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7 [Definition]
3. Any orientable map 9t=G — S can be descibed by a triple (D;R,L) such that

(1) D is the set of arcs of the underlying graph G.
(2) R is a permutation of D whose orbits coincide with
the sets of arcs based at the same vertex.
(3) L is an involution of D exchanging two arcs incident to the same edge.
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4. A map isomorphism : graph iso. extended to a surface homeo.

5. A map automorphism: graph auto. extended to a surface homeo.
AUt(M) : the set of automorphisms of 91.

Aut” (971) (Aut™(901), resp.) : the set of orientation-preserving(orientation-reversing, resp.)
automorphisms of 1.
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A [Definition]

1. Foragroup I" and a set X < I" such that X ™ = X, a Cayley graph Cay(I": X)=(V, E)
Isagraph suchthat V =T and E ={{g,9x}|xe X}.
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x :[d] —[d] defined by xi‘lzxk(i) Is called a distribution of inverses.
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A skew-morphism of I containing an orbit O satisfying O™ =0 and I" =(O) : admissible
other skew-morphisms: nonadmissible.
2. Classification of regular maps on I <> classification of admissible skew-morphisms
¢@. a skew-morphism of a group I" w.r.t a power function 7 =
3. Ker(¢)={gel'| x(g) =1} <T.

4. 7(g) = z(h) = and h belong to the same right coset of Ker(¢).
lzlnwﬁi(g»

5.¢'(gh)=¢' (@)=  (h).
6. z(gh)=2()+7(p(N))+---+7 (4" ()=

7(9)-1

7(¢' ().

. -1 .
7. ¢’ is a skew-morphism < Zz(¢' (g)) is amultiple of ] module [{#)| for any g €T
i=0



Skew-morphisms of dihedral groups
D, =(a,b | a" = b*=(ab)* =1 ): dihedral group of order 2n.
LetA =(a)and B =D_—A. a': A-type element, a'b: B-type element

CM(D,: X, p) is balanced < all elements in X are B-type elements.



Skew-morphisms of dihedral groups
D, =(a,b | a" = b*=(ab)* =1 ): dihedral group of order 2n.
LetA =(a)and B =D_—A a': A-type element, a'b: B-type element

CM(D,: X, p) is balanced < all elements in X are B-type elements.

A$? [Theorem] (2013, I. Istvan, D. Marusic, M. Muzychuk
2015, 2.Y. Zhang)

M=CM(D,: X, p) : regular Cayley map on D, s.t. L, Is core-free in Aut(91).

= 91 is equivalent to one of the following:

(1) n=1, CM(D,,{b}, (b)) balanced

(2) n=2, CM(D,,{a,b,ab},(a,b,ab)) ABB-type

(3) n=3, CM(D,,{a,a™*,b,a’h},(a,a™,b,a’h)) AABB-type

(4) n=4, CM(D,,{a,a*,b},(a,a™,b))  AAB-type

(5) n=2m with odd m, CM(D, ,a{a’) ub{a®),(b,a,a’b,a’,...,a"*h,a"*)) alternating

CM(D,: X, p): regular = FH<A_s.t. CM(D, /H: X/H, p): regular, core-free
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(5) reflexible =...,p=(b,a,a’a? ba? a2 )withn==8k+4,...
AAB-type ('16(?), I. Kovacs and K)

(6) minimal kernel = ..., p=(b,a,a’b,a’,...,a b, a*) with n:even or

0=(baa’ ba, . a> b at)withn=8k,...
AB-type ('16(?), I. Kovacs and K)
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(7) skew-type 2 =t —balancedorp=(a,a"'b,a  2b,a",a" ‘b,a  2b,...
with n =4k + 2, ¢*) =-1 (mod n) for some j.
ABB-type (16(?), K)



Classification of regular Cayley maps on dihedral groups

a%? [Main Theorem]

Any regular Cayley map on dihedral group isomorphic to one of CM (D, : X, p)
in the following list. (In fact, all maps in the list are regular)

1. core-free regular maps.

d-2 , .d-3

2.p=(b,ab,a”1b,...,ar " +'"+1b) with r**4...4+r+1=0 (mod n). (balanced)

L 3 L

3.p:(a,aHb,af 2h,a”,a" "b,a  2h,...)

with n =4k + 2, /*) =-1 (mod n) for some j. ABB-type

i n i
P03 4= = P

4, p:(b,a,amz,a ?h,a”,a ?,a 2p,...) with n =8k + 4, f””z%-l (mod n) or

n
=

p=(M.aa 2,a" " ba’a 2,a"""b,..)withn=8k+4, (% =21 (mod n)
2

AAB-type



€4 k-2

5. p:(a,a‘f,agzb,a‘gab,aﬂ,a‘fs,...,a b,a‘f“lb)

with n =3k, ¢! =1(mod n), j:odd AABB-type .
6. (1)p :(b,a, a2kb,af,a2k(“l)b,afz,az"“Z*“l)b,...,aij_l) with ...((2j+1)-balanced) or

(2) p=(b,a,a’b,a’,...,a*b, a) withn:evenor

0=(b,a,a? b,a’...a? b, a) withn==8k (minimal kernel) or

(3) n=2“nn, with « >1, n, and n, are coprime odd numbers satisfying the follows:
(i) p (mod 2“n,) = (b,a,a’b,a’,...,a~h, a*) or
(b,a,a® "*?b,a%,...,a> ™ b, a) with « >3 minimal kernel
p (mod 2n2):(b,a, a”b,af,az“(“l)b,afz,aZk(ﬁ”*l)b,...,ang_l) t-balanced
(ii) gcd(2“*n,, 2j) divides j -1 namely
a=1 = gcd(n, J)=1, a=22 = gcd(2n, j)=1.
AB-type
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3. ABB-type = Fagroup homo. yi(R,L) > {p,x)s.t. v *({p,x),) =D, =
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xorp - = x(0) = % = x(31) =3 +% =

prp Ko V' =p
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[Sketch of proof]

3. ABB-type = Fagroup homo. yi(R,L) > {p,x)s.t. v *({p,x),) =D, =

—x(0) — _x(0)

kprp - = x(0) = % = x(31) =3 +% =

prp Ko V' =p

(7(X,), (%), (X,), £(X3), 7 (X,),...) = ( %+l, 1, %+1, %+1, 1, %+1, )

= skew-type 2

L

2pyl s 4
= p=(a,a~'ba 2ba",a" ‘ba 2b,..)

with n =4k + 2, ¢*' =-1 (mod n) for some j.

Ker(¢) =(a®,b)
¢(a2i) _ a2i£’ ¢(a2i+l) _ aZiEb’

2i04+02—p4+ 1 2ie+z2+z+g

d(a’b)=a 2, s(a”'b)=a

Conversely, such ¢ is a well-defined skew-morphism.



4. AAB-type = Assumethatp=(b, a, ...)

The orbit of a* has the same length with that of a and the type is ABB =
skew-type 4 = x(31+1) =3i+x(1), x(31+2)=3i+x(2) and

(@) + x(2) = 3(mod d), 3K(1)E%+3 (mod d) = ...



4. AAB-type = Assumethatp=(b, a, ...)

The orbit of a* has the same length with that of a and the type is ABB =
skew-type 4 = x(31+1) =3i+x(1), x(31+2)=3i+x(2) and

(@) + x(2) = 3(mod d), 3K(1)E%+3 (mod d) = ...

AL e L €+— Ay

p=(,a,a 2,a ?ba,a 2,a 2h,..)withn=8k+4, 63”1—5-1 (mod n) or

£+E

(b,a,a 2,a£2+€6j+3b,a£3,a£ +2’ P48 3b ) Wlth n— 8k+4 €3J+2 Eg'l (mOd n)
depending on zc(l)—%+1 or %H_
Ker(¢) =(a*,a’b)

¢(a4i) _ a4i£’ ¢(a‘”+3b) _ a4w+2£+£3i+1b, 1

4y _ 4i€+£+g siszpy 4i£+2£+f31+1+g _
g(@a”"")=a : g(@a”"“b)=a b, 12j+5
¢( 4|+2) _ a4i€+2€+£31b’ ¢(a‘“+1b) _ a4i£+e+1’ 9j Iy
¢( 4|+3) _ a4i€+3€+£31b’ ¢(a‘“b) _ a4i£+1’ 3j )



5. AABB-type = Jagroup homo. wiR,L) = (p,x)s.t. v ' ({p,x),) =D, =

,02 P ,0_2 P p—K(O) — pK’(O) P ,02 P ,0_2 —

k(41) =41+ x(0), x(41+1)=41+1—x(0) and 4x(0)=0=

(7(%,), (%), 7 (X,), £(X3), £ (X,), .. .) = (2x(0) +1, x(0) +1,1, x(0) +1, 2x(0) +1,...) and

(X)) = x(0)+1= z(x), namely 7(a*) = z(a) = skew-type 3 =

64 k-2

2 3 4 5 4k-1
p:(a,a‘g,af b,a"ba ,a’,..,a" Dba"’ b)

with n =3k, ¢! =1(mod n), j:odd.
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¢°|.,, contains an orbit of length 5 like (a, a°,a°,...) = our map is minimal kernel



6. AB-type = ¢° :skew-morphism of D_, furthermore
2

ASY

. 2
@y - 9roup auto. = ¢7|,, corresponds to balanced or t-balanced

N

«a, corresponds to balanced = our map Is t-balanced

: : n .. .
«« contains an orbit of length > like (a, a°,a°,...) = our map is minimal kernel

°|.o, : Other t-balanced =

3‘%\‘%&‘%\

=2“nn, with « >1, n, and n, are coprime odd numbers satisfying
p (mod 2°n,) =(b,a,a’h,a%...,a”h, a™*) or

a-1 a-1 . - o=
(b,a,a®> “*"b,a’...,a> "°b,a) with & >3 minimal kernel

2 2 2j-1
p (mod 2n2):(b,a, a*b,a’,a®"Mp,a" ,a*"Vp,...,a" ) t-balanced

closed under inverse <> gcd(2“*n,, 2j) dividesj-1



Future Research

1. Group structure of each regular Cayley map on dihedral group

2. Classification of regular Cayley maps on dihedral group
using group theoretic method.

3. Classification of full (admissible and nonadmissible)
skew-morphisms of dihedral group.



Thank you!!!!



