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WII LIE Gr ?

• g objects :

① Lie groups
- - - → G ⇒ *

② Manifolds - -→ M →→ M

③ Global symmetries -→ Gx M → M

④ Foliations - -→ Hol (F) → M

⑤ Smooth quotients --→ Mxnm → M

' other symmetries - -→ GL (E) →→ M

:• yi
,



• LieThe_ :

Lie groupoid Lie algebroids
F-
- - --

-

J NOT ALWAYS ( Crainic- Fernandes)
POSSIBLE ! !

• poiss.com#ometry..

(Mit) Poisson manifold my> T*M →M

Lie algebra'd .

I
(Gw) → M

}
•
Quantization

SYMPLECTIC
• Poisson maps as MOMENT

Groupoid maps ! !



WI vb¥es Eeg ?

① ( G ,
W ) ⇒ M symplectic groupoid

•
WE Ñ( G) symplectic form

*w_• muLtiPL : m*w = pr,*w + prz

PM / TG w_#sT*G
i
✗ tswlx

,
•)

Gs×tG→→ G hd )→ gasPrz TM At

w multiplicative iff w# is a gpol . morphism .

• • •
Geometric structures on Lie groupoid ! !



② • G → M → (Mz) differentiable stack

( proper & e-tale ) ( orbifold)

• Vector bundles over
→

Vector bundles over

G → m [ VG )
.( del Hoyo - O)



V-IEIRB.VN#Lt-s0--ERL-i--GR--iDS

N É E
t

f f (vector 'bundles)

g÷→M

(f) C0MPAtiBiL_ : V↳ E vector bundle

d f map

g → m

• • •
Ñ
,
Ñ
,
I
,
T
.

I?M : VB - groupoid f- Categorified vector bundle ! !



EXAMP_

E ⇒ E unit gpd .

① C- → M
- - -→ tr b

vector bundle
m → m unit gpd.

② 2- VECTOR SPACE
- - -→

V1 →→ Vo

d d
Y ⇒ Vo

* → *

2= the
g

③ Representations : G

µ#
E F hog : Ex Ey

(¥ " " " " "
"")

gmp.am.µ,,

y

(f) ACTION PROPERTY.

i.e . G A- Gile)
g 1- Dog .



' ↳_gp5- E ⇒ E

d L 't
g ⇒ m

• s*E = Gs ✗
*

E z ( g ,
e)→ e c- Estes)
1→ Dge C- £t(g)

• • • Replyjcategoryg-representationsop-GT.mg
Rep (G)→ V13 (G) fuNR .

C- 1- GXE



Rep(g)coN-tE :

① Rep (m →→m) = Veit (m)

② Rep ( G → *) = Rep (G)

③ Rep ( Gxm → m) = Vect( m)
"

equiv . vector bundles

④ Rep ( Mgm → m) = Vect (N)



ABOUT Rep ( g) - VB (g)
=

sort→ E
Does any ⇒ y

come from Rep (G)?LEG→ m

• • • N°-_ .

L00kn : N GsEz£

v /→ ( Itv) ,sTv))

¥ isomorphism ←→ V = G ✗ C-

-

iff .

C :=(Keri ) / m- M C0REBuE_
is zero .



EXAM-PLE-e.ee

TG ¥sTM
Tt

g
- - -→ C = (Keris ) /

md
g ⇒ m -
t

Lie algesroid of GIM ! !

• Ey
•

• 1019 , Ex

¥1m12¥ : V s Gs¥E !
☒
- - -
-

I 9

( CLEAVAGE) y•Ñ×

• . .
At (e) = Ñ( Flog ,e)) is not A

G REPRESENTATION .



2- vet. Ny 2-vent.

Space Space.

13¥ :

•÷ : I -4T¥)
y

quasi - isomorphism of 2 - term complexes :

Agh Dog . Ah .

THE0REM__:( Gracia Saz - Mehta ,
del Hoyo - O )

Repz (G)→ VB (g)

equivalence of categories .



IF VB-GR0UP#

① fibers are vector spaces
•

E - M
-- - - →

vector bundle r( E) vector space

•
V ⇒ E

- - - - →
⑤ fibers are 2- vector spaces

f f ( Z - term complexes)

g → m

⑦ What about sections ?
-

2- vector space
=.



D-I : A multiplicative section of
V is

a pair of sections v : G - V i
e : M →E

such that :

g. IN
yg

groupoid morphism .

th
M e- c-

Notation : M ( V) multiplicative sections
.

molt



EXAMPLES-O.MY⇒ Y ) ⇐ Vo
vector fields

molt / ¥ → *
on stacks

g-
→ (Hepworth )

② r
ing ⇒ ng ) = It (G) multiplicative

mult VECTOR FIELDS
.netty

"

f.) = si (g) mom .ci#---③ r
Moet (

MG → µ
molt

1- FORMS
.

g
④ r

met / "
£ →F) = r(E) z etr

g → m

Ages (g) = et(g)
Fg c- G.



VIEGiven
y

with core C-M
tr

g → m (
TG Itm

C = A)I

g. → at

Proposition :( 0 - Waldron ) covers 2C C- r(E)

-
-
→ 2 :c → E

If ce r( c) then Cr - ce : g →V

(a c- MA) ) ( ar - al : G →Tg )
is multiplicative . ( vector field on G.)

§

r( c) f- r ( ar)
wet

C 1- Cr - ch
.



" s⇐-
.

g- or g = gi-sg.IE
in

V Toy

④ A • I = T.ua ← - -
HORIZONTAL

II.
composition,

D¥ : Seeley ,V) category :

• objects : P
muet /V)

• VI> v1 natural transf . with ④



THEOREM ( O - Waldron)
=

Seeley ,
V) is a 2- vector space

isomorphic to :

r( c) ✗ r (ar) →
muet
-
r ( w)
insult

¢ ,
v) its v
th @r- ce ) + v

•
are V

'

⇒ Seeley
,
or) = Seales ,

-
')

ME

p( c)
G

deg . zero
• Cohomology
of r( c)

d- r lar)
= { '

leg
, Ear ) deg .must H one

diff



EXAMPLt-S-W-kers.roSec / V, ⇒ V0 ) ← W →°Vo 2 = tlw

② See ( TG → Tm) f r(A) → Amulet)

a t ar - al

③ Sec ( Tg → AH ← Ilm) → I (g)
must

2 1→ Ex - t*x

④ Sec ( GXE → E) F O→ ME)%

112

ME)G→→M£Y



MUL-ni-AEV-E.IR FiEL#
.

•
r( A)→ It (g) in deformation theory ef Lie

mvet

group
- ids ( Crainic - Struchiner- Mestre)

a tsar - ae

• Sec (5,1-5) ⇐ r(A) ✗ * (G) → It (g)
muet

meet

is a Lie 2- algebra ! !

( Morina invariant was Vector fields on [Mfg] )
(Hepworth )

① Berwick Evens - Lerman

' 0 - Waldron ( Any
LA - groupoid f

e.es . Ty → g
.

! )



•
2- (m) f C•(M ) Lie algebra module

DERivATioN#

( MA> → Eudes))f ( CTM)- c:-(8) )
Derivations

1

Vector fields
on

[my]
[ Funches on (F)

( ongoing joint with Sebastian Herrera - USP

&

James Waldron - Newcastle)
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