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Abstract We study a planar noninvertible map that acts as a nonanalytic generalization of the complex quadratic family. It maintains the property of angle doubling,
but is no longer an analytic map on the complex plane. Rather, the role of the critical point is now played by a critical circle. We generalize the notion of Julia sets to
this new setting and show how these invariant sets interact with stable and unstable
sets of saddle fixed and periodic points. We employ state-of-the-art numerical techniques to find and characterize new types of Julia sets, which are associated with
the behavior of points on the critical circle under iteration. In parameter space this
is encoded by the (generalized) Mandelbrot set.

1 Introduction
Our object of study is the map
fλ (z) = (1 − λ + λ |z|a )



z
|z|

2
+ c,

(1)

for z ∈ C\{0}, λ ∈ [0, 1], and two additional parameters a, c ∈ C. It was introduced
in [6] for a near 1 and fixed c = 1 as a map reduction of a wild Lorenz-like vector
field in Rn for n ≥ 5; see also the geometric studies of (1) in [20, 21, 22, 31].
Here, on the other hand, we fix a = 2 from now on because we are concerned
with (1) as a one-parameter family in λ that contains the well-known complex
quadratic family
f1 (z) = z2 + c
(2)
for z ∈ C as a special case for λ = 1. The quadratic map (2) is actually complex
analytic on C; geometrically, it is the composition of angle doubling around the
critical point 0 with translation by the critical value c.
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A main object in the study of the dynamics of the quadratic map (2) on the complex plane is the Julia set. The Julia set can equivalently be defined as the boundary
of the basin of attraction of infinity, the closure of the set of repelling periodic points,
or the set of non-normal points. The complex quadratic map features a fundamental dichotomy which states that the Julia set of (2) is connected if, and only if, the
orbit of the critical value c is bounded; otherwise, if the orbit of c goes to infinity,
the Julia set is a Cantor set, that is, it is totally disconnected [9]. This dichotomy is
encoded in the parameter space of c ∈ C by the well-known Mandelbrot set, which
we refer to as M1 . It is defined as the set of parameter values c for which the corresponding Julia set of the quadratic family (2) is connected and, hence, constitutes
the bifurcation diagram of (2) in the complex c-plane. See already Figure 1 for an
approximation of the Mandelbrot set M1 and, for example, [9, 13, 29] as an entry
point to the extensive literature on the complex quadratic map.
We proceed by generalizing the notions of Julia set and Mandelbrot set to the
family of maps (1) for any λ ∈ [0, 1]. A key property of this family is that (1) maps
the punctured plane C \ {0} to the outside of the closed disk D1−λ (c) with radius
1 − λ around c, namely, also by angle doubling followed by translation by c. Hence,
for λ < 1 the map (1) generalizes or ‘unfolds’ the quadratic family (2) in such a
way that the basic mapping property of angle doubling is preserved, while complex
analyticity on C is obviously lost. Points in D1−λ (c) have no preimage, while points
in C \ D1−λ (c) have two preimages. More specifically, the critical value c of (2) is
replaced by the critical circle J1 := ∂ D1−λ (c) of (1), which can be thought of as
the multi-valued image of the critical point J0 := 0. When λ is decreased from 1 the
radius 1 − λ of J1 increases from 0.
We now define, for any λ ∈ (0, 1] and c ∈ C, the (generalized) Julia set Y as
Y := ∂ B(∞),

(3)

where B(∞) is the basin of attraction of infinity, consisting of all points in C that
escape to infinity under iteration of fλ for the given value of c. The basin B(∞)
is well defined for any λ ∈ (0, 1], but it retracts to infinity as λ goes to 0. Hence,
for λ = 0, infinity is no longer attracting; therefore, we define the Julia set to be
Y := {∞} for λ = 0. We remark that we refer to the Julia set as Y (and not J as is
common in the literature) to avoid confusion with the critical sets J0 and J1 .
Clearly, definition (3) of the Julia set Y of (1) encompasses and, hence, generalizes the Julia of the quadratic family (2). However, there is a second possibility
of generalizing the notion of Julia set, namely by considering the repelling periodic
points of (1). We consider the set of preperiodic repelling points
P := {z ∈ C\{0} | ∃ m ≥ 0 such that fλm (z) is a repelling periodic point}.
Here we refer to a period-k point z0 as repelling when both eigenvalues of the linearization of fλk at z0 have modulus larger than 1. We choose to use the larger set P
of preperiodic repelling points instead of just the set of repelling periodic points because it may also contain points in the disk bounded by the critical circle J1 that do
not have a preimage and, hence, cannot be periodic. In particular, we have Y = P
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for λ = 1. Therefore the closure P of the set of preperiodic repelling points is also a
generalization of the notion of Julia set. However, as we will see in Section 4.2, one
can encounter situations where P is a true subset of Y . We will compute approximations of both Y and P to illustrate the properties of different types of Julia sets
of the map (1); in particular, we will utilize the properties of P when classifying
different types of Julia sets Y in Section 4.2.
An important additional ingredient of the dynamics one finds in the map (1)
for λ < 1 are saddle fixed points and saddle periodic orbits and their stable and
unstable sets. The latter are generalizations of stable and unstable manifolds in the
context of noninvertible maps; they are introduced more formally in Section 2.2.
In [20] we showed that there are four types of tangency bifurcations where the stable
and unstable sets interact with the forward and backward critical sets, given by the
images and preimages of the critical circle J1 and the critical point J0 , respectively;
these tangency bifurcation are presented in Section 2.3. Moreover, as was discussed
in [22], stable and unstable sets interact with the (generalized) Julia set, and this may
lead to types of Julia sets that are not found for the quadratic family. The emphasis
in this earlier work was on how the Julia set for a given fixed c ∈ R changes and
interacts with other emerging invariant objects for decreasing λ < 1; we will review
some of the results in Section 4.1. Note, in particular, that saddle fixed and periodic
points and their (un)stable manifolds can only exist in nonanalytic maps, that is,
they do not exist for λ = 1.
Here, we take a complimentary point of view and consider the generalization of
the Mandelbrot set of the map (1) for all λ ∈ [0, 1]. In fact, it is sufficient to consider
only the λ -range [ 21 , 1]; this is due to a non-obvious symmetry, which we show via
a rescaling of the map (1) in Section 3.3. It is a key realization that there is now a
trichotomy, rather than a dichotomy, when it comes to the fate of the critical circle
J1 under iteration: (1) J1 may lie entirely in the basin B(∞), that is, all points on
J1 escape to infinity under iteration; (2) all points on J1 may remain bounded under
iteration; and (3) the ambivalent case where some points on J1 escape to infinity and
some points on J1 remain bounded under iteration. As we will show, the third and
new possibility needs to be taken into consideration when studying the generalized
Mandelbrot set of (1) and associated Julia sets.
We now define the (generalized) Mandelbrot set
M := {(c, λ ) ∈ C × [0, 1] | c ∈ Mλ }
as the λ -union of the Mandelbrot sets
Mλ := {c ∈ C | ∃ z ∈ J1 so that fλk (z) is bounded ∀ k ∈ N}.
This is an appropriate generalization of the Mandelbrot set M1 of the quadratic
family, because we observe that the Julia set Y is connected whenever c ∈ Mλ ,
while Y is a Cantor set whenever c 6∈ Mλ .
In light of the trichotomy for λ < 1, we also define the core of the Mandelbrot
set
M o := {(c, λ ) ∈ C × [0, 1] | c ∈ Mλo },
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where
Mλo := {c ∈ C | fλk (z) is bounded for ∀ z ∈ J1 and k ∈ N},
as well as the respective ambivalence regions
f:= M \ M o
M

and

fλ := Mλ \ M o .
M
λ

The latter correspond to the new case of parameter values for which some points on
f1 := 0.
J1 remain bounded and some do not; note that we define M
/
As we will see in Section 3, for λ < 1, the map (1) admits parameter regimes
where several attractors co-exist. This is possible because different points on J1 can
go to different attractors under iteration. Therefore, the hyperbolic components of
the Mandelbrot set M1 that correspond to the existence of a unique attractor of a
certain period generally become components of Mλ for λ < 1 that correspond to
the existence of several, possibly co-existing, periodic and even chaotic attractors.
In this paper, we consider how the Mandelbrot set Mλ ⊂ C of the map (1)
changes with λ . Closely associated is the complimentary question of how the Julia
set changes across the boundary of Mλ , that is, when λ ∈ (0, 1) remains fixed and
c is changed. This means, in particular, that the parameter c may take any value in
C. This work follows on from our previous work in [22], where we considered the
case of fixed real c and found, for λ < 1, four new types of Julia sets, called critically connected Cantor sets, Cantor bouquets, Cantor tangles, and Cantor cheeses,
which cannot occur in the quadratic map; see already Section 4.1. Here, we find yet
more types of Julia sets, which we call Cantor shrub and Cantor beetle. Regarding
f, we find that there are the following three cases
the properties of the sets M o and M
for c ∈ C: in the complement of M the Julia set Y is a Cantor set; in the core M o
the Julia set Y is a connected union of Jordan curves; and in the ambivalence region
fwe find the additional types of Julia sets mentioned above, which are effectively
M
all derived from Cantor sets by generating different types of connectedness. We will
show how these new types of Julia sets arise in the transition between different components of M o . Our results are obtained by careful numerical investigations with
state-of-the-art tools and, mathematically speaking, have the status of conjectures.
More specifically, we combine the computation of Julia sets, both as the boundary
of B(∞) via an escape algorithm and as the set of preperiodic points, with the computations of (un)stable sets in phase space. Moreover, we determine the Mandelbrot
set Mλ by determining the fate under iteration of a large number of test points on
the critical circle J1 , in combination with the direct computation of loci of different
types of bifurcation, which include saddle-node, period-doubling and Neimarck–
Sacker bifurcations, as well as the loci of the different tangency bifurcations.
Other analytic and singular perturbations of the complex quadratic family (2)
have been considered by different authors; see also the literature review in [22].
Quite closely related is the work in [8, 10], which considers the case that the exponent of the quadratic term is close to 2; this corresponds in the map (1) to fixed
λ = 1 and varying a near a = 2. For a 6= 2, the resulting map is nonanalytic and no
longer quadratic, but still has a critical point J0 = 0. In particular, their map is a map
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on C \ {0} and the forward critical orbit consists of the unique orbit of the critical
value c. These authors define the filled Julia set as the set of points with bounded
orbits and the (generalized) Julia set as the set of points that have no neighborhood
in which the iterates of the map form an equicontinuous family. The latter notion is
a generalization of the definition of the Julia set as the set of non-normal points. We
do not consider it here, because for the map (1), the set of nonnormal points contains
all saddle points and their stable sets even if they do not lie in the boundary ∂ B(∞);
moreover, the attracting set may consist of several or even chaotic attractors, to
which convergence is not equicontinuous. Furthermore, the authors of [8, 10] study
the bifurcation diagram of their perturbed map in the c-plane. To this end, they define a generalized version of the Mandelbrot as the connectedness locus of the filled
Julia set. They also define the set of parameter values c such that the filled Julia set is
not a Cantor set. There are parameter values a < 2 such that the two sets differ, and
the difference set, where the filled Julia set is disconnected but not totally disconnected, could be interpreted as an “ambivalence region”. However, this appears to be
ffor the map (1)
a relatively small set, while we find that the ambivalence region M
considered here is very large; this is due to the fact that one needs to consider the
forward orbit of an entire critical circle, rather than of a single critical point.
The paper is structured as follows. In Section 2, we introduce the necessary background and notation. In particular, we discuss the definitions, properties and bifurcations of the critical and (un)stable sets in Sections 2.1–2.3. In Section 3, we study
the structure of the generalized Mandelbrot set M by discussing the Mandelbrot set
M1 of the quadratic family (2) in Section 3.1 and the transition of the Mandelbrot
set Mλ in the c-plane for decreasing λ from λ = 1 to λ = 0.75 in Section 3.2. We
introduce a rescaling of the phase and parameter spaces of the map (1) in Section 3.3
and present the bifurcation diagram in the rescaled (Re(c), λ )-plane, that is, along
the period-doubling route to chaos in the quadratic family (2). Section 4 focuses
on the Julia sets. In Section 4.1, we review the types of Julia sets that can occur
in (1) for c ∈ R, and in Section 4.2, we study the transition for three sequences of
fλ of Mλ in the transition beparameter values through the ambivalence region M
tween the period-one and the period-two component for fixed λ = 0.98. As part of
these transitions, we identify and characterize new types of Julia sets. In the concluding Section 5, we formulate our results regarding the occurrence of the different
types of Julia sets and point out open questions and direction for future research.

2 Background
We now introduce the necessary definitions and properties of the forward and backward critical sets in Section 2.1 and the stable and unstable sets in Section 2.2. We
then recall in Section 2.3 the four types of tangency bifurcations from [20] between
these different invariant sets.
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2.1 The critical set
To generalize the notions of critical point and critical value to the map (1) with
λ < 1, we use notions from the theory of noninvertible maps; see [20] and, for
example, [2, 30] as entry points to the relevant literature. The origin is the only
point where the Jacobian of fλ (as a real function on R2 ) is not defined and, hence,
it forms the critical set J0 ; for simplicity we still refer to J0 as the critical point. The
image J1 of J0 under fλ does not exist for λ < 1, but it makes perfect sense to define
it as J1 := ∂ D1−λ (c) [20]. Therefore, one can think of J1 as the multivalued image
of J0 and we refer to it as the critical circle. Note that this circle collapses down to
the critical value for λ = 1.
The points in D1−λ (c) have no preimages and every point z ∈ C \ D1−λ (c) has
two preimages f0−1 (z) and f1−1 (z) given by
s

−1
(z) = ±
f0,1

|z − c| − 1 + λ
λ



z−c
.
|z − c|

The k-th preimage f −k (z) of z is a sequence of preimages
fs−k
(z) := fs−1
◦ · · · ◦ fs−1
(z),
1
k ···s1
k
for (sl )1≤l≤k ∈ {0, 1}k and consists of up to 2k points.
For any λ ∈ [0, 1], the dynamics of fλ is organized by the backward critical set
J − :=

[
k≥0

J−k ,

and by the forward critical set
J + :=

[

Jk ,

k≥1

where Jk := f k (J0 ) with the convention that f (J0 ) = J1 . The backward critical set
J − consists of points, which map to J0 under a finite number of iterates. On the
other hand, the forward critical set J + consists of closed curves (except for λ = 1
when it is the forward orbit of the critical value c).

2.2 Stable and unstable sets
The map (1) is (complex) analytic for λ = 1 and nonanalytic for λ < 1. More specifically, for λ ∈ (0, 1), the noninvertible map fλ may have saddle fixed points and
saddle periodic points. These have one-dimensional stable and unstable sets and
chaotic attractors, which are generalizations of stable and unstable manifolds of dif-
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feomorphisms. More precisely, for any hyperbolic saddle fixed point p of (1) there
is a neighborhood V of p, such that V contains the local stable manifold
s
(p) := {z ∈ V | f k (z) ∈ V for all k ≥ 0},
Wloc

which is tangent to the stable eigenspace of p [32]. The stable set W s (p) is given by
s (p), that is,
all preimages of Wloc
[

W s (p) :=

s
f −k (Wloc
(p)).

k≥0

Similarly, there is a neighborhood V of p that contains the local unstable manifold
u (p), defined as the local stable manifold with respect to the local inverse f −1 of
Wloc
loc
−1
f that satisfies floc
(p) = p; in other words,
−1 k
u
(p) := {z ∈ V | ( floc
) (z) ∈ V for all k ≥ 0},
Wloc

which is tangent to the unstable eigenspace of p. The unstable set W u (p) is given
u (p), that is,
by all images of Wloc
W u (p) :=

[

u
(p)).
f k (Wloc

k≥0

The (un)stable set of a saddle periodic point of period k is defined as the (un)stable
set of this point as a fixed point of k-th iterate f k , and the (un)stable set of the corresponding saddle periodic orbit is the union of the (un)stable sets of the periodic
points on this orbit. By definition, stable and unstable sets are backward and forward
invariant. More precisely, stable sets are invariant under the map f and both inverses
f0−1 and f1−1 . It follows that a stable set W s (p) consists of infinitely many branches
and, in particular, is not an immersed manifold [30]. We call the branch that cons (p) the primary branch. The unstable set W u (p), on the
tains the local manifold Wloc
other hand, is invariant under f but not under both inverses. It can be an immersed
manifold. However, W u (p) may have points z and −z, which map to the same point
f (z) = f (−z), leading to points of self-intersection at f (z) and its images; in this
case W u (p) is not an immersed manifold either.

2.3 Tangency bifurcations
The critical set and stable and unstable sets of saddle (periodic) points may interact
with each other in four types of tangency bifurcations of codimension one; see [20]
for more details.
(H) The homoclinic tangency is a tangency between the stable and unstable sets
W s (p) and W u (p); this leads to the creation of two homoclinic orbits that approach the saddle p under forward iteration and under a sequence of backward
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iterations. This bifurcation is the direct equivalent of the homoclinic tangency
for diffeomorphisms;
(F) At the forward critical tangency the forward critical set J + is tangent to
the stable set W s (p); this leads to a branching of W s (p) at the points in the
backward critical set J − ;
(B) At the backward critical tangency a segment of the unstable set W u (p) moves
over a sequence of points in J − ; this leads to the formation of loops in
W u (p) around the closed curves in J + ;
(FB) At the forward-backward critical tangency a segment of a curve in J +
moves over a sequence of points in J − ; this leads to the formation of loops
in the images of this curve segment in J + around other curves in J + .
These four tangency bifurcations were identified in [20] as generating a bifurcation
structure that constitutes a geometric mechanism for the transition to so-called wild
chaos in the map (1) for the parameter a near a = 1 [20]. We will encounter them
here as well as part of the bifurcation diagram for a = 2.

3 The generalized Mandelbrot set M
In this section we investigate the Mandelbrot set M as the bifurcation diagram
of the map (1) in the three-dimensional (c, λ )-space for c ∈ C and λ ∈ [0, 1]. More
specifically, we compute the Mandelbrot sets Mλ in the two-dimensional c-plane for
λ = 1 and five fixed values of λ < 1, and we compute the corresponding bifurcation
set in the rescaled (Re(c̃), λ )-plane for fixed Im(c̃) = 0.

3.1 The Mandelbrot set M1 of the quadratic map
Figure 1 shows the Mandelbrot set M1 of (2) in terms of its hyperbolic components
in [−1.8, 0.45] × [−1.05 i, 1.05 i]. The parameter point c is in a hyperbolic component of M1 if and only if c is in the basin of an attracting (hyperbolic) periodic
orbit of a given period; in particular, there can be at most one attracting periodic
orbit for any c. In this case, the Julia set bounds the basin of this attractor and is
given by a countable union of Jordan curves. The Mandelbrot set M1 is connected
and its interior consists of hyperbolic components. To find M1 numerically, we use
an escape-algorithm approach of checking for each point of a sufficiently fine grid
in the c-plane (we use 4000 × 4000 points) whether the orbit of the critical point c
remains bounded, that is, whether it escapes the disk with radius 2 after 4000 iterations. In the white regions the orbit of c is unbounded, the Julia set is a Cantor set
and this value of c is, hence, not in M1 . For bounded orbits we test convergence
to a periodic attractor with a period up to 9; this allows us to identify and color the
hyperbolic components up to this period. Black points remain bounded and the cor-
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Fig. 1 The Mandelbrot set of (2) in the region [−1.8, 0.45]×[−1.05 i, 1.05 i]. The colored domains
are hyperbolic components where f1 has an attracting periodic orbit of period 1 (red), 2 (orange),
3 (yellow), 4 (light green), 5 (dark green), 6 (cyan), 7 (light blue), 8 (dark blue) and 9 (purple); for
black points the orbit of c is also bounded, while for white points c ∈ B(∞). Also shown are the
centers (green dots) of some hyperbolic components up to period 5.

responding orbit of c converges to an attractor of period at least 10 or corresponds
to other bounded dynamics.
The main cardioid (red) in Figure 1 corresponds to parameter values c for which
f1 has an attracting fixed point. The critical point z = c = 0 is a super-attracting fixed
point at c = 0 (green dot), and this point is also referred to as the center of the main
cardioid. The hyperbolic components that correspond to attracting periodic orbits
of periods 2 up to 9 are also highlighted in color as indicated; they are referred
to as bulbs when their boundary is smooth and as cardioids when they have a cusp.
They also have center points (green dots) that correspond to super-attracting periodic
points of the corresponding periods.
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(a)
PD3
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-0.8

-0.4

0

0.4

Fig. 2 The Mandelbrot set M0.98 for λ = 0.98 in the region [−1.8, 0.45] × [−1.05 i, 1.05 i]; color
corresponds to the periods of the respective periodic attractors as in Figure 1; here full color means
that all test points on J1 converge to the periodic attractor, while gray shading indicates that some
points on J1 escape to infinity instead; black indicates convergence to a periodic attractor of period
larger than 9, to an attracting invariant circle or to a chaotic attractor; white indicates that all sample
orbits on J1 are unbounded. Also shown are the curves NS1 , NS2 and NS3 (black) of Neimarck–
Sacker bifurcations, PD1 , PD2 , PD3 and PD4 (blue) of period-doubling bifurcations, L2 (gray) of
saddle-node bifurcations, H (magenta; near L2 ) of first homoclinic tangencies, B (purple; hidden
by H) of first backward critical tangencies and the circle (green; near the origin) of last forwardbackward critical tangencies.

3.2 The Mandelbrot set Mλ for decreasing λ
The Mandelbrot set Mλ of the map (1) for λ < 1 is shown in Figure 2 for λ = 0.98.
It and subsequent such figures were computed with a generalization and refinement
of the escape algorithm. For each point of a 3000 × 3000 grid in a region of interest in the parameter plane, we iterate a fixed number of equally distributed sample
points on J1 ; we used 25 points throughout, which we found to be a good balance
between computational expense and accuracy. Regions that correspond to param-
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eter points for which none of the sample points stay bounded are white; this can
be checked efficiently by determining that the modulus of the respective iterate is
large enough (generally, we use a bound of 3000). On the other hand, if all sample
points of J1 stay bounded, then we conclude that the respective parameter point lies
in M . We then check for each sample point whether it converges to an attracting
periodic orbit of some given period (up to period 9); if all sample points converge to
a k-periodic orbit with k ≤ 9 then the parameter point is colored accordingly (where
we use the color coding from Figure 1). Otherwise, the parameter point is colored
black. Hence, colored and black points lie in the core M o . For λ < 1, however, the
points on J1 may be converging under iteration to an attractor that is much more
complicated than an attracting periodic point; such points are also colored black. Finally, when some sample points are detected as staying bounded and some escape to
infinity, then we conclude that the corresponding parameter point lies in the ambivaf. We still run the detection of convergence to attracting k-periodic
lence region M
points for the bounded sample points, and we give the parameter point the respective
color with an additional gray scale that indicates how many of the sample points diverge; from full color corresponding to no sample points diverging, to mostly gray
corresponding to all but one sample point diverging. Parameter points with some
bounded sample points that do not appear to converge to a k-periodic point with
k ≤ 9 are colored similarly in shades of gray, again depending on how many of the
sample points diverge; here, lighter gray corresponds to more sample points diverging. Hence, any grayish region in Figure 4 corresponds to the ambivalent case of
some bounded and some unbounded orbits in J + and, therefore, belongs to the
f.
ambivalence region M
Figure 2 shows the Mandelbrot set M0.98 together with several bifurcation
curves; compare with Figure 1. The curves NS1 , NS2 and NS3 (black) are curves
of Neimarck–Sacker bifurcations, PD1 , PD2 , PD3 and PD4 (blue) are curves of
period-doubling bifurcations, and L2 (gray) are curves of saddle-node bifurcations
of period-one, -two, -three and -four points, respectively. The curves H (magenta)
and B (purple) correspond to the first homoclinic and first backward critical tangencies of the sets W s (p) and W u (p), respectively; these curves cannot be distinguished
in Figure 2, but lie near L2 . The green circle around the origin is the locus of last
forward-backward critical tangencies, that is, the values of c with |c| = 0.02 = 1 − λ
for which the critical point J0 lies on the critical circle J1 . These curves were
computed by continuation using MatcontM [15, 18, 19] with the methods outlined
in [20], which are adaptations of the boundary value setup for following homoclinic
or heteroclinic tangencies in [7].
When comparing the sets M0.98 in Figure 2 and M1 in Figure 1, we note that
many regions corresponding to the existence of higher periodic attractors of M1
have disappeared already; moreover, the components of M0.98 are no longer connected to each other. In particular, the red shaded region of M0.98 (formerly the
main cardioid of M1 ) and the orange shaded region to its left (formerly the periodtwo bulb) no longer connect at a point of period-doubling bifurcation. Rather, there
is a complicated transition from a unique attracting fixed point to a unique attracting period-two point; we will discuss this region of the c-plane for fixed λ = 0.98
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Fig. 3 The Mandelbrot set Mλ ⊂ C in the region [−1.3, 0.4] × [−0.85 i, 0.85 i] for λ = 0.96 (a),
λ = 0.88 (b), λ = 0.8 (c), and λ = 0.75 (d); compare with Figure 2.

and the corresponding transitions in the phase plane in more detail in Section 4.2.
Moreover, areas of existence of higher periodic or other attractors have appeared in
M0.98 near the centers of the remaining components. In particular, the center c = 0
of the Mandelbrot set M1 in Figure 1 has opened up to the circle with |c| = 1 − λ
and regions corresponding to attracting periodic points of periods 2, 3, 4, 6 and 8
and to higher-periodic or other attractors have appeared nearby.
Figure 3 shows the Mandelbrot set Mλ of the map (1) in the c-plane for λ = 0.96
in panel (a), λ = 0.88 in panel (b), λ = 0.8 in panel (c) and λ = 0.75 in panel (d). As
in Figures 1 and 2, the colored areas in Figure 3 correspond to values of c that admit
a periodic attractor of a given period up to 9, with gray indicating how many test
points on J1 are unbounded. As λ is decreased further from λ = 0.98, more regions
of higher-period attractors and of other attractors disappear. Already for M0.96 , in
Figure 3(a), there appear to be only regions left of period-one, -two and -three attractors. Moreover, the orange-shaded regions with period-two attractors have increased
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in the component that used to be the main cardioid of M1 , including near its center.
At the same time, the gaps between former hyperbolic components have increased
and there is considerably more gray shading, meaning that the ambivalence region
fis increasing in size. For λ = 0.88, all former bulbs of the Mandelbrot set M1
M
have disappeared; see Figure 3(b). Notice that effectively only the main cardioid
remains, and only a small part of it represents a unique attracting fixed point. We
find (striped) regions of multistability with higher-period attractors; here some of
the sample points on J1 converge to one attractor, and others to a different attractor.
We even found values of c at which sample points on J1 go to more than two different attractors; however, for simplicity, we show in Figure 3 only the colors of the
two lowest periods, or black in case of an attractor of period larger than 9 or other
f0.88 , indicated by gray shading,
attractor. Note further that the ambivalence region M
has increased considerably and appears quite frayed. For λ = 0.8 and λ = 0.75 as
fλ as well as the black
in Figure 3(c) and (d), respectively, the ambivalence region M
regions near the origin corresponding to attractors of periods larger than 9 or other
bounded attractors appear to make up the entire Mandelbrot set Mλ .

3.3 Rescaling and bifurcation set for c ∈ R
In [22], we presented the bifurcation diagram of the map (1) in the (Re(c), λ )plane for Im(c) = 0 and found evidence that the sequence of bifurcations reverse
as λ = 0.5 is crossed. This motivates us to make the underlying symmetry explicit
by introducing a rescaling of parameter and phase space, and to present the rescaled
bifurcation diagram.
Consider the family of maps
Fλ : C\{0} → C,
w 7→ (λ (1 − λ ) + |w|2 )



w
|w|

2
+ c̃ (λ (1 − λ ) + 1),

(4)

with parameters λ ∈ [0, 1] and c̃ ∈ C. The map Fλ is conjugate to fλ for λ ∈ (0, 1]
via the coordinate change
w = λ z,
subject to the parameter rescaling
c̃ := c/(1 − λ + λ −1 ).
The rescaled map Fλ has the parameter symmetry about λ = 0.5 given by Fλ =
F1−λ . Due to the conjugacy, for all λ ∈ (0, 1), the dynamics of Fλ for a given c̃ is
conjugate to the dynamics of fλ for the corresponding c. Moreover, F0 = F1 emerges
as a well-defined, rescaled limit of fλ for λ → 0; note that, in contrast, f0 collapses
the entire punctured plane onto the unit circle, followed by angle doubling plus a
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Fig. 4 The bifurcation set of (4) in the (Re(c̃), λ )-plane in the regions [−1.8, 0.45] × [0, 1] (a),
[−1.42, −0.95] × [0.95, 1] (b) and [−1.77, −1.745] × [0.997, 1] (c). Shown is the Mandelbrot set
M (colored, gray and black regions) and curves L1 , L2 , L4 , L6 and L8 (gray) of saddle-node bifurcations, PF1 , PF2 , PF3 , PF4 and PF6 (gray) of pitchfork bifurcations, PD1 , PD2 , PD3 and PD4 (blue)
of period-doubling bifurcations, NS1 , NS2 , NS3 , NS4 , NS6 and NS8 (black) of Neimarck–Sacker
bifurcations, H (magenta) of first homoclinic tangencies, B (purple) of first backward critical tangencies, and FB1 , FB2 , FB3 , FB4 , FB6 and FB8 (green) of forward-backward critical tangencies.

translation by c [22]. In particular, we conclude that fλ is conjugate to f1−λ for all
λ ∈ [0, 1], and this means that we can restrict our attention to λ ∈ [ 21 , 1].
Figure 4 shows the bifurcation diagram of fλ (or of Fλ ) plotted in the rescaled
(Re(c̃), λ )-plane. Shown are the intersection of the Mandelbrot sets M with this parameter plane, together with numerous bifurcation curves. Panel (a) clearly brings
out the symmetry in λ about 21 by presenting the full λ -range from 0 to 1. Panels (b) and (c) are enlargements near the period-2 and period-3 regions of the perioddoubling sequence to chaos for λ = 1 and real c, respectively.
Figure 4(a) shows that the Mandelbrot set changes dramatically with decreasing
λ < 1, and it practically disappears for λ = 0.5 (and then reappears for λ < 0.5).
Noticeable are the regions with an attracting fixed point (red) and a two-periodic
point (orange). Notice also the large black region where the critical circle converges
to some other attractors. Panels (b) and (c) of Figure 4 are enlargements near the
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period-two and period-four bulbs, and near the period-three cardioid of M1 , respectively. The boundary between white and color/black is marked by the emergence
f. Some of the transitions appear
of gray, which indicates the ambivalence region M
to be well aligned with certain bifurcation curves. In particular, the attracing fixed
point that exists in the main cadioid of M1 bifurcates at a pitchfork bifurcation curve
PF1 (gray) for c̃ > 0 and a period-doubling curve PD1 (blue) for c̃ < 0, respectively.
Furthermore, the overall bifurcation structure that emerges from the centers is very
similar for other bulbs and cardioids, with corresponding bifurcations of periodic
orbits of higher period; we refer to [22] for further details.
Overall, we conclude from Figure 4 that not only the boundary ∂ M1 of the Mandelbrot set M1 but also the centers of the hyperbolic components in M1 give rise to
new dynamics as soon as λ is decreased from 1; this clearly agrees with the images
fλ seems
of Mλ in Figures 2 and 3. Note that the gray shaded ambivalence region M
to emerge only from the boundary ∂ M1 and, hence, we conclude that ∂ M1 is the
fλ as λ → 1. On the other hand, for λ = 0.5, the Mandelbrot set Mλ ∩ R
limit of M
shrinks down to the points c̃ = 0 and c̃ = 0.2, which correspond to c = 0 and c = 0.5,
respectively.
For simplicity, we will continue to present the Mandelbrot sets Mλ in the original c-plane, and Julia sets and other invariant objects in the original z-plane of fλ ,
respectively.

4 Generalized Julia sets
We now study how the phase portrait of the map (1) changes when parameters are
changed away from the case λ = 1 of the complex quadratic family. A phase portrait
in this context includes the Julia set as the boundary of the basin B(∞), as well as
stable and unstable sets of saddle points. The key is to understand the interplay
between these different types of sets, and how the Julia set changes in the process.
As the starting point we present first some new types of Julia sets that we found in
our previous work in [22] when decreasing λ from 1 for fixed c ∈ R. We then focus
in Section 4.2 on the transition in M0.98 from a period-one to a period-two attractor
as c is changed.

4.1 Julia sets for fixed c ∈ R
In [22], we studied the map (1) with a = 2 for the special case Im(c) = 0 when the
Julia set is symmetric with respect to complex conjugation (reflection on the Re(z)axis). When λ is decreased from 1, we found that some new types of Julia sets arise
in the process, and we present them in Figure 5 as our starting point.
Each panel of Figure 5 and subsequent similar figures shows a phase portrait
consisting of the basin of attraction of infinity B(∞) (shaded gray), the Julia set
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(a1)

(b1)

(a2)

(b2)

(a3)

(b3)

Fig. 5 Phase portraits of the map (1) for fixed a = 2, showing the Julia set Y and stable and
unstable sets of selected saddle objects. In panel (a1) for c = 0.28 and λ = 0.93 theJulia set Y is
a Cantor set; in (a2) for c = 0.28 and λ = 0.91 it is a critically connected Cantor set; in (a3) for
c = 0.28 and λ = 0.89 it is a Cantor cheese; in (b1) for c = 0.1 and λ = 0.8 it is a Jordan curve;
in (b2) for c = 0.1 and λ = 0.6 it is a Cantor bouquet; and in (b3) for c = −0.25 and λ = 0.76 it is
a Cantor tangle.
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Y (black), the backward critical set J − (green dots), the critical circle J1 (green
circle), as well as selected saddle points and their stable and/or unstable sets. We
compute the Julia set Y in two complimentary ways, namely, as the boundary of
the basin B(∞) (gray) of infinity and as the closure of the preperiodic repelling
points P (black). More precisely, we color gray the points on the plane that escape
to infinity, where the gray scale corresponds to the number of iterates these points
need to go beyond a certain escape circle. Shown in black are about 2000 periodic
and preperiodic repelling points in P. For this set of parameter values the set P
seems to lie dense in Y . However, later we will encounter examples in which this is
not the case; see already Figure 7(c)–(f). The stable and unstable sets are computed
with the methods outlined in [20], which are based on the method proposed in [25]
and implemented in the DsTool environment [5, 17, 26].
Column (a) of Figure 5 shows the transition as λ is decreased for the case when
the Julia set Y for λ = 1 is a Cantor set; specifically, we consider c = 0.28. For λ < 1
sufficiently close to 1, the set Y is still a Cantor set; namely, as long as the critical
circle J1 does not interact with the Julia set, that is, J1 ⊂ B(∞); see Figure 5(a1).
This means that the backward critical set J − is not contained in the Julia set Y .
Moreover, B(∞) is simply connected and there is no bounded attractor. When λ is
decreased sufficiently from 1, the critical circle J1 does interact with the Julia set,
meaning that some points on J1 remain bounded under iteration while some points
on J1 still escape to infinity; see Figure 5(a2) for λ = 0.91. The backward critical
set J − is now contained in the Julia set Y , which is connected as a result, while
B(∞) is multiply connected. We refer to this type of Julia set as a critically connected Cantor set and it is characterized by being connected at a countable dense
set of point and containing Jordan curves that bound the bounded subsets of B(∞).
Two symmetric repelling fixed points q± are contained in Y and are indicated by red
squares in panels (a1) and (a2) of Figure 5. When λ is decreased further, the points
q± undergo a Neimarck–Sacker bifurcation, where they become attractors that are
surrounded by repelling smooth invariant circles (sufficiently close to the bifurcation and under the assumption that there are no strong resonances); see Figure 5(a3)
for λ = 0.89. The invariant circles and their preimages (cyan curves) effectively create infinitely many holes by bounding the multiply connected basins of attractions
B(q± ). We conjecture that the boundary of B(q± ) is dense in Y and we refer to
this type of Julia set as a Cantor cheese [22], which one can think of as a critically
connected Cantor set but now containing a dense set of Jordan curves bounding the
basins of the bounded attractors.
Column (b) of Figure 5 shows the transition λ is decreased for the case when the
Julia set Y for λ = 1 is a Jordan curve that bounds the simply connected basin of
an attracting fixed point; initially, we consider c = 0.1, which lies inside the main
cardioid of the Mandelbrot set. For λ < 1 sufficiently close to 1, the set Y is still
a Jordan curve. However, the nature of the attracting set with its basin bounded by
Y may change dramatically. For λ = 0.8, as in Figure 5(b1), we find a saddle point
p with an unstable set W u (p) (red curve) that accumulates on a chaotic attractor.
Its stable set W s (p) (blue curves) consists of the interval (0, r) ⊂ R and all of its
preimages, where r ∈ Y is a repelling fixed point (red square); also shown is a
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period-two repellor (red squares) consisting of the symmetric points s± ∈ Y . Note
that the critical point J0 lies inside the disk bounded by critical circle J1 ; as a result,
all branches of W s (p) connect at J0 = 0. When λ is decreased, the set Julia Y
interacts with the saddle point and its stable and unstable sets, which happens at a
saddle-node bifurcation where p and r meet. In Figure 5(b2) for λ = 0.6, the fixed
points p and r, as well as the sets W s (p) and W u (p) have disappeared. This means
that there is no longer a bounded attractor. In particular, points on the positive real
axis lie now in B(∞), which implies that there are points on the critical circle J1
that escape to infinity under iteration. On the other hand, there are two period-two
saddle points p± (black crosses) such that the stable set W s (p± ) (light-blue curves)
consists of the two arcs that connect J0 = 0 with the points s± ∈ Y , as well as all
their preimages. Since J1 intersects W s (p± ), it has points that remain bounded under
iteration. We conclude that the Julia set Y now forms a Cantor bouquet, which
is an infinite union of arcs, connected in one point, the so-called explosion point,
such that the end points of the arcs are dense. Note that Cantor bouquet Julia sets
have been found in the study of the complex exponential family z 7→ λ exp(z) for
λ < e−1 ; see [1, 11, 14, 24, 28], where the explosion point is at infinity. In contrast,
the Cantor bouquet of (1) is the closure of the stable set W s (p± ) and the explosion
point is J0 = 0, which for this choice of parameters lies inside the disk bounded by
the critical circle J1 .
Figure 5(b3) is for c = −0.25 and λ = 0.76, where the critical point J0 lies outside
the critical circle J1 and, therefore, has preimages in J − . In particular, there is
still no finite attractor but J − is now dense in Y . Since every point of J − is a
connection point, we conjecture that the Julia set Y is a Cantor tangle [22], which
is given by the closure of the stable set W s (p) of a saddle fixed point p (black cross).
A Cantor tangle is an infinite union of arcs, connected in a dense set of points such
that the end points of the arcs are dense. Hence, a Cantor tangle can be thought of
as a Cantor bouquet, but with a dense set of points where arcs connect instead of a
single explosion point.
We remark that in previous work we referred to the critically connected Cantor
set shown in Figure 5(a2) also as a Cantor tangle, because these sets have in common that they are connected at the dense subset J − and that there is no bounded
attractor. We now distinguish between them, because we wish to emphasize an important difference. Namely, in case of the Cantor tangle the basin B(∞) is simply
connected and the set of points on J1 that remain bounded under iteration is dense in
J1 ; whereas in case of the critically connected Cantor set the basin B(∞) is multiply
connected and the critical circle J1 contains segments that escape to infinity.
Overall, we found in [22] the following trichotomy for c ∈ R in the map (1): If all
orbits in J + are unbounded then Y is a Cantor set; if all orbits in J + are bounded
then Y is connected and a countable union of Jordan curves; in the ambivalent case
of some bounded and some unbounded orbits in J + , the Julia set is connected but
may be much more complicated; specifically, we found in [22] new types of Julia
sets, namely, the cases of critically connected Cantor set, Cantor cheese, Cantor
bouquet and Cantor tangle. We now proceed to consider other transitions through
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Fig. 6 Enlargements of M0.98 from Figure 2 for c ∈ [−0.87, −0.67] × [−0.05 i, 0.05 i] (a) and
c ∈ [−0.741, −0.705] × [−0.005 i, 0.013 i] (b). The points labeled (7a)–(7h), (8a)–(8l) and (9a)–
(9f) correspond to the parameter values used for the panels of Figures 7, 8 and 9, respectively.

parameter space, and these will reveal even more types of interactions between Julia
sets and other invariant sets.

4.2 From the period-one to the period-two region of M0.98
In order to understand better the dynamics of the map (1) relating to the ambivaf, we now study phase portraits of the map (1) when the parameter
lence region M
f. More specifically, we discuss three parameter paths for
c is moved through M
λ = 0.98 related to the transition from a period-one attractor and a period-two attractor. Figure 6 shows two successive enlargements of M0.98 from Figure 2 near
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the boundaries of the period-one and period-two regions (corresponding to the main
cardioid and the period-two bulb for λ = 1). The first transition we consider is for
Im(c) = 0 and decreasing Re(c), and it is indicated in Figure 6(a) by gray dots labeled (7a) to (7h), which correspond to the panels of phase portraits in Figure 7.
Similarly, the second transition for Im(c) = 0.008 and decreasing Re(c) is indicated
in Figure 6(a) by gray dots labeled (8a) to (8l), which correspond to the panels of
Figure 8. Finally, we consider the transition between these two cases by decreasing
Im(c) for fixed Re(c) = −0.707; the gray dots labeled (9a) to (9f) in Figure 6(b)
correspond to the panels of Figure 9. We remark that we focus our analysis on qualitative changes and new types of generalized Julia sets by presenting phase portraits
at these distinct parameter values throughout the three transitions; hence, we show
only the main bifurcation curves in Figure 6. The phase portraits we present show
the Julia set Y (black), the basin of attraction of infinity (shaded gray), the backward critical set J − (green dots), the forward critical set J + (green curves), as
well as certain periodic orbits (blue triangles when attracting, black crosses when
saddles, red squares when repelling) with their stable sets (dark-blue and light-blue
curves) and unstable sets (red and magenta curves) as appropriate.

4.2.1 Transition for Im(c) = 0
f0.98 between the
Figure 7 shows the transition through the ambivalence region M
period-one and period-two regions of M0.98 for the symmetric case of c ∈ R, that is,
Im(c) = 0. Panel (a) is for Re(c) = −0.674 inside the period-one region and shows
the case of a unique, bounded fixed point attractor p (blue triangle). All points of J1
converge to p and its basin is bounded by the Julia set Y , which is a Jordan curve.
Also shown is a repelling fixed point r and a period-two cycle s± (red squares),
which are part of Y . Note that this dynamics and, in particular, the topology of the
Julia set Y are qualitatively the same as for parameter values from the main cardioid
of the Mandelbrot set M1 ; the only difference is that the orbit of c is replaced by a
sequence of small closed curves in J + .
When Re(c) is decreased the two conjugate points s+ and s− undergo a pitchfork bifurcation when the curve L2 (gray) in Figure 6(a) is crossed exactly through
the cusp (since c is real). Just after this bifurcation, as in Figure 7(b) for Re(c) =
−0.694, the attracting fixed point p is still the only bounded attractor and all orbits in J + still converge to p. However, the points s± are now saddles and the
primary branches of their stable sets W s (s± ) extend to period-two repellors nearby,
which are part of Y ; hence, the entire stable sets W s (s± ) (light-blue curves) consists of all preimages of these branches. The unstable sets W u (s± ) (magenta curves)
have a branch that converges to the attractor p and a branch that extends to infinity.
In particular, this means that W s (s± ) is part of the boundary of B(∞) and, hence,
W s (s± ) ⊂ Y . In fact, the evidence suggests that W s (s± ) is dense in the Julia set Y ,
which is still a Jordan curve; moreover, the set of preperiodic points P is no longer
dense in Y , because P does not accumulate on W s (s± ).
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Fig. 7 Phase portraits for the parameter points labeled (7a)–(7h) in Figure 6, namely, for λ = 0.98
and Im(c) = 0, and for Re(c) = −0.674 in (a), Re(c) = −0.694 in (b), Re(c) = −0.707 in (c),
Re(c) = −0.7451 in (d), Re(c) = −0.748 in (e), Re(c) = −0.756 in (f), Re(c) = −0.8 in (g), and
Re(c) = −0.866 in (h).

The next bifurcation is the period-doubling bifurcation PD1 (blue) in Figure 6(a).
As Figure 7(c) shows for Re(c) = −0.707, at PD1 the attracting fixed point p bifurcates with the period two cycle s± ; in the process p becomes a saddle and the points
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s± disappear. The stable set W s (p) (blue curves) consists of the part of the real line
that is bounded by the Julia set Y and all its preimages, such that it forms a quadtree with branches that meet at the backward critical orbit J − , which is bounded.
On the other hand, the unstable set W u (p) (red) extends to infinity in both directions. Hence, W s (p) ⊂ Y . The basin B(∞) is simply connected and contains all
but the two intersection points J1 ∩ R with the real line, that is, two arcs; this has
been checked with separate numerical simulation of many more sample points (not
shown). Therefore, we conclude that these parameter values correspond to the ambivalent case of some bounded and some unbounded orbits in J + . However, since
there is no attractor, the Julia set Y bounds a set with empty interior, but it contains
the set W s (p). Note that the backward critical set J − and the set P of preperiodic
repelling points are both contained in Y but are not dense in the Julia set. Overall,
we observe that Y is the closure of W s (p). Because of the quad-tree structure of
W s (p) we conclude that Y in Figure 7(c) is a dendrite, that is, a locally connected,
compact and connected set that does not contain any Jordan curves. The closure of
the end-points of the branches of the tree is the closure of the set P, which is a
Cantor set. In other words, Y is the union of a Cantor set (given by the closure of
P) and the stable set W s (p); compare Figure 7(c) with Figure 5(a1). Note that dendrites as Julia sets also appear in the quadratic family (2) for c in the boundary of the
Mandelbrot set M1 when the point c is preperiodic [12]. In contrast to the situation
for λ = 1, the quad-tree dendrite presented here is structurally stable because p and
W s (p) persist under sufficiently small variations of the parameters of the map (1).
When Re(c) is decreased further, the forward critical set J + interacts with the
Julia set Y for the first time. Figure 7(d) is the phase portrait for Re(c) = −0.7451,
after this bifurcation. Numerical simulation (not shown) suggests that J + contains
unbounded orbits. More specifically, the set J1 still contains arcs, either side of the
points J1 ∩ R that escape to infinity under iteration. On the other hand, in addition
to the two bounded orbits of J1 ∩ R, the Julia set J + now contains other bounded
orbits that appeared due to its interaction with Y . In particular, while W s (p) is still
branched at J − , the closure of P is now critically connected along J − . Hence,
Y is no longer a dendrite and B(∞) is no longer simply connected. Rather, the Julia
set Y is the union of a critically connected Cantor set, still given by the closure of
P, and the stable set W s (p); compare Figure 7(d) with Figure 5(a2). We refer to
this new type of set as a Cantor shrub and we think of this set as a dendrite that is
connected up at all the points in J − . Note that the main difference from a Cantor
tangle is that the backward critical set J − and the set P of preperiodic repelling
points are not dense in Y .
Just after the Neimarck–Sacker bifurcation NS2 (black) in Figure 6(a), both repelling period-two orbits become attractors (blue triangles) that are surrounded by
repelling invariant circles (cyan curves); see Figure 7(e), where Re(c) = −0.748.
Hence, these invariant circles and all of their preimages lie in the Julia set. Otherwise, the structure remains unchanged. By this we means that the Julia Y still
contains J − and does not accumulate on W s (p). Since now a countably infinite
subset is replaced by Jordan curves, the Julia set Y is no longer a Cantor shrub. Our
evidence strongly suggests that these Jordan curves are not dense in Y because they
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do not accumulate on W s (p) ⊂ Y ; on the other hand, these Jordan curves appear to
be dense in P and, hence, it closure. In other words, the Julia set Y is the union of
a Cantor cheese, given still by the closure of P, and the stable set W s (p); compare
Figure 7(e) with Figure 5(a3). We refer to this type of Julia set as a Cantor beetle
and we think of it as a Cantor shrub where a set of preperiodic repelling points is
replaced by preimages of repelling invariant circles.
When Re(c) is varied, the dynamics on the invariant circles may be quasiperiodic
or phase-locked. Figure 7(f) shows an example with Re(c) = −0.756, where the dynamics is phase-locked; more precisely, there are two period-70 repellors (red dots)
and two period-70 saddles (black dots) on the invariant curves, which are given
by the closures of the corresponding primary branches of the stable sets of these
saddles, respectively (not shown). Otherwise, the structure of the phase portrait is
unchanged from that shown in panel (e), and Y is still a Cantor beetle. We remark that the invariant curves and, hence, the Cantor beetle are structurally stable
irrespective of whether the dynamics is locked or not (provided strong resonances
are avoided) [3, 27, 33]. On the other hand, it is possible that the invariant curves
lose their smoothness (technically, their normal hyperbolicity) in different scenarios associated with overlapping resonance tongues [4, 23]; what this means for the
structure of the Julia set is not considered in detail here.
When Re(c) is decreased further, the unstable set W u (p) interacts with Y and
the invariant circles; for details, we refer to a similar (unsymmetric) situation in 8(j)
that will be discussed in Section 4.2.2. After the period-doubling bifurcation PD1
(blue) in Figure 6(a) is crossed a second time, the saddle fixed point p has become
a repellor (red square) and is, hence, in the Julia set Y ; at the same time, a periodtwo saddle q = {q1 , q2 } (black crosses) has appeared on the real line near p; see
Figure 7(g), where Re(c) = −0.8. Here, W u (q) (magenta curves) converges to the
two period-two attractors (blue triangles). The stable set W s (q) (light-blue curves)
separates the interior of the set bounded by Y into the two basins of the period-two
attractors. In particular, the Julia set Y now consists of a union of Jordan curves,
which are connected at p and its preimages in Y . The orbits in J + ∩ R go to the
saddle q and the points in J + \R go to one of the attractors. Therefore, all orbits
in J + are now bounded and the parameter value Re(c) = −0.8 does not lie in the
f0.98 but in the period-two region of the core M o . The Julia
ambivalence region M
0.98
set Y bounds the closure of the basins of the two period-two attractors and is a
connected union of Jordan curves. Finally, the saddle-node bifurcation L2 (gray) in
Figure 6(a) is crossed again, at the second cusp (corresponding to a pitchfork bifurcation), where the two symmetric period-two attractors disappear and the period-two
saddle q becomes a period-two attractor. As Figure 7(h) shows for Re(c) = −0.866,
all points on J1 now converge to this unique attractor. Indeed, the Julia set Y is still
a connected union of Jordan curves, and the phase portrait is qualitatively as for
parameter values from the period-two bulb of the Mandelbrot set M1 , except that
the orbit of c is replaced by a sequence of small closed curves.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Fig. 8 Phase portraits for the parameter points labeled (8a)–(8h) in Figure 6, namely, for λ = 0.98
and Im(c) = 0.008, and for Re(c) = −0.687 in (a), Re(c) = −0.699 in (b), Re(c) = −0.707 in (c),
Re(c) = −0.719 in (d), Re(c) = −0.724 in (e), Re(c) = −0.731 in (f), Re(c) = −0.739 in (g), and
Re(c) = −0.745 in (h).

4.2.2 Transition for Im(c) = 0.008
We now consider the case that c ∈ C has a nonzero imaginary part, which we fix
at Im(c) = 0.008, and focus again on the transition through the ambivalence region
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f0.98 between the period-one and period-two regions of M0.98 . The correspondM
ing parameter points we chose for this transition are labeled (8a)–(8l) in Figure 6;
notice that the parameter path for decreasing Re(c) and fixed Im(c) = 0.008 now
also crosses the curves NS2 (black) of Neimarck-Sacker bifurcations, transverses a
region with more complicated attractors and then crosses curves B (purple) and H
(magenta) of backward critical and homoclinic tangencies, respectively. As a result,
this transition is much more complicated with a lot of fine detail.
Figure 8 shows a series of phase portraits that represent the main gist of this
transition. In panel (a) the phase portrait is for Re(c) = −0.687 from the periodo . Therefore, it is qualitatively as in Figure 7(a), with a
one region of the core M0.98
unique attractor p that admits a basin bounded by the Jordan curve Y . However, this
and all phase portraits of Figure 8 are no longer symmetric with respect to complex
conjugation since Im(c) 6= 0; note that Im(c) = −0.008 leads to the mirror images
of the respective phase portraits.
Figure 8(b) shows the phase portrait for Re(c) = −0.699, after the saddle-node
bifurcation L2 (gray) and the Neimarck–Sacker bifurcation NS2 (black) in Figure 6;
note that NS2 ends at a 1:1-resonance point on L2 . At L2 a period-two saddle (black
crosses) and a period-two attractor are created; when NS2 is crossed, the attractor
becomes a repellor (red squares) and it is surrounded by attracting invariant circles
C ± (orange curves) that map to each other, that is, they are also two-periodic. As
a result, the attracting fixed point p is no longer the only finite attractor, because
it now coexists with the attracting period-two invariant circles. The two basins are
bounded by the stable set of the period-two saddle, which we again refer to as s±
(even though the two points are now not related by complex conjugation). Note that
both branches of W s (s± ) (light-blue curve) end up at repelling periodic points that
are part of the Julia set Y . One branch of W u (s± ) (magenta curve) ends at p while
the other accumulates on C ± . Still, J1 ∈ B(p) and Y is a Jordan curve, but it no
longer bounds a unique basin; moreover, because of the existence of the additional
repelling period-two orbit, Y is now a strict subset of P.
After the period-doubling bifurcation PD1 (blue) is crossed, which is shown in
Figure 8(c) for Re(c) = −0.707, the period-two saddle s± has disappeared and the
fixed point p is no longer attracting but now a saddle (black cross). As a result, the
period-two invariant circles C ± form the only attractor and J + accumulates on
them. The unstable set W u (p) (red curve) accumulates on C ± , while the stable set
W s (p) (blue curves) bounds the basins B(C ± ) under the second iterate of the map;
its two primary branches (emanating from p) end at the repelling period-two points
on the Julia set Y , which is still a Jordan curve. The dynamics on the invariant circles C ± may again be quasiperiodic or phase-locked. Figure 8(d) shows an example
with Re(c) = −0719 for which there are a period-318 attractor (blue dots) and a
period-318 saddle (black dots) on C ± . Notice that the stable set W s (p) is already
very close to J + , which means that a forward critical tangency is imminent.
In Figure 8(e), for Re(c) = −0.724, the forward critical tangency has taken place
and the primary branch of W s (p) now intersects J + , which also means that W s (p)
now consists of curve segments that connect at J − . Moreover, the parameter point
for this figure seem to lie just after the first interaction of the Julia set Y with the

26

Hittmeyer, Krauskopf & Osinga

forward critical set J + . Now there are points on J1 that remain bounded and points
f0.98 . Furthermore, J0 and, hence, all points
that escape to infinity, meaning that c ∈ M
in J + are now in Y . This means that the Julia set Y is critically connected. Notice
further, that Y accumulates on W s (p) from one side. Another feature of Figure 8(e)
is that this phase portrait is very close to a first homoclinic tangency of W s (p) and
W u (p), which marks the disappearance of the invariant circles C ± (in a complicated
scenario that involves the loss of normal hyperbolicity of C ± ). Numerical evidence
(not shown) indicates that W u (p) remains bounded so that its closure contains an
attractor. In particular, the unstable set W u (p) does not appear to intersect the Julia
set Y ; therefore, Y still bounds a bounded basin of attraction (white region) and
appears to be a (critically connected) union of Jordan curves.
Figure 8(f) shows the situation for Re(c) = −0.731, after a last homoclinic tangency between W s (p) and W u (p). Notice that the primary branch of W s (p) now
converges to the period-two repelling cycle (red squares). In particular, W s (p) no
longer intersects J + and, hence, is no longer connected at J − . Notice further that
the unstable set W u (p) now intersects the Julia set Y ; therefore, there are points on
W u (p) that remain bounded and segments of W u (p) that do not. We conclude that
the interaction of W u (p) with Y is a boundary crisis, where the attractor in the closure of W u (p) and its basin disappear at some parameter value between panels (e)
and (f). Indeed, numerical simulation (not shown) suggests that there is no finite
attractor for Re(c) = −0.731 shown in Figure 8(f). In particular, the basin B(∞) is
dense and the Julia set Y is the closure of the stable set W s (p). Since the branch
points J − are contained in Y , the circle J1 now seems to contain segments in
B(∞) and B(∞) seems to be simply connected, we conclude that Y is a critically
connected Cantor set; compare with Figure 5(b3).
In the phase portrait of Figure 8(g), for Re(c) = −0.739, the first backward critical tangency B (purple) has been crossed. This means that the unstable set W u (p)
has crossed over J0 and now forms loops around the circles in J + ; yet Y is still a
critically connected Cantor set. Notice the intersections between W u (p) and backward images of the primary branch of W s (p), meaning that some subsequences of
points on W u (p) converge to the period-two repellor. Moreover, this phase portrait
is very close to yet another homoclinic tangency of the primary branch of W s (p) and
W u (p). After this homocliniic tangency, the two invariant sets intersect, as is illustrated in Figure 8(h) for Re(c) = −0.745. Moreover, the Neimarck–Sacker bifurcation NS2 (black) has been crossed as well. Therefore, one of the repelling period-two
orbits is now a unique period-two attractor (blue triangles), which is surrounded by
repelling invariant circles (cyan curves) that form its basin boundary together with
all their preimages. We conclude that Y is now a Cantor cheese; compare with
Figure 5(f).
Subsequently, the Neimarck–Sacker bifurcation NS2 (black) is crossed for the
second time and the second period-two repellor becomes a period-two attractor, surrounded by repelling invariant circles D ± ; see Figure 8(i), where Re(c) = −0.754.
For the chosen parameter point, the dynamics on D ± is phase-locked of period 56,
with a corresponding repellor (red dots) and saddle (black dots) periodic points.
Note that the previous invariant circles C ± still exist and have dynamics that is
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(i)

(j)

(k)

(l)

Fig. 8 (Cont.) Phase portraits for the parameter points labeled (8i)–(8l) in Figure 6, namely, for
λ = 0.98 and Im(c) = 0.008, and for Re(c) = −0.754 in (i), Re(c) = −0.777 in (j), Re(c) = −0.794
in (k), and Re(c) = −0.824 in (l).

quasiperiodic (or of very high period). Numerical simulation (not shown) suggests
that J + still contains both bounded and unbounded orbits. We conclude that Y
is still a Cantor cheese, but now bounds the basins of the two different period-two
attractors. When Re(c) is decreased to Re(c) = −0.777, shown in Figure 8(j), the
invariant circle C ± still exists and the dynamics on it is locked with a period-274 repellor (red dots) and a period-274 saddle (black dots). The repelling invariant circles
D ± , on the other hand, have disappeared and J + now lies in the basin of attraction of the corresponding period-two attractor. The set P appears to accumulate on
W s (p) and the two primary branches of W s (p) accumulate on the repelling invariant
o
circles C ± . Overall, we conclude that c now again lies in the core M0.98
and that
Y is a countable union of Jordan curves, which is connected at p and its preimages.
Notice that W u (p) still intersects Y , but it has much longer segments in B(∞).
As Re(c) is decreased further, the period-doubling bifurcation PD1 (blue) is
crossed and the point p becomes a repelling periodic point again (red square). At
the same time, a period-two saddle is created. We remark that crossing PD1 is preceded by W u (p) no onger intersecting Y , from when on W u (p) ⊂ B(∞). The stable
and unstable sets of the period-two saddle then encounter first and last homoclinic
tangencies, which result in the disappearance of the invariant circles C ± . As Figure 8(k) shows for Re(c) = −0.794, the stable sets (light-blue curves) now bound
the basin of the two different period-two attractors, at which the respective branches
of the unstable sets (magenta curves) end. Finally, Re(c) is decreased beyond the
saddle-node bifurcation L2 (gray), where a period-two saddle and a period-two at-
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 9 Phase portraits for the parameter points labeled (9a)–(9f) in Figure 6, namely, for λ = 0.98
and Re(c) = −0.707, and for Im(c) = 0.0055 in (a), Im(c) = 0.0045 in (b), Im(c) = 0.0039 in (c),
Im(c) = 0.0033 in (d), Im(c) = 0.0026 in (e), and Im(c) = 0.0017 in (f).

tractor disappear. Figure 8(l) is for Re(c) = −0.824 and shows that there is now a
unique period-two attractor left and its basin is bounded by Y , which remains a
countable union of Jordan curves. Hence, c is now in the period-two region of the
o , and the phase portrait is qualitatively as that in Figure 7(h).
core M0.98
4.2.3 Transition for Re(c) = −0.707
An important feature of the transition for Im(c) = 0.008 is that the parameter crosses
the region shown in Figure 6(b) with dynamics on tori, resonance tongues and many
homoclinic, forward and backward tangency bifurcation (only very few of which
are shown in Figure 6). In order to illustrate how the additional complexity arises,
we present in Figure 9 six phase portraits of the map (1) for fixed Re(c) = −0.707
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at the parameter points labeled (9a)–(9f) in Figure 6; they illustrate the transition
from Figure 8(c) to Figure 7(c).
Initially, for c in the black region past the Neimarck–Sacker bifurcation NS2 ,
the phase portrait is very similar to that in Figure 8(c). Figure 9(a) is for Im(c) =
0.0055 and shows that the fixed point p is a saddle and the period-two orbits are
repellors surrounded by attracting invariant circles C ± . The dynamics on them is
phase-locked with period-230 attracting points (blue dots) and period-230 saddle
points (blue dots). Note that the stable set W s (p) intersects J1 , which means that a
forward tangency has taken place; as a result, W s (p) is a quad-tree that is branched
at the points of J − . Nevertheless, W s (p) still forms the boundary between the
basins of the two invariant circles C ± under the second iterate of the map. The
two branches of the unstable set W u (p) accumulate on C ± . The Julia set Y is a
Jordan curve. The phase portrait for Im(c) = 0.0045 in Figure 9(b) is qualitatively
the same, except that the dynamics on C ± is quasiperiodic or of very high period.
Note that W s (p) and W u (p) are already close to each other, which means that the
first homoclinic tangency H is imminent.
After the first homoclinic tangency, as is shown in Figure 9(c) for Im(c) =
0.0039, the manifolds W s (p) and W u (p) intersect and form a homoclinic tangle.
Numerical simulation indicates that the closure of W u (p) is a ‘very thin’ chaotic attractor and that there is no other attractor. Notice also that W u (p) is now very close
to J0 , meaning that the first backward critical tangency B is imminent.
After the first backward critical tangency, as shown in Figure 9(d) for Im(c) =
0.0033, the unstable set W u (p) has moved over J0 and a sequence of its preimages
in J − and, therefore, forms loops around the circles in J + . We observe that the
closure of W u (p) is a chaotic attractor.
When Im(c) is decreased further, the chaotic attractor appears to reach the boundary of its basin, which is the Julia set Y . At this point, Y ceases to be a Jordan
curve. As Figure 9(e) illustrates for Im(c) = 0.0026, Y now also contains W s (p).
Moreover, we conjecture that the disappearance in this type of boundary crisis results in the creation of a hyperbolic set Λ (or chaotic saddle or invariant Cantor set
of a horseshoe); this is reminiscent of, for example, the transition from turbulence
to preturbulence in the Lorenz system [16]. The stable set of Λ will, therefore, also
be in Y and, since there are branch points on W s (p), we conjecture that the Julia
set is a ‘very thick’ Cantor shrub (it has a large Hausdorff dimension) in this case.
As Im(c) is decreased, we conjecture that the set Λ undergoes infinitely many bifurcations where periodic and homoclinic orbits disappear. As a result, the Cantor
shrub becomes ‘thinner’ (it has a smaller Hausdorff dimension), as in Figure 9(f)
for Im(c) = 0.0017. Finally, Λ disappears and only p and W s (p) are left, in which
case the Julia set Y is a dendrite as in Figure 7(c).
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5 Conclusions
In this paper we considered the family of angle-doubling maps, given by map (1)
with fixed a = 2, as a perturbation of the complex quadratic map (2), which one
finds for λ = 1. As soon as λ < 1, the map (1) is no longer a complex analytic map
on C. Rather, it is a map on C \ {0}, which maps to the outside of a circle J1 of
radius 1 − λ around the former critical value c in a two-to-one fashion. We showed
that the dynamics can still be understood by considering the forward critical orbit
of the critical circle J1 , as well as the backward orbit of J0 = 0, which we still refer
to as the critical point. The fact that J1 is a one-dimensional set now gives rise to
the fundamental trichotomy that all points on J1 are unbounded, all points of J1 are
bounded, or some points of J1 are unbounded and some others are bounded under
iteration of the map.
This trichotomy is encoded in the generalized Mandelbrot set M , which we define as the set of parameter values with at least one bounded orbit on J1 , with its
core M o for which all points of J1 are bounded. The third possibility of the trif= M \ M o , which gives rise
chotomy is associated with the ambivalence region M
to a lot of extra possibilities for the structure of the generalized Julia set Y . We
define Y as the boundary of the basin of attraction B(∞) of infinity, because Y is,
in general, not the closure of the preperiodic points when λ < 1. We studied M as
the λ -union of the Mandelbrot sets Mλ in the complex c-plane and found that Mλ
changes very rapidly with λ . More specifically, periodic components disappear, and
growing regions with new types of dynamics arise near the boundary of the standard
Mandelbrot set M1 , as well as near the centers of its hyperbolic components. We
pointed out a hidden symmetry, made visible via a rescaling, which means that it
is sufficient to consider only λ ∈ [0.5, 1]; this was illustrated with the bifurcation
diagram in the (Re(c), λ )-plane.
As we showed, key roles in this overall complex picture are played by additional
invariant objects that may exist as soon as λ < 1, namely, stable and unstable manifolds of saddle periodic orbits and invariant curves with quasiperiodic or locked
dynamics. In particular, these objects can interact with J0 and J1 and the set of preperiodic points in different types of bifurcations. The result is a complicated interplay
between invariant objects associated with complex dynamics (the basin of infinity
and the closure of the set of preperiodic points), invariant objects and bifurcations
associated with diffeomorphisms (invariant curves, resonance tongues, homoclinic
tangencies and chaotic attractors) and invariant objects and bifurcations associated
with noninvertible maps (the critical circle, stable and unstable sets and associated
tangency bifurcations).
To make this point, we considered how the phase portrait changes in the transition through the ambivalence region from the period-one region to the period-two
region of M0.98 . More precisely, for fixed λ = 0.98, we presented the changes to
the Julia set, the attractors, the forward and backward critical sets, and stable and
unstable sets of saddle points for decreasing Re(c) for the two cases that Im(c) = 0
(when the map and the phase portrait is symmetric under complex conjugation) and
for a small imaginary part of Im(c) = 0.008 (when it is not). Moreover, we also
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presented a transition between these two cases by varying Im(c) for a fixed value of
Re(c). These transitions reveal an intriguing and complicated bifurcation structure
that involves, in particular, Neimarck–Sacker bifurcations and resonance tongues,
as well as infinite sequences of global bifurcations, namely tangency bifurcations
of different kinds. Our numerical evidence supports the natural conjecture that quite
similar transitions arise when passing through any two adjoining hyperbolic components (with a likely difference between cases involving strong resonances and those
that do not).
We focused here on the implications for the structure of the Julia set Y in these
transitions. This allowed us to identify the following basic and structurally stable
types of Julia sets of the map (1), most of which appear in (open regions of) the
fof the generalized Mandelbrot set.
ambivalence region M
Result 1 (Trichotomy and types of Julia sets for the map (1))
(A) In the complement of M , all orbits in J + are unbounded, there is no bounded
attractor, and Y is a Cantor set; see, for example, Figure 5(a1).
(B) In the core M o , all orbits in J + are bounded, there is a set of bounded attractors, and Y is a connected union of Jordan curves bounding the union of
their basins; note that if there is more than one attractor then the stable set
of a saddle object acts as a boundary between their basins. Examples are Figures 5(b1), 7(a), 7(g), 8(a)–(c), and 8(k)–(l).
fthere is a at least one bounded and one unbounded
(C) In the ambivalent region M
orbit in J + , and we find the following structurally stable subcases:
(i) There is no bounded attractor, the sets J1 and Y intersect in a set that
is not dense in J1 , and there are no isolated points of J1 that remain
bounded; hence, J1 \ Y consists of segments of J1 that go to infinity under
iteration. Then Y is a critically connected Cantor set, with connection
points given by the set J − , which is dense in Y ; hence, Y \J − is not
connected. Moreover, P is dense in Y ; see Figure 5(a2).
(ii) The sets J1 and Y intersect in a set that is not dense in J1 , there are no isolated points of J1 that remain bounded, and there is at least one bounded
hyperbolic attractor; hence, J1 \ Y consists of segments of J1 that go to
infinity or to the bounded hyperbolic attractor(s) under iteration. Then Y
is a Cantor cheese, with connection points given by the set J − , which
is dense in Y ; hence, Y \J − is not connected and contains a dense set
of Jordan curves bounding the basin(s). Moreover, P is dense in Y ; see
Figure 5(a3).
(iii) There is no bounded attractor, the sets J1 and Y intersect in a dense set
in J1 , and the critical point J0 lies in the disk bounded by J1 . Then Y is a
Cantor bouquet, with explosion point J0 ; that is, Y is a connected union
of arcs that are connected at J0 , such that their other end points, which
include P, are dense in Y ; see Figure 5(b2).
(iv) There is no bounded attractor, the sets J1 and Y intersect in a dense set in
J1 , and the critical point J0 does not lie in the disk bounded by J1 . Then Y
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is a Cantor tangle, consisting of arcs with J − as a dense set of explosion
points; see Figure 5(b3).
(v) There is no bounded attractor, yet J + intersects the stable set of a saddle
point p so that it has exactly two bounded orbits. Then Y is a dendrite,
given as the disjoint union of W s (p) and the closure of the set P of repelling preperiodic points, which is a Cantor set. Note that the sets P
and J − are contained in, but are not dense in Y ; see Figure 7(c).
(vi) There is no bounded attractor, yet J + intersects the stable set of a saddle
point p as well as Y . Then Y is a Cantor shrub, given as the disjoint union
of W s (p) and the closure of the set P, which is a critically connected
Cantor set. Note that the sets P and J − are contained in, but are not
dense in Y ; see Figure 7(d).
(vii) The forward critical set J + intersects the stable set of a saddle point p
as well as Y , and there is at least one bounded hyperbolic attractor. Then
Y is a Cantor beetle, given as the disjoint union of W s (p) and the closure
of the set P, which is a Cantor cheese. Note again that the sets P and
J − are contained in, but are not dense in Y ; see Figure 7(e).
We remark that these findings have been obtained by careful numerical studies with
state-of-the-art, effective and accurate methods for the bifurcation analysis of planar
maps. These include the computation of basins and their boundaries, of large numbers of preperiodic points, of the forward and backward critical sets, and of stable
and unstable sets; furthermore, we determined underlying bifurcations, including
different types of tangency bifurcations, and continued them in suitable parameter
planes. Therefore, we are confident that our observations are correct regarding the
generalized Mandelbrot set and associated different types of main Julia sets as listed
above.
What we presented here has the status of a numerically derived conjecture, which
we hope will stimulate future research. To put Result 1 into perspective, cases (A)
and (B) are direct generalizations of what the Julia set looks like away from the
boundary of the standard Mandelbrot set M1 , that is, in its omplement and for c
from a hyperbolic component. A slight difference here is that there may be more
than one attractor (since J1 is now a circle, rather than a critical value). Since the
Julia set Y remains bounded away from the critical orbit J + , we believe that it
may be possible to construct a proof by considering a remainder of the complex
structure in an open region around Y , possibly by using quasiconformal arguments.
Proving any of the cases under (C) will likely require quite different methods, due
to the interaction between Y and J1 , which is somewhat reminiscent of the case
that the critical value c lies on the boundary of M1 . Finally, we remark that the
new cases (C)(v)–(vii) are closely related to (A) an (C)(i) and (C)(ii), the difference
being the existence of a saddle point with a stable set in the form of a quad-tree.
Result 1 constitutes a high-level summary of prominent basic types of Julia sets
in the map (1), without a claim of being exhaustive. In light of the many subtleties
arising from overlapping regions of resonance tongues and cascades of tangency
bifurcations, there may well be further types. In particular, we expect that saddle
periodic orbits of higher periods and other invariant objects of saddle type may well
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need to be studied in much more detail. An example of this is the creation of a hyperbolic set in a boundary crisis, for which we found its stable set to be part of the Julia
set. We conjectured that this type of Julia set is a very thick Cantor shrub, which
then disappears. We suspect that this happens via the untangling of the underlying
horshoe in cascades of homoclinic bifurcations. The further study of this structure
and its subsequent bifurcations will be an interesting topic of future research. Another open direction for further investigation is to determine the exact nature of the
dynamics that arises for λ < 1 near the centers of the hyperbolic components of
M1 ; we suspect again that there is some underlying overall bifurcation structure,
irrespective of the period of the superattracting periodic point (certainly when the
period is at least 5).
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