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Abstract

The basins of attraction of periodic orbits or focus equilibria of a given vector field are fo-
liated by forward-time isochrons, defined as all initial conditions that synchronize under the
flow with a point of a given phase on the periodic orbit. Similarly, backward-time isochrons
of repelling periodic orbits or focus equilibria foliate their respective basins of repulsion.
We present here a case study of a planar system that features a sequence of bifurcations,
including a saddle-node bifurcation of periodic orbits, a homoclinic bifurcation and Hopf
bifurcations, that change the nature and existence of periodic orbits. We explain how the
basins and isochron foliations change throughout the sequence of bifurcations. In partic-
ular, we identify structurally stable tangencies between the foliations by forward-time and
backward-time isochrons, which are curves in the plane, in regions of phase space where they
exist simultaneously. Such tangencies are generically quadratic and associated with sharp
turns of isochrons and phase sensitivity of the system. In contrast to the earlier reported
cubic isochron foliation tangency (CIFT) mechanism, which generates a pair of tangency
orbits, we find isochron foliation tangencies that occur along single specific orbits in the
respective basin of attraction or repulsion. Moreover, the foliation tangencies we report arise
from actual bifurcations of the system, while a CIFT is not a associated with a topolog-
ical change of the underlying phase portrait. The properties and interactions of isochron
foliations are determined and illustrated by computing a representative number of forward-
time and backward-time isochrons as arclength-parameterized curves with a boundary value
problem setup; this approach to computing isochrons has been implemented in the Matlab
package CoCo.

1 Introduction

When investigating physical systems, one will most likely come across some form of oscilla-
tion. Specifically where such an oscillation encodes information of a system, the phase of that
oscillation relative to some reference will often be significant. In commonly used systems of
ordinary differential equation (ODE), sustained oscillations are represented by periodic orbits
and damped oscillations are represented by focus-type equilibria. These invariant objects are
created, altered, or destroyed, in bifurcations, which, in turn, represent important changes of
the physical system that is being modeled. We consider here how phase behavior, encoded by
the concept of isochrons [9, 30, 31, 32]—curves of equal phase introduced below—is affected
by common bifurcations of planar vector fields. More specifically, we present a case study of
how the geometry of the foliation by isochrons of basins of attraction of oscillations change as
different local and global bifurcations are encountered. To this end, we consider the concepts of
forward-time and backward-time isochrons as suggested in [17].

To set the stage, throughout this paper, we consider a sufficiently smooth (at least C1) vector
field

dx

dt
= F(x), x ∈ Rn. (1)
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A trajectory x(t) of Equation (1) is defined for all t ∈ R by the flow Φ(t,x0) applied to an
initial condition x0 = x(0). A periodic orbit Γ with period TΓ is a closed trajectory with
γ(t) = γ(t+ TΓ) for all points γ ∈ Γ. A notion of phase θ = t/TΓ ∈ [ 0, 1) is constructed relative
to a zero-phase point γ0 ∈ Γ, which by convention is chosen to lie at the maximum in the first
coordinate along Γ. Hence, every point in Γ is uniquely described by θ as

γθ = Φ(θ TΓ, γ0). (2)

Suppose now that we have an attracting periodic orbit Γs, that is, a periodic orbit with non-
trivial Floquet multipliers that are all smaller than one in modulus. Then, following Winfree [30,
31, 32], the phase on Γs can be extended to a notion of asymptotic phase1 for all initial conditions
x0 in its basin of attraction

A(Γs) = {x0 ∈ Rn |Φ(t,x0)→ Γs, t→∞}. (3)

More specifically, by considering the accumulation of the trajectory x(t) onto this stable, and
hence experimentally observable, periodic orbit, Winfree defines the asymptotic phase function
Θs(x0) of x0 ∈ A(Γs) implicitly as

lim
t→∞
‖Φ(t,x0)−Φ(t+ Θs(x0)TΓ

s , γ0)‖ = 0. (4)

Inspired by empirical observations of regions of phase sensitivity, Winfree [31, 32] notes that the
asymptotic phase function Θs(x0) becomes extremely sensitive when x0 is near the boundary
∂A(Γs) of the basin of attraction. In fact, the asymptotic phase of any point in A(Γs) arbitrarily
close to ∂A(Γs) is practically indeterminable. This observation led Winfree to call the boundary
of the basin of attraction the phaseless set.

1.1 Forward-time isochrons of periodic orbits

For a phase θ ∈ [ 0, 1), the isochron Iθ(Γ
s) of Γs consists of the initial conditions x0 in A(Γs)

that have identical asymptotic phase θ. Hence, Winfree [30, 31, 32] defines an isochron as a
level set of the asymptotic phase function,

Iθ(Γ
s) = {x0 ∈ A(Γs) |Θs(x0) = θ}. (5)

Guckenheimer [9] offers an alternative interpretation in the context of dynamical systems, by
observing that the isochron Iθ(Γ

s) is the stable manifold of the point γθ under the time-TΓ
s

map associated with the periodic orbit Γs. Hence, by applying the Invariant Manifold Theorem2

[12], isochrons are (n−1)-dimensional smooth manifolds in the n-dimensional basin of attraction
A(Γs) that are tangent to the linearization of the time-TΓ

s map at γθ. Moreover, any isochron
Iφ(Γs) is the diffeomorphic image of any other isochron under the flow of Equation (1) over time
(φ− θ)TΓ

s , that is, Iφ(Γs) = Φ((φ− θ)TΓ
s , Iθ(Γ

s)). It follows that the θ-family of isochrons for
θ ∈ [ 0, 1) foliates A(Γs); we refer to this isochron foliation as

I(Γs) = {Iθ(Γs) | θ ∈ [ 0, 1)}. (6)

Guckenheimer [9] goes on to address Winfree’s observation of phase sensitivity near ∂A(Γs),
proving that generically each isochron Iθ(Γ

s) must come arbitrarily close to any point on ∂A(Γs).
This property means that the foliation I(Γs) must (typically) accumulate onto (all of) ∂A(Γs),

1
Winfree commonly refers to this concept as latent phase

2
Refered to as such by Guckenheimer [9], and made applicable to a periodic orbit by Irwin’s definition of stable

(sub)manifolds of an elementary limit cycle [14].
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whether this set is connected or not (we will present examples of this below). Hence, for a point
x0 arbitrarily close to ∂A(Γs), it is indeed practically impossible to determine to which isochron
it belongs.

These basic properties of isochrons in Rn are well understood in theory. Nevertheless, the
possible geometry of how isochrons accumulate onto ∂A(Γs), and possibly in other regions of
phase space, have not been classified. Indeed, there are hardly any results on the global geometry
of isochrons other than for planar systems. Already in R2, the observed isochron geometry may
be very complicated, attracting considerable amounts of research [3, 6, 9, 11, 13, 19, 27, 29, 31],
particularly in systems that exhibit slow–fast dynamics [1, 16, 17, 22, 28].

The concept of asymptotic phase relates directly to the relative speed in a vector field in
that the gradient of Θs(x0), also represented by the density of isochrons, is a measure of relative
speed; given that the transit time between two isochrons that are uniformly spaced in asymptotic
phase θ ∈ [ 0, 1) is also uniform, yet the distance covered in that time may vary, such isochrons
are necessarily more densely packed in phase space where the dynamics is slow than where the
dynamics is fast. Experimentally and numerically, densely spaced isochrons are observed as
regions of phase sensitivity.

1.2 Backward-time isochrons of periodic orbits

In this paper we consider how the geometry of isochrons and, consequently, phase sensitivity
in the system, changes at transitions through bifurcations of a planar system (which is later
introduced in section 1). Thus, from here on we will concern ourselves only with planar vector
fields and isochrons in R2. Of specific interest to us are so-called boomerang turns3 [22], Z-
shaped turns [20], or (pairs of) sharp turns [15, 16, 17] that have been observed in slow–fast
systems. These are associated with areas of phase space with high isochronal curvature, where
the isochrons of a foliation exhibit sequences of sharp folds. Motivated by the observation that
∂A(Γs) is often an unstable periodic orbit Γu (or an unstable equilibria q), Langfield et al. [17]
were the first to suggest that these folds of isochrons could be meaningfully interpreted as arising
from tangencies between the forward-time isochrons of a stable periodic orbit and the backward-
time isochrons of an unstable periodic orbit. More formally, we consider the backward-time
asymptotic phase Θu(x0) of an initial condition x0 in the basin of repulsion

R(Γu) = {x0 ∈ Rn |Φ(t,x0)→ Γu, t→ −∞} (7)

of an unstable periodic orbit Γu. Winfree’s definition of asymptotic phase is then extended by
considering the accumulation of x(t) onto Γu in backward time, given by

lim
t→−∞

‖Φ(t,x0)−Φ(t+ Θu(x0)TΓ
s , γ0)‖ = 0. (8)

We remark that the phase θ given by both Θs(Γs) and Θu(Γu) is measured exclusively in forward
time, as defined in Equation (2) for periodic orbits. With the backward-time asymptotic phase
function it is a simple matter to define a backward-time isochron Uθ(Γ

u) as the level set

Uθ(Γ
u) = {x0 ∈ R(Γu) |Θu(x0) = θ}.

Backward-time isochrons have the same properties of forward-time isochron foliations subject
to the reversal of the direction of time: they are unstable manifolds of fixed points under the
time-TΓ

u map, and give the backward-time isochron foliation

U(Γu) = {Uθ(Γu) | θ ∈ [ 0, 1)} (9)

of R(Γu).

3
So dubbed by Osinga and Moehlis as the structure of the turn has an isochron progress retrograde for an

arc length, before returning to progress forward.
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1.3 Isochrons of equilibria

We are not restricted to considering the interactions of isochron foliations of periodic orbits.
Following Sabatini [25, 26] and Langfield et al. [15, 17], we may also consider the isochron foli-
ation of a focus-type equilibrium q. The geometric idea underpinning the definition of isochrons
for focus-type equilibria is that of a blow-up of q to a circle. By rewriting the vector field in
polar coordinates around q we can associate a notion of phase θ both to the equilibrium and to
initial conditions that synchronize with the associated rotation. The period of rotation about
q, in the limit of the radial direction r of the blow-up as r → 0, is given by its natural period
Tq = 2π/β, where the complex-conjugate eigenvalues of q are λ = α ± βi. The zero-phase point
γ0 is set by convention to be at the right-most point on the blow-up circle. This definition of
isochrons of q is formally supported by the concept of isochronous sections [25, 26]: the natural
isochronous section ξTq : [ 0,∞) 7→ R2 of a focus-type equilibrium q is a smooth manifold for

which lims→∞ ξTq(s) = q and ξTq(s) is invariant under the time-Tq map. The images of ξTq(s) un-

der the flow are the isochrons that foliate the basin of attraction or repulsion of q; the isochrons
of q approach the focus tangent to the linear eigenspaces of its the blow-up. For further details
on theory and numerical techniques for isochrons of focus-type equilibria see [15, 17].

1.4 Our case study

We are interested in how forward-time and backward-time isochron foliations of a planar vector
field may interact in regions of phase space where they both exist. Moreover, we consider how
the properties of these folitations change during bifurcations of the vector field. Interactions
between forward-time and backward-time isochrons were first considered by Langfield et al.
[15, 17] who showed that a Cubic Isochron Foliation Tangency (CIFT) leads to two orbits along
which the two isochron foliations have quadratic tangencies; at the moment of CIFT there is
a single trajectory along which the respective isochrons have a cubic tangency. This change in
the isochron foliations is associated with the timing along trajectories, and the CIFT is not a
bifurcation in the classical sense of topological equivalence.

We present here a different mechanism generated by classical bifurcations that gives rise
to non-transversality between forward-time and backward-time isochrons. Its characterizing
property is that there is locally only a single orbit of the system along which one finds quadratic
tangencies of the two foliations, rather than a pair of such orbits as is the case near a CIFT.
Indeed, classical bifurcations, and in particular global bifurcations, change the nature of rotating
invariant objects and their basins of attraction or repulsion and, therefore, affect the (properties
of their) isochrons. The resulting effects on foliations of basins by isochrons have not received
attention in the past, and they are the central subject of the case study presented here.

Our object of study is a planar system with a somewhat typical one-parameter bifurcation
sequence, namely, the vector field ẋ = ax− y − bx

(
x2 + y2

)
,

ẏ = x+ (a+ c)y − (b+ d)y
(
x2 + y2

)
.

(10)

This system is a modification of the Hopf normal form (retained by the choice c = d = 0), a vector
field for which the dynamics are well understood. An equilibrium at the origin bifurcates to be
surrounded by a periodic orbit (which can be shown to have isochrons with polar symmetry [32]).
The modified Hopf normal form Equation (10) has more complicated dynamics and retains
rotation by π around the origin as its only phase-space symmetry. Consequently all non-trivial
equilibria and non-symmetric invariant objects exist as symmetric pairs and Equation (10) is
equivariant under (x, y) 7→ (−x,−y), a rotation of the phase plane over π about the origin
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(which is always an equilibrium). We remark that Equation (10) is a slight modification of the
planar system investigated previously4 in [11].

System Equation (10) features a one-parameter bifurcation sequence, where a ∈ [−0.75,−0.45]
with fixed b = 0.5 and c = d = 2.5, that affects the respective isochron foliations via previously
unexplored mechanisms. More specifically, this sequence involves quite typical bifurcations: a
pitchfork bifurcation of equilibria, a saddle-node bifurcation of limit cycles, a gluing (homoclinic)
bifurcation of a symmetric pair of periodic orbits, and a pair of simultaneous Hopf bifurcations
where these periodic orbits disappear. Since we are concerned with focus-type equilibria as well,
we also consider the transition between nodal and focus-type equilibria as part of this sequence.
This bifurcation sequence separates six different phase portraits in regions A–F that are intro-
duced and discussed in section 2. We investigate isochron foliations one by one and show how
the bifurcations affect the properties of isochrons in each region. Representative phase portraits
show the different types and numbers of invariant objects and their basins of attraction and
repulsion.

We approach this investigation as a case study rather than an exhaustive classification of
the effect of specific bifurcations. Our focus lies on how bifurcations change the basins, their
boundaries and the geometry of isochrons, specifically those that contain the invariant manifolds
of saddle-type equilibria. We compute isochrons as the invariant manifolds under the time-T
map of the fixed points on a periodic orbit, and similarly for focus-type equilibria. The dynamics
encountered in our investigation presents computational challenges due to extreme numerical
sensitivity in some cases. For this reason we choose to follow a continuation-based approach quite
similar to the well-posed two-point boundary value problem setup described in [16, 18, 22]. Our
method is efficient and accurate because computational error and step size are controlled during
such a computation along the entire orbit segment x(t) that satisfies the boundary value problem.
Moreover, it has the distinct advantage that the resulting isochrons are computed accurately as
smooth curves parameterized by their arclength. The BVP-based approach has been improved
for the purposes of this work and implemented in the MATLAB-based continuation package
CoCo [4, 5].

We begin our case study by presenting, in section 2, the bifurcation structure that gives rise
to the sequence of bifurcations that separate phase portraits in the regions A–F ; all relevant
invariant objects of the respective phase portraits are presented in subsection 2.1. The geometry
of the isochrons in regions A–F is the subject of section 3. Here, we first present an overview of
the different foliations by isochrons in subsection 3.1 and then elucidate their intricate geometric
properties in detail for each region in subsection 3.2 through subsection 3.6. To this end,
we present enlarged images of phase space in regions A–F , show diagrams of representative
isochrons as a function of their arclength, and produce sketches to clearly illustrate the respective
geometric features. We then discuss in subsection 3.7 how the tangency orbits arise, change and
then disappear through the transition across regions A–F . We present a short summary and
discussion of our findings in section 4. Appendix A provides information on the behaviour at
infinity, and Appendix B presents a complete overview in the form of a look-up table of all
invariant objects and associated isochron foliations throughout the transition from region A to
region F .

4
Specifically, the parameter µ in [11] is now set to 1; note that the value for b in [11] was mistakenly given as

b = 0.05 > 0, it should have been b = −0.05 < 0.

5



2 Bifurcation sequence

One encounters a one-parameter sequence of bifurcations in system Equation (10) that is some-
what typical for planar systems with discrete rotational symmetry. It is found along a straight
path of the two-parameter bifurcation set of Equation (10) in the (a, b)-plane. Figure 1 shows
the two-parameter bifurcation set in panel (a) and the corresponding one-parameter bifurcation
diagram through regions A–F in panel (b).

The overall bifurcation structure in the (a, b)-plane is invariant under rotation by π around
the point (a, b) = (− c/2, − d/2), which is the result of the invariance of Equation (10) under
(a, b) 7→ (−a − c,−b − d) and (x, y) 7→ (−y,−x). Hence, the bifurcation set is invariant under
the spacio-temporal symmetry of reflection of the phase portrait in the diagonal (where x = y)
and time reversal. At the central point at (a, b) = (−1.25,−1.25) of the rotational symmetry
in Figure 1(a) (where c = 2.5 and d = 2.5) the system is reversible. Most bifurcation curve
come together and change criticality at this central point, which we refer to as GH. Hence,
together with a symmetric pair of Bogdanov–Takens bifurcation points BT, the point GH acts
as an organizing center for the bifurcation diagram in the (a, b)-plane of Equation (10).

Due to the symmetry of Figure 1(a), we describe the bifurcation structure only for parameters
(a, b) to the right of the vertical line NS (through GH) along which the origin 0 is a neutral saddle.
The point GH marks a transition from supercritical to subcritical bifurcation along the curve
H of Hopf bifurcations of a symmetric pair of nontrivial equilibria q±. Three further curves
emerge from GH: a homoclinic bifurcation HOM involving the invariant manifolds of the origin
0, a saddle-node bifurcation SNL of limit cycles Γs and Γu, and a heteroclinic bifurcation HET
involving the invariant manifolds of a symmetric pair of saddle points p±.5 The curves H and
HOM both terminate at the point BT on the the curve SN of saddle-node bifurcations (of q± and

p0±, introduced below). From the right of BT the curve SN terminates at the generalized pitchfork
bifurcation point GPF on the vertical line PF of pitchfork bifurcation of 0. The criticality of PF
changes at GPF such that, for fixed b and increasing a, the repelling equilibria q± are destroyed

below GPF, while the saddle points p0± are created, instead, above this point GPF. The curve
SNL terminates at the curve HOM at a point of non-central homoclinic saddle-node bifurcation
that exists too close to BT to be pictured in panel (a). To the right of this point and along SN,
the saddle-node bifurcation of the equilibria p0± and q± occurs on Γs. The relative order of the
three bifurcation curves SNL, HOM, and H, is illustrated in the inset at the top of panel (a),
which is an enlargement of the corresponding framed region to the right and along the gray line.

From left to right along the gray line in Figure 1(a), the stable periodic orbit Γs and the
unstable periodic orbit Γu are created as SNL is crossed; then Γu transitions into the pair of
repelling periodic orbits Γu± at the curve HOM; finally, at H the pair Γu± disappear. Also shown is

the curve CC where the eigenvalues of q± become complex conjugate.6 Considering the isochrons
of q±, defined as discussed in subsection 1.3, the curve CC marks the boundary between their
existence (to the left) and non-existence (to the right). This curve passes through BT tangent
to H, and continues out of the frame above SN. Finally, the curve HET leaves the frame to the
right, and is not part of the bifurcation sequence that we consider.

Along the gray line given by b = 0.5 in Figure 1(a) we find the bifurcation sequence: PF, CC,
SNL, HOM, H, CC, and PF, in that order, as a is increased over the range (−2,−0.4). We record
the values of a at which the bifurcations in this sequence are encountered in Table 1. Figure 1(b)
shows the associated one-parameter bifurcation diagram, where the maximum and minimum y-
values of the respective invariant objects are shown as a function of a; notice the symmetry of
reflection in y = 0. This bifurcation sequence gives rise to the regions A–F of different phase

5
The equilibria p± are otherwise irrelevant to this case study; they emerge with a pair of sinks in a further

saddle-node bifurcation, outside the range of Figure 1.
6
The curve CC can be computed by adapting the BVP suggested in [7, Appendix B.2] to the case of equilibria.
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Figure 1: Regions A–F of topologically different phase portraits of system Equation (10) for
c = 2.5 and d = 2.5. Panel (a) shows the two-parameter bifurcation diagram in the (a, b)-plane
with the bifurcation curves: Hopf (H), saddle-node of limit cycle (SNL), homoclinic (HOM),
heteroclinic (HET), saddle-node of equilibria (SN), and pitchfork (PF); and filled circles marking
the codimension-two points: generalized Hopf (GH), generalized pitchfork (GPF), and Bogdanov–
Takens (BT). We further show the locus NS where 0 is a neutral saddle, and the locus CC
at which the non-trivial equilibria q± have a complex-conjugate pair of eigenvalues with zero
imaginary part. Panel (b) shows the one-parameter bifurcation diagram in the (a, y)-plane for
b = 0.5 (indicated by the thick horizontal gray line in panel (a)), with regions A–F demarcated
by thin gray lines; periodic orbits are represented by their extremal values in y. The equilibria
q± and 0, and the periodic orbits Γs, Γu and Γu± are colored blue, red or green, depending on
whether they are stable, unstable, or of saddle type, respectively. The inset in panel (a) is
an enlargement in the (a, b)-plane of the highlighted box over a range in a that illustrates the
regions A–D along b = 0.5. The insets in panel (b) share that same a-range; the upper inset
shows the enlargement in the (a, y)-plane of the highlighted box, and the lower inset shows the
(a,T)-plane.

Table 1: Parameter values of a at which the bifurcations occur for b = 0.5; see also Figure 1(b).
All values are approximate unless given to fewer than three decimal places.

Bifurcation PF CC NS SNL HOM H CC PF

a −2 −1.778 −1.25 −0.746 −0.737 −0.691 −0.553 −0.5
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Figure 2: Representative phase portraits of Equation (10) showing the invariant objects in the
topologically different regions A–F as described in Figure 1(a). Sources, saddles and sinks are
represented by , , and , respectively, with equilibria and periodic orbits colored and labeled
as described in Figure 1. Also shown are the stable manifolds Ws(0) (light-blue curve) and
the unstable manifolds Wu(0) (orange curve), and the strong unstable manifold Wuu(0) (orange)
in region F . The basins of attraction (A(q−)A(q−)) and repulsion (R(Γu) and R(q−)) of the left
invariant object in a symmetric pair of equilibria or periodic orbits are shaded green and pink,
respectively.
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portraits. Specifically, we first encounter the pitchfork bifurcation PF of the origin 0 at a = −2,
which generates the nodal attractors q±. When a is increased through a ≈ −1.778, the curve CC
is crossed and q± transform into attracting foci. While one would not consider CC a bifurcation,
it is the first point along this bifurcation sequence past which isochrons can be defined. Thus,
the resulting region A is the first of the six regions A–F in panels (a) and (b) of Figure 1. The
associated structurally stable two-dimensional phase portraits in the (x, y)-plane are shown in
Figure 2 and described in subsection 2.1.

As SNL is crossed at a ≈ −0.746, the periodic orbits Γs and Γu are created. They exist
in region B, and are symmetric, surrounding all equilibria shown. Region B only exists after
SNL for a relatively short a-interval up to HOM; see the enlargement with the bifurcations SNL,
HOM, and H (top inset), and the periods of the periodic orbits Γs, Γu, and Γu−, respectively
(bottom inset). Also shown here is the natural period of the equilibrium q−, which is tangent
to that of Γu− at H. Note that the horizontal a-axes are aligned for each of panels (a) and (b)
and, likewise, for their insets.

The bottom inset of Figure 1(b) clearly shows that, as the symmetric homoclinic bifurcation
HOM is approached, the period of Γu tends to∞, and a pair of non-symmetric unstable periodic
orbits Γu± are created and exist in region C;7 for decreasing a, one also speaks of a gluing
bifurcation of the two periodic orbits Γu± to create the periodic orbit Γu. The periods of Γu±
also tend to ∞ as HOM is approached for decreasing a. Region C is bounded by HOM and a
symmetric pair of Hopf bifurcations H at a ≈ −0.691, in which Γu± disappear and q± change
stability from sink to source. This leaves the periodic orbit Γs as the only attractor in region D.
After crossing the second curve CC into region E, the unstable equilibria q± lose their innate
rotation, and no phase related to q± can be assigned in region E and beyond. Region F lies
to the right of the final pitchfork bifurcation PF at a = −0.5, in which the two equilibria q±
disappear. This leaves only the nodal source 0 surrounded by the attracting periodic orbit Γs.

Note that we are not considering the regions between GPF and BT at the top right-hand
side of Figure 1(a) in this case study. At the bifurcation curve PF an additional pair of saddle
points p0± emanates from the unstable equilibria at the origin 0, which then collide with the
sources q± at SN. Apart from this, the respective regions to the right of PF are quite similar
to the regions A–F . Namely, in each case, the bifurcations and dynamics along the bifurcation
sequence that we are considering are preserved.

2.1 Phase portraits

As the starting point for our investigation of isochron foliations, Figure 2 shows representative
phase portraits in regions A–F , for the values of a recorded in Table 2. In these and all following
phase portraits, we include all relevant invariant objects. The origin is always an equilibrium;
attracting, repelling, and saddle-type equilibria are represented by triangles ( ), squares ( ),
and crosses ( ), respectively. Stable and unstable invariant manifolds of saddle equilibria are
denoted Ws(·) and Wu(·), respectively, and periodic orbits are labeled Γs, Γu and Γu±, (as before)
where the superscript denotes stability. Basins of attraction A(·) and basins of repulsion R(·),
respectively, may come as pairs belonging to equilibria and periodic orbits that are symmetrically
related by rotation over π. In such cases, the basin of attraction of the left-most equilibrium is
shaded green, and the basin of repulsion of the left-most equilibrium or periodic orbit is shaded
pink.

The phase portrait in region A in Figure 2 has a symmetric pair of attracting focus-type
equilibria q± that are the end points of the unstable manifold Wu(0) of the origin 0. The
stable manifold Ws(0) of 0 separates the basins of attraction A(q−) (shaded) and A(q+); its

7
Hence, the periodic orbits Γ

s
- and Γ

u
+ are not invariant themselves, as Γ

u
was, but map to one another under

the phase-space symmetry of Equation (10) of rotation by π about the origin.
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Table 2: Representative values of parameter a for the topologically different regions A–F from
Figure 1; the corresponding phase portraits are in Figure 2.

Region A B C D E F

a −0.75 −0.742 −0.71 −0.66 −0.55 −0.45

two branches wind anti-clockwise around 0 and q±, and tend towards infinity in backward time.
Hence, the finite portion of the boundaries ∂A(q±) of the basins of attraction A(q±) are formed
by 0 and its stable manifold Ws(0).

The phase portrait in region B, after SNL has been crossed, shows the pair of nested periodic
orbits Γs (outer) and Γu (inner) that surround the other invariant objects. The stable manifold
Ws(0), forming the basin boundaries ∂A(q±), now forms a double spiral that accumulates onto
Γu in backward time so that the basins A(q−) (shaded) and A(q+) are now contained inside of

Γu. We refer to A(q±) as winding basins and remark that their boundary, the closure Ws(0),
which contains Γu, is a complete metric space that is not path-connected. More specifically,
each branch of Ws(0) is a closed outward spiral that accumulates on the topological circle Γu

(see, for example, [23, Figure 22] for a sketch), and Ws(0) is, hence, a closed double spiral
that accumulates on a circle — akin to the well-known Yin and Yang symbol. Notice that
Ws(0) approaches Γu very rapidly such that only an initial piece of Ws(0) can be seen in the
phase portrait of region B in Figure 2. The area between the periodic orbits Γs and Γu is an
annulus, where A(Γs) and R(Γu) coincide. The basin of repulsion R(Γu) is bounded inside Γu

by the unstable manifold Wu(0) and the equilibria q± on which Wu(0) accumulates. Notice that
R(Γu) covers the basins of attraction A(q±) of the attracting equilibria q± except for the set
Wu(0) \ 0 ⊂ A(q−) ∪ A(q+), while the basins A(q±) cover R(Γu) inside Γu except for the set
Ws(0) \ 0 ⊂ R(Γu).

In region C of Figure 2, after HOM has been crossed, there are now three periodic orbits:
the attracting periodic orbit Γs surrounds a symmetric pair of repelling periodic orbits Γu±.
The basins of attraction A(q−) (shaded) and A(q+) are bounded by Γu− and Γu+, respectively.
Moreover, the branches of the stable manifold Ws(0) each accumulate onto one of Γu− and
Γu+ in forward time. The unstable manifold Wu(0) forms the boundary between the basins of
repulsion R(Γu−) (shaded) and R(Γu+), together with the stable periodic orbit Γs on which it

accumulates in forward time. Hence, the closure Wu(0) is not path-connected, contains Γs and
bounds the two winding basins of repulsion R(Γu±). The basin of attraction A(Γs) outside Γs

extends to infinity, and inside Γs its boundary ∂A(Γs) is the closure Ws(0), which contains Γu±
and is not path-connected. Hence, at HOM where the invariant manifolds Ws(0) and Wu(0)
pass through each other, the geometry of the winding basins switch. The basin A(Γs) covers
the pair of winding basins of repulsion R(Γu±) of the two periodic orbits Γu±, except for the set
Ws(0) \ 0 ⊂ R(Γu−) ∪ R(Γu+), while the basins R(Γu±) cover A(Γs) inside Γu, except for the set
Wu(0) \ 0 ⊂ A(Γs).

In region D, after the transition through H, the periodic orbits Γu± have disappeared and
q± are now repelling foci. The origin 0 remains a saddle-type equilibrium, and the basins of
attraction A(q−) (shaded) and A(q+) are bounded by Wu(0) and Γs, onto which each branch of

Wu(0) accumulates in forward time. The basin boundary ∂A(Γs) is again the closure Ws(0), but
now this is a curve of finite arclength containing q± and 0; hence, ∂A(Γs) is path connected and
A(Γs) inside Γs is topologically an annulus. The basin boundary ∂R(q±), which is the closure
of Wu(0) containing Γs, is not path connected. The basin A(Γs) still covers two winding basins
of repulsion, namely, R(q±), except for the set Ws(0) \ 0 ⊂ R(q−) ∪R(q+)

10



The phase portrait in region E of Figure 2, after CC has been crossed, is topologically
equivalent to the region D. However, for our purposes it is significant that in region E the
equilibria q± do not have an innate rotation, so that one cannot assign an associted phase to

them any longer. In particular, the boundary ∂A(Γs) of the basinA(Γs) is still the closureWs(0),
but this manifold does not spiral any longer; rather its branches approach each q±, respectively,
from unique directions, namely, along the weak eigendirections of these nodal equilibria.

In region F , after PF has been crossed, the equilibria q± disappear, leaving the origin 0,
which is now a nodal repellor, as the only equilibria inside of Γs. In the representative phase
portrait for region F in Figure 2, we plot the well-defined and unique strong unstable manifold
Wuu(0), which is the counterpart of the unstable invariant manifolds Wu(0) in regions A–E.
The basin of attraction A(Γs) inside Γs is now the annulus bounded by the point 0.

We remark that phase portraits topologically equivalent to those in regions E and F have
been investigated in terms of the related concepts of phase-response [2] and isochrons [6], with
isochrons first illustrated by computation in [11]. This earlier work serves as a motivation for
the investigation of the related, yet more complicated bifurcation sequence of the case study
presented here.

3 Isochron geometry in regions A to F

We now discuss how the isochron foliations and their interactions, in the different basins of
attraction and repulsion where they exist, change with the parameter a along the bifurcation
sequence. In particular, we are interested in the existence of sharp turns in an isochron foliation
and related tangencies between forward-time and backward-time isochron foliations. Because
every isochron must pass arbitrarily close to each point on the boundary of the basin of attraction
or repulsion that it belongs to [9, 31], the geometric properties of these boundaries (described
in subsection 2.1) and how isochrons accumulate onto them are particularly important. For
each representative phase portraits of regions A–F , we compute a selection of forward-time
and/or backward-time isochrons of the relevant periodic orbits and focus-type equilibria; more
specifically, for each of a symmetric pair of periodic orbits or foci we show ten isochrons uniformly
distributed in phase, and for symmetric periodic orbits we show twenty such isochrons.

We first present in subsection 3.1 an overview of the isochron geometry in each of regions A–
F ; here we mention the types of basins in which isochrons are encountered and provide a
very brief discussion of the changes to the isochron foliations from region to region. An in-
depth explanation of the properties of each isochron foliation in each region is presented in
subsections 3.2 to 3.6. Since the geometry of the isochrons and their interactions can be rather
subtle, we present them there in different ways. To make optimal use of space, we will show
phase portraits rotated around 0 by 0.3π in the counter-clockwise direction; we refer to this
representation as the (v,w)-plane and we choose to preserve the asymptotic phase under this
rotation, that is, the zero-phase point γ0 is also rotated by 0.3π. Each isochron is computed
and represented as a curve parameterized by its arclength `—as measured from the equilibrium
for isochrons of equilibria, and from the point γθ on the periodic orbit for isochrons of periodic
orbits. This allows us to show the geometry of computed isochrons not only in phase space, but
also as a function of arclength `, as a way to emphasize an isochron’s complex geometry. Here,
we use the sign convention that ` is positive for the branch of the isochron that lies outside the
periodic orbit, and negative for the branch of the isochron that lies inside the periodic orbit.
Finally, we will provide sketches to illustrate topological and geometrical properties of certain
isochrons and, especially, how they accumulate onto the boundaries of their basins.
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Figure 3: Phase portraits from Figure 2 overlaid with the forward-time and backward-time
isochron foliations of their respective eligible invariant objects. Ten and twenty isochrons, equally
distributed in phase θ, are shown for each foliation of symmetric and pairwise-symmetric objects,
respectively; each isochron is colored according to its phase in either forward or backward time
as given by the lower and upper color bars.
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3.1 Overview of isochron foliations

Figure 3 shows the same phase portraits as Figure 2 of regionsA–F in descending order across its
columns, but now each panel also shows all forward-time and backward-time isochron foliations
that exist in these regions; these are I(q±) in regions A and B, I(Γs) in regions B–F , U(Γu) in
region B, U(Γu±) in region C, and U(q±) in regions C–D. Hence, there are interactions between
isochron foliations only in regions B–D, where both forward-time and backward-time isochron
foliations co-exist. In this and all following figures, forward-time isochrons are represented by
curves colored in tones between cyan and blue, and backward-time isochrons by curves colored in
tones between yellow and red. These colors indicate the phase θ of an isochron of the respective
foliation as per the respective color bar at the bottom of Figure 3.

The phase portrait for region A in Figure 3 shows the isochron foliations I(q±) of q±, which
are the only objects with oscillatory behavior. Observe how each isochron Iθ(q±) ∈ I(q±) spirals
away from the respective equilibrium q±, resulting in sharp turns as the basins A(q±) are wound
to become more elongated. Note the regions of extreme phase sensitivity where Ws(0) passes
very close to itself.

The saddle-node bifurcation SNL produces two periodic orbits in region B, where the outer
attracting periodic orbit Γs encloses the repelling orbit Γu. In the annulus between them the
forward-time isochron foliation I(Γs) of Γs intersects the backward-time isochron foliation U(Γu)
of Γu transversely everywhere. We denote such a transverse intersection of isochron foliations
by I(Γs)−t U(Γu). The forward-time isochron foliations I(q±) are now restricted to the pair of
winding basins A(q±) that accumulate onto Γu. The backward-time isochron foliation U(Γu)
exists inside of Γu; it exhibits sharp turns that are tangent to the forward-time isochrons in I(q±).
The existence of non-transverse (tangential) intersections between these foliations is denoted by

I(q±) 6−t U(Γu). An isochron Uθ(Γ
u) ∈ U(Γu) must accumulate onto Wu(0) = q± ∪Wu(0) ∪ 0.

The exact manner in which this happens is hard to see in Figure 3 and will be discussed in detail
in subsection 3.3.

In region C, the homoclinic bifurcation HOM has led to a dramatic change of the invariant
sets and their basins. The backward-time isochron foliations U(Γu±) of the pair of symmetric
orbits Γu± have clear sharp turns while they accumulate onto both branches of Wu(0) that form
the boundaries of the basins of repulsion ∂R(Γu±) of the winding basins of repulsion R(Γu±).
At the same time, the forward-time isochrons Iθ(Γ

s) have developed sharp turns as well, but
these are very hard to see in Figure 3. As we will show in detail in subsection 3.4, these
two isochron foliations have tangential intersections, that is, I(Γs) 6−t U(Γu±). In contrast, the
isochron geometry in the annuliA(q±) are much simpler: the two foliations intersect transversely,
that is, I(Γu±)−t U(q±).

In region D, the pair of repelling periodic obits has shrunk down to the points q±, which are
now spiraling repellors. As Figure 3 shows, they inherit the properties of the isochron foliations
of the periodic orbits, meaning that I(Γs) 6−t U(q±). Here the foliations U(q±) exist in the pair
of winding basins of repulsion R(q±), and also show sharp turns associated with their tangencies
with I(Γs). This will be discussed in detail in subsection 3.5.

In regions E and F , past the curve CC, there is only the foliation by forward-time isochrons
of the basin A(Γs). While the transition from regions D to E does not constitute a topological
change, the isochron geometry of I(Γs) changes significantly. In region E, the isochrons in

Iθ(Γ
s) accumulate onto the closed curve Ws(0) = Ws(0) ∪ q± by spiraling around this curve,

getting closer with each pass as their arclengths increase. In particular, the foliation Iθ(Γ
s) in

region E no longer features sharp turns. In region F the isochrons of Iθ(Γ
s) accumulate onto

the single point 0, but Figure 3 shows that there is still a somehwat extended region of phase
sensitivity near the slow eigenspace of 0.
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Figure 4: Details of isochron geometry in region A in the (rotated) (v,w)-plane. Panel (a)
shows the phase portrait, consisting q±, 0 and Ws(0) and Wu(0), together with ten isochrons
of I(q+), and panel (b) shows the phase portrait with only the zero-phase isochron I0(q+); here
each isochron in panel (a) is colored according to its phase θ as given by the color bar. Panel (c)
shows how the v-coordinate along I0(q+) changes with arclength `, where the v-range is as in
panels (a) and (b) and the vertical lines indicate the positions q±, 0 and the folds of Ws(0) with
respect to the v-direction. Compare with Figures 2 and 3.
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3.2 Isochrons in region A

In region A, there are only the two symmetrically related foliations I(q±) of forward-time
isochrons of q± that exist in the two basins A(q±). Their geometry is illustrated in Figure 4
in three different ways. Panel (a) shows an enlargement of the phase portrait in the (rotated)
(v,w)-plane, consisting of the attractors q±, the saddle 0 and its stable and unstable manifolds
Ws(0) and Wu(0), together with ten isochrons of I(q+) that are distributed uniformly spaced in
phase. Panel (b) shows the same phase portrait with only the zero-phase isochron I0(q+), and
panel (c) is a representation of I0(q+) in terms of its arclength ` versus the v-coordinate.

Figure 4(a) shows clearly how the ten isochrons intersect Wu(0) transversely near q+; in
particular, this implies that each isochron in I(q+) accumulates onto Ws(0) locally near 0. The
basin A(q+), including its boundary, extends to infinity; since isochrons must accumulate onto
the entirety of the basin that they foliate [9], each isochron also needs to grow beyond bound
while accumulating on both branches of Ws(0) ⊂ ∂A(q+), which we denote Ws

−(0) and Ws
+(0)

as indicated in Figure 4. In the process, the isochrons switch over from one branch of Ws(0) to
its other branch, specifically from Ws

−(0) to Ws
+(0); notice how this leads to quite sharp turns

of the isochrons in Figure 4(a) where they need to ‘squeeze through’ the narrow channel where
the two branches of Ws(0) come very close to each other. Indeed, the turns are much less sharp
once they occur past this narrow channel.

Figure 4(b) illustrates the geometry for just I0(q+). Notice how this curve approaches and
then follows Ws(0) closely past 0; it then makes a turn to switch over to the other branch of
Ws(0), which it now follows even more closely past 0, all the way through the narrow channel.
It then makes the next switch over to the other branch of Ws(0), which it subsequently follows
even more closely. Panel (c) illustrates these properties of the curve I0(q+) by showing how v
changes along the curve as represented by its arclength `, up to its maximal computed arclength
of 9. Specifically, following the isochron I0(q+) from γ0 simultaneously in panels (b) and (c)
(which share the same range on their v-axis) reveals details of its geometry otherwise somewhat
hidden in panel (b). Here vertical curves represent the positions of the equilibria q±, the saddle
0 and the folds of Ws(0) with respect to the v-direction. This representation shows how the
v-coordinate along I0(q+) first increases and then decreases past 0. It then starts to increase
again at a fold with respect to v, which represents the first turn where I0(q+) switches over to
the other branch of Ws(0)—such switches can generally be identified in the arclength plot of an
isochron as folds that occur away from folds of curves forming a basin boundary. The value of
v along I0(q+) then starts to decrease and then increase again very near two subsequent folds
of Ws(0). The next fold with respect to v, on the other hand, is not near a fold of Ws(0), but
corresponds to the second switch of I0(q+) over to the other branch of Ws(0); compare with
panel (b). Note that at each such switch the curve I0(q+) transfers from Ws

−(0) to Ws
+(0) as

its arclength is increased. Figure 4 shows that after the second switch I0(q+) then continues to
follow Ws(0) closely until the maximal arclength is reached. Indeed, the geometry of I0(q+) is
representative for any isochron in I0(q+), since they are all diffeomorphic images of one another
under the flow of (10).

We now present in Figure 5 the insights gained so far in the form of sketches that highlight
different aspects of the geometry of the isochrons of I(q+) in region A. We do so to illustrate
features of the phase portrait that are hidden due to different curves being very close to each
other in the (v,w)-plane of Figure 4. Figure 5(a) is a sketch that is topologically equivalent to
Figure 4(b). Here the narrow channel is shown wider so that it is easier to follow the isochron
I0(q+), which starts at q+ and is shown to have three turns from the branch Ws

−(0) to the branch
Ws

+(0) of the stable manifold Ws(0). In the process, I0(q+) traverses the channel repeatedly and
ever closer to Ws

−(0) and Ws
+(0), respectively, until it reaches the upper limit of the r-axis in

panel (b). This geometry is represented in polar coordinates in Figure 5(b). Here I0(q+) can be
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Figure 5: Illustration of the geometric properties of I0(q+) ∈ I(q+) in region A. Panel (a)
is a sketch of the phase portrait of region A with I0(q+) in the (x, y)-plane. Panel (b) is
its representation in the (ψ, r)-plane of polar coordinates around 0; note that the two branches
Ws
−(0) and Ws

+(0) of the stable manifold, and the two branches Wu
−(0) and Wu

+(0) of the unstable
manifold, end on the bottom line where r = 0 at their respective values of the angular variable ψ.
Panel (c) shows the representation in the (ψ, r̄)-plane of compactified polar coordinates, where
I0(q+) has also been extended (cyan curve). Here r̄ is the compactified radial direction, and the
top horizontal line represents infinity with the equilibria q∞

± and p∞
±. Panel (d) is a sketch of

just the basin A(q+), where its boundary Ws
−(0) ∪Ws

+(0) has been straightened out. Invariant
objects are labeled as in Figure 2; compare with Figure 4.
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seen to spiral out from q+ while accumulating on the branches Ws
−(0) and Ws

+(0), which now
end on the bottom line (where r = 0) at two values of the angular variable ψ that are π apart;
note that I0(q+) accumulates in this representation also on the segment of the line with r = 0
in between the two end point of Ws

−(0) and Ws
+(0). Compactification of the radius r to the

compactified radius r̄ gives the figure in Figure 5(c), which shows that Ws
−(0) and Ws

+(0) end at
the top line that represents infinity at two repelling equilibria q∞

− and q∞
+, respectively. Notice

also the two saddle equilibria p∞
± at infinity and note that the dynamics at infinity remains

the same throughout regions A–F since the bifurcation parameter a only appears in the linear
terms of Equation (10); see Appendix A and [11] for more details and explicit formulas. In
particular, trajectories of Equation (10) do not spiral towards infinity, which means that the
only isochron foliations that we need to concern ourselves with are those of finite invariant
objects. In Figure 5(c), I0(q+) has been extended beyond what was shown in panels (a) and (b)
to illustrate how this isochron accumulates onto both Ws

−(0) and Ws
+(0), as well as the line

segments between their end points at r̄ = 0 and the line representing infinity. Notice from
Figure 5(a)–5(c) that the narrow channel arises from the fact that Ws(0) and, hence, also the
basin A(q+) wind around q± and 0 about one-and-a-half times. When this winding is undone
by straightening out Ws

−(0), Ws
+(0) and A(q+) in compactified polar coordinates, as is sketched

in Figure 5(d), it emerges that I0(q+) is topologically simply a spiral that accumulates onto the
(now square) boundary of A(q+). Indeed, its complicated geometry in the (x, y)- or (v,w)-plane,
including the sharp turns in the narrow channel, arises from how this simple topological picture
is embedded into the plane.

3.3 Isochrons in region B

In region B, after the saddle-node bifurcation SNL, there are now the two additional isochron
foliations I(Γs) and U(Γu) of the periodic orbits Γs and Γu, respectively. Figure 6 shows
all isochron foliations with the phase portrait in region B in the (rotated) (v,w)-plane. In
panel (a) all three isochron foliations are shown together with the phase portrait, as in Figure 3
but magnified. The three individual foliations are shown separately with the phase portrait in
panels (b)–(d). Figure 6(a) shows more clearly that the two foliations I(Γs) and U(Γu) intersect
transversely in the annulus bounded by Γs and Γu. Note also that outside Γs the foliation I(Γs)
extends to infinity.

More importantly, Figure 6 illustrates the interaction of U(Γu) with I(q±) (only isochrons
in I(q+) are shown in Figure 6). First of all, the basins A(q±) no longer extend all the way to
infinity, but they are now winding basins that accumulate onto the unstable periodic orbit Γu.
Note that their boundary Ws(0) approaches Γu very quickly to produce an extremely narrow
spiraling channel. In this channel the isochrons of I(q±) feature very sharp turns, as in the
channel in region A, of which only the first few are visible in Figure 6(a) and 6(d). Since these
turns are very close to Γu where U(Γu) is almost linear, there must be quadratic tangencies
between I(q±) and U(Γu). These occur along the two trajectories O±, which spiral into q±
in forward time and accumulate onto Γu in backward time. Notice from Figure 6(a) and 6(c)
how the isochrons of U(Γu) develop sharp turns associated with the quadratic tangencies with

I(q+) along O+. This happens while any isochron Uθ(Γ
u) ∈ U(Γu) accumulates onto Wu(0) =

q± ∪ Wu(0) ∪ 0; hence, it must have tangencies also with the foliation I(q−) along O− (not
shown).

The relevant invariant objects are still very close to one another in the (v,w)-plane, which
is why we illustrate these properties of U(Γu) and I(q+) in Figure 7 by showing the respective
zero-phase isochrons also in terms of their arclength `. Panel (a) shows the phase portrait
of region B in the (v,w)-plane with only I0(q+) and U0(Γu). Note how U0(Γu), which starts

at γ0 ∈ Γu, visits both basins A(q±) while it accumulates onto the boundary Wu(0) of its
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Figure 6: Isochron geometry in region B in the (rotated) (v,w)-plane, with invariant objects
labeled as in Figure 2. Panel (a) shows the phase portrait of region B, consisting of q±, 0, Ws(0)
and Wu(0), Γs and Γu, together with ten isochrons of I(q+) and 20 isochrons each of I(Γs) and
U(Γu). Panel (b) shows the phase portrait with only I(Γs), panel (c) with only U(Γu), and
panel (d) with only I(q+); each isochron is colored according to its phase θ as given by the color
bars. Along the trajectories O± (dark and light green, respectively, not shown in panel (b)) the
foliations U(Γu) and I(q+) have quadratic tangencies. Compare with Figures 2 and 3.
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Figure 7: Details of isochron geometry of I0(q+) and U0(Γu) in region B. Panel (a) shows the
phase portrait of region B in the (v,w)-plane with the zero-phase isochrons I0(q+) (dark blue)
and U0(Γu) (magenta). Panels (b) and (c) show how the v-coordinate along U0(Γu) and I0(q+),
respectively, change with arclength `, where the v-range is as in panel (a); here the vertical lines
indicate the positions of the equilibria q± and 0, as well as the folds of Wu(0) with respect to
the v-axis in panel (b), and the folds in v of the periodic orbits Γs and Γu. The black circle ( ),
triangle ( ), diamond ( ), and pentagon ( ) in panels (a) and (b) mark the first four sharp turns
of U0(Γu), respectively; the insets are enlargements of correspondingly shaded areas in panel (b).
Compare with Figure 6.
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own basin R(Γu); the first two sharp turns of U0(Γu) that ensue are marked by a circle ( )
and a triangle ( ), respectively. The inset panels (a1) and (a2) are enlargements near q− and
q+, respectively, that show two further sharp turns that are marked by a diamond ( ) and a
pentagon ( ), respectively.

Figure 7(b) shows the (signed) arclength ` of U0(Γu) against its v-coordinate, together with
vertical lines that indicate the positions on the v-axis of the equilibria q± and 0 and the folds of
the unstable manifold Wu(0) with respect to v. This panel more clearly illustrates how U0(Γu)

moves from left to right and spirals ever closer into q− and q+ while accumulating onto Wu(0);
note that its arclength is negative, because we are considering the branch of U0(Γu) that lies
inside Γu. In Figure 7(b) we observe that U0(Γu) moves away from γ0 (pink dot) by following the
unstable manifold Wu(0) towards, and then well past, 0; in the process, U0(Γu) has two folds
(with respect to v) near the folds of Wu(0). However, the third fold, marked by the circle ( )
near q−, is not near a fold of Wu(0). Hence, this fold is the first sharp turn of U0(Γu) where it
switches direction to follow (the other side of) Wu(0) (along the same branch Wu

−(0) of Wu(0))
back towards and well past 0. After passing the origin, U0(Γu) has quite a number of folds
near the folds of Wu(0), until there is a second sharp turn near q+, marked by the triangle ( ).
The process repeats and we find a third sharp turn ( ) nearer q− and a fourth sharp turn ( )
nearer q+; they are illustrated in the enlargement panel (b1) and the successive enlargement
panels (b2) and (b3), respectively. Note that successive sharp turns of U0(Γu) occur deeper and
deeper into the spirals formed by the branches of Wu(0); this feature is represented in panel (b)
as an increasing number of folds of Wu(0) before and after successive sharp turns.

Similarly, Figure 7(c) illustrates how I0(q+) accumulates onto the boundary Ws(0) of its
basin A(q+); this involves following the stable manifold Ws(0) for exceedingly longer periods of
time, with sharp turns in between where I0(q+) switches over from one branch of Ws(0) to the
other, specifically, from Ws

+(0) to Ws
+(0). The situation is very similar to that in region A in

Figure 4(c), but now A(q+) is a winding basin that accumulates onto Γu.
We again represent these insights as topological sketches to bring out the observed isochron

geometry more clearly. Figure 8(a1) and 8(b1) show the zero-phase isochrons U0(Γu) and I0(q+),
respectively, inside the periodic orbit Γu in both Cartesian and polar coordinates. These sketches
stress qualitative features of the geometry; in particular, the narrow channels of the basinsA(q±)
that are hardly visible in Figure 7(a) are shown much wider so that the respective accumulation
processes of the isochrons can readily be illustrated.

Figure 8(a1) is a sketch in the (x, y)-plane of U0(Γu) inside the repelling periodic orbit Γu.
The isochron U0(Γu) starts at the zero-phase point γ0 ∈ Γu and then enters the inside of Γu

to accumulate onto the basin boundary Wu(0) of its basin A(Γu) in a spiraling fashion. The
polar-coordinate representation in panel (a2) shows more clearly how U0(Γu) has alternating
episodes in the two basins A(q±) as it approaches simultaneously the two branches Wu

−(0) and
Wu

+(0) of the unstable manifold Wu(0). As a consequence, each of the successive sharp turns
of U0(q+) lies deeper in the the spiral of Wu

−(0) and Wu
+(0) and, hence, closer to q− and to q+,

respectively.
Figure 8(b1) is a sketch in the (x, y)-plane of I0(q+) in the interior of its winding basin A(q+)

inside Γu. The isochron I0(q+) is shown spiraling outward to accumulate onto the manifold
Ws(0) ⊂ ∂A(q+), which in turn accumulates quickly onto Γu ⊂ ∂A(q+). This is illustrated
further in panel (b2) in the polar-coordinate representation, where I0(q+) has been extended
further to show the accumulation process. While spiraling out from q+, the isochron I0(q+)
makes further and further excursions into the increasingly narrower channel formed by A(q+)
as it accumulates onto Γu. Up to some finite arclength, the curve I0(q+) from q+ in A(q+) has
a finite number of spiral loops, which is illustrated in Figure 5(d). The difference with region A
is that in region B, there is an infinite amount of winding of the basin A(q+), rather than only
a finite number of rotations. Therefore, it is not possible to transform the entire (infinitely)
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Figure 8: Illustrations of the geometric properties in region B of U0(Γu) ∈ U(Γu) in pan-
els (a1) and (a2) and of I0(q+) ∈ I(q+) in panels (b1) and (b2). Panels (a1) and (b1) are
sketches of the phase portrait of region B inside the unstable periodic orbit Γu in the (x, y)-
plane with I0(q+) and U0(Γu), respectively. Panels (a2) and (b2) show the same objects in the
(ψ, r)-plane of polar coordinates around 0; here I0(q+) has been extended (cyan curve), and the
red horizontal line at the top of the panel represents Γu, onto which the winding basins A(q±)
accumulate. Invariant objects are labeled as in Figure 2; compare with Figures 6 and 7.
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winding basin A(q+) diffeomorphically to a simple box as in Figure 5(d) (as this would then not
involve the accumulation of A(q+) on a topological circle). Indeed, the fact that there is now a
winding basin leads to infinitely many sharp turns and associated tangencies of I(q+) (and also
of I(q−) by symmetry) with U(Γu); compare Figure 5(d) and Figure 8(b2).

Since U0(Γu) and I0(q+) are representative isochrons, their respective geometric properties
are shared with the respective foliations. The isochrons of U(Γu) and of I(q±) both accumulate

onto a spiraling basin boundary, namely Wu(0) and Ws(0), respectively. This explains the
existence of quadratic tangencies between the two foliations along two (symmetrically related)
orbits O± in the respective spiraling basins A(q±).

3.4 Isochrons in region C

In region C, after the homoclinic bifurcation HOM, the invariant manifolds Ws(0) and Wu(0)
have changed their relative positions. Hence, there is now the symmetric pair of repelling periodic
orbits Γu± (instead of Γu) with backward-time isochron foliations U(Γu±) in their basins R(Γu±).
Figure 9 shows all isochron foliations with the phase portrait in region C in the (rotated) (v,w)-
plane. In panel (a) all three isochron foliations are shown together with the phase portrait, as
in Figure 3, while panels (b)–(d) show the three individual foliations. Note that, since Wu(0)
accumulates onto Γs, the two basins R(Γu±) bounded by the q±, Wu(0) and Γs, are winding
basins and, in fact, winding annuli because the isolated points q± are in their boundary. The
basins A(q±), on the other hand, are bounded by the repsective periodic orbits Γu± and, hence,
are no longer winding.

As panels (a), (c) and (d) of Figure 9 illustrate, in region C, the foliations I(q+) and U(Γu+)
intersect transversely in A(q+)∪R(Γu+); due to symmetry, the same is true for I(q−) and U(Γu−)
(not shown). In contrast, there are now quadratic tangencies between I(Γs) and U(Γu+) along
the orbit O+ ⊂ R(Γu+) and, similarly, with U(Γu−) (not shown) along O− ⊂ R(Γu−). In a local
neighborhood of Γu+ where U(Γu+) is almost linear they lead to sharp folds of I(Γs), while near
Γs where U(Γs) is almost linear they lead to sharp folds of U(Γu+); see panels (b) and (c).

The isochrons in I(Γs) and U(Γu+) accumulate rapidly onto Ws(0) and Wu(0), which in turn
accumulate rapidly onto the periodic orbits Γu+ and Γs, respectively. Therefore, the details of
the geometry of these isochrons is somewhat obscured in Figure 9. To illustrate their properties
we present in Figure 10 only the respective zero-phase isochrons along with their arclength
plots. Panel (a) shows the phase portrait in the (v,w)-plane of region C with I0(Γs) and
U0(Γu+). Starting from γ0 (blue dot) we see that I0(Γs) quickly approaches Ws(0) and follows
this manifold past 0 before switching over to the other side of Ws(0) at a first fold point near
Γu−. This can only really be seen in Figure 10(b) where the v-coordinate of isochron I0(Γs) is
shown over the same range as in panel (a) against its arclength ` on the vertical axis. Here,
folds with respect to the v-direction of Γu± and the branches of Ws(0), as well as the positions
of the equilibria q± and 0, are indicated by vertical lines in the panel. Note that, because we
are considering the branch of I0(Γs) inside Γs, its arclength ` is negative.

The first sharp turn near Γu− that occurs away from the folds of Γu+ and Ws
+(0), is marked by

a black circle ( ). Subsequently, the curve I0(Γs) follows Ws(0) past 0 to approach Γu+ where it
has its second sharp fold that is now further down the spiral of Ws(0). Identifying it requires
two successive enlargements, shown in panels (b1) and (b2) of Figure 9(b), where the second fold
is marked by a black triangle ( ). The process then repeats, with alternating visits of Ws(0)
for increasing arclength to neighborhoods of Γu±, owing to the fact that I0(Γs) exists in both
basins of repulsion R(Γu±). This yields the two further sharp folds marked by the diamond ( )
and the pentagon ( ) in Figure 9(b). Note that successive sharp turns occur deeper along the
spirals formed by the two branches of Ws(0); the number of other folds before each sharp turn
indicates how deep down the sharp turn occurs in this spiral.
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Figure 9: Isochron geometry in region C in the (rotated) (v,w)-plane, with invariant objects
labeled as in Figure 2. Panel (a) shows the phase portrait of region C, consisting of q±, 0, Ws(0)
and Wu(0), Γs and Γu±, together with ten isochrons each of I(q+) and U(Γu±) and 20 isochrons
of I(Γs). Panel (b) shows the phase portrait with only I(Γs), panel (c) with only U(Γu+), and
panel (d) with only I(q+); each isochron is colored according to its phase θ as given by the color
bars. Along the trajectories O± (dark and light green, respectively, absent from panel (a)) the
foliations U(Γu±) and I(q±) have quadratic tangencies. Compare with Figures 2 and 3.
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Figure 10: Details of isochron geometry of I0(Γs) and U0(Γu+) in region C. Panel (a) shows the
phase portrait of region C in the (v,w)-plane with the zero-phase isochrons I0(Γs) (dark blue)
and U0(Γu+) (magenta). Panels (b) and (c) show how the v-coordinate along I0(Γs) and U0(Γu+),
respectively, change with arclength `, where the v-range is as in panel (a); here the vertical lines
indicate the positions of the equilirbia q± and 0, as well as the folds of Ws(0) and Wu(0) with
respect to the v-axis in panels (b) and (c), respectively, and the folds in v of the periodic orbits
Γs and Γu±. The black circle ( ), triangle ( ), diamond ( ), and pentagon ( ) in panel (b) mark
the first four sharp turns of I0(Γs), respectively; the insets are enlargements of correspondingly
shaded areas in panel (b). Compare with Figure 9.
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Figure 11: Illustrations of the geometric properties in region C of I0(Γs) ∈ I(Γs) in pan-
els (a1) and (a2) and of U0(Γu+) ∈ U(Γu+) in panels (b1) and (b2). Panels (a1) and (b1) are
sketches of the phase portrait of region C inside the unstable periodic orbit Γs in the (x, y)-
plane with I0(Γs) and U0(Γu+), respectively. Panels (a2) and (b2) show the same objects in the
(ψ, r)-plane of polar coordinates around 0; here the blue horizontal line at the top of the panel
represents Γs, onto which the winding basins R(Γu±) accumulate, and U0(Γu+) has also been
extended (yellow curve). Invariant objects are labeled as in Figure 2; compare with Figures 9
and 10.
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Figure 10(c) shows the accumulation of U0(Γu+) onto the boundary Wu(0) of the winding
basin R(Γu+) outside of Γu+. For increasing arclength ` the isochron extends from γ0 (pink dot)
until making its first sharp turn to the left of Γu−; this is clearly visible in panel (a) but requires
the enlargement panel (c1) to be identified as a fold with respect to the v-direction in panel (c).

Note that before this sharp turn, U0(Γu+) remains relatively far away from ∂R(Γu+) = Wu(0). As
` increases further, the isochron U0(Γu+) now follows Wu

−(0) closely back around Γu+, past 0, past
Γu− and past Γu+ once more, before making its second sharp turn; this very sharp turn cannot
be seen in panel (a) but can be identified in panel (c) as occuring near v ≈ 0.1. The isochron
U0(Γu+) then follows Wu

−(0) closely, back past 0 and the process repeats with increasingly sharper
turns as Wu(0) accumulates onto Γs.

Figure 11 presents topological sketches that illustrate the observed isochron geometry. Pan-
els (a1) and (b1) show the zero-phase isochrons I0(Γs) and U0(Γu+), respectively, in Cartesian
coordinates inside the periodic orbit Γs, while panels (a2) and (b2) show them in polar coordi-
nates. Again, these sketches stress qualitative features; specifically, the zero-phase isochrons are
shown as accumulating less rapidly onto their basin boundaries, so that the respective accum-
mulation processes of the isochrons can readily be illustrated.

In panel (a1), the isochron I0(Γs) starts at the zero-phase point γ0 (blue dot) and begins

to accumulate onto the basin boundary Ws(0) of its basin A(Γs) by spiraling around it. The
polar-coordinate representation in panel (a2) shows more clearly how I0(Γs) moves between the
two basins R(Γu±) as it approaches the two branches Ws

−(0) and Ws
+(0) of the stable manifold

Ws(0). As a consequence, each of the successive sharp turns of I0(Γs) lies deeper into the spirals
of Ws

−(0) and Ws
+(0) and, hence, closer to Γu− and to Γu+, respectively.

The sketch in Cartesian coordinates in Figure 11(b1) shows the branch of the isochron U0(Γu+)
inside its winding basin R(Γu+) that lies outside Γu. Notice how U0(Γu+) spirals outward to
accumulate on the basin boundary Wu(0), which in turn accummulates on Γs. The polar-
coordinate representation in panel (b2) also shows an extension of U0(Γu+) (yellow curve) to
show more of the accumulation process. The sharp turns of U0(Γu+) occur further and further
along the tail of A(Γu+) as it accumulates onto Γs, with U0(Γu+) following along the branches of
Wu(0) more closely with each fold.

Comparison between the sketches presented in Figures 8 and 11 shows that the foliations
U0(Γu) inside of Γu in regionB and I0(Γs) inside of Γs in region C, respectively, are topologically
the same as families of curves (that is, not taking into account the direction of time); namely
they share the key property that they both accumulate onto a spiraling curve in the respective
basin boundary given by the closure of an (un)stable manifold. Similarly, the foliations U0(Γu+)
inside A(Γs) ∩ R(Γu+) in region B and I0(Γs) inside of Γs in region C, respectively, share the
topological property of spiraling onto the boundary of a winding basin formed the closure of an
(un)stable manifold that contains a circle, which implies the existence of tangencies between the
isochron foliation in the winding basin and that of the periodic orbit on which it accumulates.
Overall, we conclude that the homoclinic bifurcation HOM induces a rather dramatic exchange
between the geometric properties of isochron foliations in basins of attraction and those in basins
of repulsion.

3.5 Isochrons in region D

In region D, after the (subcritical) Hopf bifurcation H, the repelling periodic orbits Γu± have
disappeared and the focus equilibria q± are now repelling. With the basin of attraction of q±,
also the foliations I(q±) have disappeared. Instead the points q± now have basins of repulsion
R(q±), which are winding basins because the boundary Wu(0) between them still accumulates
on the stable periodic orbit Wu(0).

Figure 12 shows the different invariant objects and foliations in the (rotated) (v,w)-plane;

26



w

(c)

q−

q+

Ws
−(0)

w

(b) Γs

Wu
−(0)

Wu
+(0)

O−

O+

w

v

(a)

θ

Figure 12: Isochron geometry in region D in the (rotated) (v,w)-plane, with invariant objects
labeled as in Figure 2. Panel (a) shows the phase portrait of region D, consisting of q±, 0, Ws(0)
and Wu(0), and Γs, together with ten isochrons of U(q+) and 20 isochrons of I(Γs). Panel (b)
shows the phase portrait with only I(Γs), and panel (c) with only U(q+); each isochron is colored
according to its phase θ as given by the color bars. Along the trajectories O± (dark and light
green, respectively) the foliations U(q±) and I(Γs) have quadratic tangencies. Compare with
Figures 2 and 3.
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Figure 13: Details of isochron geometry of I0(Γs) and U0(q+) in region D. Panel (a) shows the
phase portrait of region D in the (v,w)-plane with the zero-phase isochrons I0(Γs) (dark blue)
and U0(q+) (magenta). Panels (b) and (c) show how the v-coordinate along I0(Γs) and U0(q+),
respectively, change with arclength `, where the v-range is as in panel (a); here the vertical lines
indicate the positions of the equilirbia q± and 0, as well as the folds of Ws(0) and Wu(0) with
respect to the v-axis in panels (b) and (c), respectively, and the folds in v of the periodic orbit
Γs. The black circle ( ), triangle ( ), diamond ( ), and pentagon ( ) in panel (b) mark the first
four sharp turns of I0(Γs), respectively; the insets are enlargements of correspondingly shaded
areas in panels (a) and (b). Compare with Figure 12.
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shown are in panel (a), the interactions of twenty and ten isochrons of the foliations I(Γs) and
U(q+), respectively, which are shown separately in panels (b) and (c). The foliation I(Γs) of

A(Γs) inside Γs still accumulates on its boundary Ws(0) but now Ws(0) = q− ∪ q+ ∪Ws(0).
Moreover, U(q+) foliates the winding basin R(q+) and it is tangent to I(Γs) along the trajectory
O+. Comparison between Figure 12(a) and Figure 9(a) shows that in the transition through the
Hopf bifurcation H the basins R(q±) and the foliations U(q±) in region D are the continuations
of R(Γu±) and U(Γu±) (outside of Γu±) in region C. This is in agreement with the observation
in [15] that foliations can be continued through a Hopf bifurcation; however, we have here a
situation with a single trajectory O+ within R(q+) along which one finds quadratic tangencies
of two foliations, while in [15] there is a pair of such tangency orbits (generated in a CIFT;
see subsection 1.4). Nevertheless, we also find that the tangency orbits O+ and its symmetric
counterpart O− inR(q−) can be continued as continuous objects through H during the transition
from region C to region D.

In other words, the foliations U(q±) of the winding basins in region D inherit the geometric
properties of the foliation U(Γu±) of the winding basins in region C (outside of Γu±); the difference
is that the curve Ws(0) in the boundary of A(Γs) accumulates in region D on the points q±,
while in region C is accumulates on a pair of circles (the repelling periodic orbits Γu±). This is
illustrated further in Figure 13. Panel (a) shows the phase portrait in region D in the (rotated)
(v,w)-coordinates with I0(Γs) (dark blue) and U0(q+) (magenta), and panels (a1) and (a2) are
enlargements near q− and q+, respectively. The two zero-phase isochrons of I0(Γs) ∈ I(Γs)
and U0(q+) ∈ U(q+) are shown in panels (b) and (c) in terms of their arclength ` against the
v-coordinate; here the v-range is as in Figure 13(a) and vertical lines indicate the equilibria
q± (red) and 0 (green) and the folds of the branches of Ws(0) (blue).

For increasing `, the curve I0(Γs) moves between neighborhoods of q− and q+; it has its first
sharp fold near q+, marked by the black circle ( ), and subsequent sharp turns alternatingly
at near q− and q+ at the black triangle ( ), diamond ( ) and pentagon ( ), respectively; see
Figure 13(b) and the enlargements in panels (a1), (a2) and (b1)–(b3). Note that these sharp
folds, which are clearly identified in the phase portrait, now occur quite close to folds of Ws(0)
in v. As we have come to expect, I0(Γs) switches from one side to the other side of Ws(0) at
each of the marked sharp turns; compare with Figure 10(b).

As Figure 13(c) shows, the curve U0(q+) has its first sharp turn for ` ≈ 2 where U0(q+)
switches to following the other branch Wu

−(0) of Wu(0). For increasing `, the curve U0(q+)
follows along Wu

−(0), switching to following Wu
+(0) as it passes 0 until its second sharp turn,

which is highlighted in panel (c1). Here U0(q+) switches to following Wu
−(0) back to 0 again, and

this process of switching repeats. Comparison with Figure 10(c) shows that U0(q+) in region D
has, indeed, the same geometric properties as U0(Γu+) in region C.

The above insights regarding the geometry of the foliations I0(Γs) and U0(q+) are represented
in sketched form also by Figure 11, when one imagines that the repelling periodic orbits Γu± are
contracted to the two repelling points q±. In other words, the foliation I(Γs) effectively preserves
its geometric properties in regions C and D, while U(q±) is the continuation of U(Γu±) (outside
of Γu±) from region C to region D as the foliation by backward-time isochrons in the pair of
winding basins.

3.6 Isochrons in regions E and F

In regionE, after the transition through the curve CC, the eigenvalues of q± are real; hence, there
is no longer any spiraling associated with these equilibria and their isochron foliations U(q±) have
disappeared. This leaves I(Γs) as the only isochron foliation and it is illustrated in Figure 14
in three different ways. Shown is the phase portrait of region E in the (rotated) (v,w)-plane
with twenty phase-uniform isochrons of I(Γs) in panel (a) and with only the zero-phase isochron
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Figure 14: Details of isochron geometry in region E in the (rotated) (v,w)-plane. Panel (a)
shows the phase portrait, consisting q±, 0 and Ws(0) and Wu(0), and Γs, together with ten
isochrons of I(Γs), and panel (b) shows the phase portrait with only the zero-phase isochron
I0(Γs); here each isochron in panel (a) is colored according to its phase θ as given by the color
bar. Panel (c) shows how the v-coordinate along I0(Γs) changes with arclength `, where the
v-range is as in panels (a) and (b) and the vertical lines indicate the positions q±, 0 and the
folds of Ws(0) with respect to the v-direction. Compare with Figures 2 and 3.
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Figure 15: Details of isochron geometry in region F in the (rotated) (v,w)-plane. Panel (a)
shows the phase portrait, consisting 0, Wuu(0), and Γs, together with ten isochrons of I(Γs), and
panel (b) shows the phase portrait with only the zero-phase isochron I0(Γs); here each isochron
in panel (a) is colored according to its phase θ as given by the color bar. Panel (c) shows how the
v-coordinate along I0(Γs) changes with arclength ` (asymptotically approaching ` ≈ −3.138),
where the v-range is as in panels (a) and (b) and the red vertical line indicates the position 0
with respect to the v-direction. Compare with Figures 2 and 3.
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I0(Γs) (dark blue) in panel (b); the arclength ` along I0(Γs) is plotted against its v-coordinate in

panel (c). The isochrons of I(Γs) still accumulate onto Ws(0) = q− ∪ q+ ∪Ws(0) in a spiraling
fashion. While this is not immediately obvious from the phase portraits in panels (a) and (b),
the arclength plot of I0(Γs) in panel (c) shows that this isochron indeed spirals around the

curve Ws(0) that connects the two equilibria q− and q+. This must indeed be the case because
both branches of Wu(0) accumulate on Γs and so intersect I0(Γs) near Γs infinitely many times.
These intersections repeat at every integer multiple of the period TΓ

s of Γs by the definition
of asymptotic phase Equation (4), meaning that I0(Γs) is required to intersect each branch of

Wu(0), alternatingly and infinitely many times. Hence, I0(Γs) spirals around Ws(0) and its
strong contraction towards Ws(0) is governed by the unstable eigenvalue of 0.

In region F , after the pitchfork bifurcation PF, the repellors q± and their basins have dis-
appeared and 0 is now repelling. Hence, 0 is the only point in the boundary of A(Γs) and
the isochrons of I(Γs) accumulate on this point. This is illustrated in Figure 15, where pan-
els (a) and (b) show twenty phase-uniform isochrons of I(Γs) and only I0(Γs) (dark blue) in the
(rotated) (v,w)-plane, respectively; also shown here is the strong unstable manifold Wuu(0) of
0, which is the continuation of Wu(0) in region E past PF into region F . Panel (c) shows the
arclength ` along I0(Γs) against its v-coordinate. In region F the isochrons of I(Γs) converge (as
curves) to the point 0; in the process they intersect Wuu(0) alternatingly. Notice the stronger
contraction in the strong unstable direction, compared to the rather weak unstable direction
(along which the nearby pitchfork bifurcation PF occurs). This difference in the moduli of the
real eigenvalues of 0 induces a local time-scale separation leading to an area of phase sensi-
tivity (where I(Γs) is relatively dense) near the weak eigenspace of 0. Hence, the spiraling of
I0(Γs) towards 0 is difficult to see in either of the phase portraits of panels (a) and (b), but it
is evident from the arclength plot in panel (c). Note that, as a consequence of the repellor 0
being hyperbolic, the arclength of I0(Γs) on this side of Γs is finite, namely, `max ≈ −3.138 as
was determined by fitting the envelope of the folds with respect to v. Comparison between the
panels of Figure 14 and Figure 15 shows that the foliation I(Γs) changes continuously through

the pitchfork bifurcation PF. In the process, the boundary Ws(0) shrinks from a curve of finite
arclength to a point at PF, beyond which the arclengths of the isochrons in I(Γs) inside Γs

become finite.

3.7 Transition of the tangency orbits O±

As was discussed in the previous sections, quadratic tangencies between forward-time and
backward-time isochron foliations occur in regions B–D along the tangency orbits O±, and
they are associated with sharp turns of one isochron foliation with respect to the other. Fig-
ure 16 presents series of sketches that illustrate how the tangency orbits O± emerge, bifurcate
and then disappear again in the transitions from regions B–E. Each panel shows (in rotated
coordinates) the invariant objects of the representative phase portraits together with O±, each
labeled to indicate their respective bifurcation or region. Note that, in Figure 16, we are not
showing the isochron foliations that become tangent along O±; they can be found in Figure 3
and subsection 3.3 to subsection 3.5.

The orbits O± are created in the bifurcation SNL where a non-hyperbolic saddle-node peri-
odic orbit Γ emerges. As SNL is approached from within region A, the two branches of Ws(0)
develop an increasing number of rotations near where Γ is about to emerge before going off to
infinity. At the bifurcation SNL the stable manifold Ws(0), and with it the basins of attraction
A(q±), are now confined to lie inside Γ, rather than extending to infinity. As a result, there
are two orbits O± along which one finds tangencies between the forward-time isochrons of q±
and the backward-time isochrons of Γ (which exist inside Γ as the limits of the isochrons of
the hyperbolic periodic orbit Γu in region B). The two tangency orbits O± are each others
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Figure 16: Sketches of the phase portraits of Equation (10) that illustrate the changes of the
isochron foliation tangency orbits O± due to the bifurcation sequence studied. Phase portraits
are sketched in the rotated (v,w)-coordinates and show all relevant invariant objects; see Figure 2
for details of the labeling. Also shown in each sketch are the trajectories O± along which the
isochrons of the respective forward-time and backward-time isochron foliations are tangent.
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symmetric counterparts and spiral into q± in forward time and accumulate on Γ in backward
time, respectively. In region B the non-hyperbolic periodic orbit Γ has split into Γu inside Γs,
and O± now accumulate on Γu in backward time; inside the unstable periodic orbit Γu, the
situation is geometrically as at the bifurcation SNL, with a quadratic tangency between I(q±)
and U(Γu) along O±.

As the homoclinic bifurcation HOM is approached, the stable and unstable manifolds Ws(0)
and Wu(0) as well as the unstable periodic orbit Γu and the tangency orbits O± approach
each other and pass very close to 0. At HOM, all these objects form a lemniscate inside Γu,
as is sketched in Figure 16. In region C the curves Ws(0) and Wu(0) have exchanged their
relative positions, leading to the creation of the unstable periodic orbits Γu± on which Ws(0)
and the tangency orbits O± now accumulate in backward time; at the same time Wu(0) and
O± accumulate on Γs in forward time. The quite spectacular effect of the transition at HOM is
that the tangency along O± is now between U(Γs) and U(Γu±), while I(q±) and U(Γu±) intersect
transversely inside Γu.

At H the equilibria q± become hyperbolic repellors as the periodic orbits Γu± disappear.
As a result, the two branches of the stable manifold Ws(0) and the tangency orbits O± now
converge to q±. Since the equilibria q± are foci, along O± one finds in region D (as well as
at H) the quadratic tangencies of the foliation U(Γs) and U(q±). Finally, at the transition
CC the eigenvalues of q± become real and these equilibria lose their spiraling nature. Hence,
the foliation U(Γu±), and with it the tangency orbits O±, have disappeared in region E. Our
numerical investigations suggest that the limits of O± are two orbits tangent to the emerging
eigendirection of the weaker real eigenvalue in region E, and approaching q± from the direction
opposite of Ws(0); two such orbits are shown as grey curves in Figure 16.

4 Summary and discussion

We presented a case study of foliations of basins of attraction and repulsion by forward-time and
backward-time isochrons, respectively, in a planar vector field. The emphasis was on the inter-
actions of two such foliations in regions where both forward-time and backward-time isochrons
exist, and how such interactions change during a quite typical sequence of bifurcations. We
found that the respective isochron foliations associated with a pair of basins that wind onto a
periodic orbit are forced to have quadratic tangencies along a unique tangency orbit in each of
the winding basins. For the vector field we considered, the two winding basins are related by a
rotational symmetry, but this is not actually a requirement from the topological point of view.
The main point is that the isochrons of the attractor/repellor in any winding basin necessarily
need to have tangencies with the other isochrons of the periodic orbit onto which it accumulates.
As a result, one finds sharper and sharper turns in the tiny ‘channel’ of the winding basin. We
showed how winding basins arise in a saddle-node or fold of periodic orbits and then bifurcate
in a homoclinic bifurcation. The latter transition is quite spectacular, in that winding basins of
attraction effectively change into winding basins of repulsion, with an associated change of the
properties of the isochron foliations involved. The isochron foliation of the winding basin is lost
after a Hopf bifurcation when the bifurcating equilibrium ceases to spiral.

This scenario constitutes a second mechanism for generating non-transverse isochron fo-
liations with structurally stable quadratic tangencies, which is markedly different from that
reported in [17] where such tangencies are generated in a cubic isochron foliation tangency or
CIFT of two initially transverse foliations. A manifestation of the difference between these two
mechanisms is the fact that we find a single tangency orbit in each basin, while a CIFT creates
a pair of tangency orbits. Note further that a CIFT does not require the basin to be winding.
The interest in quadratic isochron tangencies along tangency orbits is that they explain, as we
have demonstrated, very sharp turns of isochrons as, for example, a spiraling equilibrium is
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approached. Such turns, also refered to as boomerang [22] or Z-shaped turns [20], are of interest
for explaining observed phase sensitivity (regions of high isochron density). The sharp turns
identified by Langfield et al. [15, 16, 17] occur along a pair of tangency orbits produced by the
nearby occurrence of a CIFT. For example, sharp or boomerang turns of isochrons observed in
a reduced Hodgkin–Huxley system in [22, Figures 3, 7, and 9], as well as in Moris–Lecar models
in [10, Figure 4], in [13, Figures 3–4] and in [24, Figure 13], appear to be indicative of isochron
foliation tangencies induced by a CIFT as shown in [17, Figures 5, 7, 8, and 10].

In contrast, winding basins and the associated non-transversality of isochron foliations along
a single tangency orbit emerge as generators of a new type of phase sensitivity. While we
considered a constructed example planar vector field, sharp turns with the geometry presented
here must be expected in mathematics models more generally, including those arising in different
areas of application. For example, Shaw et al. present sharp turns in [27, Figure 9], also for
a constructed model, that appear to be induced by the basin boundary. Furthermore, the
sharp turns present in the cross-sections of two-dimensional isochrons of the Hindmarsh–Rose
model shown by Mauroy et al. in [20] appear to be organized geometrically as described here.
Specifically, Figures 2(a), 2(b), 9, and 11 of [20] show isochrons with geometry similar to that
seen in the basins U(Γu+) in Figure 9(c), I(q+) in Figures 4 and 6, I(Γs) in Figure 13, and I(q+)
in Figure 6(d), respectively. In particular, this comparison shows that the findings regarding
interacting isochron foliations presented here have implications for the possible geometry of
isochrons of higher dimensions. Indeed, the study of interacting foliations of two-dimensional
isochrons is an interesting and challenging topic for future research.

The work presented here has been made possible by formulating the computation of isochrons
in terms of finding solutions to suitably defined two-point boundary value problems. This ap-
proach from [15, 16, 17, 18, 22] has been refined and implemented in the package CoCo [4, 5]
as part of this project. Ongoing work that will be reported elsewhere concerns finding the
foliations by isochrons of two-dimensional stable and unstable manifolds of periodic orbits in
three-dimensional vector fields. The generalization of the BVP approach to the computation of
two-dimensional isochrons in a three-dimensional phase space remains an interesting challenge.
In turn, such computational techniques can be expected to contribute to addressing the theo-
retical challenge of classifying properties and interactions of isochron foliations beyond the case
of planar systems.
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[8] E. A. González-Velasco. Generic properties of polynomial vector fields at infinity. Trans-
actions of the American Mathematical Society, 143:201–222, 1969.

[9] J. Guckenheimer. Isochrons and phaseless sets. Journal of Mathematical Biology, 1(3):259–
273, 1975.

[10] A. Guillamon and G. Huguet. A computational and geometric approach to phase resetting
curves and surfaces. SIAM Journal on Applied Dynamical Systems, 8(3):1005–1042, 2009.

[11] J. Hannam, B. Krauskopf, and H. M. Osinga. Global isochrons of a planar system near
a phaseless set with saddle equilibria. The European Physical Journal Special Topics,
225(13):2645–2654, 2016.

[12] M. W. Hirsch, C. C. Pugh, and M. Shub. Invariant manifolds. Bulletin of the American
Mathematical Society, 76(5):1015–1019, 1970.

[13] G. Huguet and R. de la Llave. Computation of limit cycles and their isochrons: Fast algo-
rithms and their convergence. SIAM Journal on Applied Dynamical Systems, 12(4):1763–
1802, 2013.

[14] M. C. Irwin. A classification of elementary cycles. Topology, 9(1):35–47, 1970.

[15] P. Langfield. The Geometry of Isochrons in Planar Systems. phdthesis, The University of
Auckland, 2015.

[16] P. Langfield, B. Krauskopf, and H. M. Osinga. Solving Winfree’s puzzle: The isochrons in
the FitzHugh–Nagumo model. Chaos: An Interdisciplinary Journal of Nonlinear Science,
24(1):013131, 2014.

36



[17] P. Langfield, B. Krauskopf, and H. M. Osinga. Forward-time and backward-time isochrons
and their interactions. SIAM Journal on Applied Dynamical Systems, 14(3):1418–1453,
2015.

[18] P. Langfield, B. Krauskopf, and H. M. Osinga. A continuation approach to computing phase
resetting curves. In O. Junge, O. Schütze, F. G., S. Ober-Blöbaum, and K. Padberg-Gehle,
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Figure 17: Compactified phase portraits of Equation (10) in regions A, B, and F . The unit
circle S1 represents the direction of escape to infinity and consists two repellors q∞ ( ), two
saddles p∞

± ( ) and their stable manifolds Ws(p∞
±) (blue curves). Also shown are the unstable

manifolds Wu(p∞
±) (orange curves) and the respective finite invariant sets q± ( ) and 0 ( ), with

manifolds Ws(0) (light-blue curve), Wu(0) (orange curve) and Wuu(0) (orange curve), and the
periodic orbit Γs (blue curve); compare with Figure 2.

A Dynamics at infinity

The phase portraits near infinity can be studied by compactifying phase space. This is achieved
via Poincaré compactification [8, 21], which maps R2 diffeomorphically to the open unit disc D2

such that its boundary S1 represents the direction of approach or departure from infinity; see
also [11] for more details and explicit formulas. This coordinate change preserves the geometry
of invariant objects and results in a continuous vector field defined on a (bounded) closed unit
disc D2 ∪ S1. Phase portraits in the compactification are equivalent to those in the original
system, but with a non-linear rescaling of time; here, points of S1 correspond to direction of
escape to infinity of the original system, which are determined by the higher-order terms.

Figure 17 shows compactified phase portraits in regions A, B, and F . The invariant objects
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on the unit circle S1 representing infinity are unaffected by the linear terms of Equation (10).
Since the bifurcation parameter a only appears in the linear terms of Equation (10), the dynamics
on S1 remain unchanged throughout regions A–F . On S1 there are two nodal repellors q∞

±
(0,±1) and two saddles p∞

± at (±1, 0); their stable invariant manifolds Ws(p∞
±) accumulate onto

q∞
± and trace out S1. The presence of the equilibria q∞

± and p∞
± on S1 mean that trajectories

of Equation (10) do not spiral towards infinity, but escape to infinity (in forward or backward
time) along the directions represented by the points q∞

± and p∞
±. Hence, the only isochron

foliations that we need to concern ourselves with are those of finite invariant objects.
The compactified phase portrait of region A in Figure 17 shows that the two branches of

Ws(0) accumulate in backward time to the repelling equilibria q∞
− and q∞

+, respectively. This
shows that the curve Ws(0), which forms the finite part of ∂A(q±), winds around the equilibria
0 and q± only finitely many times. As a result, the (shaded) basin A(q−) encompasses most of
the right-hand side of the image; in particular, the semicircle Ws(p∞

+) is also in the boundary
∂A(q−), and the equivalent statement is true for A(q−). Hence, the isochron foliations I(q±)
must accumulate onto both finite and non-finite invariant objects. Notice further that each
basin A(q±) contains the unstable manifold Wu(p∞

∓) which, hence, converges in forward time to
q±.

In the compactified phase portrait of region B in Figure 17 the pair of periodic orbits Γs

and Γu now surround 0 and q±. Hence, Ws(0) accumulates onto Γu in backward time and is no
longer able to reach the points q∞

±, so that we now have a pair of winding basins of attraction
A(q±) inside of Γu. Similarly, the unstable manifolds Wu(p∞

±) accumulate onto Γs and no longer

reach the attractors q∓. Note that the basin A(Γs) outside Γs is bounded by the circle S1, that

is, by the closure Ws(p∞
−) ∪Ws(p∞

+). The situation outside the stable periodic orbit Γs remains
unchanged in the transitions through regions regions C to F , as is illustrated in Figure 17
with the compactified phase portrait of region F . Hence, any qualitative changes of isochron
geometry from region B onwards occur strictly inside Γs.

B Table of isochron properties across the transition

We summarize the transitions from regions A–F in a compact way in Table 3 (continued over
three pages) in terms of the properties of the invariant objects and the isochron foliations in
the different basins. This information is very dense and will be very hard to digest on a stand-
alone basis; rather this summary is provided as a look-up table that the reader may wish to
consult in conjunction with the detailed explanations in section 3. Table 3 is organized into
subtables for each region, separated by subtables for each of the transitions between them.
Each subtable for a region presents all equilibria and periodic orbits, the invariant manifolds of
saddle equilibria, the basins of attractors/repellors and their boundaries, and the properties of
the relevant isochron foliations; we then list the intersections of basins of attraction and repulsion
in which isochron foliations coexist, and denote whether the forward-time and backward-time
isochron foliations are transverse or have quadratic tangencies. Each subtable for a transition
indicates the bifurcation in terms of the invariant objects that characterize it, and then details
the associated changes to invariant objects, basins and isochron foliations.
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Table 3: Summary of the phase portraits for regions A–F and the transitions between them.
The subtables for each region present the respective label (first column), the invariant objects
(second column), and their invariant manifolds for saddles and basins of attraction/repulsion,
their boundaries and any isochron foliations (third column); we also indicate whether basins are
unbounded or winding and list separately the intersection sets with interacting isochron folia-
tions, where −t denotes transverse and 6−t tangent foliations. The subtables for each transitions
between regions show the transition and bifurcating objects (first column) and then list the
respective changes to the relevant invariant objects and foliations.

A 0 Ws(0), Wu(0)

p∞
± Ws(p∞

±), Wu(p∞
±)

q∞
± R(q∞

±) (unbounded)

∂R(q∞
±) = q− ∪ q+ ∪Wu(0) ∪Wu

±(p∞
−) ∪Wu

±(p∞
+)

q± I(q±) ⊂ A(q±)A(q±) (unbounded)

∂A(q±)A(q±) = Ws(0) ∪Ws(p∞
∓) = Ws(0) ∪ q∞

− ∪ q∞
+ ∪Ws(p∞

∓)

A(q−)A(q−) ∩R(q∞
±) I(q−)

A(q+)A(q+) ∩R(q∞
±) I(q+)

A↔ B ∅ ↔ Γs ∅ ↔ I(Γs)

SNL ∅ ↔ Γu ∅ ↔ U(Γu) lim
t→−∞

Ws(0) : q∞
± ↔ Γu

Γs = Γu A(q±)A(q±) : unbounded↔ winding basins

∂A(q±)A(q±) : Ws(0) ∪Ws(p∞
∓)↔Ws(0)

B 0 Ws(0), Wu(0)

q± I(q±) ⊂ A(q±)A(q±) (winding basins)

∂A(q±)A(q±) = Ws(0) = Ws(0) ∪ Γu

Γu U(Γu) ⊂ R(Γu)

∂R(Γu) = Wu(0) ∪· Γs = q− ∪ q+ ∪Wu(0) ∪· Γs

Γs I(Γs) ⊂ A(Γs)A(Γs)

∂A(Γs)A(Γs) = Γu ∪· ∞ = Γu ∪· q∞
− ∪ q∞

+ ∪Ws(p∞
−) ∪Ws(p∞

+)

A(q±)A(q±) ∩R(Γu) I(q±) 6−t U(Γu)

A(Γs)A(Γs) ∩R(Γu) I(Γs)−t U(Γu)

B ↔ C Γu ↔ ∅ U(Γu)↔ ∅ lim
t→∞

Wu(0) : q± ↔ Γs

HOM ∅ ↔ Γu± ∅ ↔ U(Γu±) lim
t→−∞

Ws(0) : Γu ↔ Γu±

Ws(0) = Wu(0) A(q±)A(q±) : winding basins↔ disks

∂A(q±)A(q±) : Ws(0)↔ Γu±
∂A(Γs)A(Γs) : Γu ∪· ∞ ↔Ws(0) ∪· ∞
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Table 3: continued.

C 0 Ws(0), Wu(0)

q± I(q±) ⊂ A(q±)A(q±)

∂A(q±)A(q±) = Γu±
Γu± U(Γu±) ⊂ R(Γu±) (winding basins)

∂R(Γu±) = q± ∪· Wu(0) = q± ∪· Wu(0) ∪ Γs

Γs I(Γs) ⊂ A(Γs)A(Γs)

∂A(Γs)A(Γs) = Ws(0) ∪· ∞ = Ws(0) ∪ Γu− ∪ Γu+ ∪· ∞
A(q±)A(q±) ∩R(Γu±) I(q±)−t U(Γu±)

A(Γs)A(Γs) ∩R(Γu±) I(Γs) 6−t U(Γu±)

C ↔D Γu± ↔ ∅ U(Γu±)↔ ∅ lim
t→−∞

Ws(0) : Γu± ↔ q±

H A(q±)A(q±)↔ ∅ I(q±)↔ ∅ q± : attractor↔ repellor

hyperbolic q± R(q±)↔ ∅ ∅ ↔ U(q±)

D 0 Ws(0), Wu(0)

q± U(q±) ⊂ R(q±) (winding basins)

∂R(q±) =Wu(0)= Wu(0) ∪ Γs

Γs I(Γs) ⊂ A(Γs)A(Γs)

∂A(Γs)A(Γs) = Ws(0) ∪· ∞ = q− ∪ q+ ∪Ws(0) ∪· ∞
A(Γs)A(Γs) ∩R(q±) I(Γs) 6−t U(q±)

D ↔ E I(q±)↔ ∅ q± : focus↔ node

CC

q± : repeated eigenvalue and eigenvector

E 0 Ws(0), Wu(0)

q± R(q±) (winding basins)

∂R(q±) =Wu(0)= Wu(0) ∪ Γs

Γs I(Γs) ⊂ A(Γs)A(Γs)

∂A(Γs)A(Γs) = Ws(0) ∪· ∞ = q− ∪ q+ ∪Ws(0) ∪· ∞
A(Γs)A(Γs) ∩R(q±) I(Γs)

E ↔ F q± ↔ ∅ R(q±)↔ ∅ 0 : saddle↔ repellor

PF ∅ ↔ R(0) Wu(0)↔Wuu(0)

0 = q±
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Table 3: continued.

F 0
R(0), Wuu(0)

∂R(0) = Γs

Γs I(Γs) ⊂ A(Γs)A(Γs)

∂A(Γs)A(Γs) = 0 ∪· ∞
A(Γs)A(Γs) ∩R(0) I(Γs)
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