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Abstract

“harmless” with regard to the dynamics of the model,
as shown in [21]. On the other hand, there are many
A fundamental challenge in mathematical modelling is situations where delays have a significant impact on the
to find a model that embodies the essential underly- behaviour of the model; generally, when the delays are
ing physics of a system, while at the same time being sufficiently large relative to the intrinsic time scale of
simple enough to allow for mathematical analysis. De- the system being considered. The effect of delays have
lay differential equations (DDEs) can often assist in this been investigated in a wide range of physical systems;
goal because, in some cases, only the delayed effects of for example, in ecology [46], control theory [63], modcomplex processes need to be described and not the pro- els of genetic regulatory systems [18, 59], neural systems
cesses themselves. This is true for some climate systems, [9, 72], epidemics [52], coupled chemical oscillators [7]
whose dynamics are driven in part by delayed feedback and laser systems [53, 47].
loops associated with transport times of mass or enLarge delays occur naturally in climate systems on
ergy from one location of the globe to another. The a variety of time scales, mainly as a result of mass or
infinite-dimensional nature of DDEs allows them to be energy transport across the globe and/or throughout
sufficiently complex to reproduce realistic dynamics ac- the atmosphere. Consider, for example, energy-balance
curately with a small number of variables and parame- models (EBMs), which focus on the global balance beters.
tween incoming and outgoing radiation on the Earth. In
In this paper we review how DDEs have been used the paleoclimate context of investigating transitions beto model climate systems at a conceptual level. Most tween glacial and interglacial states, the time scales of
studies of DDE climate models have focused on gaining interest are 103 –105 years [5]. There exists a fundameninsights into either the global energy balance or into the tal feedback loop in EBMs because the global temperafundamental workings of the El Niño Southern Oscilla- ture of the Earth depends on the albedo of the Earth,
tion (ENSO) system. For example, studies of DDEs have which measures how much incoming solar radiation is
led to proposed mechanisms for the interannual oscilla- reflected back into space. In turn, the albedo is related
tions in sea-surface temperature that is characteristic of to the level of cloud and snow/ice cover, which depends
ENSO, for the irregular behaviour that makes ENSO dif- on the global temperature. Yet, it can take a long time
ficult to forecast and for the tendency of El Niño events for clouds or ice of a significant size on the global scale
to occur near Christmas. We also discuss the tools used to form or dissipate. Therefore, albedo values do not
to analyse such DDE models. In particular, recent de- depend on present temperatures alone, but on temperavelopments of continuation software for DDEs make it tures in the past; this can be modelled by a delay on the
possible to explore large regions of parameter space in order of 103 –104 years.
an efficient manner in order to provide a “global picture”
Another important example where delays play a role
of the possible dynamics. We also point out some direcin
climate variability, is the El Niño Southern Oscillations for future climate modelling that we believe could
tion
(ENSO) system, which is a coupled climate sysimprove the descriptive power of DDE models.
tem with an oceanic component (El Niño) and an atmospheric component (Southern Oscillation). Figure 1
provides evidence for this coupling. The blue curve in
1 Introduction
panel (a) displays the average anomaly in sea-surface
A delay in a physical system is the time required for temperature (SST) in the eastern Pacific Ocean (NINO3
subsystems to communicate, process information and re- index) and the red curve is the normalised surface air
act. In a way, delays are always present, but in many pressure difference between Tahiti and Darwin, Australia
cases of mathematical modelling, they are shown to be (Southern Oscillation Index; SOI), throughout the years
1964–2014. Generally, the blue and red time series are in
∗ corresponding author: a.keane@auckland.ac.nz
anti-phase synchronisation, so that high NINO3 indices
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Figure 1: Panel (a) shows the monthly NINO3 index and
SOI deviations from 1964–2014 as blue and red curves,
respectively. Calendar month locations of warm events
(peaks above 1°C) for the NINO3 index data of panel (a)
are displayed in panel (b). The NINO3 data is from
NOAA and the SOI data is from the Climatic Research
Unit, University of East Anglia.
coincide with low SOI and vice-versa. There are many
extrema in both time series of Fig. 1(a) on a small, intraseasonal time-scale. However, it is only the larger peaks
in the NINO3 index that represent El Niño events, the
warm phase of ENSO, while large drops represent the
cool phase known as La Niña. These events tend to occur every four to seven years with significant variability
in strength. Interdecadal variability can also be seen in
panel (a). What is not so clear in the time series, yet is
commonly know, is that El Niño events generally occur
at the same time of the year near Christmas. This has
been attributed to seasonal locking of the time series, as
illustrated by the histogram in panel (b), which shows
the monthly positions of unusually warm events (above
1°C) from the NINO3 data shown in panel (a). Clearly,
there is a tendency for El Niño events to occur in boreal winter. The annual cycle therefore represents the
intrinsic time scale of the ENSO system.
According to the so-called delayed action oscillator description of ENSO, which we discuss in detail in section 3, certain aspects of the observed SST fluctuations
can be attributed to the movement of oceanic waves
across the Pacific Ocean. These waves form feedback
loops that provide delayed effects to the SST in the eastern Pacific Ocean on the order of months.
Mathematically, delayed effects are described by delay
differential equations (DDEs). The vast majority of published studies into DDE climate models assume that the
delays involved remain constant over time. Therefore,
in our review of DDEs in climate modelling, we focus on
DDEs with constant delays, which take the form:
ẏ(t) = f (y(t), y(t − τ1 ), y(t − τ2 ), . . . , y(t − τN ), t). (1)
Here y ∈ Rn is a state vector and there are N delay terms

— one for each feedback loop in the climate system and
with a delay τi associated with its underlying physical
processes; for example, the time for ice sheets to melt.
There is a well established theory of DDEs with a finite
number of constant delays [20, 33, 78, 77]. In contrast to
ordinary differential equations (ODEs) with n variables
and the phase space Rn , the phase space of the DDE
is C([− max(τi ), 0]; Rn ) × R, where C([− max(τi ), 0]; Rn )
is the infinite-dimensional space of continuous functions
over the delay interval with values in Rn and t ∈ R
represents time. Therefore, an initial condition for the
DDE consists of a whole function segment over the time
interval [− max(τi )+t0 , t0 ], often referred to as an initial
history.
The bifurcation theory for constant DDEs is analogous to that for ODEs, because the solutions to constant DDEs depend smoothly on the parameters and
initial history and the linearisation of equilibria and periodic solutions have at most a finite number of unstable
eigendirections [22, 33]. Centre manifold and normal
form reductions can be applied to a constant DDE to
yield an ODE that describes the dynamics locally near
a bifurcation. Therefore, one encounters the same types
of bifurcations in DDEs as for ODEs. For example, it
is known that in the case of negative delayed feedback,
ẏ(t) = −g(x(t − τ )) for a large family of odd functions
g, the trivial zero solution undergoes a Hopf bifurcation
for a critical value of τ , creating a family of periodic
solutions of period 4τ [12, 14, 58].
In most cases of past literature on conceptual climate
models in the form of DDEs numerical simulation is
employed to investigate their time-dependent solutions.
Generally, existing methods for simulating ODEs can be
adapted for DDEs; for example, popular software routines include Matlab’s dde23 [74], dde solver [83], radar5
[32] and the solver of xppaut [24].
Figure 2 shows example solutions of model (4) below;
they were computed with the improved Euler method
and a constant initial history h(t) ≡ 0 to demonstrate
typical types of dynamics discussed later. The model
contains two delays, τp and τn , and is subject to periodic forcing, representing seasonal effects, with time t
measured in years. The solutions are displayed (after
transients have died down) as a time series, a projection in the (h(t), h(t − τp ), h(t − τn ))-space, a stroboscopic trace in the (h(t), h(t − τp ), h(t − τn ))-space and
a logarithmic power spectrum obtained as the Fourier
transform of the time series over 300 years. The stroboscopic traces are constructed according to [8, 48]: after
each forcing period the first point of the solution, which
is a function segment, is plotted in projection onto the
(h(t), h(t − τp ), h(t − τn ))-space. The forcing period in
this model is one year, so effectively, we plot h(t) whenever t ∈ N.
Row (a) shows a periodic solution of period one. The
time series shows periodic motion, which corresponds to
a closed curve in the phase space projection. For peri-
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Figure 2: Stable solutions found by numerical integration of model (4) for κ = 0.9 (a), κ = 1.2 (b), κ = 1.5 (c)
and κ = 2 (d) represented as a time series (far left column), as a projection in the (h(t), h(t − τp ), h(t − τn ))-space
(middle-left column), as a stroboscopic trace in the (h(t), h(t − τp ), h(t − τn ))-space (middle-right column) and as a
power spectrum on a logarithmic scale in arbitrary units [a.u.] (far-right column). Other parameters are a = 2.02,
b = 3.03, c = 2.6377, du = 2.0, dl = −0.4, τp = 0.0958 and τn = 0.4792.
odic solutions the number of points in its stroboscopic
trace corresponds to the period of the solution, so this
solution is of period one. Finally, the power spectrum
has a single dominant peak at one year. Note that all
power spectra have a peak at one year due to the seasonal
forcing. The solution shown in row (b) is quasiperiodic,
which is an unlocked solution on a torus. A slight modulation of local peak heights is not so obvious in the time
series; nevertheless, it is clear that the projection of the
solution in the (h(t), h(t − τp ), h(t − τn ))-space is not a
closed loop but rather a torus, which is filled densely by
trajectories. The closed loop formed by the points of
the stroboscopic trace is further evidence of a quasiperiodic solution. As such, the distinct peaks in the power

spectrum are incommensurate with the frequency of the
seasonal forcing. The solution shown in row (c) is periodic, now with a period of four. The solution projection
in (h(t), h(t − τp ), h(t − τn ))-space is a closed curve and
there are four points in the stroboscopic trace. In row (d)
the solution is chaotic. This is evident by the irregular
time series and the broad power spectrum, which contains contributions from all frequencies as is typical for
a chaotic solution.
In the context of conceptual climate modelling, it is
generally difficult to estimate or even physically interpret certain parameters, which may realistically be subject to considerable fluctuations over time. Therefore, it
is necessary to gain insight into the possible dynamics
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of a model across a large range of its parameter space.
However, it can be impractical to explore large parameter ranges by numerical integration because one has to
deal with many possible initial conditions, transients and
multistabilities. These factors can make it difficult to
interpret the model dynamics correctly, understand how
typical certain model behaviour is and how certain dynamical features relate to different model components.
One way to overcome these challenges is to employ
continuation software, which numerically continues (or
tracks) equilibria or periodic solutions while a parameter
is varied. Such software can also calculate the stability
of the solutions in order to identify codimension-one bifurcations. These bifurcations can in turn be continued
numerically as curves in a two-dimensional parameter
plane by fixing constraints on the stability of the solutions. Conducting a bifurcation analysis by such means
allows one to organise the parameter space into regions
of different solution types, providing a comprehensive
overview of the dynamical capabilities of the model. Two
ready-to-use continuation software packages for DDEs
are DDE-Biftool [23, 75] and Knut (formerly, PDDECont) [81]; the numerical methods implemented in both
packages are reviewed in [67].
Modelling climate systems with DDEs has two important advantages. Firstly, it can improve the accuracy of
the model. Accuracy of models is often an issue; see,
for example, the review [51] on DDEs in the context
of engineering applications. An example from climate
science concerns the albedo discussed above. Earlier literature assumed an instantaneous relationship between
albedo strength and global temperatures. Delays were
purposely introduced into existing models in order to
make them more realistic.
Secondly, a representation of the system by a DDE
has the potential to describe the behaviour of interest
with a much smaller number of variables and parameters, thus, offering a means of model reduction. Indeed,
a system involving transportation phenomena can be described by partial differential equations (PDEs); differences in intrinsic time scales can also be approximated
by ordinary differential equations (ODEs) in the form of
fast-slow systems [50]. The advantage of DDEs is that
the explicit details of the transportation process itself is
no longer required as part of the model. Consider, for
example, the ENSO system already mentioned above.
In order to describe the time evolution of SST anomalies
in the eastern equatorial Pacific Ocean, it is sufficient
to consider only the effects of the delayed feedbacks in
terms of their strengths and the length of the associated
delays. This constitutes a model reduction compared
to the full PDE for zonal wind surface anomaly, surface
pressure anomaly, momentum and thermal damping coefficients, etc.
The purpose of this paper is to present a review of how
DDEs have been used for conceptual modelling of climate systems. We review the inclusion of delayed effect

4

in EBMs, palaeoclimatology models and ENSO models
and discuss some results from relevant studies. As to
be expected from the conceptual level of modelling, the
results are of a phenomenological and fundamental nature. Most results in the existing literature are achieved
by linear stability analysis of steady-state solutions, simulation of time-dependent solutions and often their spectral analysis. More recent work has utilised state-of-theart continuation software to develop a more detailed and
comprehensive picture of possible model behaviour in dependence on parameters, and we provide some examples
of such results. For future work, we suggest that continuation methods provide an efficient means to analyse
DDE climate models across appropriately large parameter ranges. We also observe that a common modelling
assumption is that the delays associated with feedback
effects in climate models are generally constant, and suggest that non-constant delays (in particular, distributed
or state-dependent delays) be considered more in DDE
climate models.

2

Energy-balance models
palaeoclimatology

and

The incorporation of delay terms into mathematical
models of climate systems first appeared in an EBM [27].
The simplest type of EBM approximates the Earth as a
single point in space, and a variable T represents a globally averaged surface temperature. Although mathematically this is a one-dimensional model because it has one
variable, in climate science such a model is conventionally referred to as a zero-dimensional EBM because it
has no spacial dimensions. Similarly, a one-dimensional
EBM has one spatial dimension in the latitudinal (meridional) direction around the Earth and a two-dimensional
EBM is one where temperature varies across the whole
surface of the Earth.
In EBMs the albedo of the Earth, α, parametrises how
much solar radiation is reflected back into space by the
Earth’s atmosphere and surface; thus, given a solar insolation S, power per unit area, Sα is reflected and S(1−α)
is absorbed by the Earth. As described in section 1, delayed effects can be incorporated in EBMs by assuming
that the albedo of the Earth depends on temperatures
in the past.
Some analytical results have been achieved for delay EBMs. For example, hysteresis of fixed point solutions was found in a one-dimensional EBM [19] and in
a two-dimensional EBM [37, 34, 35, 36]. Nonetheless,
DDE models relevant to palaeoclimatology have primarily been investigated by means of simulation. Various
methods of numerical integration have been used; for
example, the Euler method with constant initial histories [2] or the Crank-Nicolson finite difference method
with initial histories taken from simulated trajectories
for zero delay [5]. Often, however, the precise method of
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integration has not been stated in past literature.
In past literature, simulations were almost always run
L(1 − αcp )
with the initial histories chosen to be a constant value,
S
which, however, constitutes only a one-dimensional subSαc
space of the space of continuous functions C. Note that
the authors of [1] did compare the use of both constant
initial histories and those taken from associated zerodelay simulations, but found that the different initial
S(1 − αc )
Lαcp
L
S(1 − αc )αs
histories had no effect on their results. As we will see
later, there are indeed cases where the initial histories
used does become important.
Generally, the inclusion of delay effects into EBMs was
S(1 − αc )(1 − αs )
found to create surprisingly complicated dynamics. In
[1] the authors studied a zero-dimensional EBM of the
Figure 3: Schematic representation of the role of albeform:
dos, based on the model studied in [2]. S represents solar
C0 Ṫ (t) = Q0 [1 − α∗ (T (t − τ ))] − σg(T )T 4 ,
(2) insolation and L is radiation emitted by the Earth surface. The parameters αc , αcp and αs are the albedos of
where T is temperature, C0 is the averaged global heat
the clouds in relation to S, the clouds in relation to L
capacity, Q0 is mean solar radiative input and σ is the
and the surface, respectively.
Stefan-Boltzmann constant. The term T 4 appears according to the Stefan-Boltzmann law for black body radiation. Function g(T ) is the parametrised effective emissivity coefficient and α∗ (T − τ ) describes how the overall
albedo of the Earth depends of temperature with a constant delay. They found that for a large enough delay
one of the steady-state solutions loses stability, leading This is similar to the discrete variable used in delayed
to self-sustaining oscillations. As the delay is increased, switching [76]. Delays were included in the model of
the dynamics becomes chaotic via a cascade of period- [28, 96] due to the gradual expansion of ice sheets and
doubling bifurcations.
the overturning time of the Atlantic Ocean circulation.
A similar result was observed in [2] for a zero- It was found by numerical simulation that the length of
dimensional EBM with three albedo variables, as illus- the glacial episodes depends continuously on the delay
trated schematically in figure 3, with αc and αs repre- parameters and that, depending on the initial history
senting the cloud and surface albedos for incoming ra- used, the system demonstrates multistability.
diation, respectively. Infra-red radiation emitted from
the surface, L, has longer wavelengths, so the albedo of
In an effort to compare modelling results with realclouds for this radiation is different and denoted αcp . It
is assumed that each albedo is affected by the same con- world data, the authors of [66] used a DDE to investigate
stant delay. Further to the cascade of period-doubling aspects of the Vostok ice core data, which provides proxy
bifurcations observed in [1], the authors of [2] also found temperature data for the last 430,000 years. Their model
evidence of an alternative route that may be related to is a logistic growth DDE that describes the competition between a positive ice-albedo feedback and a negthe intermittency route to chaos.
In a one-dimensional EBM studied in [27] the delay ative delayed precipitation-temperature feedback with a
is due to albedo dependence on continental ice-sheet ex- parametrically forced delay time. A spectral analysis of
tension across the globe. These authors demonstrated time series generated with the model for different forcing
that varying the insulation parameter leads to the ap- strengths of the delay time showed similarities to the ice
pearance of finite amplitude self-sustaining oscillations core data. A similar version of the logistic growth DDE
without the presence of external forcing and they sug- was coupled to a simple energy-balance equation in [65].
gested that this mechanism could play a role in glaciation Time series and power spectra from this model captured
significant features from deep-sea sediment and ice core
cycles.
In the context of palaeoclimatology, specific Earth data at Milankovitch and millennial scales, including the
subsystems have also been described by DDEs. The characteristic saw-tooth shape of the data time series,
thermohaline circulation in the Atlantic Ocean and its the mid-Pleistocene climate switch and the Dansgaardinfluence on glacial cycles were studied in [28, 96] in Oeschger oscillations. Generally speaking, the results
the framework of discrete space variables as a so-called suggested that the Earth’s climate may be only weakly
Boolean delay equation. The variable describing the vol- driven by astronomical forcing with most “intriguing”
ume of ice sheets in the Northern hemisphere, for exam- dynamical features being the result of internal nonlinear
ple, takes on one of two states: low or high ice volume. processes and feedbacks.
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The delayed action oscillator —
Models of ENSO

Conceptual ENSO models have been developed that focus on the interactions of key mechanisms in order to
better understand some basic dynamical features, such
as those described in section 1. Most of these models are
based on the so-called delayed action oscillator (DAO)
paradigm. In this paradigm, ENSO dynamics are driven
by feedback loops that form through the coupling of atmospheric and oceanic processes above and in the equatorial Pacific Ocean, as illustrated in Fig. 4. The variable
h represents deviations of the thermocline depth from its
long-term mean at the eastern boundary of the equatorial Pacific Ocean. The thermocline is a relatively thin
layer of the ocean that separates the deeper cold waters
from the warmer well-mixed waters. Its depth can be
considered a proxy for sea-surface temperature (SST), so
a large h corresponds to the warming of the eastern equatorial Pacific Ocean observed during El Niño events. A
positive perturbation in h slows down the easterly trade
winds. This induces transport of warm surface water towards the equator in the central part of the ocean, where
the ocean-atmosphere coupling is strongest, as indicated
by the blue arrows in Fig. 4. The SST rises, creating a
positive signal that is carried back to the eastern boundary as a so-called Kelvin wave to form a positive feedback
loop. Simultaneously, a negative signal is created off the
equator, where there is a deficit of warm surface water.
This signal travels westward as a so-called Rossby wave,
which is then reflected at the western edge of the Pacific
basin before travelling back to the eastern boundary as
a Kelvin wave, thus closing the negative feedback loop
represented by the bar in Fig. 4. In this system the delays are due to the finite speeds of the Kelvin and Rossby
waves, which typically take 1–6 months to carry a signal
across the Pacific Ocean.
In the DAO models that we discuss below, as mentioned above, the variable h describes anomalies of the
thermocline depth, which is considered a proxy for SST,
in the eastern equatorial Pacific Ocean. A modelling assumption made in all the DAO models is that the delay
times associated with the travelling oceanic waves are
constant. The models were generally studied by simulations; for example, with a variable-order, variable-step
Adams method [87, 26] or a forward-stepping algorithm
[69, Appendix 1]. In many cases the precise integration
method was not stated. Nonetheless, the use of constant
initial histories seems to be common practise when running simulations (except for [44, 45, 43]).

3.1

6

Basic DAO with delay

The story of investigating ENSO by means of DDE models begins with a DAO model introduced in [80] and given

Atmosphere

+

Equator

h

Kelvin wave
Rossby wave

Figure 4: The variable h represents deviations from the
mean thermocline depth at the eastern boundary of the
equatorial Pacific Ocean. The coupling between ocean
and atmosphere allows for the creation of positive and
negative delayed feedbacks. The green arrows and bars
represent processes of positive and negative reinforcement, respectively (see text for details).

by:
ḣ(t) = h(t) − h(t)3 − αh(t − τ ).

(3)

The first term reflects a “local” (instantaneous) positive
feedback, whereby a SST perturbation heats the atmosphere, whose wind response drives ocean currents to
reinforce the original perturbation. The growth of the
instability due to the positive feedback is limited by effects such as advective processes in the ocean and moist
processes in the atmosphere, which are represented by
the second term in Eq. (3). The third term describes the
effect of delayed oceanic waves. A linear stability analysis of this simple model was conducted in [80] to show
that the steady-state solution loses stability for certain
parameter values of α and τ . The resulting periodic solutions have periods of at least twice the length of delay,
demonstrating that this simple feedback can provide a
mechanism for ENSO’s oscillatory behaviour on an appropriate interannual timescale.
In [4] it is shown that model (3) can be derived from an
intermediate coupled ocean-atmosphere model [3] that is
very similar to the Zebiak-Cane model [98] 1 . Through
their rigorous derivation of the DDEs, the authors of
[4] were able to relate the parameters to background
states of the ocean and atmosphere and the geometry
of the Pacific basin. By comparing alternative background states and geometries, the results helped to explain why ENSO-like variability is not observed in the
tropical Indian or Atlantic Ocean. Supporting evidence
of the DAO paradigm was provided by empirically derived time-delay models, which were shown to produce
oscillations similar to observable data in [30] and to a
sophisticated oceanic general circulation model in [71].
1 The Zebiak-Cane model is significant because, despite being
deterministic, it was shown to successfully forecast El Niño events
[11].
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Multiple feedback loops and seasonal
forcing

ḣ(t) = aA(κ, h(t − τp ))
− bA(κ, h(t − τn )) + c cos (2πt),
(
du tanh( dκu h) if h ≥ 0,
with A(κ, h) =
dl tanh( dκl h) if h < 0.

max[h(t)]

The simple negative delayed feedback in model (3) provides a mechanism for SST oscillations. There have since
been numerous extensions to this model, in an effort to
make the models more realistic by including additional
time-scales. For example, the inclusion of only one delay term is a modelling assumption that only one mode
of Rossby wave is important. In fact, many modes of
Rossby waves form at different latitudes with different
phase speeds. The authors of [94] showed, by simulation
and spectral analysis of a DAO model, that delay times
associated with sets of Rossby waves forming at approximately 7◦ N, 12◦ N and 18◦ N result in biennial, interannual and decadal signals similar to those observed in
data [84].
The positive delayed feedback formed by Kelvin waves,
as described above, and seasonal forcing were included
in [87] in the DDE model:

τn

3.2

7

c

Figure 5: Maximum map of the GZT model displaying the maximum value of h(t) according to the colour
scheme in the (c, τn )-plane. Parameters are b = 1
and κ = 11 and the initial history is h(t) ≡ 1; t ∈
[−τn , 0]. Reproduced from M. Ghil, I. Zaliapin and
S. Thompson, A delay differential model of ENSO vari(4a) ability: Parametric instability and the distribution of extremes, Nonlinear Processes in Geophysics, 15 (2008),
(4b) pp. 417–433 under CC-BY licence.

The positive and negative feedbacks are associated with
fixed delay times, τp and τn , respectively. The seasonal
forcing is represented by additive forcing with a period
of one year. The function A(h) is a special case of the
ocean-atmosphere coupling function justified in [55] with
coupling strength κ and horizontal asymptotes dh > 0
and dl < 0.
The model (4) is significant because it demonstrated
that the irregularity characteristic of ENSO could be reproduced as chaotic behaviour of this simple DDE. This
is in contrast to the alternative view that the irregularity is driven by noise, in particular, by small-scale, highfrequency stochastic forcing; for example, see [60, 82].
Specifically, the authors of [87] observed a transition to
chaos upon increasing the parameter κ and presented the
same solutions shown here in Fig. 2. Based on these solutions, the authors suggested that the chaotic behaviour
at κ = 2.0 was due to the coexistence of mode-locked solutions or, in other words, overlapping resonances. Furthermore, they suggested that the coexistence of different mode-locked solutions depends on the strength of
nonlinearity in the model, so that κ must be sufficiently
large to observe irregular behaviour. The view that
ENSO irregularity is primarily due to low-order chaotic
processes gained further support in the study of a different DAO model with two fixed delay times and a seasonal
cycle in [69].
Ghil et al. considered a simplification of model (4),
referred to here as the GZT model, with a = 0, du = 1
and dl = −1 that focusses on the interaction between the

negative delayed feedback and the seasonal forcing. Despite its simplicity, the GZT model demonstrated complicated dynamics; specifically, it reproduced important
ENSO features such as intraseasonal oscillations, interdecadal variability, frequency locking for varying parameters (observed as a Devil’s terrace or two-dimensional
Devil’s staircase), as well as phase locking with the seasonal forcing. A primary tool utilised by Ghil et al. was
the computation of so-called maximum maps, which plot
the maxima of simulated solutions as a function of two
parameters. In order to avoid transient effects, a trajectory is given sufficient time (thousands of years) to
approach and reach a stable attractor. To ensure accuracy, the length of time from which the maximum was
obtained needed to be sufficiently long, because the solution may not necessarily be periodic.
Figure 5 shows an example of a maximum map from
[29] with parameters c and τn and a single fixed initial history of h(t) ≡ 1. One can easily identify two
regimes — one in the upper-left and one in the lowerright side of the parameter plane — divided by a sharp
interface, which represents where there is a rapid transition in max[h(t)]. Further sharp interfaces form elongated shapes in the upper-left side of the parameter
plane. Given that generic stable solutions to the model
depend continuously on the parameters and initial history, as proven in [29], the observed sharp interfaces imply the existence of stability loss and families of unstable
solutions.
The existence of multistabilities in the GZT model was
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uncovered in a follow-up paper to [29] by studying the effect of different constant initial histories [97]. It was also
demonstrated in [97] that the phase locking observed in
[29], which is an important feature of the model because
it agrees with the tendency of El Niño events to occur
primarily towards the end of the calendar year, is a robust feature of the model, except when the forcing is
weak.
Tziperman et al. studied the phase locking mechanism
with a more complicated model:
ḣ(t) = aA(κ(t − τp ), h(t − τp ))
− bA(κ(t − τn ), h(t − τn )) − ch(t),
π
κ(t) = k0 + dk sin ( t),
6

(5)

with A(κ, h) given by Eq. (4b). The last term of the DDE
reflects attenuation due to dissipation. Motivated by
studies of more complex models, the effect of the seasons
was not included as an additive term, but as parametric
forcing of the ocean-atmosphere coupling strength. The
parameters k0 and dk are the mean coupling strength
and annual variation, respectively. Time t is measured
in months. The authors analysed a particular solution of model (5) that demonstrated non-periodic behaviour with large extrema of varying size occurring every three years. They showed that for this solution the
El Niño events can only reach their peak when the coupling strength is at its minimum strength, which is at
the end of the calendar year, and that this mechanism
is very robust to parameter changes. This phase-locking
mechanism was later shown in in [26] to be essential in
a more sophisticated DDE model derived from a simplified version of the Zebiak-Cane model by following
similar physical assumptions as in [38, 39]. This model
retains the use of constant delays, but incorporates not
only oceanic wave propagation times but also SST response times to changes in thermocline depth.

3.3

Continuation results for model (5)

In order to gain a more comprehensive view of the possible dynamics of model (5) and confirm the observations
made in [86], the authors of [49] employed the continuation software DDE-Biftool to conduct a bifurcation analysis in the (dk , k0 )-plane. Figure 6 illustrates that there
are qualitative changes of solutions, which occur as parameters pass through curves of torus bifurcations (TR),
period-doubling bifurcations (PD) and saddle-node bifurcations of periodic orbits. In the autonomous case of
dk = 0, the trivial zero-solution loses stability at a Hopf
bifurcation and creates a family of periodic orbits. Once
the forcing is introduced with dk > 0, the zero-solution
becomes a trivial periodic solution with an amplitude
of zero and a period of one, which remains stable for
small k0 and dk . While increasing dk , the trivial periodic
solution loses stability in a period-doubling bifurcation,

creating period-2 solutions. On the other hand, increasing parameter k0 leads to stability loss through torus
bifurcations. Therefore, above the curve TR there exist
invariant tori and associated p : q resonance tongues, as
labelled in Fig. 6 for all q ≤ 11. The resonance tongues,
which are bounded by curves of saddle-node bifurcations
of periodic orbits, contain families of stable and saddle
p : q periodic orbits that are frequency locked. Therefore,
within each resonance tongue the invariant torus has a
fixed rational rotation number p/q. In between the resonance tongues, quasiperiodic solutions exist.
It should be noted that theory predicts the existence
of an infinite number of resonance tongues, one for every rational rotation number of the torus, which become
increasingly narrow with increasing q. Figure 6 demonstrates that one can obtain an effective overview of all
possible dynamics of model (5) for a relevant range of parameters. The insert in the lower-right corner of Fig. 6
is an enlargement of the parameter plane near the root
point of the 1 : 3 resonance tongue. The cross indicates
the parameters used in [86] and reveals why the solution
to model (5) demonstrated aperiodic motion, yet closely
resembled a period-three periodic orbit. The authors of
[49] also plotted all stable 1 : 3 and 1 : 4 solutions (not
shown) from the parameter range considered in Fig. 6
in order to show that the phase locking to the seasonal
cycle is indeed a robust feature, in agreement with the
claim made in [86].

3.4

Continuation
GZT model

results

for

the

In [44] we used DDE-Biftool to conduct a bifurcation
analysis of the GZT model studied in [29, 97]. Figure 7
shows maximum maps overlaid with a bifurcation set in
the (c, τn )-plane; white, grey and black curves represent
saddle-node bifurcations of periodic orbits, torus bifurcations and period-doubling bifurcations, respectively. In
contrast to the maximum map shown in Fig. 5, which
was calculated for a single fixed initial history, the maximum maps in Fig. 7 are calculated such that for each
row of fixed delay τn the parameter c is scanned up and
down (using previous solutions as initial histories), as
indicated by the arrows. This convenient and systematic approach means that the simulated trajectory stays
on the same branch of solutions while c is slowly varied
until stability is lost. Comparing panels (a) and (b) of
Fig. 7, the maximum maps reveal regions of bistability,
where the maxima of observed solutions depend on the
direction in which the parameter c is varied.
The bifurcation set in Fig. 7 divides the (c, τn )-plane
into regions of different solution types. Generally, the
dynamics is driven by two independent mechanisms that
create self-sustaining oscillations: the negative delayed
feedback and the seasonal forcing. Along the line c = 0
in Fig. 7, the periodic orbits depend only on the negative
delayed feedback term, creating periodic solutions for
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τn > π/(2κ) [12, 14, 58]. On the other hand, solutions
with large c are dominated by the seasonal forcing, so
that they all have a period of one and appear sinusoidallike. As the parameter c is decreased in panel (b), those
solutions lose stability in torus bifurcations at curve TR.
Therefore, between line c = 0 and curve TR is a region
where both oscillations interact and give rise to dynamics
on an invariant torus. The locked solutions on the torus
are organised into resonance tongues, which appear as
elongated shapes in Fig. 5 as best observed in panel (a).
The sharp interfaces of the maximum maps in Fig. 7
that could not be explained by bifurcations of periodic
orbits are shown in [44] to be more complicated bifurcations involving folding tori. These folding tori were
analysed in detail in [43] and were shown to possess
a complicated bifurcation structure that occurs as tori
approach each other and break-up. As briefly demonstrated in [43], this phenomenon can be considered as a
mechanism for climate tipping that, in contrast to simple
fold bifurcations of equilibria or periodic orbits, has the
additional bifurcation structure associated with folding
tori that could offer precursor information about an approaching tipping point. This result is a good example
of how new phenomena, which are easily overlooked in
complex models, can be found and studied in conceptual
models.

6

2

τn

Figure 6: Bifurcation set of model (5) in the (dk , k0 )plane. Curves of torus (TR) and period-doubling (PD)
bifurcations are shown. Saddle-node bifurcations of periodic orbits are the boundaries of p : q resonance tongues.
The inset is an enlargement to highlights the location of the parameters used in [86]. Other parameters are a = 0.2535, b = 0.1901, c = 0.1601, du = 3,
dl = −1, τp = 1.15 and τn = 5.75. Reproduced from
B. Krauskopf and J. Sieber, Bifurcation analysis of
delay-induced resonances of the El-Niño Southern Oscillation, Proceedings of the Royal Society A, 470 (2014),
348.
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Figure 7: Maximum maps of the GZT model with curves
of saddle-node bifurcations of periodic orbits, perioddoubling and torus bifurcations; drawn in white, grey
and black, respectively. Several frequency ratios of resonance tongues are indicated. Other parameters are b = 1
and κ = 11.

3.5

Continuation results for model (4)

The combination of continuation software with bifurcation theory was applied to model (4) in [45]. Although it
was a crucial result that this simple deterministic model
could produce irregular behaviour reminiscent of realworld data, there remained important open questions:
Is this behaviour characteristic of the model? In other
words, how robust is this behaviour to changes in parameters? By what mechanism does the solutions become
chaotic?
Figure 8 addresses these questions; it shows a bifurcation set in the (c, κ)-plane with curves of saddle-node
bifurcations of periodic orbits (blue), torus bifurcations
(red), and period-doubling bifurcations (black). The
maximal Lyapunov exponent of each solution, in cases
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Figure 9: Time series found by numerical integration of
model (4) for a = 2.02, b = 3.03, c = 2.6377, du = 2.0,
dl = 0.4, τp = 0.0958, τn = 0.4792 and κ = 2.0.
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Figure 8: Bifurcation set of model (4) in the (c, κ)-plane
with saddle-node bifurcations of periodic orbits (blue),
torus bifurcations (red), and period-doubling bifurcations (black). Shown p : q resonances are labelled, as are
the points (a)–(d) corresponding to solutions considered
in [87] and shown in Fig. 2. The colour scheme indicates the positive maximal Lyapunov exponent. Other
parameters are a = 2.02, b = 3.03, du = 2.0, dl = 0.4,
τp = 0.0958, and τn = 0.4792.

where it is positive indicating chaotic behaviour, is displayed by a colour scheme. The maximal Lyapunov exponents are calculated according to the algorithm for
DDEs described in [25]. Also shown in Fig. 8 are the
parameter points of solutions (a)–(d) referred to in [87]
and displayed in Fig. 2.
In Fig. 8 we see a curve of torus bifurcations for small
values of κ and resonance tongues that are rooted at
the zero-forcing line c = 0. The resonance tongues contain cascades of period-doubling bifurcations that appear where different resonance tongues overlap, leading to chaotic solutions with positive maximal Lyapunov exponent. Some positive maximal Lyapunov exponents appear in regions where the displayed resonance
tongues are not overlapping. This is simply because
in-between those shown exist smaller, higher-order resonance tongues that will overlap.
The parameter point of solution (a) in Fig. 2 is located in the parameter region of Fig. 8 that is dominated by the seasonal forcing; hence, it is a solution of
period 1. Upon increasing κ for fixed c = 2.6377 the
solution loses its stability at a torus bifurcation, so that
quasiperiodic can also be observed. The parameter point
of solution (b) is not inside any resonance tongue and is
therefore observed in [87] to be quasiperiodic. On the
other hand, the parameter point corresponding to solu-

tion (c) lies within the 1 : 4 resonance tongue, in agreement with the period-4 solution seen in [87]. The chaotic
solution (d) in Fig. 2 is situated in a parameter region of
overlapping resonance tongues in Fig. 8. Furthermore,
according to the bifurcation set, the same changes of solution type will be observed while increasing κ for any
fixed 1.5 . c ≤ 3.2 and possibly for larger c, albeit
for different values of κ. Therefore, the transition to
chaos observed in [87] and illustrated in Fig. 2 is indeed
a prominent feature of model (4) and leads to chaotic
behaviour across a substantial range of parameters.
Figure 9 shows the time series of solution (d) over a
longer time window. It is a good example to demonstrates how simple feedback mechanisms can account for
both the spatial and temporal sense of irregularity that
is observed in the magnitude and frequency of El Niño
events.
Particular routes to chaos that account for the irregular behaviour in ENSO models have been discussed at
length; for example, in the literature reviews [64, 68, 89].
In various ENSO models routes to chaos have been
identified as either the quasiperiodic route [42, 85, 86],
period-doubling route [10, 13, 55] or the intermittency
route [91]. Interestingly, it was shown in [45] that different routes to chaos can coexist, even to the same chaotic
solution, depending only on the chosen path through parameter space. While increasing κ in model (4) leads to
chaos via the period-doubling route, an alternate route
to the same chaotic attractor is found when decreasing
κ for fixed c. In this case, chaos appears just below
the lower boundary of the 1 : 6 resonance tongue seen
in Fig. 8. After exiting the 1 : 6 resonance tongue, as κ
is decreased, episodes of periodic behaviour become increasingly shorter until they apparently disappear. This
is evidence of the so-called intermittent transition [62],
which is characterised by the sudden appearance of chaos
at a saddle-node bifurcation.
Notice that many aspects of the bifurcation set in
Fig. 8 are similar to that of Fig. 6. One difference between the two is that, while the resonance tongues in
Fig. 8 overlap each other, the resonance tongues in Fig. 6
appear to only approach each other without overlapping.
Whether this reflects a difference between additive and
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multiplicative forcing, or whether the resonance tongues
in Fig. 6 do overlap for larger parameter values than
those considered is not clear and warrants further analysis.

3.6

Alternative ENSO paradigms

Apart from the DAO paradigm, other ENSO paradigms
have been considered and modelled as DDEs. The socalled western Pacific oscillator paradigm focusses on the
competition between central equatorial and western offequatorial Pacific thermocline and demonstrates the potential importance of western Pacific variability in relation to ENSO. It is introduced in [92] and modelled
by a set of linear DDEs with four variables describing
anomalies in: equatorial thermocline depth in the eastern Pacific Ocean, off-equatorial thermocline depth in
the western Pacific Ocean and the zonal wind stresses
above the west-central and western Pacific Ocean. The
thermocline variables depend on delayed wind stresses,
modelled with two fixed delays. It was shown that the
delays are not necessary to produce oscillations. Although the oscillations are periodic, the authors argue
that irregularities could be introduced into the dynamics by, for example, adding nonlinearities or stochastic
forcing to the model. This study inspired further investigation of the role of western Pacific variability in a
more complex model related to the Zebiak-Cane model
in [90], which produced co-oscillating anomaly patterns
in the western and eastern Pacific Ocean that were consistent with observations.
In [88] a DDE model is derived that encapsulates four
different ENSO paradigms: the DAO, the western Pacific oscillator, the recharge-discharge oscillator[38, 39]
and advective-reflective oscillator [61]. The model consists of four variables describing anomalies in: the average SST in the eastern equatorial Pacific Ocean, the
off-equatorial thermocline depth in the western Pacific
Ocean, the zonal wind stresses above the central and
western equatorial Pacific Ocean. The author of [88] suggests that naturally varying parameters could alter the
relative role of each paradigm in different El Niño and
La Niña events. For example, the western Pacific oscillator might play a larger role in strong El Niño events,
since strong equatorial wind anomalies are known to occur in the western Pacific Ocean at times of strong El
Niño events.

4

Discussion and outlook

In this paper we reviewed how DDEs have been used in
climate modelling. In order to reflect the balance of existing literature, we chose to focus on the application of
DDEs to EBMs, palaeoclimatology and ENSO models.
Upon including delayed effects into the respective phenomenological models, the dynamics becomes consider-
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ably more complicated and allows for the reproduction
and investigation of certain dynamical features that are
observed in nature. For example, a possible phase locking mechanism is identified as an explanation why El
Niño events tend to occur around Christmas. Most of
the results have been achieved by running simulations.
We, therefore, highlighted some more recent results that
were obtained by continuation methods that are able
to deal effectively with multistabilities, transients and
the difficulty of choosing appropriate initial conditions.
These reviewed results include the identification of folding tori, which are particularly interesting in the context
of climate tipping, as well as clarification of the precise
mechanism by which chaotic behaviour was observed in
simulations of an ENSO model.
Beyond the focus of this brief review, DDEs have been
used to describe other climate systems; these include
an interdecadal cycle in the Arctic and Greenland Sea
[16], an interdecadal cycle in the subpolar North Atlantic
[95], vegetation interaction with global climate fluctuations [17], heat transport between the Pacific extratropics and tropics [31], rainfall with land-atmosphere
coupling through soil moisture, vegetation and surface
albedo [6] and boundary reflections of oceanic waves in
the Indian Ocean [93]. Furthermore, we have considered here deterministic models, yet stochastic behaviour
is undoubtedly present in climate systems and could
have highly relevant effects, even if a system is primarily
driven by deterministic processes. For examples of DDE
climate models with noise, see [6, 31, 70, 79, 93].

4.1

Feedback loops with nonconstant delays

We now briefly discuss nonconstant delays in DDE climate models — a subject we believe has considerable potential for rendering phenomenological models more realistic and relevant from a climate modelling point of view.
Moreover, DDEs with nonconstant delays are presently
a research area of considerable interest from a dynamical systems point of view, and climate DDEs arise as
natural test-bed models for new theory and numerical
approaches.
A first class of nonconstant delays, referred to as
distributed or weighted delays, describe the situation
that a variable might depend on a range of past times.
Then
R τmax the delay term y(t − τi ) becomes an integral term
w(τ )y(t − τ )dτ , where values of y are considered
0
over a delay range of [0, τmax ] and w(τ ) is the associated kernel or delay distribution that says how the different past times contribute to the overall feedback. In
the literature on DDE climate models, distributed delay was considered in a very early publication [5]. Despite this, the trend towards the use of a constant delay
term quickly set in, because it simplifies the analysis of
the DDE. In fact, the study of the constant-delay DDE
serves as a starting point for any investigations of the
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τn

τn

τn

role of nonconstant delays, but we believe it promis- 0.54
ing and necessary that future work reconsider the use (a)
of distributed delays in climate models. For example,
in the above mentioned DDE ENSO models the delays
SN
are always assumed to be constant, while oceanic wave
0.5
velocities are distributed around mean velocities [?]. It
would be interesting to include into the model the associated distribution of delays, which is influenced in no
T
small part by the geometry of the Pacific basin near the
equator.
0.46
A second type of nonconstant delays arises when a de- 0.54
lay depends on the state of the system itself, which leads
to a delay term of the form τi = τi (t, y(t)); one speaks of (b)
state-dependent delays. For example, the delays in the
SN
DAO paradigm of ENSO are determined in part by the
0.5
position in the Pacific Ocean where the oceanic waves
PD
form, which is influenced by the position of the western
Pacific warm-pool. Yet, the position of the warm-pool
itself is influenced by changes in the thermocline depth.
T
An implicit expression for a state-dependent delay in this
0.46
context has already been suggested in [15].
State-dependency also arises when taking into account 0.54
subsurface ocean adjustment dynamics. In a series of papers [56, 41, 57, 40], three regimes of ENSO dynamics (c)
were studies: the fast-SST regime, where the SST adjustSN
ment to changes in thermocline depth is instantaneous;
0.5
the fast-wave regime, where the speeds of oceanic waves
PD
are infinite; and the mixed-mode regime, where both
SST adjustment and oceanic wave propagation times are
T
essential. These authors showed that the mixed-mode
regime is the most realistic. One could incorporate the 0.46
0
1
2
c
SST adjustment time into the model introduced in [29]
by adding an additional delay time that will depend on
the position of the thermocline itself. As a quite sim- Figure 10: Bifurcation set of the GZT model in the
ple example we consider linear state-dependent delays, (c, τn )-plane with a state-dependent delay given by
of the positive and negative feedback loops, of the form: Eq. (6) with η = 0 (a), η = 0.01 (b) and η = 0.04 (c).
Curves of torus (T) and period-doubling (PD) bifurcaτ p/n (t) = τp/n + η h(t).
(6) tions are shown. Saddle-node bifurcations of periodic
orbits (SN) form boundaries of a 1 : 2 resonance tongue.
It represents the respective overall delay as the delay of Other parameters are b = 1 and κ = 11.
the oceanic wave dynamics τp/n plus the time η h(t) required for the upwelling process to carry the signal from
the thermocline to the sea-surface. The parameter η More specifically, there is a symmetry-breaking within
represents the speed of the upwelling process, as well as the family of period-2 solutions that results in curves SN
the strength of the state-dependency of the delay. As- of saddle-node bifurcations of (originally symmetrically
suming h is scaled such that the distance between the related) periodic solution to no longer lie on top of each
mean thermocline depth and the sea-surface in the east- other; see panels (b) and (c) of Fig. 10. At the same
ern equatorial Pacific Ocean is approximately 1, η = 0.04 time, the root point of the resonance tongue on curve
corresponds to a SST response time of about two weeks, T grows into a region of period-doubling. Notice also
that the overall region with locked dynamics increases
as estimated in [99].
DDEs with distributed or state-dependent delays can considerably with η.
Figure 11 shows a time series of model (4) with Eq. (6)
be studied with the continuation software DDE-Biftool;
for example, see [54, 8]. Figure 10 shows how the 1 : 2 for η = 0.04 to further demonstrate the effect of stateresonance tongue of Fig. 7 changes under the influence of dependency; it was computed with the Matlab solver
state-dependency as given by Eq. (6). As the value of η ddesd [73]. The time series shows irregular large temis increased from η = 0 as in panel (a), there is a change perature events and appears to be chaotic. This type
in the parameter region where period-2 solutions exist. of behaviour persists for about 2000 years but then the
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atmosphere-ocean model, Journal of the Atmospheric Sciences, 45 (1988), pp. 2889–2919.
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[5] K Bhattacharya, M Ghil, and IL Vulis, Internal variability of an energy-balance model with
delayed albedo effects, Journal of the Atmospheric
Sciences, 39 (1982), pp. 1747–1773.
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Figure 11: Time series of model (4) with Eq. (6) for η =
0.04, calculated with Matlab’s ddesd. Other parameters
are a = 2.02, b = 3.03, c = 2.6377, du = 2.0, dl = 0.4,
τp = 0.0958, τn = 0.4792 and κ = 1.5.

[6] Marc FP Bierkens and Bart JJM Van den
Hurk, Groundwater convergence as a possible
mechanism for multi-year persistence in rainfall,
Geophysical Research Letters, 34 (2007).
[7] Karen Blaha, Judith Lehnert, Andrew
Keane, Thomas Dahms, Philipp Hövel, Eckehard Schöll, and John L Hudson, Clustering
in delay-coupled smooth and relaxational chemical
oscillators, Physical Review E, 88 (2013), p. 062915.

trajectory finally settles into a complicated periodic solution with a very long period.
[8] R. C. Calleja, A. R. Humphries, and
B. Krauskopf, Resonance phenomena in a scalar
Equation (6) constitutes the simplest possible, yet redelay differential equation with two state-dependent
alistic way in which to introduce state-dependence into
delays, arXiv preprint arXiv:1607.02683, (2016).
an ENSO model. Despite this, and even though η is
small relative to τn in Figs. 10(c) and 11, our results
[9] Sue Ann Campbell, Time delays in neural sysshow that state-dependency has the potential to play a
tems, in Handbook of brain connectivity, Springer,
significant role for generating realistic observable model
2007, pp. 65–90.
behaviour. We believe that state-dependence in DDE
climate models will emerge as an interesting direction
for future research. Indeed, there are already a num- [10] Mark A Cane, Matthias Münnich, and
Stephen F Zebiak, A study of self-excited oscillaber of interesting questions: Is Eq. (6) an appropritions of the tropical ocean-atmosphere system. Part
ate representation of state-dependent delay in a DAO
I: Linear analysis, Journal of the atmospheric scimodel? Are there other important state-dependent relaences, 47 (1990), pp. 1562–1577.
tionships? Would a distributed delay be more realistic
and accurate? Should more focus be put on the result[11] Mark A Cane, SE Zebiak, and SC Dolan, Exing transient behaviour rather than eventual asymptotic
perimental forecasts of El Nifio, Nature, 321 (1986),
behaviour?
pp. 827–832.
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