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Class of VOAs associated to
1. A simple, finite-dimensional Lie (super)algebra g = g5 4 91,
2. A nilpotent element f in the even part of g.

WHK(g, f) the (universal) WW-algebra at level k associated to g and
f via quantum Drinfeld-Sokolov reduction (Kac, Roan,
Wakimoto, 2003).

Wik(g, f) is the simple quotient.
When f =0, W(g, f) is just the affine VOA V*(g).

When g = sly and f # 0,

(2k + 1)(3k + 4)
k+2

WHK(sly, £) = Virs, ¢ = —
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2. VW-algebras

Complete f to a copy of sl and decompose g as an sly-module.

Strong generators of W*(g, f) correspond to irreducible
slr-modules.

Module of dimension d gives rise to a field of weight %.
Let g” be the centralizer of this sl in g.

Wk (g, f) contains affine subVOA V' (gf).

If f = foin is a principal nilpotent, write W*(g, f) = W*(g).

OPEs of W-algebras are generally nonlinear. Aside from low rank
examples, unknown except when f is a minimal nilpotent.
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3. Principal VW-algebras

Principal W-algebra W*(g) is of type W(di, ..., d,), where

1. r =rank(g),
2. d,...,d, are degrees of generators of C[g]°.
This means generators have conformal weights d, ..., d,.

Ex: For g = sl,, WX(sl,,) is of type W(2,3,...,n).

Thm: (Feigin, Frenkel, 1991) Let g be a simple Lie algebra. Then
Wk@) =2 WX (fa),  r(k+hY)(K +EhY) =1.

Here Lg is Langlands dual and r is the lacing number of g.

Analogous to isomorphism C[g]¢ = (C[Lg]LG.

Note: For a Lie algebra g with dual Coxeter number hY,
1 = k + h" is called the shifted level.
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Conjectured by Bais, Bouwknegt, Surridge, Schoutens (1988).
Case n = 2 was proven by Goddard, Kent, Olive (1985).

Thm: (Creutzig, L., 2021) We have an isomorphism

k k ~ )t v k+ h;/ﬁpuzn
Com(V¥(span), V (05P1|2,,)) =W (s02n11), €+h502n+1 - k4 hY,

5P2n
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For n = m, use instead V¥ (n, n) := Ww(pslnm, faj1n)-

For n = 0, need a different definition:

W0, m) = V¥""(sl) @ S(m),
VY0, m) =V "(slm) @ E(m).

Here S(m) and £(m) are rank m [J~-system and bc-system.
Analogous to Weyl algebra and Clifford algebra, respectively.
They have actions of L_1(gl,,) and L1(gl,,), respectively,

WY (n, m) and V¥(n, m) have affine subVOAs V¥~™=1(gl ) and
V—v=mtl(g[ ), respectively.
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7. Gaiotto-Rapcak conjectures

Consider the cosets

C%(n, m) = Com(V¥~""Y(gl,,), W¥(n, m)),
Dd’(n7 m) = Com(Vﬂ/’*mH(g[m),Vd’(n7 m)), n=#£m,
D¥(n, n) = Com(V~Y="+1(s1,), V¥ (n, n)) V).

Cases C¥(0, m) and D¥(0, m) are called GKO cosets.

Thm: (Creutzig-L., 2020) Let n > m be non-negative integers.

We have isomorphisms of 1-parameter VOAs
- / 1 1
DY(nm) =V (n = m.m) =DV (min), =L

Originally conjectured in physics by Gaiotto and Rap&ak (2017).
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Exists a 2-parameter VOA W, which classifies VOAs of type
W(2,3,...,N) for some N.

Weo of type W(2,3,...), defined over polynomial ring C[c, A].

Conjectured to exist by many authors: Bakas, Kiritsis (1991), Yu,
Wu (1992), Gaberdiel, Gopakumar (2011), and constructed
rigorously by L. (2017).

Given a prime ideal | C C[c, \], W, = W/l - Wa, is a VOA
over R = C[c, A\]/I.

W!_ simple for a generic ideal /. Otherwise, Wso,1 denotes simple
quotient.

All simple, one-parameter VOAs of type W(2,3,..., N) are of this
form, including C¥(n, m) and D¥(n, m).

Triality theorem is proven by computing explicit form of ./,
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9. General nilpotents

Goal: Construct similar universal 2-parameter VOAs for all
nilpotents, not only hook-type.

Let P = (ng®, n™,...,n{") be a partition of N = Zf:o n;im;
consisting of m; parts of size n;, where ng > ny > --- > ny > 2.

Let M = {my,..., m:} is the set of multiplicities.

Let S ={d1,...,d:} is the set of height differences
dit1=ni — niy1.

If t=0,S=0,and M ={m}, P=(n™) is called rectangular.
Observation: Let fp € sly be the nilpotent corresponding to P.

Then WX (sly, fp) has many features that only depend on S and
M, and are independent of choice of n;.
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10. General nilpotents

1. For all n; > 2,
t
sy =t (Pstm).
i=0

where t is an abelian Lie algebra of dimension t.

2. Up to any fixed conformal weight, strong generating type of
Wk (sly, fp) is independent of n, for n; sufficiently large.

3. Action of 5[5\, on the generating fields of higher weight, is
independent of n; for n; sufficiently large.

Ex: For t =0, S=0and M= {m}, P = (n"), and s}, = s,

Then WX (sl,, fn) has generating type

2

W(m L om 3m ),

For d > 2, m? fields in weight d transform under sl,, as trivial plus
adjoint module.
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11. General nilpotents

Ex: S={2} and M ={1,3}, 50 P=(n+2,n%) and N = 4n + 2.
Then 5[in+2 = gls.

WH(slans2,, fp) has generating type

W(1°,216 318 nl® (n4+1)7 n+2).

Under action of gls:

1. 16 fields in each weight 2 < d < n transform as sum of the
trivial, standard, dual standard, and adjoint modules.

2. 7 fields in weight n+ 1 transform as sum of trivial, standard,
and dual standard modules.

3. Field in weight n 4 2 transforms as trivial module.



12. General nilpotents

Conj: Let S={dy,...,d:}, M ={mog,..., m:} be as above.

There exists a unique 2-parameter VOA Wé;
1.

SM such that:

WOAQS’M is defined over a finite localization of the polynomial
ring in two variables.

Wfo’S’M is freely generated of the appropriate type determined
by S and M.

WM admits all the W-algebras Wk (sly, fp) as
1-parameter quotients.

égs’M is weakly generated by the fields in weight at most 3.

2A5:M is an extension of H(|M| — 1) tensored with |M|

commuting copies of Wao, where [M| = 3"F_ m;.

WQ;S’M serves as a classifying object for vertex algebras
satisfying (1)-(4); all are quotients of WM
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13. Some examples

Ex: Wé;m’{l} =~ W, generating type W(2,3,4,...).

Ex: Wé,’@’{m} ® H is the algebra ng) for K = m constructed
recently by Gaiotto, Rap¢dk, and Zhou (2023).

WAPAM} has generating type w(1m =1 om?* 3m* .

Note: Uniqueness of W(i’@’{m} as a 2-parameter VOA was not

proven.

Ex: W23 has generating type W(19,2%6,316 416
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14. More quotients of WA °>:M
Use same notation P for partition (n(™, n{™, ..., n{", 1%) of N +s.

Let fp denote the corresponding nilpotent in either sly s of slys.

Both 5[5\,+5 and 5[5\”5 are t @ (Di_gslm;) ® gls.

WH(slnts, fp) and WH(slys, fp) have affine subVOA of type
VK (gly), V¥ (gl,) or some shifted levels k', k.

Thm: The cosets
C& p(ne, s) = Com(V¥ (gl,), WK (slyss, fp)),
D i(ne, s) = Com(V¥" (gl,), WH(slw s, fp)),

have same generating type as W:BS’M.

Analogous to Gaiotto-Rap&ak algebras C¥(n, m) and DY (n, m) for
n>2.
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15. More quotients of W2>M: GKO cosets
Both C’g,M(nt,s) and DgM(nt,s) also make sense and have the
correct generating type if we set ny = 1.
These are analogous to C¥(1, m) and D¥(1, m), respectively.
What about setting ny = 07
This has the effect of replacing P with smaller partition
P’ = (n{®,....n"7")
of N/ = Ef;é m;n;, where dj11 = n;j — npyq for i =0,...,t—2.
Let fpr € slp be the corresponding nilpotent.

For all s > 1, we use the same notation for this nilpotent in slp/s.
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Consider the tensor products
WHK(slyis, fpr) @ S(mes),  WK(slyris, fpr) @ E(mys),

where S(m;s) and £(m;s) are the [+y-system and bc-system of
rank mys, respectively.

Note that
1. W¥(slprys, fpr) has an affine subVOA VK (gl,) for some K,
2. §(mys) has an action of V™"t(gl) ® V™°(sly,),
3. &(mys) has an action of V™(gl,) ® V*(slm,).

We therefore have diagonal embeddings

VK= (gly) > W (sl s, for) ® S(mes),
\/k,'f'mf(g[s) — Wk(E[N'+sa fP’) ® g(mts)'
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17. More quotients of W2>M: GKO cosets

Consider the following diagonal cosets:
C5 m(0.5) := Com(V¥=™ (gLy), WH(slwys. fr) @ S(mes)).
D 1(0,5) = Com(V¥+™ (gl,), WH(slwr s, fr) @ E(mes)).

Thm: These also have same generating type as ch\o’S’M_

Analogues of GKO cosets C¥(0, m) and D¥(0, m), respectively.

Note: W™ has an affine subVOA of type V¥(sl,,), and
DéyM(O,s) has affine subVOA Ls(s(,).

Ex: For S=0 and M = {m}, so P =(n™), we have N' =0 so P’
is empty. Then

Ci () (0.5) = Com(VE="(gL,), V¥(sls) © S(ms)),
ng{m}(o,s) = Com(V*T™(gl,), VX(sls) @ E(ms)).
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18. More quotients of W2>M: GKO cosets

Ex: S={2}and M ={1,3},s0 P=(n+2,n%) and N = 4n+ 2.
Then 6, , = gls.
Setting n =0, we get P’ = (2) and N/ = 2. Then

Wk(ﬁlN’-i-s; fP’) = Wk(5[5+27 fmin)-

This has affine subVOA V¥ (gl,) for k' = k + 1.

In this case,

Cfy.(1.3) (0, 5) = Com(V¥3(gl), WH(sla s, frmin) ® S(35)),
D5y,1,3(0,5) = Com(V¥H3(gly), WX (sla s, fomin) ® E(35)),
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19. Intersections of truncation curves

Idea: Regard Wé‘o’S’M as a moduli space of VOAs with
appropriate strong generating type.

Parameter space X = C?\ |J; C; where |J; C; is the union of
finitely many curves.

Each 1-parameter quotient C§7M(nt, s) or D;M(nt, s) corresponds
to an ideal I, s or J,, s in ring of parameters.

Curves V(In, s) and V(Jy,s) are called truncation curves in X.

At intersection point on two of these curves, we expect an
isomorphism between simple quotients of corresponding VOA:s.

A subtlety: even though C% ,,(n¢,s) or D ,,(n, s) are quotients

of WM for generic k, this can fail at a particular level.
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20. Rationality of GKO cosets

GKO cosets play a special role because they often have points
where simple quotient is strongly rational.

Via intersections of truncation curves, this provides a way to prove
new rationality results.

Ex: For S=( and M = {1}, so Wfo’@’{l} = Wso, recall GKO coset
Df 13(0,5) = Com(V**(gL,), V¥(sls) © &(s)).

When k is admissible for slg, simple quotient
Dy p,{13(0,5) = Com(Lyy1(gls), Li(sls) ® £(s)),
which is always strongly rational.
Ex: For S =0 and M = {m}, so P = (n™), recall GKO coset
Da{m}(o, s) = Com(V*Tm(gl,), VX(sls) @ E(ms)).
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When k is admissible for slg, simple quotient

Dy 9.{m}(0,5) = Com(Lk+m(als), Lk(sls) @ E(ms)),
is an extension of the tensor product of a lattice VOA, and VOAs

Com(Lk-H(g[s)’ Lk+i—1(5[s) & 5(5))> i=1...,m,

hence is strongly rational.



21. Rationality of GKO cosets

When k is admissible for slg, simple quotient
Dy0,tm}(0,5) = Com(Litm(als), Li(sls) @ E(ms)),
is an extension of the tensor product of a lattice VOA, and VOAs
Com(Li+i(gly), Lxri—1(sls) ® E(s)), i=1,...,m,

hence is strongly rational.

Ex: S={2} and M ={1,3},s0 P=(n+2,n%) and N = 4n + 2.
Recall W23 hag type W(1°,216 3% ).



21. Rationality of GKO cosets

When k is admissible for slg, simple quotient
Dy0,tm}(0,5) = Com(Litm(als), Li(sls) @ E(ms)),
is an extension of the tensor product of a lattice VOA, and VOAs
Com(Li+i(gly), Lxri—1(sls) ® E(s)), i=1,...,m,
hence is strongly rational.

Ex: S={2} and M ={1,3},s0 P=(n+2,n%) and N = 4n + 2.
Recall W23 hag type W(1°,216 3% ).

Recall GKO coset
D‘l{(2}v{173}(0’ S) = Com( Vk/+3(g[s)a Wk(5[2+Sa fmin) ® 6(35))



21. Rationality of GKO cosets

When k is admissible for slg, simple quotient
Dy0,tm}(0,5) = Com(Litm(als), Li(sls) @ E(ms)),
is an extension of the tensor product of a lattice VOA, and VOAs
Com(Li+i(gly), Lxri—1(sls) ® E(s)), i=1,...,m,
hence is strongly rational.

Ex: S={2} and M ={1,3},s0 P=(n+2,n%) and N = 4n + 2.
Recall W23 hag type W(1°,216 3% ).

Recall GKO coset
D‘l{(2}7{173}(0’ S) = Com( Vk/+3(g[s)a Wk(5[2+Sa fmin) ® 6(35))

Thm: Simple quotient Dy (5} 11.33(0, s) strongly rational when
k=—(s+2)+ 242 me Nsp, m+ s is odd.



22. Orthosymplectic types

All W-algebras of types B, C, or D are expected to be governed
by universal 2-parameter VOAs W$>'M and WEPSM.



22. Orthosymplectic types

All W-algebras of types B, C, or D are expected to be governed

by universal 2-parameter VOAs W$>'M and WEPSM.

Here S = {d1,...,d:} and M = {mo, ..., m,} are as above, but
there are some restrictions on parities of elements m; € M.



22. Orthosymplectic types

All W-algebras of types B, C, or D are expected to be governed

by universal 2-parameter VOAs W$>'M and WEPSM.

Here S = {d1,...,d:} and M = {mo, ..., m,} are as above, but
there are some restrictions on parities of elements m; € M.

1-parameter quotients include 8 families of VW-algebras and their
cosets, and 4 families of GKO cosets.



22. Orthosymplectic types

All W-algebras of types B, C, or D are expected to be governed
by universal 2-parameter VOAs W$>'M and WEPSM.

Here S = {d1,...,d:} and M = {mo, ..., m,} are as above, but
there are some restrictions on parities of elements m; € M.

1-parameter quotients include 8 families of VW-algebras and their
cosets, and 4 families of GKO cosets.

Ex: WO%D’Q’{I} = WS, Generating type W(2,4,6,...) constructed
by Kanade-L. (2019). Used to prove trialities of orthosymplectic
Y-algebras (Creutzig, L. 2022).



22. Orthosymplectic types

All W-algebras of types B, C, or D are expected to be governed
by universal 2-parameter VOAs W$>'M and WEPSM.

Here S = {d1,...,d:} and M = {mo, ..., m,} are as above, but
there are some restrictions on parities of elements m; € M.

1-parameter quotients include 8 families of VW-algebras and their
cosets, and 4 families of GKO cosets.

Ex: WO%D’Q’{I} = WS, Generating type W(2,4,6,...) constructed
by Kanade-L. (2019). Used to prove trialities of orthosymplectic
Y-algebras (Creutzig, L. 2022).

Ex: WS has generating type W(13,2,33,4,...), affine
subVOA is of type sp,. (Creutzig, Kovalchuk, L. 2024).



22. Orthosymplectic types

All W-algebras of types B, C, or D are expected to be governed
by universal 2-parameter VOAs W$>'M and WEPSM.

Here S = {d1,...,d:} and M = {mo, ..., m,} are as above, but
there are some restrictions on parities of elements m; € M.

1-parameter quotients include 8 families of VW-algebras and their
cosets, and 4 families of GKO cosets.

Ex: WO%D’Q’{I} = WS, Generating type W(2,4,6,...) constructed
by Kanade-L. (2019). Used to prove trialities of orthosymplectic
Y-algebras (Creutzig, L. 2022).

Ex: WS has generating type W(13,2,33,4,...), affine
subVOA is of type sp,. (Creutzig, Kovalchuk, L. 2024).

Ex: WEPP42} has generating type W(1,23,3,43,...), affine
subVOA is of type s0;. (Creutzig, Kovalchuk, L. 2025).



