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Abstract. We develop an equivariant version of Seiberg–Witten–Floer coho-

mology for finite group actions on rational homology 3-spheres. Our construc-

tion is based on an equivariant version of the Seiberg–Witten–Floer stable

homotopy type, as constructed by Manolescu. We use these equivariant coho-

mology groups to define a series of d-invariants dG,c(Y, s) which are indexed by

the group cohomology of G. These invariants satisfy a Frøyshov-type inequal-

ity under equivariant cobordisms. Lastly we consider a variety of applications

of these d-invariants: concordance invariants of knots via branched covers,

obstructions to extending group actions over bounding 4-manifolds, Nielsen

realisation problems for 4-manifolds with boundary and obstructions to equi-

variant embeddings of 3-manifolds in 4-manifolds.

1. Introduction

In this paper we develop an equivariant version of Seiberg–Witten–Floer coho-

mology for rational homology 3-spheres equipped with the action of a finite group.

Our approach is modelled on the construction of a Seiberg–Witten–Floer stable

homotopy type due to Manolescu [48] which we now briefly recall. Let Y be a ra-

tional homology 3-sphere and s a spinc-structure on Y . Given a metric g on Y , the

construction of [48] yields an S1-equivariant stable homotopy type SWF (Y, s, g).

The Seiberg–Witten–Floer cohomology of (Y, s) is then given (up to a degree shift)

by the S1-equivariant cohomology of SWF (Y, s, g):

HSW ∗(Y, s) = H̃
∗+2n(Y,s,g)
S1 (SWF (Y, s, g)),

where n(Y, s, g) is a rational number given by a certain combination of eta invari-

ants.

The stable homotopy type SWF (Y, s, g) depends on the choice of metric, but

only up to a suspension. Given two metrics g0, g1 one obtains a canonical homotopy

equivalence

(1.1) SWF (Y, s, g1) ∼= ΣSF ({Ds})CSWF (Y, s, g0),

where SF ({Ds}) denotes the spectral flow for the family of Dirac operators {Ds}
determined by a path of metrics {gs} from g0 to g1. The rational numbers n(Y, s, g)

are defined in such a way that they split the spectral flow in the sense that

(1.2) SF ({Ds}) = n(Y, s, g1)− n(Y, s, g0).
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Hence we obtain a canonical isomorphism

H̃
∗+2n(Y,s,g1)
S1 (SWF (Y, s, g1)) ∼= H̃

∗+2n(Y,s,g0)
S1 (SWF (Y, s, g0)).

This shows that the Seiberg–Witten–Floer cohomology HSW ∗(Y, s) does not de-

pend on the choice of metric g.

By working in an appropriately defined S1-equivariant Spanier–Whitehead cate-

gory in which suspension by fractional amounts of C is allowed, Manolescu defined

the Seiberg–Witten–Floer homotopy type of (Y, s) to be

SW (Y, s) = Σ−n(Y,s,g)CSWF (Y, s, g).

This is independent of the choice of g by (1.1) and (1.2).

Now suppose that a finite group G acts on Y by orientation preserving diffeo-

morphisms which preserve the isomorphism class of s. Let g be a G-invariant metric

on Y . Lifting the action of G to the associated spinor bundle determines an S1

extension

1→ S1 → Gs → G→ 1.

Manolescu’s construction of the stable homotopy type SWF (Y, s, g) can be

carried out Gs-equivariantly, so that SWF (Y, s, g) may be promoted to a Gs-

equivariant stable homotopy type. This is analogous to the construction in [49] of

the Pin(2)-equivariant Seiberg–Witten–Floer stable homotopy type of (Y, s) where

s is a spin-structure on Y . The main difference is that in our construction, the ad-

ditional symmetries that comprise the group Gs come from symmetries of Y rather

than internal symmetries of the Seiberg–Witten equations.

We define the G-equivariant Seiberg–Witten–Floer cohomology of (Y, s) to be

HSW ∗G(Y, s) = H̃
∗+2n(Y,s,g)
Gs

(SWF (Y, s, g)).

The right hand side is independent of the choice of metric g by much the same

argument as in the S1-equivariant case.

We make some remarks concerning this construction.

(1) In this paper we have chosen to work throughout with cohomology instead

of homology. This is simply a matter of preference and we could just as

well work with Seiberg–Witten–Floer homology groups.

(2) Instead of Borel equivariant cohomology, we could take co-Borel coho-

mology or Tate cohomology, which correspond to the different versions of

Heegaard–Floer cohomology, [45, Corollary 1.2.4].

(3) In a similar fashion we can also define the G-equivariant Seiberg–Witten–

Floer K-theory

KSW ∗G(Y, s) = K̃
∗+2n(Y,s,g)
Gs

(SWF (Y, s, g)).

More generally we could use any generalised equivariant cohomology theory

in which the Thom isomorphism holds.

(4) We have not attempted to construct a metric independent Gs-equivariant

stable homotopy type. To do this one would need to split the equivariant
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spectral flow SFGs
({Ds}) in the same way that n(Y, s, g) splits the non-

equivariant spectral flow, as in Equation (1.2). We suspect that in general

there are obstructions to carrying this out.

1.1. Main results. Throughout we work with cohomology with coefficients in a

field F. To avoid the necessity of local systems we assume that either F = Z/2Z, or

that the order of G is odd (see Section 3.1). We now outline the main properties

of equivariant Seiberg–Witten–Floer cohomology.

Module structure. HSW ∗G(Y, s) is a graded module over H∗Gs
(where for a

group K we write H∗K for H∗K(pt)). In particular if Gs is the trivial extension then

HSW ∗G(Y, s) is a graded module over H∗G[U ], where deg(U) = 2.

Theorem 1.1 (Spectral sequence). There is a spectral sequence Ep,qr abutting to

HSW ∗G(Y, s) whose second page is given by

Ep,q2 = Hp(BG;HSW q(Y, s)).

Theorem 1.2 (Localisation). Suppose that the extension Gs is trivial and choose a

trivialisation Gs
∼= S1×G. Then H∗Gs

∼= H∗G[U ] and the localisation U−1HSW ∗G(Y, s)

of HSW ∗G(Y, s) with respect to U is a free H∗G[U,U−1]-module of rank 1.

L-spaces. We say that Y is an L-space with respect to s and F if HSW ∗(Y, s)

is isomorphic to a free F[U ]-module of rank 1.

Theorem 1.3. Suppose that Gs is a split extension. If Y is an L-space with

respect to s and F, then the spectral sequence given in Theorem 1.1 degenerates at

E2. Moreover we have

HSW ∗G(Y, s) ∼= HSW ∗(Y, s)⊗F H
∗
G.

Correction terms. Suppose that Gs is a split extension. For each non-zero

c ∈ H∗G we obtain an invariant

dG,c(Y, s) ∈ Q

which may be thought of as a generalisation to the equivariant setting of the d-

invariant d(Y, s). We also set dG,0(Y, s) = −∞.

Theorem 1.4. The equivariant d-invariants satisfy the following properties:

(1) dG,1(Y, s) ≥ d(Y, s), where 1 is the generator of H0
G(pt).

(2) dG,c1+c2(Y, s) ≤ max{dG,c1(Y, s), dG,c2(Y, s)}.
(3) dG,c1c2(Y, s) ≤ min{dG,c1(Y, s), dG,c2(Y, s)}.
(4) dG,c1(Y, s) + dG,c2(Y , s) ≥ 0 whenever c1c2 6= 0.

(5) If Y is an L-space with respect to s and F, then dG,c(Y, s) = d(Y, s) for all

c 6= 0.

(6) dG,c(Y, s) is invariant under equivariant rational homology cobordism.

We find it convenient to also define corresponding equivariant δ-invariants by

setting

δG,c(Y, s) = dG,c(Y, s)/2.
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Our primary motivation for considering the equivariant d-invariants is that they

are necessary for the formulation of our equivariant generalisation of Frøyshov’s

inequality described below.

Cobordism maps. Suppose that (W, s) is a G-equivariant cobordism from

(Y1, s1) to (Y2, s2) (see Section 4.3 for the precise statement). Then W induces a

morphism of graded H∗Gs
-modules

SWG(W, s) : HSW ∗G(Y2, s2)→ HSW
∗+b+(W )−2δ(W,s)
G (Y1, s1)

where δ(W, s) = (c1(s)2 − σ(W ))/8.

Theorem 1.5 (Equivariant Frøyshov inequality). Let W be a smooth, compact, ori-

ented 4-manifold with boundary and with b1(W ) = 0. Suppose that G acts smoothly

on W preserving the orientation and a spinc-structure s. Suppose that the exten-

sion Gs is trivial. Suppose each component of ∂W is a rational homology 3-sphere

and that G sends each component of ∂W to itself. Let e ∈ Hb+(W )
G be the image in

H∗G(pt;F) of the Euler class of any G-invariant maximal positive definite subspace

of H2(W ;R). Let c ∈ H∗G and suppose that ce 6= 0.

(1) If ∂W = Y is connected, then

δ(W, s) ≤ δG,c(Y, s|Y ) and δG,ce(Y , s|Y ) ≤ δ(W, s).

(2) If ∂W = Y 1 ∪ Y2 has two connected components, then

δG,ce(Y1, s|Y1
) + δ(W, s) ≤ δG,c(Y2, s|Y2

).

Knot concordance invariants. Let K be a knot in S3 and let Y = Σ2(K)

be the double cover of S3 branched over K. Then Y has an action of G = Z2

generated by the covering involution. Further, Y has a spinc-structure t0 uniquely

determined by the condition that it arises from a spin structure. Set F = Z2. Then

H∗G
∼= F[Q], where deg(Q) = 1. For each j ≥ 0, we define an invariant δj(K) ∈ Z

by setting

δj(K) = 4δZ2,Qj (Σ2(K), t0).

Let σ(K) and g4(K) denote the signature and smooth 4-genus of K.

Theorem 1.6. The invariants δj(K) have the following properties:

(1) δj(K) is a knot concordance invariant.

(2) δ0(K) ≥ δ(K), where δ(K) is the Manolescu–Owens invariant [50].

(3) δj+1(K) ≤ δj(K) for all j ≥ 0.

(4) δj(K) ≥ −σ(K)/2 for all j ≥ 0 and δj(K) = −σ(K)/2 for j ≥ g4(K) −
σ(K)/2.

(5) δj(−K) ≥ σ(K)/2 for all j ≥ 0 and δj(−K) = σ(K)/2 for j ≥ g4(K) +

σ(K)/2.

(6) If Σ2(K) is an L-space, then δj(K) = δ(K) = −σ(K)/2 and δj(−K) =

δ(−K) = σ(K)/2 for all j ≥ 0.

In particular, if K is quasi-alternating, then Σ2(K) is an L-space [56]. So we

recover the main result of [46] that δ(K) = −σ(K)/2 for quasi-alternating knots.
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The concordance invariants δj(K) can also be used to obtain a strengthening of

the inequality g4(K) ≥ |σ(K)|/2 [51].

Theorem 1.7. For a knot K, let j+(K) be the smallest positive integer such that

δj(K) = −σ(K)/2 and j−(K) the smallest positive integer such that δj(−K) =

σ(K)/2. Then

g4(K) ≥ max{−σ(K)/2 + j−(K), σ(K)/2 + j+(K)}.

Corollary 1.8. If δ(K) > −σ(K)/2 and σ(K) ≥ 0, then

g4(K) ≥ |σ(K)|/2 + 1

Proof. If δ(K) > −σ(K)/2, then δ0(K) ≥ δ(K) > −σ(K)/2, hence j+(K) ≥ 1.

Hence g4(K) ≥ σ(K)/2 + 1 = |σ(K)|/2 + 1. �

One can obtain even more knot concordance invariants by considering higher

order cyclic branched covers, see Remark 6.7.

1.2. Applications. We outline here some of the applications of equivariant Seiberg–

Witten–Floer cohomology. These are considered in more detail in Section 7.

1.2.1. Non-extendable actions (Section 7.2). Let Y be a rational homology 3-sphere

equipped with an orientation preserving action of G and let W be a smooth 4-

manifold which bounds Y . The equivariant d-invariants give obstructions to ex-

tending the action of G over W .

Example 1.9. The Brieskorn homology sphere Y = Σ(p, q, r) where p, q, r are

pairwise coprime is the branched cyclic p-fold cover of the torus knot Tq,r. Let

τ : Y → Y be a generator of the Zp-action determined by this covering. For certain

values of p, q, r it can be shown that Y bounds a contractible 4-manifold, for example

Σ(2, 3, 13) bounds a contractible 4-manifold [2]. It can be shown that τ is smoothly

isotopic to the identity, hence it follows that τ can be extended as a diffeomorphism

over any 4-manifold bounded by Y . On the other hand we show in Proposition 7.2

that if p is prime then δZp,1(Y, s) = −λ(Y ) is minus the Casson invariant of Y

(where s is the unique spinc-structure on Y ), which is non-zero. We futher show

that the non-vanishing of δZp,1(Y, s) implies that τ can not be extended as a smooth

Zp-action to any contractible 4-manifold bounded by Y . This partially recovers

the non-extendability results of Anvari–Hambleton [6, 7] for Brieskorn homology

3-spheres bounded by contractible 4-manifolds.

On the other hand, our non-extendability result also holds in situations not

covered by Anvari–Hambleton. Suppose now that Y = Σ(p, q, r) bounds a rational

homology 4-ball W . For example, Fintushel–Stern showed that Σ(2, 3, 7) bounds a

rational homology 4-ball, although it does not bound an integral homology 4-ball

[25]. More examples can be found in [4, 59]. We show in Section 7.2 that the

non-vanishing of δZp,1(Σ(p, q, r)), where p is prime implies that the Zp-action can

not be extended to any rational homology 4-ball W bounded by Y , provided that

p does not divide the order of H2(W ;Z).
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1.2.2. Realisation problems (Section 7.3). Let W be a smooth 4-manifold with

boundary an integral homology sphere Y . Suppose that a finite group G acts

on H2(W ;Z) preserving the intersection form. We say that the action of G on

H2(W ;Z) can be realised by diffeomorphisms if there is a smooth orientation pre-

serving action of G on W inducing the given action on H2(W ;Z). The equivariant

d-invariants give obstructions to realising such actions by diffeomorphism. This

extends the non-realisation results of [10], [11] for closed 4-manifolds to the case of

4-manifolds with non-empty boundary.

Example 1.10. Suppose that b1(W ) = 0, that H2(W ;Z) has no 2-torsion and

even intersection form. Suppose that Y is an L-space. Suppose that an action of

G = Zp on H2(W ;Z) is given, where p is prime and that the subspace of H2(W ;R)

fixed by G is negative definite. If σ(W )/8 < −δ(Y, s) (where s is the unique spinc

structure on Y ) then the action of Zp on H2(W ;Z) is not realisable by a smooth

Zp-action on W . Note that we are not making any assumptions about the action

of Zp on the boundary.

1.2.3. Equivariant embeddings of 3-manifolds in 4-manifolds (Section 7.4). Let Y

be a rational homology 3-sphere equipped with an orientation preserving action of

G. By an equivariant embedding of Y into a 4-manifold X, we mean an embedding

Y → X such that the action of G on Y extends over X.

Example 1.11. Let Y = Σ(2, 2s − 1, 2s + 1) where s is odd, equipped with the

involution τ obtained from viewing Y as the branched double cover Σ2(T2s−1,2s+1).

Then Y embeds in S4 [13, Theorem 2.13]. On the other hand, δj(Y, s) 6= 0 for some

j. We will show that the non-vanishing of this invariant implies that Y can not be

equivariantly embedded in S4.

It is known that every 3-manifold Y embeds in the connected sum #n(S2 × S2)

of n copies of S2 × S2 for some sufficiently large n [1, Theorem 2.1]. Aceto–Golla-

Larson define the embedding number ε(Y ) of Y to be the smallest n for which Y

embeds in #n(S2×S2). Here we consider an equivariant version of the embedding

number. To obtain interesting results we need to make an assumption on the kinds

of group actions allowed.

Definition 1.12. Let G = Zp = 〈τ〉 where p is a prime number. We say that

a smooth, orientation preserving action of G on X = #n(S2 × S2) is admissible

if H2(X;Z)τ = 0, where H2(X;Z)τ = {x ∈ H2(X;Z) | τ(x) = x}. We define

the equivariant embedding number ε(Y, τ) of (Y, τ) to be the smallest n for which Y

embeds equivariantly in #n(S2×S2) for some admissible Zp-action on #n(S2×S2),

if such an embedding exists. We set ε(Y, τ) =∞ if there is no such embedding.

Example 1.13. Let Y = Σ(2, 3, 6n + 1) = Σ2(T3,6n+1) and equip Y with the

covering involution τ . We show that

2n ≤ ε(Σ(2, 3, 6n+ 1), τ) ≤ 12n.

Suppose that n is odd. Then from [1, Proposition 3.5], the (non-equivariant) embed-

ding number of Σ(2, 3, 6n+1) is 10. In particular, we see that ε(Σ(2, 3, 6n+1), τ) >
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ε(Σ(2, 3, 6n+ 1)) for all odd n > 5. We also show that

ε(Σ(2, 3, 7), τ) = 12,

whereas ε(Σ(2, 3, 7)) = 10.

1.3. Comparison with other works. In [29], the authors introduce equivariant

versions of several types of Floer homology, mostly focusing on the case that the

group is Z2. In particular they define a Z2-equivariant version of HF−, which is a

module over H∗S1×Z2
(pt;Z2) = Z2[U,Q]. This construction shares many similarities

with the equivariant Seiberg–Witten–Floer cohomology constructed in this paper,

such as a localisation isomorphism and a spectral sequence relating the equivariant

and ordinary Floer homologies. In fact, it seems reasonable to conjecture that our

constructions are isomorphic.

In [5], the authors consider a Z2-equivariant Heegaard–Floer homologyHFB−(K)

for a branched double cover Y = Σ2(K) of a knot K, constructed in a man-

ner similar to involutive Heegaard–Floer homology [30] except that the involu-

tion arises from the covering involution on Y . These groups are modules over

the ring Z2[U,Q]/(Q2). From this group they obtain knot concordance invariants

δ(K), δ(K). A similar approach was taken in [21], where the authors obtain ι-

complexes [31, Definition 8.1] associated to involutions on Y . Since Z2[U,Q]/(Q2) =

H∗S1×Z(pt;Z2), we suspect that the group HFB−(K) may be isomorphic to the Z-

equivariant Seiberg–Witten–Floer homology of Σ2(K).

In [44, Remark 3.1], the authors define equivariant Seiberg–Witten–Floer homol-

ogy in the special case that G acts freely on Y . Their construction coincides with

ours in such cases.

1.4. Structure of the paper. In Section 2 we recall the construction of Seiberg–

Witten–Foer spectra using finite dimensional approximation and the Conley index.

In Section 3 we extend this construction to the G-equivariant setting, arriving at the

construction of the G-equivariant Seiberg–Witten–Floer cohomology in §3.4. In the

remainder of Section 3 we introduce the equivariant d-invariants and establish their

basic properties. Section 4 is concerned with the behaviour of equivariant Seiberg–

Witten–Floer cohomology and the d-invariants under equivariant cobordism. In

Section 5 we specialise to the case that G is a cyclic group of prime order. In

Section 6 we consider the case of branched double covers of knots with their natural

involution to obtain knot concordance invariants. Finally in Section 7 we carry out

some explicit computations of d-invariants and consider various applications.

2. Seiberg–Witten–Floer spectra

2.1. Seiberg–Witten trajectories. Throughout we let Y be a rational homol-

ogy 3-sphere, i.e. Y is a compact, oriented, smooth 3-manifold with b1(Y ) = 0.

References for the material in this section are [48], [45].

Let g be a Riemannian metric on Y and let s be a spinc-structure with associated

spinor bundle S. Let ρ : TY → End(S) denote Clifford multiplication, satisfying
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ρ(v)ρ(w) + ρ(w)ρ(v) = −2g(v, w). The spinor bundle S is equipped with a Her-

mitian metric 〈 , 〉 which we take to be anti-linear in the first variable. Let su(S)

be the Lie algebra bundle of trace-free skew-adjoint endomorphisms of S and sl(S)

the Lie algebra bundle of trace-free endomorphisms of S. Then ρ induces an iso-

morphism ρ : TY → su(S) which extends by complexification to an isomorphism

ρ : TYC → sl(S) satisfying ρ(v̄) = −ρ(v)∗. Using the metric g to identify TY and

T ∗Y we will also view ρ as a map ρ : T ∗Y → su(S). We extend ρ to 2-forms by

the rule ρ(v ∧ w) = 1
2 [ρ(v), ρ(w)]. It follows that ρ(λ) = −ρ(∗λ) for any 2-form

λ. Define a Hermitian inner product on su(S) by 〈a, b〉 = 1
2 tr(a

∗b). Then for any

tangent vectors u, v, we have 〈ρ(u), ρ(v)〉 = g(u, v). Define a map

τ : S × S → T ∗YC

by setting

τ(φ, ψ) = ρ−1(φ⊗ ψ∗)0,

where (φ⊗ ψ∗)0 is the trace-free part of φ⊗ ψ∗. That is, if ξ is any spinor, then

(φ⊗ ψ∗)(ξ) = φ〈ψ, ξ〉 − 1

2
〈ψ, φ〉ξ.

Then it follows that

τ(ψ, φ) = −τ(φ, ψ), τ(aψ, bφ) = abτ(ψ, φ).

In particular, τ(φ, φ) is imaginary and τ(cφ, cφ) = |c|2τ(φ, φ). We also have the

identity

〈τ(φ, φ), v〉 =
1

2
〈φ, ρ(v)φ〉,

for all spinors φ and vectors v.

Let L = det(S) be the determinant line bundle of S. Let Γ(L) denote the space

of U(1)-connections on L, which is an affine space over iΩ1(Y ). We will write such a

connection as 2A. Then 2A determines a Spinc(3)-connection on S whose u(1) part

is A and whose spin(3) part is the Levi-Civita connection. Abusing terminology,

we will refer to A as a spinc-connection.

Given a spinc-connection A, we let DA denote the associated Dirac operator on

S. Fix a reference spinc-connection A0. Then we may write A = A0 + a for some

a ∈ iΩ1(Y ). It follows that

DA(ψ) = DA0+a(ψ) = DA0
(ψ) + ρ(a)ψ.

Since b1(Y ) = 0, it follows that L admits a flat connection. We will assume that

A0 defines a flat connection on L.

We define the configuration space of Y to be

C(Y ) = Γ(L)× Γ(S).

C(Y ) depends on g and s but we omit this from the notation. C(Y ) is an affine

space modelled on iΩ1(Y ) ⊕ Γ(S). In particular, the tangent space T(A,φ)C(Y ) to
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any point (A, φ) ∈ C(Y ) can naturally be identified with iΩ1(Y )⊕ Γ(S). There is

a natural metric on iΩ1(Y )⊕ Γ(S), the L2-metric

〈(a1, φ1), (a2, φ2)〉L2 = −
∫
Y

a1 ∧ ∗a2 +

∫
Y

Re〈φ1, φ2〉dvolY .

This defines a (constant) Riemannian metric on C(Y ). We will need to work with

Sobolev completions. Given a flat reference spinc-connection A0, Sobolev norms

are defined using A0 and g. Fix an integer k ≥ 4. Later we will work with the

L2
k+1-completion of C(Y ) and L2

k+2-gauge transformations.

Having fixed a reference connection A0, we identify C(Y ) with iΩ1(Y ) ⊕ Γ(S).

Thus an element (A, φ) ∈ C(Y ) will be identified with (a, φ) ∈ iΩ1(Y ) ⊕ Γ(S),

where A = A0 + a. To simplify notation, we will write Da in place of DA0+a.

The Chern–Simons–Dirac functional L : C(Y ) → R (with respect to A0) is de-

fined as

L(a, φ) =
1

2

(∫
Y

〈φ,Daφ〉dvolY −
∫
Y

a ∧ da
)
.

The gauge group G = C∞(Y, S1) acts on C(Y ) by

u · (a, φ) = (a− u−1du, u · φ).

Observe that

Da−u−1du(uφ) = uDaφ.

So

〈uφ,Da−u−1du(uφ)〉 = 〈uφ, uDaφ〉 = 〈φ,Daφ〉.
It follows that L is gauge invariant and we can regard L as a function on the

quotient space C(Y )/G. The goal of Seiberg–Witten–Floer theory is to construct

some sensible notion of Morse homology of L on C(Y )/G. Consider the formal

L2-gradient of L. By this, we mean the function grad(L) : C(Y )→ iΩ1(Y )⊕ Γ(S)

such that

〈grad(L)(a, φ), (a′, φ′)〉L2 =
d

dt

∣∣∣∣
t=0

(L((a, φ) + t(a′, φ′))

for all (a, φ) ∈ C(Y ) and all (a′, φ′) ∈ iΩ1(Y )⊕ Γ(S). A short calculation gives

grad(L) = (∗da+ τ(φ, φ), Daφ).

A critical point of L is a point where grad(L) vanishes. So (a, φ) is a critical

point if and only if it satisfies

∗da+ τ(φ, φ) = 0, Daφ = 0.

These are the 3-dimensional Seiberg–Witten equations.

A trajectory for the downwards gradient flow is a differentiable map x : R →
L2
k+1(C(Y )) such that

d

dt
x(t) = −grad(L)(x(t)).

If x(t) = (a(t), φ(t)) ∈ L2
k+1(Y, i T ∗Y ⊕ S), then

d

dt
a(t) = − ∗ da(t)− τ(φ(t), φ(t)),

d

dt
φ(t) = −Da(t)φ(t).
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A key observation is that such trajectories can be re-interpreted as solutions of

the 4-dimensional Seiberg–Witten equations on the cylinder X = R× Y .

Definition 2.1. A Seiberg–Witten trajectory x(t) = (a(t), φ(t)) is said to be of

finite type if both L(x(t)) and ||φ(t)||C0 are bounded functions of t.

2.2. Restriction to the global Coulomb slice. Define the global Coulomb slice

(with respect to A0) to be the subspace

V = Ker(d∗)⊕ Γ(S) ⊂ C(Y ).

Given (a, φ) ∈ C(Y ), there exists an element of V which is gauge equivalent to

(a, φ), namely

(a− df, efφ)

where d∗(a − df) = 0, so ∆f = d∗(a). If we impose the condition
∫
Y
fdvolY = 0,

then there is a unique solution to these equations given by f = Gd∗a, where G is

the Green’s operator for the Laplacian ∆ = dd∗ on functions.

We have a globally defined map Π: C(Y ) → V , called the global Coulomb pro-

jection

Π(a, φ) = (a− df, efφ)

where ∆f = d∗(a) and
∫
Y
fdvol = 0.

Restricting to the global Coulomb slice V uses up all of the gauge symmetry

except for the S1 subgroup of constant gauge transformations. Instead of working

on C(Y ) with full gauge symmetry, we work on V with S1 symmetry.

As b1(Y ) = 0, every map u : Y → S1 can be written as u = ef for some

f : Y → iR. Moreover, f is unique up to addition of an integer multiple of 2πi. We

define G0 to be the subgroup of gauge transformations of the form u = ef for some

f : Y → iR with
∫
Y
fdvol = 0. It is easy to see that G = G0 × S1.

We have that G0 acts freely on C(Y ) and the quotient space can be identified

with V . This determines a metric g̃ on V as follows. Take the restriction of the

L2-metric on C(Y ) to the subbundle of the tangent bundle orthogonal to the gauge

orbits. This construction is G0-invariant and descends to a metric g̃ on V .

The Chern–Simons–Dirac functional L is gauge invariant, hence the gradient

grad(L) is orthogonal to the gauge orbits. It follows that the projection of grad(L)

to V coincides with taking the gradient of L|V with respect to g̃. So the trajectories

of grad(L) on C(Y ) project to the trajectories of L|V , where the gradient of L|V
is taken using the metric g̃. Thus the trajectories on V have the form

d

dt
(a(t), φ(t)) = (− ∗ da− τ(φ, φ),−Daφ)− (−df, fφ)

for a function f : Y → iR. The function f is uniquely determined by the conditions

that
∫
Y
fdvolY = 0 and that ∗da + τ(φ, φ) − df is in the kernel of d∗. Hence

df = (1− π)τ(φ, φ), where π denotes the L2 orthogonal projection to Ker(d∗). We

have that

d

dt
(a(t), φ(t)) = (− ∗ da− πτ(φ, φ),−Daφ− fφ) = −(l + c)(a, φ),
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where

l(a, φ) = (∗da,Dφ)

is the linear part and

c(a, φ) = (πτ(φ, φ), ρ(a)φ+ fφ)

is given by the non-linear terms.

Let χ denote the gradient of L|V with respect to g̃. Then χ = l + c extends to

a map

χ = l + c : Vk+1 → Vk

where Vk denotes the L2
k-Sobolev completion of V . The map l is a linear Fredholm

operator. Using Sobolev multiplication and an estimate on the unique solution to

df = (1−π)τ(φ, φ),
∫
Y
fdvolY = 0, it follows that c viewed as a map Vk+1 → Vk+1 is

continuous. Hence c : Vk+1 → Vk is compact. The flow lines of χ on V will be called

Seiberg–Witten trajectories in the Coulomb gauge. We say that such a trajectory

x(t) = (a(t), φ(t)) is of finite type if L(x(t)) and ||φ(t)||C0 are bounded independent

of t. Clearly the finite type Seiberg–Witten trajectories in the Coulomb gauge are

precisely the projection to V of the Seiberg–Witten trajectories in C(Y ) of finite

type.

2.3. Finite dimensional approximation. Let V µλ denote the direct sum of all

eigenspaces of l in the range (λ, µ] and let p̃µλ be the L2-orthogonal projection from

V to V µλ . Note that V µλ is a finite dimensional subspace of V . For technical reasons

we replace the projections p̃µλ with smoothed out versions

pµλ =

∫ 1

0

ρ(θ)p̃µ−θλ+θdθ

where ρ : R→ R is smooth, non-negative, non-zero precisely on (0, 1) and
∫
R ρ(θ)dθ =

1. This is to make pµλ vary continuously with µ and λ. The reason for doing this

is to show that the Conley index is independent of the choices of µ, λ, up to a

suspension. This is achieved by continuously increasing or decreasing µ, λ to get

a continuous family of flows and using homotopy invariance of the Conley index

under continuous deformation of the flow.

Consider the gradient flow equation

d

dt
x(t) = −(l + pµλc)x(t)

where x : R→ V µλ . We call this an approximate Seiberg–Witten trajectory.

Let B(R) denote the open ball of radius R in L2
k+1(V ). Using the a priori

estimates for the Seiberg–Witten equations, it can be shown that there exists an

R > 0 such that all the finite type trajectories of l+c are in B(R) [48, Proposition 1].

This boundedness property does not necessarily hold for approximate trajectories,

since the crucial estimates that hold for the Seiberg–Witten equations do not apply

to the approximate trajectories. However, we have the following result which acts

as a kind of substitute:
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Proposition 2.2 ([48], Proposition 3). For any −λ, µ sufficiently large, if an ap-

proximate trajectory x : R→ L2
k+1(V µλ ) satisfies x(t) ∈ B(2R) for all t, then in fact

x(t) ∈ B(R) for all t.

This result will allow us to construct the Seiberg–Witten–Floer homotopy type

of (Y, s) using Conley indices.

2.4. The Conley index. Suppose we have a 1-parameter group {ϕt} of diffeomor-

phisms of an n-dimensional manifold M (not necessarily compact). The example

to keep in mind is the gradient flow of a Morse function. Given a compact subset

N ⊆M , the invariant set of N is

Inv(N,ϕ) = {x ∈ N | ϕt(x) ∈ N for all t ∈ R}.

A compact subset N ⊆M is called an isolating neighbourhood if Inv(N,ϕ) ⊆ intN .

An isolated invariant set is a subset S ⊆ M such that S = Inv(N,ϕ) for some

isolating neighbourhood. Note that S must be compact since it is a closed subset

of N and N is required to be compact.

Definition 2.3. Let S be an isolated invariant set. An index pair (N,L) for S is

a pair of compact sets L ⊆ N ⊆M such that

• Inv(N − L,ϕ) = S ⊆ int(N − L)

• L is an exit set for N , that is, for all x ∈ N , if there exists t > 0 such that

ϕt(x) is not in N , then there exists τ with 0 ≤ τ < t with ϕτ (x) ∈ L.

• L is positively invariant in N , that is, if x ∈ L and t > 0 and such that

ϕs(x) ∈ N for all 0 ≤ s ≤ t, then ϕs(x) ∈ L for all 0 ≤ s ≤ t.
Any isolated invariant set S admits an index pair (N,L). The Conley index of S is

the based homotopy type

I(S) = (N/L, [L]).

The Conley index is independent of the choice of index pair (N,L) in a strong

way. Namely for any two pairs (N1, L1), (N2, L2), there is a canonical homotopy

equivalence N1/L1
∼= N2/L2. The composition of two such canonical homotopy

equivalences N1/L1
∼= N2/L2 and N2/L2

∼= N3/L3 coincides up to homotopy with

the canonical homotopy equivalence N1/L1
∼= N3/L3 (one says that the collection

of Conley indices N/L forms a connected simple system). By abuse of terminology,

if (N,L) is an index pair for S we say that I = N/L is “the” Conley index of S.

Example 2.4. Consider a Morse function with critical point of index p, say

f(x1, . . . , xn) =
1

2

(
−x2

1 − · · · − x2
p + x2

p+1 + · · ·+ x2
n

)
.

The negative gradient of f using the Euclidean metric is

−grad(f)(x) = (x1, . . . , xp,−xp+1, . . . ,−xn).

It follows that the downwards gradient flow is given by

ϕt(x) = (etx1, . . . , e
txp, e

−txp+1, . . . , e
−txn).
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Let S = {0} be the critical point. This is an isolated invariant set. In fact,

the only invariant point of ϕ is the origin, so we could take N = Dp ×Dn−p as an

isolating neighbourhood (where Dj is the closed j-dimensional unit disc). Then L =

Sp−1×Dn−p is an exit set for N . It is easy to see that (N,L) satisfies the condition

for an index pair for S. The Conley index is I(S) = Dp ×Dn−p/(Sp−1 ×Dn−p),

which is homotopy equivalent to Sp, a p-dimensional sphere.

Example 2.5. If M is a compact manifold and ϕ is a Morse–Smale gradient flow

on M , then the set S of all critical points and all flow lines between them is an

isolated invariant set. The reduced homology of I(S) is known to be isomorphic to

the homology of M .

On the other hand, if M is non-compact, then we can not take S to be all critical

points of M and all flow lines starting or terminating at a critical point, because

there could be flow lines going off to −∞ or coming in from +∞ and then S would

not be compact.

We also need the equivariant Conley index. Let G be a compact Lie group acting

smoothly on M , preserving a flow ϕ and an isolated invariant set S. It turns out

that one can find a G-invariant index pair (N,L) for S and one can define the

G-equivariant Conley index to be the pointed G-equivariant homotopy type

IG(S) = (N/L, [L]).

It can be shown that this is well-defined, up to G-equivariant homotopy equivalence.

Moreover IG(S) has the based homotopy type of a finite G-CW complex.

Example 2.6. Consider again the example of the Morse function on Rn given by

f(x1, . . . , xn) =
1

2

(
−x2

1 − · · · − x2
p + x2

p+1 + · · ·+ x2
n

)
.

Now suppose that G is a compact Lie group which acts linearly on Rn preserving

f . Note that f defines an O(n−p, p)-structure on Rn and the fact that G preserves

f just means that the action of G on Rn factors through a homomorphism G →
O(n − p, p). As G is compact, we may as well assume (after a linear change of

coordinates) that G maps to the maximal compact subgroup O(n− p)×O(p). So

we can decompose Rn as

Rn = V+ ⊕ V−,

where V+, V− are real orthogonal representations of G of dimensions n − p and p

respectively. Once again, take S = {0} as our isolated invariant set. As our Conley

index, we can take N = D(V−)×D(V+) and L = S(V−)×D(V+), hence

IG(S) = D(V−)×D(V+)/S(V−)×D(V+) ∼= D(V−)/S(V−) ∼= (V−)+,

where (V−)+ is the one-point compactification of V−. We see that the action of G

on the Conley index is determined by the representation of G on the subspace of

the tangent space at the critical point in the direction of the negative eigenvalues

of the Hessian of f .
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Let G and H be compact Lie groups and suppose that G×H acts smoothly on

M . Suppose that {ϕt} is a G × H-invariant flow. Then G acts smoothly on the

submanifold MH and the restriction of {ϕt} defines a G-invariant flow on MH . In

such a situation we can consider the relation between G × H-equivariant Conley

indices for the flow on M and G-equivariant Conley indices for the restriction of

the flow to MH .

Proposition 2.7. Let G × H act smoothly on M preserving a flow {ϕt}. Let

(N,L) be a G×H-equivariant index pair for an isolated invariant set S = Inv(A).

Then (NH , LH) is a G-equivariant index pair for the isolated invariant set SH =

Inv(AH). Moreover, (N/L)H ∼= NH/LH .

Proof. First note that AH is compact because A is compact. Moreover

Inv(AH) = {a ∈ AH |ϕt(a) ∈ AH for all t} = Inv(A) ∩AH = S ∩AH = SH .

Let M be a topological space and let P,Q ⊆M be subspaces. Give Q the induced

topology. Then

intM (P ) ∩Q =

 ⋃
U⊆P open in M

U

 ∩Q =
⋃

U⊆P open in M

(U ∩Q) ⊆ intQ(P ∩Q).

Applying this to P = A, Q = MH , we get

intM (A) ∩MH ⊆ intMH (AH).

Then since S ⊆ intM (A) by the assumption that A is an isolating neighbourhood,

it follows that

SH ⊆ intM (A) ∩MH ⊆ intMH (AH).

So AH is an isolating neighbourhood in MH for SH .

Now let (N,L) be an index pair for S. So N,L are compact and L ⊆ N . This

implies that NH , LH are compact and LH ⊆ NH . Next, since

Inv(N − L) = S ⊆ intM (N − L),

it follows that

Inv(NH − LH) = SH = S ∩MH ⊆ intM (N − L) ∩MH

⊆ intMH ((N − L) ∩MH) = intMH (NH − LH).

We verify that LH is an exit set for NH . Let x ∈ NH and suppose ϕt(x) /∈ NH for

some t > 0. Then it follows that ϕt(x) /∈ N , for if ϕt(x) ∈ N , then it would imply

that ϕt(x) ∈ N ∩MH = NH , since ϕt preserves MH . But L is an exit set for N ,

so there exists τ ∈ [0, t) with ϕτ (x) ∈ L. It follows that ϕτ (x) ∈ L ∩MH = LH .

Hence LH is an exit set for NH .

We check that LH is positively invariant in NH . Suppose x ∈ LH and there exists

a t > 0 for which ϕs(x) ∈ NH for all s ∈ [0, t]. Then since L is positively invariant

in N , it follows that ϕs(x) ∈ L for all s ∈ [0, t]. Hence ϕs(x) ∈ L ∩MH = LH for

all s ∈ [0, t].

We have verified that (NH , LH) is an index pair for SH . Moreover it is straight-

forward to check that (N/L)H = NH/LH . �
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2.5. Equivariant Spanier–Whitehead category. In this section we recall the

construction of the category C from [48], which is an S1-equivariant version of the

Spanier–Whitehead category. In Section 3.3 we will modify this construction to

accommodate a finite group action on Y .

We work with pointed topological spaces with a basepoint preserving action of

S1. The objects of C are triples (X,m, n), where X is a pointed topological space

with S1-action, and m,n ∈ Z.1 We further require that X has the S1-homotopy

type of an S1-CW complex, which holds for Conley indices on manifolds. The

set of morphisms between two objects (X,m, n) to (X ′,m′, n′) will be denoted by

{(X,m, n), (X ′,m′, n′)}S1 and is defined to be

{(X,m, n), (X ′,m′, n′)}S1 = colim[(Rk⊕Cl)+∧X, (Rk+m−m′⊕Cl+n−n
′
)+∧X ′]S1 ,

where [ , ]S1 denotes the set of S1-equivariant homotopy classes and the colimit

is taken over all k, l such that k ≥ m′ − m and l ≥ n′ − n. The maps that

define the colimit are given by suspensions where we smash on the left and for

any topological space Z, we let Z+ denote the one-point compactification with its

obvious basepoint.

Any pointed space X with S1-action defines an object of C, namely (X, 0, 0).

We often simply write this as X. For any finite dimensional representation E of

S1, we let ΣE denote the reduced suspension operation

ΣEX = E+ ∧X.

This operation extends to C by taking ΣE(X,m, n) = (ΣEX,m, n). We are mainly

interested in the case that E is a real vector space with trivial S1-action, or E is a

complex vector space with S1 acting by scalar multiplication. If E is a real vector

space with trivial action, then one finds that

ΣE(X,m, n) ∼= (X,m− dimR(E), n).

The isomorphism depends on a choice of isomorphism E ∼= RdimR(E). Up to homo-

topy there are two choices since GL(E,R) has two components. If E is a complex

vector space and S1 acts by scalar multiplication, then

ΣE(X,m, n) ∼= (X,m, n− dimC(E)).

The isomorphism is unique up to homotopy as GL(E,C) is connected. We can

define desuspension by a real vector space E with trivial S1-action as follows:

Σ−E(X,m, n) = ((E)+ ∧X,m+ 2dimR(E), n).

Then Σ−EΣEZ ∼= Z by an isomorphism which is canonical up to homotopy. We

can define desuspension by a complex vector space E with S1 acting by scalar

multiplication by:

Σ−E(X,m, n) = (X,m, n+ dimC(E)).

Then Σ−EΣEZ ∼= Z by an isomorphism which is canonical up to homotopy.

1In [48] n is allowed to take on rational values. This is needed to construct a Seiberg–Witten–

Floer spectrum which does not depend on the choice of metric. For our purposes it suffices to

consider only integral values of n.
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For Z = (X,m, n) ∈ C, we define the reduced equivariant cohomology of Z to be

H̃j
S1(Z) = H̃j+m+2n

S1 (X).

The cohomology is well defined as a consequence of the Thom isomorphism.

2.6. Seiberg–Witten–Floer cohomology. Consider as before a rational homol-

ogy 3-sphere Y and a spinc-structure s. Let R > 0, λ, µ be as in Proposition 2.2.

We want to take the Conley index of the set of all critical points in B(R) and flow

lines between them which lie in B(R) for all time for the approximate Seiberg–

Witten flow l + pµλc. The problem is that there could be trajectories that go to

infinity in a finite amount of time. Hence we do not have a flow {ϕt} in the sense

of a 1-parameter group of diffeomorphisms. To get around this issue, let uµλ be a

compactly supported smooth cutoff function which is identically 1 on B(3R). For

consistency purposes we assume that uµλ = uµ
′

λ′ |V µλ for λ′ ≤ λ, µ′ ≥ µ. One way of

doing this is to take uµλ(v) = ρ(||v||), where ρ is smooth, compactly supported and

ρ(t) = 1 for t < 3.

For each µ, λ, the vector field uµλ(l+pµλc) is compactly supported, so it generates

a well-defined flow ϕµλ,t on V µλ . Since uµλ = 1 on B(2R), Proposition 2.2 still applies

to the trajectories of uµλ(l + pµλc). It follows that

Inv(V µλ ∩B(2R)) = Sµλ

where Sµλ is the set of critical points and flow lines between critical points for the

approximate Seiberg–Witten flow l + pµλc which lie in B(R). Therefore Sµλ is an

isolated invariant set. Moreover S1 preserves the approximate flow, hence we may

take the S1-equivariant Conley index

Iµλ = IS1(Sµλ ).

This is an S1-equivariant homotopy type. However it is not quite an invariant of

(Y, s) because it depends on the choice of metric g as well as the values of λ, µ,R.

Note that it is independent of the choice of uµλ because of the assumption that

uµλ = 1 on B(3R). To get a genuine invariant we must understand how Iµλ changes

as we vary these parameters.

Let λ∗, µ∗ satisfy Proposition 2.2. Suppose that λ′ ≤ λ ≤ λ∗ and µ′ ≥ µ ≥ µ∗.

We wish to compare the Conley indices Iµλ , I
µ′

λ and Iµλ′ . In other words, what

happens if we increase either µ or −λ, staying in the range where µ and −λ are

sufficiently large.

We use the following invariance property of the Conley index: suppose we have

a family {ϕt(s)} of flows depending continuously on s ∈ [0, 1]. Suppose that

a fixed compact set A is an isolating neighbourhood for all s ∈ [0, 1] and let

S(s) = Inv(A,ϕt(s)). Then I(S0, ϕt(0)) ∼= I(S1, ϕt(1)) by a canonical homotopy

equivalence.

Consider increasing µ to µ′. The finite energy trajectories of l + pµλcp
µ
λ in V µ

′

λ

must actually lie in V µλ . Therefore A = B(2R)∩ V µ
′

λ is an isolating neighbourhood

for Sµλ in V µ
′

λ . Let µ(s) = (1 − s)µ + sµ′, s ∈ [0, 1], and let ϕ̃
µ(s)
λ denote the
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flow of u
µ(s)
λ (l + p

µ(s)
λ cp

µ(s)
λ ) on V µ

′

λ . Then for each s ∈ [0, 1], A is an isolating

neighbourhood for S
µ(s)
λ in V µ

′

λ with respect to the flow ϕ̃
µ(s)
λ . Hence

Inv(ϕ̃µλ, A) ∼= Inv(ϕ̃µ
′

λ , A) = Iµ
′

λ .

But ϕ̃µ is easily seen to be homotopic to the product of the flow of uµλ(l+pµλc) on V µλ
with a linear flow on W generated by l|W , where W is the orthogonal complement

of V µλ in V µ
′

λ . The Conley index of a product of flows is just the smash product of

Conley indices. Combined with Example 2.6, we see that

Inv(ϕ̃µλ, A) ∼= Iµλ ∧W
+
− ,

where W− is the part of W spanned by negative eigenvalues of l. But W is contained

in the positive eigenvalues of l, so W− = 0 and hence

Iµ
′

λ
∼= Iµλ .

Now consider decreasing λ to λ′. An identical argument to the one above gives

Iµλ′
∼= Iµλ ∧W

+
−

where W is the orthogonal complement of V µλ in V µλ′ . In this case W is spanned by

negative eigenspaces of l, so W− = W = V λλ′ and

Iµλ′
∼= Iµλ ∧ (V λλ′)

+.

This implies that

Σ−V
0
λ Iµλ

does not depend on the values of µ, λ (provided µ,−λ are sufficiently large).

Definition 2.8. Given (Y, s) and a metric g, we set

SWF (Y, s, g) = Σ−V
0
λ (g)Iµλ (g)

for suitably chosen µ, λ and R.

We have established that the homotopy type of SWF (Y, s, g) does not depend

on the choices of µ and λ, or more precisely, any two choices of µ, λ are related by

a canonical homotopy equivalence. One also checks that it does not depend on the

choice of R. So up to homotopy, SWF (Y, s, g) depends only on Y, s and g.

Next we consider varying the metric g. Consider a smooth homotopy gs, s ∈ [0, 1]

joining two metrics g0, g1, which is constant near s = 0. Assuming that the gs are

all sufficiently close to each other in a suitable topology, we can arrange that there

exists R,µ∗, λ∗ such that Proposition 2.2 is true for all s ∈ [0, 1] and all µ, λ with

µ ≥ µ∗, λ ≤ λ∗. This suffices, as compactness of [0, 1] implies that any smooth

path gs can be broken up into finitely many sub-paths over which this assumption

holds.

We assume that there exists some λ < λ∗ and µ > µ∗ such that λ, µ are not

eigenvalues of ls for any s ∈ [0, 1]. This property will hold for all sufficiently small

paths. The spaces (V µλ )s then form a smooth vector bundle over [0, 1]. We can

trivialise this vector bundle and identify all these spaces with a single V µλ . Further,

we assume that B(R)s1 ⊂ B(2R)s2 for each s1, s2 ∈ [0, 1]. Here we think of the
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balls as subsets of the same space V µλ . Once again, this property will hold for all

small enough paths. Then

∩s∈[0,1]B(2R)s

is a compact isolating neighbourhood for Sµλ in any metric gs with the flow (ϕµλ)s.

The Conley index will be independent of s and hence

(Iµλ )0
∼= (Iµλ )1.

However, we do not have that Σ−(V 0
λ )0(Iµλ )0 equals Σ−(V 0

λ )1(Iµλ )1. The reason is that

some eigenvalues in (λ, µ) may change sign. On the other hand, any eigenvalue

greater than µ or less than λ can not change sign, by our assumption that µ, λ

are not eigenvalues of ls for any s ∈ [0, 1]. Hence the difference between (V 0
λ )0 and

(V 0
λ )1 is given in terms of the spectral flow of the family of operators {ls}, s ∈ [0, 1].

The operator l can be split into real and complex components. The real part

has no spectral flow, so we only need to consider the complex part, which is the

Dirac operator Ds. The spectral flow can be expressed using the Atiyah–Patodi–

Singer (APS) index theorem on the cylinder X = [0, 1] × Y , see [8, 9]. Let ĝ be

the metric on X given by gs in the vertical direction and (ds)2 in the horizontal

direction. Let Ss denote the spinor bundle associated to (s, gs). The bundles Ss can

all be identified with S = S0, but with varying Clifford multiplication. The spinc

structure s lifts to a spinc structure on X. Let S± denote the spinor bundles of this

spinc structure. Then S± can be identified with the pullback of S to X. Suppose

for each s we have chosen a flat reference connection As. Since we have identified Ss
with S for all s, we get an induced identification of Ls = det(Ss) with L = L0. Then

As = A0 + iαs for some closed real 1-form αs. The path of spinc connections {As}
fit together to form a spinc connection Â on the determinant line L pulled back to

X. Let D̂ be the Dirac operator determined by ĝ and Â. Then D̂(ψ) = ∂sψ+Dsψ.

After a possible reparametrisation we can assume that (gs, As) is constant near

the boundary. Applying the APS index theorem to the Dirac operator D̂ on the

cylinder [0, 1]× Y , one can write the spectral flow SF ({Ds}) as

SF ({Ds}) =
1

2
(η(D1)−k(D1))−1

2
(η(D0)−k(D0))+

∫
[0,1]×Y

(
− 1

24
p1(ĝ) +

c1(Â)2

8

)
,

where η(D) is the eta invariant of D, k(D) = dimC(Ker(D)), p1(ĝ) is the first

Pontryagin form of ĝ, c1(Â) is the Chern form (i/2π)F2Â, where F2Â is the curvature

of the induced connection 2Â on L. Now since αs is closed for each s, we get

F2Â = ds ∧ 2i∂sαs and hence c1(Â)2 = 0. So

(2.1) SF ({Ds}) =
1

2
(η(D1)− k(D1))− 1

2
(η(D0)− k(D0))− 1

24

∫
[0,1]×Y

p1(ĝ).

Let ηsign(gs) denote the eta invariant of the signature operator on Y defined by

gs. Then from the APS index theorem for the signature operator together with the

fact that the signature operator has no spectral flow, we find

(2.2) ηsign(g1)− ηsig(g0) =
1

3

∫
[0,1]×Y

p1(ĝ).
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Combining Equations (2.1) and (2.6), we see that

SF ({Ds}) =
1

2
(η(D1)− k(D1))− 1

2
(η(D0)− k(D0))− 1

8
(ηsign(g1)− ηsign(g0)),

and hence

SF ({Ds}) = n(Y, s, g0)− n(Y, s, g1)

where we have defined

n(Y, s, g) =
1

2
η(D)− 1

2
k(D)− 1

8
ηsign(g)

We will show that n(Y, s, g) is a rational number. Let (W, sW ) be a spinc 4-manifold

bounding (Y, s). This always exists because Ωspinc

3 = 0. Extend the Dirac operator

D on Y to a Dirac operator D̂ in the same way as we did for the cylinder [0, 1] ×
Y . The APS index theorem for the Dirac operator and signature operator on W

combined give

indAPS(D̂) =
c1(sW )2 − σ(W )

8
+
ηdir − k

2
− ηsign

8

and thus

(2.3) n(Y, s, g) = indAPS(D̂)− δ(W, s)

where we set

δ(W, s) =
c1(sW )2 − σ(W )

8
.

This shows that n(Y, s, g) is a rational number since indAPS(D̂) is an integer and

δ(W, s) is a rational number.

Definition 2.9. The Seiberg–Witten–Floer cohomology of (Y, s, g) is defined as

HSW j(Y, s) = H̃
j+2n(Y,s,g)
S1 (SWF (Y, s, g)),

where j ∈ Q and as usual the coefficient group F has been omitted from the notation.

Below we will show that HSW ∗(Y, s) is independent of the choice of metric g

(and other auxiliary choices), hence it is a well defined topological invariant of the

pair (Y, s).

Notice that because of the grading shift by 2n(Y, s, g) the cohomology groups

HSW ∗(Y, s) are concentrated in rational degrees. It was shown by Lidman–Manolescu

[45] that HSW ∗(Y, s) is isomorphic to the Seiberg–Witten monopole Floer coho-

mology as defined by Kronheimer–Mrowka [38]. Together with the equivalence

of monopole Floer homology and Heegaard Floer homology due to the work of

Kutluhan–Lee–Taubes [39, 40, 41, 42, 43], Colin–Ghiggini–Honda [16, 17, 18] and

Taubes [60], we have isomorphisms

HSW ∗(Y, s) ∼= HF−−∗(Y , s)
∼= HF ∗+(Y, s)

where HF−∗ denotes the minus version of Heegaard Floer homology and HF ∗+ de-

notes the plus version of Heegaard Floer cohomology (taken with respect to the

same coefficient group F). Here we use a grading convention for HF− such that

HF−(S3) starts in degree 0. Through the work of [20, 32, 57], the isomorphism is

known to preserve the absolute gradings. Using co-Borel, Tate or non-equivariant
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cohomologies gives similar isomorphisms to the other versions of Heegaard–Floer

homology, see [45, Corollary 1.2.4] for the precise statement.

If we have two metrics g0, g1, then the spectral flow of a path joining them

satisfies

SF ({Ds}) = n(Y, s, g1)− n(Y, s, g0).

On the other hand, from the definition of spectral flow we have

SF ({Ds}) = dim(V 0
λ (g0))− dim(V 0

λ (g1)).

It follows that

SWF (Y, s, g1) ∼= ΣSF ({Ds})SWF (Y, s, g0)

and hence

H̃
j+2SF ({Ds})
S1 (SWF (Y, s, g1)) ∼= H̃j

S1(SWF (Y, s, g0))

by the Thom isomorphism. Replacing j by j + 2n(Y, s, g0), we have

H̃
j+2n(Y,s,g1)
S1 (SWF (Y, s, g1)) ∼= H̃

j+2n(Y,s,g0)
S1 (SWF (Y, s, g0)).

Hence the Seiberg–Witten–Floer cohomology H̃
j+2n(Y,s,g)
S1 (SWF (Y, s, g)) is in-

dependent of the metric. The above isomorphism is canonical in the sense that it

does not depend on the choice of path from g0 to g1. This follows from the fact

that the space of all metrics on Y is contractible, so any two paths with the same

endpoints are homotopic.

2.7. Duality.

Definition 2.10. Let V be a finite dimensional representation of a compact Lie

group G. Two pointed, finite G-CW complexes X,X ′ are equivariantly V -dual if

there exists a G-map

ε : X ∧X ′ → V +

such that for any subgroup H ⊆ G, the fixed point map

εH : XH ∧ (X ′)H → (V H)+

induces a non-equivariant duality between XH and (X ′)H , in the sense of non-

equivariant Spanier–Whitehead duality.

Consider the Conley index Iµλ associated to (Y, s, g) for suitably chosen R,µ, λ.

One finds that reversing orientation of Y has the effect of reversing the Chern–

Simons–Dirac flow. From [19], it follows that Iµλ (Y ) and Iλµ(Y ) are V µλ -dual, so

there exists a duality map

ε : Iµλ (Y ) ∧ Iλµ(Y )→ (V µλ )+.

Notice that dim(V 0
λ (Y )) + dim(V 0

−µ(Y )) − 2k(D) = dim(V µλ (Y )), where k(D) is

the dimension of the kernel of D. Desuspending, we obtain a duality map

ε : SWF (Y, s, g) ∧ SWF (Y , s, g)→ S−k(D)C.

We also have

(2.4) n(Y, s, g) + n(Y , s, g) = −k(D).
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2.8. Fixed points.

Definition 2.11. Let s ≥ 0 be an integer. We say that a finite pointed S1-CW

complex X is of type SWF at level s if

• The S1-fixed point set XS1

is homotopy equivalent to the sphere (Rs)+.

• The action of S1 is free on the complement X −XS1

.

Proposition 2.12. Given (Y, s, g), let R,µ, λ be as in Proposition 2.2. Then

B(2R) ∩ V µλ is an isolating neighbourhood for Sµλ = Inv(B(2R) ∩ V µλ ). Let Iµλ =

IS1(Sµλ ) be the Conley index. Then Iµλ is of type SWF at level s = dim(V 0
λ (R)),

where V 0
λ (R) denotes the S1-invariant part of V 0

λ .

Proof. Let (N,L) be an index pair for Sµλ so that Iµλ = N/L. Then by Proposition

2.7, (Iµλ )S
1

= NS1

/LS
1

is the Conley index of (Sµλ )S
1

. Further, we have that

B(2R) ∩ V µλ (R) is an isolating neighbourhood for (Sµλ )S
1

, where V µλ (R) denotes

the S1-invariant part of V µλ . It is easy to see that c = 0 on V µλ (R), where c is the

non-linear part of the Seiberg–Witten flow. Thus the restriction of the approximate

Seiberg–Witten flow uµλ(l+pµλc) to V µλ (R) is the flow uµλl. Restricted to B(3R) this

is just the linear flow associated to l. The real part of l has zero kernel, because

b1(Y ) = 0. It follows that the Conley index of (Sµλ )S
1

is the Conley index of {0} in

V µλ (R) with respect to the linear flow of l. This is (V 0
λ (R))+. Thus we have shown

that the S1-fixed point set of Iµλ is homotopy equivalent to (V 0
λ (R))+. Furthermore,

S1 acts freely on V µλ − V
µ
λ (R), hence S1 acts freely on N −NS1

and therefore also

on (Iµλ )− (Iµλ )S
1

. This proves the result. �

Using the identities

(2.5) (R+ ∧X)S
1

= R+ ∧XS1

, (C+ ∧X)S
1

= XS1

we see that:

• If X is of type SWF at level s, then R+ ∧X is of type SWF at level s+ 1,

• If X is of type SWF at level s, then C+ ∧X is of type SWF at level s.

Now let Z = (X,m, n) belong to the equivariant Spanier-Whitehead category C.

We say that Z is of type SWF at level s if X is of type SWF of level s + m. The

above remarks shows that this is a well-defined notion.

We have shown that the Conley index Iµλ is of type SWF at level s = dim(V 0
λ (R)),

where V 0
λ = V 0

λ (R)⊕ V 0
λ (C) denotes the decomposition of V 0

λ into copies of R and

C. Now we recall that

SWF (Y, s, g) = Σ−V
0
λ Iµλ .

It follows that SWF (Y, s, g) is of type SWF at level 0.

Let X be a space of type SWF at level s. Let ι : XS1 → X denote the inclusion

of the fixed point set. Using the localisation theorem in equivariant cohomology

[22, III (3.8)], it follows that the pullback map ι∗ : H̃∗S1(X) → H̃∗S1(XS1

) is not

identically zero. Therefore, we may define the d-invariant d(X) of X by

d(X) = min{j | ∃x ∈ H̃j
S1(XS1

), x 6= 0, x ∈ Im(ι∗)}.
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Note that d(X) could potentially depend on the choice of coefficient group, so we

may write the invariant as d(X;F) if we wish to indicate the dependence on F.

We also define the δ-invariant of X by δ(X) = d(X)/2. Using Equation (2.5)

and the Thom isomorphism, one finds:

d(R+ ∧X) = d(X) + 1, d(C+ ∧X) = d(X) + 2.

Now if Z = (X,m, n) is of type SWF, we define the d-invariant d(Z) of Z to be

d(Z) = d(X)−m− 2n ∈ Z.

From [45, Corollary 1.2.3], it follows that the d-invariant d(Y, s) as defined by

Heegaard Floer homology (with coefficient group F) is given in terms of SWF (Y, s, g)

by

d(Y, s) = d(SWF (Y, s, g))− 2n(Y, s, g).

For notational convenience we also define δ(Y, s) = d(Y, s)/2.

3. Equivariant Seiberg–Witten–Floer cohomology

3.1. Assumption on G and F. Throughout this paper we will assume that one

of the two following conditions hold:

(1) G is an arbitrary finite group and F = Z/2Z, or

(2) F is an arbitrary field and the order of G is odd.

Condition (1) ensures that we do not need to concern ourselves with questions of

orientability. Condition (2) ensures that any S1-central extension G̃ acts orientation

preservingly on all of its finite dimensional representations. Hence under either

condition, the Thom isomorphism holds without requiring local coefficients:

H̃∗
G̃

(X) ∼= H̃
∗+dimR(V )

G̃
(V + ∧X).

Here X is any G̃-space and V is any finite dimensional representation of G̃.

3.2. Lifting G-actions. Recall that Y denotes a rational homology 3-sphere. Sup-

pose that a finite group G acts on Y by orientation preserving diffeomorphisms and

suppose G preserves the isomorphism class of a spinc-structure s. We will construct

a G-equivariant version of the Seiberg–Witten–Floer cohomology of (Y, s).

Choose a G-invariant metric g on Y and a reference spinc-connection A0 such

that the connection on the determinant line L is flat. Let g ∈ G and choose a

lift ĝ : S → S of g to the spinor bundle S, which is possible since G preserves the

isomorphism class of s. Then ĝ−1A0ĝ = A0 + a for some a ∈ iΩ1(Y ). Since A0 and

ĝ−1A0ĝ are flat, we must have da = 0. Moreover, b1(Y ) = 0 implies that a = df for

some f : Y → iR. Setting g̃ = e−f ĝ, it follows that g̃ is a lift of g which preserves

A0. Any other lift of g that preserves A0 is of the form cg̃ with c ∈ U(1) a constant.

Let Gs denote the set of all possible lifts of elements of G which preserve A0. Then

Gs is a group and we have a central extension

1→ S1 → Gs → G→ 1.
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Now we carry out the construction of the Conley index of a finite-dimensional

approximation of the Chern-Simons-Dirac flow Gs-equivariantly, instead of just

S1-equivariantly.

3.3. Gs-equivariant Spanier–Whitehead category. In this section G̃ denotes

any S1 central extension of G. We will construct a category C(G̃), the G̃-equivariant

version of C.

Recall from Section 2.5 that the category C was constructed so that there exists

a desuspension functor Σ−V for any real vector space V with trivial S1-action or

any complex vector space where S1 acts by scalar multiplication. We now con-

struct a category C(G̃) in which we can desuspend by real representations of G̃,

where S1 acts trivially, and by complex representations, where S1 acts by scalar

multiplication. We are lead to consider the following two types of finite dimensional

representations of G̃:

• Type (1): V is a real representation of G̃ and S1 acts trivially.

• Type (2): V is a complex representation G̃ and S1 acts on V by scalar

multiplication.

Type (1) representations correspond canonically to real representations of G.

Type (2) representations correspond to projective unitary representations of G

such that the pullback to G of the central extension S1 → U(n) → PU(n) gives

an extension isomorphic to G̃. If G̃ is split, then type (2) representations are in

bijection with complex representations of G. However, the bijection depends on a

choice of splitting of G̃.

To define stable homotopy groups we need to consider suspensions with ex-

plicitly chosen representations. In other words, we need to work at the level of

representations and not just isomorphism classes. Let V1, . . . , Vp be a complete set

of irreducible representations of type (1), and W1, . . . ,Wq a complete set of irre-

ducible representations of type (2). Any representation of type (1) is isomorphic to

a direct sum of copies of V1, . . . , Vp and likewise any representation of type (2) is a

direct sum of copies of W1, . . . ,Wq.

If m = (m1, . . . ,mp),m
′ = (m′1, . . . ,m

′
p) ∈ Zp, we say m ≥ m′ if mi ≥ m′i for

each i. If m ∈ Zp satisfies m ≥ 0, then we set

V (m) = V ⊕m1
1 ⊕ · · · ⊕ V ⊕mpp .

Similarly, if n = (n1, . . . , nq) ∈ Zq satisfies n ≥ 0, then we set

W (n) = W⊕n1
1 ⊕ · · · ⊕W⊕nqq .

The category C(G̃) has as objects triples (X,m, n) where

• X is a pointed topological space with a basepoint preserving G̃-action and

the homotopy type of a G̃-CW complex.

• m ∈ Zp

• n ∈ Zq.
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Let (X,m, n), (X ′,m′, n′) be two objects of C(G̃). The set of morphisms from

(X,m, n) to (X ′,m′, n′), denoted {(X,m, n), (X ′,m′, n′)}G̃, is defined to be:

colim
k,l

[
(V (k))+ ∧ (W (l))+ ∧X, (V (k +m−m′))+ ∧ (W (l + n− n′))+ ∧X ′

]G̃
.

The colimit is taken over all k ∈ Np, l ∈ Nq such that k ≥ m′ −m and l ≥ n′ − n.

The maps that define the colimit are given by suspensions where we smash on the

left.

Let Y be any pointed G̃-space. We obtain a functor Y ∧ : C(G̃) → C(G̃) which

is defined on objects by Y ∧ (X,m, n) = (Y ∧ X,m, n) and on morphisms in the

evident way. In particular, if V is any finite dimensional representation of G̃, we

define the reduced suspension

ΣV Z = V + ∧ Z.

We define desuspension by a representation V of type (1) as follows:

Σ−V (X,m, n) = ((V )+ ∧X,m+ 2[V ], n),

where [V ] = (v1, . . . , vp) and vi is the multiplicity of Vi in V . Then Σ−V ΣV Z ∼= Z,

where the isomorphism is canonical up to homotopy. For any representation W of

type (2) we define

Σ−W (X,m, n) = (X,m, n+ [W ])

where [W ] = (w1, . . . , wq) and wi is the multiplicity of Wi in W . We have that

Σ−WΣWZ ∼= Z by an isomorphism which is canonical up to homotopy. In fact,

such an isomorphism is induced by a choice of isomorphism W ∼= W ([W ]). But

for any pair of isomorphic complex representations, the space of isomorphism is

connected (by Schur’s lemma it is a torsor for a product of complex general linear

groups). Therefore the isomorphism W ∼= W ([W ]) is unique up to homotopy.

For Z = (X,m, n) ∈ C(G̃), we define the reduced equivariant cohomology of Z

to be

H̃j

G̃
(Z) = H̃

j+|m|+2|n|
G̃

(X),

where |m| and |n| are defined as follows:

|m| =
p∑
i=1

mi dimR(Vi) for m = (m1, . . . ,mp),

|n| =
q∑
i=1

ni dimC(Wi) for n = (n1, . . . , nq).

The cohomology is well defined as a consequence of the Thom isomorphism.

3.4. G-equivariant Seiberg–Witten–Floer cohomology. Let Y be a rational

homology 3-sphere and G a finite group acting on Y preserving the isomorphism

class of a spinc-structure s. Let Gs be the S1-central extension of G obtained by

lifting G to the spinor bundle corresponding to s. We repeat the construction of the

Conley index Iµλ (g) from Section 2.6, except that now we carry out the construction

Gs-equivariantly. Restricting to the subgroup S1 ⊆ Gs, I
µ
λ (g) agrees with the S1-

equivariant Conley index as previously constructed.
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We need to understand how Iµλ (g) depends on µ, λ, the choice of G-invariant

metric g and the constant R. As in the S1 case, first consider variations of µ, λ.

Carrying out a similar argument but Gs-equivariantly, we see that Iµλ (g) simply

changes by suspension. Analogous to the non-equivariant case we define

SWF (Y, s, g) = Σ−V
0
λ (g)Iµλ (g) ∈ C(Gs),

where V 0
λ (g) is defined as before, but now carries a Gs-action. Note that V 0

λ (g)

is the sum of a representation of type (1) and a representation of type (2), so the

desuspension Σ−V
0
λ (g) is defined. Then up to canonical isomorphisms SWF (Y, s, g)

depends only on the triple (Y, s, g).

We consider the dependence of SWF (Y, s, g) on the metric g. The argument

is much the same as before except done Gs-equivariantly. Let g0, g1 be two G-

invariant metrics. The space of such metrics is contractible, so we may choose a

path {gs} from g0 to g1. Then as in the non-equivariant case, the signature operator

has no spectral flow and we have

SWF (Y, s, g1) = ΣSFGs ({Ds})SWF (Y, s, g0),

where now SFGs
({Ds}) is the equivariant spectral flow of {Ds}. Thus SFGs

({Ds})
is to be understood as a virtual representation of Gs [24, §2]. Since the S1 subgroup

of Gs acts by scalar multiplication on spinors, it follows that SFGs
({Ds}) is a type

(2) virtual representation. From the Thom isomorphism and the fact that the

underlying rank of SFGs
({Ds}) is SF ({Ds}) = n(Y, s, g1) − n(Y, s, g0), we obtain

a canonical isomorphism

H̃
j+2n(Y,s,g1)
Gs

(SWF (Y, s, g1)) ∼= H̃
j+2n(Y,s,g0)
Gs

(SWF (Y, s, g0)).

This motivates the following definition:

Definition 3.1. The G-equivariant Seiberg–Witten–Floer cohomology of (Y, s, g) is

defined as

HSW j
G(Y, s) = H̃

j+2n(Y,s,g)
Gs

(SWF (Y, s, g)).

By the argument above, the HSW ∗G(Y, s) depends only on (Y, s) and the G-

action.

For a group K we write H∗K for H∗K(pt). Since HSW ∗(Y, s) is defined using

equivariant cohomology, it is a graded module over the ring H∗S1 = F[U ], where

deg(U) = 2. Similarly HSW ∗G(Y, s) is a graded module over H∗Gs
. Restricting from

Gs to S1, we obtain forgetful maps

HSW ∗G(Y, s)→ HSW ∗(Y, s), H∗Gs
→ H∗S1

compatible with the module structures.

Observe that since S1 is the identity component of Gs, the action of Gs on

HSW ∗(Y, s) descends to an action of G. So we may regard HSW ∗(Y, s) as a

G-module.

Theorem 3.2. There is a spectral sequence Ep,qr abutting to HSW ∗G(Y, s) whose

second page is given by

Ep,q2 = Hp(BG;HSW q(Y, s)).
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Proof. For a Gs-space M , let MGs
denote the Borel model for the Gs-action and

MS1 the Borel model for the S1-action obtained by restriction. The composition

MGs
→ BGs → BG is a fibration with fibre MS1 . Applying the Leray–Serre

spectral sequence, we get a spectral sequence which abuts to H̃∗Gs
(M) and has

Ep,q2 = Hp(BG; H̃q
S1(M)). More generally if M is the formal desuspension of a Gs-

space, then via an application of the Thom isomorphism a similar spectral sequence

exists. Applying this to HSW ∗G(Y, s) gives the theorem. �

Definition 3.3. Let Y be a rational homology 3-sphere and s a spinc-structure. We

say that Y is an L-space (with respect to s and F) if the action of U on HSW ∗(Y, s)

is injective. Equivalently HSW ∗(Y, s) is a free F[U ]-module of rank 1.

Remark 3.4. The usual definition of an L-space is that HF+
red(Y, s) = 0 for all

spinc-structures and where the coefficient group is Z. From the universal coefficient

theorem it follows that an L-space in this sense is an L-space with respect to any

spinc-structure s and any coefficient group F.

Suppose that the extension Gs is split. A choice of splitting induces an isomor-

phism Gs
∼= S1 × G and an isomorphism H∗Gs

∼= H∗G[U ]. We stress that these

isomorphisms depend on the choice of splitting.

Theorem 3.5. Suppose that Gs is a split extension. If Y is an L-space (with

respect to s and F), then the spectral sequence given in Theorem 3.2 degenerates at

E2. Moreover we have

HSW ∗G(Y, s) ∼= HSW ∗(Y, s)⊗F H
∗
G
∼= H∗G[U ]θ,

where θ has degree d(Y, s).

Proof. If Y is an L-space (with respect to s and F) then

HSW ∗(Y, s) ∼= F[U ]θ,

where θ has degree d(Y, s). We claim that G acts trivially on HSW ∗(Y, s). This

can be seen as follows. First, since HSW ∗(Y, s) is up to a degree shift the S1-

equivariant cohomology of the Conley index I = Iµλ , it suffices to prove the result

for I. Let ι : IS
1 → I be the inclusion of the S1 fixed point set. Since Y is an

L-space, U acts injectively on HSW ∗(Y, s). Together with the localisation theorem

in equivariant cohomology this implies that ι∗ is injective. Hence it suffices to show

that G acts trivially on H̃∗S1(IS
1

). But IS
1

has the homotopy type of a sphere, so

if ν is a generator of H̃∗S1(IS
1

) and g ∈ G, then g∗(ν) = ±ν according to whether

or not g acts orientation preservingly. Our assumptions on G and F (see Section

3.1) ensures that g∗(ν) = ν for all g ∈ G. This proves the claim.

Letting Ep,qr denote the spectral sequence for HSW ∗G(Y, s), it follows easily that

Ep,q2
∼= H∗(BG;F[U ]θ) ∼= H∗G[U ]θ ∼= HSW ∗(Y, s)⊗F H

∗
G.

It remains to show that the differentials d2, d3, . . . are all zero. In fact since θ has

the lowest q-degree of any term in Ep,q2 , it follows that dj(θ) = 0 for all j ≥ 2. Then

since the differentials commute with the H∗Gs

∼= H∗G[U ]-module structure, it follows

that d2, d3, . . . all vanish. �
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3.5. Spaces of type G-SWF. We introduce a G-equivariant analogue of spaces

of type SWF. We then define a G-equivariant analogue of the d-invariant.

Let G̃ be an extension of G by S1. If G̃ acts on a space X, then we get an

induced action of G = G̃/S1 on the fixed point set XS1

. We write G = S1 ×G for

the trivial extension of G.

Definition 3.6. Let s ≥ 0 be an integer. We say that a finite pointed G̃-CW

complex X is of type G-SWF at level s if

• The S1-fixed point set XS1

is G-homotopy equivalent to a sphere (V )+,

where V is a real representation of G of dimension s.

• The action of S1 is free on the complement X −XS1

.

More generally, let V be a finite dimensional representation which is the direct sum

of representations of type (1) and (2). An equivariant spectrum Z = Σ−VX ∈ C(G̃)

is said to be of type G-SWF at level s if X is G-SWF at level s+ dim(V S
1

).

Assume that G̃ is split and choose a splitting G̃ ∼= G. Let X be a space of

type G-SWF at level s. Let ι : XS1 → X denote the inclusion of the fixed point

set. Recall that H∗S1
∼= F[U ], where deg(U) = 2. Similarly H∗

G
∼= H∗G[U ]. The

localisation theorem in equivariant cohomology implies that

ι∗ : U−1H̃∗
G

(X)→ U−1H̃∗
G

(XS1

)

is an isomorphism. Note XS1 ∼= (V )+ where V is s-dimensional, so

H̃∗
G

(XS1

) ∼= H∗G[U ]τ

where deg(τ) = s. Therefore it also follows that

U−1H̃∗
G

(XS1

) ∼= H∗G[U,U−1]τ.

Then for each c ∈ H∗G, it follows that there exists an x ∈ H̃∗
G

(X) for which ι∗(x) =

cUk τ , for some k ≥ 0. Set ΛG(X) = H̃∗
G

(XS1

). Then ΛG(X) is a free H∗G[U ]-

module of rank 1 and ι : XS1 → X induces a map

ι∗ : H̃∗
G

(X)→ ΛG(X)

of H∗G[U ]-modules. Introduce a filtration

ΛG(X) = F0 ⊇ F1 ⊇ F2 ⊇ · · ·

on ΛG(X) by setting

Fj = H∗≥jG ΛG(X),

where H∗≥jG =
⊕

k≥j H
k
G. This is the filtration induced by the fibration

XS1

×G BG→ BG.

Let τ denote the generator of ΛG(X). Then for j ≥ 0 we have obvious identifications

Fj/Fj+1
∼= Hj

G[U ]τ.

Now let c be a non-zero element in H∗G of degree |c| = deg(c). By the discussion

above we know that cUkτ is in the image of ι∗ for some k ≥ 0. Hence we may

define:
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Definition 3.7. Let c be a non-zero element in H∗G of degree |c| = deg(c). We

define dG,c(X) ∈ Z by

dG,c(X) = min{2k+s| ∃x ∈ H̃s+2k+|c|
G

(X), ι∗(x) ∈ F|c|, ι∗(x) = cUk τ (mod F|c|+1)}.

For convenience we set dG,0(X) = −∞. Then if c is an element of H∗G, we write

c = c0 + c1 + · · ·+ cr, where ci ∈ Hi
G and set

dG,c(X) = max{dG,c0(X), . . . , dG,cr (X)}.

Note that dG,ac(X) = dG,c(X) for any a ∈ F∗.
In concrete terms, the condition that ι∗(x) ∈ F|c| and ι∗(x) = cUk τ (mod F|c|+1)

means that ι∗(x) is of the form

ι∗(x) = cUk τ + c1 U
k−1 τ + · · ·+ cr U

k−r τ

for some r ≥ 0 and some c1, . . . cr ∈ H∗≥(|c|+1)
G .

Remark 3.8. Let X be a space of type G-SWF. The definition of dG,c(X) does not

depend on a choice of splitting of S1 → G̃ → G. Indeed, two splittings differ by a

homomorphism φ : G→ S1. Let α = φ∗(U) ∈ H2
G. The change of splitting acts on

H∗G[U ] by sending U to U +α. Then since (U +α)k = Uk + · · · , where · · · denotes

terms involving lower powers of U , it follows that dG,c(X) does not depend on the

choice of splitting of G̃.

Proposition 3.9. Let X be a space of type G-SWF for the trivial extension. Then

for all c1, c2 ∈ H∗G, we have

dG,c1+c2(X) ≤ max{dG,c1(X), dG,c2(X)}

and

dG,c1c2(X) ≤ min{dG,c1(X), dG,c2(X)}.

Proof. Let s be the level of X. First consider the case that c1, c2 are homogeneous,

that is, c1 ∈ H |c1|G , c2 ∈ H |c2|G for some |c1|, |c2|. Then by Definition 3.7, we have

that there exist x1 ∈ H̃
dG,c1 (X)+|c1|
G

(X) and x2 ∈ H̃
dG,c2 (X)+|c2|
G

(X) such that

ι∗(x1) = c1 U
k1 τ + · · · , ι∗(x2) = c2 U

k2 τ + · · ·

where + · · · denotes terms that are in the next stage of the filtration and ki =

(dG,ci(X) − s)/2 for i = 1, 2. Note that if c1 or c2 are zero then we take x1 or x2

to be zero.

If |c1| 6= |c2|, then by Definition 3.7, we have dG,c1+c2(X) = max{dG,c1(X), dG,c2(X)}.
Now suppose that |c1| = |c2|. Let k = max{k1, k2} and set x = Uk−k1x1 +

Uk−k2x2 ∈ H̃2k+s+|c1|
G

(X). Then

ι∗(x) = (c1 + c2)Uk τ + · · ·

and hence, from the definition of dG,c1+c2(X), we have

dG,c1+c2(X) ≤ 2k + s = max{2k1 + s, 2k2 + s} = max{dG,c1(X), dG,c2(X)}.

Next we observe that c2x1 ∈ H̃
dG,c1 (X)+|c1|+|c2|
G

(X) and

ι∗(c2x1) = (c1c2)Uk1 τ
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and so it follows that dG,c1c2(X) ≤ dG,c1(X). Exchanging the roles of x1, x2 and

c1, c2, we similarly find that dG,c1c2(X) ≤ dG,c1(X), hence

dG,c1c2(X) ≤ min{dG,c1(X), dG,c2(X)}.

Now suppose that c1, c2 are not necessarily homogeneous. We may write c1 =

a0 + a1 + · · · + ar, c2 = b0 + b1 + · · · + br, for some r ≥ 0, where ai, bi ∈ Hi
G. By

Definition 3.7 we have

dG,c1(X) = maxi{dG,ai(X)}, dG,c2(X) = maxi{dG,bi(X)}.

Then since c1 + c2 = (a0 + b0) + (a1 + b1) + · · ·+ (ar + br), we get

dG,c1+c2(X) = maxi{dG,ai+bi(X)}
≤ maxi{max{dG,ai(X), dG,bi(X)}
= max{maxi{dG,ai(X)},maxi{dG,bi(X)}}
= max{dG,c1(X), dG,c2(X)}.

Next, we have c1c2 =
∑
i,j aibj and hence

dG,c1c2(X) ≤ maxi,j{dG,aibj (X)}
≤ maxi,j{dG,ai(X)}
= maxi{dG,ai(X)}
= dG,c1(X)

where we used dG,aibj (X) ≤ dG,ai(X). Similarly we get dG,c1c2(X) ≤ dG,c2(X) and

hence

dG,c1c2(X) ≤ min{dG,c1(X), dG,c2(X)}.
�

Recall that the ordinary (non-equivariant) d-invariant of X, d(X), is defined by

d(X) = min{j |∃x ∈ H̃j
S1(X) ι∗(x) 6= 0}.

It is not hard to see that d(X) = d{e},1(X), where {e} denotes the trivial group

and 1 is the generator of H0(pt).

Proposition 3.10. Let X be a space of type G-SWF for the trivial extension. Then

dG,1(X) ≥ d(X).

Proof. By the definition of dG,1(X), there exists x ∈ H̃dG,1(X)

G
(X) such that ι∗(x) =

Uk τ + · · · , where k = (dG,1(X)−s)/2 and s is the level of X. Let y ∈ H̃dG,1(X)

S1 (X)

be the image of x under the map induced by S1 → G. Then it follows that

ι∗(y) = Uk τ ∈ H̃dG,1(X)

S1 (XS1

). In particular, ι∗(y) 6= 0 and hence dG,1(X) ≥ d(X)

by the definition of d(X). �

Let S1 act trivially on R and act by scalar multiplication on C. Let V be a

real representation of G. Then VR = R ⊗R V and VC = C ⊗R V may be regarded

as representations of G = S1 × G, where S1 acts on the first factor and G on the

second.
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Proposition 3.11. Let X be a space of type G-SWF for the trivial extension and

let V be a finite dimensional representation of G of type (1) or (2), as in Section

3.3. Then for any c ∈ H∗G, we have

dG,c(V
+ ∧X) = dG,c(X) + dimR(V ).

Proof. This result follows easily from the Thom isomorphism, together with the

fact that in the type (2) case, the G-equivariant Euler class of V has the form

eG(V ) = Udim(V ) + cG,1(V )Udim(V )−1 + · · ·+ cG,dim(V )(V ),

where cG,j(V ) ∈ H2j
G denotes the j-th G-equivariant Chern class of V . �

If Z = Σ−VX ∈ C(G) is an equivariant spectrum of type G-SWF, we define the

dG,c-invariant dG,c(Z) of Z to be

dG,c(Z) = dG,c(X)− dimR(V ).

This definition is well-defined by Proposition 3.11. We also define a corresponding

δ-invariant by setting δG,c(Z) = dG,c(Z)/2.

Definition 3.12. Let X,Y be spaces of type G-SWF for the trivial extension of

G, where X has level s and Y has level t. Let f : X → Y be an S1×G-equivariant

map. Consider the restriction

fS
1

: XS1

→ Y S
1

of f to the fixed point set. Note that H̃∗G(XS1

) is a free H∗G-module starting in

degree s. Let τXS1 denote a generator. Then τXS1 is unique up to an element of

F∗. Similarly H̃∗G(Y S
1

) is a free H∗G-module starting in degree t and we let τY S1

denote a generator. Then there exists a uniquely determined µ ∈ Ht−s
G such that

(fS
1

)
∗
(τY S1 ) = µ τXS1 .

We call µ = deg(fS
1

) the degree of fS
1

. If we choose different generators for

H̃∗G(XS1

) or H̃∗G(Y S
1

), then deg(fS
1

) changes by an element of F∗, hence deg(fS
1

)

is well-defined up to multiplication by elements of F∗. If t < s, then deg(fS
1

) = 0.

Note that suspension does not change the degree of fS
1

. Hence we can more

generally speak of the degree of fS
1

when f is a stable map between spectra of

type G-SWF.

Proposition 3.13. Let f : X → Y be a G-equivariant map of spaces of type G-

SWF for the trivial extension, where X has level s and Y has level t. Let µ =

deg(fS
1

) ∈ Ht−s
G be the degree of fS

1

. Then for any non-zero c ∈ H∗G, we have

dG,cµ(X)− s ≤ dG,c(Y )− t.
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Proof. We prove the result when c ∈ H |c|G is homogeneous. The general case follows

easily from this. The inclusion of the fixed points sets gives a commutative diagram.

X
f // Y

XS1

ι

OO

fS
1

// Y S
1

ι

OO

Consider the induced commutative diagram in equivariant cohomology:

H̃∗
G

(Y )

ι∗

��

f∗ // H̃∗
G

(X)

ι∗

��
H̃∗
G

(Y S
1

)
(fS

1
)∗ // H̃∗

G
(XS1

)

From the definition of dG,c(Y ), there exists some x ∈ H̃dG,c(Y )+|c|
G

(Y ) such that

ι∗(x) = cUk τY S1 + · · ·

where k = (dG,c(Y )− t)/2. Then by commutativity of the diagram, we have

ι∗(f∗(x)) = (fS
1

)∗(ι∗(x))

= (fS
1

)∗(cUk τY S1 + · · · )

= cµUk τXS1 + · · ·

It follows that

dG,cµ(X) ≤ dG,c(Y ) + |c| − |cµ| = dG,c(Y )− |µ| = dG,c(Y )− t+ s.

Hence

dG,cµ(X)− s ≤ dG,c(Y )− t.

�

3.6. Alternative characterisation of dG,c. In this section we will give an alter-

native characterisation of dG,c which does not directly refer to ι∗ and is sometimes

more convenient for computations.

Let X be a space of type G-SWF for the trivial extension G. Set Λ∗G = H̃∗
G

(XS1

).

The inclusion of the fixed points ι : XS1 → X induces a map ι∗ : H̃∗
G

(X) → Λ∗G.

Recall that Λ∗G is a free H∗G[U ] module of rank 1. Let τ denote a generator of Λ∗G, so

Λ∗G
∼= H∗G[U ]τ . Recall that we have a filtration Fj on Λ∗G given by Fj = H∗≥jG Λ∗G.

Similarly there is a filtration on H̃∗
G

(X) which comes from the spectral sequence

for equivariant cohomology. We will denote this filtration by Fj . Then ι∗(Fj) ⊆ Fj
because the inclusion ι induces a map between spectral sequences.

Let c ∈ H∗G be a non-zero element of degree |c|. Recall that the invariant dG,c(X)

is defined by

dG,c(X) = min{i | ∃x ∈ H̃i
G

(X), ι∗(x) = cUkτ (mod F|c|+1) for some k ≥ 0} − |c|.
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The localisation theorem in equivariant cohomology implies that upon localising

with respect to U , ι∗ becomes an isomorphism:

ι∗ : U−1H̃∗
G

(X)→ U−1ΛG ∼= H∗G[U,U−1]τ.

In particular, there exists an element θ ∈ H̃2k+deg(τ)

G
(X) such that ι∗(θ) = U lτ for

some l ≥ 0. Fix a choice of such a θ. The localisation isomorphism implies that

ι∗(x) = 0 if and only if Ukx = 0 for some k ≥ 0.

Proposition 3.14. Let c ∈ H∗G be a non-zero element of degree |c|. Then

dG,c(X) = min{i | ∃x ∈ H̃i
G

(X), Unx = cUkθ (mod F|c|+1) for some n, k ≥ 0}−|c|.

Proof. Let

aG,c(X) = min{i | ∃x ∈ H̃i
G

(X), Unx = cUkθ (mod F|c|+1) for some n, k ≥ 0}−|c|.

Then we need to show that dG,c(X) = aG,c(X). Suppose x ∈ H̃
aG,c(X)+|c|
G

(X)

satisfies Unx = cUkθ (mod F|c|+1) for some n, k ≥ 0. Then

Unι∗(x) = cUkι∗(θ) = cUk+lτ (mod F|c|+1).

Since U is injective on ΛG we must have k+ l ≥ n and we can cancel Un from both

sides to get

ι∗(x) = cUk+l−nτ (mod F|c|+1).

Hence dG,c(X) ≤ deg(x) − |c| = aG,c(X). Conversely, let x ∈ H̃dG,c(X)+|c|
G

(X) be

such that ι∗(x) = cUkτ (mod F|c|+1) for some k ≥ 0. Then

ι∗(x) = cUkτ + c1U
k−1τ + c2U

k−2τ + · · ·+ ckτ

where ci ∈ H |c|+2i
G . Since ι∗(θ) = U lτ , it follows that

ι∗(U lx) = ι∗(cUkθ + c1U
k−1θ + · · ·+ ckθ).

Next recall that ι∗ is an isomorphism after localising with respect to U . Hence if

ι∗(y1) = ι∗(y2), then Uny1 = Uny2 for some n ≥ 0 and we have

Un+lx = cUn+kθ + c1U
n+k−1θ + · · ·+ ckU

nθ = cUn+kθ (mod F|c|+1).

From the definition of aG,c(X), it follows that aG,c(X) ≤ deg(x) − |c| = dG,c(X).

We have shown dG,c(X) ≤ aG,c(X) and aG,c(X) ≤ dG,c(X), hence dG,c(X) =

aG,c(X). �

3.7. Equivariant d-invariants for rational homology 3-spheres. We return

to the setting that Y is a rational homology 3-sphere, G is a finite group acting on

Y preserving the isomorphism class of a spinc-structure s. Choose a G-invariant

metric g and let Gs be the S1-central extension of G obtained by lifting G to the

spinor bundle corresponding to s. Now suppose that Gs is a trivial extension, hence

Gs
∼= G. From the construction of the Conley index, one finds that SWF (Y, s, g)

is of type G-SWF at level 0.
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Definition 3.15. Let G act on Y and let s be a G-invariant spinc-structure. Sup-

pose that the corresponding S1-extension Gs is trivial and choose an isomorphism

of extensions Gs
∼= G. For any c ∈ H∗G we define the invariant dG,c(Y, s) by

dG,c(Y, s) = dG,c(SWF (Y, s, g))− 2n(Y, s, g).

We also set δG,c(Y, s) = dG,c(Y, s)/2.

The definition of dG,c(Y, s) does not depend on the choice of isomorphism Gs
∼= G

by Remark 3.8. The definition also does not depend on the choice of metric g as

a consequence of the relation SWF (Y, s, g1) = ΣSFGs ({Ds})SWF (Y, s, g0) and the

Thom isomorphism.

We only define the invariants dG,c(Y, s) in the case that Gs is a trivial extension.

This is because the definition of dG,c(Y, s) uses localisation by U , but U ∈ H∗S1 does

not necessarily extend to a class in H∗Gs
, unless Gs is a trivial extension.

The inclusion ι : (V 0
λ (R))+ → Iµλ of the S1-fixed points of the Conley index

desuspends to a map ι : Σ−V
0
λ (C)S0 → SWF (Y, s, g), hence we get a homomorphism

ι∗ : HSW ∗G(Y, s)→ Λ∗G(Y, s),

where we have set Λ∗G(Y, s) = H̃
∗+2n(Y,s,g)

G
(Σ−V

0
λ (C)S0). This is a free H∗G[U ]-

module and we let τ denote a generator. As in Section 3.5 we filter Λ∗G(Y, s)

by setting Fj = H∗≥jG Λ∗G(Y, s). The construction of ι∗ and Λ∗G(Y, s) depend on

the choice of metric g, but the construction for any two metrics are related by a

canonical homomorphism. The d-invariants of (Y, s) are given by

dG,c(Y, s) = min{2k+j| ∃x ∈ SWF
j+2k+|c|
G (Y, s), ι∗(x) ∈ F|c|, ι∗(x) = cUk τ (mod F|c|+1)}.

Recall that d(Y , s) = −d(Y, s). On the other hand, the behaviour of the invari-

ants dG,c(Y, s) under orientation reversal is not so straightforward. For example, it

follows from Proposition 3.10 that

(3.1) −dG,1(Y , s) ≤ d(Y, s) ≤ dG,1(Y, s).

In particular, dG,1(Y , s) = −dG,1(Y, s) can only occur if dG,1(Y, s) = d(Y, s) and

dG,1(Y , s) = d(Y , s). From (3.1), we also get that

dG,1(Y, s) + dG,1(Y , s) ≥ 0.

We will show in Theorem 4.4 that the invariants dG,c satisfy a stronger positivity

condition.

Proposition 3.16. Let G act on Y and let s be a G-invariant spinc-structure.

Suppose that the corresponding extension Gs is trivial. If Y is an L-space (with

respect to s and F), then for all non-zero c ∈ H∗G we have

dG,c(Y, s) = d(Y, s).

Proof. If Y is an L-space (with respect to s and F) then

HSW ∗(Y, s) ∼= F[U ]θ,

where θ has degree d(Y, s). From Theorem 3.5, there exists a class θ̂ ∈ HSW ∗G(Y, s)

which maps to θ under the forgetful map HSW ∗G(Y, s)→ HSW ∗(Y, s) and we have
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that HSW ∗G(Y, s) is a free H∗G[U ]-module generated by θ̂. We must also have

that ι∗(θ̂) = Ukτ (mod F1) for some k ≥ 0, where τ is a generator of ΛG(Y, s).

This holds because F1 is the kernel of the forgetful map ΛG(Y, s) → Λ{1}(Y, s).

So for any non-zero c ∈ Hj
G we have that ι∗(cθ̂) = cι∗(θ̂) = cUkτ (mod F1+|c|),

hence dG,c(Y, s) ≤ deg(cθ̂) − j = deg(τ̂) = d(Y, s). That is, dG,c(Y, s) ≤ d(Y, s)

for all non-zero homogeneous c. On the other hand it is clear that there is no

class of lower degree in HSW ∗G(Y, s) which maps under ι∗ to a class of the form

cUk
′
τ (mod F1+|c|). Hence dG,c(Y, s) = d(Y, s) for all non-zero homogeneous c.

Clearly the result extends to all non-zero c. �

4. Behaviour under cobordisms

We show that equivariant cobordisms of rational homology 3-spheres induce

maps on equivariant Seiberg–Witten–Floer cohomology. We follow the construction

of Manolescu [48], incorporating the corrections due to Khandhawit [36]. Since our

construction is a straightforward extension of that of Manolescu and Khandhawit,

differing only in the replacement of S1 by the larger group Gs, we will be brief.

4.1. Finite dimensional approximation. Let W be a compact, oriented smooth

4-manifold with boundary Y = ∂W a disjoint union of rational homology spheres

Y = ∪jYj . Assume further that b1(W ) = 0 and that W is connected. If s is a

spinc-structure on W , then the restriction of s to Y determines a spinc-structure

s|Y on Y . Since the boundary of W is a union of rational homology 3-spheres,

we have H2(W,∂W ;R) ∼= H2(W ;R) and by Poincaré–Lefschetz duality we obtain

a non-degenerate intersection form on H2(W ;R). Given a metric g on W which

is isometric to a product metric in a collar neighbourhood of ∂W , we let H+(W )

denote the space of self-dual L2-harmonic 2-forms on the cylindrical end manifold

Ŵ obtained from W by attaching half-infinite cylinders [0,∞)×Y to W . It follows

from [8, Proposition 4.9] that the natural map H+(W ) → H2(W ;R) is injective

and identifies H+(W ) with a maximal positive definite subspace of H2(W ;R).

Suppose now that G acts smoothly and orientation preservingly on W and that

this action sends each connected component of ∂W to itself. Hence by restriction

G acts on each Yi by orientation preserving diffeomorphisms. Assume further that

G preserves the isomorphism class of a spinc-structure s on W . Set si = s|Yi . Then

the action of G on Yi preserves si. Similar to Section 3.2 we obtain an S1-extension

Gs of G. Restricting to Yi, we obtain an isomorphism of extensions Gs
∼= Gsi .

Hence if Gs is split, then it follows that each of the extensions Gsi is also split.

Moreover a splitting of Gs determines corresponding splittings of each Gsi .

Choose a G-invariant metric g on W which is isometric to a product (−ε, 0]× Y
in some equivariant collar neighbourhood of Y (see [33, Theorem 3.5] for existence

of equivariant collar neighbourhoods). To see that such a metric exists, first choose

a G-invariant metric gY on Y . Then choose an arbitrary metric g′ on W which

equals (dt)2 + gY in some equivariant collar neighbourhood (−ε, 0] × Y . Then let

g be obtained from g′ by averaging over G. Let S± denote the spinor bundles on

W corresponding to s. We note here that under these assumptions G preserves the
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subspace H+(W ) of H2(W ;R) defined by g. Let Ω1
g(W ) denote the space of 1-forms

on W in double Coulomb gauge with respect to Y [36, Definition 1]. This space

is easily seen to be preserved by the action of G on 1-forms. The double Coulomb

gauge condition ensures that if a ∈ Ω1
g(W ) and φ ∈ Γ(S+), then (a, φ)|Yj lies in the

global Coulomb slice corresponding to Yj . Let us temporarily assume that Y = ∂W

is connected. Let Â be a spinc-connection on W such that in a collar neighbourhood

of Y it equals the pullback of A0. Using the same argument as in Section 3.2, we

can assume that Â is Gs-invariant. Then using Â as a reference connection, we

obtain a map which may be thought of as the Seiberg–Witten equations on W

together with boundary conditions:

SWµ : iΩ1
g(W )⊕ Γ(S+)→ iΩ2

+(W )⊕ Γ(S−)⊕ V µ−∞,

(a, φ) 7→ (F+

Â+a
− σ(φ, φ), DÂ+a(φ), pµ(a, φ)|Y )

where pµ is the orthogonal projection from V to V µ−∞. Taking a finite dimensional

approximation as described in [48], [36], one obtains a map

Ψµ,λ,U,U ′ : (U ′)+ → (U+) ∧ Iµλ ,

where U ′ ⊂ iΩ1
g(W ) ⊕ Γ(S+) and U ⊂ iΩ2

+(W ) ⊕ Γ(S−) are finite dimensional

G-invariant subspaces which satisfy

(4.1) U ⊕ V 0
λ ⊕Ker(L0) ∼= U ′ ⊕ Coker(L0)

and L0 is a Fredholm linear operator defined in [48, Section 9]. Since SWF (Y, s, g) =

Σ−V
0
λ Iµλ , we can re-write the map Ψµ,λ,U,U ′ as

Ψµ,λ,U,U ′ : (U ′)+ → (U)+ ∧ (V 0
λ )+ ∧ SWF (Y, s, g).

Taking the smash product with Ker(L0) and using (4.1), we see that Ψµ,λ,U,U ′ is

stably equivalent to a map

f : Ker(L0)+ → Coker(L0)+ ∧ SWF (Y, s, g).

The real part of L0 has zero kernel and cokernel isomorphic to H+(W ). The

complex part of L0 can be identified with the Dirac operator DÂ with Atiyah–

Patodi–Singer (APS) boundary conditions. Thus

Ker(L0) ∼= KerAPS(D+

Â
), Coker(L0) ∼= H+(W )⊕ CokerAPS(D+

Â
)

where KerAPS(D+

Â
), CokerAPS(D+

Â
) denote the kernel and cokernel of D+

Â
with

APS boundary conditions. Hence we obtain a Gs-equivariant map

f : KerAPS(D+

Â
)+ → (H+(W ))+ ∧ CokerAPS(D+

Â
)+ ∧ SWF (Y, s, g).

Note that f is only a map in the stable sense. That is, f is a morphism in the

category C(Gs).

Recall that the S1-fixed point set of Iµλ is V 0
λ (R)+. The inclusion (V 0

λ (R))→ Iµλ
of the S1-fixed points desuspends to a map ι : S0 → SWF (Y, s, g). By restricting
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to S1-fixed points we obtain a commutative diagram

KerAPS(D+

Â
)+

f // (H+(W ))+ ∧ CokerAPS(D+

Â
)+ ∧ SWF (Y, s, g)

S0

OO

fS
1

// (H+(W ))+

OO

Using that the Seiberg–Witten equations reduce to linear equations on the S1-fixed

point set, one finds that fS
1

: S0 → (H+(W ))+ is the obvious map given by the

one-point compactification of the inclusion {0} → H+(W ). Thus according to

Definition 3.12, fS
1

has degree equal to e(H+(W )), the image of the equivariant

Euler class of H+(W ) in H∗G(pt;F). For instance if F = Z/2Z, then e(H+(W )) is

the b+(W )-th equivariant Stiefel–Whitney class. We will refer to e(H+(W )) as the

F-Euler class of H+(W ).

So far we have restricted to the case that the boundary ∂W is connected. More

generally if ∂W = ∪jYj is a union of rational homology 3-spheres then much the

same construction applies. The Conley index Iµλ is now given by the smash product

of the Conley indices of each component, hence f is now a map of the form

f : KerAPS(D+

Â
)+ → (H+(W ))+ ∧ CokerAPS(D+

Â
)+ ∧

∧
j

SWF (Yj , sj , gj).

We still have that the degree of fS
1

is e(H+(W )).

4.2. Equivariant Frøyshov inequality. In this section we prove an equivariant

generalisation of Frøyshov’s inequality [27].

Theorem 4.1. Let W be a smooth, compact, oriented 4-manifold with boundary

and with b1(W ) = 0. Suppose that G acts smoothly on W preserving the orientation

and a spinc-structure s. Suppose that the extension Gs is trivial. Suppose each

component of ∂W is a rational homology 3-sphere and that G sends each component

of ∂W to itself. Let e ∈ Hb+(W )
G be the F-Euler class of any G-invariant maximal

positive definite subspace of H2(W ;R). Let c ∈ H∗G and suppose that ce 6= 0.

(1) If ∂W = Y is connected, then

δ(W, s) ≤ δG,c(Y, s|Y ) and δG,ce(Y , s|Y ) ≤ δ(W, s),

where we have defined

δ(W, s) =
c1(s)2 − σ(W )

8
.

(2) If ∂W = Y 1 ∪ Y2 has two connected components, then

δG,ce(Y1, s|Y1) + δ(W, s) ≤ δG,c(Y2, s|Y2).

Proof. We will give the proof in the case that W is connected. The general case

follows easily from this by applying the theorem to each component of W . To

simplify notation we will write s instead of s|Y and write g instead of g|Y . In case

(1), ∂W = Y is connected.
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As in Section 4.1, choosing suitable metrics and reference connections we obtain

a stable map

f : KerAPS(D+

Â
)+ → (H+(W ))+ ∧ CokerAPS(D+

Â
)+ ∧ SWF (Y, s, g)

such that the degree of fS
1

is e. Applying Proposition 3.13 to f , we obtain

2dimC(KerAPS(D+

Â
))+b+(W ) ≤ b+(W )+2dimC(CokerAPS(D+

Â
))+dc(Y, s)+2n(Y, s, g)

which simplifies to

indAPS(D+

Â
) ≤ dc(Y, s)/2 + n(Y, s, g) = δc(Y, s) + n(Y, s, g).

Combined with Equation (2.3) we get δ(W, s) ≤ δc(Y, s).
Next recall from Section 2.7 the duality map

ε : SWF (Y, s, g) ∧ SWF (Y , s, g)→ S−k(D)C

where k(D) = dimC(Ker(D)). By the definition of equivariant duality, we have

that

εS
1

: SWF (Y, s, g)S
1

∧ SWF (Y , s, g)S
1

→ S0

is a non-equivariant duality. It follows that εS
1

has degree 1. Taking the map f ,

suspending by SWF (Y , s, g) and composing with ε, we obtain a stable map

h : KerAPS(D+

Â
)+ ∧ SWF (Y , s, g)→ (H+(W ))+ ∧ CokerAPS(D+

Â
)+ ∧ S−k(D)C

such that the degree of hS
1

is e. Applying Proposition 3.13 to h we obtain

2dimC(KerAPS(D+

Â
)+dG,ce(Y , s, g) + 2n(Y , s, g) + b+(W )

≤ b+(W ) + 2dimC(CokerAPS(D+

Â
)− 2k(D)

which simplifies to

indAPS(D+

Â
) + δG,ce(Y , s, g) + n(Y , s, g) ≤ −k(D).

Using Equations (2.3) and (2.4), we obtain δ(W, s) ≤ −δG,ce(Y , s), or equivalently

δG,ce(Y , s|Y ) ≤ δ(W, s).

The proof of case (2) is similar. We start with the map

f : KerAPS(D+

Â
)+ → (H+(W ))+∧CokerAPS(D+

Â
)+∧SWF (Y1, s, g)∧SWF (Y2, s, g).

Suspending by SWF (Y1, s, g) and applying the duality map corresponding to Y1

we obtain a map

h : KerAPS(D+

Â
)+ ∧ SWF (Y1, s, g)

→ (H+(W ))+ ∧ CokerAPS(D+

Â
)+ ∧ SWF (Y2, s, g) ∧ S−k(D1)C

where k(D1) is the dimension of the kernel of the Dirac operator on Y1. Ap-

plying Proposition 3.13 to this map and simplifying, we obtain the inequality

δG,ce(Y1, s|Y1
) + δ(W, s) ≤ δG,c(Y2, s|Y2

).

�
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Definition 4.2. Let (Y1, s1), (Y2, s2) be rational homology 3-spheres equipped with

spinc-structures. Suppose that G acts orientation preservingly on Y1, Y2 and pre-

serves the spinc-structures s1, s2. A G-equivariant rational homology cobordism

from (Y1, s1) to (Y2, s2) is a rational homology cobordism W from Y1 to Y2 such

that the G-action and spinc-structure s1 ∪ s2 on ∂W extend over W . We say that

(Y1, s1), (Y2, s2) are G-equivariantly rational homology cobordant if there exists a

G-equivariant rational homology cobordism from (Y1, s1) to (Y2, s2).

Similarly we define the notion of a G-equivariant integral homology cobordism and

say that two integral homology 3-spheres Y1, Y2 on which G acts are G-equivariantly

integral homology cobordant if there is a G-equivariant integral homology cobordism

from Y1 to Y2. Note that since Y1, Y2 are integral homology 3-spheres, they have

unique spinc-structures which are automatically G-invariant and any G-equivariant

integral homology cobordism from Y1 to Y2 has a unique spinc-structure which

restricts on the boundary to the unique spinc-structures on Y1, Y2.

Corollary 4.3. The G-equivariant δ-invariants δG,c(Y, s) are invariant under G-

equivariant rational homology cobordism, that is, if (W, s) is a G-equivariant ratio-

nal homology cobordism from (Y1, s1) to (Y2, s2) and if the extensions Gs1 , Gs2 are

trivial, then δG,c(Y1, s1) = δG,c(Y2, s2) for all c ∈ H∗G.

Proof. Since W is a rational homology cobordism, we have H2(W ;R) = 0. So

δ(W, s) = 0 and e = e(H+(W )) = 1. Therefore Theorem 4.1 gives

δG,c(Y1, s1) ≤ δG,c(Y2, s2).

Similarly, viewing W as a G-equivariant rational homology cobordism from Y2 to

Y1, we get

δG,c(Y2, s2) ≤ δG,c(Y1, s1).

Hence δG,c(Y1, s1) = δG,c(Y2, s2).

�

Theorem 4.4. Let Y be a rational homology 3-sphere, G a finite group acting on Y

preserving orientation and the isomorphism class of a spinc-structure s and suppose

that Gs is a trivial extension. Then for any c1, c2 ∈ H∗G with c1c2 6= 0 we have

δc1(Y ) + δc2(Y ) ≥ 0.

Proof. The proof is similar to that of Theorem 4.1. Let W = [0, 1]×Y be the trivial

cobordism from Y to itself. Choosing suitable metrics and reference connections

we obtain a stable map

f : KerAPS(D+

Â
)+ → CokerAPS(D+

Â
)+ ∧ SWF (Y , s, g) ∧ SWF (Y, s, g).

Note that H+(W ) = {0} and hence e(H+(W )) = 1. Applying Proposition 3.13 to

this map we see that for any c1, c2 ∈ H∗G with c1c2 6= 0, we have

indAPS(D+

Â
) ≤ δG,c1c2(SWF (Y , s, g) ∧ SWF (Y, s, g)).

From the definition of the δ-invariant it is clear that

δG,c1c2(SWF (Y , s, g)∧SWF (Y, s, g)) ≤ δG,c1(SWF (Y , s, g))+δG,c2(SWF (Y, s, g))
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and hence

indAPS(D+

Â
) ≤ δG,c1(Y , s) + δG,c2(Y, s) + n(Y , s, g) + n(Y, s, g).

On the other hand, for W = [0, 1]× Y , Equation (2.3) reduces to

indAPS(D+

Â
) = n(Y , s, g) + n(Y, s, g).

Hence we obtain 0 ≤ δG,c1(Y , s) + δG,c2(Y, s). �

4.3. Induced cobordism maps. In this section we show that equivariant cobor-

disms induce maps on equivariant Seiberg–Witten–Floer cohomology.

Theorem 4.5. Let W be a smooth, compact, oriented 4-manifold with boundary

and with b1(W ) = 0. Suppose that G acts smoothly on W preserving the orientation

and a spinc-structure s. Suppose that ∂W = Y 1 ∪ Y2 where Y1, Y2 are rational

homology 3-spheres and set si = s|Yi . Suppose G sends Yi to itself. Then there is a

morphism of graded H∗Gs
-modules

SWG(W, s) : HSW ∗G(Y2, s2)→ HSW
∗+b+(W )−2δ(W,s)
G (Y1, s1)

such that the following diagram commutes

HSW ∗G(Y2, s2)
SWG(W,s) //

��

HSW
∗+b+(W )−2δ(W,s)
G (Y1, s1)

��
HSW ∗(Y2, s2)

SW (W,s) // HSW ∗+b+(W )−2δ(W,s)(Y1, s1)

where the vertical arrows are the forgetful maps to non-equivariant Seiberg–Witten–

Floer cohomology and SW (W, s) is the morphism of Seiberg–Witten–Floer cohomol-

ogy groups induced by (W, s).

Proof. We give the proof in the case W is connected. The general case follows by

a similar argument. As in the proof of Theorem 4.1, choosing suitable metrics and

reference connections, we obtain a stable map

h : SindAPS(D+

Â
) ∧ SWF (Y1, s1, g1)→ (H+(W ))+ ∧ SWF (Y2, s2, g2) ∧ S−k(D1)C

where k(D1) is the dimension of the kernel of the Dirac operator on Y1. The induced

map in equivariant cohomology takes the form

h∗ : H̃j
Gs

((H+(W ))+∧SWF (Y2, s2, g2)∧S−k(D1)C)→ H̃j
Gs

(SindAPS(D+

Â
)∧SWF (Y1, s1, g1)).

Using the Thom isomorphism, this is equivalent to

h∗ : H̃
j−b+(W )+2k(D1)
Gs

(SWF (Y2, s2, g2))→ H̃
j−2indAPS(D+

Â
)

Gs
(SWF (Y1, s1, g1)).

From Equation (2.3), indAPS = δ(W, s) + n(Y2, s2, g2) + n(Y 1, s1, g1) and from

Equation (2.4) n(Y1, s1, g1) + n(Y 1, s1, g1) = −k(D1). Replacing j by j + b+(W )−
2k(D1) + 2n(Y2, s2, g2), we see that h∗ takes the form

h∗ : H̃
j+2n(Y2,s2,g2)
Gs

(SWF (Y2, s2, g2))→ H̃
j+b+(W )−2δ(W,s)+2n(Y1,s1,g1)
Gs

(SWF (Y1, s1, g1)).
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Then since HSW ∗G(Yi, si) = H̃
∗+2n(Yi,si,gi)
Gs

(SWF (Yi, si, gi)), we see that h∗ is

equivalent to a map

SWG(W, s) : HSW ∗G(Y2, s2)→ HSW
∗+b+(W )−2δ(W,s)
G (Y1, s1).

Since this is a map of equivariant cohomologies induced by an equivariant map of

spaces, it follows that SWG(W, s) is a morphism of graded H∗Gs
-modules. Restrict-

ing to the subgroup S1 → Gs, we obtain the commutative diagram in the statement

of the theorem.

�

5. The case G = Zp

In this section we specialise to the case G = Zp, F = Zp, where p is a prime

number. Then for p = 2 we have H∗G
∼= F[Q], where deg(Q) = 1 and if p is odd

we have H∗G
∼= F[R,S]/(R2), where deg(R) = 1, deg(S) = 2. Suppose G = 〈τ〉

acts smoothly and orientation preservingly on a rational homology 3-sphere Y ,

preserving a spinc-structure s. The action of G is equivalent to giving an orientation

preserving diffeomorphism τ : Y → Y such that τp = id and τ∗(s) = s. Choose a

lift τ ′ ∈ Gs of τ . Then (τ ′)p = ζ for some ζ ∈ S1. Replacing τ ′ by τ̃ = ζ−1/pτ ′,

where ζ1/p is a p-th root of ζ, we see that τ̃p = id. Hence Gs is a trivial extension.

5.1. δ-invariants.

Definition 5.1. If p = 2, then for any integer j ≥ 0, we define dj(Y, s, τ, 2) =

dZ2,Qj (Y, s). If p is odd, then for any integer j ≥ 0, we define dj(Y, s, τ, p) =

dZp,Sj (Y, s). We also set δj(Y, s, τ, p) = dj(Y, s, τ, p)/2. When p and τ are under-

stood we will omit them from the notation and simply write dj(Y, s) and δj(Y, s).

In the case p is odd, one may also consider the invariants dZp,RSj (Y, s). For

simplicity we will not consider these invariants.

Theorem 5.2. We have the following properties:

(1) δ0(Y, s) ≥ δ(Y, s).

(2) δj+1(Y, s) ≤ δj(Y, s) for all j ≥ 0.

(3) The sequence {δj(Y, s)}j≥0 is eventually constant.

(4) δj(Y, s) + δj(Y , s) ≥ 0 for all j ≥ 0.

(5) If Y is an L-space, then δj(Y, s) = δ(Y, s) for all j ≥ 0.

Proof. (1) is a restatement of Proposition 3.10. (2) follows from Proposition 3.9

taking c1 = Qj and c2 = Q in the case p = 2 and c1 = Sj , c2 = S in the case p

is odd. (4) is a special case of Theorem 4.4. For (3), first note that the difference

δj(Y, s)− δj+1(Y, s) is always an integer because δG,c(Y, s) + n(Y, s, g) ∈ Z for any

metric g. From (2) and (4) and the fact that n(Y, s, g) + n(Y , s, g) ∈ Z, it follows

that δj(Y, s)+δj(Y , s) is a non-negative, decreasing, integer-valued function. Hence

the value of δj(Y, s) + δj(Y , s) must eventually be constant. Using (2) again, it

follows that δj(Y, s) and δj(Y , s) are eventually constant. (5) is a restatement of

Proposition 3.16. �
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Next, we specialise Theorem 4.1 to the case G = Zp.

Theorem 5.3. Let W be a smooth, compact, oriented 4-manifold with boundary

and with b1(W ) = 0. Suppose that τ : W → W is an orientation preserving diffeo-

morphism of order p and s a spinc-structure preserved by τ . Suppose each compo-

nent of ∂W is a rational homology 3-sphere and that τ sends each component of

∂W to itself. Suppose that the subspace of H2(W ;R) fixed by τ is negative definite.

Then for all j ≥ 0 we have

(1) If ∂W = Y is connected, then

δ(W, s) ≤ δj(Y, s|Y ) and

{
δj+b+(W )(Y , s|Y ) ≤ δ(W, s) (p = 2),

δj+b+(W )/2(Y , s|Y ) ≤ δ(W, s) (p odd).

(2) If ∂W = Y 1 ∪ Y2 has two connected components, then{
δj+b+(W )(Y1, s|Y1

) + δ(W, s) ≤ δj(Y2, s|Y2
) (p = 2),

δj+b+(W )/2(Y1, s|Y1
) + δ(W, s) ≤ δj(Y2, s|Y2

) (p odd).

Proof. Let H+(W ) denote a τ -invariant maximal positive definite subspace of

H2(W ;R) (which always exits because G = 〈τ〉 is finite) and let e denote the

image of the Euler class of H+(W ) in H∗Zp . To deduce the result from Theorem

4.1, we just need to check that eQj 6= 0 for all j ≥ 0 if p = 2 and eSj 6= 0 for all

j ≥ 0 if p is odd.

In the case p = 2, e is the top Stiefel-Whitney class of H+(W ), which is easily

seen to be Qb+(W ) because our assumption that the subspace of H2(W ;R) fixed by

τ is negative definite implies that τ acts as −1 on H+(W ). Then clearly eQj 6= 0

for all j ≥ 0.

Now suppose p is odd. Let Li be the complex 1-dimensional representation

on which τ acts as multiplication by ζi, ζ = e2πi/p. Any finite dimensional real

representation of G is the direct sum of a trivial representation and copies of the

underlying real representations of the Li for 1 ≤ i ≤ p−1. The hypothesis that the

subspace of H2(W ;R) fixed by τ is negative definite means that as a representation

of G, H+(W ) contains no trivial summand. Hence H+(W ) admits a complex

structure such that H+(W ) ∼=
⊕p−1

i=1 L
mi
i for some integers mi ≥ 0. The Euler class

of H+(W ) is equal to its top Chern class. Under the map H2(Zp;Z)→ H2(Zp;Zp)
one finds that c1(Li) gets sent to iS. Hence

e =

p−1∏
i=1

(iS)mi ,

from which it is clear that eSj 6= 0 for all j ≥ 0. �

Remark 5.4. Suppose that p is odd. Then as in the proof of Theorem 5.3, H+(V )

admits a complex structure. So if p is odd and the assumptions of Theorem 5.3

hold, then b+(W ) must be even.

To keep notation simple, we will henceforth set b′±(W ) = b±(W ) if p = 2 and

b′±(W ) = b±(W )/2 if p is odd. Then (1) and (2) of Theorem 5.3 can be written
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more uniformly as:

δ(W, s) ≤ δj(Y, s|Y ) and δj+b′+(W )(Y , s|Y ) ≤ δ(W, s)

and

δj+b′+(W )(Y1, s|Y1
) + δ(W, s) ≤ δj(Y2, s|Y2

).

Corollary 5.5. Let W be a smooth, compact, oriented 4-manifold with boundary

and with b1(W ) = 0. Suppose that τ : W → W is an orientation preserving diffeo-

morphism of order p and s a spinc-structure preserved by τ . Suppose that Y = ∂W

is a rational homology 3-sphere. Suppose that the subspace of H2(W ;R) fixed by τ

is zero. Then

(1) δj(Y, s|Y ) ≥ −σ(W )/8 for all j ≥ 0 and δj(Y, s|Y ) = −σ(W )/8 for j ≥
b′−(W ).

(2) δj(Y , s|Y ) ≥ σ(W )/8 for all j ≥ 0 and δj(Y , s|Y ) = σ(W )/8 for j ≥ b′+(W ).

Proof. It suffices to prove (1) since (2) follows by reversing orientation on W and Y .

Since Zp preserves s, it follows that the image of c1(s) in real cohomology lies in the

subspace ofH2(W ;R) fixed by Zp. By assumption this space is zero, hence c1(s) = 0

in real cohomology and hence c1(s)2 = 0. So δ(W, s) = −σ(W )/8. Then from

Theorem 5.3 (1), we get δj(Y, s) ≥ −σ(W )/8 for all j ≥ 0. Reversing orientation on

W and Y an applying Theorem 5.3 (1), we also get that δj+b′−(W )(Y, s) ≤ −σ(W )/8

for all j ≥ 0 or equivalently, δj(Y, s) ≤ −σ(W )/8 for all j ≥ b′−(W ). Combining

inequalities, we see that δj(Y, s) = −σ(W )/8 for j ≥ b′−(W ). �

5.2. Some algebraic results. In this section we collect some algebraic results

which will be useful for computing δ invariants.

Let Y be a rational homology 3-sphere, τ : Y → Y an orientation preserving

diffeomorphism of prime order p and s a spinc-structure preserved by τ . Take

G = Zp = 〈τ〉 and F = Zp. Let {Ep,qr , dr}r≥2 denote the spectral sequence relating

equivariant and non-equivariant Seiberg–Witten–Floer cohomologies. So

Ep,q2 = Hp(Zp, HSW q(Y, s))

where Zp acts on HSW q(Y, s) via the action induced by τ . To simplify notation

we will write Hq for HSW q(Y, s) and d for d(Y, s). So Ep,q2 = Hp(Zp, Hq). For

fixed q, Hq is a finite dimensional representation of Zp over F. Moreover, for all

sufficiently large k, we have

(5.1) Hd+2k = F, Hd+2k+1 = 0.

Recall that H∗G is isomorphic to F[Q] for p = 2 and to F[R,S]/(R2) for odd p.

In the case p = 2 we will set S = Q2, so in all cases S ∈ H2
G.

Lemma 5.6. If V is a finite dimensional representation of Zp over F = Zp, then

S : Hi(Zp;V )→ Hi+1(Zp;V ) is surjective for all i ≥ 0 and an isomorphism for all

i ≥ 1. Furthermore, we have dimF(Hi(Zp;V )) ≤ dimF(V ).

Proof. Since Zp acts freely on S1, it follows from [12, page 114] that there is an ele-

ment ν ∈ H2(Zp;Z) (independent of V ) such that the cup product ν : Hi(Zp;V )→
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Hi+2(Zp;V ) is an isomorphism for i > 0 and surjective for i = 0. Since V is a

representation of Zp over F, the same statement holds if we replace ν by its image

in H2(Zp;F), which must have the form aS for some a ∈ F. Moreover a 6= 0 follows

by considering the case that V = Zp is the trivial representation. Hence the cup

product S : Hi(Zp;V ) → Hi+2(Zp;V ) is an isomorphism for i > 0 and surjective

for i = 0. We have by induction that dimF(Hi(Zp;V )) ≤ dimF(H0(Zp;V )) if i is

even and dimF(Hi(Zp;V )) ≤ dimF(H1(Zp;V )) if i is odd. Then since H0(Zp;V )

and H1(Zp;V ) can both be expressed as certain subquotients of V , it follows that

dimF(Hi(Zp;V )) ≤ dimF(V ) for all i. �

Lemma 5.7. For each r ≥ 2, the map S : Ep,qr → Ep+2,q
r is surjective for all p ≥ 0

and an isomorphism for all p ≥ r − 1.

Proof. Recall that Ep,q2 = Hp(Zp, Hq). Hence S : Ep,q2 → Ep+2,q
2 is surjective for

all p and an isomorphism for all p ≥ 1, by Lemma 5.6. This proves the case r = 2.

Now we proceed by induction. Let r > 2 and suppose that S : Ep,qr−1 → Ep+2,q
r−1 is

surjective for all p ≥ 0 and an isomorphism for all p ≥ r − 1. Let x ∈ Ep+2,q
r .

Then x = [y] for some y ∈ Ep+2,q
r−1 with dr−1(y) = 0. By the inductive hypothesis

y = Sz for some z ∈ Ep,qr−1. Then Sdr−1(z) = dr−1(Sz) = dr−1(y) = 0. That

is, Sdr−1(z) = 0. However, dr−1(z) ∈ Ep+r−1,q+2−r
r−1 and p + r − 1 ≥ r − 2, so

S : Ep+r−1,q+2−r
r−1 → Ep+r+1,q+2−r

r−1 is an isomorphism by the inductive hypothesis.

Hence Sdr−1(z) = 0 implies that dr−1(z) = 0. So z defines a class w = [z] ∈ Ep,qr .

Then Sw = [Sz] = [y] = x. Hence S : Ep,qr → Ep+2,q
r is surjective for all p ≥ 0.

Now suppose that p ≥ r − 1 and consider x ∈ Ep,qr satisfying Sx = 0. Write

x = [y] for some y ∈ Ep,qr−1 satisfying dr−1(y) = 0. Then 0 = Sx = S[y] = [Sy].

Hence Sy = dr−1(z) for some z ∈ Ep−r+3,q+r−2
r−1 . By the inductive hypothesis

and since p − r + 3 ≥ (r − 1) − r + 3 = 2, we have that z = Sw for some w ∈
Ep−r+1,q+r−2
r−1 . Hence Sy = dr−1(z) = dr−1(Sw) = Sdr−1(w). By the inductive

hypothesis S : Ep,qr−1 → Ep+2,q
r−1 is injective, hence y = dr−1(w) and x = [y] =

[dr−1(w)] = 0. So S : Ep,qr → Ep+2,q
r is injective for p ≥ r − 1. �

From the above lemma, we see that Ep,qr does not depend on p, provided p ≥ r−1.

Let Mq
r denote Ep,qr for p ≥ r − 1. Moreover, since the differentials {dr} for

the spectral sequence Ep,qr commute with S, they induce differentials dr : Mq
r →

Mq+1−r
r for which Mr+1 is the cohomology of dr : Mr → Mr. Thus Mr+1 is a

subquotient of Mr.

For any module V over F[U ], we define

Vred = {x ∈ V | Ukx = 0 for some k ≥ 0} and V∞ = V/Vred.

Lemma 5.8. For each r ≥ 2, the image of the differential dr is contained in

(E∗,∗r )red.

Proof. From (5.1) we have that there exists a k0 such thatHd+2k = F andHd+2k+1 =

0 for all k ≥ k0. Hence the action of τ is trivial in these degrees and we have

Ep,d+2k
2 = F, Ep,d+2k+1

2 = 0
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for all k ≥ k0. Since SWF (Y, s, g) is a space of type Zp-SWF, the localisation

theorem in equivariant cohomology implies that there exists a k1 ≥ k0 such that

the generator x ∈ E0,d+2k1
2 = F satisfies dr(x) = 0 for all r ≥ 2. Then if y ∈ Ep,q2

with q ≥ d + 2k1, it follows that y is of the form y = cUax for some a ≥ 0,

where c ∈ Hp
G. Hence dr(y) = 0 for all r ≥ 2. Now let y ∈ Ep,qr where p, q

are arbitrary. Then there exists some a ≥ 0 such that q + 2a ≥ d + 2k1, hence

Uadr(y) = dr(U
ay) = 0. Therefore dr(y) ∈ (E∗,∗r )red. �

Recall that H∞ is a free F[U ]-module of rank 1 with generator in degree d.

Hence we may write H∞ = F[U ]θ where deg(θ) = d. Next, observe that E0,∗
2 is

the τ -invariant part of H∗, hence may be regarded as an F[U ]-submodule of H∗.

Similarly, since E0,∗
r+1 is the kernel of dr restricted to E0,∗

r , it follows that E0,∗
r+1

can be identified with an F[U ]-submodule of E0,∗
r . Hence {E0,∗

r } may be regarded

as a decreasing sequence of F[U ]-submodules of H∗. Let Sr denote the image of

E0,∗
r under the quotient map H∗ → H∞ = H∗/Hred. The localisation theorem

in equivariant cohomology implies that Sr is non-zero and that the sequence Sr
eventually stabilises. Then since Sr is a non-zero graded submodule of H∞ = F[U ]θ,

it follows that Sr = F[U ]Umrθ for some non-negative integer mr. Note also that

the sequence {mr} is increasing and is eventually constant.

Lemma 5.9. For each r ≥ 2 we have

mr+1 −mr ≤ dimF((Mr)red)− dimF((Mr+1)red).

Proof. The classes U j+mrθ, 0 ≤ j < mr+1 −mr form a basis for Sr/Sr+1. Choose

a lift xr ∈ E0,d+2mr
r of Umrθ ∈ Sr. Then dr(U

jxr) 6= 0 for 0 ≤ j < mr+1 −mr,

for if dr(U
jxr) = 0 for some 0 ≤ j < mr+1 −mr, then we would have U j+mrθ ∈

Sr+1. Observe that dr(U
jxr) ∈ Er,∗r . By Lemma 5.7 and the definition of Mr,

we see that dr(U
jxr) can be identified with a non-zero element of Mr. Moreover,

we have that dr(U
jxr) ∈ (Mr)red, by Lemma 5.8. Now since the dr(U

jxr) are

non-zero and have distinct degrees, they span a subspace of (Mr)red of dimension

mr+1−mr. Furthermore, this subspace lies in the image of dr, hence mr+1−mr ≤
dimF((Mr)red)− dimF((Mr+1)red). �

Proposition 5.10. Suppose that τ acts trivially on HSW ∗(Y, s). Then

δ1(Y, s)− δ(Y, s) ≤ dimF(HSWred(Y, s)).

Proof. Recall that d = d(Y, s). Hence δ(Y, s) = d/2. From the definition of the

invariant δ1(Y, s), it follows that for all sufficiently large r, we have

δ1(Y, s) = mr + δ(Y, s).

By Lemma 5.9, for each r ≥ 2, we have

mr+1 −mr ≤ dimF((Mr)red)− dimF((Mr+1)red)

and summing from 2 to r − 1, we get

mr −m2 ≤ dimF((M2)red).
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However since τ acts trivially on HSW ∗(Y, s), we have that Ep,∗2 = HSW ∗(Y, s)

for all p ≥ 0. Hence m2 = 0, M2 = HSW ∗(Y, s) and (M2)red = HSWred(Y, s).

Taking r sufficiently large, we have

δ1(Y, s)− δ(Y, s) = mr = mr −m2 ≤ dimF(HSWred).

�

6. Branched double covers of knots

6.1. Concordance invariants. Let K ⊂ S3 be a knot in S3. Let Y = Σ2(K)

be the branched double cover of S3, branched over K. Let π : Y → S3 denote the

covering map. One finds that b1(Y ) = 0. Manolescu and Owens [50] define a knot

invariant

δ(K) = 2d(Σ2(K), t0) = 4δ(Σ2(K), t0),

where t0 is the spinc-structure induced from the unique spin structure on Σ2(K)

(see [50, Section 2] for an explanation of this). It is shown in [50] that δ(K) is

always integer-valued and descends to a surjective group homomorphism δ : C → Z,

where C is the smooth concordance group of knots in S3.

The covering involution on Y determines an action of G = Z2 on Y preserving t0
(by uniqueness of the underlying spin structure). Hence we may define the following

knot invariants, for each j ≥ 0:

δj(K) = 2dj(Σ2(K), t0) = 4δj(Σ2(K), t0).

Since dj(Σ2(K), t0)− d(Σ2(K), t0) ∈ 2Z, it follows that δj(K)− δ(K) ∈ 4Z. Then,

since δ(K) is integer-valued, it follows that the δj(K) are also integer-valued and

moreover we have δj(K) = δ(K) (mod 4).

Proposition 6.1. For each j ≥ 0, δj(K) depends only on the concordance class of

K, hence δj descends to a concordance invariant δj : C → Z.

Proof. For an oriented knot K, recall that −K denotes the knot obtained by re-

versing orientation on S3 and K. It follows that Σ2(−K) = Σ2(K). A concordance

of oriented knots K1,K2 is a smooth embedding of Σ = [0, 1] × S1 in [0, 1] × S3

having boundary −K1∪K2. Taking the double cover of [0, 1]×S3 branched along Σ

gives a Z2-equivariant cobordism W from Σ2(K1) to Σ(K2). From the calculations

in [35, Section 3], one sees that W is a rational homology cobordism. We claim

that W is spin. To see this, choose a smoothly embedded surface Σ in D4 whose

boundary is K1. Let W ′ be the double cover of D4 ∪ [0, 1] × S3 ∼= D4 branched

over Σ∪ [0, 1]×S1. From [34] we see that W ′ is spin. Since W is embedded in W ′,

it follows that W ′ is spin as well. Any spin structure t on W will restrict on each

component of the boundary to the unique spin structure on the branched double

cover Σ2(Ki). The result now follows by applying Corollary 4.3 to (W, t). �

We note that the δj are not group homomorphisms.

Let σ(K) denote the signature of K and g4(K) the smooth 4-genus. Set σ′(K) =

−σ(K)/2. We also define b+(K) = g4(K)− σ′(K), b−(K) = g4(K) + σ′(K).
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Proposition 6.2. The knot concordance invariants δj have the following proper-

ties:

(1) δ0(K) ≥ δ(K).

(2) δj+1(K) ≤ δj(K) for all j ≥ 0.

(3) δj(K) ≥ σ′(K) for all j ≥ 0 and δj(K) = σ′(K) for j ≥ b−(K).

(4) δj(−K) ≥ −σ′(K) for all j ≥ 0 and δj(−K) = −σ′(K) for j ≥ b+(K).

(5) If Σ2(K) is an L-space, then δj(K) = δ(K) and δj(−K) = δ(−K) for all

j ≥ 0.

Proof. (1), (2) and (5) follow from (1), (2) and (5) of Theorem 5.2. For (3) and

(4), choose a smooth embedded surface Σ ⊂ D4 in the 4-ball of genus g4(K) which

bounds K. Let W be the double cover of D4 branched along Σ. From [34] it follows

that W is spin. Let t be any spin structure on W , then t|Σ2(K) = t0 by uniqueness

of t0. Next, observe that H2(W ;R)Z2 = H2(D4;R) = 0. Then (3) and (4) follow

by applying Corollary 5.5 to (W, t). �

Corollary 6.3. If K is a knot such that Σ2(K) is an L-space, then δ(K) = σ′(K).

Proof. This follows by (3) and (5) of Proposition 6.2 �

Remark 6.4. In particular, if K is quasi-alternating, then Σ2(K) is an L-space [56].

This recovers the main result of [46] that δ(K) = σ′(K) for quasi-alternating knots.

Theorem 6.5. For a knot K, let j+(K) be the smallest positive integer such

that δj(K) = σ′(K) and j−(K) the smallest positive integer such that δj(−K) =

−σ′(K). Then

g4(K) ≥ max{σ′(K) + j−(K),−σ′(K) + j+(K)}.

Remark 6.6. Observe that the right hand side of this inequality is at least |σ(K)|/2.

Hence we have obtained a strengthening of the well-known inequality g4(K) ≥
|σ(K)|/2 [51].

Proof. From Proposition 6.2 we have that δj(K) = σ′(K) for j ≥ g4(K) + σ′(K)

and δj(−K) = −σ′(K) for j ≥ g4(K)− σ′(K). Hence j+(K) ≤ g4(K) + σ′(K) and

j−(K) ≤ g4(K)− σ′(K). �

Remark 6.7. In this section we have used branched double covers Σ2(K) of knots

equipped with their natural Z2-action to obtain a sequence of concordance invari-

ants. Similarly for any odd prime p we may consider the cyclic branched cover

Σp(K) with its natural Zp-action. Once again there is a canonical spinc-structure

t0 [28] and so we may define a sequence of invariants

δ(p),j(K) = 2dZp,Sj (Σp(K), t0)

depending on a prime p and an integer j ≥ 0. By similar arguments to the p = 2

case one finds that these are integer-valued knot concordance invariants of K.
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7. Computations and applications

7.1. Brieskorn homology spheres. Let p, q, r be pairwise coprime positive in-

tegers and let Y = Σ(p, q, r) be the corresponding Brieskorn integral homology

3-sphere. Then Y has a unique spinc-structure and so when speaking of the Floer

homology of Y we omit the mention of the spinc-structure.

Recall that Σ(p, q, r) can be realised as the p-fold cyclic cover of S3 branched

along the torus knot Tq,r. In particular, this construction defines an action of Zp
on Y . Let τ : Y → Y denote the generator of this action. Recall that Σ(p, q, r) is

obtained by taking the link of the singularity {(x, y, z) ∈ C3 | xp + yq + zr = 0}.
Then τ is given by (x, y, z) 7→ (e2πi/px, y, z). This map is isotopic to the identity

through the homotopy (x, y, z) 7→ (e2πiqrtx, e2πiprty, e2πipqtz), t ∈ [0, (qr)∗], where

0 < (qr)∗ < p denotes the multiplicative inverse of qr mod p. It follows that τ acts

trivially on HF+(Y ).

Henceforth we will assume that p is a prime number. Set F = Zp and recall that

H∗Zp
∼= F[Q] where deg(Q) = 1 if p = 2 and H∗Zp

∼= F[R,S]/(R2) where deg(R) = 1,

deg(S) = 2 if p is odd. Let s denote the unique spinc-structure on Y . As in Section

5, we let δj(Y, s, τ, p) denote δZp,Qp(Y, s) for p = 2 or δZp,Sp(Y, s) for odd p. We will

further abbreviate this to δj(Y, τ). When p = 2, δj(Y, τ) = δj(Tq,r)/4, where δj(K)

denotes the knot concordance invariant introduced in Section 6.1. More generally,

δj(Y, τ) = δ(p),j(Tq,r)/4, where δ(p),j(K) is the knot concordance invariant defined

in Remark 6.7.

Example 7.1. (p, q, r) = (2, 3, 5). Then Y = Σ(2, 3, 5) is the Poincaré homology

3-sphere. Since Σ(2, 3, 5) has spherical geometry it is an L-space [55, Proposition

2.3]. Therefore

δj(T3,5) = δ(T3,5) = σ′(T3,5) = 4, for all j ≥ 0.

The property of being an L-space does not depend on the choice of orientation, so

we also have

δj(−T3,5) = δ(−T3,5) = −4, for all j ≥ 0.

The same argument applied to p = 3 or 5 gives

δ(3),j(T2,5) = δ(5),j(T2,3) = 4, for all j ≥ 0

and

δ(3),j(−T2,5) = δ(5),j(−T2,3) = −4, for all j ≥ 0.

Proposition 7.2. Let p, q, r be positive, pairwise coprime integers and assume that

p is prime. Then δj(Σ(p, q, r), τ) = −λ(Σ(p, q, r)) for all j ≥ 0, where λ(Σ(p, q, r))

is the Casson invariant of Σ(p, q, r). Furthermore, we have that

δ(p),j(Tq,r) = −1

2

p−1∑
j=1

σj/p(Tq,r), for all j ≥ 0

where σα(K) is the Tristram–Levine signature of K.



48 DAVID BARAGLIA AND PEDRAM HEKMATI

Proof. Recall that Y = Σ(p, q, r) is the boundary of a negative definite plumbing

[52] whose plumbing graph has only one bad vertex in the terminology of [53]. Then

it follows from [53, Corollary 1.4] that HF+(Y ) is concentrated in even degrees.

Consequently HF+
red(Y ) is concentrated in odd degrees. (Note that [53] uses Z

coefficients. But it is shown there that HF+
red(Y ;Z) has no torsion and hence by

the universal coefficient theorem, [53, Corollary 1.4] also holds for Zp coefficients).

Therefore

(7.1)

χ(HF+
red(Y )) = dimF(HF+

red,even(Y ))−dimF(HF+
red,odd(Y )) = −dimF(HF+

red(Y )).

From [54, Theorem 1.3] we have that χ(HF+
red(Y )) is related to the Casson invariant

λ(Y ) via the formula

(7.2) χ(HF+
red(Y )) = λ(Y ) + δ(Y ).

Hence

(7.3) dimF(HF+
red(Y )) = −λ(Y )− δ(Y ).

Moreover, from [26], [14], we have that

λ(Σ(p, q, r)) =
1

8

p−1∑
j=1

σj/p(Tq,r) =
1

8
σ(M(p, q, r))

where M(p, q, r) is the Milnor fibre

M(p, q, r) = {(x, y, z) ∈ C3 | xp + yq + zr = δ} ∩D6

(where δ is a sufficiently small non-zero complex number). Recall that M(p, q, r) is

a compact smooth 4-manifold with boundary diffeomorphic to Σ(p, q, r). Moreover,

M(p, q, r) has the homotopy type of a wedge of 2-spheres, so b1(M(p, q, r)) = 0.

Further, M(p, q, r) is a p-fold cyclic cover of D4 branched along a surface bounding

Tq,r. Hence the action of Zp = 〈τ〉 on Y extends toM(p, q, r). From [28, Lemma 2.1]

it follows that there is a Zp invariant spin structure t0 on M(p, q, r). Since M(p, q, r)

is a cyclic p-fold cover of D4 it follows that the subspace of H2(M(p, q, r);R) fixed

by τ is zero. Hence Corollary 5.5 may be applied, giving

δj(Y, τ) ≥ −σ(M(p, q, r))

8
= −λ(Y ), for all j ≥ 0.

Since τ acts trivially on HF+(Y ), Proposition 5.10 implies that

δ0(Y, τ)− δ(Y ) ≤ dimF(HF+
red(Y )) = −λ(Y )− δ(Y ).

Hence δ0(Y, τ) ≤ −λ(Y ). On the other hand, δ0(Y, τ) ≥ δj(Y, τ) ≥ −λ(Y ) for any

j ≥ 0. Hence δj(Y, τ) = −λ(Y ) for all j ≥ 0. Therefore we also have

δ(p),j(Tq,r) = 4δj(Y, τ) = −4λ(Y ) = −1

2

p−1∑
j=1

σj/p(Tq,r)

for all j ≥ 0. �
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The above result shows that the values of δ(p),j(Tq,r) do not depend on j. In

contrast, the values of δ(p),j(−Tq,r) usually do depend on j, as the following propo-

sitions illustrate.

Proposition 7.3. Let (a, b) = (3, 6n− 1) for n ≥ 1. Then

δ(−T3,6n−1) = −4, σ′(−T3,6n−1) = −4n

and

δj(−T3,6n−1) =

{
−4
(⌊

j
2

⌋
+ 1
)

0 ≤ j ≤ 2n− 3,

−4n j ≥ 2n− 2.

Proof. The case n = 1 is already covered in Example 7.1, so we assume n ≥
2. Set Ya,b = Σ2(Ta,b) = Σ(2, a, b) and let τ be the covering involution. So

δj(−T3,6n−1) = 4δj(Y3,6n−1). From the computations in [54, Section 8] we find

that d(Y3,6n−1) = −2, SWF ∗red(Y3,6n−1) = (F−2)n−1, where the subscript indicates

degree. To simplify notation we let V = SWF ∗red(Y3,6n−1) = (F−2)n−1. Then

E∗,∗2
∼= F[U,Q]θ ⊕ V [Q]

where the bi-degree is given as follows. θ and all elements of V have bi-degree

(0,−2), U has bidegree (0, 2) and Q has bidegree (1, 0). Then Ep,q2 = 0 for q < −2.

It follows that all the differentials in the spectral sequence are zero on θ and on

V , since dr sends Ep,−2
r to Ep+r,−1−r

r and −1 − r < −2 for r ≥ 2. Hence dr is

zero on all of Er and E∗,∗∞
∼= E∗,∗2 . Let Fj denote the filtration on HSW ∗Z2

(Y3,6n−1)

corresponding to the spectral sequence, so Fj/Fj+1
∼= Ej,∗∞ . In particular, F1/F2

∼=
F[U ]θ ⊕ V . Choose lifts of θ and V to F1. We lift U jθ by taking the lift of θ and

applying U j . Hence we obtain a short exact sequence of F[U,Q]-modules

0→ F[U ]⊕ V → HSW ∗Z2
(Y3,6n−1)→ F2 → 0.

Next, for each j ≥ 0, Q induces an isomorphism Q : Fj/Fj+1 → Fj+1/Fj+2 hence

by applying Q repeatedly to F[U ]θ⊕ V , we obtain a splitting of the filtration {Fj}
as F[Q]-modules. The splittings give an isomorphism of F[Q]-modules

HSW ∗Z2
(Y3,6n−1) ∼= F[U,Q]θ ⊕ V [Q].

However, this is not necessarily an isomorphism of F[U,Q]-modules. Under this

isomorphism, U corresponds to an endomorphism of the form

Û = U2 +QU1 +Q2U0 +Q3U−1 + · · ·

where Uj : HSW ∗(Y3,6n−1)→ HSW ∗+j(Y3,6n−1) and U2 = U . SinceHSW ∗(Y3,6n−1)

is concentrated in even degrees we have that Uj = 0 for odd j. Moreover, our con-

struction is such that Ujθ = 0 for j 6= 2. It follows that Uj = 0 for j < 0, as V is

concentrated in a single degree. So we get

Û = U +Q2U0

for some U0 : V → HSW 0(Y3,6n−1).

To simplify notation set dj = dj(Y3,6n−1). Using Proposition 3.14 we obtain the

following characterisation of dj .

dj = min{i | ∃x ∈ HSW i
Z2

(Y3,6n−1), Ûrx = UmQjθ (mod Qj+1) for some r,m ≥ 0}−j.
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Recall that δj(−T3,6n−1) = σ′(−T3,6n−1) = −4n for sufficiently large j. Hence

dj = −2n for sufficiently large j. Choose such a j. From the above characterisation

of j there exists x ∈ HSW j−2n
Z2

(Y3,6n−1) such that Ûrx = UmQjθ + · · · where

· · · denotes terms of higher order in Q. We have that x = Qay for some a ≤ j.

Then ÛrQay = UmQjθ + · · · . Since Q is injective we may cancel, giving Ûry =

UmQj−aθ + · · · . If a = j, then Ûry = Umθ + · · · . But Û = U + Q2U0, so Ûry =

Ury+ · · · , hence Ury = Umθ+ · · · . From the definition of the usual d-invariant we

must have deg(y) ≥ d(Y3,6n−1) = −2. Hence j− 2n = deg(x) = a+ deg(y) = j− 2,

which is a contradiction since we have assumed that n > 1. It follows that a < j. We

must have y ∈ V for if y = U bθ (mod V ), then we would have Ûrx = Ur+bQaθ+· · · ,
which contradicts Ûrx = UmQjθ + · · · as a < j. Therefore y ∈ V . In particular

deg(y) = −2 and j − 2n = deg(x) = a− 2.

Let b be the smallest positive integer such that U b0y /∈ V . Such a b exists

since Ûry = (U + Q2U0)ry = UmQj−aθ + · · · and U is zero on V . Then it

follows that r ≥ b and Ûry = (U +Q2U0)ry = Ur−bQ2b(U b0y) + · · · = UmQj−aθ +

· · · . Hence 2b = j − a. So we have shown that j = a + 2b and j − 2n = a −
2. Hence b = n − 1. But since dimF(V ) = n − 1 = b, it follows that there

exists a v ∈ V such that v, U0v, U
2
0 v, . . . , U

n−2
0 v is a basis for V and Un−1

0 v =

θ (mod V ). Now it is straightforward to see that the sequence {dj} must have the

form −2,−2,−4,−4,−6,−6, . . . , for j ≤ 2n− 3 and dj = −2n for j ≥ 2n− 2. �

Proposition 7.4. Let (a, b) = (3, 6n+ 1) for n ≥ 1. Then

δ(−T3,6n+1) = 0, σ′(−T3,6n+1) = −4n

and

δj(−T3,6n+1) =

{
−4
⌊
j
2

⌋
0 ≤ j ≤ 2n− 1,

−4n j ≥ 2n.

Proof. From [54, Section 8] we find that d(Y3,6n+1) = 0, SWF ∗red(Y3,6n+1) = (F0)n

and σ′(−T3,6n+1) = 4n. From here essentially the same argument as in Proposition

7.3 gives the result. �

Remark 7.5. We can use Theorem 6.5 and the computations in Propositions 7.3,

7.4 to obtain a lower bound for the 4-genus. From Proposition 7.3, we see that

σ′(T3,6n−1) = 4n and j−(T3,6n−1) = 2n−2, hence g4(T3,6n−1) ≥ 2n−2+4n = 6n−2.

On the other hand from the positive solution to the Milnor conjecture [37], we know

that g4(Ta,b) = (a − 1)(b − 1)/2. In particular g4(T3,6n−1) = 6n − 2. Hence the

above estimate for g4(T3,6n−1) is actually sharp.

Similarly, from Proposition 7.4, we see that σ′(T3,6n+1) = 4n and j−(T3,6n+1) =

2n. So we obtain an estimate g4(T3,6n+1) ≥ 6n. Once again, this estimate is sharp

since g4(T3,6n+1) = (3− 1)(6n+ 1− 1)/2 = 6n.

7.2. Non-extendable actions. Let Y be a rational homology 3-sphere equipped

with an orientation preserving action of G. Let W be a smooth 4-manifold with

boundary Y . In this section we are concerned with the question of whether the G-

action can be extended to W . In particular we are interested in finding obstructions

to such an extension.
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Proposition 7.6. Let Y be an integral homology 3-sphere and s the unique spinc-

structure on Y . Let G act orientation preservingly on Y and suppose that the

extension Gs is trivial. Suppose that Y is the boundary of a contractible 4-manifold

W . If the action of G extends over W then δG,c(Y, s) = δG,c(Y , s) = 0 for every

non-zero c ∈ H∗G.

Proof. Suppose that the G-action extends to W . Since W is contractible, there

is a unique spinc-structure t on W . By uniqueness it is G-invariant and t|Y = s.

Theorem 4.1 gives δG,c(Y, s) ≤ 0 and δG,c(Y, s) ≥ 0, hence δG,c(Y, s) = 0. Reversing

orientations, we also find that δG,c(Y s) = 0. �

Example 7.7. Akbulut–Kirby constructed examples of contractible 4-manifolds

bounding integral homology spheres, in particular Σ(2, 5, 7),Σ(3, 4, 5) and Σ(2, 3, 13)

bound contractible 4-manifolds [2, Theorem 2]. Further examples were given by

Casson–Harer, in particular Σ(2, 2s − 1, 2s + 1) for odd s bounds a contractible

4-manifold [15].

Now let Y = Σ(2, 3, 13) and let τ be the involution obtained by viewing Y as

the branched double cover Σ2(T3,13). Then δ2(Y ) = −1 by Proposition 7.4. Then

it follows from Proposition 7.6 that τ does not extend to an involution on any

contractible 4-manifold W bounded by Y . On the other hand, since τ is isotopic

to the identity, τ does extend to a diffeomorphism on W .

Similarly if we let Y = Σ(2, 2s− 1, 2s+ 1) = Σ2(T2s−1,2s+1) where s is odd and

let τ be the covering involution, then Y bounds a contractible 4-manifold W but

τ does not extend to an involution on W because δj(Y ) = −σ(T2s−1,2s+1)/8 =

(s2 − 1)/2 6= 0, for all j ≥ 0.

More generally, let Y = Σ(p, q, r) where p, q, r are pairwise coprime positive

integers. Assume that p is prime and let Zp = 〈τ〉 act on Y by realising Y as

the p-fold cyclic branched cover Σp(Tq,r). Then δ0(Y, τ) = −λ(Σ(p, q, r)). From

[58, Chapter 19], it can be seen that λ(Σ(p, q, r)) < 0 and hence the Zp-action

on Y = Σ(p, q, r) is non-extendable over contractible 4-manifolds bounded by Y .

We have thus recovered a special case of the non-extendability results of Anvari–

Hambleton [6], [7].

If we relax the condition that W is contractible to being a rational homology

4-ball, then we get a similar result, except that we have to make an assumption on

the order of H2(W ;Z).

Proposition 7.8. Let Y be an integral homology 3-sphere and s the unique spinc-

structure on Y . Let G = Zp for a prime p act orientation preservingly on Y

and suppose that the extension Gs is trivial. Suppose that Y is the boundary of a

compact, oriented, smooth rational homology 4-ball W and assume that p does not

divide the order of H2(W ;Z). If the action of G extends over W then δG,c(Y, s) =

δG,c(Y , s) = 0 for every non-zero c ∈ H∗G.

Proof. The set of spinc-structures on W has cardinality |H2(W ;Z)| and G = Zp
acts on this set. By assumption, p does not divide this number and hence there

must exist a spinc-structure t whose stabiliser group is not trivial. Since p is prime,
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this means t is fixed by all of G. From here, the rest of the proof is the same as for

Proposition 7.6. �

Example 7.9. Let Y = Σ(p, q, r) where p, q, r are relatively prime and assume that

p is prime. Let Zp act on Y as described in Section 7.1. Recall from Proposition 7.2

that δZp,1(Y, s) = −λ(Σ(p, q, r)). As in Example 7.7, λ(Σ(p, q, r)) < 0 and hence

δZp,1(Y, s) > 0.

Therefore by Proposition 7.8, if W is a compact, oriented, smooth rational ho-

mology 4-ball bounded by Y and if p does not divide the order of H2(W ;Z), then

the action of G does not extend over W . Thus we have obtained a partial extension

of the results of Anvari–Hambleton to the case of rational homology 4-balls.

Fintushel–Stern showed that Σ(2, 3, 7) bounds a rational homology 4-ball, al-

though it does not bound an integral 4-ball [25]. Akbulut–Larson showed that

Σ(2, 4n+ 1, 12n+ 5) and Σ(3, 3n+ 1, 12n+ 5) for n odd bound rational 4-balls but

not integral 4-balls [4]. More examples, Σ(2, 4n+3, 12n+7) and Σ(3, 3n+2, 12n+7)

for even n were constructed by Şavk [59]. Taking p = 2 or 3, the above Brieskorn

spheres admit Zp-actions with non-zero delta invariants, as in Example 7.7. Hence

the Zp-action does not extend to any oriented rational homology 4-ball W with

boundary Y , provided the order of H2(W ;Z) is coprime to p. However, it does

not seem straightforward to determine whether the above examples are bounded

by rational 4-balls satisfying this coprimality condition.

Proposition 7.10. Let Y be an integral homology 3-sphere and s the unique spinc-

structure on Y . Let G act orientation preservingly on Y and suppose that the

extension Gs is trivial. Suppose that Y is the boundary of a smooth, compact,

oriented 4-manifold with b1(W ) = 0 and suppose that H2(W ;Z) has no 2-torsion.

(1) If H2(W ;R) is positive definite and δG,1(Y, s) > 0, then the G-action on

Y can not be extended to a smooth G-action on W acting trivially on

H2(W ;Z).

(2) If H2(W ;R) is negative definite and δG,c(Y, s) < 0 for some c ∈ H∗G, then

the G-action on Y can not be extended to a smooth G-action on W acting

trivially on H2(W ;Z).

Proof. Suppose the G-action on Y extends to a smooth G-action on W acting

trivially on H2(W ;Z). Since H2(W ;Z) has no 2-torsion, a spinc-structure t on W

is determined uniquely by c1(t). Since G acts trivially on H2(W ;Z), it follows that

G preserves every spinc-structure. Furthermore t|Y = s for any spinc-structure on

W by uniqueness of t.

If H2(W ;R) is negative definite, then Theorem 4.1 may be applied to any spinc-

structure t on W , giving

δ(W, t) ≤ δG,c(Y, s)

for all t and all c ∈ H∗G. Since Y is an integral homology sphere, the intersection

form on the H2(W ;Z)/torsion is unimodular. By the main theorem of [23], there

exists a spinc-structure t such that δ(W, t) ≥ 0. Hence δG,c(Y, s) ≥ 0. The proof in

the case that H2(W ;R) is positive definite is similarly obtained. �
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Example 7.11. Consider again Y = Σ(p, q, r) with the same Zp-action. Re-

call from Proposition 7.2 that δZp,1(Y, s) = −λ(Σ(p, q, r)). As in Example 7.9,

δZp,1(Y, s) > 0. So by Proposition 7.10, the action of Zp on Y can not be extended

to any smooth, compact, oriented 4-manifold W such that b1(W ) = 0, H2(W ;Z)

has no 2-torsion and with Zp acting trivially on H2(W ;Z).

7.3. Realisation problems. In this section we are concerned with the following

realisation problem. Let W be a smooth 4-manifold with boundary an integral

homology sphere Y . Suppose that a finite group G acts on H2(W ;Z) preserving

the intersection form. We say that the action of G on H2(W ;Z) can be realised

by diffeomorphisms if there is a smooth orientation preserving action of G on W

inducing the given action on H2(W ;Z).

For simplicity we will assume that G = Zp for a prime p so that all extensions

Gs are trivial.

Proposition 7.12. Let W be a smooth, compact, oriented 4-manifold with b1(W ) =

0 and with boundary Y = ∂W an L-space integral homology sphere. Suppose that

an action of G = Zp on H2(W ;Z) is given and suppose that H2(W ;Z) has no

2-torsion. Suppose that the subspace of H2(W ;R) fixed by G is negative definite.

If the action of G on H2(W ;Z) can be realised by diffeomorphisms, then

δ(W, s) ≤ δ(Y, s|Y )

for every spinc-structure s on W for which c1(s) is invariant.

Proof. This is essentially a special case of Theorem 5.3. Note that since H2(W ;Z)

is assumed to have no 2-torsion, any spinc-structure s for which c1(s) is invariant

is preserved by G. So if G is realisable by diffeomorphisms, then Theorem 5.3 gives

δ(W, s) ≤ δG,1(Y, s|Y ). But we have assumed that Y is an L-space, so δG,1(Y, s|Y ) =

δ(Y, s|Y ). �

Example 7.13. We consider a specialisation of Proposition 7.12 as follows. Take

G = Zp. Assume Y is an L-space integral homology 3-sphere and let s be the

unique spinc-structure. Suppose that W is a smooth, compact, oriented 4-manifold

with b1(W ) = 0 and with boundary Y . Suppose that the intersection form on

H2(W ;Z) is even and that H2(W ;Z) has no 2-torsion. Then W is spin and it has a

unique spin structure t. By uniqueness, the restriction of t to the boundary equals

s. Suppose that an action of G = Zp on H2(W ;Z) is given and that the subspace

of H2(W ;R) fixed by G is negative definite. Then applying Proposition 7.12 to

(W, t), we find that δ(W, t) = −σ(W )/8 ≤ δ(Y, s). Therefore, if σ(W )/8 < −δ(Y, s)
then the action of Zp on H2(W ;Z) is not realisable by a smooth Zp-action on W .

For example if W = K3#W0 is the connected sum of a K3 surface with W0,

the negative definite plumbing of the E8 graph, then ∂W = Y = Σ(2, 3, 5) is the

Poincaré homology 3-sphere which is an L-space. Then W satisfies all the above

conditions and σ(W )/8 = −3 < δ(Y, s) = −1. Hence for any prime p, any Zp-action

on H2(W ;Z) such that the invariant subspace of H2(W ;R) is negative definite can

not be realised by a smooth Zp-action on W .
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Corollary 7.14. Let W be a smooth, compact, oriented 4-manifold with b1(W ) = 0

and with boundary Y = ∂W an L-space integral homology sphere. Suppose that W

is spin and that H2(W ;Z) has no 2-torsion. If there is a smooth involution on W

which acts as −1 on H2(W ;R), then δ(Y, s) = −σ(W )/8.

Proof. Since W is spin, there is a spinc-structure s for which c1(s) = 0. Proposition

7.12 then implies that −σ(W )/8 ≤ δ(Y, s). The same argument applied to W gives

σ(W )/8 ≤ δ(Y, s). �

7.4. Equivariant embeddings of 3-manifolds in 4-manifolds. Let Y be a

rational homology 3-sphere equipped with an orientation preserving action of G.

By an equivariant embedding of Y into a 4-manifold X, we mean an embedding

Y → X such that the action of G on Y extends over X. We consider some existence

and non-existence results for equivariant embeddings.

Proposition 7.15. Suppose that Y is an integral homology 3-sphere. Let s be the

unique spinc-structure on Y and assume that Gs is a trivial extension. If Y can be

equivariantly embedded in S4, then δG,c(Y, s) = δG,c(Y , s) = 0 for every non-zero

c ∈ H∗G.

Proof. If Y embeds equivariantly in S4, then we obtain an equivariant decompo-

sition S4 = W+ ∪Y W−. Mayer–Vietoris and Poincaré–Lefschetz imply that W±
are integral homology 4-balls, hence are contractible by Whitehead’s theorem. The

result now follows from Proposition 7.6. �

Example 7.16. Let Y = Σ(2, 3, 13), equipped with the involution τ obtained from

viewing Y as the branched double cover Σ2(T3,13). Then Y embeds in S4 [13,

Theorem 2.13]. On the other hand, δ2(Y , s) = −1 by Proposition 7.4. Hence Y can

not be equivariantly embedded in S4.

It is known that every 3-manifold Y embeds in the connected sum #n(S2 × S2)

of n copies of S2 × S2 for some sufficiently large n [1, Theorem 2.1]. Aceto–Golla-

Larson define the embedding number ε(Y ) of Y to be the smallest n for which Y

embeds in #n(S2×S2). Here we consider an equivariant version of the embedding

number. To obtain interesting results we need to make an assumption on the kinds

of group actions allowed.

Definition 7.17. Let G = Zp = 〈τ〉 where p is a prime number. We say that a

smooth, orientation preserving action of G on X = #n(S2 × S2) is admissible if

H2(X;Z)τ = 0, where H2(X;Z)τ = {x ∈ H2(X;Z) | τ(x) = x}.

One way of constructing admissible actions is as follows. Let X be the p-fold

cyclic cover of S4, branched over an unknotted embedded surface Σ ⊂ S4 of genus

g. Then X is diffeomorphic to #g(p−1)(S2 × S2) [3, Corollary 4.3] and the action

of Zp on X as a cyclic branched cover is admissible (as can be seen from the proof

of Theorem 9.3 in [11]).
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Let Zp = 〈τ〉 act on a rational homology 3-sphere Y . We define the equivariant

embedding number ε(Y, τ) of (Y, τ) to be the smallest n for which Y embeds equiv-

ariantly in #n(S2 × S2) for some admissible Zp-action on #n(S2 × S2), if such an

embedding exists. We set ε(Y, τ) =∞ if there is no such embedding.

Recall that the double slice genus [47, §5] gds(K) of a knot K in S3 is defined

as the minimal genus of an unknotted compact oriented surface S embedded in S4

whose intersection with the equator S3 is K. From the definition, it follows that

2g4(K) ≤ gds(K) ≤ 2g3(K), where g3(K) is the 3-genus of K.

Proposition 7.18. Let Y = Σ2(K) be the branched double cover of a knot K and

let τ be the covering involution on Y . Then ε(Y, τ) ≤ gds(K).

Proof. Let S be an unknotted embedded surface in S4 of genus gds(K) intersecting

the equator in K. Let W be the double cover of S4 branched along S. Then

from [3, Corollary 4.3], W is diffeomorphic to #gds(K)(S2 × S2). The covering

involution on W is admissible since W is a branched double cover of S4. Clearly

Y = Σ2(K) = ∂W embeds equivariantly in W and so ε(Y, τ) ≤ gds(K). �

Proposition 7.19. Let Zp = 〈τ〉 act orientation preservingly on an integral homol-

ogy 3-sphere Y . Let j(Y, τ) be the smallest positive integer such that δj(Y, s, τ, p) +

δj(Y , s, τ, p) = 0, or j(Y, τ) = ∞ if no such j exists. Here s is the unique spinc-

structure on Y . Then ε(Y, τ) ≥ j(Y, τ) if p = 2 and ε(Y, τ) ≥ 2j(Y, τ) if p is

odd.

Proof. To simplify notation we write δj(Y ) for δj(Y, s, τ, p). Suppose that Y embeds

equivariantly in X = #n(S2 × S2), for an admissible action of τ . Then we obtain

an equivariant splitting X = X+ ∪Y X−. Let t be the unique spin structure on

X. By uniqueness, t is τ -invariant and t|Y = s. Corollary 5.5 applied to X+ gives

δj(Y ) = −σ(X+)/8 for j ≥ b′−(X+) and δj(Y ) = σ(X+)/8 for j ≥ b′+(X+). Let

n′ = n if p = 2 or n/2 if p is odd. Since b′±(X+) ≤ b′±(X) = n′, we see that

δj(Y ) + δj(Y ) = 0 for j ≥ n′. Hence j(Y, τ) ≤ n′. Therefore ε(Y, τ) ≥ j(Y, τ) if

p = 2 and ε(Y, τ) ≥ 2j(Y, τ) if p is odd. �

Example 7.20. Let Y = Σ(2, 3, 6n + 1) = Σ2(T3,6n+1) and equip Y with the

covering involution τ . Then g3(T3,6n+1) = 6n, hence ε(Y, τ) ≤ 12n, by Proposition

7.18. From Proposition 7.4, we see that j(Y, τ) = 2n and so ε(Y, τ) ≥ 2n. So we

have an estimate on the equivariant embedding number of the form

2n ≤ ε(Σ(2, 3, 6n+ 1), τ) ≤ 12n.

Suppose that n is odd. Then from [1, Proposition 3.5], the (non-equivariant) em-

bedding number of Σ(2, 3, 6n+ 1) is given by ε(Σ(2, 3, 6n+ 1)) = 10. In particular,

we see that ε(Σ(2, 3, 6n + 1), τ) > ε(Σ(2, 3, 6n + 1)) for all odd n > 5. Also, since

we obviously have ε(Y, τ) ≥ ε(Y ), we see that

10 ≤ ε(Σ(2, 3, 7), τ) ≤ 12.

In fact, we will now prove that ε(Σ(2, 3, 7), τ) = 12. Suppose that Y = Σ(2, 3, 7)

embeds equivariantly inX = #n(S2×S2) for some admissible involution, where n ≤
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12. Then we obtain an equivariant splitting X = X+∪Y X−. Since Y is an integral

homology sphere, the intersection forms on X± are unimodular. They are also even,

since X is spin. Moreover the Rochlin invariant of Y is 1. So the intersection forms

of X± must contain at least one E8 or −E8 summand. Proposition 7.2 implies that

δj(Y ) = 1 for all j ≥ 0 and Proposition 7.4 implies that δj(Y ) = 0 for j = 0, 1

and δj(Y ) = −1 for j ≥ 2. Since n ≤ 12, Corollary 5.5 applied to X± then implies

that the intersection form of X+ must be of the form αH ⊕ (−E8) for some α ≥ 2

(where H is the hyperbolic lattice) and similarly the intersection form of X− must

be of the form α′H ⊕ (E8) for some α′ ≥ 2. The intersection form of X is then

(α+ α′ + 8)H and so n = α+ α′ + 8 ≥ 2 + 2 + 8 = 12. This proves that

ε(Σ(2, 3, 7), τ) = 12.

Example 7.21. Let Y = Σ(2, 3, 5) = Σ2(T3,5) and equip Y with the covering

involution τ . Then g3(T3,5) = 4, hence ε(Y, τ) ≤ 8, by Proposition 7.18. On the

other hand, ε(Y, τ) ≥ ε(Y ) and ε(Y ) = 8 by [1, Proposition 3.4], so ε(Σ(2, 3, 5), τ) =

8.
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