ̃) and P(Σ) are torsors for Pict(Σ)

and the map (E0, τ, 0) 7→ sΣ
(E0,τ0) respects the torsor structures. �

Now we turn to spinc-structures on Y . Let E0 be an orbifold line bundle on Σ̃

and let τ be an equivariant structure on E0 of weight m. Set E = π∗(E0). Since

Ỹ = S(Ỹ ) is the unit circle bundle of Ỹ , we have a tautological section s of π∗(Ñ)

defined by s(y) = y. Unravelling the definition of µÑ , one sees that µ−1

Ñ
s = σ∗(s)−1,

or µÑ = sσ∗(s). Define an involution

στ : Γ(Ỹ , SE)→ Γ(Ỹ , SE)

by

(4.4) στ

[
α

β

]
=

[
−τs−mµ−1

Σ̃
σ∗(β)

τs−mσ∗(α)

]
.

Notice that since τσ∗(τ) = µΣ̃µ
m
Ñ

, it follows that (τs−m)σ∗(τs−m) = µΣ̃ and

that σ2
τ = id. It is easily seen that στ respects Clifford multiplication and thus

makes sE into an equivariant spinc-structure, which then descends to a spinc-

structure on Y which we denote by s(E0,τ,m), or simply by s(E0,τ) in the case

m = 0.

Suppose (E0, τ,m), (E′0, τ
′,m′) are equivalent. So m′ −m = 2r and there is an

isomorphism ϕ : E′0 → E0Ñ
−r which sends τ ′ to τµÑ . Set E′ = π∗(E). Then the

isomorphism Φ: SE′ → SE given by Φ(α, β) = (ϕ(α)sr, ϕ(β)sr) satisfies Φ ◦ στ ′ =
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στ ◦ Φ. Hence equivalent triples define isomorphic spinc-structures on Y . So the

map (E0, τ,m)→ s(E0,τ,m) defines a map

ψY : T (Σ̃)→ S(Y ), (E0, τ,m) 7→ s(E0,τ,m),

where S(Y ) denotes the set of isomorphism classes of spinc-structures on Y . We

will eventually show that ψY is a bijection.

Let s be a spinc-structure on Y . Recall that a spinc-connection for s is equiv-

alent to specifying a metric connection on TY and a unitary connection on the

determinant line bundle associated to s. Unless stated otherwise we will take our

spinc-connection to be a lift of the adiabatic connection ∇Y . Under this assump-

tion, spinc-connections are in bijection with unitary connections on the determi-

nant line bundle. If B denotes such a unitary connection, we let FB denote the

u(1) part of the curvature of B. Equivalently, FB is half the curvature of the in-

duced connection on the determinant line bundle. By a reducible for s, we mean

a spinc-connection B such that FB = 0. Since b1(Y ) = 0, each spinc-structure

admits a reducible which is unique up to gauge equivalence. Similarly, on Ỹ we

will only consider spinc-connections which are lifts of the adiabatic connection ∇Ỹ .

If B is such a connection, we again write FB for one half of the curvature of the

induced connection on the determinant line bundle. By a reducible on Ỹ we mean

a spinc-connection B such that FB = 0. Clearly a reducible on Y pulls back to a

reducible on Ỹ .

In the case of the canonical spinc-structure scan on Ỹ , the determinant line

bundle is K−1

Σ̃
∼= T 1,0Σ̃ which may be equipped with the pullback of the Levi–

Civita connection for Σ̃. Thus we have a canonically determined spinc-connection

Bcan, the canonical spinc-connection, with the property that FBcan = − 1
2FKΣ̃

=

−πiχ(Σ)volΣ̃/V ol(Σ). Then if E is any Hermitian line bundle on Ỹ , we have a

bijection between unitary connections on E and spinc-connections for sE given by

A 7→ B = A+Bcan. Since FB = FA − (1/2)FKΣ̃
, we have that FB = 0 if and only

if FA = (1/2)FKΣ̃
.

Let E0 be an orbifold line bundle on Σ̃ and let τ be an equivariant structure on

E0 of weight m. Set E = π∗(E0). Recall that τ defines an involution στ on SE . Let

A0 denote a unitary connection on E0 and set B0 = π∗(A0) + Bcan. The 1-form

iη defines a connection on Ñ . To be more precise, there is a connection AÑ on Ñ

such that, letting s : C → π∗(Ñ) denote the tautological section of Ñ over Y , we

have that s∗(π∗(AÑ )) = d+ iη.

We assume that the connection A0 on E0 has constant curvature, so FA0 =

−2πie volΣ̃/V ol(Σ̃), where e = deg(E0) is the orbifold degree of E0. We further

assume that A0 is chosen compatibly with τ in the sense that τ is a constant section

of E0σ
∗(E∗0 )K∗

Σ̃
Ñm, where the connection on E0σ

∗(E∗0 )K∗
Σ̃
Ñm is induced by A0,

AΣ̃ (the Levi–Civita connection for Σ̃) and AÑ . To see that this can be done, let

A′0 be any connection on E0 with constant curvature. Set R = E0σ
∗(E∗0 )K∗

Σ̃
Ñm

and let ∇R,A′0 denote the connection on R induced by A′0, AΣ̃ and AÑ . We have
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∇R,A′0τ = ατ for some imaginary 1-form α. Since τσ∗(τ) = µΣ̃µ
m
Ñ

is a constant

section of σ∗(K∗
Σ̃

)K∗
Σ̃
σ∗(Ñm)Ñm, it follows that α + σ∗(α) = 0. Since ∇R,A′0 has

constant curvature, but deg(R) = 0 (because it has a non-vanishing section τ), we

have that ∇R,A′0 is a flat connection and hence dα = 0. Now set A0 = A′0− (1/2)α.

Then A0 is also constant curvature because dα = 0 and ∇R,A0τ = (α − (1/2)α +

(1/2)σ∗(α))τ = 0.

Recall that στ is given by (4.4). Since under the isomorphism s : C → π∗(Ñ)

we have s∗(AÑ ) = d + iη, it follows that στ ◦ ∇B0
= ∇Bm ◦ σtau, where for a

spinc-connection B, ∇B denotes the corresponding covariant derivative and where

Bm = B0 + imη.

Let λ ∈ R and set A = π∗(A0) + iλη, B = A+Bcan. Then since σ∗(η) = −η, we

have στ ◦∇B = (∇B0 + imη− iλη) ◦στ . Therefore we will have στ ◦∇B = ∇B ◦στ
provided that λ = m− λ, or λ = m/2.

Choosing λ = m/2 we see that the connection B = A+Bcan, A = π∗(A0) + iλη

commutes with σtau and thus induces a spinc-connection for the spinc-structure

s(E0,τ,m) on Y . By assumption A0 has constant curvature and therefore

FB = FA0 + iλdη − 1

2
FKΣ̃

= −πi (e+ml + χ(Σ))
volΣ̃
V ol(Σ)

But since E0σ
∗(E∗0 )K∗

Σ̃
Ñm ∼= C, taking degrees, we have 2e + χ(Σ̃) + ml̃ =

2(e+χ(Σ)+ml) = 0. Thus FB = 0. So we have constructed for each spinc-structure

the corresponding reducible B (recall that B is unique up to gauge equivalence).

Proposition 4.4. The map ψY : T (Σ̃)→ S(Y ), ψ(E0, τ,m) = s(E0,τ,m) is a bijec-

tion.

Proof. Since |T (Σ̃)| = |S(Y )| = 4a1 · · · an, it suffices to show that ψY is injective.

We first show that ψY is injective when restricted to T0(Σ̃) and T1(Σ̃). In fact,

since Ti(Σ̃) are torsors for Pict(Σ) and S(Y ) is a torsor for H2(Y ;Z), this amounts

to showing that the pullback map π∗ : Pict(Σ) → H2(Y ;Z) is injective. For this

we use the Gysin sequence for the orbifold circle bundle π : Y → Σ

· · · → H0
orb(Σ;Zorn)→ H2

orb(Σ;Z)
π∗−→ H2(Y ;Z)→ H1

orb(Σ;Zorn)→ · · ·

where Zorn denotes the orientation local system. Since H0
orb(Σ;Zorn) = 0, injectiv-

ity of π∗ follows.

Now to prove injectivity of ψY it suffices to show that ψY (T0(Σ̃)) and ψY (T1(Σ̃))

are disjoint. Recall that for each (E0, τ,m), we constructed a spinc-connection B on

s(E0,τ,m) with FB = 0. The connection B has the form B = A+Bcan, A = π∗(A0)+

iλη for some connection A0 on E0 and where λ = m/2. The holonomy of B around

a non-singular fibre of Y → Σ is given by e±2πiλ, where the sign factor ± depends on

which direction we go around the fibre. But since λ = m/2, the holonomy is equal

to (−1)m in either direction. Suppose that ψY ((E0, τ0,m)) = ψY ((E′0, τ
′,m′)).
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Then the corresponding reducibles B,B′ must be gauge equivalent and hence must

have the same holonomies. So (−1)m = (−1)m
′

and hence m = m′ (mod 2). This

proves that ψY (T0(Σ̃)) and ψY (T1(Σ̃)) are disjoint.

�

Remark 4.5. As a consequence of Proposition 4.4, the set S(Y ) of spinc-structures

on Y admits a decomposition S(Y ) = S0(Y )∪ S1(Y ) into disjoint subsets Si(Y ) =

ψY (Ti(Σ̃)), each having size 2a1 · · · an. If s ∈ Sm(Y ), and B is a reducible for s,

that is, a spinc-connection for s with FB = 0, then the holonomy of B around a

non-singular fibre is (−1)m. So S0(Y ) is the set of spinc-structures for which the

reducible has trivial fibre holonomy and S1(Y ) is the set of spinc-structures with

non-trivial fibre holonomy.

4.2. The Seiberg–Witten equations on Y . In this section we consider the

Seiberg–Witten equations on Y . As in Section 4.1, it is convenient to describe

spinc-structures on Y as equivariant spinc-structures on Ỹ . Then solutions to

the Seiberg–Witten equations on Y will correspond to σ-invariant solutions of the

Seiberg–Witten equations on Ỹ .

Let E0 be an orbifold line bundle on Σ̃ and let τ be an equivariant structure on

E0 of weight m. Let E = π∗(E0) and sE = E ⊗ scan. Let SE = E ⊕ (EK−1

Σ̃
) be

the spinor bundle for sE . As seen in Section 4.1, τ determines an involution

στ : Γ(Ỹ , SE)→ Γ(Ỹ , SE)

which makes sE into an equivariant spinc-structure on Ỹ , inducing a spinc-structure

s = s(E0,τ,m) on Y . We let S denote the spinor bundle of s(E0,τ,m).

The Seiberg–Witten equations for (Y, s) with respect to the metric gY , the adi-

abatic connection ∇Y and with zero perturbation are equations for a pair (B,ψ),

where B ∈ Conn∇Y (S) is a spinc-connection which induces ∇Y on TY and ψ ∈
Γ(Y, S) is a spinor field. The Seiberg–Witten equations are:

DBψ = 0,

FB = τ(ψ),

where τ(ψ) = ρ−1((ψψ∗)0) denotes the 2-form corresponding to the trace-free part

of ψψ∗ under Clifford multiplication.

A solution (B,ψ) of the Seiberg–Witten equations for (Y, s) with respect to

gY and ∇Y pulls back under p : Ỹ → Y to a σ-invariant solution (B̃, ψ̃) of the

Seiberg–Witten equations for (Ỹ , sE) with respect to gỸ and ∇Y , where the action

on solutions is (B̃, ψ̃) 7→ (σtau
∗(B̃), σtau(ψ̃)). Conversely, since σ acts freely, any

σ-invariant solution to the Seiberg–Witten equations on Ỹ descends to a solution

to the Seiberg–Witten equations on Y .

Proposition 4.6. Any solution (B,ψ) to the Seiberg–Witten equations for (Y, s)

with respect to gY and ∇Y is reducible, that is, ψ = 0. Moreover, there is a unique

reducible solution up to gauge equivalence. The reducible (B, 0) is non-degenerate

in the sense that Ker(DB) = 0.
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Proof. Let (B,ψ) be a solution to the Seiberg–Witten equations on Y and (B̃, ψ̃)

its pullback to Ỹ . Then since SE = E ⊕ (EK−1

Σ̃
), we can write ψ̃ = (α, β). As

shown in [9] any solution to the Seiberg–Witten equations on Ỹ with respect to the

metric gỸ and adiabatic connection ∇Ỹ has α = 0 or β = 0. On the other hand,

since ψ̃ is σtau-invariant, we have (using Equation (4.4)) β = τs−mσ∗(α). So if

either α or β is zero, then they are both zero. Hence ψ = 0 and (B,ψ) = (B, 0) is

a reducible solution. Furthermore, since b1(Y ) = 0, the reducible is unique up to

gauge equivalence.

It remains to show non-degeneracy of the reducible B. Let B̃ = p∗(B). Since

Ker(DB) = Ker(DB̃)στ , it suffices to show that Ker(DB̃) = 0. As shown in

Section 4.1, we can take B̃ to have the form B̃ = A + Bcan, where A = π∗(A0) +

i(m/2)η and A0 is a connection on E0 with constant curvature and m ∈ {0,−1}.

If m = −1, then B̃ has non-trivial fibre holonomy and hence Ker(DB̃) = 0.

If m = 0, then Ker(DB̃) ∼= H0(Σ̃;E0)⊕H1(Σ̃;E0). Here, the connection A0 is

used to define a holomorphic structure on E0. Let r = deg|E0|, where |E0| denotes

the desingularisation of E0 [9, Definition 2.0.2]. Then dim(Ker(DB̃)) = r + 1 if

r ≥ 0 and −r − 1 if r < 0.

Let [E0] = (e; γ1, δ1, . . . , γn, δn). Since σ∗(E0) ∼= E0K
−1

Σ̃
, we get that

e = −χ(Σ) = −1 +
∑
i

(ai − 1)

ai

and γi + δi = −1 (mod ai). If we take 0 ≤ γi, δi ≤ ai − 1, then it follows that

0 ≤ γi + δi ≤ 2ai − 2 and thus we must have γi + δi = ai − 1. Then it follows that

r = deg|E0| = e−
∑
i

(γi + δi)

ai
= e−

∑
i

(ai − 1)

ai
= −1.

So dim(Ker(DB̃)) = r + 1 = 0.

�

Corollary 4.7. The Seiberg–Witten Floer homotopy type of (Y, s) is given by

SWF (Y, s) = Σ−n(Y,s,gY ,B)S0,

where B denotes the unique reducible corresponding to s. In particular, the delta

invariant of (Y, s) is given by

δ(Y, s) = −n(Y, s, gY , B).

Proof. Since the only solution to the Seiberg–Witten equations for (Y, s) with re-

spect to gY ,∇Y is the reducible (B, 0), which is non-degenerate. The methods of

[8, §6-7] can then be applied, giving SWF (Y, s) = Σ−n(Y,s,gY ,B)S0 and therefore

δ(Y, s) = −n(Y, s, gY , B). �
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5. Computing the delta invariants of Y

We continue to use the same setup as in previous sections. π : Y → Σ is a Seifert

3-manifold with metric gY constructed in Section 4.1.

5.1. Computation of ηsig.

Proposition 5.1. The eta invariant of the signature operator on Y with metric

gY is given by

ηsig(Y, gY ) =
2

3

lπr2χ(Σ)

V ol(Σ)
− 2

3

l3π2r4

V ol(Σ)2
+
l

3
+ 4

n∑
i=1

s(bi, ai).

Proof. For Seifert 3-manifolds with orientable base, the eta invariant of the signa-

ture operator was computed by Ouyang [16]. Applying this to Ỹ , we get

ηsig(Ỹ , gỸ ) =
2

3

l̃πr2χ(Σ̃)

V ol(Σ̃)
− 2

3

l̃3π2r4

V ol(Σ̃)2
+
l̃

3
− ε+ 8

n∑
i=1

s(bi, ai)

=
4

3

lπr2χ(Σ)

V ol(Σ)
− 4

3

l3π2r4

V ol(Σ)2
+

2l

3
− ε+ 8

n∑
i=1

s(bi, ai),

where ε = 1 if l > 0, ε = 0 if l = 0 and ε = −1 if l < 0. Now we compare ηsig(Y, gY )

with ηsig(Ỹ , gỸ ). The Seifert manifold Y = S(b; (a1, b1), . . . , (an, bn)) is the bound-

ary of a star shaped plumbing X, constructed as follows. The plumbing graph Γ

will be star shaped. Associated to the central vertex, we take a disc bundle over

RP2 whose total space is oriented and whose Euler class is b. For all the remaining

vertices of Γ, the disc bundles will be disc bundles over S2. Attached to the cen-

tral node are n linear plumbing graphs Γ1, . . . ,Γn whose weights di1, . . . , d
i
si satisfy

ai/bi = [di1, . . . , d
i
si ], where [d1, . . . , ds] denotes the negative continued fraction de-

fined by [d1] = d1, [d1, . . . , ds] = d1− 1/[d2, . . . , ds] for s > 1. We then plumb these

disc bundles together according to Γ. It is easily seen by the Seifert–van Kampen

theorem that π1(X) ∼= Z2. The universal cover X̃ → X is a plumbing with bound-

ary Ỹ and with star shaped plumbing graph Γ̃ given as follows. The central node

has weight 2b and attached to the central node are the 2n linear plumbing graphs

Γ1,Γ1, . . . ,Γn,Γn. Each vertex corresponds to a disc bundle over S2 (including the

central vertex) and they are plumbed together according to Γ̃.

From this it follows easily that the signatures of X are X̃ are related by

σ(X̃) = 2σ(X) + ε.

Choose a metric gX on X which is cylindrical near the boundary and which

restricts to gY on Y and let gX̃ be the pullback metric on X̃. Now we apply the

APS index theorem for the signature operators on X and X̃,

σ(X) =
1

3

∫
X

p1(∇gX )− ηsig(Y, gY ),

σ(X̃) =
1

3

∫
X̃

p1(∇gX̃ )− ηsig(Ỹ , gỸ ),
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where ∇gX ,∇gX̃ are the Levi–Civita connections for gX , gX̃ and p1(∇gX ), p1(∇gX̃ )

are the corresponding first Pontryagin forms. Since gX̃ is the pullback of gX , we

have
∫
X̃
p1(∇gX̃ ) = 2

∫
X
p1(∇gX ) and thus

ηsig(Y, gY ) =
1

2
σ(X̃)− σ(X) +

1

2
ηsig(Ỹ , gỸ )

=
2

3

lπr2χ(Σ)

V ol(Σ)
− 2

3

l3π2r4

V ol(Σ)2
+
l

3
+ 4

n∑
i=1

s(bi, ai).

�

5.2. Computation of the transgression term. Let ∇Y denote the adiabatic

connection on Y and ∇LC,gY the Levi–Civita connection. Let

Tr(∇Y ,∇LC,gY ) =
1

96π2
tr

(
ωY ∧ FY +

1

2
ωY ∧ d∇

Y

ωY +
1

3
ωY ∧ ωY ∧ ωY

)
be the transgression form from ∇Y to ∇LC,gY . Here FY is the curvature of ∇Y
and ωY = ∇LC,gY − ∇Y . In this section we will compute the transgression term∫
Y
Tr(∇Y ,∇LC,gY ). It will be easier to work on the double cover p : Ỹ → Y . If

∇,∇LC denote the adiabatic and Levi–Civita connections on Ỹ , then it follows that

Tr(∇,∇LC) = p∗(Tr(∇Y ,∇LC,gY ))

and therefore ∫
Y

Tr(∇Y ,∇LC,gY ) =
1

2

∫
Ỹ

Tr(∇,∇LC).

So we will focus on computing
∫
Ỹ
Tr(∇,∇LC). We have

Tr(∇,∇LC) =
1

96π2
tr

(
ω ∧ F +

1

2
ω ∧ d∇ω +

1

3
ω ∧ ω ∧ ω

)
where F is the curvature of ∇ and ω = ∇LC −∇.

Let e1, e2 be a local orthonormal frame for gΣ̃. Let {ωi}j denote the connection

matrix of the Levi–Civita connection for gΣ̃ in the frame e1, e2. It is the unique

matrix of 1-forms such that ωij = −ωji (metric compatibility) and dek = ωkj ∧ ej
for k = 1, 2 (torsion-freeness). By skew-symmetry, we can write

ω =

[
0 ω1

2

ω2
1 0

]
=

[
0 w

−w 0

]
for a 1-form w. The curvature of ω is then

R = dω + ω ∧ ω = dω =

[
0 ν

−ν 0

]
where ν = dw. Then ν = κe1 ∧ e2, where κ is the Gaussian curvature. Since gΣ̃ is

assumed to have constant curvature, we will have κ = 2πχ(Σ̃)/V ol(Σ̃).

On Ỹ we can take a local orthonormal frame of the form e0, e1, e2, where e1, e2

are an orthonormal frame for T Σ̃ and e0 = rη. We have de0 = 2rξvolΣ̃, where ξ is

given by Equation (4.1).
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The adiabatic connection on T Ỹ = R⊕ T Σ̃ is given in the local frame e0, e1, e2

by

∇ = d+

0 0 0

0 0 w

0 −w 0

 .
We claim that the Levi–Civita connection ∇LC for gỸ is given by

∇LC = d+A

where

A =

 0 rξe2 −rξe1

−rξe2 0 −rξe0 + w

rξe1 rξe0 − w 0

 .
Clearly At = −A, so d+A preserves gỸ . It remains to prove torsion-freeness. The

torsion-free condition is

d

e0

e1

e2

+A ∧

e0

e1

e2

 = 0.

To verify this, set µ = rξ. Then we can write A = A0 + µB, where

A0 =

0 0 0

0 0 w

0 −w 0

 , B =

 0 e2 −e1

−e2 0 −e0

e1 e0 0

 .
We have

d

e0

e1

e2

 =

2µe1 ∧ e2

−w ∧ e2

w ∧ e1

 ,
A0 ∧

e0

e1

e2

 =

 0

w ∧ e2

−w ∧ e1


and

B ∧

e0

e1

e2

 =

−2e1 ∧ e2

0

0

 .
Torsion-freeness of d+A follows easily.

Observe that ∇LC = ∇+ µB. So the transgression term is given by

1

192π2

∫
Ỹ

tr

(
µB ∧ F +

1

2
(µB) ∧ d∇(µB) +

1

3
(µB) ∧ (µB) ∧ (µB)

)
where F is the curvature of ∇. Thus

F =

0 0 0

0 0 κ

0 −κ 0

 e1 ∧ e2.

By straightforward calculation, we get

tr(B ∧ F ) = 2κvolỸ ,
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d∇B = dB +A0 ∧B +B ∧A0

=

 0 w ∧ e1 w ∧ e2

−w ∧ e1 0 −2µe1 ∧ e2

−w ∧ e2 2µe1 ∧ e2 0

+

 0 0 0

w ∧ e1 w ∧ e0 0

w ∧ e2 0 w ∧ e0

+

0 e1 ∧ w e2 ∧ w
0 e0 ∧ w 0

0 0 e0 ∧ w


=

0 0 0

0 0 −2µe1 ∧ e2

0 2µe1 ∧ e2 0

 .
Thus

tr(B ∧ d∇B) = −4µvolỸ .

Lastly, one finds

tr(B ∧B ∧B) = −6volỸ .

Therefore,

1

192π2

∫
Ỹ

tr

(
µB ∧ F +

1

2
(µB) ∧ d∇(µB) +

1

3
(µB) ∧ (µB) ∧ (µB)

)
=

1

192π2

∫
Ỹ

(
2µκ− 4µ3

)
volỸ

=
1

96π2
(2µκ− 4µ3)V ol(Y )

=
(2πr)

96π2
V ol(Σ)(2µκ− 4µ3)

= − 1

12

(
πlr2χ(Σ)

V ol(Σ)
− π2r4l3

V ol(Σ)2

)
.

5.3. Delta invariants of lens spaces. Let a, b be integers with a > 0 and b

coprime to a. The lens space L(a, b) is the quotient L(a, b) = S3/Za where Za = 〈τ〉
acts on the unit sphere S3 in C2 by τ(z1, z2) = (ωz1, ω

bz2), where ω = e2πi/a. Let

scan be the restriction to S3 of the canonical spinc-structure on C2. Since Za acts

holomorphically on C2, the action lifts to scan and thus scan descends to a spinc-

structure on L(a, b). For any n ∈ Za, we obtain a homomorphism φn : Za → S1 by

setting φn(τ) = ωn. Then Lφn = S3 ×Za C defines a line bundle on L(a, b), where

Za acts on C by φn. Let sn = Lφn ⊗ scan. In this way we have a bijection between

Zn and spinc-structures on L(a, b). As shown in [2, §2], the delta invariants of

L(a, b) are given by

δ(L(a, b), sn) = λ(a, b;n)− 1

2
s(b, a),
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where s(b, a) is the Dedekind sum

s(b, a) =
1

4a

a−1∑
j=1

cot

(
jb

a

)
cot

(
j

a

)

= − 1

4a

a−1∑
j=1

(1 + ω−j)(1 + ω−bj)

(1− ω−j)(1− ω−bj)

= −1

a

a−1∑
j=1

1

(1− ω−j)(1− ω−bj)
+
a− 1

4a

and λ(b, a;n) is defined by

λ(b, a;n) =
1

a

a−1∑
j=1

ωnj

(1− ω−j)(1− ω−jb)
.

The Dedekind sum s(b, a) can also be expressed using the sawtooth function

((x)) which is given by ((x)) = {x} − 1/2 for x /∈ Z, where {x} is the fractional

part of x and ((x)) = 0 for x ∈ Z. Then

s(b, a) =

a−1∑
j=1

((
bj

a

))((
j

a

))
.

For the purpose of computing eta invariants it is useful to consider a more general

type of sum sometimes referred to as a Dedekind–Rademacher sum [17]

s(b, a;x, y) =

a−1∑
j=0

((
x+

b(j + y)

a

))((
j + y

a

))
,

where a, b are integers, a > 0, b is coprime to a and x, y are real numbers. Since

s(b, a;x + 1, y) = s(b, a;x, y + 1) = s(b, a;x, y), we will sometimes regard x, y as

elements of R/Z. Unlike ordinary Dedekind sums, s(b, a;x, y) depends on b as an

integer, not just an element of Za. However we have

s(b, a;x, y) = s(b−ma, a;x+my, y)

for any integer m [17, Theorem 3]. In particular, s(b, a;x, 0) depends only on the

residue class of b mod a.

The function λ(b, a;n) is related to the Dedekind–Rademacher sum by

(5.1) λ(b, a;n) = −s(b, a;n/a, 0) +
a− 1

4a
− 1

2

{n
a

}
− 1

2

((
b′n

a

))
where b′ is an integer such that bb′ = 1 (mod a) [13, Equation (2.2.11)].

Lemma 5.2. We have

s

(
b, a;

γ + b/2

a
,

1

2

)
+

1

2

((
b′γ + 1/2

a

))
= −λ(b, a; γ).
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Proof. We have

s

(
b, a;

γ + b/2

a
,

1

2

)
=

a−1∑
j=0

((
γ + b/2 + b(j + 1/2)

a

))((
j + 1/2

a

))
.

Replacing j by −b′j − b′γ − 1 in this sum, we get

s

(
b, a;

γ + b/2

a
,

1

2

)
=

a−1∑
j=0

((
−j
a

))((
−b′γ − 1/2− b′j

a

))
= s

(
b′, a;

b′γ + 1/2

a
, 0

)
.

For any integer n, we have((
n+ 1/2

a

))
=
((n
a

))
+

1

2a
− 1

2
δ(n/a),

where δ(x) = 1 if x ∈ Z and δ(x) = 0 otherwise. Substituting the relation into the

definition of s(b′, a; (b′γ + 1/2)/a, 0) gives

s

(
b′, a;

b′γ + 1/2

a
, 0

)
=

a−1∑
j=0

((
b′(j + γ) + 1/2

a

))((
j

a

))

=

a−1∑
j=0

(((
b′j + b′γ

a

))
+

1

2a
− 1

2
δ

(
b′j + b′γ

a

))((
j

a

))
= s(b′, a; b′γ/a, 0) +

1

2

((γ
a

))
where we used that

∑a−1
j=0 ((j/a)) = 0. Next, we have

s(b′, a; b′γ/a, 0) =

a−1∑
j=0

((
b′γ + b′j

a

))((
j

a

))
.

Replace j by −bj − γ in the sum to get

s(b′, a; b′γ/a, 0) =
a−1∑
j=0

((
− j
a

))((
−bj − γ

a

))
= s(b, a; γ/a, 0).

So we have

s

(
b, a;

γ + b/2

a
,

1

2

)
+

1

2

((
b′γ + 1/2

a

))
= s(b, a; γ/a, 0) +

1

2

((γ
a

))
+

1

2

((
b′γ + 1/2

a

))
= s(b, a; γ/a, 0) +

1

2

{γ
a

}
− 1

4
+

1

4
δ(γ/a) +

1

2

((
b′γ

a

))
+

1

4a
− 1

4
δ(γ/a)

= s(b, a; γ/a, 0) +
1

2

{γ
a

}
+

1

2

((
b′γ

a

))
− (a− 1)

4a

= −λ(b, a; γ).

�
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5.4. Computation of ηdir. Let E0 be an orbifold line bundle on Σ̃, letm ∈ {0,−1}
and let τ be an equivariant structure on E0 of weight m. Consider a reducible

B = A + Bcan for the spinc-structure s(E0,τ,m). As shown in Section 4.1 we can

take A of the form A = π∗(A0) + iλη, where A0 is a constant curvature connection

on E0 and λ = m/2. Set E = π∗(E0) and let SE = E ⊕ (EK−1

Σ̃
) be the assocated

spinor bundle. The Dirac operator DB : Γ(Ỹ , SE)→ Γ(Ỹ , SE) associated to B has

the form

DB = Z + T

where

Z =

[
i
r (∇∂ + iλ) 0

0 − i
r (∇∂ + iλ)

]
, T =

[
0

√
2 ∂
∗
A0√

2 ∂A0
0

]
.

Here ∇∂ denotes the covariant derivative in the direction of the vertical vector

field ∂ (taken with respect to the connections on E0 and E0K
−1

Σ̃
determined by

A0 and the Levi–Civita connection on Σ̃). The operator ∂A0
, is defined using the

horizontal distribution determined by η. More precisely, if e1, e2 is a local oriented

orthonormal frame for T Σ̃ and ẽ1, ẽ2 are the horizontal lifts of e1, e2, then

∂A0
= π∗(e1 − ie2)⊗ 1

2
(∇A0

ẽ1
+ i∇A0

ẽ2
).

The operator ∂A0
is defined similarly and ∂

∗
A0

= − ∗ ∂A0
∗, where ∗ is the Hodge

star on ∧∗T Σ̃. We remark that the operators Z and T anti-commute:

ZT + TZ = 0.

Recall that the equivariant structure τ defines an involution στ as given by (4.4).

If we let S(E0,τ,m) denote the spinor bundle for s(E0,τ,m) then S(E0,τ,m) is obtained

by descending SE to Y using στ . Thus we have an equality

(5.2) Γ(Y, S(E0,τ,m)) = Γ(Ỹ , SE)στ .

The spinc-connectionB commutes with στ and hence descends to a spinc-connection

B+ on Y for the spinc-structure s(E0,τ,m). Under the identification (5.2), the Dirac

operator DB+ for B+ is just the restriction of the Dirac operator DB to στ -invariant

sections. Note also that T and Z commute with στ , so they restrict to operators

on Γ(Ỹ , SE)στ .

Notice that if we replace τ by −τ , we get another equivariant structure on E0

and another spinc-structure s(E0,−τ,m) on Y . Since σ−τ = −στ , we have an equality

Γ(Y, S(E0,−τ,m)) = Γ(Ỹ , SE)−στ

Then just as B descends to a spinc-connection B+ for s(E0,τ,m), we also have that

B descends to a spinc-connection B− for s(E0,−τ,m). The Dirac operator for B− is

given by taking DB and restricting it to Γ(Ỹ , SE)−στ .
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For µ ∈ R, let Vµ = {ψ ∈ Γ(Ỹ , SE) | DBψ = µψ} be the µ-eigenspace of DB .

Let V ±µ = {ψ ∈ Vµ | στψ = ±ψ}. Let ηDB (s) denote the eta function of DB

ηDB (s) =
∑
µ>0

dim(Vµ)− dim(V−µ)

µs
.

Let us also define eta functions η±DB (s) corresponding to the ±1-eigenspaces of στ

η±DB (s) =
∑
µ>0

dim(V ±µ )− dim(V ±−µ)

µs
.

Notice that η+
DB

(s) is the eta function for the Dirac operator DBY , which corre-

sponds to the spinc-structure s(E0,τ,m). Similarly η−DB (s) is the eta function for the

Dirac operator corresponding to the spinc-structure s(E0,−τ,m). Therefore we are

interested in computing η±DB (0).

Following Nicolaescu [10, Appendix 3], we define

Eµ = {ψ ∈ Vµ | ZTψ = 0}.

We also set E±µ = Eµ ∩ V ±µ . Then Vµ = Eµ ⊕ E⊥µ , where E⊥µ is the L2-orthogonal

complement of Eµ in Vµ. Nicolaescu shows that ZT is injective on E⊥µ and

ZT (E⊥µ ) = E⊥−µ. Therefore

dim(Vµ)− dim(V−µ) = dim(Eµ)− dim(E−µ)

and hence

ηDB (s) =
∑
µ>0

eµ − e−µ
µs

where eµ = dim(Eµ). Since Z and T commute with στ , we also have that ZT gives

a bijection ZT : (E±µ )⊥ → (E±−µ)⊥ and therefore we similarly have

η±DB (s) =
∑
µ>0

e±µ − e±−µ
µs

where e±µ = dim(E±µ ).

Assume µ 6= 0. Since on Eµ we have ZT = TZ = 0 and Z + T = DB = µ, it

follows that

Eµ = Fµ ⊕Bµ
where

Fµ = {e ∈ Eµ | Te = 0}, Bµ = {e ∈ Eµ | Ze = 0}.
Since Z +T = µ, we have that Ze = µ for e ∈ Fµ and Te = µe for e ∈ Bµ. Since Z

and T commute with στ we similarly have E±µ = F±µ ⊕ B±µ where F±µ = Fµ ∩ V ±µ
and B±µ = Bµ ∩ V ±µ . Let fµ, f

±
µ , bµ, b

±
µ be the dimensions of Fµ, F

±
µ , Bµ, B

±
µ . So

eµ = fµ + bµ, e±µ = f±µ + b±µ , fµ = f+
µ + f−µ and bµ = b+µ + b−µ .

We have that ηDB (s) = ηf (s) + ηb(s), where

ηf (s) =
∑
µ>0

fµ − f−µ
µs

, ηb(s) =
∑
µ>0

bµ − b−µ
µs

.
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Similarly, η±DB (s) = η±f (s) + η±b (s), where

η±f (s) =
∑
µ>0

f±µ − f±−µ
µs

, η±b (s) =
∑
µ>0

b±µ − b±−µ
µs

.

A priori, it is not entirely clear that these sums converge in some half plane Re(s) >

c nor that they have meromorphic continuations to C. However we will see that

this is the case. Moreover the eta functions will all be holomorphic at s = 0, so

that we get equalities ηDB (0) = ηf (0) + ηb(0) and η±DB (0) = η±f (0) + η±b (0).

Consider the eigenspaces Bµ. If e ∈ Bµ, then Ze = 0. Writing e = (α, β), we

have that (∇∂ + iλ)α = 0 and (∇∂ + iλ)β = 0. Consider the restrictions of α, β

to a non-singular fibre of Ỹ → Σ̃. These equations imply that parallel translation

around the fibre acts as multiplication by e−2πiλ. Recall that λ = m/2, where

m = 0 or −1. In the case m = −1, parallel translation around the fibre acts as

−1, so α = −α and thus α = 0. Similarly β = 0. Therefore Bµ = 0 and thus

bµ = b±µ = 0 in the case m = −1.

In the case m = 0 (so λ = 0) parallel translation around the fibre has trivial

holonomy and the equations ∇∂α = 0, ∇∂β = 0 are equivalent to saying that α

and β are pullbacks of sections on Σ̃. More precisely, we can say α = π∗(α0),

β = π∗(β0), where

(α0, β0) ∈ Γ(Σ̃, SΣ̃
E0

),

where SΣ̃
E0

= E0⊕(E0K
−1

Σ̃
). Notice that on Bµ DB = Z+T = T and furthermore T

can be identified with the 2-dimensional Dirac operator on SE0
. Therefore ηb(s) is

the eta function of the spinc-Dirac operator Z on SE0 . Actually, ηb(s) is identically

zero. This is because the map ι : SE0
→ SE0

given by ι(α, β) = (α,−β) has

the property that Tι = −ιT . Hence for each µ 6= 0, we get an isomorphism

ι : Bµ → B−µ and so bµ = b−µ. In contrast, the eta functions η±b (s) are not

necessarily zero. Notice that η+
b (s) is the eta function of T restricted to Γ(Σ̃, SΣ̃

E0
)στ .

But Γ(Σ̃, SΣ̃
E0

)στ can be identified with the pinor bundle on Σ corresponding to the

pinc-structure sΣ
(E0,τ). Under this identification T is the pinc-Dirac operator for

sΣ
(E0,τ). Thus η+

b (s) is the eta function for the pinc-Dirac operator corresponding to

the pinc-structure sΣ
(E0,τ). We denote the eta invariant η+

b (0) by ηpin
c

(Σ, sΣ
(E0,τ)).

Similarly, η−b (s) is the eta function for the pinc-Dirac operator corresponding to

the pinc-structure s(E0,−τ). So η−b (0) = ηpin
c

(Σ, sΣ
(E0,−τ)). In all cases, we showed

that ηb(s) = 0 and therefore η−b (s) = −η+
b (s).

Let ι : SE → SE be defined by ι(α, β) = (α,−β). Then Zι = ιZ and Tι = −ιT .

Therefore ι defines an involution ι : Fµ → Fµ. Furthermore ι ◦ στ = −στ ◦ ι, hence

ι exchanges F+
µ and F−µ . Therefore, f+

µ = f−µ = (1/2)fµ and consequently

η+
f (s) = η−f (s) =

1

2
ηf (s).

We summarise our findings as follows:
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Proposition 5.3. If m = 0, then

η±DB (0) =
1

2
ηf (0)± ηpin

c

(Σ, sΣ
(E0,τ)).

If m = −1, then

η±DB (0) =
1

2
ηf (0).

Now we turn to the problem of computing ηf (0). This was carried out by Nico-

laescu in [10] and [11]. Since we use slightly different conventions to Nicolaescu

for Seifert manifolds and for Clifford multiplication, we will carefully review the

computation.

First recall that ηf (s) is given by

ηf (s) =
∑
µ6=0

sgn(µ)fµ
|µ|s

where fµ = dim(Fµ), Fµ = {e ∈ Γ(Ỹ , SE) | Te = 0, Ze = µe}. If we write

e = (α, β) where α is a section of E and β is a section of EK−1

Σ̃
, then the equations

become

∂A0
α = 0,

∇∂α+ i(λ+ µr)α = 0,

∂
∗
A0
β = 0,

∇∂β + i(λ− µr)β = 0.

Notice that the equations for α and β are decoupled from each other and so we

can write Fµ = F ′µ ⊕ F ′′µ , where

F ′µ = {α ∈ Γ(Ỹ , E) | ∂A0
α = 0,∇∂α+ i(λ+ µr)α = 0},

F ′′µ = {β ∈ Γ(Ỹ , EK−1

Σ̃
) | ∂∗A0

β = 0,∇∂β + i(λ+ µr)β = 0}.

Consider first F ′µ. The equation ∇∂α + i(λ + µr)α = 0 implies that parallel

translation of α around a non-singular fibre acts as multiplication by e−2πi(λ+µr).

Hence there are no non-zero solutions unless λ+ µr ∈ Z.

If λ+µr = k ∈ Z, then the equation∇∂α+i(λ+µr)α = 0 becomes ∇A0

∂ α+ikα =

0. Here we use the superscript A0 to remind us that ∂A0

∂ denotes the covariant

derivative in the direction ∂ with respect to the connection π∗(A0).

Let s denote the tautological section of π∗(Ñ). Then ∇AÑ∂ s = is. Therefore

the equation ∇A0

∂ α+ ikα = 0 can be re-written as ∇Ak∂ (αsk) = 0, where Ak is the

connection on E0⊗Ñk induced byA0 and Ñ . Set αk = αsk, so that α = αks
−k. The

equation∇Ak∂ (αk) = 0 says that αk is the pullback to Ỹ of a section of Ek = E0⊗Ñk

on Σ̃. Futhermore, since s is holomorphic, the equation ∂A0
α = 0 is equivalent to

∂Ak(αk) = 0. We have shown that

F ′µ
∼= H0(Σ̃, E0Ñ

k), if µ =
k − λ
r

.
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Here we are using the connections A0, AÑ to define holomorphic structures on

E0, Ñ . Since the underlying space of Σ̃ is S2, it follows that up to isomorphism

there is only one holomorphic structure on any given orbifold line bundle. Hence we

may safely write H0(Σ̃, E0Ñ
k) without any mention of A0 or AÑ . For any orbifold

line bundle U on Σ̃, we write hi(U) = dim(Hi(Σ̃, U)).

Set f ′µ = dim(F ′µ), f ′′µ = dim(F ′′µ ). We have just shown that

f ′µ =

{
h0(E0Ñ

k) if µ = (k − λ)/r for some k ∈ Z,
0 otherwise.

In a completely analogous manner one finds that

f ′′µ =

{
h1(E0Ñ

k) if µ = (λ− k)/r for some k ∈ Z,
0 otherwise.

To proceed further we consider separately the cases of trivial and non-trivial

fibre holonomy (i.e. m = 0 and m = −1).

In the case of trivial fibre holonomy, m = 0, λ = 0 and so

ηf (s) = rs
∞∑
k=1

h0(Ek)− h0(E−k) + h1(E−k)− h1(Ek)

ks
,

where Ek = E0 ⊗ Ñk. Riemann–Roch gives h0(Ek)− h1(Ek) = deg|Ek|+ 1, where

|Ek| denotes the desingularisation of Ek [9, §2].

Following Nicolaescu [11], we introduce a function G(k) = deg|E−k|−deg(E−k).

If [E0] = (e; γ1, δ1, . . . , γn, δn), then [E−k] = (e − kl̃; γ1 + kb1, δ1 + kb1, . . . , γn +

kbn, δn + kbn). In general, if [U ] = (u;u1, v1, . . . , un, vn), then deg|U | = u −∑n
i=1({ui/ai}+ {vi/ai}) and deg(U) = u. Hence

G(k) = −
n∑
i=1

({
γi + kbi
ai

}
+

{
δi + kbi
ai

})
.

From the definition of G, we have

ηf (s) = rs
∞∑
n=1

(deg|Ek|+ 1)− (deg|E−k|+ 1)

ks

= rs
∞∑
n=1

(G(−k) + deg(Ek))− (G(k) + deg(E−k))

ks

= rs
∞∑
n=1

G(−k)−G(k) + (e+ kl̃)− (e− kl̃)
ks

= rs
∞∑
n=1

G(k)−G(−k)

ks
+ 2l̃rs

∞∑
n=1

1

ks−1

= rsηG(s) + 2l̃rsζ(s− 1)
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where

ηG(s) =

∞∑
k=1

G(−k)−G(k)

ks

and ζ(s) is the Riemann zeta function. Since ζ(−1) = −1/12, this gives

(5.3) ηf (0) = − l̃
6

+ ηG(0).

Write G(k) =
∑n
i=1Gi(k), where

Gi(k) = −
{
γi + kbi
ai

}
−
{
δi + kbi
ai

}
.

Then Gi(k) is periodic with period ai. We have ηG(s) =
∑n
i=1 ηGi(s) where

ηGi(s) =
∑∞
k=1(Gi(−k)−Gi(k))/ks. By [11, Lemma 1.5], we have

∞∑
k=1

Gi(−k)−Gi(k)

ks
=

ai∑
r=1

Gi(−r)−Gi(r)
rs

ζ(s, r/ai)

where

ζ(s, u) =

∞∑
n=0

1

(n+ u)s
, u /∈ {0,−1,−2, . . . }

is the Riemann–Hurwitz zeta function. Since ζ(0, u) = (1/2)− u we get

ηGi(0) =

ai∑
r=1

(Gi(−r)−Gi(r))
(

1

2
− r

ai

)
=

ai∑
r=1

(Gi(r)−Gi(−r))
((

r

ai

))
,

where the second equality follows because Gi(ai)−Gi(−ai) = 0. From the definition

of Gi, we get

ηGi(0) =

ai∑
r=1

({
γi − rbi
ai

}
+

{
δi − rbi
ai

}
−
{
γi + rbi
ai

}
−
{
δi + rbi
ai

})((
r

ai

))
.

Then, using {x} = ((x)) + (1/2) − (1/2)δ(x), where δ(x) = 1 if x ∈ Z and

δ(x) = 0 if x /∈ Z, we get (and noting that ((−x)) = −((x)))

ηGi(0) =

ai∑
r=1

(((
γi − rbi
ai

))
+

((
δi − rbi
ai

))
−
((

γi + rbi
ai

))
−
((

δi + rbi
ai

)))((
r

ai

))
− 1

2

∑(
δ

(
γi − rbi
ai

)
+ δ

(
δi − rbi
ai

)
− δ

(
γi + rbi
ai

)
− δ

(
δi + rbi
ai

))((
r

ai

))
= −2

ai∑
r=1

(((
γi + rbi
ai

))
+

((
δi + rbi
ai

)))((
r

ai

))
−
((

b′iγi
ai

))
−
((

b′iδ

ai

))
= −2s(bi, ai; γi/ai, 0)− 2s(bi, ai; δi/ai, 0)−

((
b′iγi
ai

))
−
((

b′iδ

ai

))
.

Here b′i denotes the inverse of bi mod ai.
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Proposition 5.4. In the case of trivial fibre holonomy m = 0, if [E0] = (e; γ1, δ1, . . . , γn, δn),

then

ηf (0) = − l
3

+ 2

n∑
i=1

(s(bi, ai; γi/ai, 0) + s(bi, ai; δi/ai, 0))) .

Proof. Using the computation of ηGi(0) given above and Equation (5.3), we get:

(5.4)

ηf (0) = − l
3
−2

n∑
i=1

(
s(bi, ai; γi/ai, 0) + s(bi, ai; δi/ai, 0) +

1

2

((
b′iγi
ai

))
+

1

2

((
b′iδi
ai

)))
.

Recall that since m = 0, we have γi + δi = −1 (mod ai). In general, if a > 0,

b is coprime to a and γ, δ are such that γ + δ = −1 (mod a), then using Equation

(5.1), we get that

s(b, a; γ/a, 0) + s(b, a; δ/a, 0) +
1

2

((
b′γ

a

))
+

1

2

((
b′δ

a

))
= −λ(b, a; γ)− λ(b, a; δ)− 1

2

{γ
a

}
− 1

2

{
δ

a

}
+
a− 1

2a

= −λ(b; a; γ)− λ(b, a; δ)− (a− 1)

2a
+
a− 1

2a
= −λ(b; a; γ)− λ(b, a; δ)

where we used that γ+ δ = −1 (mod a) to deduce that {γ/a}+ {δ/a} = (a− 1)/a.

Applying this to Equation (5.4), we get that

ηf (0) = − l
3

+ 2

n∑
i=1

(s(bi, ai; γi/ai, 0) + s(bi, ai; δi/ai, 0))) .

�

Now we assume that the fibre holonomy is non-trivial. We take m = −1, λ =

−1/2. From our earlier calculations of f ′µ, f
′′
µ , we have

ηf (s) = rs
∑
k∈Z

sgn(k + 1/2)(h0(Ek)− h1(Ek))

|k − λ|s
.
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By Riemann–Roch, h0(Ek)− h1(Ek) = 1 + deg|Ek|, so

ηf (s) = rs
∑
k∈Z

sgn(k + 1/2)(1 + deg|Ek|)
|k + 1/2|s

= rs
∞∑
k=0

1 + deg|Ek|
(k + 1/2)s

− rs
∞∑

k=−1

1 + deg|Ek|
|k + 1/2|s

= rs
∞∑
k=0

deg|Ek|
(k + 1/2)s

− rs
∞∑

k=−1

deg|Ek|
|k + 1/2|s

= rs
∑
k∈Z

sgn(k + 1/2)(G(−k) + e+ kl̃)

|k + 1/2|s

= rs
∑
k∈Z

sgn(k + 1/2)(G(−k) + kl̃)

|k + 1/2|s
.

Next we have ∑
k∈Z

sgn(k + 1/2)k

|k + 1/2|s

= 2

∞∑
k=0

k

(k + 1/2)s

= 2

∞∑
k=0

(k + 1/2)

(k + 1/2)s
−
∞∑
k=0

1

(k + 1/2)s

= 2ζ(s− 1, 1/2)− ζ(s, 1/2).

When s = 0, this equals

2ζ(−1, 1/2)− ζ(0, 1/2) = 1/12− 0 = 1/12.

Here we used that ζ(−1, u) = −B2(u)/2, where B2(x) = x2− x+ 1/6 is the second

Bernoulli polynomial and ζ(0, u) = 1/2− u. Therefore,

ηf (0) =
l̃

12
+ ηG(0)

where

ηG(s) =
∑
k∈Z

sgn(k + 1/2)G(−k)

|k + 1/2|s
.

Let S = (1/2) + Z. Every µ ∈ S can be written as µ = k + 1/2 for a unique

integer k. It follows that

ηG(s) =
∑
µ∈S

sgn(µ)G(−(µ− 1/2))

|µ|s
.

As before, write G =
∑n
i=1Gi and ηG(s) =

∑n
i=1 ηGi(s).

By [11, Lemma 1.11], if f : R→ R has period a ∈ Z+ and we set

η(f, s) =
∑
µ∈S

sgn(µ)f(µ− 1/2)

|µ|s
,
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then

η(f, s) =

a−1∑
r=0

f(r)

ps

(
ζ(s,

{
r + 1/2

a

}
)− ζ(s, 1−

{
r + 1/2

a

}
)

)
.

In particular,

η(f, 0) = −2

a−1∑
r=0

f(r)

((
r + 1/2

a

))
.

Taking f(r) = Gi(−r) in the above and then summing over i gives

ηf (0) =
l̃

12
− 2

n∑
i=1

ai−1∑
r=0

Gi(−r)
((

r + 1/2

ai

))

=
l̃

12
+ 2

n∑
i=1

ai−1∑
r=0

({
γi − rbi
ai

}
+

{
δi − rbi
ai

})((
r + 1/2

ai

))
.

To simplify this, observe that

a−1∑
r=0

{
n+ rb

a

}((
r + 1/2

a

))

=

a−1∑
r=0

(((
n+ rb

a

))
+

1

2
− 1

2
δ((n+ rb)/a)

)((
r + 1/2

a

))

=

a−1∑
r=0

((
n+ rb

a

))((
r + 1/2

a

))
+

1

2

a−1∑
r=0

((
r + 1/2

a

))
− 1

2

((
−nb′ + 1/2

a

))

=

a−1∑
r=0

((
n+ rb

a

))((
r + 1/2

a

))
− 1

2

((
−nb′ + 1/2

a

))
= s(b, a; (n− b/2)/a, 1/2)− 1

2

((
−nb′ + 1/2

a

))
where we used that

∑a−1
r=0(((r + x)/a)) = ((x)). Therefore,

ηf (0) =
l̃

12
+ 2

n∑
i=1

(s(−bi, ai; (γi + bi/2)/ai, 1/2) + s(−bi, ai; (δi + bi/2)/ai, 1/2))

−
n∑
i=1

(((
b′iγi + 1/2

ai

))
+

((
b′iδi + 1/2

ai

)))

Noting that s(−b, a;x, 1/2) = −s(b, a;x, 1/2) and using Lemma 5.2, this simpli-

fies to

ηf (0) =
l̃

12
+ 2

n∑
i=1

(λ(bi, ai; γi) + λ(bi, ai; δi)) .

We then have:
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Proposition 5.5. In the case of non-trivial fibre holonomy (m = −1), if [E0] =

(e; γ1, δ1, . . . , γn, δn), then

ηf (0) =
l

6
+ 4

n∑
i=1

λ(bi, ai; γi).

Proof. We have already shown that

ηf (0) =
l

6
+ 2

n∑
i=1

(λ(bi, ai; γi) + λ(bi, ai; δi)) .

Now since m = −1, we have γi + δi = −1 − bi (mod ai). In general, if a > 0, b is

coprime to a we have that

λ(b, a;−1− b− γ) =
1

a

a−1∑
r=1

ω−(1+b+γ)r

(1− ω−r)(1− ω−br)

where ω = e2πi/a. Multiply the numerator and denominator by ωr+br to get

λ(b, a;−1− b− γ) =
1

a

a−1∑
r=1

ω−γr

(1− ωr)(1− ωbr)
= λ(b, a; γ).

Applying this to ai, bi, γi, δi, we have that δi = −1 − bi − γi (mod ai) and thus

λ(bi, ai; δi) = λ(bi, ai; γi). Hence

ηf (0) =
l

6
+ 4

n∑
i=1

λ(bi, ai; γi).

�

Combining our calculations of ηf (0) with Proposition 5.3, we get:

Corollary 5.6. Let [E0] = (e; γ1, δ1, . . . , γn, δn).

(1) If the fibre holonomy is trivial (m = 0), then

ηDB (0)± = − l
6
± ηpin

c

(Σ, sΣ
(E0,τ)) +

n∑
i=1

(λ(bi, ai; γi) + λ(bi, ai; δi)).

(2) If the fibre holonomy is non-trivial (m = −1), then

ηDB (0)± =
l

12
+ 2

n∑
i=1

λ(bi, ai; γi).

5.5. The delta invariants of Y . Let E0 be an orbifold line bundle on Σ̃, let

m ∈ {0,−1} and let τ be an equivariant structure on E0 of weight m. So (E0, τ,m)

defines a spinc-structure s = s(E0,τ,m). Let B be the unique reducible correponding

to (E0, τ,m) and DB the corresponding Dirac operator on SE , E = π∗(E0). As

shown in Proposition 4.6, Ker(DB) = 0. Hence we have

δ(Y, s) = −n(Y, s, gY , B) = −1

2
η+
DB

(0) +
1

8
ηsig(Y, gY ) +

∫
Y

Tr(∇Y ,∇LC,gY ).
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From Proposition 5.1, we have

ηsig(Y, gY ) =
2

3

lπr2χ(Σ)

V ol(Σ)
− 2

3

l3π2r4

V ol(Σ)2
+
l

3
+ 4

n∑
i=1

s(bi, ai).

From Section 5.2, we have∫
Y

Tr(∇Y ,∇LC,gY ) = − 1

12

(
πlr2χ(Σ)

V ol(Σ)
− π2r4l3

V ol(Σ)2

)
.

Hence

δ(Y, s) = −1

2
η+
DB

(0) +
l

24
+

1

2

n∑
i=1

s(bi, ai).

Combined with the calculation of η+
DB

(0) in Section 5.4, we obtain:

Theorem 5.7. Let [E0] = (e; γ1, δ1, . . . , γn, δn).

(1) If the fibre holonomy is trivial (m = 0), then

δ(Y, s(E0,τ,0)) =
l

8
−1

2
ηpin

c

(Σ, sΣ
(E0,τ))+

1

2

n∑
i=1

(−λ(bi, ai; γi)− λ(bi, ai; δi) + s(bi, ai)) .

(2) If the fibre holonomy is non-trivial (m = −1), then

δ(Y, s(E0,τ,−1)) =

n∑
i=1

(
−λ(bi, ai; γi) +

1

2
s(bi, ai)

)
.

Remark 5.8. Since δ(L(a, b), sγ) = λ(b, a; γ)−(1/2)s(b, a), we can re-write Theorem

5.7 in terms of delta invariants of lens spaces. Namely:

(1) If the fibre holonomy is trivial, then

δ(Y, s(E0,τ,0)) =
l

8
− 1

2
ηpin

c

(Σ, sΣ
(E0,τ))−

1

2

n∑
i=1

(δ(L(ai, bi), sγi) + δ(L(ai, bi), sδi)) .

(2) If the fibre holonomy is non-trivial, then

δ(Y, s(E0,τ,−1)) = −
n∑
i=1

δ(L(ai, bi), sγi).

6. Calculating the eta invariant ηpin
c

In this section we prove that the pinc-eta invariant ηpin
c

(Σ, sΣ) always equals

±1/2. In general, working out the correct sign is a delicate problem since pinc-

structures on Σ come in pairs sΣ
(E0,τ), s

Σ
(E0,−τ) and the eta invariant is sensitive to

this choice since ηpin
c

(Σ, sΣ
(E0,−τ)) = −ηpinc(Σ, sΣ

(E0,τ)). However this guarantees

that ηpin
c

= 1/2 for half of the pinc-structures and ηpin
c

= −1/2 for the other half.

We determine precisely the signs in the spherical cases Σ = RP2, Σ = RP2(a). We

also give an independent proof that ηpin
c

= ±1/2 in the Euclidean case RP2(2, 2)

and in the process of doing so, obtain a calculation of the delta invariants of the

Hantzsche–Wendt manifold.
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6.1. Proof that ηpin
c

(Σ, sΣ) = ±1/2. Because of Theorem 5.7, in order to com-

pute ηpin
c

(Σ, sΣ), it is sufficient to calculate the delta invariants for a single choice

of Seifert 3-manifold Y → Σ. Given Σ = RP2(a1, . . . , an), a convenient choice of Y

to take is Y = S(b; (a1,−1), (a2,−1), . . . , (an,−1)), where b is any non-zero integer.

Let x1, . . . , xn denote the orbifold points of Σ, where xi has order ai. For each i,

let x′i, x
′′
i ∈ Σ̃ denote the preimages of xi in Σ̃. Let W̃ = D(Ñ) be the closed unit

disc bundle of Ñ . This is a 4-dimensional orbifold with boundary Ỹ and n isolated

singularities located at the points of the zero section of Ñ lying over the orbifold

points x′1, x
′′
1 . . . , x

′
n, x
′′
n. Let x be a non-orbifold point of Σ and let x′, x′′ denote

the preimages of x in Σ̃. The orbifold line bundle Ñ may be taken to be the orbifold

line bundle associated to the divisor bx + bx′ +
∑n
i=1(x′i + x′′i ). It follows that W

is a complex orbifold (with boundary) and the singularities corresponding to x′i, x
′′
i

are of the form C2/Zai , where Zai acts on C2 as scalar multiplication by e2πi/ai .

The singularities can be resolved by blowing up the singular points. Let X̃ denote

the blowup of W̃ at the singular points. Thus M̃ is a complex manifold which

bounds Ỹ . Equivalently, M̃ is the plumbing on the star-shaped graph Γ̃ given in

Figure 1. Let Σ0,Σ
′
1,Σ

′′
1 , . . . ,Σ

′
n,Σ

′′
n denote the zero sections of each disc bundle,

where Σ0 corresponds to the central node and Σ′i,Σ
′′
i to the nodes with weight −ai.

Then e0 = [Σ0], e′i = [Σ′i], e
′′
i = [Σ′′i ] form a basis for the lattice L̃ = H2(X̃;Z) with

e2
0 = 2b, (e′i)

2 = (e′′i )2 = −ai, 〈e0, e
′
i〉 = 〈e0, e

′′
i 〉 = 1, 〈e′i, e′j〉 = 〈e′i, e′′j 〉 = 0 for i 6= j.

Let L̃∗ = H2(X̃;Z) ∼= H2(X̃, ∂X̃;Z) be the dual lattice. A dual basis D0, D
′
i, D

′′
i

is given by taking the relative homology classes of a fibre over each node. One can

easily check that

(6.1) e0 = 2bD0 +
∑
i

(D′i +D′′i ).

Let ν̃ denote a closed tubular neighbourhood of Σ0 in X̃. Then ν̃ can be identified

with W̃ (b), the unit disc bundle over S2 with Euler class 2b. Its boundary is Ỹ (b),

the circle bundle over S2 with Euler class 2b. Let M̃ be obtained from X̃ by

removing the interior of ν̃. Then M̃ is a complex manifold with boundary. We

view it as a cobordism with ingoing boundary Ỹ (b) and with outgoing boundary

Ỹ .

Let W = D(N) be the closed unit disc bundle of N . Since Ñ is the pullback of N

to Σ̃, the covering involution σ : Σ̃→ Σ̃ lifts to an involution on W̃ and W = W̃/σ.

Since σ acts anti-holomorphically on W̃ , it induces an involution (also denoted by

σ) on X̃ and X = X̃/σ. Equivalently, X is the plumbing on the graph Γ shown

in Figure 1, where the central node is the disc bundle W (b) of Euler class b over

RP2. A basis e1, . . . , en for the intersection lattice L = H2(X;Z) is given by taking

ei = [Σi] to be the zero section of the disc bundle over the node of weight −ai
(so the preimage of Σi in X̃ is Σ′i ∪ Σ′′i ). Notice that there is no homology class

corresponding to the central node because H2(RP2;Z) = 0.

We choose the tubular neighbourhood ν̃ to be σ-invariant so that σ acts on

M̃ and the quotient M = M̃/σ is obtained from X by removing the interior of
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Γ̃

2b

−a1

−a1

−an

−an

Γ

b

−a1

−an
RP2

Figure 1. Plumbing graphs Γ̃ and Γ

ν = ν̃/σ. Since ν can be identified with W (b), we see that M can be regarded as a

cobordism with ingoing boundary Y (b) and outgoing boundary Y .

To summarise, we have a decomposition

(6.2) X = W (b) ∪Y (b) M

and corresponding decomposition

(6.3) X̃ = W̃ (b) ∪Ỹ (b) M̃,

where each term in the decomposition is a double cover of the corresponding term

in the decomposition for X.

Using the Mayer–Vietoris sequences corresponding to the decompositions (6.2)

and (6.3). One finds b1(M) = b1(M̃) = 0 and that Λ = H2(M ;Z) and Λ̃ =

H2(M̃ ;Z) are torsion-free. So Λ, Λ̃ are the intersection lattices of M and M̃ .

We have a short exact sequence

0→ Z2 → H1(Y (b);Z)→ Z2 → 0,

where the Z2-subgroup is generated by f , the homology class of a fibre of Y (b)→
RP2. The boundary map ∂ : H2(X;Z) → H1(Y (b);Z) in the Mayer–Vietoris se-

quence corresponding to (6.2) is easily seen to be given by ∂ei = f for i = 1, . . . , n.

So we have a short exact sequence

0→ Λ→ L
∂−→ Z2 → 0,

and dually

0→ L∗ → Λ∗ → Z2 → 0.

Let L̃0 denote the sublattice of L̃ spanned by D′1, D
′′
1 , . . . , D

′
n, D

′′
n. From the

Mayer–Vietoris sequence for X̃, one similarly obtains a short exact sequence

0→ Λ̃→ L̃0
∂−→ Z2|b| → 0

where ∂ is defined by ∂D′i = ∂D′′i = 1. Dually we get

0→ L̃∗0 → Λ̃∗ → Z2|b| → 0.
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Define

∂̃ =
∑
i

(D′i +D′′i ).

From the definition of ∂, we see that 1
2b ∂̃ represents a generator of Λ̃∗/L̃∗0

∼= Z2|b|.

Since Σ0 is contained in the complement of M̃ in X̃, we see that e0 ∈ L̃ ⊆ L̃∗ ∼=
H2(X̃;Z) maps to zero under H2(X̃;Z)→ H2(M̃ ;Z) ∼= Λ̃∗. Therefore from Equa-

tion (6.1) we deduce that in Λ̃∗ we have the equality

∂̃ = −2bD0,

or equivalently, (1/2b)∂̃ = −D0.

Recall that D0 = [F0] is the relative homology class of a fibre of the disc bundle

over the central node. Then F0 is an analytic hypersurface in X̃ and so there is an

associated holomorphic line bundle L0 on X̃ which has a holomorphic section whose

zero divisor is F0. It follows that c1(L0) = D0. Notice also that if L0|Ỹ ∼= π∗(O(x)),

where x is the point of Σ̃ over which the fibre F0 lies. Similarly, D′i = [F ′i ], D
′′
i =

[F ′′i ] are the relative homology classes of fibres of the disc bundles over the nodes of

weight −ai. Associated to F ′i , F
′′
i are holomorphic line bundles L′i,L′′i with c1(L′i) =

D′i, c1(L′′i ) = D′′i . We also have that L′i|Ỹ ∼= π∗(O(x′i)), L′′i |Ỹ ∼= π∗(O(x′′i )).

Theorem 6.1. We have ηpin
c

(Σ, sΣ) = ±1/2 for every pinc-structure on Σ.

Proof. Recall that every pinc-structure on Σ is of the form sΣ
(E0,τ) for some orbifold

line bundle E0 on Σ̃ and τ is an equivariant structure on E0 of weight m = 0.

We have [E0] = (e; γ1, δ1, . . . , γn, δn) where e = −χ(Σ) = −1 +
∑
i(ai − 1)/ai and

γi+δi = −1 (mod ai). It follows that we can uniquely lift γi, δi to integers satisfying

0 ≤ γi, δi ≤ ai−1, γi+δi = ai−1. Notice that deg|E0| = −1 and thus E0 is the line

bundle associated to the divisor −p+
∑
i(γix

′
i + δix

′′
i ), where p is any non-orbifold

point of Σ̃. Let E = π∗(E0). Then E extends to a line bundle Ê on M̃ given by

Ê =

(
L∗0 ⊗

n⊗
i=1

(
(L′i)γi ⊗ (L′′i )δi

))∣∣∣∣∣
M̃

.

Then we have

c1(Ê) = −D0 +
∑
i

(γiD
′
i + δiD

′′
i ).
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Let sÊ be the spinc-structure on M̂ given by sÊ = Ê ⊗ scan(M̃). Thus sÊ is an

extension of sE to M̃ . We have

c1(σ∗(Ê∗)) + c1(Ê) = −2D0 +
∑
i

(γi + δi)(D
′
i +D′′i )

= −2D0 +
∑
i

(ai − 1)(D′i +D′′i )

= −2D0 + ∂̃ +
∑
i

(ai − 2)(D′i +D′′i )

= (−2− 2b)D0 +
∑
i

(ai − 2)(D′i +D′′i )

= c1(K
M̃

).

So σ∗(Ê) ∼= Ê ⊗ K−1

M̃
and consequently sÊ can be made into an equivariant

spinc-structure on M̃ which then descends to a spinc-structure on M , which we

denote by sM . To see why this is so, first note that σ∗(Ê) ∼= Ê ⊗K−1

M̃
implies that

σ∗(sÊ) ∼= sÊ . Therefore σ can be lifted to a map σ̃ : SÊ → SÊ on the spinor bundles

for sÊ preserving the unitary structure and Clifford multiplication. Since σ̃2 covers

the identity, we have σ̃2 = h for some h : M̃ → S1. But h◦σ̃ = σ̃3 = σ̃◦h = σ∗(h)◦σ̃
and therefore σ∗(h) = h. Since b1(M̃) = 0, we can write h = e2πif for some

f : M̃ → R. Then σ∗(h) = h implies σ∗(f) = f + k for some integer k. But then

f = σ∗σ∗(f) = f + 2k, so k = 0 and σ∗(f) = f . It then follows that e−πif ◦ σ̃ is an

involutive lift of σ, and this makes sÊ into an equivariant spinc-structure.

Since b1(M̃) = 0, it follows from the Borel spectral sequence for H∗Z2
(M̃ ;Z) ∼=

H∗(M ;Z) that the pullback map H2(M ;Z) → H2(M̃ ;Z) is a 2:1 map. Thus, up

to isomorphism there are two ways to make sÊ into an equivariant spinc-structure.

If σ̃ is an involutive lift of σ to SÊ , then so is −σ̃ and ±σ̃ give the two possible

equivariant structures. Restricted to Ỹ , these two equivariant structures give the

two equivariant structures on sE . Therefore, we can choose the equivariant struc-

ture on sÊ such that its restriction to Ỹ coincides with the equivariant structure

determined by τ . Therefore, sM is an extension of s(E0,τ,0) to M .

Since sM pulls back to sÊ , we have

c(sM )2 =
1

2
c(sÊ)2 =

1

2
(2c1(Ê)−K

M̃
)2.

Further, we have

2c1(Ê)−K
M̃

= −2D0 +
∑
i

(2γiD
′
i + 2δiD

′′
i ) + (2b+ 2)D0 −

∑
i

(ai − 2)(D′i +D′′i )

= 2bD0 +
∑
i

((2γi + 2− ai)D′i + (2δi + 2− ai)D′′i )

= −∂̂ +
∑
i

((2γi + 2− ai)D′i + (2δi + 2− ai)D′′i )

=
∑
i

((2γi + 1− ai)D′i + (2δi + 1− ai)D′′i ).
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Note that (2δi + 1− ai) = −(2γi + 1− ai) because γi + δi = ai − 1. Therefore

(6.4) c(sM )2 =
1

2
(2c1(Ê)−K

M̃
)2 =

∑
i

− (2γi + 1− ai)2

ai
.

The calculation of c(sÊ) given above shows that c(sÊ)|Ỹ (b) = 0 because D′i|Y (b) =

D′′i |Y (b) = 0.

Recall that M is a cobordism from Y (b) to Y . Let sY (b) denote the restriction of

sM to Y (b). Since Y (b) is a non-singular circle bundle over RP2, it has four spinc-

structures, two of which extend to W (b) (those with non-trivial fibre holonomy)

and two of which do not extend (those with trivial fibre holonomy). We claim

that sY (b) does not extend to W (b), equivalently, it has trivial fibre holonomy. To

see this, note that the spinc-structures with trivial fibre holonomy are those of the

form su,v with v = 0 in the terminology of [2, §2.2]. But it is easily seen that

π∗(c(su,v)) ∈ H2(Ỹ (b);Z) is zero if and only if v = 0. Then since c(sÊ)|Ỹ (b) = 0, it

follows that sM |Y (b) is of the form su,0, hence has trivial fibre holonomy.

Since M is negative definite and b2(M) = 2, the Frøyshov inequality [5], [6,

Theorem 39.1.4] gives:

(6.5) δ(Y, s(E0,τ,0)) ≥ δ(Y (b), sY (b)) +
c(sM )2 + n

8
.

The delta invariants of Y (b) are computed in [2, §2.2]. Since sY (b) does not extend

to W (b), we have

δ(Y (b), sY (b)) =
b

8
+

1

4
ε,

where ε = ±1 depending on the spinc-structure.

Recall (eg, [2, §2.1]) that the delta invariants of L(ai, 1) are given by

δ(L(ai, 1), su) = − (2u+ 2− ai)2

8ai
+

1

8
.

Note also that δ(L(ai,−1), su) = −δ(L(ai, 1), su). Then from Theorem 5.7, we have

δ(Y, s(E0,τ,0))

=
l

8
− 1

2
ηpin

c

(Σ, sΣ
(E0,τ)) +

n∑
i=1

(
− (2γi + 2− ai)2

16ai
− (2δi + 2− ai)2

16ai
+

1

8

)

=
l

8
− 1

2
ηpin

c

(Σ, sΣ
(E0,τ)) +

n∑
i=1

(
− (2γi + 2− ai)2

16ai
− (2γi − ai)2

16ai
+

1

8

)

=
l

8
− 1

2
ηpin

c

(Σ, sΣ
(E0,τ)) +

n∑
i=1

(
− (2γi + 1− ai)2

8ai
− 1

8ai
+

1

8

)

=
b

8
− 1

2
ηpin

c

(Σ, sΣ
(E0,τ)) +

n∑
i=1

(
− (2γi + 1− ai)2

8ai
+

1

8

)
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where the third line was obtained using δi = ai − 1 − γi. Substituting into (6.5)

and also using Equation (6.4) gives

b

8
− 1

2
ηpin

c

(Σ, sΣ
(E0,τ)) +

n∑
i=1

(
− (2γi + 1− ai)2

8ai
+

1

8

)
≥ b

8
+

1

4
ε+

c(sM )2

8
+
n

8

=
b

8
+

1

4
ε+

∑
i

(
− (2γi + 1− ai)2

8ai

)
+
n

8

=
b

8
+

1

4
ε+

∑
i

(
− (2γi + 1− ai)2

8ai
+

1

8

)
.

Hence

(6.6) ηpin
c

(Σ, sΣ
(E0,τ)) ≤ −

1

2
ε.

Since τ was arbitrary, we can repeat the same argument for −τ . Recall that sM |Y ∼=
s(E0,τ,0). Let A → M denote the flat line bundle of order 2 corresponding to the

double cover M̃ → M (c1(A) is the unique non-zero 2-torsion class in H2(M ;Z)).

Set s′M = A ⊗ sM . Since the double cover M̃ → M restricts to the double cover

Ỹ → Y over Y , it follows that s′M |Y ∼= s(E0,−τ,0). Similarly, since M̃ →M restricts

to the non-trivial double cover Ỹ (b) → Y (b) on Y (b), it follows that s′M |Y (b) �
sM |Y (b) and therefore

δ(Y (b), s′M |Y (b)) =
b

8
− 1

4
ε.

Repeating the above calculations with s′M in place of sM then gives

ηpin
c

(Σ, sΣ
(E0,−τ)) ≤

1

2
ε.

But since ηpin
c

(Σ, sΣ
(E0,−τ)) = −ηpinc(Σ, sΣ

(E0,τ)), this gives

(6.7) ηpin
c

(Σ, sΣ
(E0,τ)) ≥ −

1

2
ε.

The inequalities (6.6), (6.7) together give

ηpin
c

(Σ, sΣ
(E0,τ)) = −1

2
ε.

In particular, ηpin
c

(Σ, sΣ
(E0,τ)) = ±1/2.

�

6.2. RP2. In the case that Σ = RP2 (no orbifold points), Y = S(b) is a circle bundle

over RP2 and l = deg(N) = b. There are 4 spinc-structures on Y , two with trivial

fibre holonomy and two with non-trivial fibre holonomy. The ones with non-trivial

fibre holonomy have δ(Y, s) = 0 by Theorem 5.7 and the ones with trivial fibre

holonomy have

δ(Y, s) =
b

8
− 1

2
ηpin

c

(RP2, sRP
2

),
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where sRP
2

denotes the pinc-structure on Σ which uniquely corresponds to s. On

the other hand the delta invariants for Y = S(b) were computed in [2, §2.2] and are

given by

0, 0,
b+ 2

8
,
b− 2

8
.

Since ηpin
c

(RP2, sRP
2

) is independent of b, we must have ηpin
c

(RP2, sRP
2

) = ±1/2.

More precisely, it equals 1/2 for one pinc-structure and equals −1/2 for the other.

6.3. RP2(a). In this section we will compute ηpin
c

in the case that Σ = RP(a) has

a single orbifold point using different methods to Theorem 6.1.

Suppose that Σ = RP2(a) has a single orbifold point of order a and Y =

S(b; (a, b1)). The fundamental group of Y is isomorphic to

〈v, q, h | vhv−1h, [q, h], qahb1 , qv2hb〉.

The relation qv2hb = 1 can be solved for q, giving q = h−bv−2. Since v2 and

h commute (by the relation vhv−1 = h−1), we see that q and h automatically

commute. Lastly, if we substitute for q in the relation qahb1 = e, we get v−2a = hr,

where r = a1l = ab− b1. Conjugating by v, we see that the relation v−2a = hr can

be replaced by the relation v2a = hr. Thus

π1(Y ) ∼= 〈v, h | vhv−1 = h−1, v2a = hr〉.

This is a finite metacyclic group of order 4a|r|. Thus Y is a spherical 3-manifold,

in fact a prism manifold. We will compute the delta invariants of Y using its

spherical geometry. Comparing with Theorem 5.7, this will allow us to determine

ηpin
c

(Σ, sΣ) for all pinc-structures on Σ.

Prism manifolds can be constructed as quotients of S3 as follows, where S3 is the

unit sphere in C2. Let r,m be positive coprime integers and set G = 〈v, h |vhv−1 =

h−1, v2m = hr〉. We can regard G as a subgroup of U(2) by taking

v =

[
0 z

1 0

]
, h =

[
w 0

0 w

]
,

where z = eπi/m, w = eπi/r. This group acts freely on S3 and the quotient

Y = S3/G is a prism manifold where a = m, b1 = ab − r. Let scan denote

the spinc-structure on S3 which is the restriction of the canonical spinc-structure

on C2. Since G acts on C2 biholomorphically, it naturally lifts to scan and so

scan becomes an equivariant spinc-structure on S3, which descends to a spinc-

structure on Y , which we continue to denote by scan. Any other spinc-structure

on Y will be of the form E ⊗ scan, where E is a line bundle on Y . All such

line bundles are of the form E = S3 ×G C where G acts on C according to some

character φ : G → S1. Such a homomorphism is determined by φ(v), φ(h). Since

vhv−1 = h−1, we get φ(h)2 = 1, so φ(h) = (−1)ν for some ν ∈ {0, 1}. We also

have v2m = hr, so φ(v)2m = (−1)rν . Hence we can write φ(v) = eπirν/2meπiu/m

for a unique u ∈ {0, 1, . . . , 2m − 1}. This gives 4m spinc-structures depending on

the values of ν ∈ {0, 1} and u ∈ {0, 1, . . . , 2m− 1}.
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Let G̃ be the index two subgroup of G generated by v2 and h and set Ỹ = S3/G̃.

Then Ỹ → Y is usual double cover of Y obtained from the orientation double cover

Σ̃→ Σ. Recall that spinc-structures on Ỹ come in pairs s(E0,τ,m), s(E0,−τ,m). Since

Y is obtained from Ỹ by quotienting by v, we see that if (E0, τ,m) corresponds to

a homomorphism φ : G→ S1, then (E0,−τ,m) corresponds to the homomorphism

φ′ : G→ S1 given by φ′(v) = φ(v), φ′(h) = −φ(h). Equivalently, φ′ corresponds to

(ν′, u′) where ν′ = ν and u′ = u+m (mod 2m). To a homomorphism φ : G→ S1,

we let sφ denote the corresponding spinc-structure.

Give S3 ⊂ C2 its induced metric. This descends to a spherical metric on Y . Let

ηdir(Y, sφ) denote the eta invariant of the spinc-Dirac operator using this metric

and a spinc-connection A covering the Levi–Civita connection with FA = 0. Using

the same method as [2, §2], the eta invariant can be computed as

ηdir(Y, sφ) = − 2

|G|
∑

g∈G,g 6=1

φ(g)

det(1− g−1)
.

Every element of G can uniquely be written as g = vihj , 0 ≤ i ≤ 2m − 1, 0 ≤ j ≤
2r − 1. When i = 2k is even, 0 ≤ k ≤ m− 1, we find that

g = (v2)kyj =

[
λ 0

0 µ

]
,

where we set λ = zkwj , µ = zkw−j . Therefore det(1− g−1) = (1− λ−1)(1− µ−1).

We also have φ(g) = z(2u+rν)k(−1)νj .

When i = 2k + 1 is odd, 0 ≤ k ≤ m− 1, we have

g = v(v2)kyj =

[
0 z

1 0

] [
λ 0

0 µ

]
=

[
0 zµ

λ 0

]
and so det(1−g−1) = 1−z−1λµ = 1−z−(2k+1). We also have φ(g) = (−1)νjφ(x)2k+1.

Thus

ηdir(Y, sφ) = − 1

2mr

∑
0≤k≤m−1
0≤j≤2r−1
(k,j)6=(0,0)

(−1)νjz(2u+rν)k

(1− z−kw−j)(1− z−kwj)

− 1

2mr

∑
0≤k≤m−1
0≤j≤2r−1

(−1)νjφ(v)2k+1

(1− z−(2k+1))

Notice that the first summation on the right depends on u only through the term

z2uk. Replacing u by u′ = u + m does not change the value of this term. Letting

φ′ : G→ S1 be the homomorphism corresponding to ν′ = ν, u′ = u+m (mod 2m),

we get that

ηdir(Y, sφ)− ηdir(Y, sφ′) = − 1

mr

∑
0≤k≤m−1
0≤j≤2r−1

(−1)νjφ(v)2k+1

(1− z−(2k+1))
.
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Now we evaluate the sum on the right. If ν = 1, then the terms with j even cancel

with the terms with j odd, giving zero. Now suppose that ν = 0. Then φ(v) = zu

and the sum reduces to

− 2

m

∑
0≤k≤m−1

z(2k+1)u

(1− z−(2k+1))

= − 2

m

 ∑
0≤k≤2m−1

zku

1− z−k
−

∑
0≤k≤m−1

z2ku

(1− z−2ku)

 .

Recall (eg, [2, Lemma 2.1]) that for any integers p, q, p > 0, we have

1

p

p−1∑
k=0

e2πikq/p

(1− e−2πik/p)
=
p− 1

2p
−
{
q

p

}
.

Therefore, when ν = 0, we have

− 2

m

 ∑
0≤k≤2m−1

zku

1− z−k
−

∑
0≤k≤m−1

z2ku

(1− z−2ku)


− 2

(
2m− 1

2m
− 2

{ u

2m

}
− (m− 1)

2m
+
{ u
m

})
=

{
−1 0 ≤ u ≤ m− 1,

1 m ≤ u ≤ 2m− 1.

Now because Y is spherical, we have that δ(Y, sφ) = −(1/2)ηdir(Y, sφ)+(1/8)ηsig(Y ),

where ηsig(Y ) is computed using the spherical metric as in [2, §2.5]. Therefore,

δ(Y, sφ)− δ(Y, sφ′) = −1

2
(ηdir(Y, sφ)− ηdir(Y, sφ′))

=


0 ν = 1,

1/2 ν = 0, 0 ≤ u ≤ m− 1,

−1/2 ν = 0, m ≤ u ≤ 2m− 1.

On the other hand, from Theorem 5.7, we have that

δ(Y, sφ)− δ(Y, sφ′) =

{
0 if sφ has non-trivial fibre holonomy

−ηpinc(Σ, sΣ
φ ) if sφ has trivial fibre holonomy.

where sΣ
φ is the pinc-structure on Σ induced by sφ. Comparing these two, we see

that δ(Y, sφ) − δ(Y, sφ′) = 0 if and only if ν = 1 hence ν = 1 must correspond to

non-trivial fibre holonomy and ν = 0 to trivial fibre holonomy. Then in the case

ν = 0, we have

ηpin
c

(Σ, sΣ
φ ) =

{
−1/2 0 ≤ u ≤ m− 1,

1/2 m ≤ u ≤ 2m− 1.
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6.4. RP2(2, 2). In this section we will compute ηpin
c

in the case of Σ = RP2(2, 2)

using methods independent of Theorem 6.1. In doing so we will also compute the

delta invariants of the Hantzsche–Wendt manifold.

Since Σ = RP(2, 2) has orbifold characteristic zero it admits a flat orbifold metric.

Consider Y = S(1; (2, 1), (2, 1)). Since l = deg(N) = 1− 1/2− 1/2 = 0, N admits

a flat connection and then Y admits a flat metric. So Y is a flat 3-manifold which

is also a rational homology 3-sphere. Up to diffeomorphism there is only one such

3-manifold, the Hantzsche–Wendt manifold.

There are 16 spinc-structures on Y , 8 with trivial fibre holonomy and 8 with

non-trivial fibre holonomy. In the case of non-trivial fibre holonomy, Theorem 5.7

gives

δ(Y, s(E0,τ,−1)) = −
2∑
i=1

δ(L(2, 1), sγi),

where [E0] = (−1; γ1, γ1, γ2, γ2) for γ1, γ2 ∈ Z2. We have L(2, 1) = RP3 and the

delta invariants for L(2, 1) are ±1/8. So the delta invariants with non-trivial fibre

holonomy are:

−1/4,−1/4, 0, 0, 0, 0, 1/4, 1/4.

In the case of trivial fibre holonomy, γi + δi = 1 (mod 2), so sγi , sδi are the two

spinc-structures on L(2, 1). Hence δ(L(2, 1), sγi) + δ(L(2, 1), sδi) = 1/8 − 1/8 = 0.

Therefore, from Theorem 5.7 we get

(6.8) δ(Y, s(E0,τ,0)) = −1

2
ηpin

c

(Σ, sΣ
(E0,τ)).

We can construct Y as the quotient Y = T 3/Z2 ×Z2, where T 3 = S1 × S1 × S1

(where S1 is the unit circle in C) and Z2 × Z2 = 〈m,n〉,

m(x, y, z) = (−x, y,−z), n(x, y, z) = (−x,−y, z), mn(x, y, z) = (x,−y,−z).

Let Λ = Z3 = H1(T 3;Z). The action of m,n on Λ is

m(x, y, z) = (−x,−y, z), n(x,−y,−z), nm(x, y, z) = (−x, y,−z).

The action on H2(T 3;Z) ∼= H1(T 3;Z) can also be identified with Λ.

We have that Y = R3/Γ, where Γ = π1(Y ) is the group generated bym,n, e1, e2, e3,

where

m(x, y, z) = (−x+ 1/2,−y, z + 1/2), n(x, y, z) = (x+ 1/2,−y + 1/2,−z)

e1(x, y, z) = (x+ 1, y, z), e2(x, y, z) = (x, y + 1, z), e3(x, y, z) = (x, y, z + 1).

The relations satisfied by these elements is as follows: e1, e2, e3 commute, me1m
−1 =

−e1, me2m
−1 = −e2, me3m

−1 = e3, ne1n
−1 = e1, ne2n

−1 = −e2, ne3n
−1 = −e3,

m2 = e3, n2 = e1, nm = e1e2e
−1
3 mn.

By taking the abelianisation one then finds H1(Y ;Z) ∼= Z4 ⊕ Z4, where m =

(1, 0), n = (0, 1).
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Consider the action of Z3 on R3 given by τ(x, y, z) = (z, x, y). We have τ−1mτ =

e2mn, τ−1nτ = m, τ−1eiτ = ei−1. Thus τ descends to an orientation preserving

Z3-action on Y . This Z3 action acts on H1(Y ;Z) according to τ [m] = [n], τ [n] =

−[m]− [n].

The set of spin structures is a torsor for H1(Y ;Z2) = Hom(H1(Y ;Z),Z2) ∼= Z2
2.

So there are four spin structures. τ defines an orientation preserving diffeomorphism

of Y , so it must act on the set of spin structures. Since τ has order 3, the orbits of

τ have size 1 or 3. Since the number of spin structures is 4, which is not a multiple

of 3, there must be at least one spin structure fixed by τ (in fact, considering the

action of τ on H1(Y ;Z2), we see that there is exactly one spin structure fixed by τ).

Let s0 denote the underlying spinc-structure of the spin structure fixed by τ . So s0

is also fixed by τ . We can then identify the set of spinc-structures with H2(Y ;Z)

via L 7→ sL = L⊗ s0. Under this identification, the action of τ on the set of spinc-

structures coincides with the action of τ on H2(Y ;Z) ∼= Z2
4. There are six orbits,

namely

{(0, 0)}, {(1, 0), (0, 1), (3, 3)}, {(2, 0), (0, 2), (2, 2)},
{(3, 0), (0, 3), (1, 1)}, {(1, 2), (2, 3), (1, 3)}, {(2, 1), (3, 1), (3, 2)}.

Call these orbits O1, . . . , O6. By diffeomorphism invariance, δ(Y, s) must be a

constant on each orbit. We will write δ(Y,Oi) for the value of δ on Oi.

Consider now the map s : R3 → R3 given by s(x, y, z) = (x, y, z + 1/2). Then

s is an orientation preserving diffeomorphism of R3, sms−1 = m, sns−1 = e3n,

seis
−1 = ei. Thus s descends to an orientation preserving diffeomorphism of Y .

The action on H1(Y ;Z) is given by

s[m] = [m], s[n] = [n] + 2[m].

Consider the action of s on spinc-structures. Since s induces an involution on Y

it must also induce an involution on the set of spinc-structures. We have s(s0) =

x ⊗ s0 for some x ∈ H2(Y ;Z). Since c(s0) = 0, we must also have c(s(s0)) = 0

and thus 2x = 0. So x = (0, 0), (2, 0), (0, 2) or (2, 2). Since s is an involution,

s0 = s(s(s0)) = s(x⊗ s0) = s(x)⊗ s(s0) = (s(x) +x)⊗ s0. Thus s(x) +x = 0. This

leaves only two possibilities x = 0 or x = (2, 0). We will prove that x = (2, 0)

Assume for sake of contradiction that x = 0. A short calculation shows that

the action of s and τ on the set of spinc-structures has three orbits, of sizes 1, 3

and 12. The delta invariants for the spinc-structures with non-trivial holonomy are

{−1/4,−1/4, 0, 0, 0, 0, 1/4, 1/4} and from Equation (6.8), the delta invariant for the

spinc-structures with trivial holonomy are of the form {α1,−α1, α2,−α2, α3,−α3,

α4,−α4} for some α1, . . . , α4. Since there are only three orbits, we must have

αi ∈ {0, 1/4,−1/4} for each i. Let 0 ≤ k ≤ 4 be the number of αi which are zero.

Let n(i) be the number of spinc-structures on Y for which the delta invariant equals

i. Then (n(1/4), n(−1/4), n(0)) = (6− k, 6− k, 4 + 2k). But the three orbits have

distinct sizes 1, 3, 12, which contradicts n(1/4) = n(−1/4). Therefore we must have

x = (2, 0).
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Given that s(s0) = (2, 0) ⊗ s0, the action of s on the set of spinc-structures is

easily determined. One finds that the action of the group generated by τ and s on

the set of spinc-structures has four orbits: O1, O2 ∪O4, O3 and O5 ∪O6. It follows

that the delta invariant can take on at most four values δ(Y,O1) = a, δ(Y,O2) =

δ(Y,O4) = b, δ(Y,O3) = c, δ(Y,O5) = δ(Y,O6) = d for some a, b, c, d.

For the spinc-structures with non-trivial fibre holonomy, we get that the delta

invariants are 0, 1/4 or −1/4. For the spinc-structures with trivial fibre holonomy,

the delta invariants are ±α1,±α2,±α3,±α4 for some α1, . . . , α4. Since there are

only four orbits we must have αi ∈ {0, 1/4,−1/4} for each i. Once again, letting k

be the number of αi which is zero we get that (n(1/4), n(−1/4), n(0) = (6− k, 6−
k, 4 + 2k). The four orbits have sizes 1, 3, 6, 6. Since n(1/4) = n(−1/4), the only

way this can happen is n(1/4) = n(−1/4) = 6. So k = 0 and n(0) = 4. Hence the

complete set of delta invariants for Y is:

0 (four times), 1/4 (six times), −1/4 (six times).

In particular, the delta invariants corresponding to the spinc-structures with trivial

fibre holonomy are±1/4. Comparing with Equation (6.8), we get that ηpin
c

(Σ, sΣ) =

±1/2, in agreement with Theorem 6.1.
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