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Abstract

We derive new families of presentations (by generators and relations) for the
alternating and symmetric groups of finite degree n. These include presentations
of length that are linear in logn, and 2-generator presentations with a bounded
number of relations independent of n.

1 Introduction

A long-standing question of interest is the existence of short-length presentations for
the alternating and symmetric groups of degree n; see [5, 7] for example.

Babai et al. [1] define the length of a presentation as the number of symbols required
to write down the presentation. In this context, each generator is a single symbol, and
relations can be transformed into relators (namely words in the generators that present
the trivial element), each of which can be written as a string of symbols. Accordingly,
the length of a presentation is equal to the number of generators plus the sum of the
lengths of the relators. For powers of elements, the exponent can be written in binary
form, and so (for example) the length of (zy)™ for large m is 2 + log,(m).

Perhaps the best known family of presentations for the finite symmetric groups
are their presentations as Coxeter groups (see [7] for example), attributable to E.H.
Moore [13]. In these, the symmetric group S, of degree n is presented in terms of the
transpositions ¢, = (k,k+ 1) for 1 < k < n, which generate S,, and satisfy the defining
relations ¢ = 1 for 1 < k < n, and (t;_1t;)® = 1 for 1 < k < n, and (¢;t;)* = 1 for
1 <j<k—1<n—1. The number of relationsisn—1+(n—1)(n—2)/2 =n(n—1)/2,
and the presentation length is n—1+2(n—1)+6(n—2)+4(n—2)(n—3)/2 = 2n*—n—3,
both of which are quadratic in the degree n.

In this paper we construct new families of presentations for the symmetric groups
that reduce the presentation length, first to linear in n (in Section 2), then to quadratic
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in logn (in Section 3), then to O(log®n loglogn) where a = log,(1++v/2) ~ 1-27155 (in
Section 4). All these presentations are obtained recursively from symmetric subgroups
of symmetric groups. We then turn to a different technique, using presentations of
PSL(2,p) and PGL(2, p) for suitable primes p. We construct a family of presentations
for S, in which the number of relations is bounded, answering a long-standing ques-
tion that was raised again recently by Alex Lubotzky and Bill Kantor (in a personal
communication), and finally we give families of presentations for S, of length O(logn)
having a uniformly bounded number of generators and relations.

In Section 3, we present the key idea of obtaining a presentation for S,,., or S;1n_1
by ‘gluing’ together presentations for S,, and S,. If m = n we can avoid repeating
the presentation for 5, and this enables us to construct efficiently a presentation for
Som, or for S,,,_1, from a presentation for S,,. This provides an inductive process of
obtaining a presentation for S,, in O(logn) steps. In Section 4 a similar technique is
used to combine presentations for .S,, and S,, to produce a presentation for .S,,,. Our
gluing technique can then be used to obtain short-length presentations for symmetric
groups of other degrees.

In Section 5, we take quite a different approach: we use short presentations for
the 3-transitive permutation groups PGL(2,p) of degree p + 1, for prime p, to build
presentations for symmetric groups of degree n where n — 1 or n — 2 is expressible as
a sum of two primes. An application of the Goldbach conjecture (or more precisely its
three-prime version proved by Vinogradov [19] for sufficiently large odd n, or its six-
prime version proved by Ramaré [15] for all even n), together with our gluing techniques
then gives presentations for 5, with two generators and a bounded number of relations,
for all n. We improve these in Section 6, giving presentations for S,, not just with a
bounded number of generators and relations, but also having length O(logn) — which
is the best possible since merely specifying the integer n needs O(logn) bits.

In Section 7, we explain briefly how short-length presentations for the alternating
groups A, can be obtained from those for S,. In particular, this gives presentations
for A, with two generators and a bounded number of relations, for all large n, thereby
answering a question of Campbell et al. from [5, Section 7].

In Section 8, we record the shortest presentations we have found (by other means)
for the symmetric groups of degree up to 9. From a computational perspective, these
presentations are important base cases, which can improve results obtained using the
constructions given in Sections 2 to 5.

Simultaneously and independent of our work, Guralnick, Kantor, Kassabov and
Lubotzky [8] obtained similar results for A,, and S,,. In a major extension, they use the
short presentations for the corresponding Weyl groups to prove that every nonabelian
finite simple group of rank r over GF(q) with the possible exception of the Ree groups
2(5(q) has a presentation with a bounded number of generators and relations and total
length O(logr + logq). In [6], we use our short presentations for the Weyl groups to
write down explicit presentations of this length for the classical groups. The previously
shortest known presentations have length at most O(r*(log ¢)?); see [1].

The various presentations for the alternating and symmetric groups satisfy differ-



ent demands. In particular, for computational purposes, we often need a presentation
on the “standard generators”, {(1,2),(1,2,...,n)}, of S,. For example, such presen-
tations can be used in conjunction with the algorithms of [2] to verify constructive
recognition of black-box representations of these groups. For further applications of
short presentations, see [14], where a preliminary version of our results was announced.

We conclude by commenting on the concept of presentation length. Our definition
(due to Babai et al. [1]) accords well with the requirement of computational complexity.
We could, however, assume instead that the generators in a presentation are indexed
symbols, and count the length of subscripts as part of the length; if the generating
set has size k then this would increase the length of the presentation by a factor of at
most O(log k). Such a simplification does not change the asymptotic complexity of the
lengths of the presentations in this paper.

2 A presentation for S, of length O(n)

In this section, we show how to construct a presentation for S,, having length that is
linear in n.

First, consider the presentation for S, as a Coxeter group given in the Introduction.
A shorter presentation can be obtained by introducing the n-cycle y = (1,2,3,...,n)
as a new generator and then using the fact that y~(=Yt,9/~1 = (i, i+1) = ¢, to eliminate
the generator t; for 2 < ¢ < n. Letting x = ¢; and eliminating further redundancy of
relations under conjugation by the long cycle y, the presentation may be taken as

{z,yla® =y" = (ay)" ' =1, (ay 'ay)’ =1, (ayTay’)* = Lfor 2<j < [n/2] }-

Note that the relation (zy)" ! = 1 can be used to express y as a product of conjugates
of x and hence as a product of the ¢;. The number of relations is now 3+ [n/2], which
is linear in n, and the presentation length is O(nlogn).

Now, however, we may define y; = y* for 1 < i < |[n/2], and add these to the
presentation as additional (redundant) generators, by adding also the relations y; =y
and y; = y;1y for 2 < i < [n/2]. Once we do that, we can replace the relation
(ry~xy’)? = 1 by (:Eyj_lxyj)Q =1 for 2 < j < |n/2], which reduces the presentation
length from quadratic in n to linear in n. Indeed we have the following:

Theorem 2.1 For alln > 3, the symmetric group S,, of degree n has presentation

{z,y1,92, - .. »Yin/2) | 2% =y = (ayy)" ! = 171 (zy; tay)? =1,
yioiyy; =1 for2<j < |n/2], (zy; wy;)* =1 for2<j < |n/2]},

with |n/2| +1 generators, 2|n/2] + 2 relations, and presentation length bounded above
by ([n/2] +1)+ (Bn+12+11(|n/2] — 1)) =3n+12[n/2] +2 < In+ 2.

Note that linearity of the presentation length has been achieved by introducing
additional (redundant) generators.



3 Building presentations for S,,,, from S,, and 5,

In this section, we describe a ‘doubling’ construction that produces presentations for
Son—1 and Sy, from a given presentation for S,, involving the generators = = (1,2) and
yn = (1,2,...,n). Inductive use of this construction then gives a presentation for S,
with length that is quadratic in logn.

We first give a simpler construction for building a presentation for S, from
presentations for S, and S,,, which will be used also in Sections 4 and 5. The key idea
is to ‘glue’ the presentations together using a single transposition:

Theorem 3.1 Let P = {A|R} and Q = {B|S} be presentations for the symmetric
groups Sy, and S, of degrees m,n > 3, such that the generating set A for S,, contains
elements a and v standing for the transposition (1,2) and the m-cycle (1,2,...,m)
respectively, and the generating set B for S, contains elements b and w standing for
the transposition (1,2) and the n-cycle (1,2,...,n) respectively. Then

{ A7 Ba t ) | R? S? tzv (a’t)37 (tb)37 a, b]? [CL, UJ], [Uv b]v [7)7 U}L
[(I’U, t]a [’UCL’U_l, t]u [tu wb ) [ta ’w_lbU}], y_lwtv }

s a presentation for S, on a generating set that includes the elements y standing
for the (m+mn)-cycle (1,2,...,m+n) and t standing for a transposition of the form
(1,i41). In particular, this presentation has |A|+|B|+ 2 generators and |R|+|S|+ 12
relations, and presentation length at most {(P)+¢(Q)+64 where ((P) and ((Q) are the
lengths of the presentations P and Q. Moreover, the elements of AU B are redundant
generators, with a = yty™', v = (yt)" ly= ™V b=y Mty and w =y~ "V (ty)" L.
Hence the above presentation can be simplified to one on just 2 generators (t and y)
subject to at most |R| + |S| + 12 relations.

PrOOF: First, let G be the group defined by the given presentation, and observe that
there exists a homomorphism from G to S,,., under which

a — (m—1,m), v o— (1,2,...,m),
b — (m+1,m+2), w — (m+1m+2,...,m+n),
t — (mym+1), y — (L,2,....mm+1m+2....m+n),

since these permutations satisfy the given relations.

Now in G, define t,,_; = a and t,,_;_1 = v'av™" for 1 < i < m — 2, and then also
tm = t, and t,,41 = b and 01 = wibw' for 1 < i < n — 2. We will show that
these m +n — 1 elements t; satisfy the usual Coxeter relations for S, ., and that they
generate G.

By the hypotheses on P, the elements ¢; for 1 < i < m generate a subgroup
isomorphic to S, and therefore satisfy the usual Coxeter relations for S,,, and similarly,
the elements t,,,; for 1 < ¢ < n satisfy the the usual Coxeter relations for S,,. In
particular, the elements #; (for 1 < ¢ < m + n) satisfy the Coxeter relations t? = 1.
Similarly, because we included the relations (at)® = (tb)® = 1, we have (t;t;41) =1
fori1<i<m-+n-—2.



Next, we will show that [t;, ;] = (¢;£x)> =1 whenever 1 <j<k—1<m+n—1.
If 7 < k < m, then this follows from the presentation P; if m < j < k, then it follows
from the presentation ); and if j < m < k, then it follows from the four relations
[a,b] = [a,w] = [v,b] = [v,w] = 1, because these imply that (a,v) commutes with
(b, w). Similarly, because av and vav~! generate a subgroup of index m in {(a,v) = S,
containing the involutions t;,%s, ..., tu_2, and wb and w~'bw generate a subgroup of
index n in (b,w) = S, containing t,,12, tmis, - - -, tmin_1, the four relations [av,t] =
[vav=t] = [t,wb] = [t,w 'bw] = 1 imply that ¢ centralises (t1,ty,..., ¢, o) and
(tmt2s tmt3y - - - s tmgn—1), and so we obtain also [t;,t,] =1 for 1 < j < m —2 and
[tm,ti] =1 form+2<k<m+n—1.

Hence the m+n — 1 involutions ¢; generate a subgroup satisfying the usual Coxeter
relations for S,, ..

The relations in P and ) imply that each of the elements of A or B is expressible
as a word in these t;, and the relation y 'wtv = 1 then implies the same for y, and
therefore the involutions ¢; generate G.

Thus G is isomorphic to S,,.,, and the rest follows easily. O

In the above proof, ¢ stands for the transposition (m,m + 1). Since conjugation by
the long cycle (1,2,...,n) is equivalent to the obvious cyclic relabelling of the points,
the generator ¢ can stand for any transposition of the form (i,7+ 1), including the
transposition (1,2). This observation will apply also to later theorems.

By ignoring the elements b and w, we have also the following in the case n = 1:

Theorem 3.2 Let P = {A|R} be a presentation for S,, as in Theorem 3.1. Then

s a presentation for S,,+1 on a generating set that includes the elements y standing
for the (m—+1)-cycle (1,2,...,m+1) and t standing for a transposition of the form
(1,i+1). In particular, this presentation has |A| + 2 generators and |R| + 5 relations,
and presentation length at most ((P) + 27, with the generators in A redundant.

A very similar construction without the gluing transposition can be used to prove
the following;:

Theorem 3.3 Let P = {A|R} and Q = {B|S} be presentations for S,, and S,, as
in Theorem 3.1. Then

1s a presentation for Sp,in,—1 on a generating set that includes the elements y standing
for the (m+n—1)-cycle (1,2, ...,m+n—1) and b standing for a transposition of the form
(i,i+1). In particular, this presentation has |A|+ |B| + 1 generators and |R| + |S|+ 8
relations, and presentation length at most £(P)+((Q) +52. Moreover, the elements of
AU B\ {b} are redundant generators.



Here the commutation relations ensure that (a,v) = S,, commutes with the sub-

[

group (wb, w™tbw) = S, _; of index n in (b, w), and that (b, w) = S, commutes with
the subgroup (av,vav™') = S, ; of index m in {(a,v).

As a basis for induction, the constructions used in Theorems 3.1 and 3.3 are not the
best possible, since doubling the degree roughly doubles both the number of relations
and the presentation length. By taking m = n, however, we can express a copy of .9,

as a conjugate of another, and thus do much better.

Theorem 3.4 Let P = {A|R} be a presentation for the symmetric group S,, of degree
n = 3, such that the generating set A contains elements x and w standing for the
transposition (1,2) and the n-cycle (1,2,...,n) respectively. Then

{A Ry, ()™ o wy ™Y, [wPaw ™ wy ] o,y e,y ') )

1s a presentation for Sa, on a generating set that includes the elements y standing for
the 2n-cycle (1,2,...,2n) and x standing for a transposition of the form (i,i+1). In
particular, this presentation has |A| + 1 generators and |R| + 6 relations. Moreover,
the elements of A\ {x} are redundant generators.

PROOF: Let G be the group defined by the given presentation, and observe that there
exists a homomorphism from G to Ss, under which z — (1,2), w — (1,2,...,n),
and y+— (1,2,...,n,n+1,n+2,...,2n). In G, define t; = x and t;,; = w™'zw’ for
1<i<n—2 and then t, =y~ Yay" 1 and t,,; = y "t;y" for 1 <i < n.

The elements t; for 1 < ¢ < n generate the same subgroup as = and w, so satisfy
the usual Coxeter relations for transpositions generating S,,. Also the elements ¢; for
1 <i < n—2 generate the same subgroup as x and w?zw™! (standing for the stabiliser

in S, of the point n). Now the relations [, wy™!] = [w?zw™, wy™!] = 1 imply that
wy ! centralises (x, w?rw™!) = (t1,ts,...,t,_2), and it follows that conjugation by
y has the same effect as conjugation by w on the n — 2 elements t{,t5,...,t,_2. In

particular, vy~ ',y = wt;w = t;4q for 1 < i < n — 2. But then also y~'t,_1y =
y~ Dty =t and y M,y = y~ UGy = 40 for 1 < i < n. From these
and the relation y?* = 1 it follows that conjugation by y cyclically permutes the 2n
elements t1,tq,...,t9,.

The Coxeter relations ¢ = 1 and (f;t;11)®> = 1 now follow from conjugating the
analogous relations in the subgroup (tq,ts,...,t,—1) = (z,w) = S, by powers of y.
Similarly, so do the relations [t;,tx] = (;t5)*> = 1 whenever 2 < [j — k| < n —2
(where |7 — k| is considered modulo 2n). Also the relations [z, y"'|> = [z,y"]? = 1
can be rewritten as 1 = [z, 5y~ " Yay" '] = [t;,t,] and 1 = [z,y "2y"] = [t1, tps1], and
conjugating these by powers of y gives all the remaining Coxeter relations of the form
ti, te] = (ttr)? = 1.

Thus the 2n — 1 involutions t1, ts, . . ., to,_1 generate a subgroup satisfying the usual
Coxeter relations for Sy,. The relations in P = {A| R} ensure that each of the ele-
ments of A is expressible as a word in the ¢;, and in particular, w = t,_1t,,_o...tat1.
But similarly, from the relations y** = (zy)?"~! = 1 it follows that to, 1to, o...tst; =
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(y= 2> ) (y= Dy 0 (g iyt = y(yh)* Tt = y(yx)™ ! =y, and so
the involutions t; generate GG. Thus G is isomorphic to Sy, and the rest follows easily. O

The above construction can be viewed as taking a given presentation for S, on
generators x +— (1,2) and y, — (1,2,...,n), then duplicating it as a presentation
for an isomorphic copy of S,, acting on {n+ 1,n+ 2,...,2n} with generators t, 1 —
(n+1,n+2)and v, — (n+ 1,n+2,...,2n), ‘gluing’ the two presentations together
by introducing the transposition t,, — (n,n+ 1), and then replacing this element t,, by
the 2n-cycle y = yo, = vptnyn — (1,2,3,...,2n).

Again we can drop the gluing transposition, to obtain the following:

Theorem 3.5 Let P = {A|R} be a presentation for S,, as in Theorem 3.4. Then
{ Ay IRy (2y)* 2, [z, wy™ '], [wPow™ wy ™), 2,97 }

is a presentation for Sa,_1 on a generating set that includes the elements y standing
for the (2n—1)-cycle (1,2,...,2n—1) and x standing for a transposition of the form
(1,i+1). In particular, this presentation has |A| + 1 generators and |R| + 5 relations.
Moreover, the elements of A\ {x} are redundant generators.

Here the second (isomorphic) copy of S,, acts on {n,n+1,...,2n—1} with generators
t, — (n,n+1) and 2z, — (n,n+1,...,2n—1), and we introduce the (2n—1)-cycle
Y= Yan-1 = 2n¥n — (1,2,3,...,2n—1). The relations for the second copy of S, may
be taken as conjugates under y" ! of the relations in the starting presentation for S,,,
and so can be eliminated (once y is introduced).

PRrROOF: As for Theorem 3.4, but with the Coxeter generators defined by ¢t; = x and
tivr = wizw' for 1 < i < n—2, and tpy1 = y @ Dy for 1 < @ < n. Here
conjugation by y cyclically permutes the 2n — 1 elements ¢y, %o, ..., %2, 1, and we have
ton—oton_3...tat1 = y(yt1)*" 2 = y(yz)>»~? = y. Only one additional relation not al-
ready provided by the presentation P = {A|R}, such as [x,y"]> = 1 (or equivalently,
[z,y""1]? = 1), is required to obtain all the Coxeter relations in this case. a

Together, Theorems 3.4 and 3.5 can be used to produce short presentations for
symmetric groups of arbitrarily large degree, whether odd or even. For instance, a
presentation for Sy39 can be obtained by inductively finding presentations for .S, for
all m in the sequence 4, 7, 14, 28, 55, 110, 220, 439. As building blocks for this general
process, we need short presentations for S,, involving (1,2) and an n-cycle for just two
cases: S3 and Sy. Examples are provided in Section 8.

Theorem 3.6 For every positive integer n, the symmetric group S,, has a presentation
in which the number of relations is O(logn) and the presentation length is O((logn)?).

PRrOOF: For any n, a suitable presentation may be obtained by induction using The-
orems 3.4 and 3.5 as appropriate. If the number of generators in the starting pre-
sentation for S, is g(n), then we have the recurrence g(2n — 1) = g(2n) = g(n) + 1,
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which implies that ¢ is a logarithmic function. Similarly, if the number of relators
in the starting presentation for S, is f(n), then we have the recurrence property
f(n) < f(2n—1) < f(2n) < f(n) + 6, which implies that f is logarithmic. Each
relator has fixed syllable length, however, and each syllable (such as y" or y"!

(zy)*~1 or y?"?) can be rewritten as a number of relators of length O(logn), so the
total presentation length is quadratic in logn. a

4 Building presentations for S,,, from S,, and S,

The construction involved in Theorem 3.4 started with a presentation for .S, in terms
of generators x and w, and duplicated this using an involution %", in order to obtain
a presentation for Ss,. In the resulting group, the elements x,w and y™ generate a
subgroup isomorphic to the wreath product S, ¢ Ss.

We can generalise this to a construction that uses the wreath product 5, .5, to
help produce a short presentation for .S,,,, whenever m,n > 3. In particular, this gives
a short presentation for 5,2 for all m > 3. We can then obtain a short presentation
for S,, for any n.

Theorem 4.1 Let P = {A|R} and Q = {B|S} be presentations for the symmetric
groups Sy, and S, of degrees m,n = 3, such that the generating set A for S,, contains
elements a and v standing for the transposition (1,2) and the m-cycle (1,2,...,m)
respectively, and the generating set B for S, contains elements b and w standing for
the transposition (1,2) and the n-cycle (1,2, ...,n) respectively. Then

{A B, t,y|R,S,t?, b1 ( “ltwt vilw) ;wy™ gy lwe(wte)" Ly loyav i,
v2av=2t)3, (twtaw)?, [a, t], [viav!, t], [a, vy~ Y, yty~MvPav 2,y Hyw law,
Y yty Yy Yy

[a, w™taw], [a, w_lvw], [v, wlaw], [v, wvw], [a, wb], [a, wbw], [v, wb], [v, w™tbw] }

s a presentation for S,,, on a generating set that includes the elements y standing for
the mn-cycle (1,2,...,mn) and t standing for a transposition of the form (i,i+1). In
particular, this presentation has |A| + |B| + 2 generators and |R| + |S| + 20 relations.
Moreover, the generators in AU B are redundant.

PrOOF: First, let G be the group defined by the given presentation, and observe that
there exists a homomorphism from G to S,,, under which

(1, 2)

( )7

(1, m+1)(2 m+2)...(m,2m),
(L,m+1,...,(n=1)m+1)(2,m+2,...,(n=1)m+2)...(m,2m, ..., mn),
(m, m+ 1)

(L,2,....,m,m+1,m+2,...,2m,2m+1,2m+2, ..., mn),

since these permutations satisfy the given relations. Note that the images of a,v,b
and w generate a subgroup isomorphic to the wreath product S,, ¢ .S,; in particular,

@ + 2 > 9
1T 1111
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the images of a and v generate a subgroup isomorphic to S,,, and conjugates of this
subgroup under powers of w generate a direct product (S,,)" of n copies of S,,.

Now in G, define t; = a and t;1, = v'av’ for 1 <i < m — 2, and then t,, = ¢, and
also tyne; = wtw' for 1 <i <mnand 1< j < m. Asin previous proofs, we will show
that the mn — 1 elements tq,ts, ..., t,_1 satisfy the usual Coxeter relations for S,,,,
and that they generate GG. Note that the element ¢,,, has been defined here also, for
later use.

By the hypotheses on P, the elements t1,t,...,t,_1 generate a subgroup A; iso-
morphic to S,, and satisfy the usual Coxeter relations for S,,. Conjugating by w?,
we see the same is true for the subgroup A;.; generated by tini1, tima2,s - - - Limim—1,
for 1 < 7 < n. Moreover, the four commutation relations [a, w 'aw] = [a, wlvw] =
[v,w™law] = [v,w™lvw] = 1 ensure that A; = (t;,t,...,tp_1) = {(a,v) commutes
with its conjugate under w, namely (t;,11,tmi2, .., tam—1) = Az. The next four com-
mutation relations [a, wb] = [a,w™bw] = [v,wb] = [v,w ™ bw] = 1 imply that A; is
centralised by By = (wb, w™'bw), which has index n in B = (b, w) = S,,, and it follows
that B permutes the subgroups Ay, As, ..., A, by conjugation according to the natural
action of S, on the index set {1,2,...,n}. In particular, as this action is doubly-
transitive, we deduce that A; commutes with its conjugate A; whenever 1 <i < j < n,
and that the subgroup of G generated by a,v,b and w is isomorphic to the wreath
product S,, 1 S,,.

It is easy to see that the elements ¢; satisfy t? = 1 for 1 < ¢ < mn. Similarly,
(titig1)® =1 for 1 < i < m — 2, and the relations (vav=2t)% = (twlaw)® = 1 give
(tm1tm)® = (tmtms1)® = 1, and then conjugation of these by powers of w gives all
remaining relations of the form (tjtjﬂ)?’ =1, namely for m+1<j <mn—2.

Next, we will show that [t;, ] = (¢;t)> =1 whenever 1 < j+1 <k < mn. If
Jj < k < m, then this follows from the presentation P; and if im < j < k < (i+1)m for
some i > 0, then it follows from P after conjugation by w'. If ¢; and ¢ lie in different
B-conjugates of the subgroup A;, then [t;,¢;] = 1 because those conjugates commute

with each other. Also the two commutation relations [a,t] = [v?av™!,t] = 1 ensure
that ¢,, = t commutes with all elements of (a,vZav™') = (t1,ts,.. .ty o).

To obtain the rest, we show that the relations [a, vy '] = y loyav=t = ytyv?av =2
=y~ 'tywlaw = 1 imply that y conjugates each element in the sequence t1,ts, . .., tmn

to its successor. First, vy~ 'ty = v lay = v—lav = t, since vy~ ! centralises a, and then
we find by induction that

y iy =y oy = (o) Ty ) (v oy)
= (o M)t (tva) = av M va = atiea = tio

for 1 < ¢ < m — 3, since t commutes with ¢;.1, and a = ¢t; commutes with ¢;,5. Next
Yy oy =y a2y =t = t,, and y i,y = vy Hty = wlaw = wtw =ty

and finally because w = y™ is centralised by y (which has order mn), we find

Y timey = ylwT 'y = wly T iy’ = wTpw' = i

forl<i<nand1l<j<m.



Now since the known relations of the form [t;,¢;] = 1 cover all possible index
differences k — 7 modulo mn (other than +1 mod mn), conjugation by powers of y
gives [t;,t;] = 1 whenever 1 < j+1 <k < mn.

Hence the mn — 1 involutions tq,%s,...,tw,—1 generate a subgroup satisfying the
usual Coxeter relations for S,,,.

Finally, we show that each of the given generators for GG can be expressed as a word
in these t;. The relations in P give this for each element of the set A. In particular,
a =t and v = (v D=2 (V=M= Ngym3)  (vlav)a = ty_1tm_o. .. tat1, and it
follows that w ™ vw® = timim—1timem—2 - - - Limyotime1 for 1 < i < n. Similarly t = ¢,,,
and of course wtw! = tiy1ym for 1 <o < n — 2. From the relation y = wv(wty)" !
we can now deduce that

y = (w " Do ) (w D 2) (w” " How?) L (w ) (w vw)te
= (tmn—l v t(nfl)erl)t(nfl)m v (t2m—1 v tm+2tm+1)tm(tm—1 v t2t1)
= tmn-1tmn—2...lat1.

Next, from the relations w = y™ and b = (v~ twlv~1w)™ it follows that both b and w
are expressible as words in the ¢; as well, and the same then holds for all the redundant
elements of the set B (which are expressible in terms of b and w).

Hence the involutions t; generate G, which is therefore isomorphic to S,,,, and the
rest follows easily. O

Corollary 4.2 For allm > 3, if the symmetric group S,, has a presentation involving
the long cycle (1,2,3,...,m) and a transposition of the form (i,i+1), and of length
at most K logm loglogm where K is any constant > 100, then S,,2 also has such a
presentation, of length at most K logm? loglogm?.

ProoOF: Taking n = m in Theorem 4.1, we find that if the presentation for S, has
length ¢(P), then a presentation can be constructed for S,,2 with length bounded above
by 2¢(P) + 3logm + ¢ for some constant ¢ < 148. Now (K — 3)logm > 97log3 > ¢,
so it follows that if ¢(P) < K logm loglogm, then

N

2((P) +3logm +c 2((P) + Klogm

2K logm loglogm + K logm

NN

2K log m(loglogm + log 2)
= Klogm? log(2logm)

K log m? loglog m?

as required. O

It remains to construct a presentation for S, from these building blocks. To that
end we require the following lemma.

Lemma 4.3 Let f : N — N satisfy the following, for some positive constants u and v:
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(i) fla+0) < f(a)+ f(b) +ulog(ab) for all a,b €N, and
(i) f(ab) < f(a)+ f(b) +vlog(ab) for all a,b e N.

Then f(n) < klog®nloglogn for n sufficiently large, and some constant k, where
a = logy(1 +v/2) ~ 1-27155.

PRrROOF: For n € N, let n; € N be minimal subject to n? > n, and let n, be minimal
subject to n?—n2 < n. Then clearly n; < v/n+1and ny < 14++/2(n; — 1) < 1+v/2¢n.
Further n = (ny + n2)(n; — ny) + ng where 0 < ng < 2ns.

Now consider the following inductive hypothesis: for some k£ > 0 and for some
sufficiently large no and for some n > ng, suppose that f(a) < klog®alogloga for
every integer a in the range ny < a < n.

It is easy to see that

log®(ny + ng) loglog(ny + ny) = log® v/nloglog v/n + o(1)
and similarly when n; 4+ ns is replaced by n; — ns. Hence it follows that

fln) < fln+na) + f(nn = n2) + f(ns) + (5u/4 4 v)logn + O(1)
< k(2log® v/nloglog /i + log®(23/%n'/*) log log(2%/2n/*))
+ (bu/4+v)logn + ¢ for some absolute constant ¢
k(21og® v/nloglog v/n + log® n*/*loglog v/n)

N

for all n > N, where N is determined by u, v, k. By definition of a, the last expres-
sion is klog®nloglogn. The least value of N that satisfies this condition decreases
monotonically with k, and hence may be regarded as being determined by wu, v alone.
Given N, we may take k to be large enough to ensure that f(a) < klog® alogloga for
all a such that a < n and logloga > 0. The above argument then proves the lemma
inductively. O

Note that the proof can also be organised to demonstrate that for any & > 0,
f(a) < klog®alogloga for all sufficiently large values of a.
This leads to the following result.

Theorem 4.4 For all n > 3, the symmetric group S, has a presentation of length
O(log®n loglogn) on a generating set that includes elements x and y standing for the
transposition (1,2) and the n-cycle (1,2,...,n), and « is as in the above lemma.

PROOF: Let f(n) be the minimum length of a presentation of S,, on a generating set
as in the theorem. Then by Theorem 3.1 it follows that f(a+b) < f(a)+ f(b) + u for
some constant u, and by Theorem 4.1 it follows that f(ab) < f(a) + f(b) + vlog(ab)
for some constant v. The result then follows from the previous lemma. O

11



5 Presentations for S, with a bounded number of
relations

In this section we combine certain presentations for 2-dimensional projective general
linear groups over prime fields, exploiting the 3-transitive permutation representations
of these groups, in order to build presentations for symmetric groups with a bounded
number of relations.

For every odd prime p, the group PGL(2, p) has order p(p* — 1), and is 3-transitive
in its natural action on the p + 1 points of the projective line over the field GF(p).
The stabiliser of any point is a Frobenius group of order p(p — 1), complemented in
PGL(2, p) by a cyclic subgroup of order p + 1 (any generator of which induces a single
cycle of length p + 1, called a Singer cycle), and the stabiliser of any unordered pair
of points is a dihedral subgroup of order 2(p — 1). Further, PGL(2, p) itself can be
generated by two elements, such as a Singer cycle and any element of order p or p — 1.

Lemma 5.1 Let p be any odd prime, and o any primitive element of the field GF(p).
Then for some integer j satisfying 1 < j < p— 2,

{Q,R,S,T | 87, 7% (ST), (S*TSPHVT)? Qr~1,Q~'SQS™, (QT)*,
Q'TQTS VerSs—rs-YaT R-1QTSI, SRS/ ®~i RS1=IT },

is a 4-generator 10-relator presentation for the group PGL(2,p). The three generators
S, T and Q) may be taken as standing respectively for the linear fractional transforma-
tions z+— z+1, z+— —1/z and z — «az, in which case the first and third generate a
Frobenius subgroup of order p(p — 1) fixzing the point oo, the second and third generate
a dihedral subgroup of order 2(p — 1) stabilising the pair {0,000}, and the fourth gen-
erator R stands for a Singer cycle that takes oo to 0. Moreover, in this presentation
the generators T and Q) are redundant, and their elimination gives rise to an 8-relator
presentation for PGL(2,p) on the two generators S and R.

PROOF: A presentation for PGL(2, p) is given in Section 7.5 of [7] in terms of the three
generators S, T and @), subject to the first eight of the relations given, and standing
for elements with the given properties. Then for any j, the pre-image in GL(2,q) of
aj o
-1 0
and determinant «, and so the value of j can be chosen to ensure that R = QT'S’
lies in a conjugacy class of elements of order p + 1. With R so chosen, we find that
SRSW/®-iRS'™7 = T, and thus we obtain the above presentation. The last two rela-
tions can be used to eliminate 7" and (), giving a 2-generator 8-relator presentation on
the generating set {R, S'}. O

the element QTS can be represented by a 2 x 2 matrix =+ with trace +ay

We now exploit the existence of such short presentations and the 3-transitivity of
PGL(2, p), to give the following:
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Theorem 5.2 For odd primes p and q, let P = {a,qg,c,e| R} be a presentation for
PGL(2,p), such that in the natural action on the projective line over GF(p), the gen-
erator g stands for a Singer cycle taking oo to 0, the generator a stands for an element
of order p fizing oo, the subgroup generated by a and c stands for the stabiliser of the
point oo, and the subgroup generated by c and e stands for the stabiliser of the pair
{0, 00}, and let Q = {b,h,d, f|S} be an analogous presentation for PGL(2,q). Then
there exist words v and w in the letters t and y such that

{a,be,dye, f,g,h, t,y| R, S, 12,y thtg™t, a v, g(yt)Py P, b~ w, b1y~ (ty)",
lg, h], [a,t], [e, t], [t, 0], [t d], e, yty ™Y, le. yty =Y, [y~ ‘ty, d], [y~ ‘ty, f],
it y)?, [ty 2] [ty eyl [t yhy2) [g, v Mty [ty =t B }

is a presentation for Spiqio on a generating set that includes the elements y standing
for the (p+q+2)-cycle (1,2, ...,p+q+2) and t standing for a transposition of the form
(i,i+1). In particular, this presentation has 10 generators and |R|+ |S| + 21 relations.
Also the generators a,b,c,d, e, f,g and h are redundant.

ProoOF: First, let G be the group defined by the given presentation, and label the
points of the projective line over GF(p) as 1,2,...,p,p+1 such that p labels 0, and
p+1 labels oo, and similarly, label the points of the projective line over GF(q) as
p+2,p+3, ..., p+q+1, p+q+2 such that p+2 labels oo, and p+3 labels 0. This labelling
and the words v and w can be chosen in such a way that it gives a homomorphism
from G to Sp4q+2 under which

g — (p+1,p,...,2,1),
. h — (p+2,p+3,...,p+q+1,p+q+2),
t o (p+1,p+2),
y — (1,2,...,p,p+1,p+2,p+3,...,p+q+1,p+q+2),

e the subgroup generated by a and g is transitive on {1,2,...,p,p+1} and fixes
the other ¢ + 1 points p+2,p+3,...,p+q+1,p+q+2,

e the subgroup generated by b and h is transitive on {p+2, p+3, ..., p+¢+1, p+q+2}
and fixes the other p + 1 points 1,2,...,p,p+1,

e the subgroups (a,c) and (b, d) fix p+1 and p+2 respectively, and

e the subgroups (c,e) and (d, f) preserve the pairs {p,p+1} and {p+2,p+3}
respectively.

The words v and w exist because the images of ¢ and y generate S, 412, and in fact
they can be found by expressing the images of a and ¢ as words in the transpositions
(1,i+1) for 1 < i < p+q+1, which are images of conjugates of ¢ by powers of y. Observe
also that the generators ¢ and e in the presentation P for PGL(2, p) are redundant, as
are the generators d and f in the presentation @) for PGL(2, q).
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Now in G, define t,,1 = t, and t, = yty ' and t, .o = y~'ty, and then ¢, ; = g~'t,g’
for 1 <i<p-—1,and ty0.; = h7t, o0 for 1 < j < ¢— 1. As earlier, we will show
that the elements t1, %o, ..., %)+ 441 satisfy the usual Coxeter relations for S,i,4+2, and
that they generate G.

To do that, we make some key observations about conjugates of the element ¢, by
elements of A = (a, g). One is that ¢, = yty ! is centralised by ¢ and e, which generate
a dihedral subgroup of order 2(p — 1) standing for the stabiliser of an unordered pair
{p, p+1} of points in a known 3-transitive action of A of degree p+ 1. In particular, the
number of conjugates of ¢, by elements of A is exactly p(p + 1)/2, and there is a one-
to-one correspondence between these conjugates and the unordered pairs of distinct
points in the 3-transitive action of A. Also a and ¢ generate a subgroup of order
p(p — 1) that stands for the stabiliser in A of the point p+1, and by 3-transitivity,
this subgroup has two orbits on pairs, of lengths p and p(p — 1)/2. Moreover, this
subgroup is a complement to the subgroup generated by g (standing for a Singer cycle
that moves p+1 to p), and {p, p+1}¢" lies in the long orbit of (a, c) on pairs for 1 <i < p
(while {p, p+1} lies in the short orbit). It follows that ¢1,%s,...,¢,_; all lie in the same
equivalence class under conjugation by (a, c), of size p(p — 1)/2, but not containing t,.

By the analogous argument, t,.3,%,44,...,tp14+1 all lie in the same equivalence
class under conjugation by (b, d), because t, 2 = y~ 'ty is centralised by the dihedral
subgroup of order 2(q — 1) generated by d and f in B = (b, h).

Next, we consider conjugation by y and t. The relation [t,y 1gy?] = 1 gives
Yoyt = vty = (yg) Tty g) = g lyty g = tp; similarly, [t yhy 7Y = 1
gives y2t,19y% = y2ty* = (yh) 't(yh) = by tyh = t,,3. The relation [t,y*ty*] =
1 now gives [t, 1,t,11] = [y*ty~%,¢] = 1, and by our observations above (and since a
and ¢ both centralise t), conjugating this by elements of (a,c) gives [t;,t,4+1] = 1 for
1 <i < p— 1. Similarly, we have [t,;1,t,43] = [,y *ty*] = 1, and conjugating this by
elements of (b, d) gives [tp11,t;]=1forp+3<i<p+qg+1

More easily, the relation [yty~', h] = 1 gives [t,, h] = 1, and conjugation by powers
of g (which all centralise h since [g, h] = 1) then gives [t;,h] = 1 for 1 < i < p; and
similarly, conjugation of the relation g,y *ty] = 1 by powers of h gives [g,t;] = 1 for
p+2<j<p+q+1 Because y = htg~!, it now follows that

y Yy = gth™'t;htg™! = gttitg ™t = gtig ' =t for 1 <i<p—1, while
y 'ty = gth~'thtg™" = gttjatg™t = gtjng T =t forp+2<j<ptg
Asalso y~ ',y =t,11 and y ',y = ty40, we have y~py = gy for 1 < k < ptg+1.

Now conjugation of the relation ¢> = 1 gives t? = 1 for all i. Similarly, the relation
[t,y]> =1 gives (tp11tp12)® = (ty~'ty)® = 1, and then conjugation of this by powers of
y gives (titiy1)® = 1for 1 <i < p+q+1. As we saw above, the relation [t,y?ty?] =1
gives [ty41, tpy3] = [t, tp43] = 1, and conjugation of this by powers of y gives [t;, ;2] = 1
for 1 <i < p+ q. In particular, we have [yty ',y 'ty] = [t,, t,42] = 1. Conjugation of
this by powers of g gives [t;, tp12] = 1 for 1 < ¢ < p, and further conjugation by powers
of h gives [t;,t;] =1for 1 <i<p+1<j<p+q+1. Because the known relations of
the form [t;, t;] = 1 now cover all possible index differences k& — j (other than £1) mod
p-+q+2, conjugation by powers of y gives [t;,?;] = 1 whenever 1 < j+1 < k < p+q+2.
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Hence the involutions ¢,%s,...,t,14+1 generate a subgroup satisfying the usual
Coxeter relations for Sp;q42.
The relations g(yt)Py " =1 and h™ 'y~ 9(ty)? = 1 give

g = (yty )Wty ) (Pt ) (Pty ) = tytpor . toty,  and

h=(y~ "ty (™ V™) () (5 ) = tprgrtpig - - Lpratpeo.
These, together with the two relations expressing a and ¢ as words in the conjugates
of t by powers of y, and the relation y = htg~!, show that each of the given generators
for G can be expressed as a word in the elements ¢;.
Hence the involutions ¢; generate G, which is therefore isomorphic to Sy 442, and
the rest follows easily. O

Again, a very similar construction without the gluing transposition (p + 1,p + 2)
can be used to obtain the following:

Theorem 5.3 Let P = {a,g,¢,e| R} and Q = {b,h,d, f|S} be presentations for
PGL(2,p) and PGL(2,q) as in Theorem 5.2. Then there exist words v and w in the
letters t and y such that

{a,be,dye, f,g,h, t,y| R, S, 2,y thg™t a o, g(ty)Py P, b~ tw, h 1y~ (ty),
la, h], [e, ], [g,0], [g.d], [c, 1], [e, 1], [y~ "ty, d], [y "ty, f],
t,y]%, [ty 2ty [t gyl [t yhy 2, g, v 2ty?], vty h] }

is a presentation for S,i,+1 on a generating set that includes the elements y standing
for the (p+q+1)-cycle (1,2, ...,p+q+1) and t standing for a transposition of the form
(1,i41). In particular, this presentation has 10 generators and |R|+ |S|+ 20 relations.
Also the generators a,b,c,d, e, f,g and h are redundant.

PROOF: Here the Coxeter generators are t, = t and t,., = y~'ty, plus t,_; = g~ 't,g"
for 1 < i < p—1, and tp114; = h79t, W for 1 < j < g—1. The relations
[c,t] = [e,t] = 1 ensure that t has exactly p(p + 1)/2 conjugates under elements of
A = (a,g), and hence that t;,ts,...,t,_1 all lie in the same equivalence class under
conjugation by (a, c), and similarly, the relations [y~ 'ty, d] = [y~'ty, f] = 1 ensure that
tpr2s tpis, - - -, tptq are all equivalent under conjugation by (b, d). The relation [¢, gy] = 1
gives yt,y~t = g 't,g = t,_1, and similarly, [t,yhy~?] = 1 gives y 2t,y* = t,42. The
relation [yty~', h] = 1 gives [t, 1, h] = 1, and conjugation by elements of (a,c) (which
all centralise h since [a, h] = [c,h] = 1) then gives [t;,h] = 1 for 1 < i < p; and sim-
ilarly, conjugation of the relation [g,y %*y*] = 1 by elements of (b,d) gives [g,t;] = 1
for p+2 < j < p+ q. These observations imply that y~'t,y = t)4q for 1 <k < p+gq,
and the rest follows as previously. O

The presentations from Lemma 5.1 may be used as input into Theorem 5.2 or 5.3,

and then eliminating the redundant generators a,b,c,d, e, f,g and h from the result
(using one relation each), we find the following:
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Corollary 5.4 Let n be any positive integer such that either n—1 or n—2 is the sum
of odd primes p and q. Then the symmetric group S, has a defining presentation with
generators x = (1,2) and y = (1,2,3,...,n) subject to at most 33 relations.

If the Goldbach conjecture is true, then every integer n > 7 has this property. But
independent of the veracity of the Goldbach conjecture, we have the following:

Corollary 5.5 For every positive integer n, the symmetric group S, has a defining
presentation with generators x = (1,2) and y = (1,2,3,...,n) subject to at most 123
relations, or at most 78 relations if n is sufficiently large.

PROOF: By a theorem of Vinogradov [19], every sufficiently large odd integer is ex-
pressible as a sum of three primes, and it follows that every sufficiently large even
integer is expressible as a sum of four odd primes. Now suppose n — 2 or n — 1 is so
expressible, say as p+q+r-+s. Then by Corollary 5.4 there exist 2-generator 33-relator
presentations for Sy, .41 and S,;s41, which can be taken as input to Theorem 3.1 or
3.3, to produce 2-generator presentations for S, (= Spigtrist2 OF Spigirist1), With at
most 33 + 33 + 12 = 78 relations. Alternatively, we use the theorem of Ramaré [15]
that gives every even n > 1 as a sum of at most six primes, and take the analogous
approach, obtaining a presentation with at most 78 + 33 + 12 = 123 relations. O

Unfortunately the lengths of the presentations in the last two results are difficult
to measure, because of the words v and w used in Theorems 5.2 and 5.3. This problem
is tackled using a somewhat different approach in the next section.

6 Short presentations for S, with a bounded num-
ber of relations

We now construct short presentations for .S,, with a bounded number of relations. As
a first step, we introduce a more general version of the ‘gluing’ construction described
in Section 3.

Theorem 6.1 Let P = {A,t|R} and Q = {B,t|S} be presentations for the symmet-
ric groups Sy and S, of degrees m + 1 and n + 1, with m,n > 1, such that the
generator t denotes a transposition in both cases. Let M and N be sets of words on the
sets AU{t} and B U{t} standing for generators of the natural subgroups S,, and S,
fizing a point moved by t, respectively, and let [M, N| denote the set of all commutators
[u,v] withw € M andv € N. Then

{A,B,t|R,S,[M,N]}

s a presentation for S,,.in, again with the generator t standing for a transposition. In
particular, this presentation has |A|+|B|+1 generators and at most |R|+|S|+ |M||N|
relations. If y and z stand for an (m+1)-cycle in S,.1 and an (n+1)-cycle in S, 44
respectively, then zyt stands for an (m+mn)-cycle in Spyyp.

16



PROOF: First, observe that there is a natural homomorphism from the group G with
the given presentation onto S,,, under which the subgroups generated by M and N
map to Sym({1,...,m}) and Sym({m+1,...,m+n}), respectively, and ¢ maps to the
transposition (m,m+1).

Now choose elements ay, as, ..., a, € (M,t) that generate (M,t) = (A,t) = Sy
and satisfy the standard Coxeter presentation for S,, 1, with also (ay, ..., ay,_1) = (M)
and a,, = t. Similarly, choose n elements by, bs,...,b, € (N,t) that generate (N,t) =
(B,t) = S,41 and satisfy the standard Coxeter presentation for S, 1, with also by = ¢
and (by,...,b,) = (N).

Next define a,,4;—1 = b; for 1 < j < n, and let S = {a4,...,am+n—1}. This set
of involutions generates G, since it contains ¢ = a,, = b; as well as generating sets
for both (M,t) = (A,t) and (N,t) = (B,t). Consider the required Coxeter relations
(aa;)™ =1for 1 <i<j<m+n—1. Observe that either 1 < i < j < m and this
relation is implied since it is satisfied by (M,t); or m < i < j < m+n — 1 and this
relation is implied since it is satisfied by (N,¢); or 1 < i < m < j and this relation is
implied since a; € M commutes with a; € N. Thus G = (S) = S,,1p.

Finally if y and z are elements of G standing for the (m+1)-cycle (1,2,...,m+1)
and the (n+1)-cycle (m,m+1,...,m+n), respectively, then zty stands for the (m+n)-
cycle (1,2,...,m+n). O

We have the following special case.

Corollary 6.2 Let P = {A,t| R} be a presentation for the symmetric group Spi1,
such that the generator t denotes a transposition, and let {a,c} be a set of two words
on the set AU {t} standing for generators of the natural subgroup S,, fixzing a point
moved by t. Then { A bt |R,b% (bt)3, [a,b],[c,b]} is a presentation for Sp. o, with
the generators b and t standing for transpositions. In particular, this presentation has
|A|+2 generators and at most |R|+4 relations. Also an element standing for an (m+2)-
cycle in Sy, 1o can be expressed in the form yb, where y stands for an (m+1)-cycle in
Sm+1.

ProOOF: Take n =2, B= N = {b} and M = {a,c} in Theorem 6.1. O
Also we need a variant of the Coxeter presentations:
Theorem 6.3 For all n > 3, the finitely-presented group G,, having presentation
{ay,ag,...,a, | al, (@:0;)%, (a;a;a;a1)* for all distinct i, j, k }
is isomorphic to the symmetric group S,i1. In fact, the relations a? = (a;a;)® = 1
together with the relations (a1ajarar)® = 1 for distinct j,k > 1 are sufficient to give

a presentation of S,.1. Similarly, for each unordered triple {i,j, k}, it suffices to use
only one relation of the form (a;aja;ax)?.
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Proor: The displayed presentation is due to Burnside [4] and Miller [12], but we
give a complete proof of the theorem. First, clearly G,, has an image S,y (acting
on {0,1,2,...,n}), where a; stands for the transposition (0,7) for 1 < ¢ < n. Also
G35 = 54, which we leave as an exercise for the reader. Now suppose by induction that
G, presents S, 1. Then G, is generated by a,.1, a;, and a?l for 2 < j < n. Let
t=ay, M = (ay41) and N = (ajaja; : 2 < j < n). Clearly M = S5 and (M, t) = Ss,
with ¢ being a transposition therein. Also (N,t) = (ai,...,a,) is a homomorphic
image of G, and so (N,t) = S, ., with ¢ a transposition, and as N is a conjugate
of (as,...,a,) < (N,t), also N = S,. Next, the relations (aja;aia,41)*> = 1 imply
that the generator a,;; of M commutes with the generators a;a;a; of N, and hence
[M, N] = 1. Since G,,;1 is generated by M, N and ¢, Theorem 6.1 gives G, 11 = S, 12.
Finally, note that for each unordered triple {i, j, k}, the relator (a;a;a;ax)? is conjugate
to (a;axa;a;)?, and equivalent to (a;a;a;ax)? because of the relation (a;a;)® = 1. O

We now proceed as in Section 5, but using the presentations from Theorem 6.3 in
place of the Coxeter presentations, and without assuming that elements standing for a
Singer cycle (or a longer cycle) are included in the generating set.

Lemma 6.4 Let p be an odd prime, and « a primitive element of the field GF(p). Then
{a,b,c|a?,bP~t, c% aba=?, (be)?, (ac)®} s a presentation for PGL(2,p), in which the
three generators a, b and ¢ may be taken as standing respectively for the linear fractional
transformations z +— z+1, z+— Az and z +— —1/z.

PROOF: See Todd [18]. O

Theorem 6.5 Let p be an odd prime, and let A be a primitive element of GF(p). Then
{a,b,c,t]a?,bP=1, % aba=>, (be)?, (ac)®, 12, [t, al, [t, ], [t, c]?, (tt°tt)2, (abt®)P }

is a 4-generator 12-relator presentation for the symmetric group Spyo, in which att
stands for a (p+2)-cycle (1,2,...,p+2) and t stands for a transposition of the form
(4,i+1).

PRrROOF: First, observe that there is a natural homomorphism from the group G with
the given presentation onto the symmetric group S,;2 acting on {x, oo} UGF(p), given
by mapping ¢ to the transposition (%,00) and mapping a, b, ¢ to elements that fix *
and act on the projective line {oo} U GF(p) as the linear fractional transformations
given in Lemma 6.4. In particular, att® maps to the (p+2)-cycle (0,1,2,...,p—1,%,00).
Moreover, the elements a,b and ¢ generate a subgroup H isomorphic to PGL(2, p).

The images of the elements a and b generate the stabiliser of the point co in this
permutation representation, and as a and b centralise ¢, it follows that ¢ has exactly
p + 1 conjugates under the action of H = (a,b,c), and these elements map to the
transpositions t; = (x, 1) for i € {oo} U GF(p).

18



The relations t* = [t,c]* = (tt°tt**)*> = 1 now give all that is required to invoke
Theorem 6.3, and so the subgroup K generated by these p + 1 conjugates of ¢ is
isomorphic to S,42. Hence the given group is a quotient of a semi-direct product of
Spt+2 by PGL(2,p). But S,+2 has trivial outer automorphism group, so this group must
be a quotient of the direct product S, o x PGL(2,p).

On the other hand, the relation (abt®)? = 1 may be written as

(ab)?((ab) =~ Vte(ab)?~1)((ab)~ "2t (ab)?~?) . .. ((ab) ~*t°(ab)?)((ab)~'t*(ab))t* = 1,

and as the element ab is known to have order p — 1 (because it represents the linear
fractional transformation z +— A(z + 1)), it follows that ab = (ab)P is expressible as a
product of conjugates of ¢ (and hence of ¢). In particular, ab lies in K, and therefore
all conjugates of ab lie in K, and so the subgroup H = PGL(2, p) generated by these
conjugates lies in K. Thus G = HK = K = 5, 1. O

An alternative (and shorter) presentation of S,;» on the generators a, c and ¢ can
be obtained from the following:

Lemma 6.6 Let p be any odd prime. Then {a,c|a?, acacac™, (a®*V/2ca’c)®} s
a presentation for PSL(2,p), in which the two generators a and ¢ may be taken as
standing respectively for the linear fractional transformations z — z+1 and z — —1/z.

PROOF: See Sunday [17]. 0

Theorem 6.7 Let p be an odd prime, and let X be a primitive element of GF(p), with
wnverse . Then

{a,c,t|aP,acacac™, (aPt/2ca’c)?,
2, [t, al, [t, ca*card], [t, c]?, (t°tte)2, (ttettea™)?, (atc)P+i )

is a 3-generator 10-relator presentation for the symmetric group Spio, in which att®
stands for a (p+2)-cycle (1,2,...,p+2) and t stands for a transposition of the form
(i,i+1). Moreover, if p =3 mod 4 then the relator (tt°tt«*)? is redundant and just 9
relators are needed.

PRrROOF: This is similar to the proof of Theorem 6.5, but now H = (a, ¢) is isomorphic
to PSL(2,p), by Lemma 6.6, and the images of the elements a and ca’catc generate
the stabiliser of the point co. In contrast to PGL(2,p), the group PSL(2,p) is not
3-transitive on the projective line L = {oo} U GF(p), but it has only two orbits on
ordered triples of distinct points of L, and so the required relations for the subgroup
K(= Sp:+2) generated by conjugates of ¢ can be obtained from just the six relations
2 = [t,a] = [t,ca’catcat] = [t,c]® = (H)2 = (¢t°4°)2 = 1. If p = 3 mod 4, then
the relator (ttcttcak)2 can be dropped because PSL(2, p) has a single orbit on unordered
triples of points of L in that case — see the last sentence of Theorem 6.3. O

19



Ideally, we would like to convert this presentation to one on the standard generators
of Sp42. Taking these to be z = (%, 00) and y = (%,00,0,1,...,p— 1), we have z =t
and y = att®, and conversely a = yxy 'zy. However, we cannot express ¢ as a short
word in z and y, and suspect that this cannot be done.

Instead we apply Theorem 6.1 to Theorem 6.5 and obtain the following;:

Theorem 6.8 Let p and q be odd primes, and let X\ and p be primitive elements of
GF(p) and GF(q), respectively. Then

{a,b,c,d,e, f,t]aP,bP~L 2 a’a=>, (be)?, (ac)?,d?, ed=L, f2, ded=+, (ef)?, (df)?,
2 [t, a],[t,b],[t,d],[, ],[, c]? ,[t, T3, (ttettea)? (1t 1t 42, (abte)P, (det!)?,
la, d], [a, f1,]c, d], [cf,t]* }

is a T-generator 27-relator presentation for the symmetric group Spiq+2, n which
at'tted stands for a (p+q+2)-cycle (1,2,...,p+q+2) and t stands for a transposition
of the form (i,i+1).

Proor: Take m = p+ 1 and n = ¢+ 1, and also A = {a,b,c} and B = {d,e, [},
and M = {a,t} and N = {d,t/'}. Then using Theorem 6.1 we obtain a presenta-
tion for S,,4n = Spigse the same as above but with the relators [a, t/], [d,t?] and
[t /'] in place of [a, f], [c,d] and [cf,t]?. Since t commutes with both a and d in this
group, the relations [a, f] = 1 and [c,d] = 1 imply that [a,t/!] = 1 and [d,t?] = 1;
further the relation [t,t/t] = 1 is equivalent to 1 = [t¢,t/] = (ctcftf)? and hence to
[cf,t]> = (feteft)? = 1. 0

A similar application of Theorem 6.1 to Theorem 6.7 gives:

Theorem 6.9 Let p and q be odd primes, and let A and p be primitive elements of
GF(p) and GF(q), with inverses p and o respectively. Then

{a,c,d, f,t|a?, acacac™, (a®?*V/2ca*c)? d9, df df df —*, (d9+D/2 fd* £)2,
tZ,[t,a],[t,ca calc), [t,d], [t, fd“fd"f]
[, e, [t, f13, (ttettea)?, (ttF el )2, (teette™ )2, (e et )2, (ate)Pt?, (dl)et?,
a.d), a. f], le.d), [ef, 1) }

is a 5-generator 23-relator presentation for the symmetric group Spiq+2, n which
at'tted stands for a (p+q+2)-cycle (1,2,...,p+q+2) and t stands for a transpo-
sition of the form (i,i+1). Moreover, if p = 3 mod 4 then the relator (tt¢tt*)?
redundant, and if ¢ = 3 mod 4 then the relator (tt/tt/?")? is redundant.

We now adopt the approach taken at the end of Section 5. Namely we use the results
of Vinogradov or Ramaré and a gluing construction of the type given in Theorem 6.1
to produce the following.

Corollary 6.10 Let n be any positive even integer such that n — 2 is the sum of odd
primes p and q. Then the symmetric group S, has a defining presentation of length
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O(logn) having five generators and at most 23 relations. One of the generators can
be taken as the transposition (1,2), and the n-cycle (1,2,...,n) can be expressed as a
word of length at most 9 in the five generators.

Corollary 6.11 For every even integer n > 1, the symmetric group S,, has a defining
presentation of length O(logn) having 13 generators and at most 77 relations, or 9
generators and at most 50 relations if n is sufficiently large. One of the generators can
be taken as the transposition (1,2), and the n-cycle (1,2,...,n) can be expressed as a
word of length at most 29 in the 13 generators, or at most 19 in the 9 generators if n
1s sufficiently large.

Similar presentations for S,, with n odd can be obtained from the above, together
with Corollary 6.2.

It remains to be decided whether or not there is a presentation of S,, on the standard
generating set (consisting of the n-cycle (1,2,...,n) and a transposition of the form
(7,i41)), with a uniformly bounded number of relators of total length O(logn).

7 Alternating groups

Presentations for the alternating groups A, can be obtained easily from those for .S,,,
using the Reidemeister—Schreier process [16, Chapter 6].

If P, is any presentation for S, let E,, and O,, be the subsets of generators in P,
that stand for even and odd permutations in S,,, respectively. A Schreier transversal
for A, in S, is {1, 2}, where x is any one of the generators in O,, (such as one standing
for a single transposition). The Schreier generators for A,, are then all elements of the
form y and xyz~! where y € E,, together with all elements of the form xz*! where
z € O,. The Reidemeister—Schreier relators are just those in the presentation for S,
rewritten in terms of these Schreier generators, plus conjugates of these by z 1.

In particular, the number of generators in the resulting presentation for A, is at
most twice the number of generators in the presentation P,, and the number of relations
is at most twice the number of relations in P,. Accordingly, the length of the resulting
presentation is at most twice that of P,.

In fact, many of the relators are equivalent to their conjugates under z, so the
number of relations in the presentation for A, is very similar to that for S,. For
example, conjugation of (xy~'zy)* by the involution x gives (y~lxyx)¥, which is simply
the inverse of (zy~lzy)k.

Also if P, has just two generators x and y, standing for a transposition and the
n-cycle (1,2,...,n), the Schreier generators for A, are either y and zyz (when n is
odd) or xy and zy~! (when n is even).

As a result, the constructions in Sections 2, 3 and 4 give rise to presentations for the
alternating group A, that are (respectively) linear in n, quadratic in logn and linear
in logn loglogn, and the ones in Sections 5 and 6 give presentations for A, with a
bounded number of generators and relations, for all n. In particular, those in Section 5
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give rise to presentations for A, on two generators with a bounded number of relations,
giving a positive answer to the second part of Question (3) in Section 7 of [5].

8 Short presentations for small degree cases

We have investigated, using computational techniques, short presentations for the sym-
metric groups of degree at most 9. One motivation for this work is to use these in the
base cases of the general constructions described here.

Theorem 8.1 reports the shortest-length presentations we have found for S, for
small values of n, on generating sets which include a 2-cycle u and an n-cycle v. (If an
additional generator appears, then that generator is redundant.)

Theorem 8.1
S5 = (uo] w0, (w)?);
Sy =2 (u,v|u? vt (w)?);
Ss =2 (u,v,w | u? 0" W, (vw)?, v uvtuw );
Se = (u,v,w, x| v vwis ™ W’ ve v wr, urv e e );
S; =2 (u,v,w, x| v v ?we? v wr  we, wo e lrwe ™ (wo Tt T2 );
Sy = (u,v,w,x \ w?, w?, (uw)?, 2° 2 o wvzu, 2 wuwe e w, vt wr );
Sy = {(u,v,w | u? w2 wvwuwv v uwwuwur?ue 3, (viw)*).

These claims can be readily established by coset enumeration over a suitable sub-
group (see [16]). We used the coset enumeration machinery of Havas and Ramsay [10],
available within MAGMA [3], extensively in these investigations.
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