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But this is mainly the review, not going into technicalities
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1. Volumes, equivariant volumes
definition and properties, symplectic cuts

2. Deformations of equivariant volumes
3. Quantum volumes, closed GW invariants
4. Quantum symplectic cuts, open GW invariants

5. Summary
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Volumes

volumes of compact manifolds are numbers:
M <+ vol(M) = /Q

M=M UM, < vol(M)=vol(M)+ vol(M)

Not very interesting, non-compact manifolds are problematic
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Equivariant volumes

ThxM—> M
deqg = d + €5Ly2

Qg =Q+ ...

For symplectic spaces we get

/ew“a"’a = voleq(€, ...)

Localization formulas, compact vs non-compact (for example, CV)
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Equivariant volumes, example

Pl-example:

volp: (€1, €2, t) :/d2zld222 e~alal~al2ls(2 2 4|22 — 1)

:/dqﬁ/d2zld222 e—ctlal—elz+o(|21[*+|2[*~t)

1 1
L f et

 2ni (0 +e)(o+e)
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Equivariant volumes, setup

Kahler Toric manifolds

X, = ,u_l(t)/Tr — ((CN)stable/((Cx)r

2

=2 @l
i=1

see P! example: C?, = 21>+ |2)? =t

pl = (c2 . (0,0)) /C*
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Equivariant volumes, properties

voleg(t, €) is expressed as contour integrals with JK prescription
not continuous function of t, chamber structure

equivariant cohomology, for example for P!

Clo, €1, €2]/(¢ + €1)(p2 + €2)

(0r + €1)(0r + €2)voleq(€1,€2) =0

Compact vs non-compact, singularities in €'s
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Equivariant volumes, symplectic cut

cut C2 to P? and O(—1)-bundle over P!

|22

Mo

1|2
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Equivariant volumes, symplectic cuts

1
—— = volg2 = volp(t, €1, €2) + volp(_1)(t, €1, €2)
€1€2

where we have

ed)t 1 e €1t e—€at

- - +
(p+e)(@+e)p ee  (e2—e)(—e1) (a1 — e)(—e2)

voly (t, €1, €2) = /d¢

bt e—c1t e—eat

vol €1,€n,t) = ‘d =
olo-nler 29 / ¢(¢+€1)(¢+€2)(*¢) (e2 — e1)e1 - (e1 — e2)e2
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Equivariant volumes, symplectic cuts

t

volp2 (€1, €2, t) = /dc volpi (€1, €2, €)
0

t

1
volpz (€1, €2, t) = /dc e%(61+62)c"01@1(§(62 —€1),¢)
0

where

€c —ec
e

volpi(e, ¢) = — +
€ —€

e

Also we have

volp(_1y(€1, €2, t) = /dc volp: (€1, €2, €)
t
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Deformation of equivariant volumes

there are different deformations of equivariant volumes:
Quantum mechanical deformation, just counting integer points
inside of momentum polytope

Z(T,quq)= Y ai'gy
nm+nm=T

gi=e"i t=nT

Z(T,q1,q2) = W 2vol(t,e1,€2) + ...

(1 _ eh((’)t—l—el)) <1 _ eh(at—i-q))z(-,—’ g1, q) = 0
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Deformation of equivariant volumes

Ze2(q1, 92) = Zp2 (T, 1, 92) + Zo(-1y(T + 1, q192)

00
Z eﬁeldl eﬁede _ § : eﬁqdl ehede + Z eh51d1 eﬁezdg
di,d2=0 di+d<T T+1<d1+d>

Maxim Zabzine Quantum equivariant volumes



Deformation of equivariant volumes

Quantum equivariant cohomology

Clg, 1, 62]/((¢ +€1)(d2 + €2) — e—>\t)

((at +e1)(0: + ) — e—“)fD ~0

for large t behaves as equivariant volume

One can mix two deformations (I will comment later)
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Quantum equivariant volume

properties:
PDE= quantum equivariant cohomology relations (Picard-Fuchs
equation)

FP(t,€)

nice functions, no chamber structure
but different semi-classical expansions in different chambers

FP(t,€) = voleg(t, €) + ...

non-compact examples and non-equivariant limit, singularities in
€'s (explain)
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Enumerative geometry

genus zero Gromov-Witten invariants (counting holomorphic
spheres)

FP(t,€)

the explicit relation is tricky, quasi-maps
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Symplectic cuts and quantum volumes

CY symplectic cut (Lagrangian submanifold)

+o00o
]-"D(t,e):/dc HO(t, ¢, )

D W(t,c,e) = %(’HD(t, c+ime)—HP(t,c —im, e))

™

c+im

1
Wit c.0) = 5 / ds HO(t,s,¢)
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Symplectic cuts and quantum volumes

C3, cut is given by (0,1, —1)

P3

Figure: |22 — |z3]2=¢c, ¢>0
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Open GW theory

for symplectic cut we have:

W(t,c,e)
open GW theory (counting of holomorphic disks)

for C3 examples we have
p

W ~ Lir(e€) + ....
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Open GW theory

C3 example

FP =T (e1)l(e2) (€3)

D _
7‘[ = r(€1)r(62 + 63)@

+0oo
fD(t,e):/dc HO(t, ¢, €)

—00

IcW =log(l+€°) +....
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Open GW theory

Braverman's construction for symplectic cut
cut of C2: look at |z1]? + |22 + |z3|*> — |zs]? = t
CY3 fold with CY symplectic cut — CY4

extended PF system in higher dimensional manifolds

Maxim Zabzine Quantum equivariant volumes



K-theoretical version

if we mix two pertubations we get rather cute formula

2ra- Y IG5

where g; = i, q = M\

But extracting GW invariants is complicated
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Equivariance helps but not always!!!

Equivariant parameters improve the analytical behaviour, but the
relation to enumerative geometry is unclear
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End

Thanks for your attention!
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