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Abstract. We compute the equivariant index of the twisted horizontal Dol-

beault operator on compact toric contact manifolds of Reeb type. The operator

is elliptic transverse to the Reeb foliation and its equivariant index defines a

distribution on the torus. Using the good cone condition, we show that the

symbol localises to the closed Reeb orbits corresponding to the edges of the

moment cone and obtain an Atiyah-Bott-Lefschetz type formula for the index.

For the horizontal Dolbeault operator, we obtain an expression for the index as

a sum over the lattice points of the moment cone, by applying an adaptation of

the Lawrence-Varchenko polytope decomposition to rational polyhedral cones.

1. Introduction

There has been considerable interest in K-contact and Sasaki manifolds in recent

years, in part due to their role in theoretical physics as backgrounds in supersym-

metric gauge theories [11, 25] and the AdS/CFT correspondence [12, 13, 22, 23].

Let pM,Hq be a p2n ` 1q-dimensional compact co-oriented contact manifold with

contact form α and associated Reeb vector field Rα. We say that pM,Hq is toric if

it carries an effective action by a torus G of dimension n` 1 preserving the contact

structure. Recall that pM,Hq is of Reeb type if the Reeb vector field is generated

by a one-parameter subgroup of G. Toric contact manifolds of Reeb type carry

an invariant Sasakian structure [4] and as shown by Lerman [17], they admit a

combinatorial description in terms of their moment map images, which are strictly

convex rational polyhedral cones. This structure has been exploited to compute

various invariants of toric contact manifolds, such as the volume [14, 22], the first

and second homotopy groups [18], the equivariant cohomology ring [21] and the

cylindrical contact homology [2].

In this paper, we consider the index of the horizontal Dolbeault operator on

compact toric contact manifolds of Reeb type endowed with an invariant Sasakian

structure. This operator is the odd dimensional analogue of the Dolbeault oper-

ator in Kähler geometry. It appears for instance in [11, 25] in the calculation of

perturbative partition functions of certain supersymmetric field theories, in [26]

in relation to deformations of Sasakian structures and in [5] to compute the di-

mension of moduli spaces of instantons on contact 5-manifolds. The operator is

elliptic transverse to the Reeb foliation and on toric Sasaki manifolds, it is elliptic

in directions transversal to the G-orbits.

In [3], Atiyah-Singer proved that a pseudodifferential operator A that is G-

transversally elliptic may have an infinite-dimensional kernel and cokernel, but

they define a virtual trace-class representation of G. The index of A can therefore
1
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be defined as a generalised function on G by

indMG pAqptq “ trpt|kerAq ´ trpt|cokerAq.

Decomposing kerA and cokerA into isotypical components, we have

indMG pAqptq “
ÿ

µPĜ

mpµqχµ,

where m : Ĝ Ñ Z encodes the multiplicities of the irreducible G-representations

appearing in the index character. We will compute explicitly the function m when A

is the horizontal Dolbeault operator BH and more generally, we derive a localisation

theorem for the index when BH is coupled to a holomorphic bundle.

Our first main result is an Atiyah-Bott-Lefschetz type formula for the twisted

horizontal Dolbeault operator:

Theorem 1.1. Let B
E

H be the horizontal Dolbeault operator on a compact toric

Sasaki p2n ` 1q-manifold M twisted by a G-equivariant transversally holomorphic

bundle E over M . For any t P G,

indMG pB
E

Hqptq “
ÿ

LPEpCq

χE|Lptq
n
ź

i“1

ˆ

1

1´ t´w
i
L

˙˘

δp1´ tµLq,

where EpCq is the set of edges of the moment cone C, tw1
L, . . . , w

n
Lu are the isotropy

weights and µL is the weight of the action of G on the closed Reeb orbit correspond-

ing to L.

The signs ˘ dictate whether the denominator is expanded about t “ 0 or t “ 8

and are fixed by the pairing of the isotropy weights with a polarizing vector, see

Section 4 for detailed explanations.

Our method is based on Atiyah’s algorithm outlined in [3] to stratify M using the

torus action and reduce the index calculation to computations on lower dimensional

submanifolds. Using the good cone property of toric contact manifolds of Reeb

type, we construct a deformation vector field that in fact localises the index to

contributions from a finite number of closed Reeb orbits corresponding to the edges

of the moment cone. We note that a general cohomological formula for the index

of G-transversally elliptic operators was obtained in [6, 7] and more specifically

for contact manifolds in [10]. These formulas are however not well-adapted to

computing the multiplicities since they provide an expression for the index that is

valid only on a neighbourhood of each t P G. Even in the elliptic case, deducing

the function m from the Atiyah-Segal-Singer fixed point theorem is not easy. Our

approach is to exploit the combinatorial structure of the manifold M to determine

the function m as explicitly as possible. For instance, Theorem 1.1 can be readily

applied to compute the dimensions of moduli spaces of instantons [5] and transverse

Seiberg-Witten monopoles [16] on toric Sasaki manifolds.

We further remark that in Theorem 1.1 the Sasakian structure is not assumed to

be quasi-regular and the formula applies in particular to the irregular Y p,q spaces

[13]. When the Sasakian structure is quasi-regular, the manifold is an orbifold

circle bundle over a toric Kähler orbifold X. In this case, one could also apply the
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equivariant orbifold index theorem to the Dolbeault operator on X twisted by the

character line bundles of the circle.

Our second result is an expression for the index of BH in terms of the integral

points of the moment cone:

Theorem 1.2. The index of the horizontal Dolbeault operator BH is given by

indMG pBHqptq “ p´1qn
ÿ

µPC˝XZ˚G

tµ `
ÿ

µPp´CqXZ˚G

tµ,

where Z˚G denotes the dual integral lattice of g, C˝ the interior of the moment cone

and ´C the negative cone.

This follows by adapting and applying a version of the Lawrence-Varchenko

formula to the polar decomposition of cones over a polytope (Proposition 5.14).

Another key ingredient in the proof is Lerman’s local description of toric contact

manifolds [17], that allows us to relate the weights of the torus action to the mo-

ment cone and identify the localisation formula in Theorem 1.1 with the Lawrence-

Varchenko formula for rational polyhedral cones.

In [23], Martelli-Sparks-Yau considered the Dolbeault operator on an orbifold

resolution of the non-compact Kähler cone of a Sasaki manifold and showed that

the equivariant index equals the integral points of the moment cone. This cor-

responds essentially to the second term of the index of BH in Theorem 1.2. A

similar limiting argument as in [23] applied to this term would compute the volume

of the momentum polytope, which up to a constant equals the volume of the toric

Sasaki manifold. Another related recent work is by Lin-Loizides-Sjamaar-Song [20],

where they study the equivariant index of the basic Dirac operator on Riemannian

foliations whose leaf space is symplectic and establish a quantization commutes

with reduction theorem. This includes toric K-contact manifolds as a special case,

however their setup is complementary to ours as their operator only acts on basic

sections, corresponding to the invariant part of our index.

The paper is structured as follows. In Section 2 we provide a brief review of

contact and Sasakian structures, recall some results from [17] including a local

normal form for toric contact manifolds and Lerman’s construction of a toric contact

manifold from a good cone. We also introduce the main object of this paper, the

horizontal Dolbeault operator. Section 3 introduces the fundamental concepts in

the theory of G-transversally elliptic operators and our main computational tool,

Atiyah’s algorithm for localising the index. In Section 4 we introduce a deformation

vector field and apply the localisation argument to derive Theorem 1.1. Finally, in

Section 5, we prove a cone version of the Lawrence-Varchenko formula and apply it

to the index of the horizontal Dolbeault operator to obtain an explicit lattice point

formula.

2. Toric contact manifolds

Let M be a smooth compact manifold of dimension 2n`1. Recall that a contact

structure on M is a hyperplane distribution H Ă TM defined globally by H “ kerα
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for a 1-form α such that dα|H is non-degenerate. The contact form α defines a

volume form α^pdαqn on M and its conformal class determines a co-orientation of

the pair pM,Hq. Associated to every co-oriented contact manifold is a symplectic

cone pCpMq, ωq defined by

CpMq “M ˆ R and ω “ dperαq,

where r is the coordinate in R and 2 B
Br is the Liouville vector field. The Reeb

vector field associated to α is the unique vector field Rα satisfying ιRαα “ 1 and

ιRαdα “ 0. We let V Ă TM denote the rank one sub-bundle spanned by Rα.

A contact metric structure on pM,α,Rαq is a reduction of structure of the tan-

gent bundle to Upnq Ă GLp2n ` 1,Rq. Alternatively, it consists of an endomor-

phism Φ: TM Ñ TM and a Riemannian metric g such that Φ2 “ ´I ` α b Rα
and gpΦX,ΦY q “ gpX,Y q ´ αpXqαpY q for all vector fields X,Y . This yields

an orthogonal decomposition TM “ V ‘ H together with a unitary structure on

H. The restriction J “ Φ|H of Φ to H defines the complex structure on H and

dαpX,Y q “ gpX,ΦY q restricted to H is the Hermitian 2-form associated to J .

We say that M is a K-contact manifold if Rα is a Killing vector field with respect

to g. This is equivalent to the characteristic foliation generated by Rα being a

Riemannian foliation. Extending g to the symplectic cone, we obtain a metric

h “ dr2 ` r2g on CpMq and an associated almost complex structure JC defined

by hpX, JCY q “ ωpX,Y q. A contact metric structure pα,Rα,Φ, gq on M is called

Sasakian if ph, JC , ωq is a Kähler structure on CpMq. Sasaki manifolds constitute

the most important class of K-contact manifolds and are the odd dimensional

counterparts to Kähler manifolds.

Example 2.1. Geometric quantisation provides examples of quasi-regularK-contact

manifolds, that is when all leaves of the characteristic foliation are circles. Let pB,ωq

be a symplectic manifold such that rωs P H2pB,Zq. Let M denote the principal

S1-bundle over B with Chern class equal to rωs. There is a connection form α on M

such that dα “ π˚ω. Since ω is symplectic, we have α^pdαqn “ α^π˚ωn ‰ 0, so α

is a contact form and its Reeb vector field Rα is the generator of the free S1-action

on M . Such contact manifolds are regular and the projection π : M Ñ B is known

as the Boothby-Wang fibration [8]. This construction generalises to symplectic orb-

ifolds pB,ωq such that rωs P H2pB,Rq admits a lift to a class c P H2
orbpB,Zq, the

degree 2 orbifold cohomology of B. Then c defines a Seifert fibration π : M Ñ B

carrying a pseudo-free S1-action and M admits the structure of a quasi-regular K-

contact manifold. When B is a Kähler orbifold, M acquires a Sasakian structure.

Let G be a torus of dimension n`1, g its Lie algebra and g˚ its dual Lie algebra.

We will denote by ZG “ kerpexp: g Ñ Gq the integral lattice of g. Suppose that

G acts on a manifold M . If v P g, we denote by vppq P TpM the tangent vector

induced by the action of G on M .

Definition 2.2. A contact manifold pM,Hq of dimension 2n ` 1 is called toric if

there is an effective action by an pn` 1q-dimensional torus G on M preserving the
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contact form. The α-moment map φα : M Ñ g˚ is defined by

〈φαppq, v〉 “ αppvppqq

for all p PM and v P g. The moment cone associated with φα is defined by

C “ ttφαppq | t ě 0, p PMu ,

and can be identified with the union of t0u with the image of the moment map

erφα of the lifted Hamiltonian G-action on CpMq, where G acts trivially on R.

The classification of compact toric contact manifold was completed by Lerman

[17]. In dimensions greater than three and when the G-action is not free, the contact

toric manifolds are classified by their moment cones, which are good cones:

Definition 2.3. A cone C Ă g˚ is good if there exists a minimal set of primitive

vectors v1, . . . , vd P ZG, with d ě n` 1, such that:

(i) C “
d
Ş

j“1

ty P g˚ | 〈y, vj〉 ě 0u,

(ii) Any codimension-k face of C, 1 ď k ď n, is the intersection of exactly k

facets whose set of normals can be completed to an integral base of ZG.

Remark 2.4. Good cones are rational polyhedral, meaning that the normals to the

facets are integral vectors.

Toric contact manifolds can be further divided into Reeb and non-Reeb types.

We say that M is of Reeb type if Rα is generated by an element R P g.

Theorem 2.5 ([4], [17]). If pM,αq is a toric contact manifold of Reeb type, then its

moment cone C is a strictly convex good cone. The image of the α-moment map φα
is a compact convex simple polytope P given by the intersection of the characteristic

hyperplane

H “ tη P g˚ | ηpRq “ 1u ,

determined by the vector R, with the moment cone C.

Remark 2.6. Strictly convex means that C contains no linear subspaces of positive

dimension, so it is a cone over a polytope. Toric contact manifolds with good

moment cones C that are not strictly convex are diffeomorphic to Tk ˆ Sk`2l´1,

for some k ą 1, l ě 0 [19].

Toric contact manifolds with an invariant K-contact structure must be of Reeb

type [18] and they always admit an invariant Sasakian structure [4]. In the sequel,

we will therefore assume that our toric contact manifolds are of Reeb type of di-

mension greater than three and equipped with an invariant Sasakian structure. We

will need the following result characterising the Reeb vector fields associated to a

Sasakian structure:

Theorem 2.7 ([22]). Let v1, . . . , vd P g be the defining integral normals of the

moment cone C P g˚ associated with a toric contact manifold of Reeb type pM,Hq.
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A vector R P g generates the Reeb vector field of an invariant Sasakian 1-form α

such that H “ kerα if and only if

R “
d
ÿ

j“1

ajvj , with aj P R` for all j “ 1, . . . , d.

Example 2.8. Returning to Example 2.1, if pB,ωq is an integral toric symplectic

manifold, then the principal S1-bundle over B is a good toric contact manifold with

moment cone

C “ trpx, 1q P Rn ˆ R | x P P, r ě 0u,

where P Ă Rn is the integral Delzant polytope associated with B.

Example 2.9. For each pair of coprime integers p, q with 0 ă q ă p, the Y p,q spaces

are toric Sasaki-Einstein metrics on S2 ˆ S3. The Sasakian structure is irregular

of rank 2 whenever 4p2 ´ 3q2 is a not perfect square [13]. In higher dimensions

they generalise to the family of toric contact manifolds N2n`1
k,m , n ě 2, k ě 1 and

0 ď m ă kn, associated to the good cones Cpk,mq Ă pRn`1q˚ defined by the

normals

vi “ ei ` en`1, vn “ ´
n´1
ÿ

i“0

ei `men ` en`1, v´ “ ken ` en`1, v` “ ´en ` en`1,

where ei P pRn`1q, i “ 1, . . . , n, are the canonical basis vectors of Rn`1. Unlike the

Y p,q spaces, N2n`1
k,m are not all diffeomorphic [1].

2.1. Lerman’s construction. The classification of toric contact manifolds of Reeb

type is analogous to Delzant’s classification of toric symplectic manifolds [4], [17].

In this section, we briefly recall the construction of a toric contact manifold from

its moment cone and elucidate the relation with the isotropy weights.

Let C Ă g˚ be a strictly convex good cone given by

C “
d
č

i“1

tη P g˚ | ηpviq ě 0u,

where vi P ZG, i “ 1, . . . , d, are the inward pointing normals of C and dim g˚ ą 2.

Let te1, . . . , edu denote the standard basis of Rd and define the map β : Rd Ñ g

by βpeiq “ vi. Denote by k the kernel of β. Since C is strictly convex, β is surjective

and we have the short exact sequences

0 Ñ k
ι
ÝÑ Rd β

ÝÑ gÑ 0 and 0 Ñ g˚
β˚

ÝÝÑ pRdq˚ ι˚
ÝÑ k˚ Ñ 0.

Since βpZdq Ă ZG, β induces a map β̃ : Td “ Rd{Zd Ñ g{ZG “ G. Let

K “

#

rts P Td |
d
ÿ

i“1

tivi P ZG

+

denote the kernel of β̃. It is a compact abelian subgroup with Lie algebra k “ kerpβq.

Consider the standard action of Td on pCd, ωst “ i{2π
řd
j“1 dzj ^ dzjq given by

rts ¨ pz1, . . . , zdq “ pe
2πit1z1, . . . , e

2πitdzdq.
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The corresponding moment map φ : Cd Ñ pRdq˚ is given by

φpz1, . . . , zdq “
d
ÿ

j“1

| zj |
2 e˚j ,

where te˚j u is the basis dual to the canonical basis teju. Since K is a subgroup of

Td, it acts on Cd with moment map

φKpz1, . . . , zdq “
d
ÿ

j“1

| zj |
2 ι˚pe˚j q P k

˚.

The reduced space WC “
pφ´1
K p0qzt0uq

K is a toric symplectic cone with symplectic form

ωC induced by ωst. It carries an action of G “ Td{K induced by the Td-action and

an action of R induced by the standard radial R-action on Cd.
Let σ be a section of β : Rd Ñ g, giving a splitting Rd – ιpkq ‘ σpgq. Since σ is

injective, its image defines an n-torus σpGq Ă Td. The action of G on pφ´1
K p0qzt0uq

via σpGq Ă Td is Hamiltonian with moment map φ̃ “ σ˚ ˝ φ : pφ´1
K p0qzt0uq Ñ g˚.

The G-action and the moment map φ̃ descend to the quotient WC making it a

Hamiltonian G-space with moment map

φG : WC Ñ g˚

rz1, . . . , zds ÞÑ σ˚pφpz1, . . . , zdqq,

where we denote by rz1, . . . , zds PWC the class of pz1, . . . , zdq P pφ
´1
K p0qzt0uq in the

quotient. The image of φG is the cone Czt0u. The sphere S2d´1 “ tz P Cd; |z|u is

a Td-invariant hypersurface of contact type in Cd and

MC “
pφ´1
K p0q

Ş

S2d´1q

K

is a G-invariant hypersurface of contact type in WC . Therefore it has a toric contact

structure induced by the G-invariant contact form α “ iXCωC , where XC is the

Liouville vector field induced by the R-action on WC . The moment cone of pMC , αq

is C.

Lemma 2.10. φ´1
K p0q “ φ´1pβ˚pCqq

Proof. Since 0 Ñ g˚
β˚

ÝÝÑ pRdq˚ ι˚
ÝÑ k˚ Ñ 0 is exact, we have pι˚q´1p0q “ β˚pg˚q.

Therefore φ´1
K p0q “ pι

˚ ˝φq´1p0q “ φ´1ppι˚q´1p0qq “ φ´1pβ˚pg˚qq “ φ´1pβ˚pg˚qX

φpCdqq. It follows from

β˚pg˚q X φpCdq “ tβ˚pηq | η P g˚and 〈β˚pηq, ei〉 ě 0 for all iu

“ tβ˚pηq | η P g˚and 〈η, βpeiq〉 ě 0 for all iu

“ tβ˚pηq | η P g˚and 〈η, vi〉 ě 0 for all iu

“ tβ˚pηq | η P Cu

that φ´1
K p0q “ φ´1pβ˚pCqq. �

The following lemma informs us how to read the isotropy groups from the mo-

ment cone.
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Lemma 2.11. Let pM,αq be a toric contact manifold of Reeb type with moment

cone C. Let p P M and η “ φαppq the image of p under the α-moment map. If

ηpviq “ 0, for a subset of indices i P I Ă t1, . . . , du, then its isotropy Lie algebra gp
is generated by the vectors vi, i P I.

Proof. Lerman’s construction implies that M –MC and that C “ φGpWCq. There-

fore ηpviq “ 0 if and only if φGppqpviq “ 0, where we are considering p as an ele-

ment of WC via the inclusion M – MC Ă WC . From Lemma 2.10 we have that

φ´1
K p0q “ φ´1pβ˚pCqq. Let z “ pz1, . . . , zdq P φ

´1
K p0q be such that β˚pηq “ φpzq.

Then

|zj |
2
“ 〈φpzq, ej〉 “ 〈β˚pηq, ej〉 “ 〈η, βpejq〉 “ 〈η, vj〉 .

Therefore zj “ 0 if and only if ηpvjq “ 0. The torus Td acts on φ´1
K p0q Ă Cd via

the standard action and ηpvjq “ 0 if and only if ej P tdz . The G-action on φ´1
K p0q

is given by a section σ of β : Td Ñ G. Since K “ kerβ, we have σ˚pvjq “ ej ` k,

where k P k and σ˚ is the Lie algebra map induced by σ. It follows that gp “ tdz{k,

therefore rσ˚pvjqs “ rejs P tdz{k. Since the G-action is given by the section σ, we

have that vj P gp is equivalent to rσ˚pvjqs P tdz{k, and therefore vj P gp if and only

if ηpvjq “ 0. Since C is a good cone, the vj satisfying ηpvjq “ 0 form an integral

basis of gp. �

Next we consider the weights of the isotropy representations. First we need a

lemma from [9]:

Lemma 2.12. Let ρ : G Ñ GLpV q be a faithful representation of a torus G pre-

serving a symplectic form ω such that dimV “ 2 dimG. If ρ is faithful, then its

weights form a basis of the weight lattice Z˚G of G.

We have the following specialisation of Lerman’s local normal form for the mo-

ment map [17], when restricted to a vertex.

Theorem 2.13. Let p P M be such that φαppq is a vertex of the convex polytope

P “ φαpMq and let V “ Hp be the fibre of the contact distribution on p. The

isotropy group Gp acts on V preserving the symplectic form dα|V . Then

g˝p “ Rφαppq

and we can choose a splitting

g˚ “ g˝p ‘ g˚p “ Rφαppq ‘ g˚p .

Let i : g˚p Ñ g˚ be the corresponding embedding. Then there exists a G-invariant

neighbourhood U of the zero section G ¨ r1, 0s in

N “ GˆGp V

and an open G-equivariant embedding ϕ : U Ñ M with ϕpr1, 0sq “ p and a G-

invariant 1-form αN on N such that

(1) ϕ˚α “ efαN form some function f P C8pUq;



EQUIVARIANT INDEX ON TORIC CONTACT MANIFOLDS 9

(2) the αN -moment map φαN is given by

φαN pra, vsq “ φαppq ` ipφV pvqq,

where φV : V Ñ g˚ is the moment map for the representation of Gp on V .

Consequently,

φα ˝ ϕpra, vsq “ pe
fφαN qpra, vsq “ efpra,vsqpφαppq ` ipφV pvqqq

for some G-invariant function f on N .

The following corollary shows how the isotropy weights relate to the moment

cone.

Corollary 2.14. Let p P M be such that φαppq is a vertex of the convex polytope

P “ φαpMq. Then the representation Gp Ñ GLpV q is faithful, and the weights of

the action of the isotropy group Gp on V “ Hp, the fibre of the contact distribution

at p, form a basis of the weight lattice Z˚Gp of g˚p that is dual to the basis tvp1 , . . . , v
p
nu

of gp, where vp1 , . . . , v
p
n are the normals to the faces of the moment cone Cpφαq

meeting at φαppq.

Proof. Theorem 2.13 ensures that there is a neighbourhood of G ¨ p that is G-

equivariantly diffeomorphic to a neighbourhood of the zero section of N “ GˆGp V .

Since the action of G on N is effective, the representation of Gp on V must be

faithful. The image of the moment map φV is

φV pV q “

#

n
ÿ

i“1

siw
i
p | si ě 0

+

Ă g˚p ,

where the wip are the weights of the isotropy action of Gp on V “ Hp. Therefore

the weights wip generate the edges of the cone φV pV q. Lemma 2.12 shows that the

weights wip form a basis of the integral lattice of g˚p . It follows that the weights

ipwjpq P g˚ satisfy ipwjpqpv
p
kq “ δjk. This implies that wjppv

p
kq “ δjk, where we are

viewing the normals vp1 , . . . , v
p
n as elements of gp. Thus w1

p, . . . , w
n
p P g

˚
p is the dual

basis to vp1 , . . . , v
p
n. �

Remark 2.15. Corollary 2.14 allows us to read the weights of the isotropy represen-

tation Gp Ñ GLpV q from the moment cone; one simply needs to choose a vector

vp0 completing the set tvp1 , . . . , v
p
nu to an integral basis of the lattice ZG Ă g.

2.2. The horizontal Dolbeault operator. Let M be a toric contact manifold of

Reeb type with dimM ą 3 endowed with a Sasakian structure pα,Rα,Φ, gq. The

transverse complex structure J “ Φ|H allows us to introduce a horizontal Dolbeault

operator BH , and more generally B
E

H twisted by a transverse holomorphic bundle

E. We briefly recall the definitions.

Let ΩkHpMq “ tω P ΩkpMq | ιRαω “ 0u “ ΓpM,
Źk

H˚q denote the space of

horizontal k-forms. The projection operators PV “ α ^ ιRα and PH “ 1 ´ PV
determine a splitting

Ω˚pMq “ Ω˚V pMq ‘ Ω˚HpMq “ PV pΩ
˚pMqq ‘ PHpΩ

˚pMqq
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into horizontal and vertical forms, and dH “ PH ˝ d is a differential on ΩkHpMq.

The transverse complex structure gives the usual decomposition of Ω˚HpMqbC into

horizontal pp, qq-forms and defines the horizontal Dolbeault complex:

0 Ñ Ω0,0
H pMq

BH
ÝÝÑ Ω0,1

H pMq
BH
ÝÝÑ ¨ ¨ ¨

BH
ÝÝÑ Ω0,n

H pMq Ñ 0,

with the associated symbol complex

0 Ñ π˚p
Ź0,0

H˚q
σpBHq
ÝÝÝÝÑ π˚p

Ź0,1
H˚q

σpBHq
ÝÝÝÝÑ ¨ ¨ ¨

σpBHq
ÝÝÝÝÑ π˚p

Ź0,n
H˚q Ñ 0,

where π : T˚M ÑM is the projection and σpBHqpp,ξqpw̄q “ ξ0,1H ^ w̄, where pp, ξq P

T˚M , w̄ P
Ź0,k

H˚|p and ξ0,1H “ PHpξq
0,1 is the p0, 1q-component of the horizontal

projection of ξ.

A G-equivariant vector bundle πE : E ÑM is transversally holomorphic if with

respect to an open cover tUαu of M , it is determined by transition functions gαβ

satisfying BHpgαβq “ 0. The twisted horizontal Dolbeault operator B
E

H is given

locally by

B
E

H : Ω0,k
H pM,Eq Ñ Ω0,k`1

H pM,Eq

w b uα ÞÑ BHpwq b uα.

and we have the twisted horizontal Dolbeault complex

0 Ñ Ω0,0
H pM,Eq

B
E
H
ÝÝÑ Ω0,1

H pM,Eq
B
E
H
ÝÝÑ ¨ ¨ ¨

B
E
H
ÝÝÑ Ω0,n

H pM,Eq Ñ 0,

with the symbol σpB
E

Hqpp,ξqpw̄ b ēq “ ξ0,1H ^ w̄ b ē, where w̄ b ē P
Ź0,k

H|p b E|p.

3. Equivariant Index

3.1. Transversally elliptic operators. In this section, we collect relevant facts

about transversally elliptic operators [3, 24].

Let G be a compact Lie group and M a compact G-manifold. We denote by

π : T˚M ÑM the natural projection. A complex of G-invariant pseudodifferential

operators is called transversally elliptic, if it is elliptic in the directions transversal

to G-orbits. More precisely, let T˚GM Ă T˚M be the closed subset defined by the

union of conormals to the G-orbits,

T˚GM “ tpp, ξq P T˚M | ξpvppqq “ 0 for all v P gu.

A complex of G-invariant pseudodifferential operators P is a sequence

0 Ñ ΓpE0q
P1
ÝÑ ΓpE1q

P2
ÝÑ ¨ ¨ ¨

Pn
ÝÝÑ ΓpEnq Ñ 0,

where the Pi are G-invariant pseudodifferential operators and ΓpEiq is the space of

sections of the G-vector bundle Ei, i “ 1, . . . , n. Its symbol σP on T˚M is given

by the complex

0 Ñ π˚E0 σ1
ÝÑ π˚E1 σ2

ÝÑ ¨ ¨ ¨
σn
ÝÝÑ π˚En Ñ 0,

where σi “ σpPiq is the symbol of the pseudodifferential operator Pi. Let

CharpσP q “ tpp, ξq P T
˚M | σP pp, ξq is not exactu
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denote the characteristic set of the complex.

Definition 3.1. A complex of G-invariant pseudodifferential operators P is G-

transversally elliptic if CharpσP q
Ş

T˚GM is compact.

A G-transversally elliptic symbol σP defines an element rσP s P K
˚
GpT

˚
GMq. Con-

versely, given a symbol class rσs P K˚GpT
˚
GMq, there is a G-transversally elliptic

pseudodifferential operator A : ΓpM,Eq Ñ ΓpM,F q such that σpAq “ σ. Let Ĝ

be the set of isomorphism classes of irreducible complex representations of G and

R̂pGq be the space of Z-valued functions on Ĝ. The elements V P R̂pGq are thus

infinite series

V “
ÿ

µPĜ

mpµqχVµ

with mpµq P Z. The kernel of A is not finite-dimensional, but it is shown in [3] that

for every µ P Ĝ the space HomGpVµ, kerpAqq is a finite dimensional vector space of

dimension mpVµ, Aq. The integer mpVµ, Aq ´mpVµ, A
˚q depends only on the class

of the symbol σpAq in K˚GpT
˚
GMq and the index of σ is defined by

indMG pσq “
ÿ

µPĜ

pmpVµ, Aq ´mpVµ, A
˚qqχVµ ,

where the adjoint A˚ of A is also a G-transversally elliptic pseudo-differential op-

erator and defined by choosing a G-invariant metric. Atiyah showed in [3] that

indGpσq defines a distribution on G. The index depends only on the symbol class

rσs P K˚GpT
˚
GMq and descends to a map

indMG : K˚GpT
˚
GMq Ñ R̂pGq.

The following basic example will be important in the sequel.

Example 3.2. Let M “ S1 with S1 acting on M by left translation. Let E “

M ˆ C be the trivial line bundle and F “M ˆ t0u. Then ΓpM,Eq “ C8pS1q and

ΓpM,F q “ 0. The operator D “ 0: ΓpM,Eq Ñ ΓpM,F q has symbol

σD : π˚E Ñ π˚F

pξ, eq ÞÑ pξ, 0q.

Since T˚S1M “ M ˆ t0u, the operator D is S1-transversally elliptic. The index of

σD is

indMS1pσDqptq “
ÿ

nPZ
χVnptq “

ÿ

nPZ
tn,

where Vn “ C is the S1-module with the action t ¨ z “ tnz.

Let M be a p2n ` 1q-dimensional toric contact manifold of Reeb type, n ą 1,

with an invariant Sasakian structure. Let B
E

H be the twisted horizontal Dolbeault

complex on M as defined in Section 2.2.

Proposition 3.3. σpB
E

Hq is a G-transversally elliptic symbol.
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Proof. Recall that the symbol σkpB
E

Hq : π
˚p
Ź0,k

H˚ b Eq Ñ π˚p
Ź0,k`1

H˚ b Eq is

given by

σkpB
E

Hqpp,ξqpw̄ b ēq “ ξ0,1H ^ w̄ b ē,

where pp, ξq P T˚M , w̄ b ē P
Ź0,k

H|p b E|p. The complex σpB
E

Hqpp,ξq is exact so

long as ξ0,1H ‰ 0, that is when ξ is not a multiple of the contact form α. Since M is

of Reeb type, a vector R P g generates the Reeb vector field. We have

pp, ξq P T˚GM ùñ ξpvppqq “ 0 for all v P g.

Since the action of G generates the Reeb vector field, we have ξpRppqq “ 0. By

αppRppqq “ 1, it follows that ξ is not a multiple of αp and therefore σpB
E

Hqpp,ξq is

exact.

�

We conclude by recalling the multiplicative and excision properties of the index

[3]. Consider a compact Lie group G2 acting on two manifolds M1 and M2 and

assume that another compact Lie group G1 acts on M1 commuting with the action

of G2. The exterior product of vector bundles induces a multiplication map

(3.1) b : KG1ˆG2
pT˚G1

M1q bKG2
pT˚G2

M2q Ñ KG1ˆG2
pT˚G1ˆG2

pM1 ˆM2qq.

Theorem 3.4 (Multiplicative Property). For any σ1 P KG1ˆG2pT
˚
G1
M1q and any

σ2 P KG2pT
˚
G2
M2q, we have

indM1ˆM2

G1ˆG2
pσ1 b σ2q “ indM1

G1ˆG2
pσ1qindM2

G2
pσ2q.

Theorem 3.5 (Excision Property). Let j : U ÑM be an open G-embedding into a

compact G-manifold M . We have a pushforward map j˚ : KGpT
˚
GUq Ñ KGpT

˚
GMq

and the composition

KGpT
˚
GUq

j˚
ÝÑ KGpT

˚
GMq

indMG
ÝÝÝÑ R̂pGq

is independent of j : U ÑM .

The product of a symbol σ by a G-equivariant vector bundle E is the symbol

given by

pσ b Eqpp, ξq “ σpp, ξq b IdE .

Note that the symbol σpB
E

Hq is of this form.

Proposition 3.6. Let σ P KGpT
˚
GMq, E a G-module and E the corresponding

trivial G-equivariant bundle over M , then

indMG pσ b Eq “ indMG pσq b χE P R̂pGq,

where χE is the character of the G-module E.
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3.2. Localisation. In this section, we review the K-theoretic localisation method

for computing the index of transversally elliptic operators developed in [3]. The

core idea is to choose a filtration of the manifold that allows one to decompose the

symbol into contributions from lower dimensional spaces, essentially reducing the

problem to a computation on vector spaces. The main ingredient involved in the

computations is Atiyah’s pushed symbol σε.

Let G be an pn ` 1q-dimensional torus acting on Cm with no fixed vector and

weights wi P g˚, i “ 1, . . . ,m. A G-invariant Riemannian metric h on Cm induces

an isomorphism

TCm Ñ T˚Cm

v ÞÑ ṽ “ hpv, ¨q.

Given ε P g we will denote by εppq P TpCm the vector generated by ε at p and by
Ąεppq P T˚p Cm its image under the isomorphism defined by h. Let σpBq be the symbol

0 Ñ π˚p
Ź0,0

T˚Cmq σpBq
ÝÝÝÑ π˚p

Ź0,1
T˚Cmq σpBq

ÝÝÝÑ ¨ ¨ ¨
σpBq
ÝÝÝÑ π˚p

Ź0,m
T˚Cmq Ñ 0,

where π : T˚Cm Ñ Cm is the projection and σpp,ξqpBqpwq “ ξ0,1 ^ w. The symbol

σpBq is exact away from the zero section of T˚Cm, in fact, CharpσpBqq “ C ˆ t0u.
Since CharpσpBqqXT˚GCm “ CharpσpBqq is non-compact, it is not a G-transversally

elliptic symbol. Atiyah shows in [3] how to obtain a G-transversally elliptic symbol

σε by deforming σpBq using the G-action. Namely, let Hi “
 

ε P g | wipεq “ 0
(

be

the hyperplane in g determined by the weight wi and pick a vector ε P g away from

the hyperplanes Hi.

Definition 3.7. Atiyah’s pushed symbol σε is defined by

σεpp,ξqpwq “ σpBq
pp,ξ`gp|ξ|qČεppqq

pwq “ pξ ` gp| ξ |qĄεppqq0,1 ^ w,

where εppq P TpCm is the tangent vector generated by ε at p, pp, ξq P T˚Cm,

w P
Ź0,k

T˚Cm and g is a bump function supported in a small neighbourhood of 0,

so that σε coincides with σ away from the zero section of T˚Cm.

Since σ is an isomorphism away from the zero section of T˚Cm, we know that

σεpp, ξq fails to be an isomorphism if and only if ξ ` gp| ξ |qĄεppq “ 0. Therefore,

Charpσεq “ tpp, ξq P T˚Cm | ξ ` gp| ξ |qĄεppq “ 0u

is still non-compact. If pp, ξq P T˚GCm|p, let t P R` be such that gp| tξ |q ą 0. Then

tξ ` gp| tξ |qĄεppq “ 0 ùñ tξpεppqq ` gp| tξ |qĄεppqpεppqq “ 0

ùñ gp| tξ |qhpεppq, εppqq “ 0

ùñ εppq “ 0 ùñ Ąεppq “ 0

ùñ ξ “ 0 and p “ 0,

where we have used the facts that ξpvppqq “ 0 for all v P g if pp, ξq P T˚GCm|p, and

εppq “ 0 if and only if p “ 0 since the torus acts with no fixed vectors. Therefore

Charpσεq X T˚GCm “ t0u ˆ t0u and σε is a G-transversally elliptic symbol.
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Definition 3.8. Let t P G and α P g˚, then
ˆ

1

1´ t´α

˙`

“ ´

8
ÿ

k“1

tkα and

ˆ

1

1´ t´α

˙´

“

8
ÿ

k“0

t´kα,

are the expansions in positive and negative powers of α. In other words, p¨q˘ are

the Laurent expansions of a rational function around t “ 8 and t “ 0, respectively.

Theorem 3.9. Let σε be Atiyah’s pushed symbol, then

indCm
G pσεqptq “

m
ź

j“1

ˆ

1

1´ tαj

˙sj

P R̂pGq,

where sj “ ` if αjpεq ą 0 and sj “ ´ if αjpεq ă 0.

Proof. See [3] (Theorem 8.1) or [7]. �

Atiyah shows in [3] how to extend the ideas above to evaluate the index for

symbol classes in KGpT
˚
GMq, when M is a compact manifold with an action of a

pn` 1q-dimensional torus G. The G-action provides M with a filtration by closed

subsets

M “M0 ĄM1 Ą ¨ ¨ ¨ ĄMn`1 ĄMn`2 “ H

where Mi “ tp PM | dimGp ě iu. This filtration determines a split exact sequence

for each i,

0 KGpT
˚
GpM ´Miqq KGpT

˚
GpM ´Mi`1qq KGpT

˚
GM |pMi´Mi`1qq 0,

θi

and a decomposition

KGpT
˚
GMq –

n`1
à

i“0

θiKGpT
˚
GM |pMi´Mi`1qq.

Note that T˚GM |pMi´Mi`1q is a complex vector bundle over T˚GpMi ´ Mi`1q,

therefore we can compose the splittings θi with the Thom isomorphism, which we

denote by φi, and obtain

KGpT
˚
GMq –

n`1
à

i“0

φiKGpT
˚
GpMi ´Mi`1qq.

This decomposition allows us to break up a symbol and evaluate its index on

each piece separately. For instance, if rσs P KGpT
˚
GMq, then

indMG pσq “
n`1
ÿ

i“0

indMG pφipσ|Mi´Mi`1
qq.

The Thom isomorphism is well-understood, so in order to evaluate the maps φi,

let us recall the definition of the splitting maps θi from [3].

To define θi it suffices to consider each connected component Y of Mi ´Mi`1

separately. These components are open submanifolds of a unique fixed point set

MT i of a subtorus T i Ă G. The key ingredient in the construction of θi is a vector

field v on a neighbourhood U of Y , such that v vanishes only on Y . One can
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then proceed as in the discussion following Definition 3.7 and obtain an element

of KGpT
˚
GUq, which is mapped into KGpT

˚
GMq via the natural map KGpT

˚
GUq Ñ

KGpT
˚
GMq induced by the open inclusion T˚GU Ñ T˚GM . Such vector fields exist in

general, as Atiyah shows with the following argument. Since Y is an open subset

of MT i , T i acts on the normal bundle N of Y leaving no non-zero vector fixed.

Identifying N with a tubular neighbourhood U of Y , each vector ε P LiepT iq will

generate a vector field on U that vanishes only on Y .

This approach to evaluating the index has some practical limitations, as it utilises

different vector fields around the connected components and it requires computing

the contributions from all levels of the filtration. The following proposition provides

criteria for a single vector field on M to satisfy the requirement for the construction

of θi around each connected component of Mi ´Mi`1, and to localise away the

contributions from θi below a certain filtration level. This differs from Atiyah’s

approach in that it uses a global vector field rather than multiple vector fields

defined locally, and it renders this method computationally feasible.

Proposition 3.10. Let rσs P KGpT
˚
GMq and let v be a vector field on M such that:

‚ σpp, ξ ` λṽppqq is an isomorphism for every p P MzMj, λ P Rzt0u, ξ P
pT˚GMqp and some j P t1, . . . , n` 1u;

‚ vppq is tangent to the orbit G ¨ p;

‚ vppq “ 0 if and only if p PMj;

where ṽ “ hpv, ¨q for a G-invariant Riemannian metric h on M . Then for i ă j,

we can use vppq to construct the map θi and we have θipσq “ 0.

Proof. We may assume that σ is the symbol of a transversally elliptic operator,

since the group KGpT
˚
GMq is generated by those symbols (see [3]), hence σpp, ξq is

invertible when ξ P pT˚GMqp is non-zero. Let i be an integer such that i ă j. Note

that Mj ĂMi and the vector field v is non-vanishing on Mi´Mi`1. To decompose

the symbol σ, we first restrict it to Mi ´Mi`1 obtaining σ|pMi´Mi`1q. We identify

U with the normal bundle N of Mi ´Mi`1 and denote by p : U ÑMi ´Mi`1 the

projection. The pullback p˚pσ|pMi´Mi`1qq is the extension of the restriction of σ to

U . We note that p˚pσ|pMi´Mi`1qq is not equal to the restriction of σ to U .

Since σpp, ξq is non-invertible when ξ “ 0, the pullback p˚pσ|pMi´Mi`1qq does

not define an element of KGpT
˚
GUq as its support U is not compact. However, the

vector field v can be used to deform this map so that its support becomes compact.

To avoid clutter, we will use σ below to denote the extension p˚pσ|pMi´Mi`1qq to

U . We define θi using v as follows. Let

σ̃pp, ξq “ σpp, ξ ` gp| ξ |qṽppqq,

where pp, ξq P pT˚GUqp, g is a bump function supported on a small neighbourhood

of the zero section of T˚GU and σ is denoting the extension to U of the restriction

of σ. Since σpp, ξq is an isomorphism for ξ ‰ 0 it follows that σ̃pp, ξq fails to be an

isomorphism exactly when ξ ` gp| ξ |qṽppq “ 0. Since vppq is tangent to G ¨ p and ξ

is orthogonal to G ¨ p, we have

ξ ` gp| ξ |qṽppq “ 0 ðñ ξ “ 0 and vppq “ 0.
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Therefore the support of σ̃pp, ξq is compact and it defines an element of KGpT
˚
GUq.

The class θipσq is defined as the image of σ̃ under the natural homomorphism

KGpT
˚
GUq Ñ KGpT

˚
GpM ´Mi`1q induced by the open inclusion T˚GU Ñ T˚GpM ´

Mi`1q. Furthermore, we have that vppq “ 0 if and only if p P Mj . In particular, v

does not vanish on Mi ´Mi`1. Therefore

ξ ` gp| ξ |qṽppq ‰ 0

for every pp, ξq P T˚GU and σ̃ is an isomorphism everywhere. It follows that σ̃

represents the trivial class in KGpT
˚
GUq and θipσq “ 0.

�

Remark 3.11. Proposition 3.10 is particularly useful in the following situation.

Suppose that there is a k P t1, . . . , n` 1u such that Mj “ H for all j ą k. If there

is a vector field vppq satisfying the above hypothesis for j “ k, then only the level

k of the filtration contributes to the index and we have

indMG pσq “ indMG φkpσ|Mk
q.

4. The index of B
E

H

Adopting the localisation technique outlined in Section 3.2, we will compute the

index of the twisted Dolbeault operator B
E

H and show that the contributions to the

index come from a finite number of closed Reeb orbits.

Let M be a p2n ` 1q-dimensional toric contact manifold of Reeb type, n ą 1,

equipped with an invariant Sasakian structure. We proceed by constructing a vector

field satisfying the hypothesis of Proposition 3.10 for j “ n. Let us fix a vector R P g

that generates the Reeb vector field. Given a closed Reeb orbit L, corresponding

to an edge of the moment cone, the good cone condition (Definition 2.3(ii)) ensures

the existence of a vector vL0 P ZG such that vL0 , v
L
1 , . . . , v

L
n forms an integral basis of

ZG, where vLi , i “ 1, . . . , n, are the cone normals at L. There is a unique element

det P
Źn`1

g˚ such that

detpvL0 , v
L
1 , . . . , v

L
n q “ 1.

Since tvL0 , v
L
1 , . . . , v

L
n u is an integral basis of ZG, its dual basis tµL, w

1
L, . . . , w

n
Lu

is an integral basis of the integral weights lattice Z˚G. We expand

R “ µLpRqv
L
0 ` w

1
LpRqv

L
1 ` ¨ ¨ ¨ ` w

n
LpRqv

L
n .

Since R generates the Reeb vector field, its infinitesimal action is non-zero every-

where. Therefore its vL0 component, µLpRq, cannot be zero, since the infinitesimal

action of vLi , i “ 1, . . . , n, on L is zero. It follows that

det
`

R, vL1 , . . . , v
L
n

˘

“ µLpRq ‰ 0,

and tR, vL1 , . . . , v
L
n u forms a basis of g (not necessarily integral).

Given a vector ε P g, we will define the vector field εK as its orthogonal comple-

ment with respect to the Reeb vector field. More precisely, let ε P g and Li be a

Reeb orbit corresponding to an edge of the moment cone. Write

ε “ ηLipεqR` η
1
Lipεqv

Li
1 ` ¨ ¨ ¨ ` ηnLipεqv

Li
n .
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Let Ui be an open neighbourhood of Li and Vi a closed neighbourhood such that

Li Ă Vi Ă Ui. We can assume that the Ui’s are all disjoint. Define

φLippq “

#

0 if p PMzUi,

´ηLipεq if p P Vi,

and extend it to smoothly interpolate between 0 and ´ηLipεq on UizVi, defining a

smooth bump function. Projecting out the Reeb vector field component corresponds

to shrinking the contribution of R to the vector field generated by ε. We define εK

as

εKppq “ εppq `
N
ÿ

i“1

φLippqRppq.

Definition 4.1. An element ε P g is called a polarizing vector if ηiLpεq ‰ 0 for i “

1, . . . , n and for every L ĂMn. We say that a vector field εK is a good deformation

vector field for rσs P KGpT
˚
GMq if it satisfies the hypothesis of Proposition 3.10 for

j “ n.

Proposition 4.2. If ε P g is a polarizing vector, then εK is a good deformation

vector field for σpB
E

Hq P KGpT
˚
GMq.

Proof. By construction εKppq is tangent to the G-orbits. The symbol σpBHqpp, vppqq

is invertible if vppq is not parallel to the Reeb vector field Rppq, so we only need to

prove that εKppq “ 0 if and only if p PMn. Let p P Ui and suppose that εKppq “ 0.

Let L “ Li be the orbit corresponding to the normals vL1 , . . . , v
L
n and write

εKppq “ pηLpεq `
N
ÿ

j“1

φLj ppqqRppq ` η1Lpεqv
L
1 ppq ` ¨ ¨ ¨ ` η

n
Lpεqv

L
n ppq “ 0.

This implies that

pηLpεq `
N
ÿ

j“1

φLj ppqqR` η1Lpεqv
L
1 ` ¨ ¨ ¨ ` η

n
Lpεqv

L
n P gp.

For p P Ui, there is a finite number of possible isotropy algebras gx; they are all

generated by a subset of tvL1 , . . . , v
L
n u. This implies that

pηLpεq `
N
ÿ

j“1

φLj ppqq “ 0,

and since tvL1 , . . . , v
L
n u is a linearly independent set, we have vLj P gx for all j “

1, . . . , n. It follows that the image of p under the moment map lies in the intersection

of the faces determined by the normals vL1 , . . . , v
L
n , so p is a point in the orbit L.

Let p PMz
ŤN
j“1 Uj , we have

εKppq “ εppq `
N
ÿ

i“1
��

��*
0

φLippqRppq “ εppq.

Let L be one of the orbits Li and write

ε “ ηLpεqR` η
1
Lpεqv

L
1 ` ¨ ¨ ¨ ` η

n
Lpεqv

L
n .
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Since R, vL1 , . . . , v
L
n is a basis of g and G acts freely on Mz

ŤN
j“1 Uj , we have ηjLpεq ‰

0 and εppq must be non-zero. Hence, εK is a good deformation vector field for σpBHq

and also for σpB
E

Hq as they have the same characteristic sets. �

The level n filtration Mn ĂM is a disjoint union of closed Reeb orbits Le indexed

by the set EpCq of edges of the moment cone C,

Mn “
ğ

ePEpCq

Le.

Since Mn`1 “ H, it follows by Proposition 4.2 that

indMG pσpBHqq “ indMG φnpσpBHq|Mnq “
ÿ

ePEpCq

indMG φnpσpBHq|Leq.

Given an orbit L ĂMn and a vector ε P g, we denote by εKL the vector

η1Lpεqv
L
1 ` ¨ ¨ ¨ ` η

n
Lpεqv

L
n P g.

In a neighbourhood of each closed orbit L ĂMn, there is a vector εKL P g generating

the vector field εK.

Proposition 4.3. Let L ĂMn be a closed Reeb orbit. For any t P G, we have

indMG φnpσpBHq|Lqptq “

ˆ

1

1´ t´w
1
L

˙s1L

¨ ¨ ¨

ˆ

1

1´ t´w
n
L

˙s1L

δp1´ tµLq,

where tµL, w
1
L, . . . , w

n
Lu is a basis of the weight lattice Z˚G dual to tvL0 , . . . , v

L
n u,

siL “ ` if wiLpε
K
Lq ą 0 and siL “ ´ if wiLpε

K
Lq ă 0.

Proof. To evaluate the index, we need to understand the symbols φnpσpBH |qLeq.

The map φn is a composition of the Thom isomorphism with the splitting homo-

morphism θn. Let L be a connected component of Mn and let N be its normal

bundle in M . Since L Ă M is an embedded circle, N is a trivial complex bundle

N – LˆCn. Write G “ GL ˆ S
1
0 , where GL is the isotropy group associated with

L and S1
0 the circle generated by the vector vL0 P ZG. Taking G1 “ GL, G2 “ S1

0 ,

M1 “ L and M2 “ Cn in (3.1), we get

b : KGpT
˚
GLq bKGLpT

˚
GLC

nq Ñ KGLˆS1
0
pT˚GLˆS1

0
pLˆ Cnqq – KGpT

˚
GNq.

The map φn is given by taking the Bott element rσε
K
L s P KGLpT

˚
GL

Cnq in this

product. That is, given σ P KGpT
˚
GLq we have

φnpσq “ σ b σε
K
L P KGpT

˚
GNq.

Identifying N with a tubular neighbourhood U of L in M and using excision to

extend the symbol to M , we obtain φnpσq “ σ b σε
K
L P KGpT

˚
GMq. It follows from

Theorem 3.4 that

indMG φnpBH |Lq “ indCn
GLpσ

εKLqindLGp0q,

where 0 is the zero operator on L – S1 discussed in Example 3.2. According to

Theorem 3.9,

indCn
GLpσ

εKLqpgq “

ˆ

1

1´ g´α1

˙s1L

¨ ¨ ¨

ˆ

1

1´ g´αn

˙snL

,
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where α1, . . . , αn are the weights of the GL-action on Cn, g P GL, siL “ ` if

αiLpε
K
Lq ą 0 and siL “ ´ if αiLpε

K
Lq ă 0. By Corollary 2.14, the weights α1, . . . , αn

determine a basis of the weight lattice Z˚G Ă g˚ that is dual to tvL1 , . . . , v
L
n u Ă gL.

Writing G “ GL ˆ S
1
0 , the G-action on L is given by

t “ pg, sq ¨ p “ sp,

where t “ pg, sq P G “ GL ˆ S1
0 and p P L. We identify the subgroup S1

0 Ă G

generated by vL0 with S1 via

e2πisv
L
0 ÞÑ e2πis P S1.

This identification is determined by the weight µL P Z˚G defined by µLpv
L
0 q “ 1 and

µLpv
L
j q “ 0, j ‰ 0. In fact, let s “ e2πisv

L
0 P S1

0 . Then sµL “ e2πisµLpv
L
0 q “ e2πis P

S1 and therefore

indLGp0qpgq “ indLGLˆS1
0
p0qpt, sq “ indLS1p0qpsµLq.

Since S1
0 acts freely and transitively on L we have

indLS1p0qpsµLq “
8
ÿ

k“´8

skµL “ δp1´ sµLq.

We extend the weight vectors αi P Z˚GL , i “ 1, . . . , n to Z˚G by defining αipv
L
0 q “ 0.

Denote these extensions by wiL P Z˚G, i “ 1, . . . , n. Note that tµL, w
1
L, . . . , w

n
Lu is

a basis of Z˚G dual to tvL0 , v
L
1 , . . . , v

L
n u and wiLpε

K
Lq “ αipε

K
Lq. Let t “ pg, sq P G “

GL ˆ S1
0 and η P g˚. We will write tη “ pg, sqη “ gηsη. Since GL is generated by

tvL1 , . . . , v
L
n u and S1

0 is generated by vL0 , we have twi “ pg, sqwi “ gwiswi “ gαi and

tµL “ pg, sqµL “ gµLsµL “ sµL . Given t “ pg, sq P G “ GL ˆ S
1
0 , we have

indMG φnpσpBHq|Lqptq “ indMGLˆS1
0
pσpBHq|Lqpg, sq

“ indCn
GLpBεKqpgqindLGLˆS1

0
p0qpg, sq

“

ˆ

1

1´ t´w
1
L

˙s1L

¨ ¨ ¨

ˆ

1

1´ t´w
n
L

˙snL

δp1´ tµLq.

�

Next we allow for twistings by an auxiliary bundle and derive the main result

of this section, which is a Lefschetz type formula for the index of B
E

H . Let L be a

closed orbit corresponding to an edge of the moment cone C and let E Ñ M be a

G-equivariant transversally holomorphic bundle. Since L “ G{GL, the restriction

E|L to L is a vector bundle of the form GˆGL FL for some GL-module FL. Since

G “ LˆGL we have

GˆGL F “ pLˆGLq ˆGL F “ Lˆ F.

Recall that Mn is the disjoint union of closed Reeb orbits Le indexed by the edges

of the moment cone C.
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Theorem 4.4. Let B
E

H be the horizontal Dolbeault operator on a toric compact

Sasaki manifold twisted by a G-equivariant transversally holomorphic bundle E.

For any t P G,

indMG σpB
E

Hqptq “
ÿ

LĂMn

n
ź

i“1

χE|Lptq

ˆ

1

1´ t´w
i
L

˙siL

δp1´ tµLq,

where χE|L is the character of the GL-module associated to the restriction E|L, and

siL “

#

` if wiLpε
K
Lq ą 0,

´ if wiLpε
K
Lq ă 0.

Proof. We have that

indMG σpB
E

Hq “
ÿ

LPMn

indMG φnpσpB
E

Hq|Lq.

Restricting σpB
E

Hq to L Ă Mn we get the symbol σpBHq|L b E|L. If follows that

E|L “ L ˆ FL, for some GL-module FL and χE|L “ χFL . By the multiplicative

property of the index, Proposition 3.6 and Proposition 4.3, we get

indMG φnpσpB
E

Hq|Lptq “ indMG pσpBHq|LqχFL

“ indCn
GLpBεKL

qptqindLGp0qptqχE|Lptq

“ χE|Lptq

ˆ

1

1´ t´w
1
L

˙s1L

¨ ¨ ¨

ˆ

1

1´ t´w
n
L

˙snL

δp1´ tµLq.

The result follows by summing over all the closed Reeb orbits in Mn . �

5. A lattice point formula

In this section, we relate the index of the horizontal Dolbeault operator BH to

the lattice points of the moment cone.

5.1. Polar decomposition of polytopes. The Lawrence-Varchenko formula ex-

presses the characteristic function of a polytope as an alternating sum of character-

istic functions of certain cones associated to vertices of the polytope. By extending

the formula to polyhedral rational cones, it will allow us to collect the multiplicities

in the expression for the index in Theorem 4.4, once expanded into power series.

We begin by presenting the formula and relating the characteristic function of

the interior of a polytope to the dual cones. Let P be a simple convex polytope in

an n-dimensional vector space V ˚. Let F be a face of P . The tangent cone to P

at F is defined by

CF “ ty ` rpx´ yq|r ě 0, y P F, x P P u.

Let σ1, . . . , σd denote the facets of P . Since P is simple, exactly n facets intersect

at each vertex. We will denote the set of vertices of P by VertpP q. For each face

F of P , let IF Ă t1, . . . , du be the set of indices of the facets meeting at F so that

i P IF if and only if F Ă σi.

In particular, if F “ p P VertpP q we have i P Iv if and only if v P σi.
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Let p P VertpP q and denote by wip, i P Ip, the edge vector emanating from p that

lies along the unique edge at p which is not contained on the facet σi. Notice that

the wip are only determined up to a positive scalar.

Definition 5.1. A vector ξ P V such that all the pairings
〈
wip, ξ

〉
are non-zero is

called a polarizing vector for P .

Let H1, . . . ,HN be the hyperplanes in V determined by the edges of P under

the pairing between V and V ˚. A vector ξ P V is a polarizing vector for P if and

only if it belongs to the complement

VP “ V zpH1 Y ¨ ¨ ¨ YHN q.

The connected components of VP are called chambers. The signs of the pairings〈
wip, ξ

〉
depend only on the chamber of VP containing ξ.

Definition 5.2. Let ξ P VP be a polarizing vector. For each vertex p P VertpP q

and each edge vector wip emanating from p, we define the corresponding polarized

edge vector to be

wip
#
“

#

wip if
〈
wip, ξ

〉
ą 0,

´wip if
〈
wip, ξ

〉
ă 0.

Definition 5.3. Given a polarizing vector ξ P VP , the polarized tangent cone at

p P Vert(P) is defined by

C#
p “ p`

ÿ

wPE`p pξq

Ră0w `
ÿ

wPE´p pξq

Rě0w,

where

E`p pξq “ tw
i
p |

〈
wip, ξ

〉
ą 0u and E´p pξq “ tw

i
p |

〈
wip, ξ

〉
ă 0u.

Theorem 5.4 (Lawrence-Varchenko). Let P Ă V ˚ be a simple convex polytope

and ξ P VP a polarizing vector for P . Then for any x P V ˚, we have

(5.1) 1P pxq “
ÿ

pPVertpP q

p´1q|E
`
p pξq|1C#

p
pxq,

where 1C#
p

is the characteristic function of the polarized cone C#
p .

Proof. See Theorem 3.2 in [15]. �

Next we show that by flipping the cones in (5.1) yields a cone decomposition of

the interior of the polytope P .

Definition 5.5. Define the dual polarized tangent cone at p P VertpP q by

qC#
p “ p`

ÿ

wPE`p pξq

Rą0w `
ÿ

wPE´p pξq

Rď0w

Suppose that ξ P V lies in one of the walls Hj separating the chambers of VP .

Let e be an edge of P perpendicular to this wall and let p be an endpoint of e. The

edge vectors at p are wjp for j P Ie, and an edge vector that lies along e is denoted

by wep.
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Definition 5.6. The dual polarized tangent cone at the edge e is defined by

qC#
e “ p` Rwep `

ÿ

wPE`p pξq

Rą0w `
ÿ

wPE´p pξq

Rď0w.

One verifies that the cone qC#
e is independent of the choice of endpoint of the

edge e. We also note that if x P qC#
p , then

(5.2) 〈ξ, x〉 ě 〈ξ, p〉 .

Indeed, if x P qC#
p we have

x “ p`
ÿ

wPE`p pξq

aww `
ÿ

wPE´p pξq

bww,

where aw ą 0, bw ď 0. Therefore

〈ξ, x〉 “ 〈ξ, p〉`
ÿ

wPE`p pξq

ě0
hkkkikkkj

aw 〈ξ, w〉`
ÿ

wPE´p pξq

ě0
hkkkikkkj

bw 〈ξ, w〉 ě 〈ξ, p〉

Theorem 5.7. Let P Ă V ˚ be a simple convex polytope and ξ P VP a polarizing

vector for P . Then for any x P V ˚, we have

(5.3) p´1qn1P ˝pxq “
ÿ

pPVertpP q

p´1q|E
`
p pξq|1

qC#
p
pxq,

where n “ dimV and P ˝ denotes the interior of P .

Proof. The proof proceeds along the same lines as that of Theorem 5.4 in [15]

and comes down to verifying the identity (5.3) in three separate cases and proving

independence of the choice of polarizing vector ξ.

Case 1: Suppose that x P P ˝. Pick any polarizing vector ξ P VP . Let p P VertpP q

be the vertex for which 〈ξ, p〉 is minimal. Then E´p pξq “ H and we have

P ˝ Ă qC#
p . For any other vertex q P VertpP q, at least one of the wjq’s is

flipped, and so qC#
q X P

˝ “ H. Hence P ˝ is disjoint from the cones qC#
q for

all other q ‰ p and (5.3), when evaluated at x, reads p´1qn “ p´1qn.

Case 2: Suppose that x P BP . Let σ be a facet that contains x and p P VertpP q

be such that p P σ. Assume that given another facet σ1, we have x R σ1 if

p R σ1. Choose a polarizing vector ξ P VP such that

〈ξ, p〉 “ min
yPP

〈ξ, y〉 .

We have E´p pξq “ H and therefore x R qC#
p because qC#

p “ C˝p and x P σ Ă

BCp. We show that x R qC#
q for any other q P VertpP q. Suppose that q ´ p

is not an edge of P . Let σq “ σz
Ť

jPIq
σj , then σq Ă C˝q . Since E´q pξq ‰ H

we have that qC#
q X C˝q “ H and therefore σq X qC#

q “ H. Thus if x P σq

for some q P VertpP q we have x R qC#
q . If q ´ p is an edge of P , we have

〈ξ, q ´ p〉 ą 0. Any element y of qC#
q can be written uniquely as

(5.4) y “ q ` app´ qq ` r,
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where a ď 0 and r is a linear combination of the edges wjq that are not

parallel to the edge p´ q. Since x P σ, we can write x uniquely as

x “ q ` bpp´ qq ` s,

where b ě 0 and s is a linear combination of the edges wjq that are not

parallel to the edge p ´ q. Since x does not belong to any facet that does

not contain p, we have that b ‰ 0, and it follows from (5.4) that x R qC#
q .

This proves that x R qC#
q for any vertex q P VertpP q. Therefore (5.3), when

evaluated at x, reads 0 “ 0.

Case 3: Suppose that x R P . Choose a polarizing vector ξ P VP satisfying

〈ξ, x〉 ă min
yPP

〈ξ, y〉 .

It follows from (5.2) that x is not in qC#
p for any p P VertpP q. Thus (5.3)

for the polarizing vector ξ, when evaluated at x, reads 0 “ 0.

The final step is to show that the right-hand side of (5.3) is independent of ξ.

More precisely, we prove that the right-hand side of (5.3) does not change when ξ

crosses the walls Hj . Suppose Hj is not perpendicular to any edge vectors at p.

The signs of
〈
ξ, wjp

〉
do not change, so the cone qC#

p does not change as ξ crosses

the wall. The vertices whose contributions to the right-hand side of (5.3) change

as ξ crosses Hj come in pairs because each edge of P that is perpendicular to

Hj has two endpoints. For each such vertex p, denote by Qppxq and Q1ppxq its

contributions to the right-hand side of (5.3) before and after ξ crossed Hj . Let e be

an edge perpendicular to Hj and p an endpoint of e. Let Qepxq be the characteristic

function of the cone qC#
e corresponding to the value of ξ as it crosses Hj . We have

Qppxq “ p´1q|E
`
p pξq|1

qC#
p

and Q1ppxq “ p´1q|E
`
p pξq|`11

|C1
#

p

,

therefore

Qppxq ´ S
1
ppxq “ p´1q|E

`
p pξq|1

qC#
p
´ p´1q|E

`
p pξq|`11

|C1
#

p

“ p´1q|E
`
p pξq|p1

qC#
p
` 1

|C1
#

p

q

“ p´1q|E
`
p pξq|p1

qC#
e
q “ p´1q|E

`
p pξq|Qepxq

If q is the other endpoint of e, then |E`p pξq| “ |E
`
q pξq| ˘ 1. Hence

Qqpxq ´Q
1
qpxq “ p´1q|E

`
q pξq|Qepxq “ p´1q|E

`
p pξq|`1Qepxq

and

pQppxq `Qqpxqq ´ pQ
1
ppxq `Q

1
qpxqq “ p´1q|E

`
p pξq|Qepxq ` p´1q|E

`
p pξq|`1Qepxq “ 0

Thus crossing Hj does not change the right-hand side of (5.3). �

Formulas (5.1) and (5.3) also have an expression in terms of generating series.
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Definition 5.8. Let V be a vector space with basis e1, . . . , en and ZV its integral

lattice. If A Ă V ˚ is a subset, we denote the generating series of A by

Apxq “
ÿ

µPAXZ˚V

xµ,

where Z˚V is the dual of the integral lattice ZV , x “ px1, . . . , xnq and xµ “

pxµ1

1 , . . . , xµnn q.

Theorem 5.9. Let P Ă V ˚ be a simple convex polytope and ξ P VP a polarizing

vector for P . Then,

P pxq “
ÿ

pPVertpP q

p´1q|E
`
p pξq|C#

p pxq

Proof. The proof follows directly from Theorem 5.4. We have
ÿ

pPVertpP q

p´1q|E
`
p pξq|C#

v pxq “
ÿ

pPVertpP q

p´1q|E
`
p pξq|

ÿ

µPC#
v XZ˚V

xµ

“
ÿ

pPVertpP q

p´1q|E
`
p pξq|

ÿ

µPZ˚V

1C#
v
pµqxµ

“
ÿ

µPZ˚V

¨

˝

ÿ

pPVertpP q

p´1q|E
`
p pξq|1C#

v
pµq

˛

‚xµ

“
ÿ

µPZ˚V

1P pµqx
µ “

ÿ

µPPXZ˚V

xµ “ P pxq.

�

Similarly, for the dual Lawrence-Varchenko formula, we have:

Theorem 5.10.

p´1qnP ˝pxq “
ÿ

pPVertpP q

p´1q|E
`
p pξq| qC#

p pxq.

5.2. Polar decomposition of cones. In this section we explain how to adapt the

Lawrence-Varchenko formula (5.1) to produce a polar decomposition of a rational

polyhedral cone. More precisely, let P Ă V ˚ be a simple polytope and let C Ă

V ˚ ˆ R˚ be the cone over P , i.e.

C “ trpη, 1˚q P V ˚ ˆ R˚ | η P P, r ě 0u.

The cone C is the lift of the left-hand side of (5.1) from V ˚ to V ˚ˆR˚. Lifting

the right-hand side of (5.1), we can expect to obtain a polar decomposition of C.

We will see that this is almost true; one must introduce an error term to obtain an

identity.

Let p P P be a vertex of the polytope. We will denote by µp P Z˚V ˆ Z˚ the

primitive edge vector of C going through p. Given a polarizing vector ξ P VP for

P , let C#
p be the polarized tangent cone of P at p and define

K#
p “ C#

p ` Rµp.
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Definition 5.11. Let Spxq be the function defined as

Spxq “
ÿ

pPV ertpP q

p´1q|E
`
p pξq|1K#

p
pxq.

The function Spxq is the lift of the right-hand side of (5.1). Let H “ tpη, 12
˚
q P

V ˚ ˆ R˚ | η P V ˚u be the characteristic hyperplane and let

Hλ “ tpη, λ
˚q P V ˚ ˆ R˚ | η P V ˚, λ˚ P R˚u,

be its parallel shifts. The polytope P is the intersection of C with H and for λ ě 0

the intersection of Hλ with C will be denoted Pλ. The projection π : V ˚ˆR˚ Ñ V ˚

identifies the hyperplanes Hλ with the vector space V ˚ and the polytopes Pλ with

λP Ă V ˚. When λ ă 0, we define Pλ as the intersection Pλ “ Hλ X p´Cq. In this

case, π also identifies Pλ with λP Ă V ˚. If ξ P VP is a polarizing vector for P , then

ξ is a polarizing vector for every Pλ.

Let p P P be a vertex, then λp is a vertex of the polytope λP . The intersection

of Hλ with K#
p is equal to C#

λp for λ ě 0, where C#
λp is the polarized polarized

tangent cone cone at λp. When λ ă 0 the intersection becomes K#
p XHλ “ qC#

λp,

the dual polarized tangent cone at λp. Therefore, restricting S to Hλ we get

S|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1K#

p
|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1K#

p XHλ
pxq

“
ÿ

pPV ertpP q

p´1q|E
`
v pξq|1C#

λp
pxq “ Pλpxq,

if λ ě 0. Similarly, if λ ă 0 we have

S|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1K#

p
|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1K#

p XHλ
pxq

“
ÿ

pPV ertpP q

p´1q|E
`
v pξq|1

qC#
λp
pxq “ p´1qnP ˝λpxq.

It follows that

(5.5) Spxq “ 1Cpxq ` p´1qn1´C˝pxq.

In a similar manner for the dual polarized tangent cones, let

qK#
p “

qC#
p ` Rµp.

We have qK#
p XHλ “ qC#

λp for λ ě 0 and qK#
p XHλ “ C#

λp.

Definition 5.12. Let qSpxq be the function defined by

qSpxq “
ÿ

pPV ertpP q

p´1q|E
`
p pξq|1

|K#
p
pxq,

This is the lift of the right-hand side of (5.3).
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Restricting to the hyperplanes Hλ we get

qS|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1

|K#
p
|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1

|K#
p XHλ

pxq

“
ÿ

pPV ertpP q

p´1q|E
`
v pξq|1

qC#
λp
pxq “ p´1qnP ˝λpxq,

when λ ě 0, and

qS|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1

|K#
p
|Hλ
pxq “

ÿ

pPV ertpP q

p´1q|E
`
v pξq|1

|K#
p XHλ

pxq

“
ÿ

pPV ertpP q

p´1q|E
`
v pξq|1C#

λp
pxq “ Pλpxq,

when λ ă 0. Therefore

(5.6) qSpxq “ p´1qn1C˝pxq ` 1´Cpxq.

Formulas (5.5) and (5.6) can again be expressed in terms of generating series.

Proposition 5.13.

ÿ

pPV ertpP q

p´1q|E
`
p pξq|K#

p pxq “ Cpxq ` p´1qnp´C˝qpxq

“
ÿ

µPCXpZ˚V ˆR˚q

xµ ` p´1qn
ÿ

µPp´C˝qXpZ˚V ˆR˚q

xµ.

Proof. The proof is a straightforward application of (5.5).

ÿ

pPV ertpP q

p´1q|E
`
p pξq|K#

p pxq “
ÿ

pPV ertpP q

p´1q|E
`
p pξq|

ÿ

µPK#
p XpZ˚V ˆR˚q

xµ

“
ÿ

pPV ertpP q

p´1q|E
`
p pξq|

ÿ

µPpZ˚V ˆR˚q

1K#
p
pµqxµ

“
ÿ

µPpZ˚V ˆR˚q

¨

˝

ÿ

pPV ertpP q

p´1q|E
`
p pξq|1K#

p
pµq

˛

‚xµ

“
ÿ

µPpZ˚V ˆR˚q

`

1Cpµq ` p´1qn1p´C˝qpµq
˘

xµ

“
ÿ

µPCXpZ˚V ˆR˚q

xµ ` p´1qn
ÿ

µPp´C˝qXpZ˚V ˆR˚q

xµ.

�

Similarly, we have:
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Proposition 5.14.

ÿ

pPV ertpP q

p´1q|E
`
p pξq| qK#

p pxq “ p´1qnC˝pxq ` p´Cqpxq

“ p´1qn
ÿ

µPC˝XpZ˚V ˆR˚q

xµ `
ÿ

µPp´CqXpZ˚V ˆR˚q

xµ.

These results can be slightly generalised as follows. Let W˚ be a vector space

and let P ĂW˚ be a simple convex polytope sitting on a hyperplane

H “ tη PW˚ | 〈η,R〉 “ 1u

determined by a vector R PW . Let

C “ trη PW˚ | η P P, r ě 0u

be the cone over P and for each vertex p P P denote by µp the primitive edge

vector of C going through p. Let ξ P H˚P be a polarizing vector for P . As above,

for each vertex p P P denote by C#
p Ă H the polarized tangent cone of P at p and

by qC#
p Ă H the dual polarized tangent cone of P at p.

Definition 5.15. Define the cones K#
p and qK#

p by

K#
p “ C#

p ` Rµp and qK#
p “

qC#
p ` Rµp.

Let te1, . . . , en`1u be a basis of W such that en`1 “ R. Then te˚1 , . . . , e
˚
nu is a

basis of H and we have a linear isomorphism

T : W˚ Ñ Hˆ R˚

e˚i ÞÑ pe˚i , 0q

e˚n`1 ÞÑ p0, 1˚q .

The map T takes H to the hyperplane

T pHq “ tpη, 1˚q P Hˆ R˚ | η P Hu

and P to a polytope T pP q Ă T pHq. Restricting T to H, we get a linear automor-

phism T : H Ñ H that we will also denote by T . Let T´1 be the inverse of T and

pT´1q˚ its adjoint. Let v P H˚ and η P H, then

〈η, v〉 “
〈
T pηq, pT´1q˚pvq

〉
.

Since the edges of P are taken to the edges of T pP q, the vector pT´1q˚pξq induces a

polarization of T pP q such that T pC#
p q “ C#

T ppq for every vertex p P P . The identity

(5.5) implies that

ÿ

pPV ertpP q

p´1q|E
`
p pξq|1K#

T ppq
pxq “ 1T pCqpxq ` p´1qn1p´T pCq˝qpxq.
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Let Spxq “
ř

pPV ertpP qp´1q|E
`
p pξq|1K#

p
pxq. SinceK#

T ppq “ T pK#
p q, we have 1K#

p
pxq “

1T pK#
p q
pTxq and therefore

Spxq “
ÿ

pPV ertpP q

p´1q|E
`
p pξq|1K#

p
pxq “

ÿ

pPV ertpP q

p´1q|E
`
p pξq|1T pK#

p q
pTxq

“ 1T pCqpTxq ` p´1qn1p´T pCq˝qpTxq

“ 1Cpxq ` p´1qn1p´C˝qpxq,

In summary, we have:

Proposition 5.16. Let W˚ be a vector space and P ĂW˚ a simple convex polytope

on a hyperplane H determined by a vector R PW . Then, given a polarizing vector

ξ P H˚P , we have

Spxq “
ÿ

pPV ertpP q

p´1q|E
`
p pξq|1K#

p
pxq “ 1Cpxq ` p´1qn1p´C˝qpxq.

A similar argument applied to the dual polarized tangent cones qK#
p “

qC#
p `Rµp

gives:

Proposition 5.17.

qSpxq “
ÿ

pPV ertpP q

p´1q|E
`
p pξq|1

|K#
p
pxq “ p´1qn1C˝pxq ` 1´Cpxq.

The identities involving generating series in Proposition 5.13 and 5.14 continue

to hold, with the lattice Z˚W in place of Z˚V .

5.3. A formula for indMG pσpBHqq. Applying the results in the previous section,

we show next how to obtain explicitly the multiplicities mpµq associated to the

weights µ P g˚ appearing in the index

indMG pσpBHqqptq “
ÿ

µPZ˚G

mpµqtµ.

Let R P g be the generator of the Reeb vector field, H the characteristic hyperplane

determined by R and C the moment cone. The polytope P “ H X C is the

image of the α-moment map φα. Each vertex of P corresponds to an edge of C,

corresponding to a connected component L of Mn.

Given a vertex p P P , let L Ă Mn be the closed Reeb orbit corresponding to

p. Since C is a good cone there is a vector vL0 P g such that tvL0 , v
l
1, . . . , v

L
n u is an

integral basis of ZG, where tvl1, . . . , v
L
n u is the set of normals to faces meeting at

p. Let tµL, w
1
L, . . . , w

n
Lu be the dual basis of tvL0 , v

l
1, . . . , v

L
n u, Theorem 4.4 tells us

that if ε P g is a polarizing vector, as in Definition 4.1, then the index indMG pσpBHqq

is given by

indMG σpBHqptq “
ÿ

LĂMn

ˆ

1

1´ t´w
1
L

˙s1L

¨ ¨ ¨

ˆ

1

1´ t´w
n
L

˙snL

δp1´ tµLq,

where siL “ ` if pεKLq ą 0 and siL “ ´ if pεKLq ă 0. Define the index sets

W`
L pε

K
Lq “ ti P t1, . . . , nu | w

i
Lpε

K
Lq ą 0u
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and

W´
L pε

K
Lq “ ti P t1, . . . , nu | w

i
Lpε

K
Lq ă 0u.

We can write

ˆ

1

1´ t´w
1
L

˙s1L

¨ ¨ ¨

ˆ

1

1´ t´w
n
L

˙snL

δp1´ tµLq “ p´1q|W
`
L pε

K
Lq|

ÿ

µPZ˚GXK
#
L pε

Kq

tµ,

since tµL, w
1
L, . . . , w

n
Lu is an integral basis of Z˚G, and K#

L pε
Kq is the cone defined

by

K#
L pε

Kq “ RµL `
ÿ

iPW`
L pε

K
Lq

Rą0w
i
L `

ÿ

iPW´
L pε

K
Lq

Rď0w
i
L.

Since tµL, w
1
L, . . . , w

n
Lu is the dual basis of tvL0 , . . . , v

L
n u, the cone K#

L pε
Kq can also

be written as

K#
L pε

Kq “
č

iPW`
L pε

K
Lq

tw P g˚ | wpvLi q ą 0u
č

iPW´
L pε

K
Lq

tw P g˚ | wpvLi q ď 0u.

The following lemma gives yet another description of the cone K#
L pε

Kq.

Lemma 5.18. Let tη1, . . . , ηnu Ă g˚ be a set of vectors satisfying ηipvLj q “ δij,

i, j “ 1, . . . , n and let K be the cone

K “ RµL `
ÿ

iPW`
L pε

K
Lq

Rą0η
i `

ÿ

iPW´
L pε

K
Lq

Rď0η
i.

Then K “ K#
L pε

Kq.

Proof. Let w P K and write

w “ rµL `
ÿ

iPW`
L pε

K
Lq

aiη
i
L `

ÿ

iPW´
L pε

K
Lq

biη
i
L,

where r, ai, bi P R, ai ą 0 and bi ď 0, i “ 1, . . . , n. Computing wpvLi q for i “ 1, . . . , n

we get

wpvLi q “ ai ą 0, for i PW`
L pε

K
Lq and wpvLi q “ bi ď 0 for i PW´

L pε
K
Lq.

Therefore

K Ă
č

iPW`
L pε

K
Lq

tw P g˚ | wpvLi q ą 0u
č

iPW´
L pε

K
Lq

tw P g˚ | wpvLi q ď 0u “ K#
L pε

Kq.

Let w P K#
L pε

Kq, since tµL, η
i, . . . , ηnu forms a basis for g˚ we can write

w “ rµL `
ÿ

iPW`
L pε

K
Lq

aiη
i
L `

ÿ

iPW´
L pε

K
Lq

biη
i
L.

Since w P K#
L pε

Kq, computing wpvLi q, i “ 1, . . . , n, we find that ai ą 0 and bi ď 0

which implies that w P K. Therefore K “ K#
L pε

Kq. �
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Let tηL, η
1
L, . . . , η

n
Lu be the dual basis of tR, vL1 , . . . , v

L
n u, then ηiLpv

L
j q “ δij and

Lemma 5.18 implies that

K#
L pε

Kq “ RµL `
ÿ

iPW`
L pε

K
Lq

Rą0η
i
L `

ÿ

iPW´
L pε

K
Lq

Rď0η
i
L.

The index sets W`
L pε

K
Lq and W´

L pε
K
Lq can also be expressed in terms of the basis

tηL, η
1
L, . . . , η

n
Lu.

Lemma 5.19.

W`
L pε

K
Lq “ ti P t1, . . . , nu | w

i
Lpε

K
Lq ą 0u “ ti P t1, . . . , nu | ηiLpεq ą 0u

and

W´
L pε

K
Lq “ ti P t1, . . . , nu | w

i
Lpε

K
Lq ă 0u “ ti P t1, . . . , nu | ηiLpεq ă 0u.

Proof. Since the weights tα1, . . . , αnu of the GL-action on Cn form a dual basis to

tvL1 , . . . , v
L
n u in g˚L and

εKL “ η1Lpεqv
L
1 ` ¨ ¨ ¨ ` η

n
Lpεqv

L
n ,

we have αipε
K
Lq “ wiLpε

K
Lq “ ηiLpεq, for i “ 1, . . . , n. �

Theorem 5.20. The index of the horizontal Dolbeault operator BH is given by

indMG pσpBHqqptq “ p´1qn
ÿ

µPC˝XZ˚G

tµ `
ÿ

µPp´CqXZ˚G

tµ.

Proof. We note that tη1L, . . . , η
n
Lu are primitive vectors determining the edge direc-

tions of P at p, since ηiLpRq “ 0 for i “ 1, . . . , n and ηiLpv
L
j q “ δij . Let ε P g be a

polarizing vector, as in Proposition 4.1, that is, ε satisfies ηiLpεq ‰ 0 for i “ 1, . . . , n

and for all L Ă Mn. A polarizing vector for the polytope P is a vector in the

dual vector space H˚. The vector ε P g determines a polarizing vector εH for the

polytope P by

εHpηq “ ηpεq, for all η P H.

Since the edge vectors tη1L, . . . , η
n
Lu satisfy εHpη

i
Lq “ ηiLpεq ‰ 0, i “ 1, . . . , n, εH is

a polarizing vector for the polytope P . Since ηiLpεq “ εHpη
i
Lq, Lemma 5.19 implies

that

W´
L pε

K
Lq “ ti P t1, . . . , nu | η

i
Lpεq ă 0u “ E´p pεHq

and

W`
L pε

K
Lq “ ti P t1, . . . , nu | η

i
Lpεq ą 0u “ E`p pεHq,

where E´p pεHq and E`p pεHq correspond to the edges ηiL of P such that ηiLpεHq ă 0

and ηiLpεHq ą 0, respectively. The vector εH determines a cone qK#
p , as in Definition

5.15. Since the vectors ηiL are the edge vectors of P meeting at p, the identity



EQUIVARIANT INDEX ON TORIC CONTACT MANIFOLDS 31

qK#
p “ K#

L pε
Kq holds. It follows that

indMG σpBHqptq “
ÿ

LĂMn

ˆ

1

1´ t´w
1
L

˙s1L

¨ ¨ ¨

ˆ

1

1´ t´w
n
L

˙snL

δp1´ tµLq

“
ÿ

LĂMn

p´1q|W
`
L pε

K
Lq|

ÿ

µPZ˚GXK
#
L pε

Kq

tµ

“
ÿ

pPVert(P)

p´1q|E
`
p pεHq|

ÿ

µPZ˚GX|K#
p

tµ

and the result follows by applying Proposition 5.14. �
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[6] Nicole Berline and Michèle Vergne, The Chern character of a transversally elliptic symbol

and the equivariant index, Inventiones Mathematicae 124 (1996), no. 1-3, 11–49.
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