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Abstract. We analyse the problem of assigning sign choices to O-planes in orientifolds of

type II string theory. We show that there exists a sequence of invariant p-gerbes with p ≥ −1,

which give rise to sign choices and are related by coboundary maps. We prove that the sign

choice homomorphisms stabilise with the dimension of the orientifold and we derive topological

constraints on the possible sign configurations. Concrete calculations for spherical and toroidal

orientifolds are carried out, and in particular we exhibit a four-dimensional orientifold where not

every sign choice is geometrically attainable. We elucidate how the K-theory groups associated

with invariant p-gerbes for p = −1, 0, 1 interact with the coboundary maps. This allows us to

interpret a notion of K-theory due to Gao and Hori as a special case of twisted KR-theory,

which consequently implies the homotopy invariance and Fredholm module description of their

construction.
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1. Introduction

In this paper we study the Real Brauer group and related structures on orientifolds, that is,

pairs (M, τ) consisting of a manifold M equipped with an involution τ : M → M . The fixed

point set of the involution is M τ and its connected components will be called orientifold planes

or O-planes for short. Orientifolds are more commonly refered to as Real manifolds in the

mathematics literature; the present terminology is borrowed from string theory where these give

backgrounds which are important for model building and understanding T-duality [1, 6].

O-planes can carry a positive or negative Ramond–Ramond charge, which for consistency of

the string background must be cancelled by the inclusion of suitable D-brane charges; conversely,

string backgrounds with D-branes require inclusion of suitable orientifold planes. The collection

of discrete O-plane charges for a given orientifold background is specified mathematically by a

sign choice, which is an assignment of an element ± 1 of Z2 to each O-plane, or equivalently a

cocycle in H0(M τ ,Z2). The sign choices determine the projection of the U(n) gauge groups of

the Chan–Paton factors when n coincident D-branes are placed on top of an O-plane: this is

O(n) for sign choice +1 and Sp(n) for sign choice −1.

A general condition for the allowed distributions of sign choices for a given orientifold (M, τ)

is not presently known. A related open problem is to define a suitable variant of KR-theory

classifying D-branes on orientifolds for an arbitrarily given sign choice which is not necessar-

ily constant over the different O-planes. The K-theory and cohomology classification of the

spectrum of O-plane charges for a given orientifold is discussed in [22, 12, 14, 19, 5, 3]. Real

continuous trace C∗-algebras and their sign choices were discussed in [7], where a corresponding

version of KR-theory was also proposed. The purpose of this paper is to provide some detailed

answers to these questions from a geometric perspective.

In orientifolds of type II string theory, the behaviour of fields in the NS–NS sector influences

the allowed sign choices. At the lowest level there is the dilaton field, which is a function on

spacetime M . Next, a globally defined Neveu–Schwarz B-field plays the role of a magnetic field

on a D-brane and so is naturally associated to a line bundle on spacetime. More generally, a

B-field with non-vanishing H-flux is associated with a bundle gerbe on spacetime; a non-trivial

2-torsion H-flux on an O-plane reverses its sign choice, as will also follow by our geometric

considerations below.

We therefore wish to consider the mathematical problem of assigning a sign choice to certain

geometric objects over (M, τ). For instance in the simplest case of a Real function, that is, a

function f : M → U(1) which satisfies f ◦ τ = f̄ , we have f(m) ∈ Z2 at a fixed point m ∈M τ so

it defines a sign choice. More generally, we show that there is a sequence of natural geometric

objects on M to which sign choices can be allocated. We also address the fundamental question
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of whether every sign choice can arise from one of these geometric objects, particularly those

that encode the data of a string compactification.

Of particular interest, from the string theory perspective, will be the first three classes of

these geometric objects: Real functions as discussed above, Z2-equivariant line bundles, and

Real bundle gerbes. These have characteristic classes in the equivariant sheaf cohomology groups

H0(M ;Z2,U
1), H1(M ;Z2,U

0) andH2(M ;Z2,U
1), respectively, that we will discuss below. Each

of these groups comes equipped with a sign choice map which is a homomorphism σi mapping

into H0(M τ ,Z2). There are connecting homomorphisms ∂i between these cohomology groups

giving rise to the commutative diagram

H0(M ;Z2,U
1)

σ0

((
∂1
��

H1(M ;Z2,U
0)

σ1 //

∂2
��

H0(M τ ,Z2)

H2(M ;Z2,U
1)

σ2

66

∂3��

...

(1.1)

As the vertical arrow ∂3 suggests, this is part of a more general story. We denote by Σi(M)

the image of the sign choice homomorphisms σi in H0(M τ ,Z2) and call such elements geometric

sign choices. If M has dimension d, we find that these groups coincide in degrees d−1 onwards.

As a result,

Σ0(M) ⊆ Σ1(M) ⊆ · · · ⊆ Σd−1(M) = Σd(M) = · · · ⊆ H0(M τ ,Z2) ,

and thus the geometric sign choices are precisely Σd−1(M). We show that not all sign choices

are geometric sign choices by exhibiting a four-manifold M where Σ3(M) 6= H0(M τ ,Z2).

In Section 5.4 we derive some constraints on the possible geometric sign choices, that is, on

the images Σi(M) for i = 0, 1, 2. For a Real bundle gerbe (P, Y ) over a 2-connected orientifold

M with vanishing complex Dixmier–Douady class DD(P ), we prove that the sign choice is

generically constant. More generally, we show in Proposition 5.4 that the sign choice map σ2 is

completely determined by the periods of the complex Dixmier–Douady class and the sign at a

single fixed point by the formula

σ2(P )(m) = (−1)
〈µ∗

m,m
′ (DD(P )),S

3〉
σ2(P )(m′ ) ,

where the map µm,m′ : S
3 → M is constructed from the τ -action and the fixed points m,m′ ∈

M τ . This kind of construction depends only on knowing the sign choices for spheres and the

formula extends to all invariant p-gerbes under appropriate connectedness conditions on M . In

particular for the sign choice homomorphisms σ0 and σ1 on connected respectively 1-connected

orientifolds, the Dixmier–Douady class is substituted by the winding class respectively first

Chern class.

We proceed to consider some concrete examples of orientifolds which appear in conventional

string theory backgrounds. An important class of compactification spaces arising in string theory

with background fluxes are spheres. Recall that Sp,q ⊂ Rp+q denotes the p+ q − 1-dimensional

sphere with the involution τ which changes the sign of the first p coordinates and leaves alone

the remaining q coordinates. We also carry out explicit calculations involving tori, which play
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an important role in flat compactifications of string theory and provide examples of multiply

connected orientifolds. The results are summarised in the following table:

(M, τ) S3,1 S1,1 S1,1 × S1,1 S1,1 × S1,1 × S1,1

dim(M) 3 1 2 3

H0(M τ ,Z2) Z2
2 Z2

2 Z4
2 Z8

2

Σ0(M) Z2 Z2
2 Z3

2 Z4
2

H1(M ;Z2,U
0) Z2 Z2

2 Z3
2 ⊕ Z Z4

2 ⊕ Z3

Σ1(M) Z2 Z2
2 Z4

2 Z7
2

H2(M ;Z2,U
1) Z2 ⊕ Z Z2

2 Z3
2 ⊕ Z Z7

2 ⊕ Z

Σ2(M) Z2
2 Z2

2 Z4
2 Z8

2

Note that Σ2(M) = H0(M τ ,Z2) in these special cases. In particular, the three-dimensional

examples show that, generally, for all sign choices to arise one must consider Real bundle

gerbes which have non-vanishing complex Dixmier–Douady class in the Real Brauer group

H2(M ;Z2,U
1). We also consider higher-dimensional spheres Sn,1 with n ≥ 4, where the sign

choice map σ2 is not surjective. In the case of tori, our geometric sign choice groups Σ1(M)

reproduce the classification of O-plane charges from [5] using the Borel equivariant cohomology

group H2
Z2

(M,Z2) to determine the allowed globally defined B-field configurations on M .

The possible sign choices for orientifolds were also considered from a geometric perspective by

Gao and Hori in [9] using constructions based directly on type II string theory in backgrounds

with topologically trivial H-flux. In Section 7 we show how to interpret their geometric data in

terms of our constructions, and demonstrate that their version of KR-theory can be understood

as being twisted by either a Real function or an equivariant line bundle. We show that in either

case it is equivalent to the KR-theory twisted by a corresponding Real bundle gerbe constructed

by repeated application of the connecting homomorphisms

H0(M ;Z2,U
1)

∂1−−→ H1(M ;Z2,U
0)

∂2−−→ H2(M ;Z2,U
1) .

In these cases the KR-theory classes are twisted by a Real bundle gerbe with trivial complex

Dixmier–Douady class, whereby the possible Real structures on the bundle gerbe are given by

equivariant line bundles (it is a torsor under H1(M ;Z2,U
0)). The spectrum of O-plane charges

is then determined by the fact that, on the connected components of the fixed point set of the

orientifold involution, the KR-theory becomes KO-theory when the restriction of the bundle

gerbe has sign +1 and so is Real trivial, or KSp-theory when the restriction of the bundle

gerbe has 2-torsion Dixmier–Douady class with sign −1 corresponding to non-trivial torsion

H-flux [13]. However, in general there are sign choices that cannot be achieved in such a way

unless the complex Dixmier–Douady class (or H-flux of the string background) is non-trivial,1

in which case the more general geometric realisation of twisted KR-theory from [13] contains

the appropriate sign choices.

1This seems to be at odds with the result of [7] who used C
∗
-algebra methods to show that any sign choice could

arise, whereas we have found constraints. This raises the possibility that the correspondence between continuous

trace C
∗
-algebras and groupoids for the Real case is not a straightforward generalisation of the complex case.
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A summary of the contents of this paper is as follows. In Section 2 we introduce invariant

p-gerbes for p ≥ −1 and define their associated sign choice homomorphisms at the level of coho-

mology. We derive some general properties of the sign choice maps and show that they stabilise

at degree dim(M)− 1. In Section 3 we restrict our attention to the case p = 1, and explain how

to incorporate the orientifold B-field and its holonomy. As an application, we obtain sufficient

conditions for the existence of Real structures on bundle gerbes when M is 2-connected. We

proceed to give geometric constructions of the sign choice maps in Section 4 for Real functions,

equivariant line bundles and Real bundle gerbes. We further derive a general characterisation

of the kernel and image of the sign choice map σ2 in terms of the sheaf cohomology of the space

of “physical points” M/τ of the orientifold, which exhibits obstructions to the possible sign

choices. In Sections 5 and 6 we carry out detailed calculations for some spherical and toroidal

orientifolds. Under certain connectedness conditions on M , we obtain a geometric constraint on

the sign choices in terms of the periods of the complex characteristic classes of the p-gerbes. Fi-

nally, in Section 7 we recast the orientifold data of Gao and Hori [9] in the language of the present

paper and prove that their notion of K-theory twisted by an equivariant line bundle L is nothing

but KR-theory twisted by the Real bundle gerbe ∂2(L) under the connecting homomorphism

in (1.1).

2. Sign choices for invariant p-gerbes

In this section we develop some general theory of sign choices for invariant p-gerbes. This is

followed in subsequent sections by a discussion of the cases of particular geometric interest. Let

(M, τ) be an orientifold and let M τ ⊆M denote the fixed point set of the involution.

Definition 2.1. A sign choice is an element of the group H0(M τ ,Z2).

In other words, a sign choice assigns to every O-plane, that is, every connected component of

M τ , a sign ± 1 in Z2.

We are interested in various geometric objects that determine a sign choice on an orientifold.

For instance, Real functions, equivariant line bundles and Real bundle gerbes form the first

three examples of invariant p-gerbes corresponding to the cases p = −1, 0, 1. The case p = 2

would correspond to equivariant bundle 2-gerbes which we briefly consider in Section 5.3. For

p > 2 the geometric theory of p-gerbes is not well understood, but we can work instead with

the corresponding cohomology groups that classify them since the sign choice maps factorise

through these groups.

There are two natural Z2-sheaves on the orientifold which in [13] we denoted by U(1) and U(1).

They are the equivariant sheaves of smooth functions into U(1), where the first is endowed with

a trivial Z2-action on U(1) and the second has the Z2-action induced by complex conjugation. In

the present paper it will be useful to change notation and denote these by U ε with ε ∈ Z2 = {0, 1},
where U0 = U(1) and U1 = U(1). We will continue to use the symbol U(1) for the sheaf of

smooth U(1)-valued functions. With this notation it follows that p-gerbes, up to appropriate

equivalence, are classified by Hp+1(M,U(1)). We denote by Hk(M ;Z2,U
ε) the Grothendieck

equivariant sheaf cohomology [11] of the equivariant sheaf U ε.
An invariant p-gerbe is a p-gerbe on an orientifold that is Real if p is even and Z2-equivariant

if p is odd. They are classified up to appropriate equivalence by Hp+1(M ;Z2,U
[p+2]), where [k]

denotes the reduction modulo 2 of k ∈ Z. Thus the first three types of invariant p-gerbes are:

• p = −1: Real functions from M to U(1) classified by H0(M ;Z2,U
1).

• p = 0: equivariant line bundles on M classified by H1(M ;Z2,U
0).
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• p = 1: Real bundle gerbes on M classifed by H2(M ;Z2,U
1).

Physically, for p > 1 the invariant p-gerbes correspond respectively to backgrounds with Ramond–

Ramond fields on O-planes of dimension p′ ≡ p− 2 and p′ ≡ p− 1 modulo 4 [3, 15].

In particular when M is a point we have [13]

Hp+1(pt;Z2,U
[p+2]) = Z2

and

Hp+1(pt;Z2,U
[p+1]) = 0 .

In other words, over a point there are exactly two equivalence classes of invariant p-gerbes.

These are equalities as the group Z2 has no non-trivial automorphisms.

If m ∈ M τ is a fixed point, then the inclusion ιm : {m} ↪→ M is a morphism of Real

manifolds and we can use the corresponding pullbacks to define restriction maps. If ξ ∈
Hp+1(M ;Z2,U

[p+2]) we define

σp+1(ξ)(m) = ι∗m(ξ) ∈ Hp+1({m};Z2,U
[p+2]) = Z2 .

Consider a continuous path C in M τ joining m to m′. Then if p is odd we have

Hp+1({m};Z2,U
[p+2]) = Hp+1(C;Z2,U

[p+2]) = Hp+1({m′};Z2,U
[p+2]) ,

which shows that σp+1(ξ)(m) = σp+1(ξ)(m′ ) and thus σp+1(ξ) ∈ H0(M τ ,Z2). We call this the

sign choice of the p-gerbe ξ.

From this construction it follows that the sign choice map

σp+1 : Hp+1(M ;Z2,U
[p+2]) −→ H0(M τ ,Z2) (2.2)

is a homomorphism that commutes with pullbacks. In fact, it follows easily that any sign choice

map that is a homomorphism and is compatible with pullbacks must be this one. This will be

useful when considering more geometric constructions of the sign choice map below.

We showed in [13] that there exist long exact sequences relating the equivariant sheaf coho-

mology of U0 and U1. For ε ∈ Z2 we have

0 // H0(M ;Z2,U
ε) // H0(M,U(1))

1×τ∗
// H0(M ;Z2,U

[ε+1])

// H1(M ;Z2,U
ε) // H1(M,U(1))

1×τ∗
// H1(M ;Z2,U

[ε+1])

// H2(M ;Z2,U
ε) // H2(M,U(1))

1×τ∗
// H2(M ;Z2,U

[ε+1]) // · · · .

(2.3)

The connecting homomorphisms yield a sequence of maps

H0(M ;Z2,U
1)

∂1−−→ H1(M ;Z2,U
0)

∂2−−→ H2(M ;Z2,U
1)

∂3−−→ H3(M ;Z2,U
0)

∂4−−→ · · · . (2.4)

Note that there is no reason to expect that ∂k+1 ◦ ∂k = 0. Indeed for M = pt, the sequence

becomes

Z2
∂1−−→ Z2

∂2−−→ Z2
∂3−−→ Z2

∂4−−→ · · · (2.5)

and by the long exact sequences (2.3) it follows that these are all isomorphisms, and in fact

equalities. Since ιm is a Real map, the induced maps between the long exact sequences (2.4)

and (2.5) commute. But σp+1(ξ)(m) = ι∗m(ξ), so it follows that the connecting homomorphisms

commute with the sign choice maps and we have
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Proposition 2.6. σp+2 ◦ ∂p+2 = σp+1 for p = −1, 0, 1, 2, . . . .

In particular, this begins with the commutative diagram from Section 1:

H0(M ;Z2,U
1)

σ0

((
∂1
��

H1(M ;Z2,U
0)

σ1 //

∂2
��

H0(M τ ,Z2)

H2(M ;Z2,U
1)

σ2

66

∂3��

...

(2.7)

Let M be a d-dimensional manifold. Then Hd(M,U(1)) = Hd+1(M,Z) = 0, so the long exact

sequences (2.3) degenerate, and it follows that ∂d is surjective and ∂k is an isomorphism for

k > d. Let Σp(M) = im(σp) denote the image of the sign choice homomorphism and call its

elements geometric sign choices. We conclude that

Σ0(M) ⊆ Σ1(M) ⊆ · · · ⊆ Σd−1(M) = Σd(M) = Σd+1(M) = · · · ⊆ H0(M τ ,Z2) .

In the sequel we consider geometric constructions of sign choices in the particular cases of

interest, and the general question of what sign choices on an orientifold can arise as geometric

sign choices.

3. Real bundle gerbes and their connections

We are particularly interested in the higher structures provided by invariant p-gerbes with

p = 1, as these are the geometric data encoding the string orientifold backgrounds with NS–

NS H-flux. In this section we consider this case in more detail and describe how to properly

incorporate the B-field into the picture.

3.1. Real bundle gerbes. We begin by recalling some basic facts about Real bundle gerbes,

referring the reader to [13] for more details.

Let M be a manifold and Y
π−→M a surjective submersion. We denote by Y [p] the p-fold fibre

product of Y with itself, that is, Y [p] = Y ×M Y ×M · · · ×M Y . This is a simplicial space Y [•]

whose face maps are given by the projections πi : Y
[p] → Y [p−1] which omit the i-th factor. Let

Ωq(Y [p]) denote the space of differential q-forms on Y [p] and define

δ : Ωq(Y [p−1]) −→ Ωq(Y [p]) by δ =

p∑
i=1

(−1)i−1 π∗i .

These maps form an exact complex for all q ≥ 0 called the fundamental complex [17]

0 −→ Ωq(M)
π
∗

−−−→ Ωq(Y )
δ−−→ Ωq(Y [2])

δ−−→ Ωq(Y [3])
δ−−→ · · · .

For any function g : Y [p−1] → U(1), we define δ(g) : Y [p] → U(1) by δ(g) =
∑p

i=1 (−1)i−1 g ◦ πi.
Similarly, to every U(1)-bundle P → Y [p−1] we associate a U(1)-bundle δ(P )→ Y [p] by

δ(P ) = π−1
1 (P )⊗

(
π−1

2 (P )
)∗ ⊗ π−1

3 (P )⊗ · · · .

One easily checks that δ(δ(g)) = 1 and that δ(δ(P )) is canonically trivial.
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Definition 3.1. A bundle gerbe (P, Y ) over M is a principal U(1)-bundle P → Y [2] together

with a bundle gerbe multiplication defined by a bundle isomorphism over Y [3],

π−1
3 (P )⊗ π−1

1 (P ) −→ π−1
2 (P ) ,

which is associative over Y [4]. If P(y1,y2) denotes the fibre of P over (y1, y2) ∈ Y [2], then asso-

ciativity means that the diagram

P(y1,y2) ⊗ P(y2,y3) ⊗ P(y3,y4)

��

// P(y1,y3) ⊗ P(y3,y4)

��

P(y1,y2) ⊗ P(y2,y4)
// P(y1,y4)

commutes for all (y1, y2, y3, y4) ∈ Y [4].

Bundle gerbes are classified up to stable isomorphism [18] by their complex Dixmier–Douady

class in the degree two sheaf cohomology

DD(P ) ∈ H2(M,U(1)) .

Following [16], if M is endowed with an involution τ : M →M we define a Real structure on

a bundle gerbe (P, Y ) to be a pair of maps (τP , τY ), where τY : Y → Y is an involution covering

τ : M →M , and τP : P → P is a conjugate involution covering τ
[2]
Y : Y [2] → Y [2] and commuting

with the bundle gerbe multiplication. Here conjugate involution means that τP (p z) = τP (p) z̄,

for p ∈ P and z ∈ U(1), and τ2
P = idP . In the sequel we will suppress the subscripts on τP

and τY .

Definition 3.2. A Real bundle gerbe over M is a bundle gerbe (P, Y ) over M with a Real

structure.

In [13] we proved that Real bundle gerbes are classified up to Real stable isomorphism by

their Real Dixmier–Douady class in the degree two equivariant sheaf cohomology group:

DDR(P ) ∈ H2(M ;Z2,U
1) .

3.2. Connective structures on Real bundle gerbes. Recall from [17] that if (P, Y ) is a

bundle gerbe, a connection A on the U(1)-bundle P → Y [2] is called a bundle gerbe connection if

it respects the bundle gerbe multiplication. If A is a bundle gerbe connection, then the curvature

FA ∈ Ω2(Y [2]) satisfies δ(FA) = 0. Then the exactness of the fundamental complex implies that

there exists B ∈ Ω2(Y ) such that FA = δ(B). This two-form is called a curving and the pair

(A,B) is a connective structure on (P, Y ); in string theory parlance, a connective structure is

a B-field. As δ commutes with the exterior derivative d, we have δ(dB) = dδ(B) = dFA = 0.

Hence dB = π∗(H) for some H ∈ Ω3(M); in string theory the three-form H is called an H-flux.

Moreover, π∗(dH) = dπ∗(H) = d2B = 0, so the 3-curvature H is closed and defines a de Rham

representative for the complex Dixmier–Douady class of the bundle gerbe:

DD(P ) =
[

1
2π i H

]
∈ H3(M,Z) .

Next let us consider the dual bundle gerbe (P ∗, Y ). This is defined by the same manifold P

but with the conjugate U(1)-action, (p, z) 7→ p z̄. If A is a bundle gerbe connection on P , then

−A yields a bundle gerbe connection on P ∗. Indeed if ξ ∈ iR, let ιp(ξ) ∈ TpP be the vertical

vector generated by the action of U(1), and similarly let ι∗p(ξ) ∈ TpP
∗. Since ι∗p(ξ) = −ιp(ξ) and

A(ι∗p(ξ)) = −ξ, we conclude that −A is a connection on P ∗ with curvature −FA. For any choice
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of curving B ∈ Ω2(Y ) for A, it follows that −B is a curving for −A and the 3-curvature of the

connective structure (−A,−B) for (P ∗, Y ) is given by −H.

Let (M, τ) be an orientifold and (P, Y ) a Real bundle gerbe over M . Then τ : P ∗ → P is a

bundle gerbe isomorphism.

Definition 3.3. A Real connective structure for (P, Y ) or orientifold B-field is a B-field (A,B)

satisfying τ∗(A,B) = (−A,−B).

Proposition 3.4. Real connective structures for (P, Y ) exist.

Proof. The existence of bundle gerbe connections is shown in [17]. Real bundle gerbe connections

exist because if a is any bundle gerbe connection, then

A = 1
2 a+ 1

2

(
− τ∗(a)

)
is a Real bundle gerbe connection. Any convex combination of connection one-forms is also a

connection one-form. It follows that the curvature FA ∈ Ω2(Y [2]) also satisfies τ∗(FA) = −FA.

Consider a choice of curving B ∈ Ω2(Y ) satisfying δ(B) = FA. Hence

δ
(
τ∗(B)

)
= τ∗(FA) = −FA = δ(−B) .

It follows that δ(B+ τ∗(B)) = 0 and thus there exists ψ ∈ Ω1(M) such that B+ τ∗(B) = π∗(ψ).

Applying the involution we obtain τ∗(B) + B = τ∗ π∗(ψ), and since pullback of forms along π

is injective, we find τ∗(ψ) = ψ. Hence

B − 1
2 π
∗(ψ) = −τ∗(B) + 1

2 π
∗(τ∗(ψ)

)
= −τ∗

(
B − 1

2 π
∗(ψ)

)
,

and moreover

FA = δ
(
B − 1

2 π
∗(ψ)

)
because δ◦π∗ = 0. We conclude that a curving B for a Real bundle gerbe connection can always

be chosen such that τ∗(B) = −B. �

If (A,B) is an orientifold B-field, it follows that the H-flux satisfies τ∗(H) = −H, so it gives a

de Rham representative for the Real Dixmier–Douady class in the Borel equivariant cohomology

with local coefficients H3(EZ2 ×Z2
M,Z(1)) [13]:

DDR(P ) =
[

1
2π i H

]
∈ H3

Z2
(M,Z(1)) .

Example 3.5 (Real bundle gerbes on S1×S2). If G is a compact simple Lie group with maximal

torus T then there is a map, called the Weyl map, T ×G/T → G defined by (t, g T ) 7→ g t g−1

for t ∈ T and g ∈ G. This is a finite covering with fibre the Weyl group over the open dense

subset of G of regular elements. In particular, if G = SU(2) we get a map S1 × S2 → S3 which

is a double covering over S3 minus the north and south poles which are the points I and −I
in SU(2), the only elements of SU(2) whose eigenvalues are not distinct. Under this map the

basic bundle gerbe on S3, whose complex Dixmier–Douady class generates H3(S3,Z) = Z, pulls

back to a bundle gerbe on S1 × S2 whose complex Dixmier–Douady class is twice a generator

in H3(S1 × S2,Z) = Z. This is because its integral over S3 is equal to 1 but the Weyl map is

two-to-one on a dense open subset, so the integral of the pulled back form is equal to 2.

The generator of H3(S1 × S2,Z) = Z is given by a bundle gerbe which is a cup product

of a function and a line bundle; we call it the cup-product bundle gerbe on S1 × S2. Let

L→ S2 be the Hopf bundle; the pullback of its Chern class generates H2(S1 × S2,Z) = Z. Let

Y = R×S2 → S1×S2 be the covering space where S1 = R/Z. Then Y [2] can be identified with
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the set of points (x, y, u) ∈ R×R× U(1) where x− y ∈ Z. Define P → Y [2] by P(x,y,u) = Lx−yu .

The bundle gerbe multiplication is immediate from

P(x,y,u) ⊗ P(y,z,u) = Lx−yu ⊗ Ly−zu = Lx−zu = P(x,z,u) .

It is straightforward to construct a connection and curving whose 3-curvature is H = d(2π i θ)∧
vol

S
2 , where θ ∈ [0, 1) is a local coordinate on S1 and vol

S
2 is the unit area form on S2.

The Weyl map in this case also has a simple description as

S1 × S2 −→ S3 ,
(
(a, b) , (x, y, z)

)
7−→ (b x, b y, b z, a) . (3.6)

There is no line bundle on S3 which pulls back to the Hopf bundle on S1 × S2 because all

line bundles on S3 are trivial. We give the three-sphere S3 the Real structure (x, y, z, w) 7→
(−x,−y,−z, w) making it S3,1. It is then immediate from (3.6) that there are two lifts of this

Real structure to S1 × S2: either to
(
(a, b), (x, y, z)

)
7→
(
(a,−b), (x, y, z)

)
making it S1,1 × S0,3,

or to
(
(a, b), (x, y, z)

)
7→
(
(a, b), (−x,−y,−z)

)
making it S0,2 × S3,0. Here S1,1 is the circle S1

with the conjugation action on complex numbers of modulus one and S3,0 is the two-sphere S2

with the antipodal map. These are quite different Real structures; on S0,2 × S3,0 the involution

is free whereas the involution on S1,1×S0,3 gives two orientifold planes {± 1}×S2. By [13] the

only line bundes on S2 which admit a Real structure are those with even Chern class. Then using

either the long exact sequence (2.3) or the spectral sequence for the Grothendieck equivariant

cohomology one can characterise the Real bundle gerbes in these two cases. The calculations

are straightforward and so we only summarise the results:

• The Real Brauer group of S0,2×S3,0 equals Z and the Real Dixmier–Douady class is given

by n 7→ 2n. So the pullback of the basic bundle gerbe on S3 whose complex Dixmier–

Douady class is twice the generator of H3(S1 × S2,Z) admits a Real structure, but the

cup-product bundle gerbe whose complex Dixmier–Douady class is the generator and

whose H-flux is H = d(2π i θ) ∧ vol
S
2 , satisfying the necessary condition τ∗(H) = −H,

does not.

• The Real Brauer group of S1,1 × S0,3 equals Z2 ⊕ Z2 ⊕ Z2 ⊕ Z and the Real Dixmier–

Douady class is given by (n,m, k, l) 7→ l. So the cup-product bundle gerbe whose com-

plex Dixmier–Douady class is the generator and whose H-flux is H = d(2π i θ) ∧ vol
S
2 ,

satisfying τ∗(H) = −H, admits a Real structure.

3.3. Holonomy of orientifold B-fields. Let (P, Y ) be a bundle gerbe over a closed oriented

surface Σ and choose a connective structure (A,B). As H3(Σ,Z) = 0, the bundle gerbe is

trivial. Fix a trivialisation R→ Y with isomorphism δ(R) ' P and let a be a connection on R.

Then A and δ(a) are both bundle gerbe connections for (P, Y ). Their difference is a one-form

A − δ(a) ∈ Ω1(Y [2]) satisfying δ(A − δ(a)) = 0. Hence there is a one-form α on Y satisfying

A = δ(a) + δ(α) = δ(a + α). In other words, we may choose a connection a on R such that

δ(a) = A. It follows that δ(Fa) = FA = δ(B) and so B−Fa = π∗(µa) for some µa ∈ Ω2(Σ). If we

change the connection a to b = a+π∗(δ(ρ)) for some ρ ∈ Ω1(Σ), then B−Fb = B−Fa−dπ∗(ρ)

so that

µa = µb + dρ .

The holonomy of (A,B) over Σ is defined by

hol(Σ;A,B) = exp
(∫

Σ
µa

)
∈ U(1) .

We note that the integral depends on the orientation of Σ, but is independent of the choice of

a. Any other trivialisation of the bundle gerbe is of the form R ⊗ π∗(T ) for some line bundle
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T → Σ. The connection a tensored by the pullback of a connection ∇ on T changes µa to

µa − F∇, so the holonomy remains unchanged,

exp
(∫

Σ
µa

)
exp

(
−
∫

Σ
F∇

)
= exp

(∫
Σ
µa

)
,

since the curvature F∇ is an integral two-form. Hence the holonomy depends only on the triple

(Σ;A,B).

Now let (A,B) be a B-field on M . For any smooth map φ : Σ→M , we define the holonomy

of (A,B) along φ by

hol(φ;A,B) = hol
(
Σ;φ∗(A), φ∗(B)

)
.

It is straightforward to check that the holonomies of connective structures for a bundle gerbe

and its dual are related by

hol(φ;A,B) = hol(φ;−A,−B)−1 .

Hence if (A,B) is a Real connective structure for a Real bundle gerbe (P, Y ), we conclude that

hol(φ;A,B) = hol(τ ◦ φ;−A,−B)−1 .

In applications to the orientifold constructions of type II string theory, the Z2-action on the

spacetime M generated by the involution τ is combined with orientation-reversal of the string

worldsheet. In this case the surface Σ is not oriented and need not even be orientable, and the

string fields φ are smooth maps from Σ to the quotient space X = M/τ which represents the

“physical points” of the orientifold spacetime. This is achieved in the orientifold sigma-model

by regarding φ as maps to the total space of the fibration M → X, and gauging the symmetry of

the string theory. For this, we introduce the orientation double cover Σ̂ → Σ corresponding to

the first Stiefel–Whitney class w1(Σ) ∈ H1(Σ,Z2), which is canonically oriented with a canonical

orientation-reversing involution Ω : Σ̂→ Σ̂ permuting the sheets and preserving the fibres, called

worldsheet parity. The string fields are then smooth maps φ̂ : Σ̂→M which are equivariant,

φ̂ ◦ Ω = τ ◦ φ̂ .

In [20, 10] they show that in this situation it is possible to define the unoriented surface holonomy

of a Jandl gerbe which is a square root of hol
(
Σ̂; φ̂∗(A), φ̂∗(B)

)
. We may define the orientifold

B-field holonomy hol(φ;A,B) of a Real bundle gerbe with Real connection by noting that every

Real bundle gerbe is naturally a Jandl gerbe and applying the construction in [20, 10]. To see

why this is true, note that in our language a Jandl structure on a gerbe (P, Y ) is a Z2-equivariant

trivialisation of the natural Z2-action on P ⊗ τ−1(P ). For a Real bundle gerbe (P, Y ) this arises

because P ⊗ τ−1(P ) ' δL for L(y,x) = P ∗(y,τ(x)). The required switch isomorphism of [20]

ŝ : P ∗(x,τ(y)) → P ∗(y,τ(x)) is induced by τ : P(x,y) → P ∗(τ(x),τ(y)). It is a straightforward exercise to

check that this satisfies the required conditions to be a Jandl structure, so we can apply the

results of [20, 10] to define hol(φ;A,B). This defines precisely the B-field amplitude which was

only schematically discussed in [13]. By [20, 10] it is invariant under the combined actions of

the involutions Ω and τ which define the string orientifold construction and satisfies

hol(φ;A,B) =

√
hol
(
Σ̂; φ̂∗(A), φ̂∗(B)

)
.

As a further application, we can turn the construction of Real holonomy around and use it to

provide sufficient conditions for the existence of Real structures on bundle gerbes over (M, τ).

Proposition 3.7. Let (M, τ) be an orientifold, where M is 2-connected, M τ 6= ∅ and H is a

three-form on M with integral periods satisfying τ∗(H) = −H. Then there is a tautological Real

bundle gerbe over M with complex Dixmier–Douady class
[

1
2π i H

]
∈ H3(M,Z).
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Proof. First we recall the construction of a bundle gerbe (P, Y ) from an integral three-form

H on a 2-connected manifold M . Fix a basepoint m ∈ M and let Y = PM be the space of

paths based at m with endpoint evaluation as projection to M . If p1, p2 ∈ Y have the same

endpoint, choose an oriented surface Σ in M spanning them, that is, the boundary of Σ is

p1 concatenated with the oppositely oriented path p2. Then the fibre of P → Y [2] consists

of all triples
(
(p1, p2),Σ, z

)
, with z ∈ U(1), modulo the equivalence relation

(
(p1, p2),Σ, z

)
≡(

(p1, p2),Σ′, z′
)

if hol(Σ ∪ Σ′;H) z = z′. Here Σ ∪ Σ′ is the closed surface obtained by gluing

Σ to the oppositely oriented Σ′ along their common boundary, while hol(S;H) for any closed

oriented surface S ⊂M is the holonomy expressed as the standard Wess–Zumino–Witten term

hol(S;H) = exp
(∫

BS

H
)
,

where BS is a three-manifold whose boundary is S. This is well-defined since H is an integral

form.

Next we consider a Real version of this construction. There is a natural way to pair elements

of P(p1,p2) with elements of P(p2,p1). Given
(
(p1, p2),Σ, z

)
, it can be paired with

(
(p2, p1),Σ, w

)
by keeping the same surface Σ but changing its orientation. Then we declare these two to pair

to give z w ∈ U(1). More generally, we can pair
(
(p1, p2),Σ, z

)
and

(
(p2, p1),Σ′, w

)
by first using

the equivalence relation to replace Σ′ with Σ.

Now assume that the basepoint m of M is a fixed point of τ , so that τ acts on everything.

Assume further that τ∗(H) = −H. We define a Real structure τ by showing that(
(p1, p2),Σ, z

)
7−→

(
(τ(p1), τ(p2)), τ(Σ), z̄

)
descends through the equivalence relation to give a conjugate bundle gerbe isomorphism P →
τ−1(P ).

The map τ satisfies τ2 = 1. If
(
(p1, p2),Σ, z

)
≡
(
(p1, p2),Σ′, z′

)
, then hol(Σ ∪ Σ′;H) z = z′.

Now consider
(
(τ(p1), τ(p2)), τ(Σ), z̄

)
and

(
(τ(p1), τ(p2)), τ(Σ′), z′

)
. Then we find

hol
(
τ(Σ) ∪ τ(Σ′);H

)
= hol

(
τ(Σ) ∪ τ(Σ′);−τ∗(H)

)
= hol(Σ ∪ Σ′;−H)

= hol(Σ ∪ Σ′;H) ,

so that hol
(
τ(Σ) ∪ τ(Σ′);H

)
z̄ = z′ as required.

Finally, we check that τ commutes with the bundle gerbe multiplication. On the one hand,

the multiplication is given by(
(p1, p2),Σ, z

) (
(p2, p3),Σ′, z′

)
=
(
(p1, p3),Σ ∪ Σ′, z z′

)
.

On the other hand, under τ we obtain(
(τ(p1), τ(p2)), τ(Σ), z̄

) (
(τ(p2), τ(p3)), τ(Σ′), z′

)
=
(
(τ(p1), τ(p3)), τ(Σ ∪ Σ′), z z′

)
as required. �

Remark 3.8. In general, the class of the three-form H of Proposition 3.7 does not lift to the Real

Dixmier–Douady class of the tautological Real bundle gerbe in Borel equivariant cohomology

with local coefficients. The conditions under which it does, and hence represents the H-flux of

an orientifold B-field, are discussed in [13].
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4. Geometric constructions of sign choices

In this section we explain how the sign choice homomorphism (2.2) can be constructed geomet-

rically from the invariant p-gerbes when p = −1, 0, 1, that is, for Real functions, Z2-equivariant

line bundles and Real bundle gerbes.

4.1. Sign choice for Real functions. Let g be a Real function on (M, τ). If m ∈ M τ then

g(m) = g(m) = ± 1, so there is a natural sign choice homomorphism

σ0 : H0(M ;Z2,U
1) −→ H0(M τ ,Z2)

defined by evaluation σ0(g)(m) = g(m). This map is multiplicative in the sense that σ0(g h) =

σ0(g)σ0(h). If g = f (f̄ ◦ τ) for an arbitrary function f on M and m is a fixed point of τ , then

g(m) = f(m) f(m) = 1 so that σ0(f (f̄ ◦ τ)) = 1. In other words, the composition

H0(M,U(1))
f 7→f (f̄◦τ)−−−−−−→ H0(M ;Z2,U

1)
σ0−−→ H0(M τ ,Z2)

is equal to 1. In fact, there is a stronger result in this case given by

Proposition 4.1. If M is 1-connected, then the sequence

0 −→ H0(M ;Z2,U
0) −→ H0(M,U(1))

f 7→f (f̄◦τ)−−−−−−→ H0(M ;Z2,U
1)

ε−−→ Z2 −→ 0

is exact.

Proof. If g : M → U(1) is a Real function, consider a lift ĝ ∈ H0(M,U(1)). Then ĝ ◦ τ + ĝ = k

for some k ∈ Z, and the image [k] ∈ Z2 is well-defined independently of the lift ĝ of g. We call

it ε(g). If ε(g) = 0, then we can define f̂ = −1
2 ĝ with

f̂ ◦ τ − f̂ = 1
2 ĝ −

1
2 (ĝ ◦ τ) = ĝ

so that (f ◦ τ) f̄ = g. �

Corollary 4.2. If M is 1-connected, then Σ0(M) ⊆ Z2.

Hence if M is 1-connected and M τ contains more than one O-plane, then σ0 is not surjective.

We discuss further constraints on geometric sign choices in Section 5.4.

4.2. Sign choice for equivariant bundles. Let us first revisit a basic result from [13], namely

the problem of classifying, up to isomorphism, the Z2-structures on a U(1)-bundle L which

admits a Z2-structure.

If τ is a Z2-structure on L, then any other Z2-structure τ̂ is given by τ̂ = g τ for some function

g : M → U(1). By τ̂2 = 1 it follows that g (g ◦ τ) = 1 or g = ḡ ◦ τ . We say that τ̂ and τ are

isomorphic if there is a smooth function f : M → U(1) such that τ̂ f = f τ ; this is equivalent to

(f ◦ τ) g τ = f τ or g = f (f̄ ◦ τ).

Proposition 4.3. The space of non-isomorphic Z2-structures on a bundle L→M admitting a

Z2-structure is the quotient of H0(M ;Z2,U
1) by the image of the homomorphism

H0(M ;U(1))
f 7→f (f̄◦τ)−−−−−−→ H0(M ;Z2,U

1) .

From this description it follows that the space of Z2-structures on L is independent of the

choice of L as long as L admits at least one Z2-structure.
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If L is a Z2-equivariant line bundle over (M, τ), then its fibre over a fixed point m ∈ M τ is

simply a copy of C with a Z2-action by multiplication with ± 1 which we label sign(Lm). This

allows us to define a homomorphism

σ1 : H1(M ;Z2,U
0) −→ H0(M τ ,Z2)

by σ1(L)(m) = sign(Lm). Again it is clear that this map is multiplicative in the sense that

σ1(L ⊗ K) = σ1(L)σ1(K). If L is an arbitrary line bundle on M , then L ⊗ τ−1(L) has the

canonical Z2-action induced by swapping factors of the tensor product

Lx ⊗ Lτ(x) −→ Lτ(x) ⊗ Lx .

At a fixed point this is the identity map, so it has sign choice equal to 1. It follows that the

composition

H1(M,U(1))
L7→L⊗τ−1

(L)−−−−−−−−−→ H1(M ;Z2,U
0)

σ1−−→ H0(M τ ,Z2)

is equal to 1.

4.3. Sign choice for Real bundle gerbes. If (P, Y ) is a bundle gerbe and y ∈ Y , then the

fibre P(y,y) = U(1). This follows from the fact that the multiplication map P(y,y)⊗P(y,y) → P(y,y)

commutes with the U(1)-action on P(y,y). So if p ∈ P(y,y) and q ∈ P(y,y), then p q ∈ P(y,y) and

hence p q = p 〈q〉 for some 〈q〉 ∈ U(1). If we change p to p z for z ∈ U(1), then

(p z) q = (p q) z = p 〈q〉 z = (p z) 〈q〉

so the map q 7→ 〈q〉 is independent of the choice of p. We need two results about this map.

Firstly, if r ∈ P(y
′
,y) then

(r p r−1) (r q r−1) = r (p q) r−1 = r p 〈q〉 r−1 = (r p r−1) 〈q〉

so that 〈r q r−1〉 = 〈q〉. Secondly if τ is a Real structure, then τ(p q) = τ(p) τ(q) and τ(p q) =

τ(p 〈q〉) = τ(p) 〈q〉, so that 〈τ(q)〉 = 〈q〉.
Consider now a Real bundle gerbe G = (P, Y ) over M , and let m ∈M τ be a fixed point of τ .

Choose y ∈ Ym, then (y, τ(y)) ∈ Y [2]. Let f ∈ P(y,τ(y)) so that f τ(f) ∈ P(y,y), and define

σ2(G)(m) = σ2(P, Y )(m) = 〈f τ(f)〉 . (4.4)

Proposition 4.5. (a) σ2(G)(m) is independent of the choice of f and y.

(b) σ2(G)(m) ∈ Z2.

Proof. (a) If we change f to f z for z ∈ U(1), then

〈(f z) τ(f z)〉 = z z̄ 〈f τ(f)〉 = 〈f τ(f)〉 ,

so 〈f τ(f)〉 ∈ U(1) is independent of the choice of f ∈ P(y,τ(y)). Changing y to ỹ ∈ Ym and

letting g ∈ P(ỹ,y), then g f τ(g−1) ∈ P(ỹ,τ(ỹ)) and〈(
g f τ(g−1)

)
τ
(
g f τ(g−1)

)〉
=
〈
g f τ(g−1) τ(g) τ(f) g−1〉 =

〈
g
(
f τ(f)

)
g−1〉 = 〈f τ(f)〉 .

(b) From (a) we know that 〈τ(f) f〉 = 〈f τ(f)〉 so

〈f τ(f)〉 =
〈
τ
(
f τ(f)

)〉
= 〈τ(f) f〉 = 〈f τ(f)〉 .

Hence σ2(G)(m) ∈ Z2. �

This shows that letting m vary determines an element σ2(G) ∈ H0(M τ ,Z2). The next result

implies that the sign choice of a Real bundle gerbe depends only on its Real stable isomorphism

class.
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Proposition 4.6. (a) If G is a Real bundle gerbe, then σ2(G∗) = σ2(G).

(b) If G1 and G2 are Real bundle gerbes, then σ2(G1 ⊗ G2) = σ2(G1)σ2(G2).

(c) If G is a trivial Real bundle gerbe, then σ2(G) = 1.

(d) If G1 and G2 are Real stably isomorphic Real bundle gerbes, then σ2(G1) = σ2(G2).

Proof. It is straightforward from the definition (4.4) to prove (a) and (b). Part (d) follows from

(c) because G1 and G2 are Real stably isomorphic if and only if G1 ⊗ G
∗
2 is Real trivial. For (c),

take a Real bundle R → Y and for (y1, y2) ∈ Y [2] define P(y1,y2) = Ry2 ⊗ R
∗
y1

with the Real

structure induced by that of R. Then the bundle gerbe multiplication

P(y1,y2) ⊗ P(y2,y3) −→ P(y1,y3)

comes from the obvious contractions of

Ry2 ⊗R
∗
y1
⊗Ry3 ⊗R

∗
y2
−→ Ry3 ⊗R

∗
y1
.

It is straightforward to show that 〈r ⊗ s∗〉 = s∗(r) for r ⊗ s∗ ∈ P(y,y) = Ry ⊗R
∗
y.

Let r ∈ Ry and define f = τ(r) ⊗ r∗ ∈ P(y,τ(y)) = Rτ(y) ⊗ R
∗
y, where r∗ is the element that

satisfies r∗(r) = 1. Then

〈f τ(f)〉 =
〈(
τ(r)⊗ r∗

) (
r ⊗ τ(r∗)

)〉
= 〈τ(r)⊗ τ(r)∗〉 = 1

as required. �

Thus we have a well-defined homomorphism

σ2 : H2(M ;Z2,U
1) −→ H0(M τ ,Z2) .

Example 4.7 (Real bundle gerbes over a point). If M = pt, then there are two Real stable

isomorphism classes of Real bundle gerbes (cf. Section 2). Their sign choices are +1 for the

trivial one and −1 for the non-trivial one. By Proposition 4.6 (c) it is clear that the trivial

bundle gerbe has sign choice +1. We construct the non-trivial sign choice as follows. Let

M = {m} and Y = M × Z2 with the Real structure τ(m, 0) = (m, 1) and τ(m, 1) = (m, 0).

Then Y [2] = M × Z2 × Z2 and we take the trivial bundle P → Y [2] equipped with the trivial

multiplication, so that p 7→ 〈p〉 is just the identity map. We define the Real structure to be

conjugation from P((m,0),(m,0)) → P((m,1),(m,1)) and P((m,1),(m,1)) → P((m,0),(m,0)), and −1 times

conjugation from P((m,0),(m,1)) → P((m,1),(m,0)) and P((m,1),(m,0)) → P((m,0),(m,1)).

A straightforward calculation shows that this commutes with the bundle gerbe multiplication

and squares to the identity map. To calculate the sign, let y = (m, 0) so that τ(y) = (m, 1)

and let f ∈ P((m,0),(m,1)) be 1. Then 〈f τ(f)〉 = −1 as required. This bundle gerbe cannot be a

trivial Real bundle gerbe because it has a non-trivial sign. The fact that H2({m};Z2,U
1) = Z2

shows that these are the only two Real stable isomorphism classes of Real bundle gerbes over a

point, and the calculation demonstrates that

σ2 : H2({m};Z2,U
1) −→ H0({m}τ ,Z2)

is an isomorphism. In Section 7.1 we will generalise this construction and show that it agrees

with the connecting homomorphism in (2.4).

Example 4.8 (Tautological Real bundle gerbes). Under the conditions of Proposition 3.7, we

show that the sign choice of the tautological Real bundle gerbe (P, Y ) is given by

σ2(P ) = hol
(
Σ ∪ τ(Σ);H

)
.

Let m ∈ M τ be the basepoint in the proof of Proposition 3.7 and let x ∈ M τ be another

fixed point. Choose p1 = p to be a path from m to x and p2 = τ(p) as per the way one
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computes the sign choice, see Proposition 4.5. Picking a spanning surface Σ, we then have

[p, τ(p),Σ, 1] ∈ P(p,τ(p)) and

τ
(
[p, τ(p),Σ, 1]

)
=
[
τ(p), p, τ(Σ), 1

]
=
[
τ(p), p,Σ,hol

(
Σ ∪ τ(Σ);H

)]
.

These pair to give the sign choice hol
(
Σ ∪ τ(Σ);H

)
. This construction will be used later to

exhibit a constraint imposed on the sign choices when M is 2-connected.

Let φ : N →M be a Real map between orientifolds. Then there is an induced homomorphism

φ∗ : H0(M τ ,Z2)→ H0(N τ ,Z2). If (P, Y ) is a Real bundle gerbe on M , then

φ∗
(
σ2(P )

)
= σ2

(
φ−1(P )

)
.

In particular, if m ∈ M τ is a fixed point, we can take N = {m} and φ the inclusion to find

σ2(P )(m) = φ∗(σ2(P )) = σ2(φ−1(P )). In other words, we can define the sign choice map by

restricting σ2(P ) to any fixed point m ∈M τ , and declaring σ2(P )(m) to be +1 if the restricted

Real bundle gerbe is Real trivial and −1 otherwise. Thus we conclude

Proposition 4.9. The sign choice map (4.4) for Real bundle gerbes G coincides with the sign

choice of its Real Dixmier–Douady class DDR(G) as defined in (2.2).

Similarly to the cases of Real functions and equivariant line bundles, we have

Proposition 4.10. The composition

H2(M,U(1))
Q7→Q⊗τ−1

(Q
∗
)−−−−−−−−−−→ H2(M ;Z2,U

1)
σ2−−−→ H0(M τ ,Z2)

is equal to 1.

Proof. If (Q,X) is a bundle gerbe on M , define a Real bundle gerbe (P, Y ) by Y = X×M τ
−1(X)

and P = Q⊗ τ−1(Q∗). A fibre point y = (x, x′) ∈ Ym = Xm ×Xτ(m) satisfies τ(x, x′) = (x′, x).

The fibre of P = Q⊗τ−1(Q∗) at (y1, y2) = ((x1, x
′
1), (x2, x

′
2)) is Q(x1,x2)⊗Q

∗
(x
′
1,x
′
2)

. If τ(m) = m,

we can pick y = (x, x) ∈ Ym. Any f = q ⊗ q∗ ∈ P(y,τ(y)) = Q(x,x) ⊗Q
∗
(x,x) satisfies τ(f) = q∗ ⊗ q

and f τ(f) = q(q∗)⊗ q(q∗) = 1 ∈ P(y,y), which maps to 1 ∈ U(1) as required. �

Let X = M/τ denote the quotient space as in the orientifold constructions of type II string

theory. By applying the Grothendieck spectral sequence to the fibration π : M → X, it is

possible to give a general characterisation of the kernel and image of the sign choice map σ2 in

terms of the sheaf cohomology of the space of “physical points” X of the orientifold (M, τ).

Theorem 4.11. There exists a five-term exact sequence

0 −→ H2(X,πτ∗ U
1) −→ H2(M ;Z2,U

1)
σ2−−−→ H0(M τ ,Z2)

d3−−−→ H3(X,πτ∗ U
1)

where πτ∗ U
1 is the invariant direct image sheaf.

Proof. The equivariant sheaf cohomology groups are the derived functors of the right exact

functor H0(M ;Z2,U
1) = Γ τ (U1) of global invariant sections of the Z2-sheaf U1:

Hq(M ;Z2,U
1) = (Rq Γ τ )(U1) .

Let Γ denote the global sections functor on the quotient space X and πτ∗ the invariant di-

rect image functor. Then Γ τ = Γ ◦ πτ∗ is the composition of two right exact functors, so the

Grothendieck spectral sequence gives

Ep,q2 = (Rp Γ ) (Rq πτ∗ )(U
1) = Hp(X, (Rqπτ∗ ) (U1)

)
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converging to

(Rp+q Γ τ )(U1) = Hp+q(M ;Z2,U
1) .

The sheaf (Rq πτ∗ )(U
1) is trivial for q odd and equals the sheaf of constant Z2-valued func-

tions supported on M τ for q even. Namely if m ∈ M is not a fixed point, then we can

find a contractible open neighbourhood m ∈ U such that τ(U) ∩ U = ∅, so π(U) is an

open neighbourhood of x = π(m) ∈ X. The sheaf (Rq πτ∗ )(U
1) is associated to the pre-sheaf(

V ⊂ X
)
7→ Hq(π−1(V );Z2,U

1|
π
−1

(V )

)
, and for q > 0 we get

Hq(π−1(π(U));Z2,U
1) = Hq(U ∪ τ(U);Z2,U

1) = 0

since U is contractible. It follows that for q > 0, the sheaf (Rq πτ∗ )(U
1) is supported on the fixed

point set M τ . Moreover, by choosing an invariant open neighbourhood around each connected

component of M τ which equivariantly retracts onto that O-plane, we conclude that the stalk of

(Rq πτ∗ )(U
1) at any point x ∈M τ is simply Hq(pt;Z2,U

1), which equals 0 for q odd and Z2 for

q even. Since Aut(Z2) = 1, there is also no monodromy.

Inserted into the Grothendieck spectral sequence, the result follows by the exact sequence

of low degree terms since Ep,12 = 0, E2,0
2 = H2(X,πτ∗ U

1), and the third differential d3 maps

E0,2
2 = H0(M τ ,Z2) to E3,0

2 = H3(X,πτ∗ U
1). �

Remark 4.12. Theorem 4.11 gives a genuine obstruction to possible sign choices: the obstruction

to surjectivity of σ2 is the third differential d3 and the obstruction class is realised by an ‘orbifold

2-gerbe’ on X with band in the bundle of groups πτ∗ U
1, which lifts to a trivialisable Real bundle

2-gerbe on M that corresponds physically to the flux of a flat three-form Ramond–Ramond

field; this is an obstruction only on orientifold spacetimes which have O-planes of dimension a

multiple of 4 [3, 15]. If the obstruction map d3 is trivial, then there is a short exact sequence

0 −→ H2(X,πτ∗ U
1) −→ H2(M ;Z2,U

1)
σ2−−→ H0(M τ ,Z2) −→ 0 (4.13)

but it is not necessarily split. We shall encounter some concrete examples of these facts in the

following sections.

5. Sign choices for spherical orientifolds

Spheres provide important examples of orientifold compactifications of string theory with

background fluxes. In this section we will consider the n-spheres Sn,1 for n > 1 equipped with

an involution with fixed points, and apply the techniques from the previous sections to derive a

general formula for the geometric sign choices for a broad class of orientifolds.

5.1. The three-sphere S3,1. One of the most common examples of a string orientifold involves

the three-sphere S3,1 ⊂ R4 equipped with the involution (x, y, z, w) 7→ (−x,−y,−z, w). This

is equivalent to the Lie group SU(2) equipped with the involution τ : g 7→ g−1, so it has two

fixed points ± I corresponding to the north and south poles of the three-sphere. The long exact

sequence (2.3) yields

0 = H1(S3,1,U(1)) // H1(S3,1;Z2,U
0) //// H2(S3,1;Z2,U

1)

// H2(S3,1,U(1)) // H2(S3,1;Z2,U(1)) = 0
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where the vanishing of the last group follows from the spectral sequence for Grothendieck’s

equivariant sheaf cohomology. Since H2(S3,1,U(1)) = H3(S3,Z) = Z, we obtain

0 −→ H1(S3,1;Z2,U
0)

∂2−−→ H2(S3,1;Z2,U
1) −→ Z −→ 0 .

The first group equals Z2 since it is the group of isomorphism classes of Z2-equivariant line

bundles on S3,1. As any line bundle on S3 is trivial, the only possible Z2-equivariant extensions

are given by multiplication with τ = +1 or τ = −1 on the fibre C. This gives the Real Brauer

group

H2(S3,1;Z2,U
1) = Z2 ⊕ Z ,

where the complex Dixmier–Douady class of (a, b) is b. This can also be verified by using the

Grothendieck spectral sequence.

The group of sign choices is H0((S3,1)τ ,Z2

)
= Z2 ⊕ Z2. We proceed to show that the sign

choice map

σ2 : Z2 ⊕ Z −→ Z2 ⊕ Z2

sends Z2 to the diagonal, and that it maps the basic bundle gerbe generating Z to (−1, 1).

For this, we will apply the construction of the sign choice map from Example 4.8, with H

given by 2π i times the normalized volume form on S3. Consider the group SU(2) and take the

basepoint I. We regard S3 as R3 with the identity I as (0, 0, 0) and τ(x, y, z) = (−x,−y,−z).
Then the fixed point −I is at infinity. Let p be the path from the origin along the positive z-axis

to infinity. Applying τ then gives the path from the origin along the negative z-axis to infinity.

The surface Σ ⊂ S3 is taken to be the set of all (x, 0, z) with x ≥ 0, and then τ(Σ) is the set

of all (x, 0, z) with x ≤ 0. The union S = Σ ∪ τ(Σ) is the (x, z)-plane, which we take to bound

the ball BS given by the half-space (x, y, z) with y ≥ 0. The holonomy hol(Σ∪ τ(Σ);H) is then

computed by integrating H over half of R3, or in other words over half of S3. The integral of

H over all of S3 equals 2π i , and hence the sought integral is π i and the holonomy is −1. Thus

the sign choice of the basic bundle gerbe at the point −I ∈ SU(2) is −1. At the other pole of

the sphere we can take all paths and Σ constant, giving the sign choice +1.

We conclude that in the group Z2⊕Z of Real bundle gerbes on SU(2), the basic bundle gerbe

is (0, 1), while the Real bundle gerbe coming from the connecting homomorphism, with sign

choices −1 at both fixed points, is (−1, 0). The geometric sign choices are Σ2(S3,1) = Z2 ⊕ Z2,

with the basic bundle gerbe mapping to (−1, 1) and the coboundary bundle gerbe mapping to

(−1,−1). Hence the map from Z2 ⊕ Z to Z2 ⊕ Z2 is (a, b) 7→ (a + [b], a − [b]), where b 7→ [b]

is the reduction map Z → Z2. Thus the sign choice map is surjective, but Z2 ⊕ Z2 is not a

direct summand in the Real Brauer group. In particular, for all sign choices to arise one needs

to consider Real bundle gerbes with non-vanishing complex Dixmier–Douady class.

Another way of seeing this is to use the Mayer–Vietoris sequence. Write S3,1 = U+ ∪ U− as

the union of the upper and lower hemispheres of S3. These are equivariantly contractible and

each contribute H2(pt;Z2,U
1) = Z2. The involution on the equator U+∩U− acts freely and the

quotient is the real projective plane RP 2. Then

H1(RP 2;Z2,U
1) ' H2(RP 2,Z−1) ' H0(RP 2,Z) = Z

where Z−1 is the orientation bundle on RP 2 and the second isomorphism is Poincaré dual-

ity. Since H2(RP 2;Z2,U
1) = H3(RP 2,Z−1) = 0 for dimensional reasons, the Mayer–Vietoris

sequence gives

0 −→ Z −→ Z2 ⊕ Z σ2−−→ Z2 ⊕ Z2 −→ 0
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where the restriction map σ2 sends (0, 1) to (−1, 1). This is an instance of the exact sequence

(4.13) where σ2 is a non-split surjection.

5.2. The n-sphere Sn,1. Let Sn,1 ⊂ Rn+1 denote the n-sphere with n ≥ 4, equipped with the

Real structure induced by the involution τ : (x1, x2, . . . , xn, xn+1) 7→ (−x1,−x2, . . . ,−xn, xn+1).

The long exact sequence (2.3) yields

0 = H1(Sn,1,U(1)) −→ H1(Sn,1;Z2,U
0) −→ H2(Sn,1;Z2,U

1) −→ H2(Sn,1,U(1)) = 0 .

We have H1(Sn,1;Z2,U
0) = Z2 as the trivial line bundle on Sn,1 admits two inequivalent Real

structures. It follows that the Real Brauer group of Sn,1 is H2(Sn,1;Z2,U
1) = Z2. On the other

hand, the involution on Sn,1 has two fixed points, one at each pole of the sphere, so the group

of sign choices is H0((Sn,1)τ ,Z2

)
= Z2

2. We conclude that σ2 is not surjective in this case.

More generally, consider a product of k such Real spheres M = Sn1,1 × · · · × Snk,1 with

ni ≥ 4. Then H2(M ;Z2,U
1) = Z2 while H0(M τ ,Z2) = Z2

k

2 , so the sign choice map σ2 is far

from being onto. However, in these cases it is more natural to ask whether the sign choice

map σp+1 associated to p-gerbes with p = n1 + · · · + nk − 2 is surjective. An explicit check is

hampered by our inability to geometrically define p-gerbes in general. We consider below some

explicit cases for p = 2 where this can be addressed. The discussion would extend to a suitable

geometric realisation of p-gerbes for all p > 2, wherein the approach sketched below would work

by inductively defining σp+1 in terms of σp.

5.3. Sign choice for equivariant bundle 2-gerbes. We briefly discuss the behaviour of the

sign choice map σ3. Write G ⇒ M for a bundle gerbe over a manifold M . A bundle 2-gerbe

G over M consists of a surjective submersion Y → M together with a bundle gerbe G ⇒ Y [2]

subject to some additional conditions detailed in [21]. If (M, τ) is an orientifold, then we assume

that G is equivariant in the strong sense that τ lifts to act on all the spaces by involutions. The

equivariant sheaf cohomology group H3(M ;Z2,U
0) classifies Z2-equivariant bundle 2-gerbes, up

to appropriate equivalence.

The connecting homomorphism ∂3 sends Real bundle gerbes to Z2-equivariant bundle 2-

gerbes, and σ3 ◦ ∂3 = σ2 by Proposition 2.6. Let m ∈M τ , and let y ∈ Ym be the corresponding

fibre of Y over M , then τ : G(y,τ(y)) → G(τ(y),y). From the structure of the bundle 2-gerbe there

is also an inversion map G(τ(y),y) → G(y,τ(y)) which acts by conjugation. Thus composing the

equivariant structure and the inverse gives a Real structure G(y,τ(y)) → G(y,τ(y)), which has a sign

choice. We declare this to be the sign choice σ3(G )(m) of the equivariant bundle 2-gerbe G over

M at the fixed point m. To justify this definition, note that in the case of bundle gerbes the

same construction would define an equivariant action P(y,τ(y)) → P(y,τ(y)) which in the notation

of Section 4.3 would be f 7→ σ(G)(m) τ(f)−1, and we would take σ(G)(m) as our sign choice.

But then σ(G)(m) = 〈f τ(f)〉 = σ2(G)(m).

Example 5.1 (σ3 is onto). We show that for S4,1 the sign choice homomorphism

σ3 : H3(S4,1;Z2,U
0) −→ Z2 ⊕ Z2

is surjective. Since S4,1 is 2-connected and the complex Dixmier–Douady class of any Real bundle

gerbe on S4,1 vanishes, it follows from Proposition 5.4 below that σ2 on such Real bundle gerbes

is either (1, 1) or (−1,−1). Hence σ2 on the corresponding equivariant bundle 2-gerbes is the

same. To obtain other sign choices it suffices to find an equivariant bundle 2-gerbe whose sign

choice is (1,−1) or (−1, 1), as we can get the other sign choice by tensoring with the (−1,−1)

bundle 2-gerbe.
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We show that the bundle 2-gerbe is the Chern–Simons bundle 2-gerbe [4] for the standard

SU(2)-bundle P → S4. The total space of this bundle is given by

P =
{

(w0, w1) ∈ H2 ∣∣ w0 w̄0 + w1 w̄1 = 1
}

= S7 ⊂ H2 = R8 ,

and the cosets of the right action by the unit quaternions Sp(1) = SU(2) is P1H ' S4. Define

the orientifold action on P by τ(w0, w1) = (−w0, w1), which descends to the action on S4,1.

Over [1, 0] the involution τ acts freely and over [0, 1] it acts trivially. The Chern–Simons bundle

2-gerbe is defined as follows. There is a map ρ : P [2] → SU(2) defined by p1 = p2 ρ(p1, p2).

Then the bundle gerbe over P [2] is the pullback of the basic bundle gerbe G ⇒ SU(2), which we

denote by H. The action of τ on P satisfies ρ ◦ τ = ρ, so the equivariant structure can be taken

to be the identity

H(y1,y2) = Gρ(y1,y2) = Gρ(τ(y1),τ(y2)) = H(τ(y1),τ(y2)) .

There are two cases:

• Let y = (0, 1), then τ(y) = (0, 1) so that ρ(y, τ(y)) = I ∈ SU(2). Thus H(y,τ(y)) = GI .
The sign choice we want is that of this Real structure on GI , which we know from

Section 5.1 equals +1.

• Let y = (1, 0), then τ(y) = (−1, 0) so that ρ(y, τ(y)) = −I ∈ SU(2). The inversion

map on the bundle gerbe is the usual Real structure when identifying SU(2) = S3,1,

so the sign choice we want is that of this Real structure on G−I , which we know from

Section 5.1 equals −1.

Example 5.2 (σ3 is not onto). Consider the quadric M = S2,1×S2,1. There are four fixed points

in this case, so the group of sign choices is H0(M τ ,Z2) = Z4
2. An explicit calculation shows

that all the geometric sign choices, including equivariant bundle 2-gerbes, are contained in the

subgroup of sign choices which have an even number of −1 signs. Hence Σ3(M) 6= H0(M τ ,Z2).

5.4. Constraints on geometric sign choices. We shall now derive a criterion that can often

be used to constrain the possible geometric sign choices on an orientifold (M, τ).

Definition 5.3. Let m 6= m′ be fixed points in M τ . A Real d-span of m and m′ is a Real map

µm,m′ : S
d,1 →M with µm,m′(1, 0, . . . , 0) = m and µm,m′(−1, 0, . . . , 0) = m′.

The problem of finding a Real d-span may be formulated in terms of certain constraints on

(M, τ) as follows. Suppose that M is d− 1-connected with m and m′ isolated fixed points of τ .

Assume that it is possible to choose a path γ from m to m′ which avoids the fixed points. Then

τ(γ) is another path from m to m′ that does not intersect γ except at m and m′, and γ ∪ τ(γ)

defines a map of S1,1 into M , which is a Real 1-span since it commutes with the involutions on

M and on S1. Next if d > 1, then M is 1-connected and suppose that a spanning surface Σ for

γ and τ(γ) can be chosen such that it avoids the fixed point set. Then τ(Σ) also has boundary

γ ∪ τ(γ) and the union Σ∪ τ(Σ) determines a Real 2-span. Continuing in this way, and as long

as the fixed point set can be avoided, we obtain a Real d-span.

Proposition 5.4. Let ξ be an invariant p-gerbe over an orientifold (M, τ) with complex charac-

teristic class Cp+2(ξ) ∈ Hp+2(M,Z) and sign choice σp+1(ξ) ∈ H0(M τ ,Z2). If µm,m′ is a Real

(p+ 2)-span of m,m′ ∈M τ , then

σp+1(ξ)(m) = (−1)
〈µ∗

m,m
′ (Cp+2(ξ)),S

p+2〉
σp+1(ξ)(m′ ) . (5.5)

Proof. Since the span is a Real map, it pulls back the invariant p-gerbe onM to the sphere Sp+2,1.

The sign of the pulled back p-gerbe at (1, 0, . . . , 0) is σp+1(ξ)(m) and at (−1, 0, . . . , 0) it equals
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σp+1(ξ)(m′). The complex characteristic class of the pulled back p-gerbe is µ∗
m,m

′(Cp+2(ξ)). The

result follows by the calculation in Sections 5.1 and 5.2, which shows that an invariant p-gerbe

on Sp+2,1 has signs that differ precisely by the periods of its complex characteristic class. �

The formula (5.5) constrains the possible sign choices because once a sign choice is made at one

fixed point, all the other sign choices are determined by the periods of the class of the p-gerbe.

This is independent of the Real or equivariant structure on the p-gerbe and depends solely on

the periods of Cp+2(ξ). In particular, if the p-gerbe ξ has vanishing complex characteristic class

Cp+2(ξ) = 0, then the sign choice map σp+1(ξ) is constant and all sign choices are the same.

6. Sign choices for toroidal orientifolds

Tori constitute important examples of flat orientifold compactifications of string theory. In

this section we consider examples of multiply connected orientifolds involving tori. The allowed

sign choices in these cases have been studied from different perspectives in [5, 9, 7, 8].

6.1. The circle S1,1. We denote by S1,1 the circle S1 = U(1) with the Real structure τ(u) = ū

and fixed points± 1. We can identifyH0((S1,1)τ ,Z2

)
with Z2⊕Z2 by the map f 7→ (f(1), f(−1)).

There are two types of string theories to which this pertains to: the orientifold type IIA string

theory compactified on S1,1 is the type IA theory which under T-duality maps to type I string

theory on a circle, or equivalently the orientifold type IIB theory on S0,2, whereas the type ĨA

theory is the T-dual of the type IIB orientifold on S2,0 [14, 19]. The two theories are distinguished

by the fact that in the former case the two O-planes have the same sign while in the latter case

they have opposite signs. Both theories arise within our present formalism if all sign choices are

possible, which is guaranteed by

Proposition 6.1. The sign choice map

σ2 : H2(S1,1;Z2,U
1) −→ H0((S1,1)τ ,Z2

)
= Z2

2 (6.2)

is an isomorphism.

Proof. The long exact sequence (2.3) in this case degenerates to

0 −→ H1(S1,1;Z2,U
0) −→ H2(S1,1;Z2,U

1) −→ 0 , (6.3)

so we need to understand the space of equivariant line bundles over S1. Every line bundle over

S1 is trivial and the generic Z2-action on the trivial bundle is g τ , where g : S1 → U(1) and τ is

the trivial action on the trivial bundle. To compute the number of inequivalent Z2-structures on

the trivial bundle, we need to calculate the quotient in Proposition 4.3. We proceed by showing

that the sequence

H0(S1,U(1))
f 7→f (f̄◦τ)−−−−−−→ H0(S1,1;Z2,U

1)
σ0−−→ H0((S1,1)τ ,Z2

)
−→ 0 (6.4)

is exact, from which it follows that

σ1 : H1(S1,1;Z2,U
0) −→ H0((S1,1)τ ,Z2

)
is an isomorphism. The result then follows by the connecting isomorphism (6.3).

To establish the exactness of (6.4), we show that for any g ∈ H0(S1,1;Z2,U
1) with g(1) = 1

and g(−1) = 1, there exists a function f : S1 → U(1) with g(u) = f(u) f(ū). Identify S1 = R/Z
and lift g to ĝ : R→ R. Then ĝ(t+ 1) = ĝ(t) + n for some n ∈ Z which is the winding number
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of g. Because g(1) = 1 we can assume that ĝ(0) = 0, and then by g(−1) = 1 it follows that

ĝ(1
2) = k for some k ∈ Z. Also because g(ū) = g(u) for all u ∈ S1, we have

−ĝ(1− t) = ĝ(t) +m

for some m ∈ Z. Taking t = 1
2 and t = 0 then shows that m = −2k and n = 2k. Define

f̂(t) = 1
2 ĝ(t), then

f̂(t+ 1) = f̂(t) + k

and

f̂(t)− f̂(1− t) = 1
2 ĝ(t)− 1

2 ĝ(1− t) = ĝ(t)− k .

We conclude that f̂ descends to a well-defined function f : S1 → U(1) satisfying f(u) f(ū) = g(u)

as required. �

6.2. The two-torus S1,1×S1,1. The case of a two-torus is analogous but more complicated since

now there are non-trivial line bundles on T 2 = S1,1×S1,1. These are classified by H2(T 2,Z) = Z.

A line bundle whose Chern class is the generator can be described as follows [9]. If x,y ∈ R2 let

c(x,y) = exp
(
2π ix1 (x2 − y2)

)
.

Define an equivalence relation on R2 × U(1) by (x, u) ∼ (y, v) if x− y ∈ Z2 and v = c(x,y)u.

The sought U(1)-bundle P is defined as the quotient by this equivalence relation, with the

projection π([x, u]) = [x] where [x] denotes the orbit in S1 × S1 = R2/Z2. We lift the Real

structure on S1,1 × S1,1 to P by defining τ([x, u]) = [−x, u]. Checking that this is well-defined

reduces to observing that c(−x,−y) = c(x,y). The fixed points of τ on T 2 are (0, 0), (1
2 , 0),

(0, 1
2) and (1

2 ,
1
2). On the corresponding fibres the Real structure acts by

τ
(
[x, u]

)
= [−x, u] =

[
x, exp(4π ix1 x2)u

]
,

so τ acts by the identity on the four fixed points. Hence σ1(P ) = (1, 1, 1,−1) where we denote

a sign choice by its values on the four fixed points as listed above. In other words, every odd

power of P admits a Z2-structure with this same sign choice and even powers have trivial sign

choice.

Next we need to study the quotient in Proposition 4.3 and consider the sequence

H0(T 2,U(1))
f 7→f (f̄◦τ)−−−−−−→ H0(T 2;Z2,U

1)
σ0−−→ H0((T 2)τ ,Z2

)
= Z4

2 .

Let E ⊂ H0((T 2)τ ,Z2

)
denote the subgroup of sign choices whose product is +1, that is, there

are an even number of −1’s. Then E ' Z3
2 as any element is determined by its value on just

three of the four fixed points. We have

Proposition 6.5. The image of σ0 is E.

Proof. Consider the functions g : T 2 → U(1), (u, v) 7→ g(u, v) defined by the values ± 1, ±u, ± v
and ±u v. These give all the sign choices with even numbers of negative signs. Assume now that

there is a function g with g(1, 1) = 1 and g(1,−1) = g(−1, 1) = −1. We show that it must have

g(−1,−1) = 1. We may lift g to ĝ : R2 → R in such a way that ĝ(0, 0) = 0. Moreover we must

have ĝ(x+ 1, y) = ĝ(x, y) +m, ĝ(x, y + 1) = ĝ(x, y) + n and −ĝ(−x,−y) = ĝ(x, y) + k for some

integers m, n and k. Substituting ĝ(0, 0) = 0 gives k = 0. In addition we have ĝ(1
2 , 0) = p+ 1

2 and

ĝ(0, 1
2) = q + 1

2 for some p, q ∈ Z, so ĝ(1
2 ,

1
2) = −ĝ(−1

2 ,−
1
2) and ĝ(1

2 ,
1
2) = ĝ(−1

2 ,−
1
2) + m + n.

Thus ĝ(1
2 ,

1
2) = 1

2 (m + n). Applying a similar argument gives ĝ(1
2 , 0) = m

2 = p + 1
2 and

ĝ(0, 1
2) = n

2 = q + 1
2 . Hence ĝ(1

2 ,
1
2) = p + q + 1 ∈ Z giving the required result. Now any sign
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choice with an odd number of negative signs is a sign choice with an even number of negative

signs multiplied by (1,−1,−1, 1), so none of them can occur in the image of σ0. �

Proposition 6.6. If σ0(g) = (1, 1, 1, 1), then there exists a smooth function f : T 2 → U(1) such

that g(u, v) = f(u, v) f(ū, v̄).

Proof. As in the proof of Proposition 6.5 we lift g to ĝ : R2 → R such that ĝ(x+1, y) = ĝ(x, y)+m

and ĝ(x, y + 1) = ĝ(x, y) + n. We may assume that ĝ(0, 0) = 0 and thus −ĝ(−x,−y) = ĝ(x, y).

Moreover ĝ(1
2 , 0) = p, ĝ(0, 1

2) = q and ĝ(1
2 ,

1
2) = r where p, q, r ∈ Z. Hence ĝ(1

2 , 0) = ĝ(−1
2 , 0)+m

and p = ĝ(1
2 , 0) = −ĝ(−1

2 , 0) so that m = 2p. Similarly n = 2q. Define

f̂(x, y) = 1
2 ĝ(x, y)

and notice that f̂(x+ 1, y) = f̂(x, y) + p and f̂(x, y + 1) = f̂(x, y) + q, so that f̂ descends to a

well-defined function f : T 2 → U(1). Moreover

f̂(x, y)− f̂(−x,−y) = 1
2 ĝ(x, y)− 1

2 ĝ(−x,−y) = ĝ(x, y) ,

so that g(u, v) = f(u, v) f(ū, v̄) as required. �

It follows that the sequence

H1(T 2,U(1))
P 7→P⊗τ−1

(P )−−−−−−−−−→ H1(T 2;Z2,U
0)

∂2−−→ H2(T 2;Z2,U
1) −→ 0 (6.7)

is exact since T 2 is two-dimensional. Moreover we have

H1(T 2;Z2,U
0) = Z⊕ Z3

2

as line bundles on T 2 with arbitrary Chern class admit any choice of Z2-action. From the

calculation above of the sign choice for the generator in H2(T 2,Z), we conclude that σ1 maps

Z ⊕ Z3
2 to Z2 ⊕ Z3

2 = Z4
2 surjectively. This agrees with the results of [9], which we will explain

in more generality in Section 7.

The image of the map P 7→ P ⊗ τ−1(P ) consists of the line bundles with even Chern class,

so the Real Brauer group is

H2(T 2;Z2,U
1) = Z⊕ Z3

2

and the action of σ2 is again projection onto Z4
2. In summary, we have

Proposition 6.8. The Real Brauer group of the two-torus T 2 = S1,1 × S1,1 is

H2(T 2;Z2,U
1) = Z⊕ Z3

2

and the sign choice map σ2 is the projection onto H0((T 2)τ ,Z2

)
= Z4

2 induced by reduction

modulo 2 on the first factor.

6.3. The three-torus S1,1 × S1,1 × S1,1. With the conjugation action on each circle factor,

the involution on the three-dimensional torus T 3 has eight fixed points and hence there are 28

possible sign choices. Since T 3 = R3/Z3, the fixed points are the image of the eight points

(ρ1, ρ2, ρ2) where ρi ∈ {0, 1
2}. We can regard the fixed points on the three-torus as forming a

cube. Let E ⊂ H0((T 3)τ ,Z2

)
be the subgroup of all sign choices with the property that their

product around each square of the cube equals 1. Then it is straightforward to see that E

contains 16 elements. We now show that the sequence

H0(T 3,U(1))
f 7→f (f̄◦τ)−−−−−−→ H0(T 3;Z2,U

1)
σ0−−→ E −→ 0

is well-defined, that is, σ0 takes values in E, and that it is exact. Consider f : T 3 → U(1)

satisfying f(z) f(z̄) = 1 for all z ∈ T 3, and lift f to the universal cover f̂ : R3 → R. If e1, e2, e3
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is the standard basis of R3, then f̂(x + ei) = f̂(x) + ni for ni ∈ Z and f̂(x) + f̂(−x) = k ∈ Z,

for all x ∈ R3. If εi ∈ {0, 1} for i = 1, 2, 3, then it follows that

f̂
(1

2

3∑
i=1

εi ei

)
=

1

2

(
k +

3∑
i=1

ni εi

)
. (6.9)

Let i, j, k be distinct and ε ∈ {0, 1}, then adding up around a square gives

f̂
(

1
2 ε ek

)
+f̂
(

1
2 ε ek+

1
2 ei
)
+f̂
(

1
2 ε ek + 1

2 ej
)
+f̂
(

1
2 ε ek + 1

2 ei + 1
2 ej

)
= 2 k+2 ε nk+ni+nj ∈ Z

and so multiplying the values of f around the corresponding square of fixed points gives 1.

Hence the image of σ0 is contained in E.

Next we show that σ0 is surjective. For each S1 factor there are two Real functions 1 and z,

combining these makes eight Real functions and applying ± 1 makes 16. They are all distinct

so σ0 is surjective.

Finally we prove exactness in the centre. That is, if σ0(f) = 1 we show that there is a function

g : T 3 → U(1) such that f(z) = g(z) g(z̄). Lift f to f̂ : R3 → R as above. Then from (6.9) we

deduce that

1

2

(
k +

3∑
i=1

ni εi

)
is always an integer and hence that k, n1, n2, n3 ∈ 2Z. The function

ĝ(x) = 1
2 f̂(x)

satisfies ĝ(x+ei)− ĝ(x) ∈ Z and so descends to a well-defined function g : T 3 → U(1). Moreover

we obtain

ĝ(x)− ĝ(−x) = 1
2 f̂(x)− 1

2 f̂(−x) = f̂(x)− 1
2 k

as required. This gives the claimed exactness. This also shows that E ' Z4
2.

Consider now the exact sequence

H1(T 3,U(1))
P 7→P⊗τ−1

(P )−−−−−−−−−→ H1(T 3;Z2,U
0)

∂2−−→ H2(T 3;Z2,U
1) −→ H2(T 3,U(1)) .

It follows from the Künneth theorem that H1(T 3,U(1)) = Z3, and each of the generating line

bundles is a pullback via a projection T 3 → T 2 of the standard bundle constructed in Section 6.2,

so each admits a Z2-action. Hence

H1(T 3;Z2,U
0) ' Z3 ⊕ E ' Z3 ⊕ Z4

2 ,

with the sign choice map σ1 being the projection of Z3 ⊕ Z4
2 onto Z7

2. The image consists of all

sign choices whose product over the eight fixed points is equal to 1. The map P 7→ P ⊗ τ−1(P )

is multiplication by 2 on the Z3 factor.

Finally we consider Real bundle gerbes on T 3. Let Y = R3 → T 3 be the universal cover and

define g : Y [3] → U(1) by

g(x,y, z) = exp
(
2π ix1 (x2 − y2) (y3 − z3)

)
.

It is straightforward to show that δ(g) : Y [4] → U(1) equals 1. This gives a bundle gerbe

P = Y [2] × U(1) with multiplication(
(x,y), u

) (
(y, z), v

)
=
(
(x, z) , g(x,y, z)u v

)
.
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There is a lift of the Real structure on T 3 to Y by τ(x) = −x. Since g(−x,−y,−z) = g(x,y, z),

we obtain a Real structure on P given by τ((x,y), u) = ((−x,−y), ū). One easily verifies that

this bundle gerbe has complex Dixmier–Douady class generating H2(T 3,U(1)) = Z. Hence

H2(T 3;Z2,U
1) = Z3

2 ⊕ E ⊕ Z .

We calculate the sign of the Real bundle gerbe following the procedure of Section 6.2. We take

x ∈ Y so that (x,−x) ∈ Y [2] and pick p = (x,−x, 1) ∈ P(x,−x). Then τ(p) = (−x,x, 1) and

p τ(p) =
(
(x,x), g(x,−x,x)

)
=
(
(x,x), exp(−8π ix1 x2 x3)

)
.

Thus the sign choice is 1 except at (1
2 ,

1
2 ,

1
2) where it equals −1.

Proposition 6.10. The Real Brauer group of the three-torus T 3 = S1,1 × S1,1 × S1,1 is

H2(T 3;Z2,U
1) = Z7

2 ⊕ Z ,

and the sign choice map σ2 is the projection onto H0((T 3)τ ,Z2

)
= Z8

2 induced by reduction

modulo 2 on the last factor.

7. KR-theory with sign choices

In this final section we make contact with the prescription of [9] for computing the sign

choices in orientifold backgrounds of type II string theory whose complex Dixmier–Douady class

is trivial, that is, when H = dB globally. This enables a general KR-theory classification of

D-brane charges in the cases when the sign choice map is not constant over the orientifold planes.

7.1. The Gao–Hori construction. From explicit worldsheet considerations, Gao and Hori

in [9] gave the relevant geometric ingredients required of any type II string orientifold con-

struction with topologically trivial H-flux, which we briefly review and then translate into the

language of the present paper. Let (M, τ) be an orientifold. Then the data of [9] consists of a

quadruple (B,L, α, c) where:

• B ∈ Ω2(M) is a globally defined B-field on M .

• L is a line bundle over M called the twist bundle.

• α is a connection on L called the twist connection.

• c is a global section of τ−1(L)⊗ L∗ called the crosscap section.

The line bundle with connection (L,α) originates from requiring invariance of the B-field am-

plitude (see Section 3.3) under the parity transform φ̂ 7→ τ ◦ φ̂ ◦ Ω for all string worldsheets

φ̂ : Σ̂→ M , which for a globally defined B-field implies that the two-form B + τ∗(B) has inte-

gral periods, and so represents a class in H2(M,Z) or equivalently the curvature of a connection

on a line bundle over M . Invariance of D-brane Chan–Paton factors under the parity transform

then requires that the twist bundle L→M be equivariant and that the twist connection α on L

is a Z2-invariant connection. The crosscap section c is a Z2-structure on the twist bundle, and

altogether it follows that the quadruple (B,L, α, c) is subjected to the following constraints:

(C1) dα = B + τ∗(B).

(C2) The connection τ∗(α)− α of τ−1(L)⊗ L∗ is flat and has trivial holonomy.

(C3) c is a parallel section with respect to the connection τ∗(α)−α, that is, dc+
(
τ∗(α)−α

)
c =

0, such that c τ∗(c) = 1.

The condition (C3) implies that dc = 0 and c2 = 1 on the fixed point set M τ , and so the

crosscap section determines a sign choice [c] ∈ H0(M τ ,Z2), which agrees with our definition

of sign choice from Section 4.2. When the twist (L,α) is trivial, c is constant on M and all
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O-planes have the same sign choice. For non-trivial twists, the values of c can differ from one

O-plane to another.

We will now show that the twist connection α on L gives rise to a Real bundle gerbe connection

on a trivial bundle gerbe (Q,Y ) = ∂2(L), and the B-field gives rise to a Real curving for this

connection. For this, we slightly unravel the coboundary map from the definition in [13]. Given

the equivariant bundle L → M , so that τ−1(L) = L, let Y = M × Z2 with the involution

τ : (m,x) 7→ (τ(m), x + 1) covering τ on M . Let πM : Y → M be the projection. Then Y is

two copies of M labelled by 0 and 1 so that any bundle Q→ Y is a pair of bundles (Q0, Q1) on

M×{0} and M×{1}, respectively. For such a bundle Q we have τ−1(Q) = (τ−1(Q1), τ−1(Q0)),

and if L → M is a line bundle then π−1
M (L) = (L,L) → Y . Following [13] we define the

Real bundle gerbe over M which is the image of L under the connecting homomorphism as

Q→ Y [2] = M × Z2 × Z2 with Q = δ(U(1), L), where here U(1) denotes the trivial bundle over

M . Explicitly, Q is the disjoint union of four bundles over M labelled by elements of Z2 × Z2

given by

Q(0,0) = U(1) , Q(0,1) = L , Q(1,0) = L∗ and Q(1,1) = U(1) .

The bundle gerbe multiplication is made up of the obvious contractions and the Real structure

follows from

τ−1(Q∗)(0,0) = τ−1(Q∗(1,1)) = τ−1(U(1)∗) = U(1) = Q(0,0) ,

τ−1(Q∗)(1,0) = τ−1(Q∗(0,1)) = τ−1(L∗) = L∗ = Q(1,0) ,

τ−1(Q∗)(0,1) = τ−1(Q∗(1,0)) = τ−1(L) = L = Q(0,1) ,

τ−1(Q∗)(1,1) = τ−1(Q∗(0,0)) = τ−1(U(1)∗) = U(1) = Q(1,1) .

We can pick a connection α on L which is invariant by picking any connection and averaging

it. Being invariant it automatically satisfies the conditions (C2) and (C3) above. Then the

bundle Q inherits a connection which is a bundle gerbe connection and also Real. If we call this

bundle gerbe connection AQ, then on the four components of Y [2] we have

AQ(0,0) = 0 , AQ(0,1) = α , AQ(1,0) = −α and AQ(1,1) = 0 ,

so its curvature FQ = dAQ has components

FQ(0,0) = 0 , FQ(0,1) = dα , FQ(1,0) = −dα and FQ(1,1) = 0 .

We can take the curving on Y to have components fQ = (−dα,dα). The B-field is a two-form

on M satisfying B+τ∗(B) = dα. If we define a two-form f on Y by f = (f0, f1) = (B,−τ∗(B)),

then to be a curving we would need FQ(i,j) = fj − fi, which is indeed satisfied.

7.2. Twisted K-theory. Gao and Hori use the orientifold data (B,L, α, c) in [9] to introduce

a new variant of KR-theory groups KR(M ; c) accommodating non-constant sign choices, and

conjecture a certain Fredholm module formulation for this K-theory. We will show that the

K-theory of vector bundles twisted by equivariant line bundles introduced in [9] is simply KR-

theory twisted by a certain Real bundle gerbe. From our general twisted KR-theory construction

from [13], this implies in particular that the twisted K-theory construction of [9] is a generalised

cohomology theory, and the Fredholm module description follows immediately.

First we note that there is a natural notion of modules associated to each invariant p-gerbe

for p = −1, 0, 1. These modules form a semi-group, whose Grothendieck group completion

determines a K-theory group. The respective notions of module are defined as follows.
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Definition 7.1. Let (M, τ) be an orientifold.

(a) If c : M → U(1) is a Real function, then a c-module is a vector bundle E → M with a

conjugate linear map τE : E → E covering τ and satisfying τ2
E = c idE . In particular if

c = 1 then E is just a Real vector bundle in the sense of Atiyah [2].

(b) If L→M is a Z2-equivariant line bundle, then an L-module is a vector bundle E →M

with a linear map E → τ−1(E∗)⊗ L such that the composition

E −→ τ−1(E∗)⊗ L −→ E ⊗ τ−1(L∗)⊗ L

is idE ⊗c, where c ∈ Γ
(
τ−1(L∗)⊗ L

)
is the Z2-structure on L.

(c) If G = (P, Y ) ⇒ M is a Real bundle gerbe, then a G-module is a vector bundle E → Y

with a bundle map P ⊗ π−1
2 (E)→ π−1

1 (E) over Y [2] satisfying the natural associativity

condition that the diagram

P(y1,y2) ⊗ P(y2,y3) ⊗ Ey3

uu ))

P(y1,y2) ⊗ Ey2

))

P(y1,y3) ⊗ Ey3

uu
Ey1

commutes on any triple (y1, y2, y3) ∈ Y [3], together with a conjugate linear map τE : E →
E commuting with the Real structure on Y such that the diagram

P(y1,y2) ⊗ Ey2
τ⊗τE

��

// Ey1

τE
��

P ∗(τ(y1),τ(y2)) ⊗ E
∗
τ(y2)

// E∗τ(y1)

commutes for every pair (y1, y2) ∈ Y [2].

The case of equivariant line bundle modules is the construction of Gao and Hori from [9],

where the orientifold isomorphism E → τ−1(E∗)⊗L is the action of the parity transform on the

Chan–Paton bundle E. The case of Real bundle gerbe modules leads to the geometric realisation

KRbg(M,P ) of twisted KR-theory from [13].

Proposition 7.2. There is an isomorphism between the K-theory of invariant p-gerbes Gp for

p = −1, 0, and the K-theory of their image ∂p+2Gp under the connecting homomorphism.

Proof. The proof is simply a matter of translating what the respective modules mean in each

case and verifying that they agree.

First we consider the relationship between (a) and (b). If L is the trivial bundle on M , then it

carries a natural Z2-action and any other action is obtained by multiplication by a Real function

c. Indeed this construction is the coboundary map ∂1 in (2.4). Conversely starting with such a

bundle L, the construction in (b) reduces to (a).

Next we look at the relationship between equivariant line bundles and Real bundle gerbes.

Suppose that L → M is an equivariant line bundle. The coboundary map (Q,Y ) = ∂2(L) was

constructed explicitly in Section 7.1 above. Let F be a Real bundle gerbe module for Q. Then

τ−1(F ) = F ∗, so it has the form F = (F0, F1) = (E, τ−1(E∗)) for a vector bundle E →M . The
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Real bundle gerbe multiplication gives isomorphisms Q(i,j) ⊗ Fj → Fi which are associative in

the sense that the map

Q(k,i) ⊗ (Q(i,j) ⊗ Fj) −→ Q(k,i) ⊗ Fi −→ Fk

is equal to

(Q(k,i) ⊗Q(i,j))⊗ Fj −→ Q(k,j) ⊗ Fj −→ Fk .

Using the definitions of Q and F , we require the isomorphisms L ⊗ τ−1(E∗) → E or E →
L⊗ τ−1(E∗). The condition on

E −→ τ−1(E∗)⊗ L −→ E ⊗ τ−1(L∗)⊗ L

follows from the associativity conditions on the bundle gerbe module, which arise from the

fact that F1 ' Q(1,0) ⊗ Q(0,1) ⊗ F1 ' F1 is the identity map and the Z2-action τ−1(L∗) = L∗.

Furthermore, it is straightforward to check that this argument can be reversed, so that a module

E for L defines a module (E, τ−1(E∗)) for the bundle gerbe Q.

In both of these cases it is clear that the bijection we have established is an isomorphism of

semi-groups, and thus establishes an isomorphism of the corresponding Grothendieck groups. �

Remark 7.3. The modules on M for an equivariant line bundle (L, c) are the same as the Real

bundle gerbe modules introduced in [13] for the complex trivial bundle gerbe Q with non-trivial

Real structure given by (L, c). In other words, the Real bundle gerbe modules for the bundle

gerbe Q restrict to orthogonal and quaternionic bundles on the different connected components

of the fixed point set of (M, τ), and in particular KRbg(M,Q) ' KR(M ; c).

References

[1] C. Angelantonj and A. Sagnotti. Open strings. Phys. Rept., 371:1–150, 2002.

[2] M. F. Atiyah. K-theory and reality. Quart. J. Math. Oxford Ser. (2), 17:367–386, 1966.

[3] O. Bergman, E. G. Gimon, and S. Sugimoto. Orientifolds, RR torsion and K-theory. J. High Energy Phys.,

no. 05, Paper 047, 30 pp, 2001.

[4] A. L. Carey, S. Johnson, M. K. Murray, D. Stevenson, and B.-L. Wang. Bundle gerbes for Chern–Simons

and Wess–Zumino–Witten theories. Commun. Math. Phys., 259(3):577–613, 2005.

[5] J. de Boer, R. Dijkgraaf, K. Hori, A. Keurentjes, J. Morgan, D. R. Morrison, and S. Sethi. Triples, fluxes,

and strings. Adv. Theor. Math. Phys., 4:995–1186, 2002.

[6] J. Distler, D. S. Freed, and G. W. Moore. Orientifold précis. Proc. Symp. Pure Math., 83:159–171, 2011.
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