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§0 . 0 1 ¥ . We'll u s e topology of hyperplane arrangements t o study

algebraic properties o f A r t i n groups.

GOALS: Le t Act) b e a n A r t i n group (of spherical type).
I n m a i n par t of t a l k I ' l l explain t h e following resu l t :

TtEOREML. (HLY, '25)*

X E A l t ) i s periodic ⇒ x h a s a fixed point i n
✓re9~

on
t h e un ive rsa l cover}

F k s t . 2k E Z ( A ) of t h e complexified
hyperplane complement

corresponding t o t h e
* m o r e precise statement below. Coxeter arrangement



• A key input t o o u r w o r k i s t h e r e a l i s a t i o n o f ¥8 a s

t h e space S t a b ( T ) of Bridgeland stability cond i t ions o n

a 2 - CY category T .

• One of t h e m a i n m o t i v a t i o n s for o u r w o r k i s a n analogy,

from w o r k o f Kontsevich a n d collaborators, which re l a te s :

A n t ( T ) E stabCT) e x McGC s ) @Te i c h ( s )

• In s e c o n d part of t a l k I ' l l explain W I P wh i c h generalises

Theorem 1 t o larger classes o f elements.



§ t . B A # N D .

• T = Coxe te r graph = graph w/ edges labelled by Z > s o f - 3

• W = W l r ) = C ox e t e r group

= ( s i / i e t , s i - i , s is -

g.ms?..y

whe re i ¥ j i n T , Mig. = D m e a n s n o r e l a t i o n

a n d i 1 - j m e a n s s i Sj = S j s i .

• A = A ( r ) = A r t i n f-Ti t s ) g r o u p

= ( o i l i E T , T ; T j . . . = T . s i . . . )



E I : • T = 0 3 - 3 - 0 . w f r ) I s a y, A-( r ) E By F
£§[
÷¥y'

• r = 3¥13. W h e n 54 , A c t ) ± BY a
¥÷¥
¥¥j

D E I : • T h e reflectionrepresentation o f W i s given by

V ' : = ¥ R a i
, s i . v = v - C a i , v k i whe re

r

( h i , a j ) : - {2 i f i = j ,
- 2 c o s ( I i ; ) i f i # j .

• I = f w . n i I i e r , w e W} C Vr' r o o t s
.



• W E Vr: = (Vf)
*

centregradentrepresenta-on.

• a e I o
, H , = L f t Vr / fca)-O} hyperplane.

• T h e G i r g e n t i i s (Vr, H - f H a k e I o ) ) .

T h e Az Coxeter
arrangement from [Dermenjian e t a l

,
'22]



• Thecempkxified_hypepla@
nplenent_isvug_vf9r.eVr,¥e' U Ha 8 0

L E I o

• w @ ✓ " g
→ * . . vreg → Vreyw

THEOREM:
( n o r m a l c o v e r

1 . [Brieskorn, '71] A E i t , (V%/w, pt)

2 . [Deligne, '72] V%/w i s a K a t , i ) ,
i . e . a l l higher

homotopy groups a r e t r i v i a l .



s.SI?Ef.?;IIII#i..rsoecomofVYw.

• A @ Treat by d e c k transformations.

• e ' E V ' t by scaling. I t l i f t s t o ¢ 0 Treat

which c o m m u t e s w i t h t h e A - a e t o n

• s e t :

PC Treg) : - . freq
Note that A a c t s o n ① (Tres) .



• Reca l l t h a t a E A i s p e ¥ i f 7 k s- t . a t e 2 - ( A ) .

THEORE-M: [Brouwer (1919), Kerekjarto (19191,Eilenberg (19341] Any periodic
I t i n B n i s conjugate t o a power of

€ .i¥¥...in#E.*-
THE0REM1-(HLY, '25) suppose IWI < x a n d l e t a E A . T h e n :

4 periodic ⇒ x h a s a fixed point i n P(VreT).
T

compare t o Thurston's Theorem:

a e M C G ( s ) i s periodic ⇒ x h a s a fixed pet i n Te i c h c s )



INGREDIENTS.OFPROOF~r.tn ⇒ d i r e c t i o n w e u s e :

T i m ( " B e s s i e Springer theory f o r A r t i n groups", 2015)

1 . L e t x . C A b e periodic. T h e n x i s conjugate t o a powe r

of a r o o t of O = f u l l - t w i s t . (2- ( A ) = ( O > E Z ) .

2 . F o r a n y d , I T i s a conjugacy c l a s s .

3 . g o t t o ⇒ d i s regular fo r W i n s e n s e o f Springer,

i . e . T w o W, v E V ' t s t .

W - v = f u
,
y =
e2¥



I n ⇐ d i r e c t i o n w e u s e :

T h e ( K h ova n ov - S e i d e l
,
2002 ) : T h e r e i s a 2 - C Y category

T = T C F ) s - t . A O T , t h e a c t i o n i s faithful, a n d

i t categorifies t h e B u r a u representation w h e n T = A n .

Then (Bridgeland, 2009) : P (Tres) = S t a b ( T )

t .
• modu l i space of "Bridgeland stability conditions"
• naturally a complex man i fo ld
• e a c h point i n sta ts ( T ) provides a m a s s function o n

O b C T ) .



§ IEnteropyoeleyents
• Periodic elements a r e a ( s m a l l ) s u b s e t of "entropy 0 " elements,

a n d w e ' d l i k e t o generalise Theorem 1 t o t h e s e elements.

E I : Entropy 0 b r a i d s i n B n a r e b u i l t from periodic b r a i d s :

÷÷¥i÷

r.ir#...
• F o r general T , entropy of a E A i s def ined a s the

growth r a t e of men" ( G ) ) where testabCT), G E T pro-generator.

[Dimitrov, Haiden,Katzarkor,Kontsevich]



CONJECTUREZLE: Suppose IW I t 0 . T h e n

L E A has entropy 0 ⇒ a fixes a mu l t i - s c a l e stability c o nd i t i o nE l

i n PestabCT)).}

F o l E J , E . . . E F - T s . t .

( i ) L C T ( J i t ) -T ( J i ) , a n d

Cii) x fixes a pt i n ① (stab("Jilts...)))
• Multi-scale stability c o n d i t i o n s w e r e defined by Barbieri-Moller-So

i n t h e i r study of compactifications of stabCT).

• Compare t o Thurston's Theorem:

a e McGCs ) entropy 0 ⇒ x h a s a fixed pt i n 2 ( TO ) )



Enjecturally,
¥ i f ¥ p .

s t a b (TCF)#Ji.,) E (of res t r i c t ion of Ji-arrangement)
t o J i - i

Theore-m3 (Garnier-Heng-Licata-Y. '25)
.

T h e fundamental
group of

a quotient of th is complexified hyperplane complement i s i s o . t o

Norma,;) (A'Ji-'D)
A-(J in)

T o
prove

Con's 2 w e n e e d t o develop Bess is ' Springer

theory for t h i s
group.

Pryof-ofencept: w e c a n p rove
a l l o f t h i s i n type A .


