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R gave me a DAFE underneath the Linden tree

Most of my lile has been concerned with understanding how 1o solve ondinary differential equations o
merically. Jist when I think I have got somewlsere, T find that some new aspect of the problem has become
Important amd I have 1o star at the heginning again S0 it was when “stiT7 differemtial equations were reoog-
nised as eonstituting a distinet ¢lass of mumerical problems. Itheught I knew somethdng a bout ow 1o solve tle
pasler mon-stiT problems; all ome needed was a stable and consktent numerical approsimation and this can he
turned inio an effecilve algodihm. Most of the traditional numerical schemes are gereralizations of the lamous
Euler meiheod in which the selution at a time value £, s lound by adding to the approcimation at =, _; the
value of an approcdmation to the derivative, evaluated at 2y, and muliiplied by 2, — 2, _ ;. Il the diilferential
equation s y'[2) = fle,y(xz)), and g, s the approsdmation to gz, ), then we can write, lor the Euler method,
ity = dtny F (2 itn_y ), where b= 2, — 2, . Inithe special case of the linear problem, ' (2) = Aylz), tle
recursion lor the approscdmations would be g, = (1 4+ Ay, -

Spmetimes, hurled in a complicated differential equation system, are componenis which behave In this
[ashion. Sometimes, when A ls a (pessibly complex) number with pegative real part, we are supposed 1o he
approsimating a pegatlve exponential so that the effect of these com ponents should be only tramsiiory. However,
A is onislde a dise with centre —1 and radius 1, powers ol 1 + &4 are unbounded and the com puted pesult will
be spoilt iy the effect of these terms.

In such a sltvation, the problem wil be stlfl and it meeds 1o be solved by aliemative methods, such as 1l
implicit Euler method jpn = gm—1 + hfiEn,ita). For this method, the lactor 1 4 Ak, which was the souree of
trouhle for the forward Euler method, 1s mow replaced by (1 — B3 ", and no harm & done by A being megative
amd of large magniiude.

I o not remember when I first became aware of differential algebraie equations, bt I koow when this erucial
event oeeinred in the life of my eolleague and flend RBoswliha Mire of the Humbokdt University in Bedin. I
was attending a conference In the former West Germany in 1981 when someone asked me 1 T would like 1o visit
East Berlin, because this person could arrange it for me. With spme trepldation, I agreed to i In with ihe
arrangemenis that had to he made, and a few days later I firsi made the acguaintance of Roswliha, I had in
my hamd a mumber of reprinis of papers by various people and some of these were on the relatively new subject
ol mumerical methods for differentlal algebrale equations. [ gave these 10 Boswitha in case sle could make
e of them and she certainly coukd. She spon became the leader of one of the most productive and Insightful
respareh gmups working on this subject and I have always heen proud of my small moke In her Introduction to
1his subject.

Ower the last G or T years we lave held a series of “"ANODE" [Auwckland Numerical Ordimary Differential
Equations) workshops amd what will almost certainly been the last of these has just finjsbed. It was a delight to
wieloome Roswlitla Mire, as an Invited speaker, at thks mesting. In fact it was a 1riple benefit because Roswitha
came with two colleagues, Rend Lamour and Caven Tisclendor], who are ouistanding research workers in ilelr
own right.

As an easy Imtroduction to the subject of mumerical differentlal algebmie equations, I wil quote an example
problem presented by Caren. This conslsts of the coupled system
(1 (=Dl (e) + e’ [2) = 0, (2 (A= Llip(zl+ (Ax — 1)z(z) = 0O

This 15 a differential algebrak eguation heease 1t containg a dilferential eguation together with an algebrale
gonstmint. I is sald o he of “index 17 becanse a single diferemtiation of (2) and a rearrangement comverts 1t
1o the differentlal equation system
(3 (A-L'(2) + Nez(z) = 0, M) 2x) = Azlx)

I the problem in lis original ormulation & solwed by a natoral extension of the Implicit Ewler metlod it
B found that the @ walues satlsly the recursion #, = [1 + Ab)ze_1. It I8 unforiumate that thi s the same
recursion that would apply to (4) helng solved by the ecpliclt, rather than the implicit Enler method, and s
disadwaniageoss T A megative with a large magnitsde.

Cne of the main thrsts of the Humboldt group led by Boswitha Mirz, B that this sort of asomalous
Tehaviour b avolded I the problem Is lormulated differenily. What they call “mumerically qualified™ would cast
this example problem in the form

1 I wie 1Y 0 A wiz) ] _
[n:l([‘:' 1 Ara[:[:j + 1-% 1-Ar =[xl =0
The criscial detall concerning the two matriees A = [ 1 0 :T and ' = [ A—-1 Ax :, Is that Im([) is
qconstant and that ker[ A) Slm(L) = K. An implementation of the implich Euler method wsing this lormulation

winilld propagate only values of D [ Wl zE) 'T, aml 1se the algebrale consiraint o evaluate 1l Individual
COMPONENTE g and . )

During an eight month visit to Auckland, Steflen Schnlz, a postgraduate stiudent at Humbaolkdt, wrote 1l
Anckland Mathematies report number 497 “Four lectures on Differeniial- Algebrale Equations™. This s a gosd
Introduction to the subject and to some of Its llterature.
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