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Traditional numerical methods for differential equations
are designed to keep computational errors as low as
possible for a given allocation of computing time.
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Traditional numerical methods for differential equations
are designed to keep computational errors as low as
nossible for a given allocation of computing time.

However, not all errors are equally tolerable.

For example, in physical systems which conserve energy,
we might want to insist that a numerical model never has

excessive errors in the energy.

Structure preserving algorithms attempt to preserve the
Integrity of inherent physical or geometric properties.
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Hamiltonian problems

The differential equation in these computations Is an
example of a system of the form, based on a

“Hamiltonian” H(p, q):

_ o _oH
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Hamiltonian problems

The differential equation in these computations is an
example of a system of the form, based on a

“Hamiltonian” H (p, q):
. 0H . 0H

For simplicity, we will consider only two-dimensional
problems.

One property of an equation of this form is that
H(p(t), q(t)) is invariant, because

OH L OH. O0HOH 8H8H_O
8qql ﬁpp_f?q op Op Oq
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Symplectic property

Another conservation property possessed by Hamiltonian
problems is the “symplectic property”.

This states that the flow preserves areas.

Consider two small vectors defining a parallelogram at
time zero. At any later time ¢, the area of the
corresponding parallelogram Is unchanged.

This means that the determinant of the 2 x 2 matrix
formed from the two small vectors Is conserved.

The reason for this hinges on a well-known fact.
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Well-known fact 1 Let X denote a matrix-valued
function of ¢t which satisfies the differential equation

X(t) = M(t)X(t),
and let D(t) = det(X ()).
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Well-known fact 1 Let X denote a matrix-valued
function of ¢t which satisfies the differential equation

X(t) = M(t)X(t),
and let D(¢) = det(X (t)). Then
D(t) =tr(M(t))D(t).

Proof. Let =(¢) denote the adjoint matrix of X (¢) and
write the columns of X as z; and the rows of = as ¢! .

We have n
D=>Y ¢i; = » &M,
1=1 ’

= tr(ZM X)
= tr(M)D.

= tr(MXE)
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Theorem 2 Let X (t) denote the matrix
dpl(t) dpg(t):|
X(t) = |
0= ey ante

where (p + dp1,q + dq1) and (p + dps, q + dgs) are
solutions to

_ _0H _ O0H
P==%, 4= 3

Then det(X (t)) is constant.
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Theorem 2 Let X (t) denote the matrix
dpl(t) dpg(t):|
X(t) =
2 {dm(t) dgo(t) |

where (p + dp1,q + dqy) and (p + dps, g + dqo) are
solutions to

Then det(X (t)) is constant.

Proof. Taking account of Well-Known Fact 1, we need
only to prove that the trace of the Jacobian matrix is zero.
The Jacobian matrix Is

O2H O?H |

Opdq dq?

O°H  0°H | >
| Op? dq0p

which does indeed have zero trace.
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Experiments with some symplectic methods

p = —sin(q), p(0) =1
q = p, CI(O) =0
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Symplectic Runge-Kutta methods

A Runge-Kutta method with s stages Is characterized by
three arrays A, b, ¢, where A Is an s x s matrix and b and
c are s-dimensional vectors.
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A Runge-Kutta method with s stages Is characterized by
three arrays A, b, ¢, where A Is an s x s matrix and b and
c are s-dimensional vectors.

The stages are Y7, Y5, ..., Y, and the stage derivatives
are f;,1=1,2,...,s.
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Symplectic Runge-Kutta methods

A Runge-Kutta method with s stages is characterized by
three arrays A, b, ¢, where A Isan s x s matrix and b and
c are s-dimensional vectors.

The stages are Y7, Y5, ..., Y, and the stage derivatives
are F;,1=1,2,...,s.

Inastep fromt¢,_;tot, =t,_1 + h, Y; approximates
y(tn_1 + he;) and F; = o' (t,_1 + hc;) is computed from
the differential equation v'(¢t) = f(y(t)).
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Symplectic Runge-Kutta methods

A Runge-Kutta method with s stages is characterized by
three arrays A, b, ¢, where A Isan s x s matrix and b and
c are s-dimensional vectors.

The stages are Y7, Y5, ..., Y, and the stage derivatives
are F;,1=1,2,...,s.

Inastep fromt¢,_;tot, =t,_1 + h, Y; approximates
y(t,_1 + he;) and F; = y'(t,_1 + hec;) is computed from
the differential equation v'(¢t) = f(y(t)).

These quantities, together with the output approximation
Y, ~ y(t,), are computed by
Y;:yn—l ——thzlaiij, iZl,Q,...,S,

Yn = UYn-1+hY ;1 bF.
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A Runge-Kutta method Is symplectic if

biaij—kbjaji :bibj, Z,j — 1,2,...,8.
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A Runge-Kutta method Is symplectic if

biaijerjaji :bibj, Z,j — 1,2,...,8.

For such a method, the symplectic property, possessed by
the flow of a Hamiltonian system, is inherited by
numerical approximations.
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A Runge-Kutta method Is symplectic if
biaithbjaji :bibj, Z,j — 1,2,...,8.

For such a method, the symplectic property, possessed by
the flow of a Hamiltonian system, is inherited by

numerical approximations.

All methods with order 2s, which are always based on
Gausslan guadrature, possess this property.
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A Runge-Kutta method Is symplectic if
biaithbjaji :bibj, Z,j — 1,2,...,8.

For such a method, the symplectic property, possessed by
the flow of a Hamiltonian system, is inherited by

numerical approximations.

All methods with order 2s, which are always based on
Gausslan guadrature, possess this property.

We recall two examples, the mid-point rule method

D | —
—t N
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A Runge-Kutta method Is symplectic if
biaithbjaji :bibj, Z,j — 1,2,...,8.
For such a method, the symplectic property, possessed by

the flow of a Hamiltonian system, is inherited by
numerical approximations.

All methods with order 2s, which are always based on
Gausslan guadrature, possess this property.

We recall two examples, the mid-point rule method and
the 2-stage Gauss method:

3—v3 | 3-2V3 1
1)1 6 12 4
CA:22andCA_3+\/§13+2\/§
bT 1 bT 6 4 12

1

2




A symplectic general linear method

Recently I discovered a symplectic general linear
method.
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A symplectic general linear method

Recently I discovered a symplectic general linear
method. Like the Gauss method, it has two stages, but
unlike Runge-Kutta methods, there are two Input and
output approximations for each step.
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A symplectic general linear method

Recently I discovered a symplectic general linear
method. Like the Gauss method, it has two stages, but
unlike Runge-Kutta methods, there are two Input and

output approximations for each step.
We will see below that the order is 4.
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A symplectic general linear method

Recently I discovered a symplectic general linear
method. Like the Gauss method, it has two stages, but
unlike Runge-Kutta methods, there are two Input and

output approximations for each step.
We will see below that the order is 4.
It therefore needs 4 matrices to describe how It works.

Some examples of structure preservation — p. 12/22




A symplectic general linear method

Recently I discovered a symplectic general linear
method. Like the Gauss method, it has two stages, but
unlike Runge-Kutta methods, there are two Input and
output approximations for each step.

We will see below that the order is 4.
It therefore needs 4 matrices to describe how It works.

Here Is the coefficient tableau, in the form of a
partitioned matrix, for this method:

~3+/3 0 1 —3—2v37
_ _ 6 + 3
A U \i/f 3—|—6\/§ 3—|—§\/§
— 1 1
'B V' ? 51 . !
Lz —32 |0 1
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For input vi" " and v " to step number n, the stages
and the output values are computed by

Y1 = ayihly + apphlFs + umﬁ . ulzyén_”

Yo = as1hFy 4 axhFs + U21y£n . U22y£n_1]
yﬁ”’] = b11h P + biohls + vuyg oy v12y£n_1]

yén] — b21hF1 + bQQhF2 -+ Uz1y£n_1] + 022y[n—1]
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For input y%"_” and yg o step number n, the stages

and the output values are computed by
Y1 = a1 hFi + aohFs + U11y£ 1] ulzyg’b—l]
Ys = as1hFy + ashFy + usy ygn 1] uﬂygn—l]
ygn] = b11h P + biohls + Ully% -1y vlgygn_l]

ygﬂ = by h 'y 4 booh Py + Uz1y£n_1] + V2215
Substitute the coefficients from the matrices A, U, B, V:

Y = S0 F Fy - Ry

n—1 n—
Yy = —V3hF) + 38 pF, 4 yln 1y 342v8, bl
ygn] — %hFl + %hFQ -+ ygn—l]

yylii %hﬁa ——lhﬁé —-yyﬁﬂ
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Theorem 3 The new general linear method has order 4.
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Theorem 3 The new general linear method has order 4.
Proof.Given an Input approximation

0] y(o) (1)

Y = )
_\{_ghzy//(xo)_%hzly(zl) (oA 945?8/§h4g_jy"y(4) (o)
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Theorem 3 The new general linear method has order 4.
Proof.Given an Input approximation

=] i L e )
_1—23h2y”($0)——3h4y(4)(33())l9+5 3h46_§y(4)($0) 9

108 216

we need to verify that the output Is

_y(xo) —+ hy’(a:o) + %th”(xO) e %h3y(3)_|_

1]_ 51y +O(h?) 2)
Yy = gth”(a:o)+{—2§h3y(3)(azo)+%6§h4y(4)(xo)+ ;

ROy () + O) _
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Theorem 3 The new general linear method has order 4.
Proof.Given an Input approximation

Yy = )
_§h2y”(xo)—%h4y(4) (o - 9;?%/§h4g—§y(4) (o)

0] y(o) (1)

we need to verify that the output Is

_y(xo) —+ hy’(a:o) + %th”(xO) e %h3y(3)_|_
L hiyW4+O(hd)

— 2
Y gth”(QZo)+\1/—2§h3y(3)($0)—I—%gh4y(4)($o)—|— 7 ( )

SRR YD () + O) _

found by replacing o by 1 = ¢ + 2 In (1) and
expanding about .
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By Taylor expansions we find

Yi =y (w0 + h3E3) 425V 30 8) (3:0) - O(hY),
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By Taylor expansions we find

Yi =y (w0 + h3E3) 425V 30 8) (3:0) - O(hY),

hFy = hy (zo+ ER2) + BB 4800 (20) +O(RF),  (3)
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By Taylor expansions we find

Yi =y (w0 + h3E3) 425V 30 8) (3:0) - O(hY),

hFy = hy (zo+ ER2) + BB 4800 (20) +O(RF),  (3)

Yo=y (g + h323) — H03p3,6) (1) + O(RY),
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By Taylor expansions we find

Yi=y/(wo + h3EY3) 4 253 p310) () 4 O(hY),

hFy = hy (zo+ ER2) + BB 4800 (20) +O(RF),  (3)

Ygzy(ajo | h3_6‘/§) 9ﬁgg/§h3y(3)(x0)+0(h4),

hFy=hy (wo+h*=2) =S58 B Gy (20) + O(R°). - (4)
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By Taylor expansions we find

Yi=y/(wo + h3EY3) 4 253 p310) () 4 O(hY),

hF) =hy (zo+ WEY3) + HEE RS0y (1) +O(B),  (3)

108

Vo= (o + h3505) — L3851y (20) 4 O(h?),

hFy=hy (wo+h*=2) =S58 B Gy (20) + O(R°). - (4)

Using (3) and (4), evaluate y) = hAF + V4% by Taylor
expansions, to obtain agreement with (2).
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By Taylor expansions we find

Yi=y/(wo + h3EY3) 4 253 p310) () 4 O(hY),

hFy = hy (zo+ ER2) + BB 4800 (20) +O(RF),  (3)

108

Ygzy(azo | h3_6ﬁ) 9+18§/§h3y(3)(x0)+0(h4),

hFy=hy' (zo+h3=2) — HBERA0L G (20) + O(R°).  (4)

Using (3) and (4), evaluate y) = hAF + V4% by Taylor
expansions, to obtain agreement with (2).

Now consider the symplectic property of the new method.
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For a general linear method to be symplectic, there
would need to exist a diagonal matrix D and a symmetric
matrix Gz, each of them positive definite, such that

DA+ A'D=B'GB, G=V!'GVv, DU=B!GV.
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For a general linear method to be symplectic, there
would need to exist a diagonal matrix D and a symmetric
matrix Gz, each of them positive definite, such that

DA+ A'D=B'GB, G=V!'GVv, DU=B!GV.
In the case of the new method, these are easy to check
with G = diag(1,1 + 2f) D = diag(

272)
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For a general linear method to be symplectic, there
would need to exist a diagonal matrix D and a symmetric
matrix Gz, each of them positive definite, such that

DA+ A'D=B'GB, G=V'GV, DU=B!GV
In the case of the new method, these are easy to check
with G = diag(1,1 + 2f) D = diag(3, 3).

To actually use a method like this, there has to be a
starting method to prepare for the very first step.
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For a general linear method to be symplectic, there
would need to exist a diagonal matrix D and a symmetric
matrix Gz, each of them positive definite, such that

DA+ A'D=B'GB, G=V'GV, DU=B!GV
In the case of the new method, these are easy to check
with G = diag(1,1 + 2f) D = diag(3, 3).

To actually use a method like this, there has to be a

starting method to prepare for the very first step. This
can be provided by the method

V3 0 (17
e 1
3+v3  3+v3

3 6
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Preservation of quadratic invariants

If M 1s a symmetric matrix then the quadratic function

O(y) =y' My
IS a quadratic invariant If
U"Mf(U) =0,

for all U.

Some examples of structure preservation — p. 17/22




Preservation of quadratic invariants

If M 1s a symmetric matrix then the quadratic function

O(y) =y' My
IS a quadratic invariant If
U"Mf(U) =0,

for all U.

We are interested in numerical methods which preserve
as closely as possible the value of ¢ applied to

approximations to y(x).

Some examples of structure preservation — p. 17/22




Preservation of quadratic invariants

If M 1s a symmetric matrix then the quadratic function

O(y) =y' My
IS a quadratic invariant If
UM f(U) =0,

forall U.

We are interested in numerical methods which preserve
as closely as possible the value of ® applied to

approximations to y(x).
For a Runge-Kutta method this would mean that

(I)(yn) — (I)(yn—l)

Some examples of structure preservation — p. 17/22




Preservation of quadratic invariants

If M 1s a symmetric matrix then the quadratic function

O(y) =y' My
IS a quadratic invariant If
U'Mf(U) =

forall U.

We are interested in numerical methods which preserve
as closely as possible the value of ® applied to

approximations to y(x).
For a Runge-Kutta method this would mean that

(I)(yn) — (I)(yn—l)
but for a general linear method satisfying the symplectic
property we will be happy if

ng (") M (y") Zgw "My ).

1,7=1 1,7=1
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After a little manipulation, and using the conditions that
VGV =G,
BTGV = DU,
B'GB = DA+ A'D.

It 1s found that
n n n—1 n—1
> " gii ()M (") = gy My )
i,j=1 i,j=1

=2h Y d;F] MY,
1=1
= 0.
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As an example of this result, consider the differential
equation system due to Euler

Awl — (B — C)wgwg,
B”LDQ — (C — A)wgwl,
ng — (A — B)wlwg,

which describes the motion a rigid body rotating freely
In space.
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As an example of this result, consider the differential
equation system due to Euler

Awl — (B — C)wgwg,
B”LDQ — (C — A)wgwl,
O”ng — (A — B)wlwg,

which describes the motion a rigid body rotating freely
In space.

This differential equation system has two quadratic
Invariants:

E = Aw] + Bw; + Cws,
F = A*wi + B*w; + C*ws.
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Let £, and F,, denote the values of these “Invariants” as
computed from the results of »n steps of a numerical
method.
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Let £, and F,, denote the values of these “Invariants” as
computed from the results of »n steps of a numerical
method.

For the fourth order symplectic Runge—Kutta method we
have considered, the values of these quantities do not
change at all.
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Let £,, and F;, denote the values of these “invariants” as
computed from the results of »n steps of a numerical
method.

For the fourth order symplectic Runge—Kutta method we
have considered, the values of these quantities do not
change at all.

It IS more Iinteresting to see what happens in the case of
the new symplectic general linear method.
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Let £,, and F;, denote the values of these “invariants” as
computed from the results of »n steps of a numerical
method.

For the fourth order symplectic Runge—Kutta method we
have considered, the values of these quantities do not
change at all.

It IS more Iinteresting to see what happens in the case of
the new symplectic general linear method.
For the case
A, B,C]=14,3,2], wvo=1[1,1,0]".
and a stepsize h = 0.1, the method was applied for
n = 100, 000 steps.
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Let £,, and F;, denote the values of these “invariants” as
computed from the results of »n steps of a numerical
method.

For the fourth order symplectic Runge—Kutta method we
have considered, the values of these quantities do not
change at all.

It IS more Iinteresting to see what happens in the case of
the new symplectic general linear method.

For the case

A, B,C]=14,3,2], wvo=1[1,1,0]".
and a stepsize h = 0.1, the method was applied for
n = 100, 000 steps.

It was found that £,/ E, and F},/ F, do not deviate very
much from 1.
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Let £,, and F;, denote the values of these “invariants” as
computed from the results of »n steps of a numerical
method.

For the fourth order symplectic Runge—Kutta method we
have considered, the values of these quantities do not
change at all.

It IS more Iinteresting to see what happens in the case of
the new symplectic general linear method.

For the case

A, B,C]=14,3,2], wvo=1[1,1,0]".
and a stepsize h = 0.1, the method was applied for
n = 100, 000 steps.

It was found that £,/ E, and F},/ F, do not deviate very
much from 1.

Results are shown on the next page.
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Conclusions

For problems that conserve some sort of invariant
structure, It Is a good idea to use numerical methods
which mimic this behaviour.
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properties.
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In addition to known symplectic methods, it is possible
to construct general linear methods with closely related
properties.

Such methods work well In preliminary numerical
experiments.
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