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General linear methods

“General linear methods” is a large family of numerical
methods for ordinary differential equations, which includes
linear multistep, predictor-corrector and Runge-Kutta
methods as special cases.
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General linear methods

“General linear methods” is a large family of numerical
methods for ordinary differential equations, which includes
linear multistep, predictor-corrector and Runge-Kutta
methods as special cases. GLM

A characteristic feature Is that each step
Imports » quantities, and exports the
same quantities, updated in accordance
with the development of the solution.

A second characteristic feature Is that,
within the step, s stages are computed,
together with the corresponding s stage
derivatives. Euler
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B General linear methods

Denote the output approximations from step number » by

yz[”], i =1,2,...,r, thestage valuesby Y;, i =1,2,....s
and the stage derivatives by F;, ¢ =1,2,...,s.
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B General linear methods

Denote the output approximations from step number » by
yz[”], i =1,2,...,r, thestage valuesby Y;, i =1,2,....s
and the stage derivatives by F;, ¢ =1,2,...,s.

For convenience, write

) pE

n—1 n
I e O S ) B Mz e
Y i Y £
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B General linear methods

Denote the output approximations from step number » by
yz[”], i =1,2,...,r, thestage valuesby Y;, i =1,2,....s
and the stage derivatives by F;, ¢ =1,2,...,s.

For convenience, write

) pE

n—1 n
= |2 =2y = e
Y i Y £

It Is assumed that Y and F' are related by a differential
equation.
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B Geneal linear methods

The computation of the stages and the output from step
number n Is carried out according to the formulae

where the matrices A = [a;;], U = [u;;], B = [bi;],
V' = |v;;] are characteristic of a specific method.




B General linear methods

We can write these relations more compactly in the form

Y] [A®I UI hF
y | | BeI VeI ||yt
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B General linear methods

We can write these relations more compactly in the form

Y] [A®I UI hF
y | | BeI VeI ||yt

which we can simplify by making a harmless abuse of
notation in the form

)= e v ][]
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B General linear methods

The Input to a step Is an approximation to some vector of
guantities related to the exact solution at x,,_;.
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B General linear methods

The Input to a step Is an approximation to some vector of
guantities related to the exact solution at x,,_;.

When the step has been completed, the vectors
comprising the output are approximations to the same
quantities, but now related to z,,.

If the Input Is exactly what it Is supposed to approximate,
then the “local truncation error” is defined as the error in
the output after a single step.

If this can be estimated in terms of A1, then the method
has order p.

We will refer to the calculation which produces y" 1
from y(x,,_1) as a “starting method”.
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B General linear methods

Let S denote the “starting method”, that is a mapping

from RN to R, and let 7 : RV — R” denote a
corresponding finishing method, such that 7 o S = id.

The order of accuracy of a multivalue method is defined
In terms of the diagram

O(hp"'l)

(h = stepsize)




B General linear methods

By duplicating this diagram over many steps, global
error estimates may be found.
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B General linear methods

If we want not only order p but also “stage-order” ¢
equal to p (or possibly p — 1), things become simpler.
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B General linear methods

If we want not only order p but also “stage-order” ¢
equal to p (or possibly p — 1), things become simpler.

exp(cz) = zAexp(cz) + Ug(z) + O(z41)
exp(2)¢(2) = zBexp(cz) + V(z) + O(z")
where It Is assumed the input is

yz[”_” = Oéily(fn—ﬂ—I—Oéizhy/(fli'n—1)+- - '+ai,p+1hpy(p) (fli‘n—l)

and where

Gi(2) = + oz + - + @i pr1 2’




B General linear methods

In our discussion of errors, we assumed that V' Is power
bounded.
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B General linear methods

In our discussion of errors, we assumed that V' Is power
bounded.

This iIs necessary for convergence in the sense of
Dahlquist and Is sometimes referred to as
“zero-stability”.

We will consider only methods which are strongly
zero-stable, so that only the principal eigenvalue of V/
lies on the unit circle.
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B Geneal linear methods

By formulating the method appropriately, that is by
making a simple change of basis transformation:

A, U B, V|—|A UT, T7'B, T7'VT |

we can assume that V' has the form
1 ol
Yo [ 0V }

p(V) < 1.

where
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B General linear methods

By considering the linear test problem v = gy and
defining z = hg, we arrive at the stability matrix

M(z) =V 4+ zB(I — zA)"'U.

For the linear test problem, the sequence of
approximations are related by

) = M(z)y"

We define the “stability region” as the set of points in the
complex plane such that M (z) is power bounded.

We also define the “stability function” as
S(w, z) = det(wl — M(2)).




Doubly companion matrics

Matrices like the following are “companion matrices” for
the polynomial
A IR L E TV

——p— 3 — 1 —
I 0 0 - 0 0
o 1 0 - 0 0
O 0 0 - 0 0O

0 0 O 1 0




Doubly companion matrics

Matrices like the following are “companion matrices” for
the polynomial

i Zn+6lzn_1_|_"'+ﬁna
respectively:

— 1 — 02— A3* - —Op_1—0p _O 00 --- 0 —ﬂn
1 0 0 -+ 0 0 100 -+ 0 =03,
0

Lo -0 _ﬁn—Q




B Doubly companion matrices

Their characteristic polynomials can be found from
det(I — zA) = a(z) or (=), respectively, where,
a(z) = 1+aiz+- - +apz",  B(z) = 140612+ -+ 6,2
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B Doubly companion matrices

Their characteristic polynomials can be found from
det(I — zA) = a(z) or B(z), respectively, where,

a(z) = 1+az+- - +a,z2",  [(z) = 14012+ - -+5,2"
A matrix with both o and 3 terms:

i —p —Gky —Aa3 - —O0p-1 —0Op — ﬂn
1 O O O _ﬁn 1
0 1 0 0 — 0,
X — . . . . ﬁ :
0 0 0 0 — 0
0 0 0 1 — 1 1

is known as a “doubly companion matrix” and has
characteristic polynomial defined by

det(I — 2X) = a(2)B(z) + O(z"*1)




B Doubly companion matrices

Matrices ¢! and ¥ transforming X to Jordan canonical
form are known.
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B Doubly companion matrices

Matrices ¢! and ¥ transforming X to Jordan canonical
form are known.

In the special case of a single Jordan block with n-fold
eigenvalue X, we have

1 ANt a; N a4
0 1 2A + oy

Ul =

where row number i + 1 is formed from row number i by
differentiating with respect to A and dividing by 1.

We have a similar expression for W:




B Doubly companion matrices

1 22X+ 01 AN+ A+ Bo
0 1 A+ B34
0 0 1
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B Doubly companion matrices

v |1 2A+0 A+ Bid+ B
-0 1 A+ B
0 0 1

The Jordan form is ="' X0 = J + A, where Jz-j_: 0i j+1-




B Doubly companion matrices

v |1 2A+0 A+ Bid+ B
0 1 A+ B
0 0 1

The Jordan form is &' XU =.J + I, where Jz-j_: 0 jt1.
That is

A0 0 0]
1 X - 00
VXU = | 1 -
00 - X0
00 - 1 A
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Methodswith the RK stability property

By “Runge-Kutta stability” we mean the property a
method might have in which the characteristic
polynomial of its stability matrix has all except one of its
zeros equal to zero.

det(wl — M(2)) = v Hw — R(2))

Although methods exist with this property with
r =s = p = q, It 1s difficult to construct them.

If s > r =p+ 1, 1tis possible to construct the methods
In a systematic way by imposing a condition known as
“Inherent Runge-Kutta Stability”.




B Methodswith the RK stability property

Using doubly companion matrices, it is possible to
construct GL methods possessing RK stability with
rational operations.
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B Methodswith the RK stability property

Using doubly companion matrices, it is possible to
construct GL methods possessing RK stability with
rational operations.

The methods constructed in this way are said to possess
“Inherent Runge—Kutta Stability”.

Apart from exceptional cases, (in which certain matrices
are singular), we characterize the method with
r=s=p+1=qg+ 1Dby several parameters.
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B Methodswith the RK stability property

m ) single eigenvalue of lower triangular matrix A
Wy, 0, ..., Cs Stage abscissae
m Error constant

m 3, Ba, ..., B, elements in last column of s x s
doubly companion matrix X

m Information on the structure of V

Towards practical general linear methods — p. 23/42




B Methodswith the RK stability property

Consider only methods for which the step n outputs
approximate the “Nordsieck vector”
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B Methodswith the RK stability property

Consider only methods for which the step n outputs
approximate the “Nordsieck vector”:

7y ()
?J?n: hy' (@)
|~ | Ry

i ;[971]1 i i hpy(p)(xn) _

For such methods, V' has the form

1 ot
V—{ov}




B Methodswith the RK stability property

Such a method has the IRKS property if a doubly
companion matrix X exists so that for some vector &,

BA = XB,
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B Methodswith the RK stability property

Such a method has the IRKS property if a doubly
companion matrix X exists so that for some vector &,

BA=XB, BU=XV -VX+ef!, pV)=0

It can be shown that, for such methods, the stability
matrix satisfies

M(z) ~V 4 2z (1 — 2X) 7!
which has all except one of its eigenvalues zero. The
non-zero eigenvalue has the role of stability function

N(2)

R(z) =

(1 — Az2)3




B Methodswith the RK stability property

From the order and stage-order conditions, we can write
U and V Interms of A and B:
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B Methodswith the RK stability property

From the order and stage-order conditions, we can write
U and V Interms of A and B:

U=C-ACK,
V =F — BCK,
where
_1 C1 %C% Z%Cil)_ _OO OO_
1 1
o R N
1 %cg ]%C]SD_ 00 10




B Methodswith the RK stability property

Substitute these formulae for U and V' into
BU = XV — VX + e;&" and, after some simplification,
we find

G| [ Batabet gy
| Bp—1 Bp—o + %@9—3 + e (p_ll)!
b1 B+ %
- 1 — - 1 —

where B denotes the last p rows of B.




B Methodswith the RK stability property

Substitute these formulae for U and V' into
BU = XV — VX + e;&" and, after some simplification,
we find

G| [ Batabet gy
| Bp—1 Bp—o + %@9—3 + e (p_ll)!
b1 B+ %
- 1 — - 1 —

where B denotes the last p rows of B.

By taking account of the error constant prescribed for the
method, we can find a similar formula involving the first
row of B.




B Methodswith the RK stability property

To simplify the construction we introduce a matrix

B = U~! B, assumed to be non-singular.
Because

BA = (M + J)B,

we know that B is lower triangular.
Using the known value for BC [ By Bp—1 -+ B 1 }T

L]

and the fact that the p(V') = 0, where

V = E - VUBCK,

we can find a suitable value of B.




B Methodswith the RK stability property

Once B is known, we find the defining matrices for the
method from

A= B YJ+ B,
U=C—ACK,
B=UB,

V =E — BCK.




B Methodswith the RK stability property

When two people work together, it is often hard to
untangle the contributions that each makes.

Will’s contributions include, but are not confined to,

= Showing how to extend the original formulation of
stiff IRKS methods to explicit non-stiff methods.

= Showing how to use doubly companion matrices In
the formulation of IRKS methods.

= Relating the principal error coefficients to the 3
values.




B Methodswith the RK stability property

The following third order method Is explicit and suitable
for the solution of non-stiff problems

B . 1 1 1 7
000 0l 1 5 5
176 0 0 0 2237 2237 2149
1885 3770 15080 90480
335624 29 0 0 |] 1619591 260027 1517801
- - 311025 55 - 1244100 904800 39811200
Al 67843 395 5 0 29428 927 41819
— 6435 33 6435 989 102960
67843 395 29428 527 41819
_BV_ 6435 33 o> 6435 585 102960
0o 0 0 1]/0 0 0 O
82 214 1710 4| 48 (16l
33 11 9 3 99 264
-8 —12 2 210 ¥ 0 0
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B Methodswith the RK stability property

The following fourth order method is implicit, L-stable,
~and suitable for the solution of stiff problems

1 T 3 1 1
’ 0 o0 0 01 = . " 0
513 1 O O T 27649 5601 1539 459
54272 4 i 54272 27136 54272 6784
3706119 488 1 O O T 15366379 756057 1620299 4854
69088256 3819 4 © 207264768 34544128 69088256 454528
32161061 111814 134 1 O T 32609017 929753 4008881 174981
197549232 232959 183 4 i 197549232 32924872 32924872 3465776
135425 641 73 1 1 T 367313 22727 40979 323
2948496 10431 183 2 4 — 8845488 1474248 982832 25864
135425 641 73 1 1 T 367313 22727 40979 323
2948496 10431 183 2 4 - 8845488 1474248 982832 25864
2255 47125 447 11 4 O 28745 1937 351 65
2318 20862 122 4 3 20862 13908 18544 976
12620 96388 3364 10 4 O 70634 __ 2050 187 113
10431 31293 549 3 3 31293 10431 2318 366
414 29954 130 1 1 O 27052 113 491 161
1159 31293 61 3 31293 10431 4636 732
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B | mplementation questionsfor IRKS methods

| mplementation questions for IRKS methods

= Initial stepsize

m Starting method

m Evaluation of stages

= Interpolation for continuous output
.

m|Variable stepsize

m|Variable order
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B | mplementation questionsfor IRKS methods

Zero stability, in the constant stepsize case, Is concerned
with the power-boundedness of V.
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Zero stability, in the constant stepsize case, Is concerned
with the power-boundedness of V.

The naive method of achieving variable stepsize
(h — rh) 1s to rescale the Nordsieck vector by a matrix

D(r) = diag(1,r,7%,...,7P).
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B | mplementation questionsfor IRKS methods

Zero stability, in the constant stepsize case, Is concerned
with the power-boundedness of V.

The naive method of achieving variable stepsize
(h — rh) 1s to rescale the Nordsieck vector by a matrix

D(r) = diag(1,r,7%,...,7P).

If ~ is constrained to lie in an interval I = |7, "ma] then
zero-stability generalizes to the existence of a uniform
bound on

| D(r,))VD(r,_1)V -+ D(ro)VD(r) V|
whenry,ry, ..., 1, € 1.
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For implicit methods, we might also want
“Infinity-stability” by requiring a uniform bound on

AN

|D(r)VD(ru—1)V -~ D(r2)VD(r1) V],

where R
V =M(x)=V —-BA'U

This nailve approach is very unsatisfactory from the

stability point of view and It has other disadvantages, as
we will see.
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Less naive Is to modify the rescaled Nordsieck vector by
adding quantities computed from

WFhFy, . hF, gy ety Y, such that
the order remains p
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Less naive is to modify the rescaled Nordsieck vector by
adding quantities computed from
hFy, hEs, .. th+1 ygn 1], y:gn_l], Cee ][9+1 ], such that

the order remains p, but variable stepsize stability is
achieved.

There are other Issues to consider in making the
modification, as we will see.

In particular we need to consider the effect of variable i
on the error constants in incoming approximations.

We Introduce these ideas In the context of the underlying
one-step method.
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To introduce the underlying one-step method, consider a
modification of the diagram relating the starting method
and a single step of the method.
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To introduce the underlying one-step method, consider a
modification of the diagram relating the starting method
and a single step of the method.

In the modified diagram, the perturbed starting method,
shown as &*, Is chosen to obtain a commutative diagram
If £ Is replaced by the underlying one-step method £*.
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If S maps y(z) to

then - - -
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If S maps y(z) to

then S* maps y(z) to

y(x)
hy’(a:)—@lhp“y(p“)(x)—gblhp+2y(p+2( ) i hp+28f p+1)($)_|_0(hp+3)

hpy(p)(x)—é’phpﬂy(p“( )ﬂp hp+2 p+2( ) % p+28f p+1)(az)+0(hp+3)
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Values of the coefficients 6;, ¢;, v; (: = 1,2,...,p) are
Kknown.

If 1 IS constant, we can rely on the values of these
coefficients as possible ingrediants of the error
estimation formulae.

However, for variable h, the coefficients vary as
functions of the step-size history.

Hence, management of the coefficients must become part
of the modification process which follows scaling of the
Nordsieck vector.

We now know how to do this so that behaviour iIs
stabilised and so that at least the 6 values effectively
retain their constant values.
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It Is now possible to estimate
= The value of A?+1yP*1(z,) to within O(hP*2).
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It Is now possible to estimate

= The value of h?*1yP+1)(z,) to within O(RP+2).
m Hence the local truncation error in a step.
= The value of h?2yP+2)(2,) to within O(RP+3).

m Hence the local truncation error of a contending
method of order p + 1.

We believe we now have the ingredients for constructing
a variable order, variable stepsize code based on the new
methods.
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