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𝜒(𝐺)	  :	  the	  minimum	  number	  of	  colors	  
needed	  to	  assign	  colors	  to	  a	  graph	  𝐺	  

𝜒(𝐺)≧3 (𝐺 : a triangulation) 

𝑘-coloring 

𝑘-colorable 



𝒏-‐Triad	  coloring	-‐Triad	  coloring	
𝐺  : a triangulation on a closed surface 

𝒯={{𝑖,𝑖+1,𝑖+2}  |  𝑖∈ ℤ↓𝑛 } 
𝑐 : 𝑉(𝐺)→{1,…,𝑛} is called an 𝒏-triad 
coloring if {𝑐(𝑢),𝑐(𝑣),𝑐(𝑤)} belongs to  𝒯 for 
each face 𝑢𝑣𝑤 of 𝐺. 
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𝒏-‐Triad	  coloring	-‐Triad	  coloring	
𝐺  : a triangulation on a closed surface 

𝒯={{𝑖,𝑖+1,𝑖+2}  |  𝑖∈ ℤ↓𝑛 } 
𝑐 : 𝑉(𝐺)→{1,…,𝑛} is called an 𝒏-triad 
coloring if {𝑐(𝑢),𝑐(𝑣),𝑐(𝑤)} belongs to  𝒯 for 
each face 𝑢𝑣𝑤 of 𝐺. 

✻  𝑛-‐triad	  colorable	  ⇒ 𝑛-‐colorable	  
✻  3-colorable ⇒ 𝑛-triad colorable 



Main theorem	
A triangulation 𝐺 on the sphere or the 
projective plane is 𝑛-triad colorable for 
some 𝑛≧5 if and only if 𝜒(𝐺)=3. 

⇐	
⇒	

?	  
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𝑛=7 

triad	  complex	    𝐾(𝒯)	  
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triad	  space	  	  X(𝒯)	  

𝑛=7 
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𝑛≧5 
𝑛 : odd 

𝑛 : even 𝑛≧6 
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X (𝒯) 



𝜒(𝐺 (𝒯))=3	

𝐺 (𝒯) 

……
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𝐹↑2  X(𝒯) 
𝑓↓𝑐  

𝜋↓1 (𝐹↑2 )	
𝑓↓𝑐 ↓# 	

𝜋↓1 (X(𝒯))	

≅ℤ 

X (𝒯) 
𝑓 ↓𝑐  

𝑝 

……𝑓↓𝑐 ↓# (𝜋↓1 (𝐹↑2 ))={1}	
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𝐹↑2  X(𝒯) 
𝑓↓𝑐  

𝜋↓1 (𝐹↑2 )	
𝑓↓𝑐 ↓# 	

𝜋↓1 (X(𝒯))	

𝑓↓𝑐 ↓# (𝜋↓1 (𝐹↑2 ))={1}	

≅ℤ 

X (𝒯) 
𝑓 ↓𝑐  

𝑝 

……

𝜒(𝐺)=3 𝐺 (𝒯) 
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𝑆↑2  X(𝒯) 
𝑓↓𝑐  

𝜋↓1 (𝑆↑2 )	
𝑓↓𝑐 ↓# 	

𝜋↓1 (X(𝒯))	

𝑓↓𝑐 ↓# (𝜋↓1 (𝑆↑2 ))={1}	

≅ℤ 

X (𝒯) 
𝑓 ↓𝑐  

𝑝 

……

𝜒(𝐺)=3 𝐺 (𝒯) 

≅{1} 
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𝑃↑2  X(𝒯) 
𝑓↓𝑐  

𝜋↓1 (𝑃↑2 )	
𝑓↓𝑐 ↓# 	

𝜋↓1 (X(𝒯))	

𝑓↓𝑐 ↓# (𝜋↓1 (𝑃↑2 ))={1}	

≅ℤ 

X (𝒯) 
𝑓 ↓𝑐  

𝑝 

……

𝜒(𝐺)=3 𝐺 (𝒯) 

≅ ℤ↓2  



Main theorem	
A triangulation 𝐺 on the sphere or the 
projective plane is 𝑛-triad colorable for 
some 𝑛≧5 if and only if 𝜒(𝐺)=3. 

⇐	
⇒	

5-‐triad	  colorable,	  𝜒(𝐺)=4	



Remarks	
✻  Any	  triangula0on	  on	  the	  sphere	  is	  4-‐triad	  

colorable.	  

✻  There	  are	  many	  triangula0ons	  on	  the	  
projec0ve	  plane	  which	  are	  not	  𝑛-‐triad	  
colorable	  for	  any	  𝑛≧3.	  



Thank you for your attention!!

Yumiko	  makenai!!	


