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ABSTRACT. We compute the Floer homology and Seiberg—Witten Floer homo-
topy type of Seifert rational homology 3-spheres which fiber over RP2. We show
that they are all L-spaces and their Floer homotopy type is a suspension of S°.
Additionally, we compute the Ozsvath—Szabé d-invariants, or equivalently the
Seiberg—Witten d-invariants for such 3-manifolds. This is done by computing
the eta invariant of spin©-Dirac operators associated to spin®-connections cov-
ering the adiabatic connection, a certain metric connection distinct from the
Levi—Civita connection. It turns out that this eta invariant involves a contri-
bution given by the eta invariant of an orbifold pin©-connection on the orbifold
base of the Seifert fibration, which we also compute.

1. INTRODUCTION

A Seifert 3-manifold which is a rational homology 3-sphere must fiber over S? or
RP?. For the Seifert 3-manifolds which fiber over S2, their Floer homology has been
studied extensively. Ozsvath—Szab6 showed that the Heegaard Floer homology of
such Seifert manifolds is isomorphic to lattice homology, which can be computed
algorithmically [15], [12]. Dai-Sasahira—Stoffregen promoted this to a computation
of the Seiberg—Witten Floer homotopy type [4].

In this paper we will compute the Seiberg—Witten Floer homology and homotopy
type of the Seifert rational homology 3-spheres which fiber over RP?. It turns out
that these are all L-spaces and their homotopy type is a suspension of S, so
the problem of computing their Floer homology is reduced to that of computing
their Ozsvath—Szabé d-invariants, or equivalently their Seiberg—Witten d-invariants,
§(Y,s) = d(Y,s)/2. To do this, we compute the eta invariants of the spin®-Dirac
operators on such 3-manifolds. To take advantage of the Seifert geometry ¥ — X,
we follow the approach of Mrowka—Ozsvath—Yu [9] in which the Seiberg—Witten
equations are studied using spin®-connections which cover a metric connection which
is not the Levi-Civita connection. For the computation of the eta invariant of
the Dirac operator, we follow a similar approach to that used by Nicolaescu [10,
11] in the case that the base is orientable, however a new feature emerges. The
non-orientability on the base orbifold 3 contributes an additional term to the eta
invariant of the Dirac operator on Y. This additional term is the eta invariant
npmc(E,sZ) of a corresponding orbifold pin®-Dirac operator on ¥. Using indirect
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methods (the Frgyshov inequality), we are able to compute 77" (3, s>) and in turn
compute the delta invariants of Y.

Our first main result is that Seifert rational homology 3-spheres with RP? base
are Seiberg—Witten L-spaces, by which we mean that their Seiberg—Witten Floer
homology has no reducibles. In fact a stronger result is true which is that the
Seiberg-Witten Floer homotopy type is a suspension of S°. That such Seifert man-
ifolds are Heegaard Floer homology L-spaces has been shown by Boyer—Gordon—
Watson [3, Proposition 5]. We use SWF(Y,s) to denote the Seiberg—Witten Floer
homotopy type of (Y,s), HSW*(Y,s) = ﬁ;l (SWF(Y,s)) the Seiberg—Witten Floer
cohomology of (Y,s) and HSW/,,(Y,s) the reducible part of HSW*(Y,5). We do

not specify which coefficient group we are using to define Seiberg-Witten Floer
cohomology because our results are not sensitive to this choice.

Theorem 1.1. Let Y be a Seifert rational homology 3-sphere with RP? base. Then
Y is an L-space, that is, HSW}, ,(Y,s) = 0 for every spin®-structure s. Moreover
the Seiberg—Witten Floer homotopy type of (Y,s) is a suspension of S°:

SWEF(Y,s) = xi(=)Cg0,

Our next result gives a formula for the delta invariants of Seifert rational homol-
ogy 3-spheres with RP? base. To state the result we need to describe the set of spin®-
structures on such 3-manifolds. Such Seifert 3-manifolds are classified by an Euler
class b and the Seifert invariants of the singular fibres (aj,b1),. .., (an,bn), (see
Section 3). We write Y = S(b; (a1,b1),- .., (an,by)) for such a 3-manifold. There
are 4a;g - - a, spin®-structures on Y, which can be described by a tuple (Eg, 7, m)
as we now briefly describe (more details can be found in Section 4.1).

Let ¥ denote the base of Y, which is an orbifold whose underlying topolog-
ical space is RP%. ¥ has orbifold points of orders ai,...,a,. Associated to ¥
is an oriented double cover orbifold ¥ which has 2n orbifold points of orders
ay,a1,a2,a2,...,0,,a,. Pulling back Y under Y % yields a Seifert fibration
Y — % over X. Let p: Y — Y be the covering map. Then for any spin®-
structure s on Y the pullback p*(s) necessarily has the form p*(s) & F ® $can,
where §.4, is the canonical spin®-structure on Y determined by the Seifert geome-
try and E is a line bundle. Then E = 7*(Ey) for some orbifold line bundle Ey whose
Seifert invariants are (e;71,01,...,%n,0n), where e = deg(Ey) and ~;,d; € Z,,. It
turns out that we may choose Ey such that there is an integer m € {—1,0} for
which

(L.1) e = —x(%) - ml,
where () =1-Y"" (i —1)/ai, L=b—Y_7_, b;j/a; and

(1.2) i +0; = =1+ mb; (mod a;) for i =1,...,n.

Notice that for each choice of m there are exactly a; - - - a,, choices for (71,01, ..., Y, 0n),

since we can choose the «; arbitrarily and then solve for the §;. Thus, there are
2ay - - - ay, pairs (Eg, m) satisfying conditions (1.1), (1.2).
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Given (Ey, m) satisfying (1.1), (1.2), there is an extra piece of data 7, which we
call an equivariant structure of weight m which allows us to descend E ® 5.4, to a
spin®-structure on Y (see Definition 4.1). For each (Ey,m) there are exactly two
equivariant structures on Ey of weight m. If 7 is one, then the other is —7. So in
total there are 4ay - - - a,, choices for (Fy, 7, m), each of which yields a corresponding
spin“-structure $(g, r,m) on Y.

The integer m has the following interpretation. To each spin®-structure s =
$(By,r,m) ON Y, there is up to gauge equivalence a unique spin“-connection B which
is a reducible solution to the Seiberg-Witten equations for (Y,s) (with respect to a
suitably defined metric on Y and a suitably chosen connection on 7Y, see Section
4.1 for details). The holonomy of B around a fibre of Y is given by (—1)" = 41,
thus the spin®-structures with m = 0 are said to have trivial fibre holonomy and
the spin®-structures with m = —1 are said to have non-trivial fibre holonomy.

The spin®-structures on Y with trivial fibre holonomy (m = 0), can be interpreted
as pullbacks under 7: Y — X of orbifold pin®-structures on 3. To each spin®-
structure $(g, - 0) with trivial fibre holonomy, there is a corresponding orbifold
pin®-structure S(ZE(),T) on X and this correspondence defines a bijection between
orbifold pin®-structures on ¥ and spin®-structures on Y with trivial fibre holonomy.
The spin®-connection B corresponding to s(g,,r,m) descends to a pin®-connection
By on X. Associated to By is a corresponding pin®-Dirac operator Dp, and we let
npin’ (E’S(EEO,T)) denote the eta invariant of Dp,.

Before stating our next theorem there is one more ingredient that we need to
introduce. Let a,b be coprime integers with a > 0. Then lens space L(a,b) may
be defined as the quotient of S®, the unit sphere in C? by the Z,-action (z,y)
(wr,wby), w = e?™/@  As explained in Section 5.3, there is a bijection u — s,
between Z, and the set of spin®-structures on L(a,b). The delta invariants of
L(a,b) are given by:

0(L(a,b),8,) = A(b,a;n) — %s(b7 a),

where s(b, a) is the Dedekind sum

s(b,a) = —— . . w = e2ri/a

Recall that the degree of Y — X, which we denote by [ is given by

n
b
l=b— =.
— Q;
=1
Theorem 1.2. Let [Ep] = (€;71,01,-..,Vn,0n) and m € {—1,0} satisfy (1.1),
(1.2) and let T be an equivariant structure on Ey of weight m.
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(1) If the fibre holonomy is trivial (m = 0), then

I 1 .. 1<

8(Y,8(5r0)) = 5 = 37" (ST, 1) = 5 2 (L (i, b).52) + 3(L(aisb).55.)).
i=1

(2) If the fibre holonomy is non-trivial (m = —1), then

6(Y5(Eo 7',71 Z(S aza i s'yl)

In the case of non-trivial fibre holonomy, Theorem 1.2 completely determines
the delta invariants of Y. In the case of trivial fibre holonomy, the theorem de-
termines the delta invariants in terms of npi”C(Z,s(EEO’T)), the pin®-eta invariant of
the corresponding pin®-structure on . The next theorem gives the value of the eta
invariant, up to a sign ambiguity.

Theorem 1.3. For any (Ey,7,0), we have
1
pm (E 5(E0, )) = :|:§_

Moreover, we have that
. 5
1P (8,80, —ry) = 17" (20 8(5,1):
Remark 1.4. Recall that for any pair (Ey, m) satistying (1.1), (1.2), there are exactly
two equivariant structures on Fy of weight m and they come in a + pair 7, —7.
Theorem 1.3 says that the pin®-eta invariant equals +1/2 for one of 7,—7 and
equals —1/2 for the other. Thus, one could use the value of NP as a means of
distinguishing between the two orbifold pin®-structures 5(ZE0 7)75(2150 _7) and also as
a means of distinguishing between the two spin®-structures s(g, - 0) and $(g,,—r0)-

The proof of Theorem 6.1 also gives a means of determining the correct sign of
the eta invariant.

Example 1.5. The Hantzsche-Wendt manifold is the unique flat 3-manifold which

is a rational homology sphere. It is Seifert fibered and is given by Y = S(1; (2, 1), (2,1)).
Since 4a; - - - a, = 16, there are sixteen spin®-structures. By Theorem 1.2, the delta
invariants for the spin®-structures with non-trivial fibre holonomy are given by:

§(K5(EO>77—1)) = 6( ( ) 5“/1) 5(‘[’(271)7572)'
Since 0(L(2,1),50) = 1/8, §(L(2,1),51) = —1/8, the delta invariants with non-
trivial fibre holonomy are +1/4 (two times each) and 0 (four times).
For the spin®-structures with trivial fibre holonomy, ~; + §; = 1 (mod 2), so
0(L(2,1),s,,) +(L(2,1),55,) = 0, so from Theorems 1.2 and 1.3 we have

1 . ¢ 1
6(Y,8(By,r0)) = —5771”" (275(EE0,T)) = ii’

with +1/4 both occurring four times (in Section 6.4 we will arrive at this result by
a different method that does not use Theorem 1.3).

Therefore the delta invariants of Y are +1/4 (six times each) and 0 (four times).
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1.1. Outline of the proof of the main results. Central to this paper is the
approach to studying the Seiberg—Witten equations on Seifert 3-manifolds given by
Mrowka—Ozsvath—Yu [9]. However, this description is only available when the base
of the Seifert fibration is orientable (and therefore admits a complex structure). To
get around this, we work equivariantly on the double cover Y which is the pullback
of the Seifert fibration Y — ¥ under the orientation double cover ¥ — ¥. Thus,
for example, instead of working directly with spin®-structures on Y, we work with
equivariant spin®-structures on Y.

On Y, a spinor field ¢ can be decomposed into components ¢ = (a, B8), where
a, B are sections of certain line bundles. Mrowka—Ozsvath—Yu show that solutions
to the Seiberg—Witten equations (with respect to a suitable choice of metric and a
suitable choice of connection on the tangent bundle) have either &« = 0 or § = 0. On
the other hand, we show that the covering involution o : Y Y exchanges the roles
of o and S, so that if one of them vanishes then the other must too. This means
that the only solution to the Seiberg—Witten equations is the reducible (unique up
to gauge equivalence).

We prove that the reducible is non-degenerate. This implies that the Seiberg—
Witten Floer homotopy type SWF(Y,s) is a suspension of S°, so SWF(Y,s) =
»Y:9)CG0 for some n(Y,s) € Q. If we were working with spin®-connections
covering the Levi-Civita connection, then n(Y,s) would be equal to the quantity
n(Y,s, g) defined by Manolescu in [7], which is a combination of eta invariants for
the Dirac operator and signature operator. However, since we are working with
spin®-connections that do not cover the Levi-Civita connection, the definition of
n(Y,s, g) has to be modified. We show in Section 2 that the correct extension of
n(Y,s, g) to the case of general spin®-connections is given by

1 1 1
(1.3) n(Y,s,g,B) = indir(gaB) - ih(g,B) - gnsz—g(Y,g) —/ Tr(V,VEC9).
Y

See Section 2 for precise definitions of the terms involved. Compared with the usual
formula in the case that B covers the Levi-Civita connection, there is an additional
term - [y, Tr(V,VE99). Here Tr(V,VE99) is the transgression form from V (the
connection on 7Y induced by B) to VL9 (the Levi-Civita connection), given by

Tr(V°, Vv

1 1
= 967r2tr (w/\F—l—Qw/\dvow—I—?)w/\w/\w),

where F is the curvature of V and w = VI¢9 — V.

Since SWF(Y,s) = $~(Y:5.9:B)C80 it follows that the delta invariant §(Y,s) is

given by
0(Y,s) = —n(Y,s,q,B)

where ¢ is a suitably defined metric on Y and B is the spin®-connection which is the
unique reducible solution of the Seiberg—Witten equations. Therefore to compute
§(Y,s), it suffices to compute the four terms on the right hand side of (1.3). In
fact h(g, B) = 0, which leaves only three terms. The transgression term and 74
are relatively easy to compute and so the main task is to compute 74;,-(g, B). This
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takes up a substantial part of the paper. We follow the strategy of Nicolaescu [10],
[11] for computing 14:-(g, B). However the non-orientability of 3 enters in a crucial
way and we find a contribution to 74;(g, B) which comes from the eta invariant
of the Dirac operator on 3 for an orbifold pin®-structure. The pin©-eta invariant is
computed in Section 6. This is achieved by applying the Frgyshov inequality to a
suitably chosen negative definite cobordism from Y to a non-singular circle bundle
over RP?. For a spin‘-structure determined by an equivariant structure 7, this
allows us to obtain :I:% as an upper bound for the pin®-eta invariant. By applying
the Frgyshov inequality a second time to the flipped structure —7, we obtain the
reverse inequality.

1.2. Structure of the paper. In Section 2 we recall the construction of the
Seiberg—Witten Floer homotopy type of a rational homology 3-sphere and ex-
plain how to adapt the construction to spin®-connections that do not cover the
Levi-Civita connection. In Section 3 we review some basic results and establish
notation concerning Seifert 3-manifolds which fiber over S2 or RP?. In Section
4, we determine the Seiberg—Witten Floer homotopy type of Seifert rational ho-
mology 3-spheres Y which fiber over RP?. To do this, we first need a conve-
nient description of spin®-structures on Y. This is carried out in Section 4.1. The
Seiberg-Witten equations on Y are studied in Section 4.2, where Theorem 1.1 is
deduced. As described earlier, this reduces us to the computation of the delta in-
variants (Y, s), which is carried out in Section 5. We do this by computing the
terms 7,4(Y, 9), [y Tr(V, VE99) and n4;, (g9, B) appearing on the right hand side
of Equation 1.3. These are computed in Sections 5.1, 5.2 and 5.3 respectively. As
a result we obtain Theorem 1.2. In Section 6, we determine the pin®-eta invari-
ant using the Frgyshov inequality. We also compute the pin®-eta invariant in the
non-hyperbolic cases RP?, RP?(a) and RP?(2,2) by independent means.

Acknowledgments. The first author was financially supported by an Australian
Research Council Future Fellowship, FT230100092. The second author was sup-
ported by the Royal Society of New Zealand Marsden Fund 3733339 and is grateful
to the Max Planck Institute for Mathematics in Bonn for its hospitality.

2. SEIBERG-WITTEN FLOER SPECTRA FOR GENERAL SPIN°~-CONNECTIONS

In this section we briefly recall the construction of the Seiberg—Witten Floer
homotopy type of a rational homology sphere, following Manolescu [7]. We explain
how to modify the construction for spin®-connections which are not lifts of the
Levi—Civita connection. Since only minor modifications are required, we will be
brief and refer the reader to [7] for further details.

Let Y be a rational homology 3-sphere, g a Riemannian metric on ¥ and s a
spin®-structure on Y with corresponding spinor bundle S. Let L = det(S) be the
determinant line of S. Let V be a metric compatible connection on TY and let
Conny(S) denote the set of spin®-structures on S which lift V. Then Conny(Y)
is an affine space over iQ'(Y'). If B is a spin®-connection we let Fg denote the u(1)
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part of the curvature of B. Equivalently, Fiz is equal to half of the curvature of the
connection on L induced by B. If B is a spin®-connection, we let Dp denote the
corresponding Dirac operator.

We will first consider the case that V = V*¢9 is the Levi-Civita connection
of g and then we will explain how to modify the construction to the general case.
Define the configuration space of (Y,s) to be

C(Y) = Conny(S) x I'(Y, 5).

Fix a reference connection By. We assume By is chosen to that Fg, = 0 (this is
always possible as Y is a rational homology sphere). Then any spin®-connection
may be written as B = By + b for a unique iQ'(Y) and so we may identify the
configuration space with iQ!(Y) x I'(Y, S). Thus an element of C(Y) will be written
as a pair (b, @), where b is an imaginary 1-form and ¢ € I'(Y,S). The Chern—
Simons—Dirac functional L: C(Y) — R (with respect to By) is defined by

L(b,¢) = % (/}/<¢7D30+b¢>dvaly — /Y bA db) .

The gauge group G = Map(Y,S') acts by gauge transformations on C(Y),
namely g(b,¢) = (b — g~ 'dg,gp). Define the global Coulomb slice V of C(Y)
(with respect to By) to be the subspace Ker(d*) x T'(Y,S) € C(Y). If one defines
the reduced gauge group Gy to be the set of gauge transformations of the form
g = €'/ where [,, fdvoly =0, then V can be identified with the quotient C(Y)/Go.
This determines a metric g on V by taking the natural L?-metric on C(Y) and
restricting it to the subbundle of the tangent bundle which is orthogonal to the
gauge orbits. The Chern—Simons—Dirac functional £ is gauge invariant and hence
defines a functional on V', which is just £|y. Fix an integer k > 4 and let V}, denote
the L?-Sobolev completion of V. The (formal) gradient of £|y with respect to g
defines a map x: Vi — Vi—1 which has the form x = [ + ¢, where [ is the linear
operator given by

1(b,¢) = (+db, D, ¢)

and ¢ is a compact non-linear operator (we will not need to know the precise form
of ¢).

A trajectory for the downward gradient flow of L|y is a differentiable map
x: R — Vj satisfying

L a(t) = —x(a(1).

The construction of the Seiberg—Witten homotopy type proceeds by taking a
finite-dimensional approximation of V' and a finite-dimensional approximation of
the downward gradient flow. Given real numbers g, A, let V{* denote the direct sum
of all eigenspaces of [ in the range (A, 1] and let p§ be the L?-orthogonal projection
from V to V{'. For technical reasons it is useful to replace the projections py by
smoothed out versions py: V' — V{* [7, §4]. The precise details of this smoothing
procedure will not be important to us.
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On V{' one can consider trajectories x(t) satisfying an approximate gradient flow
equation
D a(t) = 1+ phe)a(r).
dt
Solutions to these equations are called approzimate Seiberg—Witten trajectories.
Manolescu showed that if A, —p are sufficiently large, then there exists an R > 0

such that if an approximate trajectory z: R — L (V') lies in the ball B(2R),
then in fact x(t) € B(R) for all ¢.

Since V" is non-compact, the flow lines of the vector field (I4p)¢) might not exist
for all time. To get around this one fixes a compactly supported cut-off function
uf which is identically 1 on B(3R) and considers the vector field u} (I + pYc). Since
this vector field is compactly supported, the flow exists for all time and defines a
1-parameter family of diffeomorphisms ¢, of V}'. Let S{ denote the union of the
set of critical points and flow lines of [ 4+ pyc¢ which lie in B(R). This is an isolated
invariant set for the flow ¢; (see [7, §5]). The S'-action on V by constant gauge
transforms induces an S'-action on V{* and this action preserves the approximate
gradient flow. Therefore we may take the S'-equivariant Conley index

It = Igi (SY).

I{ is an S L_equivariant homotopy type. The S'-equivariant homotopy type of I §
can vary with u, A, but only by a suspension. To cancel the dependence on i, A one
defines the following S'-equivariant spectrum

SWF(Y,s,g,B) = z—Vi’(g,Bo)Ig(% By).

Here we write V{(g, Bo) and I} (g, By) instead of V{, I} to highlight the dependence
on g and By.

The spectrum SWF(Y,s,g, By) depends on g and By so does not yet define an
invariant of (Y,s). If one varies (g, By) along a path (g(t), Bo(t)), then one finds
that

SWF(Y,s,9(1), Bo(1)) = £ FCPICSW (Y, 5, 9(0), Bo(0))

where SF(—D;) € Z is the spectral flow of the family {—D,}. Here D; denotes the
Dirac operator associated to g(¢) and By(t).

In order to get an invariant of (Y, s), one needs to “split” the spectral flow. That
is, we seek a quantity n(Y,s, g, Bo) € Q such that SF(—D;) = n(Y, s, g(0), Bo(0)) —
n(Y,s,9(1), Bp(1)). Assuming for the moment that such a quantity has been de-
fined, we can then set

SWE(Y,s) = 2 "(Vs9.B)CQW F(Y, 5,9, By)

to get an S'-equivariant spectrum whose stable homotopy type depends only on
Y and s. In general, n(Y,s, g, By) is a rational number, but not an integer, so one
has to make sense of the desuspension ¥~"(¥»5:9:50)C by using a suitably defined
category of spectra, see [7, §6] for details.
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Manolescu obtains a splitting of the spectral flow by taking

1 1 1
(2.1) n(Y,s,9,Bo) = §?7dir(9730) - §h(9»Bo) - gﬂsig(Y, 9),

where ng;, (b, Bo) denotes the eta invariant of the Dirac operator D, g, determined
by g, By, h = dim(Ker(Dgy p,)) and 1s,4(Y, g) is the eta invariant of the signature
operator on Y with respect to the metric g.

We will now consider adapting the construction of SWF(Y,s) to the case where
we use spin®-connections which cover a metric connection V on Y which is not
necessarily the Levi—Civita connection. The definition of the configuration space
C(Y) = Conny(Y) x I'(Y, S) is identical to the Levi-Civita case, except we use
Conny (YY), the set of spin®-structures which are lifts of V. If B € Conny(Y), then
we let Dp denote the associated Dirac operator. Fix a reference spin®-connection
By, where as before we assume that Fg, = 0.

The Coulomb slice V' and its finite-dimensional approximations V" are defined in
the same way as in the Levi-Civita case and this leads to a Conley index I{ (g, By)
and spectrum SWF(Y,s, g, By). To eliminate the dependence of SWF(Y,s, g, By)
on (g, By), we again want to split the spectral flow of the Dirac operator. The
only difference is that now our Dirac operators are defined using spin®-connections
which do not necessarily lift the Levi-Civita connection. Thus we seek a quantity
n(Y,s, g, By) € Q defined for all spin®-connections, not just those lifting the Levi—
Civita connection. The quantity n should satisfy the following two properties:

(1) If By is a lift of the Levi-Civita connection, then n(Y,s, g, Bg) is given by
Equation (2.1).

(2) For any path (g(t), Bo(t)), the spectral flow of the associated family of Dirac
operators is given by SF (=D Byt)) = n(Y, s, 9(0), Bo(0))—n(Y,s,g(1), Bo(1)).

Property (2) ensures that the spectrum SWF (Y, s) = £~ "(Y:5.9:80) STV (Y 5, g, Bo)
does not depend on the choice of (g, By). Property (1) ensures that our definition
of SWF(Y,s) agrees with Manolescu’s spectrum.

Let M be a Riemannian manifold and let VY, V! be two metric connections on
M. The transgression form from VY to V! is the 3-form

1
T 0 1y _
r(VY,V?) 962
where F is the curvature of VO, w = V1 -V and ¢r denotes the trace tr: Q*(M, End(TM)) —
0" (M) of differential form-valued sections of End(M). Clearly Tr(V,V) = 0 for
any connection V.

1 1
tr(w/\F—l—Qw/\dvow—l—Sw/\wAw),

Definition 2.1. Given (Y,s, g, B), we set

1 1 1
TL(KE,Q,B) = gndm”(ng) - ih(ng) - gnszg(yag) - /Y Tr(v,vLC,g) S ]R

where B is a spin®-connection which lifts V and VX9 is the Levi-Civita connection
for g.
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Notice that n(Y,s,g, B) agrees with Equation (2.1) when B covers the Levi—
Civita connection.

From Definition 2.1 it is not at all clear that the quantity n(Y,s, g, B) should be
a rational number. However, this turns out to be the case. Moreover, we can show
that n splits the spectral flow of the Dirac operator:

Proposition 2.2. Let g; be a path of metrics on Y and B; a path of spin®-
connections, where By covers a metric connection V? on'Y. Then

SF(iDgf,,Bt) = n(szaQOaBO) - n(KﬁvglvBl)'

Moreover, n(Y,s,g,B) € Q for every g, B.

Proof. We first argue that the spectral flow SF(—Dy, p,) depends only on the
endpoints. Indeed, given two paths with the same endpoints, we can join up the
two paths to form a loop of Dirac operators. The difference of spectral flows of
the two paths is given by the index of the resulting elliptic operator on S x Y [1,
Theorem 7.4]. But this index will be zero because Y is a rational homology sphere.

Since the spectral flow depends only on the endpoints, we can therefore assume
that the path (g;, B;) has the following properties:

(1) (g¢, Bt) is constant near 0 and 1.
(2) Let X be the cylinder X = [0,1] x Y with metric § = (dt)? + g;. Then

~

there is a spin®-connection B on X which is cylindrical near the boundary
and B|{t}><Y = Bt for t = O, 1.

The APS index theorem on X then gives

(22) SF(=Dy.) = =5n(D1) + 5h(D2) + 51(Do) = 5h(D0) + 57 [ m(D).

. -~ 1
where Dy = Dy, B,, D1 = Dg, B, M(D;) = dim(Ker(D;)) and p1(V) = f@tr(F%)
is the first Pontryagin form of V, the connection on T'X induced by B.

Let VEC denote the Levi-Civita connection on X for g. Using
p1(VEC) = pi(V) = —24dTr(V, VL),

we have

= =21 [ 1r(vh, o) st [ Tr(v,viCm)
Y Y

The APS signature theorem on X gives

1

(24 0= 3 [ 21T =iy (91) + i o)
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Combining Equations (2.2), (2.3), (2.4), we get
1
8

(P (V5) = p1(¥))

1 1 1
Nsig(g1) + 577(170) - ih(Do) - §nsig(90)

1 1
SF(=Dy,B,) = —577(1?1) + §h(D1) +

5/

1 1

1 1 1 1
= *in(Dl) + §h(D1) + gnsig(gl) + in(Do) - §h(D0) - gnsig(go)

+ / Tr(V, Vi) — / Tr(V0,viewm)
Y Y

=n(Y,s, 90, Bo) — n(Y,s, g1, B1).

It remains to prove rationality. Since n(Y,s, go, Bo)—n(Y,s, 91, B1) = SF(—Dy, B,) €
Z, it suffices to show that n(Y,s, g, B) € Q for a single choice of (g, B). But in the
case that B is a lift of the Levi-Civita connection, rationality of n(Y,s, g, B) was
shown in [7, §6]. O

3. SEIFERT 3-MANIFOLDS WITH RP? BASE

In this section we establish some general results concerning the topology of 3-
manifolds which are Seifert fibrations over RP?. It will be necessary to also consider
Seifert 3-manifolds which fibre over S? and so we consider these first.

Let M be an oriented Seifert 3-manifold which fibers over S2. So M is a circle
bundle over a 2-dimensional oriented orbifold S whose underlying space is the 2-
sphere. Such Seifert manifolds are classified by a tuple (b;(a1,b1),. .., (an,bn)),
where b,a1,b1,...,ay,,b, are integers, a; > 0, 0 < b; < a; and a;, b; are coprime for
each i. We use the notation M = M (b; (a1,b1), ..., (an,by)). As a smooth orbifold,
S is classified by the orders aq,...,a, of the orbifold points. Let z1,...,x2, € S
be the orbifold points. Choose an orbifold metric on S. This makes S into a
complex orbifold. Our conventions for Seifert manifolds are such that M = S(N)
is the unit circle bundle of the orbifold line bundle N associated to the divisor
br — bixy — -+ — bpx,, where x is any non-singular point of S. We can drop the
conditions that 0 < b; < a;, but then we have isomorphisms (as Seifert fibrations
over S) M(b;(a1,b1),...,(an,by)) = M(b+1;(a1,b1),...,(a;,bi+ai), ..., (an,bn)).

Now we consider Seifert fibrations over RP?. Let Y be an oriented Seifert 3-
manifold which fibers over RP?, so Y is a circle bundle 7: ¥ — % over a 2-
dimensional orbifold whose underlying space is RP?. By [14, Theorem 2, §5.2], such
Seifert manifolds are classified by a tuple (b; (a1,b1),..., (an,bn)), where b, aq, by,

.., Qn, by are integers, a; > 0, 0 < b; < a; and a;,b; are coprime for each i.
We denote the corresponding Seifert 3-manifold by Y = S(b; (a1,b1), ..., (an,bn)).
In the notation of [14], our manifold S(b; (a1,b1),...(an,bs)) has Seifert invari-
ants {—b; (ne, 1); (a1,b1),. .., (an,b,)}. Note that Y is always a rational homology
3-sphere.
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Since the underlying topological space |2 of X is RP?, its oriented double cover is
S2. Orbifolds charts on ¥ can be lifted to the double cover and this gives S? an orb-
ifold structure which we denote by Y. Let p: ¥ — ¥ denote the covering map and
0% = 3 the covering involution. As a smooth orbifold, ¥ is classified by the or-
ders ay,...,ay, of the orbifold points and we sometimes write ¥ = RP? (a4, .. ., an).
Similarly, = S?%(ay,ai,...,an,a,). Let m: Y — ¥ denote the pullback of Y under
p: Y — . Then Y is an oriented Seifert manifold over ¥ and it is easily seen that
Y = M(2b; (a1, b1), (a1,b1), ..., (an,bn), (an,bn)). We will use the same notation
p, o to denote the covering map p: Y - Y and covering involution o: Y Y.
Proposition 3.1. Hy(Y;Z) is finite of order 4a;---a,. Hence Y has ezxactly

4ay - - - an Spin-structures.

Proof. A presentation of 71 (Y) is given by [14, §5.3]:
WI(Y) = <Ua qis---549n, h | Uh?]ilh7 [q]7 hL q?jhbj ,q1 QTLU2hb>

and therefore
Z[Uathvu'aqnvh] Zn+2

H(Y;7Z) = o
1(¥32) (2h,ajq; +bjh,qi + -+ qn +2v+bh)  ©(Z"+2)

where ¢: Z"*t? — Z"+2 has matrix

ay by O
A= a, b, 0
1 - 1 b 2
0 -~~~ 0 2 0

It is easily seen that |det(A)| = 4a;---a, and hence Hy(Y;Z) is finite of order
4ay - - ay. Since H?(Y;7Z) = H,(Y;Z), there are 4aj - - - a, spin®-structures on Y.

O

4. SEIBERG-WITTEN FLOER HOMOTOPY TYPE OF Y

4.1. Spin®-structures on Y and pin®-structures on ¥. In order to study the
Seiberg—Witten equations on Y we wish to find a convenient description of spin®-
structures on Y. However this is complicated by the fact that Y fibers over the
non-orientable orbifold . We find it is easier to first pass to the double cover 17,
where spin®-structure can easily be defined in terms of orbifold line bundles on 5
and then descend to Y.

Let gs be an orbifold metric on ¥. We will always take gx to be a metric of
constant curvature. Let g5 be the pullback of gs to 3. Fix an orientation on X.
The orientation on ¥ together with the orbifold metric gs determines a complex
structure which makes ¥ into a complex orbifold and the covering involution o : P
¥ is then an antiholomorphic involution.
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The Seifert fibration ¥ — ¥ can be regarded as the S'-bundle associated to
a principal O(2)-orbifold bundle P — ¥. Let N = P X9 R? be the associated
R%-bundle. Then Y = S(N) is the unit circle bundle of N. Since Y is oriented,
the orientation class of N coincides with the orientation class of TS. Let N denote
the pullback of N to Y. The orientation on ¥ then induces an orientation on N
and hence a reduction of structure to SO(2) = U(1). Thus N can be regarded as a
complex orbifold line bundle. Then Y = S(N) carries a natural circle action given
by complex multiplication on the fibres of N. Define the degree | = deg(N) of N

to be
- i:lai'

Set I = 2I. Then | = deg(N) is the orbifold degree of N.

Let  denote the vector field on Y which is the tangent at 8 = 0 of the circle action
(€, y) + ey. The flow generated by O has period 27. Let in be a connection
form for the orbifold circle bundle Y — ¥. That is, n is a real 1-form on Y which
is invariant under the circle action and satisfies tyn = 1. We can choose in to have
constant curvature, that is, dn = 2§vols, where

ml wl
4.1 [ LS .
(4.1) Vol(x)  Vol(%)
Notice that since o reverses fibre orientation, we have 0.(9) = —9. Furthermore,
since ¢ reverses orientation on X, we have o*(volg) = —volg. Replacing 7 by
(n—o0*(n))/2, we can assume that the connection 7 is chosen so that o*(n) = —n

and dn = 2§vols;.
Let r > 0 and define a metric gg on Y by
gy = r°10° + 7 (g5)-
With this metric the non-singular fibres of Y — % have length 27r and thus
Vol(Y') = 2mrVol(X), where Vol(Y) is the volume of Y with respect to gs. Since
c*(n) = —n and 0*(g95) = g5, it follows that g3 is o-invariant and thus descends

to a metric gy on Y. Throughout this paper we always take Y to be equipped with
a metric of this form.

The kernel of 7 can be identified with the pullback 7*(T%) of the tangent bundle
of ¥ and thus we get orthogonal splittings
TY =R @& n*(TY), T*Y =Rn® n*(T*%).

Under the action of o, the vertical tangent bundle Vi = RO (a trivial line bundle on

Y’) descends to a flat line bundle Vy on Y, the vertical tangent bundle of 7: ¥ — 3.
We thus get similar orthogonal splittings

TY =Vy @ *(T%), T*Y =V @ (T*%).

We let VEC9v  vLC.9% denote the Levi-Civita connections on Y and Y with respect
to the metrics gy, g3
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Following [9], we introduce the adiabatic connection VY on TY given by VY =
VY @ *(V¥), where V'Y is the flat line bundle on the vertical tangent bundle V-
and V¥ is the Levi-Civita connection on ¥. Similarly we define V¥ = d & W*(Vi)
(notice that VY is the pullback of V¥ to 37) When it is clear whether we are
referring to Y or Y we will write the Levi-Civita connection as VZC and the
adiabatic connection as V.

Recall that Y = S (Z\Nf ) is the unit circle bundle of N. Therefore Y is the boundary
of the complex orbifold W = D(N), the unit disc bundle of N. Since W is a
complex orbifold it carries a canonical orbifold spin®-structure, which then restricts
to a spin®-structure on Y which we call the canonical spin€-structure on Y and
denote it by S.q,. The spinor bundle for $.., is given by S¢u, = C & Kg L and

Clifford multiplication p: T*Y — End(S.qn) is given by

/a0
(12) pl(v) = [ e Ve ]
b))

for v € 7 (T*X) and
L0

In the above formula for p(v), v'® = (v —ilv)/2, v = (v + ilv)/2, so that
v = o0 4+ %1 with 10 valued in Ks, %! valued in Fi and hg, denotes the

Hermitian metric on TS determined by g5, regarded as a section of KEK 5

In what follows, we seek to descend spin®-structures on Y to spin®-structures on
Y and descend orbifold spin©-structures on ¥ to orbifold pin®-structures on X. As a
first step towards this aim, we observe that the action of ¢ on Kx and on N can be
captured by sections of o (K%)KZ and o*(N)N as follows. Since o is an antiholo-

morphic isometry of f), the derivative of o defines an isomorphism 0*(5) ~ T3,

On the other hand, the Hermitian metric hs defines an isomorphism T' Y~ TYx
By composing these two isomorphisms we get an isomorphism o*(T%*) & TS, or
equivalently a non-vanishing section ps, of o* (K%)K% Since o is an isometry, one
finds that pug is o-invariant, that is, 0*(us) = ps5. In a similar manner, we have an
isomorphism a*(]\~f *) = N, which may be identified with a o-invariant section ug
of o*(N)® N.

Let E be a complex line bundle on Y. Then we obtain a corresponding spin®-

structure s on Y given by sgp = E ® Scqp,. This map defines a bijection between
line bundles and spin®-structures on Y. The spinor bundle for sg is given by

SE:E®SCM:E@(E®K;).

We have that c(sg) = 2¢1(E) — 1 (K5).

We would like to find a description of spin®-structures on Y similar to the above
description of spin®-structures on Y. Unfortunately since ¥ is not oriented, there is
no sensible notion of a canonical spin®-structure on Y. To get around this problem
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we work equivariantly on Y. Suppose that s is a spin®-structure on Y. The pullback
p*(s) is a spin®-structure on Y and hence must be isomorphic to sg for some
line bundle E on Y. Furthermore, since sg is a pullback, we must have that
0*(sg) = sg. Since 0" (Scan) = K5 ® Scan, We must have o*(E) = EKfl. Recall
that every line bundle F on Y is isomorphic to a pullback E = 7*(Ey) of an orbifold
line bundle Fy on > and moreover Ey is unique up to tensoring by powers of N
[9, Theorem 2.0.19]. Therefore we must have o*(Ej) = E0K~Nm for some m.
Additionally, for s to descend to Y we need the isomorphism o*(FEy) & Ey K. iﬁ m
to induce a Zs-action on Sg. This leads us to the following:

Definition 4.1. Let Ej be an orbifold line bundle on ¥. An equivariant structure
on Ey of weight m is a section 7 of EOU*(E(’)‘)K%N’” such that 70*(7) = —pgu’y.
Let Ey, Ej) be two orbifold line bundles on 3 and let 7 be an equivariant structure
on Ej of weight m and 7" an equivariant structure on Ejj of weight m’. We say that
(Eo,7,m) and (Ey, 7',m’) are equivalent if m’ —m = 2r is even and there is a line
bundle isomorphism Ejj & EoN~" under which 7/ is sent to T

According to the above definition, if 7 is an equivariant structure on FEy of
weight m, then 7ug is an equivariant structure on Ey ® N=1 of weight m + 2 and
(Eg,T,m) ~ (EON*I,TuN,m +2). Let T(Z) be the set of equivalence classes of
triples (Fo, 7, m) where 7 is an equivariant structure on Ey of weight m. We can
then write 7(X) = T5(X) U 71 (), where 7;(%) is the set of equivalence classes
of the form (Ey, 7, m) with m = ¢ (mod 2). Using the equivalences (Fy, 7, m) ~
(E0]\~f_1, Ti, M+ 2), every element of 7Z(§~J) can be represented by a triple of the
form (Ey, T, —1).

Let U — X be a complex orbifold line bundle on ¥ and let U be the pullback
of U to £. Then U is an orbifold line bundle on ¥ and o lifts to an involution
on U, or equivalently, there exists a non-vanishing section 7 of o (U*)U with the
property that 7yo (TU) = 1. Conversely, if U is an orbifold line bundle on ¥ with
a section 7y of o* (U*) satisfying Tyo*(ty) = 1, then 7y gives U the structure of an
equivariant orbifold line bundle on 3. Now if (Ey, 7,m) is an equivariant structure
on Eqy of weight m and (U, Ty) is an equivariant line bundle on 5, then 77y is an
equivariant structure on EoU of weight m. In this way, we see that for each fixed
m, the set of equivalence classes of tuples (Ep, 7, m) is (if non-empty) a torsor for

the group of equivariant orbifold line bundles on ¥, that is, a torsor for the group
Pict(X) of orbifold line bundles on X.

Proposition 4.2. Both %(i) and 7'1(2) are non-empty, hence they are torsors
for Pict(X). Furthermore, Pict(X) is a finite group of order 2a;i---a,. Hence
[To(X)| = |T1(2)| =2a1 -+ an and |T(X)] = 4a1 -+ ay

Proof. Suppose Ej is an orbifold line bundle on Y. A necessary condition for
Ey to admit an equivariant structure of weight m is that Ea*(E*)K%]Vm =~ 1.
We will first show that such line bundles exists for any m. By the equivalence
(EoT,m) ~ (Eoﬁ’l, T, m + 2), it suffices to consider the cases m = 0, —1.
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Recall [9] that Pict(E) 2 {(e;71,01,- -, n:0n) € Q@ DI, Z2, | e = 3;(v +
0;)/a; (mod Z)}. Suppose that [Eg] = (€;71,01,---,Vn,0n). Then [0*(Ey)] =
(—€; =01, =71, -+, —0n, —n). We also have [Kg]| = (fx(i);al —la1—1,...,ap—
1,an — 1) and [N] = (I; by, —by, ..., —bp, —by).

Consider the case m = 0. We want to solve Eoo*(Ej) = Kg. This holds if and
only if e = —(1/2)x(X) = —x(¥) and for each i, ; + 6 = —1 (mod a;). There
are exactly a; ---a, solutions given by choosing 71, ...,7, arbitrarily and setting
d; = —1 — ~; for each i. Note that (—x(2);v1,—1 —"71,-..,Vn, —1 —¥n) defines an
isomorphism class in Pict(3) because

- 1 = (i +6i)
e=—x(2)=—-1+ 1——) = —— (mod Z).
W =13 (1 ) = O mea 2
So there are a; - - - a,, isomorphisms classes of line bundles Ey satisfying Eqo™(Efj) =2
K:.

Similarly for m = —1 we want to solve Eqo™(E§) & KEN. If [Eo] = (e;71,015 -+ s Yns On)
then this is equivalent to e = —x(X) +{ and v; + ; = —1 — b; (mod a;) for each
1. Again there are a; -- - a, solutions given by choosing 71, ...,7, arbitrarily and
setting §; = —1 — b; — ;.

Now suppose that E is an orbifold line bundle on ¥ such that Eyo* (EHK. %N m
is trivial. We will prove that Ey admits an equivariant structure of weight m. Since
Eoo™ (E§) KL N™ is trivial, there exists non-vanishing section o of Eyo™* (E§)KE N™.
Then 790 (79) = — fugp’ for some function f: 3 — C*. Since To0* (1), s and
p g are o-invariant, we must have f oo = f. The underlying topological space of ¥
is the 2-sphere, which is simply-connected, so we can write f = e2>™*" for some func-
tion h: ¥ — C. Since o*(f) = f, we must have that o*(h) = h+ k for some k € Z.
But h = 0*(c*(h)) = h + 2k, so k = 0 and therefore o*(h) = h. Set 7 = Tpe ™",
Then 70*(7) = 190" (19)e 2™ = —pgpy and hence 7 is an equivariant structure
on Ey of weight m.

It remains to show that Pic'(X) has order 2a; ---a,. Recall that Pic'(X) =
H2,(3;7Z) is degree 2 orbifold cohomology of Y. Observe that HY,(3;Z) =
HB(Q)(Y;Z) and similarly H},(3;Z) = H, (Y Z). E:rom St — 02) = Zy we
have a spectral sequence EP? converging to Hp o) (Y3Z) = H; (X Z), where
EYT = HP(Zo; HL, (Y;2)) = HP(Zo; HY ,(;Z)). Since HY,(3;Z) = 0, we ob-

tain from the spectral sequence a short exact sequence

0 — Zy — Pict(Z) — Pic'(%)7 — 0.

So |Pict(2)| = 2|Pict(X)?]|. We will show that |Pic'(X)°| = ai---a,. Suppose
[Eo] = (e;71,01, - -+ YnsOn). Then [Eg] = [0*(Ep)] if and only if e = 0 and ~;+d; = 0
for all 7. There are aj - - - a,, solutions. O

In what follows we will give a bijection between %(i) and the set of orbifold
pin®-structures on ¥ and between T (X) and the set of spin®-structures on Y.
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Let (Eo,7,0) € To(). Thus Ey is an orbifold line bundle on 3 and T is a section
of Ego™(Eg)Kg such that 70*(1) = —hg. Let s> denote the canonical orbifold
spin®-structure on % and set 5%0 = Ey®s52,,. The spinor bundle for 5%0 is given by
Sg, = Eo ® (BEoK 5 ') with Clifford mutliplication defined identically to Equation

(4.2). To obtain a pin°-structure on ¥, we need to lift ¢ to an involution on Sgo
which makes Clifford multiplication o-equivariant. We define

o T(,S%,) = T(S,55)

=)

Then it is easily checked that 02 = id and o, o p(v) = p(v') 0 o, for all 1-forms v,

by

where v" denotes the pullback of v under o as a 1-form. Thus o, makes 5%0 into
an equivariant pin®-structure on f], which then descends to a pin®-structure on %
which we will denote as 5?E07T). Let P(X) denote the set of isomorphism classes of
orbifold pin®-structures on X. We have just defined a map

(4.3) Vi To(2) = P(D),  (Bo,7,0) = s, 1,)-

Proposition 4.3. The map ¢ given by (4.3) defines a bijection from To(S) to
P(%).

Proof. This follows immediately since both 75(3) and P(X) are torsors for Pict ()
and the map (Ey, 7,0) — E(EE(),T()) respects the torsor structures. ([l

Now we turn to spin®-structures on Y. Let Ey be an orbifold line bundle on ¥
and let 7 be an equivariant structure on Ey of weight m. Set E = 7*(Ep). Since
Y = S(Y) is the unit circle bundle of ¥, we have a tautological section s of 7* ()
defined by s(y) = y. Unravelling the definition of 115, one sees that uj%ls =o*(s)7 1,
or iy = s0*(s). Define an involution

o T(Y,Sg) = (Y, Sg)
by

(4.4) o [a] _ [—7‘8"”#510*(5)] .

8 T Mo* (@)

Notice that since 70*(7) = pgpf, it follows that (7s™™)o*(7s7™) = pg and
that 02 = id. It is easily seen that o, respects Clifford multiplication and thus
makes sp into an equivariant spin®-structure, which then descends to a spin®-
structure on Y which we denote by $(g, ;m), or simply by sz, ) in the case
m = 0.

Suppose (Eo, 7, m), (E},7',m’) are equivalent. So m’ —m = 2r and there is an
isomorphism ¢: Ej — EoN~" which sends 7/ to Ty Set E' = m*(E). Then the
isomorphism ®: Sp: — Sg given by ®(«, 5) = (p(a)s”™, p(5)s") satisfies P o o0 =
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or o ®. Hence equivalent triples define isomorphic spin®-structures on Y. So the
map (Eo, T, m) = §(g,,7,m) defines a map

Yy T(E) = S(Y),  (Eo,7,m) = Sy rm)»

where S(Y) denotes the set of isomorphism classes of spin®-structures on Y. We
will eventually show that iy is a bijection.

Let s be a spin®-structure on Y. Recall that a spin®-connection for s is equiv-
alent to specifying a metric connection on 7Y and a unitary connection on the
determinant line bundle associated to s. Unless stated otherwise we will take our
spin‘-connection to be a lift of the adiabatic connection VY. Under this assump-
tion, spin®-connections are in bijection with unitary connections on the determi-
nant line bundle. If B denotes such a unitary connection, we let Fz denote the
u(1) part of the curvature of B. Equivalently, Fig is half the curvature of the in-
duced connection on the determinant line bundle. By a reducible for s, we mean
a spin®-connection B such that Fp = 0. Since b;(Y) = 0, each spin®-structure
admits a reducible which is unique up to gauge equivalence. Similarly, on Y we
will only consider spin®-connections which are lifts of the adiabatic connection VY .
If B is such a connection, we again write Fp for one half of the curvature of the
induced connection on the determinant line bundle. By a reducible on Y we mean
a spin®-connection B such that Fg = 0. Clearly a reducible on Y pulls back to a
reducible on Y.

In the case of the canonical spin®-structure s.q, on )7, the determinant line
bundle is KZ' & T0% which may be equipped with the pullback of the Levi-

Civita connection for 3. Thus we have a canonically determined spin®-connection

Bean, the canonical spin®-connection, with the property that Fp_ = *%FKi =
—mix(X)volg/Vol(X). Then if E is any Hermitian line bundle on Y, we have a
bijection between unitary connections on F and spin®-connections for sg given by
A B = A+ Bean- Since Fp = Fa — (1/2)Fk_, we have that Fp = 0 if and only

if Fa = (1/2)Fi,

Let Ey be an orbifold line bundle on Y and let 7 be an equivariant structure on
Ey of weight m. Set E = 7*(Ey). Recall that 7 defines an involution o, on Sg. Let
Ag denote a unitary connection on Ey and set By = 7*(Ap) + Bean. The 1-form
in defines a connection on N. To be more precise, there is a connection Ag on N
such that, letting s : C — 7* (Kf ) denote the tautological section of N over Y, we
have that s*(7*(Ay)) = d +in.

We assume that the connection Ay on Ej has constant curvature, so Fs, =
—2mie voli/Vol(i), where e = deg(Ep) is the orbifold degree of Ey. We further
assume that Ag is chosen compatibly with 7 in the sense that 7 is a constant section
of an*(Eg)K%Nm, where the connection on an*(Eg)Kélvm is induced by Ay,
Ag (the Levi-Civita connection for %) and A ~- To see that this can be done, let
Aj{, be any connection on Ej with constant curvature. Set R = Eyo*(Ej )K%N m
and let V&40 denote the connection on R induced by Ap, Ag and Ag. We have
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VEA T = ar for some imaginary 1-form a. Since 70*(7) = psp s a constant
section of a*(K%)K%a*(J\Nf"‘)Nm, it follows that o + 0*(a) = 0. Since VA0 has
constant curvature, but deg(R) = 0 (because it has a non-vanishing section 7), we
have that V40 is a flat connection and hence da = 0. Now set Ag = Al — (1/2)cv.
Then Ay is also constant curvature because da = 0 and VF4or = (o — (1/2)a +
(1/2)0*(a))T = 0.

Recall that o, is given by (4.4). Since under the isomorphism s: C — 7*(N)
we have s*(Agy) = d + in, it follows that o, o Vg, = Vp, o oiau, where for a
spin®-connection B, Vg denotes the corresponding covariant derivative and where
B,, = By +imn.

Let A € Rand set A =7*(Ap)+iAn, B = A+ Begn. Then since o*(n) = —n, we

have 0,0V p = (Vp, +imn—in)oo,. Therefore we will have 0,0V =Vpgoo,
provided that A =m — X\, or A = m/2.

Choosing A = m/2 we see that the connection B = A+ Beapn, A = 7*(Ap) +iA\n
commutes with oyau and thus induces a spin®-connection for the spin®-structure
$(By,mm) 0N Y. By assumption Ag has constant curvature and therefore

1
FB:FA0+i/\d77_§ K

vols
Vol(%)

=—mi(e+ml+ x(X))

But since Eoo*(Eg)Kéﬁm ~ C, taking degrees, we have 2e + x(3) + ml =
2(e+x(X)+ml) = 0. Thus Fp = 0. So we have constructed for each spin®-structure
the corresponding reducible B (recall that B is unique up to gauge equivalence).

Proposition 4.4. The map Yy : T(i) = S(Y), Y(Eo, 7, m) = 5(g,,r,m) i a bijec-
tion.

Proof. Since |T(E)| = |S(Y)| = 4ay - - - ay, it suffices to show that ty is injective.
We first show that vy is injective when restricted to 7o(X) and 71(2). In fact,
since 7;(2) are torsors for Pict() and S(Y) is a torsor for H2(Y'; Z), this amounts
to showing that the pullback map 7*: Pict(X) — H?(Y;Z) is injective. For this
we use the Gysin sequence for the orbifold circle bundle 7: Y — X

S HO (5 Zn) — H2, (55 Z) 7 HA(YZ) — HL (S Zorn) — -

orb orb

where Z,,, denotes the orientation local system. Since ng

(5 Zorn) = 0, injectiv-
ity of 7* follows.

Now to prove injectivity of 1y it suffices to show that 1y (75(X)) and ¢y (71 (X))
are disjoint. Recall that for each (Ey, 7,m), we constructed a spin®-connection B on
$(Eo,r,m) With Fg = 0. The connection B has the form B = A+ Bcan, A = 7 (Ag)+
iAn for some connection Ay on Ey and where A\ = m/2. The holonomy of B around

+2miX where the sign factor + depends on

a non-singular fibre of Y — X is given by e
which direction we go around the fibre. But since A = m/2, the holonomy is equal

to (—1)™ in either direction. Suppose that ¥y ((Eo, 70, m)) = ¥y ((E), 7',m’)).
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Then the corresponding reducibles B, B’ must be gauge equivalent and hence must
have the same holonomies. So (—1)™ = (—1)™ and hence m = m’ (mod 2). This
proves that ¢y (To(X)) and ¢y (T1(X)) are disjoint.

(]

Remark 4.5. As a consequence of Proposition 4.4, the set S(Y') of spin®-structures
on Y admits a decomposition S(Y) = So(Y) US1(Y) into disjoint subsets S;(Y) =
Yy (T; (%)), each having size 2a; - - an. If s € S(Y), and B is a reducible for s,
that is, a spin®-connection for s with Fg = 0, then the holonomy of B around a
non-singular fibre is (—1)™. So Sp(Y") is the set of spin®-structures for which the
reducible has trivial fibre holonomy and S;(Y") is the set of spin®-structures with
non-trivial fibre holonomy.

4.2. The Seiberg—Witten equations on Y. In this section we consider the
Seiberg—Witten equations on Y. As in Section 4.1, it is convenient to describe
spin®-structures on Y as equivariant spin®-structures on Y. Then solutions to
the Seiberg-Witten equations on Y will correspond to o-invariant solutions of the
Seiberg-Witten equations on Y.

Let Ey be an orbifold line bundle on Y and let 7 be an equivariant structure on
Ey of weight m. Let E = 7*(Ep) and s = F ® Scqn. Let Sp = E @ (EK;) be
the spinor bundle for sg. As seen in Section 4.1, 7 determines an involution

o T(Y,Sg) = (Y, Sg)

which makes s into an equivariant spin®-structure on }7, inducing a spin®-structure
§=5(g,,r,m) on Y. We let S denote the spinor bundle of sz, r m)-

The Seiberg-Witten equations for (Y,s) with respect to the metric gy, the adi-
abatic connection VY and with zero perturbation are equations for a pair (B, 1),
where B € Connyy (S) is a spin®~-connection which induces V¥ on TY and v €
(Y, S) is a spinor field. The Seiberg-Witten equations are:

DB’l/) = Oa
Fp =1(),

where 7(¥) = p~((¢10*)o) denotes the 2-form corresponding to the trace-free part
of Y* under Clifford multiplication.

A solution (B,1) of the Seiberg—Witten equations for (Y,s) with respect to
gy and VY pulls back under p : Y — Y to a o-invariant solution (E,@Z) of the
Seiberg—Witten equations for (}7,5 g) with respect to gy and VY, where the action
on solutions is (B, ) — (o,au*(B),o,au(v)). Conversely, since o acts freely, any
o-invariant solution to the Seiberg—Witten equations on Y descends to a solution

to the Seiberg-Witten equations on Y.

Proposition 4.6. Any solution (B,v) to the Seiberg—Witten equations for (Y,s)
with respect to gy and VY is reducible, that is, 1 = 0. Moreover, there is a unique
reducible solution up to gauge equivalence. The reducible (B,0) is non-degenerate
in the sense that Ker(Dpg) = 0.
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Proof. Let (B, 1) be a solution to the Seiberg-~Witten equations on Y and (B, {l;)

its pullback to Y. Then since Sg = E @ (EKgl), we can write 1[ = (o, ). As

shown in [9] any solution to the Seiberg—Witten equations on Y with respect to the
metric gy and adiabatic connection VY has o = 0 or B = 0. On the other hand,
since ¢ is opau-invariant, we have (using Equation (4.4)) 8 = 75 ™c*(a). So if
either v or f3 is zero, then they are both zero. Hence ¢ = 0 and (B, ) = (B,0) is
a reducible solution. Furthermore, since b1(Y) = 0, the reducible is unique up to

gauge equivalence.

It remains to show non-degeneracy of the reducible B. Let B = p*(B). Since
Ker(Dp) = Ker(Dg)°", it suffices to show that Ker(Dgz) = 0. As shown in
Section 4.1, we can take B to have the form B = A + Beay, where A = 7 (Ag) +
i(m/2)n and Ag is a connection on Fy with constant curvature and m € {0, —1}.

If m = —1, then B has non-trivial fibre holonomy and hence Ker(Dz) = 0.

If m =0, then Ker(Dg) = HO(3; Eo) @ H'(S; Ep). Here, the connection Ay is
used to define a holomorphic structure on Ey. Let r = deg|Ey|, where |Ep| denotes
the desingularisation of Ey [9, Definition 2.0.2]. Then dim(Ker(Dg)) = r + 1 if
r>0and —r—1ifr <0.

Let [Eo] = (71,01, -+ - s Yn, 0n). Since o*(Ey) = Engl, we get that
(ai — 1)
e x(2) + % @

and v; + §; = —1 (mod a;). If we take 0 < 7;,d; < a; — 1, then it follows that
0 <~ +6; <2a; — 2 and thus we must have v; + d; = a; — 1. Then it follows that

i+ 0; a; — 1
T:d€g|EO|:e_Z¥:€_Z(ai):—l

So dim(Ker(Dg)) =r+1=0.

Corollary 4.7. The Seiberg—-Witten Floer homotopy type of (Y,s) is given by
SWF(KS) = Z_n(Y157gY7B)SO’

where B denotes the unique reducible corresponding to s. In particular, the delta
invariant of (Y,s) is given by

i(Y,s) = —n(Y,s, gy, B).

Proof. Since the only solution to the Seiberg—Witten equations for (Y,s) with re-
spect to gy, VY is the reducible (B,0), which is non-degenerate. The methods of
8, §6-7] can then be applied, giving SWF(Y,s) = £-"(¥:59v:8)§0 and therefore
0(Y,s) = —n(Y,s, gy, B). O
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5. COMPUTING THE DELTA INVARIANTS OF Y

We continue to use the same setup as in previous sections. 7: Y — X is a Seifert
3-manifold with metric gy constructed in Section 4.1.

5.1. Computation of 7,;,.

Proposition 5.1. The eta invariant of the signature operator on Y with metric
gy s given by

2 Imr?x (2 2 Prrd l -
nsig(yvgY) = X( ) +§+4;s(bi,ai).

T3 Vo(Z)  3Vol(x)?

Proof. For Seifert 3-manifolds with orientable base, the eta invariant of the signa-
ture operator was computed by Ouyang [16]. Applying this to Y, we get
~ 20mr2x(8) 2 Bt I "
Nsig(Y, 9v) = 3 =" — 3 =- tz—€ct8) sbia;
oV 07) =3 Vol(¥)  3Vol(X)? 3 ; (bi,as)
41rr?x(B) 4 B2t 2 -
== -z S8 s(biai),
3Va(y) 3Va(me 3 T ;3( ai)

where e =1if [ > 0,e =0if I =0 and e = —1if [ < 0. Now we compare 74 (Y, gv)
with nsig(f/, g5 ). The Seifert manifold Y = S(b; (a1,b1), ..., (an,b,)) is the bound-
ary of a star shaped plumbing X, constructed as follows. The plumbing graph I
will be star shaped. Associated to the central vertex, we take a disc bundle over
RP? whose total space is oriented and whose Euler class is b. For all the remaining
vertices of T, the disc bundles will be disc bundles over S2. Attached to the cen-
tral node are n linear plumbing graphs I'y, ..., T, whose weights di, ..., d; satisfy
ai/bi = [di,...,di ], where [dy,...,ds] denotes the negative continued fraction de-
fined by [d1] = du, [d1,...,ds] =d1 —1/[da,...,ds] for s > 1. We then plumb these
disc bundles together according to I'. It is easily seen by the Seifert—van Kampen
theorem that 71 (X) 2 Zy. The universal cover X — X is a plumbing with bound-
ary Y and with star shaped plumbing graph r given as follows. The central node
has weight 2b and attached to the central node are the 2n linear plumbing graphs
I'y,Ty,...,T,, Ty Each vertex corresponds to a disc bundle over S? (including the
central vertex) and they are plumbed together according to L.

From this it follows easily that the signatures of X are X are related by
o(X) =20(X) +e

Choose a metric gx on X which is cylindrical near the boundary and which
restricts to gy on Y and let g¢ be the pullback metric on X. Now we apply the
APS index theorem for the signature operators on X and X,

1

o) = 3 [ m(97) =y (V).

o(X) =3 /X 1 (V%) — 101 (V. 65),
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where V9%, V9% are the Levi-Civita connections for gx, gz and p;(V9¥), p1(VIx)
are the corresponding first Pontryagin forms. Since gz is the pullback of gx, we
have [ p1(V9%) =2 [, p1(V9%) and thus
1 = 1 ~

Nsig(Y, gy) = §U(X) —o(X)+ insig(yagf/)
21imr?x (%) 2 Prrt l -
= - = —+4 bi,a;).
3 VoY)  3Va(m? 37 ;S( i- i)

O

5.2. Computation of the transgression term. Let VY denote the adiabatic
connection on Y and VZ¢9v the Levi-Civita connection. Let

Tr(VY,vECov) =

1 1
= 962 tr <UJY A Fy + §wY A dvwa + gbdy Awy A on)

be the transgression form from VY to VX¢9v . Here Fy is the curvature of V¥
and wy = VI¢9 — VY In this section we will compute the transgression term
[y Tr(VY,VECav). It will be easier to work on the double cover p: ¥ — Y. If
V, VL€ denote the adiabatic and Levi-Civita connections on 17, then it follows that

Tr(V, VEC) = p*(Tr(VY, VEO))
and therefore

/TT(VY,VLC’W): 1/ Tr(V, Vo).
Y 2 )y

So we will focus on computing ff/ Tr(V, V). We have

1 1 1
Tr(V,VEY) = 9671'2” <w ANF+ v ANd¥w + 3w A w /\w)

where F is the curvature of V and w = VL€ — V.

Let €1, e2 be a local orthonormal frame for gs. Let {w}; denote the connection
matrix of the Levi-Civita connection for g in the frame e;,ez. It is the unique
matrix of 1-forms such that w'; = —w?; (metric compatibility) and de* = wf Ael
for k = 1,2 (torsion-freeness). By skew-symmetry, we can write

W= 0 w12 o 0 w
T w?y 0| |-w 0
for a 1-form w. The curvature of w is then

R=dvo+wAw=dw= {0 V}
—v 0

where v = dw. Then v = kel A €2, where x is the Gaussian curvature. Since g5 is
assumed to have constant curvature, we will have k = 2mx(2)/Vol(Z).

On Y we can take a local orthonormal frame of the form eg, €1, €2, where ey, es
are an orthonormal frame for TS and e® = rn. We have de® = 2révols;, where ¢ is
given by Equation (4.1).
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The adiabatic connection on 7Y = R & T is given in the local frame eg, e1, e
by

0 0 0
V=d+ |0 0 w
0 —w 0
We claim that the Levi-Civita connection V*¢ for gs is given by
VLC =d+ A
where
0 rée? —réel
A= |—rée? 0 —r&e® +w
réet  rée® —w 0
Clearly A* = — A, so d + A preserves gy - It remains to prove torsion-freeness. The
torsion-free condition is
el el
d|et| +ANA |et| =0.
e? e?

To verify this, set 4 = r€. Then we can write A = Ag + puB, where

0 0 0 0 2 —el
Ag=10 0 w|, B=|-€e 0 =€
0 —w 0 el el 0
We have
el 2pel A e?
dlel| = | —wnae? |,
€2 wA el
ef 0
AoA el = | whae?
€2 —wAel
and
el —2e! A e?]
BA |e'| = 0
e? 0 ]

Torsion-freeness of d + A follows easily.

Observe that V¢ = V + uB. So the transgression term is given by

19T17r2/5~,tr (MB/\F+;(”B)AdV(MB)+1(MB)A(MB)/\(MB)>

3
where F' is the curvature of V. Thus

0 0 O
F=10 0 &|e Aé
0 —x O

By straightforward calculation, we get

tr(B A F) = 2kvolg,
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dVB=dB+ Ao ANB+ BA Ay

[0 wA et w A e? 0 0 0 0 elAw
= |-wAel 0 —2uet ne?| + Jwnel wAel 0 + (0 e Aw
| —w A e? 2uel Ae? 0 w A e2 0 wA el 0 0
[0 0 0
=0 0 —2ue! A e?
10 2uel Ae? 0

Thus

tr(B A dY B) = —4pvoly.

Lastly, one finds

tr(B A B A B) = —6voly.

Therefore,

7/75 B/\F+1( B)AdY( B)+1( B) A (uB) A (uB)
19272 J T\ K B K 2 3 2 2 2

1 3
= W‘/ﬁ? (2/14/43—4[14 )'UOlY

1
= 2k — 4y Y

(27r)

_ T

= 962 Vol(X)(2uk — 4p7)

_ 1 mlr?x (%) B 23
12\ Vol(E)  Vol(2)2)

5.3. Delta invariants of lens spaces. Let a,b be integers with a > 0 and b
coprime to a. The lens space L(a, b) is the quotient L(a, b) = S3/Z, where Z, = (1)
acts on the unit sphere S® in C2 by 7(z1, 20) = (wz1,w’22), where w = €?™/®, Let
Scqn De the restriction to S3 of the canonical spin®-structure on C2. Since Z, acts
holomorphically on €2, the action lifts to S.q, and thus s.., descends to a spin®-
structure on L(a,b). For any n € Z,, we obtain a homomorphism ¢,,: Z, — S! by
setting ¢, (1) = w™. Then Ly, = S3 xz, C defines a line bundle on L(a,b), where
Zq acts on C by ¢,,. Let s, = Ly, ® Scqn. In this way we have a bijection between
Z,, and spin®-structures on L(a,b). As shown in [2, §2], the delta invariants of

L(a,b) are given by

0(L(a,b),s,) = A(a,b;n) — %s(b7 a),

e Aw
0
e Aw
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where s(b,a) is the Dedekind sum

a—1 . .
1
s(b,a) = ym Zcot (‘7;) cot (i)
j=1

B 10,71(
(

da
J

_ 16‘Z Lol
a —~ (1-w )1 -w~ bJ) 4a

and A(b, a;n) is defined by

1+ w ™) (1 4+ w™)
[—w )1 —w )

=1

a—1

1
Alb,ain) az lfwﬂ (1 —wdb)’

Jj=1

The Dedekind sum s(b,a) can also be expressed using the sawtooth function
((x)) which is given by ((x)) = {z} — 1/2 for & ¢ Z, where {z} is the fractional
part of z and ((z)) =0 for z € Z. Then

oo=5 (D) ()

j=1

For the purpose of computing eta invariants it is useful to consider a more general
type of sum sometimes referred to as a Dedekind-Rademacher sum [17]

woen =3 () (52)

where a,b are integers, a > 0, b is coprime to a and z,y are real numbers. Since
s(bya;z 4+ 1,y) = s(b,a;z,y + 1) = s(b,a;z,y), we will sometimes regard x,y as
elements of R/Z. Unlike ordinary Dedekind sums, s(b, a;x,y) depends on b as an

integer, not just an element of Z,. However we have
s(b,a;x,y) = s(b — ma, a;x + my, y)

for any integer m [17, Theorem 3|. In particular, s(b, a;x,0) depends only on the
residue class of b mod a.

The function A(b, a;n) is related to the Dedekind—Rademacher sum by

B0 N = e+ 2o -1 {2) -1 ((40)

where b is an integer such that b’ = 1 (mod a) [13, Equation (2.2.11)].

Lemma 5.2. We have

S <b,a; 2 +ab/2, ;) + % <<b/721/2>) = —A(b,a;7).
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Proof. We have

) (b’a; 7+ab/27 ;) _ J; <<7+b/2 +ab(j + 1/2))) <<J +a1/z>> |

Replacing j by —0'j — b’y — 1 in this sum, we get

(2 5) =R () () = (o),

For any integer n, we have

((“22)) = (2) + o~ st

where §(z) = 1 if x € Z and §(x) = 0 otherwise. Substituting the relation into the
definition of s(¥, a; (b'y 4+ 1/2)/a,0) gives

() < 2 (M) (2)
S () -3 () (9)

= s(t,a;0'7/a,0) + 5 ((Z))

where we used that Z;:é((j/a)) = 0. Next, we have

ctarron- () (2)

Replace j by —bj — v in the sum to get

s(b',a;b'v/a,0) = az:; <<—i>) ((b‘]ag) = s(b,a;7v/a,0).

J

(G

So we have

S(b»a;7+b/27l> +
a 2

= s(b,a;7v/a,0) +

DN | =

N
ISR
N———
N———
_|_
| —

= s(b,a;v/a,0) +

= s(b,a;v/a,0) +

_)‘(b7 a; ’7)

N = N = N =
e N e N

Q|22 2=
|
N ] =
+
] =
>
—
=2
~
S—
+
DO |
/N
S
o | X
N~
~_
+
»b"_.
—~
5}
\
S
N~—
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5.4. Computation of 74;.. Let Ey be an orbifold line bundle on i, let m € {0, —1}
and let 7 be an equivariant structure on Ey of weight m. Consider a reducible
B = A+ Bean for the spin®-structure s g, ;). As shown in Section 4.1 we can
take A of the form A = 7*(Ap) + i\, where A is a constant curvature connection
on Eg and A =m/2. Set E = n*(Ep) and let Sg = E® (EKE_I) be the assocated

spinor bundle. The Dirac operator Dg: I'(Y, Sg) — I'(Y, Sg) associated to B has
the form

Dg=7Z+T
where
1(Vg i) 0 0 V20,
Z =T ) ) , = — ol .
0 —1(Vo+il) V204, 0

Here Vg denotes the covariant derivative in the direction of the vertical vector
field O (taken with respect to the connections on Ey and EOKE1 determined by
Ap and the Levi—-Civita connection on i) The operator d4,, is defined using the
horizontal distribution determined by 7. More precisely, if e, es is a local oriented
orthonormal frame for TS and €1, €o are the horizontal lifts of e, es, then

= . 1 ‘
D4, = (e! —ie?) ® §(VEA10 + zvg‘)).

The operator J4, is defined similarly and 5;0 = — % 0a,%, where x is the Hodge
star on A*TY. We remark that the operators Z and T anti-commute:

ZT+TZ =0.

Recall that the equivariant structure 7 defines an involution o, as given by (4.4).
If we let S(g,,7,m) denote the spinor bundle for (g, 7., then S(g, 7 m) is obtained
by descending Sg to Y using o,. Thus we have an equality

(5.2) L(Y, S(gy.r.m)) = D(Y, Sp)°.

The spin©-connection B commutes with o, and hence descends to a spin®-connection
B onY for the spin®-structure s(g, ;). Under the identification (5.2), the Dirac
operator Dp+ for BT is just the restriction of the Dirac operator Dp to o,-invariant
sections. Note also that T and Z commute with o,, so they restrict to operators
on 1"(17, Sg)or.

Notice that if we replace 7 by —7, we get another equivariant structure on FEj
and another spin‘-structure s(g, 7 .,) on Y. Since o, = —o, we have an equality

LY, Sy —rmy) = T(Y, Sp) =7

Then just as B descends to a spin®-connection BT for $(Eo,7,m)s We also have that
B descends to a spin®-connection B~ for $(g, 7). The Dirac operator for B~ is
given by taking Dp and restricting it to I'(Y, Sg) 7.
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For p e R, let V, = {¢ € I(Y,Sg) | Dy = wp} be the p-eigenspace of Dg.
Let Vf ={Y eV, | o9 ==xY}. Let np,(s) denote the eta function of Dy

dim(V,) — dim(V_,)
NDp (8) = Z a s £
pn>0 H
Let us also define eta functions 17%3 (s) corresponding to the +1-eigenspaces of o,
dim(VE) — dim(VE)
Mh,(8) = : e

S
n>0 K

Notice that 77;53 (s) is the eta function for the Dirac operator Dp, , which corre-
sponds to the spin®-structure (g, ). Similarly np, _(s) is the eta function for the
Dirac operator corresponding to the spin®-structure sz, _r m)- Therefore we are
interested in computing 77]%3 (0).

Following Nicolaescu [10, Appendix 3|, we define
By = {4 €V, | ZTv =0},

We also set Eff =E,N Vf. Then V, = E, ® Ej, where Ej is the L?-orthogonal
complement of E, in V). Nicolaescu shows that ZT is injective on Ef; and
ZT(E;) = EX,. Therefore

dim(V,,) — dim(V_,) = dim(E,) — dim(E_,,)

and hence
e, —e_
Io(s) = 3 e
pn>0 K
where e, = dim(E,,). Since Z and T' commute with o, we also have that ZT gives
a bijection ZT': (Ef)l- — (Efu)J- and therefore we similarly have
+

+ e/jf o
g (s) = Z s
n>0 K
where eff = dzm(Ej[)
Assume p # 0. Since on E,, we have ZT' =TZ =0and Z+ T = Dp = p, it
follows that
E,=F,®B,
where
F,={ecE,|Te=0}, B,={eckE,|Ze=0}.
Since Z +T = p, we have that Ze = p for e € F), and T'e = e for e € B,,. Since Z
and T commute with o, we similarly have Eljf = Fj[ &) Bf where F#i =F,N Vf
and Bf =5,N Vui. Let fu, f,bu,bf be the dimensions of FH,FHi,BM,Blf. So
ey = fu+by, eff :f,jt—i—bff, fuzf,j+f; and buzb,‘f—&—b;.

We have that np, (s) = n5(s) + n(s), where
- f- b, —b_
ms) = ST = o

S
n>0 n>0 H
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Similarly, 771%3 (s) = n]jf(s) + 1 (s), where

fE -1, .
np(s) = F— -y iR
u>0 H p>0

A priori, it is not entirely clear that these sums converge in some half plane Re(s) >
¢ nor that they have meromorphic continuations to C. However we will see that
this is the case. Moreover the eta functions will all be holomorphic at s = 0, so
that we get equalities np, (0) = 17(0) + 1,(0) and 77%5 0) = njﬂf (0) + 15 (0).

Consider the eigenspaces B,,. If e € B, then Ze = 0. Writing e = («, 3), we
have that (Vs +iA)a = 0 and (Vo + iA)5 = 0. Consider the restrictions of «, 5
to a non-singular fibre of Y — %. These equations imply that parallel translation
around the fibre acts as multiplication by e~27*. Recall that A\ = m/2, where
m = 0 or —1. In the case m = —1, parallel translation around the fibre acts as
—1, s0 @« = —a and thus o = 0. Similarly § = 0. Therefore B,, = 0 and thus
b, = bff = 0 in the case m = —1.

In the case m = 0 (so A = 0) parallel translation around the fibre has trivial
holonomy and the equations Vya = 0, Vg8 = 0 are equivalent to saying that «
and S are pullbacks of sections on . More precisely, we can say o = 7*(ay),

B =7*(Po), where
(a0, Bo) € T(E, S5,

where S}, = Eo®(EgKz"). Notice that on B, D = Z+T = T and furthermore T
can be identified with the 2-dimensional Dirac operator on Sg,. Therefore n,(s) is
the eta function of the spin®-Dirac operator Z on Sg,. Actually, n;,(s) is identically
zero. This is because the map ¢: Sg, — Sg, given by t(«,8) = (a,—03) has
the property that Tt = —/T. Hence for each u # 0, we get an isomorphism
t: B, — B_, and so b, = b_,. In contrast, the eta functions n; (s) are not
necessarily zero. Notice that 7, (s) is the eta function of T restricted to I, S%O)"T.
But F(i, S go)‘” can be identified with the pinor bundle on ¥ corresponding to the
pin®-structure s(ZEO,T). Under this identification T is the pin®-Dirac operator for
E(ZE(),T)' Thus n; (s) is the eta function for the pin®-Dirac operator corresponding to
the pin®-structure 5(EE0,T)' We denote the eta invariant 7,7 (0) by npi"C(E,ﬁ(EEOJ)).
Similarly, n, (s) is the eta function for the pin°-Dirac operator corresponding to
the pin®-structure sg, _-). So 7, (0) = npmc(E,sijoﬁT)). In all cases, we showed
that 7,(s) = 0 and therefore 1, (s) = —n; (s).

Let ¢: Sg — Sg be defined by (o, 8) = (o, —5). Then Zt = 1Z and T = —.T.
Therefore ¢ defines an involution ¢: F), — F),. Furthermore ¢ o 0, = —0; o, hence
¢ exchanges F' j and F);. Therefore, fj = f,, = (1/2)f, and consequently

wf (5) = ng () = gus(s).

We summarise our findings as follows:
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Proposition 5.3. If m =0, then
1 ln(‘
N5, (0) = 57 (0) £ 17" (3,505, )).

If m = —1, then
1
M55 (0) = 515 (0)-

Now we turn to the problem of computing 7¢(0). This was carried out by Nico-
laescu in [10] and [11]. Since we use slightly different conventions to Nicolaescu
for Seifert manifolds and for Clifford multiplication, we will carefully review the
computation.

First recall that 7y (s) is given by
sgn(p) f
w) = 2 T
p#0

where f, = dim(F,), F, = {e € I(Y,Sg) | Te = 0,Ze = pe}. If we write
e = (a, ) where « is a section of E and § is a section of EKi_l, then the equations
become

nga = 0,
Voa +i(A+ pr)a =0,
94,8 =0,

VaB+i(A—ur)s =0.

Notice that the equations for o and § are decoupled from each other and so we
can write Fy, = F), © F}/, where

F,={ac T(Y,E) | 9,0 = 0, Voo + i(A + pr)a = 0},
Fl ={BeD(Y,EKZ") | 04,8 =0,VoB +i(A+ pr)8 =0},

Consider first F},. The equation Vaa + i(A + pr)a = 0 implies that parallel
translation of o around a non-singular fibre acts as multiplication by e=2m#(A+ur)
Hence there are no non-zero solutions unless A + ur € Z.

If \+pr = k € Z, then the equation Vya+i(A+pr)a = 0 becomes V§°a+ika =
0. Here we use the superscript Ay to remind us that 854 ® denotes the covariant
derivative in the direction 0 with respect to the connection 7*(Ay).

Let s denote the tautological section of 7*(N). Then V?ﬁs = is. Therefore
the equation V’goa + ika = 0 can be re-written as Vg’“ (as®) = 0, where Ay, is the
connection on EO(XDNIC induced by Ag and N. Set ap = as®, sothat « = ags~*. The
equation V?k (ar) = 0 says that ay is the pullback to Y of a section of Ej, = Eo@N*
on . Futhermore, since s is holomorphic, the equation d4,c = 0 is equivalent to
94, (ar) = 0. We have shown that
-

r

~ ~ ) k
F, = H(3, EgN®), if p =
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Here we are using the connections Ag, Ag to define holomorphic structures on
EO,K/' . Since the underlying space of S is 52, it follows that up to isomorphism
there is only one holomorphic structure on any given orbifold line bundle. Hence we
may safely write H O(i EyN*) without any mention of 4g or A ~- For any orbifold
line bundle U on %, we write hi(U) = dim(H' (%, U)).

Set f,, = dim(F),), f,| = dim(F}/). We have just shown that

. [RO(EGN®) if = (k — \)/r for some k € Z,
fu= )
0 otherwise.

In a completely analogous manner one finds that

“w

e hY(EgN*) if = (A — k) /r for some k € Z,
0 otherwise.

To proceed further we consider separately the cases of trivial and non-trivial
fibre holonomy (i.e. m =0 and m = —1).

In the case of trivial fibre holonomy, m = 0, A = 0 and so

s) = o 37 PR = W) 4 1) = W ()

k=1
where Ej, = Ey ® N*. Riemann-Roch gives h°(Ey) — h(E}y,) = deg|Ey| + 1, where
|Ex| denotes the desingularisation of Ej [9, §2].
Following Nicolaescu [11], we introduce a function G(k) = deg|E_j| — deg(E_y).
If [Eo] = (€371,015- -+ n,0n), then [E_i] = (e — kliy1 + kby, 01 + kby, ..., yn +
kb, 6 + kby). In general, if [U] = (u;ug,v1,...,uUn,vy), then deglU| = u —
S ({ui/a;} + {vi/a;}) and deg(U) = u. Hence

w28 {52)

i=1

From the definition of G, we have

o0

. deg|Ey| +1) — (deg|E_i| + 1
(o) = v+ 3 (81 1) gl il

n=1

(G(=k) + deg(Ey)) — (G(k) + deg(E_))

!CI)
M8

ks
n=1
o= G(—k) = G(k) + (e + kl) — (e — Kl)
. 2_:1 «
s - G(k) 7 G(ik) 7S S 1
=r Z L +20r Z o1
n=1 n=1

=r’ng(s) + QTTSC(S -1)
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where

na(s) = Z G(=k) = G(k)

ks
k=1

and ((s) is the Riemann zeta function. Since {(—1) = —1/12, this gives

(53) 17(0) = — & + 16 (0).

Write G(k) = Y., Gi(k), where

o + kb, 5; + kb,
G =~ {2 - {2

Then G;(k) is periodic with period a;. We have ng(s) = >.i" ng,(s) where
N, (s) = > re1(Gi(=k) — G;(k))/k*. By [11, Lemma 1.5], we have

s

k=1 r=1
where
> 1
= —_ —-1,-2,...
C(S7u) 7;0 (n+u)s7 u ¢ {07 ) 9 }

is the Riemann—Hurwitz zeta function. Since ((0,u) = (1/2) — u we get

a;

10,0 = 3G - ) (- - ) = Yo - 6o (1)),

r=1 r=1

where the second equality follows because G;(a;)—G;i(—a;) = 0. From the definition
of G;, we get

wo-£ () ) ) ) ()

Then, using {z} = ((z)) + (1/2) — (1/2)d(x), where 5(x) =1ifz € Z and
z)) = =((x)))

o (22 () (22)- (S22) ¢

() (055 (5

() ()G
e

() - ()
= —25(b;, a;;vi/ai,0) — 2s(b;, a;;0;/a;,0) — ((?)) - ((%5)) '

Here b, denotes the inverse of b; mod a;.
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Proposition 5.4. In the case of trivial fibre holonomy m = 0, if [Eg] = (€;7v1,01, -+, Vn, On),
then

77 :_*"‘22 bwazv')’z/au )+S(bz>azaéz/awo)))

Proof. Using the computation of ng,(0) given above and Equation (5.3), we get:
(5.4)

_ _7—22 ( (bs, a3 7i/ai, 0) + s(bi, ai; 6:/a;, 0) +% ((b;% )) +% ((l);&))) '

Recall that since m = 0, we have v; + §; = —1 (mod a;). In general, if a > 0,
b is coprime to a and ~, § are such that v+ § = —1 (mod a), then using Equation

(5.1), we get that
s(b,a;7/a,0) + s(b, a:/a, 0) +% (<ba >> % (<)>
= —A(b,a;7) — A(b,a;6) — %{g} ;{2} a—1

 Nbain) — o (a=1)
- A(b7 a; ’Y) )\(b7 a; 6) 2a + 2a
= —A(b;a;7) — A(b,a; )

where we used that v 4§ = —1 (mod a) to deduce that {v/a} +{d/a} = (a—1)/a.
Applying this to Equation (5.4), we get that

:_7"_22 bz7a1771/ala )+S(b17a1762/a170)))

Now we assume that the fibre holonomy is non-trivial. We take m = —1, A =
—1/2. From our earlier calculations of f, f,/, we have

— sgn(k +1/2)(h°(Ey) — h'(Ex))

ny(s) S\

keZ
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By Riemann-Roch, h°(E}) —

h'(Ey) = 1+ deg|Ey]|, so
> sgn(k +1/2)(1 4 deg|Ex|)

ng(s)=r
kEZ
_ 1 +d€g|Ek

- Z (k + 1/2)*

deg|E|
h+ 1/2)°

—ri

_ng

|k +1/2|

o0

1 +d€g|Ek|
|k +1/2]°

i _deg|Ey|
|k’—|— 1/2]®

_ TSZ sgn(k + 1/2)(G(—k) +e+kl)

keZ

|k +1/2|

ey sgn(k +1/2)(G(=k) + kI)

keZ

Next we have

Z sgn(k +1/2)k

2Tk 172

- k

=L G

(k+1/2)

- 22 (k 11//2
= 2{(8 -1,1/2) —

When s = 0, this equals

2¢(—1,1/2) —
Here we used that ((—1,u) =

|k +1/2|

= 1
- kZ:O (k+1/2)
((5,1/2).

¢(0,1/2) = 1/12 — 0 = 1/12.
—Bs(u)/2, where By(x) = 2% — 2+ 1/6 is the second

Bernoulli polynomial and ¢(0,u) = 1/2 — u. Therefore,

nr(0) = 1

where

€ +na(0)

na(s) =
keZ

sgn(k +1/2)G(—k)
2 |k +1/2 '

35

Let S = (1/2) + Z. Every p € S can be written as p = k + 1/2 for a unique

integer k. It follows that

no(s) =Y sgn(u)G(—(n —1/2))

HeS

As before, write G = Y. | G; and ng(s) =

|1l

Yimimc.(s).

By [11, Lemma 1.11], if f: R — R has period a € Z and we set

W) = 3 S = 12)

nes

3

|l



then

Taking f(r) = G;(—r) in the above and then summing over ¢ gives

e ZZG 1(G)

- S (D (7)),

To simplify this, observe that

iz:{”;%}«”;ﬂ»

(254 22)
.

st yjas = ((F5452)

where we used that Z‘Tl;é ((r + x)/a)) = ((x)). Therefore,

s (0 ﬁ+22 s (i +0i/2)/ai, 1/2) + s(=by, a3 (6; + i/2) /ai, 1/2))
B bivi +1/2 b, +1/2
> ((Mi )+ (572)
Noting that s(—b,a;x,1/2) = —s(b,a;x,1/2) and using Lemma 5.2, this simpli-
fies to
17 (0 E”Z i) + A(bi, ai; 7)) -

We then havi
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Proposition 5.5. In the case of non-trivial fibre holonomy (m = —1), if [Eo] =
(e;91,01, -+ s Yn,On), then

l n
ns(0) = 6 ‘*‘42)\(%@1‘;%)'
i1

Proof. We have already shown that

:,+22 bz,az,’yz +>\(buaza5))'

Now since m = —1, we have v; + 0; = —1 — b; (mod a;). In general, if a > 0, b is
coprime to a we have that

a—1
1 —(1+b+7)r
Ab a3 =1 =b—1) E; 1—w (1 —wbr)

where w = €27/%, Multiply the numerator and denominator by w™ " to get

a—1 W

Albya; =1 —b—1v) = %Z (1 —w)(1 — wbr) = b, a;7).

Applying this to a;, b;, Vs, d;, we have that 6; = —1 — b; — ; (mod a;) and thus
A(bis ai; 0;) = A(bi, ai;yi). Hence

l n
ns(0) = 6 +4;/\(buai§%‘)-

Combining our calculations of 7;(0) with Proposition 5.3, we get:
Corollary 5.6. Let [Eg] = (€;7v1,01, -+, Vn, On)-
(1) If the fibre holonomy is trivial (m = 0), then

! in® -
"IDp (O)i = _6 + ,qp (Eas(EEOJ—)) + Z(A(blv a‘m’yl) + A(b%a'ﬂ 61))
i=1

(2) If the fibre holonomy is non-trivial (m = —1), then

l n
Dy (0)* = TR 2> A(bi, @i 7i)-
=1

5.5. The delta invariants of Y. Let Ey be an orbifold line bundle on f), let
m € {0,—1} and let 7 be an equivariant structure on Fy of weight m. So (Ey, 7, m)
defines a spin“-structure s = $(g, ;). Let B be the unique reducible correponding
to (Eg,7,m) and Dp the corresponding Dirac operator on Sg, E = 7*(Ep). As
shown in Proposition 4.6, Ker(Dp) = 0. Hence we have

1 1
6(Y,s) = —n(Y,s,9v,B) = _§nBB (0) + gnsig(ya gY) + /Y TT(VY, VLC’gY)‘
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From Proposition 5.1, we have

2 Ir? x(E) 2 Br?
Y, 43 s(b
Mg (Vo 9v) = 50 T 3 Val(s + * Z i2i)-

From Section 5.2, we have

/ T (WY, ViCav) 1 mlr?x (%) B w2rd]3
v ’ 12 \ Vol(%) Vol(X)2 )~

Hence

1 A
i(Y,s) = _577DB Z+§Zs bi,a;).
=1

Combined with the calculation of 7733 (0) in Section 5.4, we obtain:
Theorem 5.7. Let [Eg] = (€;71,01, -, Yn, On)-
(1) If the fibre holonomy is trivial (m = 0), then

1 c 1

l n
5(Y,8(kg,r,0)) = §—277m (275(EE0,T))+§ D (= A(biy aiz i) = Mbiy ai; 6) + s(bs, as)) -
=1

(2) If the fibre holonomy is non-trivial (m = —1), then

n

n

1
Y, 5y, r—1)) = Z <_)\(bi7ai§'7i) + 25(biaai)> .

i=1
Remark 5.8. Since 6(L(a,b),s,) = A(b,a;v)—(1/2)s(b, a), we can re-write Theorem
5.7 in terms of delta invariants of lens spaces. Namely:

(1) If the fibre holonomy is trivial, then

I 1 . . 1<

6(Y75(E0,T,0)) = é - ?Ipm (Eag(EEO,T)) - 5 Z (6([/(&“ bi)’s’w) + 5(L(ai7 bi)7551)) .
i=1

(2) If the fibre holonomy is non-trivial, then

6(Y 5(Eo,r,fl 25 aza i 571)

6. CALCULATING THE ETA INVARIANT 7P

In this section we prove that the pin®-eta invariant npi”c(Z,sz) always equals
+1/2. In general, working out the correct sign is a delicate problem since pin®-
structures on X come in pairs 5(EE0 7)75(EE0 ) and the eta invariant is sensitive to

this choice since npi”C(Z,s(ZEO ) = —nPnt (%, s(E T)) However this guarantees
that n?" = 1/2 for half of the pin®-structures and 77" = —1/2 for the other half.

We determine precisely the signs in the spherical cases ¥ = RP?, ¥ = RP? (a). We
also give an independent proof that n”"*" = £1/2 in the Euclidean case RP?(2,2)
and in the process of doing so, obtain a calculation of the delta invariants of the
Hantzsche-Wendt manifold.
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6.1. Proof that n”""(2,s”) = +1/2. Because of Theorem 5.7, in order to com-
pute 7P (,5%), it is sufficient to calculate the delta invariants for a single choice
of Seifert 3-manifold Y — X. Given X = RPQ(al, ...,ap), a convenient choice of Y’
to take is Y = S(b; (a1, —1), (a2, —1), ..., (an, —1)), where b is any non-zero integer.

Let x4, ..., z, denote the orbifold points of ¥, where x; has order a;. For each i,
let af, 2 € E denote the preimages of z; in 5. Let W = D(N) be the closed unit
disc bundle of N. This is a 4-dimensional orbifold with boundary Y and n isolated
singularities located at the points of the zero section of N lying over the orbifold
points =}z ... ,xn,xn Let = be a non-orbifold point of ¥ and let 2/, 2" denote
the preimages of z in 3. The orbifold line bundle N may be taken to be the orbifold
line bundle associated to the divisor bz + bz’ + Y. («} + x}). It follows that W
is a complex orbifold (with boundary) and the singularities corresponding to z},
are of the form C?/Z,,, where Z,, acts on C? as scalar multiplication by e2mi/ai
The singularities can be resolved by blowing up the singular points. Let X denote
the blowup of W at the smgular points. Thus M is a complex manifold which
bounds Y. Equivalently, M is the plumbing on the star-shaped graph r given in
Figure 1. Let 3¢, X}, %7,..., X/, 5"” denote the zero sections of each disc bundle,
where ¥ corresponds to the central node and ¥}, ¥/ to the nodes with Welght —a;.
Then ey = [So), €} = [2/], e/ = [%/] form a basis for the lattice L = Hy(X;Z) with
68:2177 (62)2:(6{/)2_ a"“ <607 z>_<607 z>_1 < € _7> <€l,€J>—0fOI‘Z7éj.
Let L* = H2(X;Z) =~ Hy(X,0X;Z) be the dual lattice. A dual basis Do, D}, D/
is given by taking the relative homology classes of a fibre over each node. One can
easily check that

(6.1) eo = 20Dy + > (D} +DJ).

Let v denote a closed tubular neighbourhood of ¥ in X. Then 7 can be identified
with W(b), the unit disc bundle over S2 with Euler class 2b. Its boundary is Y (b),
the circle bundle over S2 with Euler class 2b. Let M be obtained from X by
removing the interior of v. Then M is a complex manifold with boundary. We
view it as a cobordism with ingoing boundary ?(b) and with outgoing boundary
Y.

Let W = D(N) be the closed unit disc bundle of N. Since N is the pullback of N
to 3, the covering involution o: > — 3 lifts to an involution on W and W = W /o.
Since o acts anti-holomorphically on W, it induces an involution (also denoted by
o) on X and X = X /o. Equivalently, X is the plumbing on the graph I' shown
in Figure 1, where the central node is the disc bundle W (b) of Euler class b over
RP?. A basis e1, ..., e, for the intersection lattice L = Hy (X;Z) is given by taking
e; = [X;] to be the zero section of the disc bundle over the node of weight —a;
(so the preimage of ¥; in X is YU X). Notice that there is no homology class
corresponding to the central node because Ho(RP?;Z) = 0.

We choose the tubular neighbourhood v to be c-invariant so that o acts on
M and the quotient M = M /o is obtained from X by removing the interior of
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—ay I

—aq

—an

—ap
FIGURE 1. Plumbing graphs Fand T

v =v/o. Since v can be identified with W (b), we see that M can be regarded as a
cobordism with ingoing boundary Y'(b) and outgoing boundary Y.

To summarise, we have a decomposition
(6.2) X =W(b) Uym M
and corresponding decomposition
(6.3) X =W (b) Us ) M,

where each term in the decomposition is a double cover of the corresponding term
in the decomposition for X.

Using the Mayer—Vietoris sequences corresponding to the decompositions (6.2)
and (6.3). One finds b1(M) = b (M) = 0 and that A = Hy(M;Z) and A =
Hy(M;Z) are torsion-free. So A, A are the intersection lattices of M and M.

We have a short exact sequence
0—Zo— Hi(Y(b);Z) = Zy — 0,

where the Zs-subgroup is generated by f, the homology class of a fibre of Y (b) —
RP?. The boundary map 0: Hy(X;Z) — H;(Y(b);Z) in the Mayer-Vietoris se-
quence corresponding to (6.2) is easily seen to be given by de; = f fori=1,...,n.
So we have a short exact sequence

O—>A—>Li>Z2—>O,

and dually
0= L= A*"—=Zy— 0.

Let Lo denote the sublattice of L spanned by D7, DY,..., D/, D”. From the
Mayer—Vietoris sequence for X, one similarly obtains a short exact sequence

0—>1~\—>Zoi>Z2|b‘ —0
where 9 is defined by 0D} = D} = 1. Dually we get

O%ES%/N\*%ZQHAHO.
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Define

9="> (D;+Dy).

From the definition of d, we see that ig represents a generator of A* /L = Lojp)-
Since ¥Y( is contained in the complement of M in X’, we see that eg € L - JAR=
H2(X;Z) maps to zero under H2(X;Z) — H? (M, 7Z) = A*. Therefore from Equa-
tion (6.1) we deduce that in A* we have the equality

d = —2bDy,

or equivalently, (1/2b)0 = —Dj.

Recall that Dy = [Fp] is the relative homology class of a fibre of the disc bundle
over the central node. Then Fj is an analytic hypersurface in X and so there is an
associated holomorphic line bundle £y on X which has a holomorphic section whose
zero divisor is Fyy. It follows that c¢1(Lo) = Dg. Notice also that if Lo|s = 7*(O(x)),
where z is the point of & over which the fibre Fy lies. Similarly, D} = [F]], D! =
[F/'] are the relative homology classes of fibres of the disc bundles over the nodes of
weight —a;. Associated to F}, F}" are holomorphic line bundles £}, £} with ¢ (£}) =

79

Dy, c1(L]) = D;’. We also have that L]y = 7*(O(x})), L] |y = 7*(O(z7)).

Theorem 6.1. We have nP"" (,s>) = +1/2 for every pin°-structure on X.

Proof. Recall that every pin®-structure on ¥ is of the form S(ZE(),T) for some orbifold
line bundle Ey on Y and 7 is an equivariant structure on E; of weight m = 0.
We have [Ey| = (€;71,01,...,7n,0n) where e = —x(X) = =1+ .(a; — 1)/a; and
vi+d; = —1 (mod a;). It follows that we can uniquely lift v;, §; to integers satisfying
0<7,0; <a;—1,v;+0; = a;— 1. Notice that deg|Ey| = —1 and thus Ej is the line
bundle associated to the divisor —p+ >, (v:@} + d;27), where p is any non-orbifold
point of Y. Let E =7 (Ep). Then E extends to a line bundle Eon M given by

E= <ﬁs 2 (L)@ <c;’)5i)>

M

Then we have

c1(E) = —Do + Z(%‘DQ +0,Dy).
%
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Let 55 be the spin®-structure on M given by sz = E® scan(ﬁ). Thus 55 is an
extension of s to M. We have

(0" (E%) + er(E) = —2Do + Y _(7i + 6:)(D} + DY)
= 2Dy + Y (a; — 1)(D} + Dy
=—2Do+ 9+ (a; —2)(D}+ D)

= (=2-2b)Dy+ > (a; — 2)(D} + D))

= Cl(KM)

~
~

So 0*(E) = E® K}\:}I} and consequently sz can be made into an equivariant

spin®-structure on M which then descends to a spin®-structure on M, which we
denote by s5;. To see why this is so, first note that o*(E) = E ® KTM1 implies that
0*(s5) = sp. Therefore o can be lifted to a map o: Sz — Sg on the spinor bundles
for s preserving the unitary structure and Clifford multiplication. Since &2 covers
the identity, we have 52 = h for some h: M — S*. But hod = 53 = Goh = o*(h)o&
and therefore o*(h) = h. Since by (M) = 0, we can write h = €2™/ for some
I M — R. Then o*(h) = h implies o*(f) = f + k for some integer k. But then
f=0*c"(f) = f+2k,s0o k=0 and o*(f) = f. It then follows that e ™/ 0 is an

involutive lift of o, and this makes 55 into an equivariant spin®-structure.

Since bl(]\/\/[/) = 0, it follows from the Borel spectral sequence for Hy (]\A/[/, VAR
H*(M;Z) that the pullback map H2(M;Z) — H2(M;Z) is a 2:1 map. Thus, up
to isomorphism there are two ways to make sz into an equivariant spin‘-structure.
If ¢ is an involutive lift of o to Sz, then so is —o and 4o give the two possible
equivariant structures. Restricted to }7, these two equivariant structures give the
two equivariant structures on sg. Therefore, we can choose the equivariant struc-
ture on sz such that its restriction to Y coincides with the equivariant structure
determined by 7. Therefore, 5,/ is an extension of (g, 7o) to M.

Since sps pulls back to 55, we have

1

clom)? = gelsp)” = %(2@(1@) )

Further, we have

2¢1(E) — K57 = —2Dg + Y _ (27D} + 28:D}') + (2b+ 2)Do — > (a; — 2)(D} + DY)
=20Do + > ((2vi +2 — a;) D} + (26; + 2 — a;) D))
=0+ ((2v+2—a;)Dj+ (26; + 2 — a;) D)

= Z((Q’yl + 1-— ai)D; + (2(51 + 1-— ai)Dg’).
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Note that (26, + 1 — a;) = —(2v; + 1 — a;) because v; + 0; = a; — 1. Therefore

(27 +1—a;)?
a; '

(6.4) clsa)? = %(201(@) - Ky)? = Z -

i

The calculation of ¢(s5) given above shows that c(sz) |}~,(b) = 0 because Dj|y ) =
D“y(b) =0.

Recall that M is a cobordism from Y'(b) to Y. Let sy () denote the restriction of
sy to Y(b). Since Y (b) is a non-singular circle bundle over RP?, it has four spin®-
structures, two of which extend to W (b) (those with non-trivial fibre holonomy)
and two of which do not extend (those with trivial fibre holonomy). We claim
that sy ;) does not extend to W (b), equivalently, it has trivial fibre holonomy. To
see this, note that the spin®-structures with trivial fibre holonomy are those of the
form s,, with v = 0 in the terminology of [2, §2.2]. But it is easily seen that
T (c(5uw)) € H2(Y (b);Z) is zero if and only if v = 0. Then since c(sp)lgp =0, it
follows that sas|y(s) is of the form s, ¢, hence has trivial fibre holonomy.

Since M is negative definite and bo(M) = 2, the Frgyshov inequality [5], [6,
Theorem 39.1.4] gives:
c(sm)*+n
—

The delta invariants of Y'(b) are computed in [2, §2.2]. Since sy ;) does not extend
to W(b), we have

(6.5) (Y, 5(5y,7,0) = 6(Y(b), 5y ) +

b 1
§(Y(b)75Y(b)) = g + 167

where € = £1 depending on the spin®-structure.
Recall (eg, [2, §2.1]) that the delta invariants of L(a;, 1) are given by
Qu+2—a;)? 1
0(L(a;,1),8y) = ————— + —.
(L(ai,1),50) g

Note also that §(L(a;, —1),5,) = —6(L(a;,1),s,). Then from Theorem 5.7, we have
5(Y,5(E077—,0))

I 1 e (2vi+2—a;)® (26;+2—-a;)* 1
— _ pIN E > _ _ -
USOLRIEDS 16a; 16a; *3

C(2vi+2-ai)* (29 —ai)? 1
16a; 16a; 8

_—_|_7

8a7; 8
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where the third line was obtained using §; = a; — 1 — ;. Substituting into (6.5)
and also using Equation (6.4) gives

n

b 1m 2y +1—a)% 1
) (T

b 1 clsy) n
> 4 - n
=3 + 4e+ 3 + 3
b1 (2vi +1—a;) n
BER Z ( 8a; T3
b1 (2vi+1 ) 1
_8+46+Z_:<_ 8a; T3

Hence
in® 1
(6.6) 7" (2, 8(05,,1) < —5€

Since T was arbitrary, we can repeat the same argument for —7. Recall that sps|y =
$(By,r,0)- Let A — M denote the flat line bundle of order 2 corresponding to the
double cover M — M (c;(A) is the unique non-zero 2-torsion class in H2(M;Z)).
Set s, = A ® sp;. Since the double cover M — M restricts to the double cover
Y — Y over Y, it follows that s,y = $(,, 7). Similarly, since M — M restricts
to the non-trivial double cover Y (b) — Y (b) on Y (b), it follows that shyly ) 2

sy ) and therefore

b 1

5(Y(b)75lM|Y(b)) = s 16

Repeating the above calculations with s, in place of sy, then gives
Pt ) < be

But since npi”C(E,s(EEO,_T)) = —ppin” (275(E0,7)>7 this gives
(67) P (25T m) 2 5
The inequalities (6.6), (6.7) together give

pzn

1
(E 5(E0 T)) 26'

In particular, npi”C(E,s(EEoﬁT)) =+1/2.
t

6.2. RP?. In the case that ¥ = RP? (no orbifold points), ¥ = S(b) is a circle bundle
over RP? and | = deg(N) = b. There are 4 spin®-structures on Y, two with trivial
fibre holonomy and two with non-trivial fibre holonomy. The ones with non-trivial
fibre holonomy have 6(Y,s) = 0 by Theorem 5.7 and the ones with trivial fibre
holonomy have

b 1 ) C P
0(Y,8) = 5 — 307" (RP?, 6,
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where s®F° denotes the pin‘-structure on ¥ which uniquely corresponds to s. On
the other hand the delta invariants for Y = S(b) were computed in [2, §2.2] and are

given by
b+2 b—-2
0,0, ——, ——.
) k) 8 ) 8
Since 7P (RP?, s*¥°) is independent of b, we must have nP™"° (RP?, sFF*) = +£1/2.

More precisely, it equals 1/2 for one pin®-structure and equals —1/2 for the other.

6.3. RP*(a). In this section we will compute 77" in the case that ¥ = RP(a) has
a single orbifold point using different methods to Theorem 6.1.

Suppose that ¥ = R]P’2(a) has a single orbifold point of order a and ¥ =
S(b; (a,b1)). The fundamental group of Y is isomorphic to

(v,q,h | vho~'h, [q, k], q" R, qv*h").

The relation qu?h? = 1 can be solved for ¢, giving ¢ = h~%v™2. and

h commute (by the relation vhv~! = h~!), we see that ¢ and h automatically

commute. Lastly, if we substitute for ¢ in the relation ¢®h?* = e, we get v=2% = A",
2a

Since v?

where r = a1l = ab — b;. Conjugating by v, we see that the relation v=** = A" can

be replaced by the relation v2* = h”. Thus
m(Y) = (v,h | vho™t = b7t 0% = A7),

This is a finite metacyclic group of order 4a|r|. Thus Y is a spherical 3-manifold,
in fact a prism manifold. We will compute the delta invariants of Y using its
spherical geometry. Comparing with Theorem 5.7, this will allow us to determine
7P (2, 5%) for all pin®-structures on ¥.

Prism manifolds can be constructed as quotients of S? as follows, where S is the
unit sphere in C2. Let 7, m be positive coprime integers and set G' = (v, h [vhv™! =
h=1, v®™ = ™). We can regard G as a subgroup of U(2) by taking

0 =z w 0
R F

i/ m Ti/r

where z = e This group acts freely on S3 and the quotient
Y = S3/G is a prism manifold where a = m, by = ab — r. Let $.q, denote
the spin®-structure on S which is the restriction of the canonical spin®-structure
on C2. Since G acts on C? biholomorphically, it naturally lifts to $.., and so

Scqn becomes an equivariant spin®-structure on S3, which descends to a spin®-

, W = e

structure on Y, which we continue to denote by $.4,. Any other spin¢-structure
on Y will be of the form EF ® $.4,, where E is a line bundle on Y. All such
line bundles are of the form F = S% x¢ C where G acts on C according to some
character ¢: G — S!. Such a homomorphism is determined by ¢(v), ¢(h). Since
vhv™t = b7l we get ¢(h)? = 1, so ¢(h) = (—1)" for some v € {0,1}. We also
have v2™ = A", so ¢(v)>™ = (—1)". Hence we can write ¢(v) = e™"v/2memiv/m
for a unique u € {0,1,...,2m — 1}. This gives 4m spin®-structures depending on
the values of v € {0,1} and u € {0,1,...,2m — 1}.
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Let G be the index two subgroup of G generated by v2 and h and set Y = S3/G.
Then Y — Y is usual double cover of Y obtained from the orientation double cover
¥ — 3. Recall that spin®-structures on Y come in Pairs £y r,m), $(Eo,—7,m)- SINCE
Y is obtained from Y by quotienting by v, we see that if (Ey, 7, m) corresponds to
a homomorphism ¢: G — S*, then (Ep, —7,m) corresponds to the homomorphism
¢': G — St given by ¢'(v) = ¢(v), ¢'(h) = —¢(h). Equivalently, ¢’ corresponds to
(v, u') where v/ = v and u' = u + m (mod 2m). To a homomorphism ¢: G — S*,
we let s4 denote the corresponding spin®-structure.

Give S C C? its induced metric. This descends to a spherical metric on Y. Let
Nair (Y, 64) denote the eta invariant of the spin®-Dirac operator using this metric
and a spin®-connection A covering the Levi-Civita connection with F4 = 0. Using
the same method as [2, §2], the eta invariant can be computed as

ndw(qub Z det 1_ )

Every element of G can uniquely be written as g = v'h/, 0 < i <2m — 1,0 < j <
2r — 1. When ¢ = 2k is even, 0 < k < m — 1, we find that
, A0
— (n2\k,J —
L e
where we set A\ = zFw’, u = 2¥w 7. Therefore det(1 —g~!) = (1 = A71)(1 — p~h).
We also have ¢(g) = z2utm)k(_1)¥7,

When i =2k +11is odd, 0 < kK <m — 1, we have

Rl O | A e

and so det(1—g~1) = 1—2z~"\p = 1—2~C*+1)_ We also have ¢(g) = (—1)"7 p(x)2F+1.
Thus

1 (_1)yjz(2u+ru)k
ir(Y,84) = ——— j j
ndﬂ'( ) ¢) omr Z (]_ — z*’“w*])(l — Zﬁkwj)
0<k<m-—1
O<]<27‘ 1
(k.3)#(0,0)
1 (_1)uj¢(v)2k+1
BT i sy
0<k<m—1
0<j<2r—1

Notice that the first summation on the right depends on u only through the term
2%k Replacing u by u/ = u + m does not change the value of this term. Letting
#': G — S! be the homomorphism corresponding to v/ = v, u’ = u+m (mod 2m),
we get that

1 (=1)" p(v)**+!
Ndir (Y, 5¢) — Nair (Y, 5¢/) = - Z m

0<k<m-—1
0<j<2r—1
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Now we evaluate the sum on the right. If v = 1, then the terms with j even cancel

with the terms with j odd, giving zero. Now suppose that v = 0. Then ¢(v) = 2%
and the sum reduces to

2 Z z(2k+1)u
T L —(2k+1
m 0<k<m—1 (1-= ( ))
2 Zku Z2ku
I Z 1_ % Z (1— z—2ku)
0<k<2m—1 0<k<m—1

Recall (eg, [2, Lemma 2.1]) that for any integers p,q, p > 0, we have

11)71 eQﬂ'ikq/p B p—l {q}
» .

1— 672772’16/17) 2p D

= (

Therefore, when v = 0, we have

2 Zku ZZku
T m Z 1— -k Z (1 — z—2ku)

0<k<2m—1 0<k<m—1
2m — 1 —

_o(2m _Q{L}_(m 1>+{g}

2m 2m 2m m
B -1 0<u<<m-—1,
B 1 m<u<2m-—1.

Now because Y is spherical, we have that 6(Y,s4) = —(1/2)n4ir (Y, 54)+(1/8)0si4(Y),
where 7)5;4(Y") is computed using the spherical metric as in [2, §2.5]. Therefore,

1
0(Y,54) = (Y, 5¢7) = —5 (nair (Y, 54) = air (Y, 54/))
0 v=1,
=4q1/2 v=0,0<u<m—1,

-1/2 v=0, m<u<2m-—1
On the other hand, from Theorem 5.7, we have that

0 if 54 has non-trivial fibre holonomy
oY, 545) - 6(Y75¢/) = e o s . .
—nP'" (3,s7) if s, has trivial fibre holonomy.

where 5% is the pin“structure on ¥ induced by s4. Comparing these two, we see
that 6(Y,s4) — 6(Y,s4) = 0 if and only if v = 1 hence v = 1 must correspond to

non-trivial fibre holonomy and v = 0 to trivial fibre holonomy. Then in the case
v =0, we have

inc -1/2 0<u<m-—1,
U (E,5§)={

1/2 m<u<2m —1.
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6.4. RP?(2,2). In this section we will compute 7P in the case of & = RP?(2,2)
using methods independent of Theorem 6.1. In doing so we will also compute the
delta invariants of the Hantzsche—Wendt manifold.

Since ¥ = RP(2, 2) has orbifold characteristic zero it admits a flat orbifold metric.
Consider Y = 5(1;(2,1),(2,1)). Since l =deg(N) =1—-1/2—-1/2 =0, N admits
a flat connection and then Y admits a flat metric. So Y is a flat 3-manifold which
is also a rational homology 3-sphere. Up to diffeomorphism there is only one such
3-manifold, the Hantzsche-Wendt manifold.

There are 16 spin®-structures on Y, 8 with trivial fibre holonomy and 8 with
non-trivial fibre holonomy. In the case of non-trivial fibre holonomy, Theorem 5.7
gives

2
5(YV75(E0,T,71)) = Z 6(L(27 1)75%)7
i=1
where [Eg] = (—1;71,71,72,72) for 71,72 € Zy. We have L(2,1) = RP® and the
delta invariants for L(2,1) are +1/8. So the delta invariants with non-trivial fibre
holonomy are:

—1/4,-1/4,0,0,0,0,1/4,1/4.

In the case of trivial fibre holonomy, v; + d; = 1 (mod 2), so s.,,ss, are the two
spin®-structures on L(2,1). Hence 6(L(2,1),s,,) +d(L(2,1),55,) =1/8—1/8 = 0.
Therefore, from Theorem 5.7 we get

1 in®
(6.8) (Y, 5(8,r0)) = *iﬁp (EaS(ZEO,T))-

We can construct Y as the quotient Y = T2 /Zy x Zsy, where T3 = S x S! x S1
(where S* is the unit circle in C) and Zy x Zg = (m,n),

m(az,y,z) - (7?,@7 7’2)7 n(z,y,z) - (7‘753 7?72)7 mn(z7yaz) = (fv Y, 72)'
Let A = Z3 = HY(T3;Z). The action of m,n on A is

m(:my,z) = (—.’L’, —y,Z), n(xa —y7—2)7 nm(xayaz) = (—Qf,y, _Z)‘
The action on H?(T3;7Z) = H(T?3;Z) can also be identified with A.

We have that Y = R3/T", where I' = 7 (Y) is the group generated by m, n, e1, e, e3,
where

m(z,y,2) = (—x+1/2,—y, 2+ 1/2), n(z,y,2)=(z+1/2,—y +1/2,—2)

er(z,y,z) = (x+1,9,2), exz,y,2)=(z,y+1,2), esxy2)=(zyz+1).
The relations satisfied by these elements is as follows: e1, e2, e5 commute, me;m ™' =

—eq, megm_1 = —eaq, megm_1 I — e1, negn_l = —eaq, negn_1 = —es,

-1
m? =e3, n® =e;, nm = ejeges Mmn.

= e3, nein_

By taking the abelianisation one then finds H(Y;Z) & Z4y ® Z4, where m =
(17 0)7” = (07 1)
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Consider the action of Z3 on R? given by 7(x,y, 2) = (z,z,y). We have 7~ m7 =

eamn, T InT = m, 77 te;7 = e;_1. Thus 7 descends to an orientation preserving
Zs-action on Y. This Z3 action acts on H;(Y;Z) according to 7[m] = [n], T[n] =
—[m] = [n].

The set of spin structures is a torsor for H'(Y;Zs) = Hom(H(Y;Z),Z2) = 73.
So there are four spin structures. 7 defines an orientation preserving diffeomorphism
of Y, so it must act on the set of spin structures. Since 7 has order 3, the orbits of
7 have size 1 or 3. Since the number of spin structures is 4, which is not a multiple
of 3, there must be at least one spin structure fixed by 7 (in fact, considering the
action of 7 on H'(Y';Zy), we see that there is exactly one spin structure fixed by 7).
Let s¢ denote the underlying spin®-structure of the spin structure fixed by 7. So sg
is also fixed by 7. We can then identify the set of spin‘-structures with H?(Y;Z)
via L — s, = L ® s9. Under this identification, the action of 7 on the set of spin®-
structures coincides with the action of 7 on H?(Y;Z) = Z3. There are six orbits,
namely

{(0,0)},{(1,0),(0,1), (3,3)},{(2,0),(0,2), (2,2)},
{(3,0),(0,3), (1, 1)},{(1,2),(2,3),(1,3)},{(2,1), (3,1), (3, 2)}-

Call these orbits Oq,...,0g. By diffeomorphism invariance, §(Y,s) must be a
constant on each orbit. We will write (Y, O;) for the value of ¢ on O;.

Consider now the map s: R? — R? given by s(x,y,2) = (z,y,2 + 1/2). Then

1 1

s is an orientation preserving diffeomorphism of R3, sms™! = m, sns™! = esn,

se;s~1 = e;. Thus s descends to an orientation preserving diffeomorphism of Y.

The action on H;(Y;Z) is given by
slm] = [m],  s[n] = [n] + 2[m].

Consider the action of s on spin®-structures. Since s induces an involution on Y
it must also induce an involution on the set of spin®-structures. We have s(sg) =
T ® s¢ for some x € H?(Y;Z). Since c(s9) = 0, we must also have c(s(s9)) = 0
and thus 2z = 0. So =z = (0,0),(2,0),(0,2) or (2,2). Since s is an involution,
50 = s(s(80)) = s(x ®s0) = s(x) ®s(s0) = (s(x) + ) ®sg. Thus s(x) +2 = 0. This
leaves only two possibilities = 0 or = (2,0). We will prove that x = (2,0)

Assume for sake of contradiction that x = 0. A short calculation shows that
the action of s and 7 on the set of spin®-structures has three orbits, of sizes 1,3
and 12. The delta invariants for the spin®-structures with non-trivial holonomy are
{-1/4,-1/4,0,0,0,0,1/4,1/4} and from Equation (6.8), the delta invariant for the
spin‘-structures with trivial holonomy are of the form {a, —a1, as, —as, as, —as,
oy, —ay} for some ai,...,a4. Since there are only three orbits, we must have
a; € {0,1/4,—1/4} for each i. Let 0 < k < 4 be the number of a; which are zero.
Let n(i) be the number of spin®-structures on Y for which the delta invariant equals
i. Then (n(1/4),n(—=1/4),n(0)) = (6 — k,6 — k,4 + 2k). But the three orbits have
distinct sizes 1,3, 12, which contradicts n(1/4) = n(—1/4). Therefore we must have
x =(2,0).
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Given that s(sp) = (2,0) ® sp, the action of s on the set of spin®-structures is
easily determined. One finds that the action of the group generated by 7 and s on
the set of spin®-structures has four orbits: O1, O3 U Oy, O3 and O5 U Og. It follows
that the delta invariant can take on at most four values §(Y,0;) = a,d(Y,03) =
0(Y,04) = b, 6(Y,03) = ¢, §(Y,05) = 6(Y,Og) = d for some a, b, ¢,d.

For the spin®-structures with non-trivial fibre holonomy, we get that the delta
invariants are 0, 1/4 or —1/4. For the spin®-structures with trivial fibre holonomy,
the delta invariants are *aq, +awg, tasg, £ay for some aq,...,a4. Since there are
only four orbits we must have a; € {0,1/4, —1/4} for each 7. Once again, letting k&
be the number of «; which is zero we get that (n(1/4),n(—1/4),n(0) = (6 — k,6 —
k,4 4 2k). The four orbits have sizes 1,3,6,6. Since n(1/4) = n(—1/4), the only
way this can happen is n(1/4) = n(—1/4) = 6. So k = 0 and n(0) = 4. Hence the
complete set of delta invariants for Y is:

0 (four times), 1/4 (six times), —1/4 (six times).

In particular, the delta invariants corresponding to the spin®-structures with trivial
fibre holonomy are 4+1/4. Comparing with Equation (6.8), we get that 77" (2, 5%) =
+1/2, in agreement with Theorem 6.1.
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