A Survey of Weighted Polynomial Approximation with Exponential Weights

D. S. Lubinsky

1 January 2007

Abstract

Let W : R → (0, 1] be continuous. Bernstein’s approximation problem, posed in 1924, deals with approximation by polynomials in the weighted uniform norm f → ‖fW ‖_{L∞(R)}. The qualitative form of this problem was solved by Achieser, Mergelyan, and Pollard, in the 1950’s. Quantitative forms of the problem were actively investigated starting from the 1960’s. We survey old and recent aspects of this topic, including the Bernstein problem, weighted Jackson and Bernstein Theorems, Markov–Bernstein and Nikolskii inequalities, orthogonal expansions and Lagrange interpolation. We present the main ideas used in many of the proofs, and different techniques of proof, though not the full proofs. The class of weights we consider is typically even, and supported on the whole real line, so we exclude Laguerre type weights on [0, ∞). Nor do we discuss Saff’s weighted approximation problem, nor the asymptotics of orthogonal polynomials.

MSC: 41A10, 41A17, 41A25, 42C10 Keywords: Weighted approximation, polynomial approximation, Jackson–Bernstein theorems

Contents

1 Bernstein’s Approximation Problem 2

2 Some Ideas for the Resolution of Bernstein’s Problem 6

3 Weighted Jackson and Bernstein Theorems 9

4 Methods for Proving Weighted Jackson Theorems 19 4.1 Freud and Nevai’s One-sided L_1 Method . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2 Freud’s Method involving de la Vallée Poussin Means . . . . . . . . . . . . . . . . . . 24 4.3 The Kroó–Szabados Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 4.4 The Piecewise Polynomial Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5 Weights Close to exp(−|x|) 36

Surveys in Approximation Theory Volume 3, 2007. pp. 1–105.

Copyright © 2006 Surveys in Approximation Theory. ISSN 1555-578X All rights of reproduction in any form reserved. 1

6 Restricted Range Inequalities 39

7 Markov–Bernstein Inequalities 44

8 Methods to Prove Markov–Bernstein Inequalities 48 8.1 Freud’s Method via de la Vallée Poussin Means . . . . . . . . . . . . . . . . . . . . . 48 8.2 Replacing the Weight by a Polynomial . . . . . . . . . . . . . . . . . . . . . . . . . . 51 8.3 Nevai–Totik’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 8.4 Dzrbasjan/Kroó–Szabados’ Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 8.5 Levin–Lubinsky’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 8.6 Sieved Markov–Bernstein Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

9 Nikolskii Inequalities 61

10 Orthogonal Expansions 62 10.1 Mean Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 10.2 Uniform and Pointwise Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

11 Lagrange Interpolation 68 11.1 Mean Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 11.2 Lebesgue Functions and Pointwise Convergence . . . . . . . . . . . . . . . . . . . . . 78

12 Marcinkiewicz–Zygmund Inequalities 81 12.1 Nevai’s Method for Forward Quadrature Sums . . . . . . . . . . . . . . . . . . . . . 82 12.2 The Large Sieve Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 12.3 The Duality Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 12.4 The Duality Method for Converse Quadrature Sum estimates . . . . . . . . . . . . . 85 12.5 König’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

13 Hermite and Hermite–Féjer Interpolation 89

14 Acknowledgement 90

15 Summary of Notation 90

References 94

1 Bernstein’s Approximation Problem

The first quarter of the twentieth century was a great period for approximation theory. In that time, Dunham Jackson and Sergei Bernstein completed their great works on the degree of approximation. Müntz proved his theorem on approximation by powers � x^{λj}

�_∞ j=0, solving a problem of Bernstein, Faber introduced Faber polynomials and Faber series, and Szegő was developing the theory of orthogonal polynomials on the unit circle. Right at the end of that quarter, in 1924, Bernstein [4] came up with a problem that became known as Bernstein’s approximation problem, and whose ramifications continue to be explored to this day.

One can speculate that one day Bernstein must have felt confined in approximating on bounded intervals, and so asked: by Weierstrass, we know that we can uniformly approximate any continuous function on a compact interval by polynomials. Are there analogues on the whole real line? The first thing to deal with is the unboundedness of polynomials on unbounded intervals. Clearly we need to damp the growth of a polynomial at infinity, by multiplying by a weight. For example, consider P (x) exp(−x^2), x ∈ R,

where P is a polynomial, or more generally,

P (x)W (x).

Here W must decay sufficiently fast at ±∞ to counteract the growth of every polynomial. That is, lim |x|→∞

x^nW (x) = 0, n = 0, 1, 2, . . . . (1.1)

What can be approximated, and in what sense? This problem is known as Bernstein’s approximation problem. A more precise statement is as follows: let W : R → [0, 1] be measurable. When is it true that for every continuous f : R → R with lim |x|→∞

(fW )(x) = 0,

there exists a sequence of polynomials {P_n}^∞_{n=1} with

lim_{n→∞} ‖(f − P_n)W ‖_{L∞(R)} = 0?

If true we then say that the polynomials are dense, or that Bernstein’s problem has a positive solution. The restriction that fW has limit 0 at ±∞ is essential: if x^kW (x) is bounded on the real line for every non-negative k, then x^kW (x) has limit 0 at ±∞ for every such k, and so the same is true of every weighted polynomial P W . So we could not hope to approximate, in the uniform norm, any function f for which fW does not have limit 0 at ±∞.

When W vanishes on a set of positive measure, or is not continuous, extra complications ensue. So in the sequel, we shall assume that W is both positive and continuous. The more general case is surveyed at length in [67]. The case where we approximate only on a countable set of points is included in that study.

In his early works on the problem, Bernstein often assumed that 1/W is the restriction to the real line of an even entire function with positive (even order) Maclaurin series coefficients. Other major contributors were N. I. Akhiezer, K. I. Babenko, L. de Branges, L. Carleson, M. M. Dzrbasjan, T. Hall, S. Izumi, T. Kawata, S. N. Mergelyan, and V. S. Videnskii. Yes, that’s Lennart Carleson, and the same Mergelyan of Mergelyan Theorem fame (on uniform approximation by polynomials on compact subsets of the plane).

Bernstein’s approximation problem was solved independently by Achieser, Mergelyan, and Pollard, in the 1950’s. Mergelyan [67, p. 147] introduced a regularization of the weight

Ω(z) = sup � |P (z)| : P a polynomial and sup_{t∈R}

|P (t)W (t)| √ 1 + t^2 ≤ 1 � .

Theorem 1.1 (Mergelyan) Let W : R → (0, 1] be continuous and satisfy (1.1). There is a positive answer to Bernstein’s problem iff �_∞ −∞ log Ω(t) 1 + t^2 dt = ∞.

In another formulation, there is a positive answer iff

Ω(z) = ∞

for at least one non-real z (and then Ω(z) = ∞ for all non-real z). We shall outline the proof of this in the next section.

Akhiezer (and perhaps Bernstein?) [67, p. 158] used instead the regularization

W_∗(z) = sup � |P (z)| : P a polynomial with ‖P W ‖_{L∞(R)} ≤ 1 � . Theorem 1.2 (Akhiezer) Let W : R → (0, 1] be continuous and satisfy (1.1). There is a positive answer to Bernstein’s problem iff �_∞ −∞ log W_∗(t) 1 + t^2 dt = ∞.

Finally, Pollard [161], [67, p. 164] showed:

Theorem 1.3 (Pollard) Let W : R → (0, 1] be continuous and satisfy (1.1). There is a positive answer to Bernstein’s problem iff both �_∞ −∞ log(1/W (t)) 1 + t^2 dt = ∞

and there exists a sequence of polynomials {P_n} such that for each x,

lim_{n→∞} P_n(x)W (x) = 1,

while sup_{n≥1} ‖P_nW ‖_{L∞(R)} < ∞.

Pollard later [162] reformulated this as sup �_∞ −∞ log |P (x)| 1 + x^2 dx : P a polynomial with ‖P W ‖_{L∞(R)} ≤ 1 � = ∞.

Of course, these are not very transparent criteria. When the weight is in some sense regular, simplifications are possible.

Theorem 1.4 Let W be even, and log (1/W (e^x)) be convex. There is a positive answer to Bernstein’s problem iff �_∞ 0 log (1/W (x)) 1 + x^2 dx = ∞. (1.2)

This result was proved by Lennart Carleson in 1951 [10], although Misha Sodin pointed out to the author that it appeared in a 1937 paper of Izumi and Kawata [51]. On perusing the latter paper, I agree that it is clearly implicit in the results there, though not explicitly stated. I have also seen the result attributed to M. Dzrbasjan. The reader should conclude that the “history” presented in this survey is by no means authoritative, but merely what could be deduced (often from secondary sources) in the available time.

Corollary 1.5 Let α > 0 and W_α(x) = exp(−|x|^α). (1.3)

There is a positive answer to Bernstein’s problem iff α ≥ 1.

As regards necessary conditions, Hall showed that (1.2) is necessary for density. When density fails, only a limited class of entire functions can be approximated [70]. A comprehensive treatment of this topic is given in Koosis’ book [67]. A concise elegant exposition appears in [86, p. 28 ff.]. A more abstract solution to Bernstein’s problem was given by Louis de Branges (of Bieberbach fame) in 1959 [29]. The ideas in that paper have had several recent ramifications [174], [175].

What about extensions to L_p? At least when W is continuous, the answer is the same:

Theorem 1.6 Let W : R → (0, 1] be continuous and satisfy (1.1). Let p ≥ 1. Then any of the conditions of Achieser, Mergelyan, or Pollard is necessary and sufficient so that for every measurable f : R → R with ‖fW ‖_{Lp(R)} < ∞, there exist polynomials {P_n} with

lim_{n→∞} ‖(f − P_n)W ‖_{Lp(R)} = 0.

There is even a generalization of this theorem to weighted Müntz polynomials [188]. As regards the proof of the L_p case, let us quote Koosis [67, p. 211]: “In general, in the kind of approximation problem considered here, (that of the density of a certain simple class of functions in the whole space), it makes very little difference which L_p norm is chosen. If the proofs vary in difficulty, they are hardest for the L_1 norm or the uniform norm.” Indeed, in his 1955 paper [162], Pollard added about two pages to deal with the L_p case.

In the special case of L_2, there are connections to the classical moment problem. Let {s_k} be a sequence of real numbers. If there is a positive measure σ on the real line such that

s_k =

�_∞ −∞ t^kdσ(t), k = 0, 1, 2, . . . , (1.4)

then we say that the Hamburger Moment Problem for {s_k} has a solution. If there is only one solution σ, of the equations (1.4), we say the moment problem is determinate. Existence of σ is equivalent to positivity of certain determinants. The determinacy of the moment problem is often a deeper and more difficult issue. If we define

Σ(z) = sup � |P (z)|^2 : P a polynomial with

�_∞ −∞ |P |^2dσ ≤ 1 � , then a necessary and sufficient condition for determinacy is [67, p. 141] �_∞ −∞ log^+ Σ(t) 1 + t^2 dt = ∞.

Here log^+ x := max {0, log x}. In particular, for the measure

dσ(t) = exp(−|t|^α)dt,

one can use this to show that the corresponding moment problem is determinate iff α ≥ 1. Recall that Bernstein’s approximation problem also had a positive solution iff α ≥ 1.

There are still closer connections to Bernstein’s problem [38, Thm. 4.3, p. 77]. It is noteworthy that this was obtained by M. Riesz in 1923 even before Bernstein’s problem was formulated.

Theorem 1.7 Suppose that σ is a positive measure on the real line, with finite moments {s_k}, as in (1.4). Suppose, moreover, that σ has no point masses, so that x →

�_x −∞ dσ is a continuous function of x. Then the moment problem associated with {s_k} is determinate iff for every σ-measurable function f with � f^2dσ finite, and for every ε > 0, there exists a polynomial P such that �_∞ −∞ (f − P )^2dσ < ε.

Without assuming the continuity of � dσ, determinacy still implies density of the polynomials [38, p. 74 ff.]. There is also an important result on one-sided approximation [38, Theorem 3.3, p. 73]:

Theorem 1.8 Suppose that σ is a positive measure on the real line, with finite moments {s_k}, as in (1.4). Suppose moreover, that the moment problem associated with {s_k} is determinate. Let ε > 0 and f : R → R be a function that is Riemann–Stieltjes integrable against dσ over every finite interval, and improperly Riemann integrable over the whole real line, and of polynomial growth at ∞. Then there exist polynomials R and S such that

R ≤ f ≤ S in R

and �_∞ −∞ (S − R)dσ < ε.

Some recent work related to Bernstein’s approximation problem and its L_2 analogue appear in [6], [7], [8], [79], [155], [157], [163], [164], [165], [173], [174], [175], [188].

2 Some Ideas for the Resolution of Bernstein’s Problem

In this section, we present some of the ideas used by Akhiezer, Mergelyan, Pollard, to resolve Bernstein’s Approximation problem. It’s relatively easy to derive the necessary parts of the conditions. We follow [67, p. 147 ff.] and [86, p. 28 ff.]. Recall Mergelyan’s regularization of W :

Ω(z) = sup � |P (z)| : P a polynomial and sup_{t∈R}

|P (t)W (t)| √ 1 + t^2 ≤ 1 � . In the sequel, C, C_1, C_2, . . . denote positive constants independent of n, x, t and polynomials P of degree ≤ n. The same symbol does not necessarily denote the same constant in different occurrences. We write C = C(α) or C ≠ C(α) to respectively show that C depends on α, or does not depend on α. We use the notation ∼ in the following sense: given sequences of real numbers {c_n} and {d_n}, we write c_n ∼ d_n

if for some positive constants C_1, C_2 independent of n, we have

C_1 ≤ c_n/d_n ≤ C_2.

Lemma 2.1 In order that Bernstein’s approximation problem has a positive solution, it is necessary that for all z ∈ C\R, Ω(z) = ∞. (2.1)

Proof. Suppose that Bernstein’s problem has a positive solution. Fix z ∈ C\R. Since the function f(t) = (t − z)^{−1} is continuous, and fW has limit 0 at ∞, we can find polynomials {R_n} such that

δ_n = ‖(f − R_n)W ‖_{L∞(R)} → 0, (2.2)

as n → ∞. Let P_n(t) =

1 − (t − z)R_n(t)

δ_n = t − z δ_n

(f − R_n)(t).

Then for all t ∈ R, � � � P^n(t) (t − z)

W (t) � � = 1

δ_n

|f − R_n|(t)W (t) ≤ 1.

Next, for some constant C independent of t, we have � � � t − z t − i � � � ≤ C, t ∈ R.

Then sup_{t∈R}

|P_n(t)W (t)| √ 1 + t^2

= sup_{t∈R} � � � t − z t − i � � � � � � P_n(t) (t − z)

W (t) � � � ≤ C.

It follows that P_n/C is one of the polynomials considered in forming the sup in Ω(z), so

Ω(z) ≥ � � � P_n(z) C � � � = 1 δ_nC

→ ∞,

n → ∞.

Let’s think how we can reverse this to show the condition is also sufficient. If Ω(z) = ∞, then reversing the above argument, we see that there are polynomials {R_n} satisfying (2.2), with f(t) = (t − z)^{−1}. If Ω(z) = ∞ for all z, we can approximate linear combinations

f(t) = m� j=1 c_j t − z_j

by polynomials in the norm ‖ · W ‖_{L∞(R)}. For small ε, we can then approximate 1 2ε � 1 (t − z) − ε − 1 (t − z) + ε � = 1 (t − z)^2 − ε^2 and hence also 1/(t − z)^2. Iterating this, we can approximate 1/(t − z)^m for any non-real z, and m ≥ 1. We can then approximate polynomials in 1/(t − z). The latter can in turn uniformly approximate on the real line, any continuous function f(t) that has limit 0 at ∞. (Use Weierstrass’ Theorem and make a transformation x = 1/(t − c).) Since W ≤ 1, we then obtain a positive solution to Bernstein’s problem, for continuous functions that have limit 0 at ∞. This class of continuous functions is big enough to approximate arbitrary ones for the Bernstein problem. For full details, see [67, p. 148 ff. ].

Next, we show:

Lemma 2.2 In order that Bernstein’s approximation problem has a positive solution, it is necessary that �_∞ −∞ log (1/W ) (t) 1 + t^2 dt = ∞. (2.3)

Proof. The basic tool is the inequality

log |P (i)| ≤ 1 π �_∞ −∞ log |P (t)| 1 + t^2 dt, (2.4)

valid for all polynomials P . To prove this, suppose first that P has no zeros in the closed upper half-plane. We can then choose an analytic branch of log P there, and the residue theorem gives

log P (i) = 1 π �_∞ −∞ log P (t) 1 + t^2 dt. Taking real parts, we obtain (2.4), with equality instead of inequality. When P has no zeros in the upper half-plane, but possibly has zeros on the real axis, a continuity argument shows that (2.4) persists, but with equality. Finally when P (z) contains factors (z − a) with a in the upper half-plane, we use

log |a − i| ≤ log |a − i| = 1 π �_∞ −∞ log |a − t| 1 + t^2 dt = 1 π �_∞ −∞ log |a − t| 1 + t^2 dt and divide such factors out from P . So we have (2.4). Now if

sup_{t∈R}

|P (t)W (t)| √ 1 + t^2

≤ 1, (2.5)

we obtain 1 π �_∞ −∞ log |P (t)| 1 + t^2 dt ≤ 1 π �_∞ −∞ log (1/W (t)) 1 + t^2 dt + 1 2π �_∞ −∞ log � 1 + t^2 � 1 + t^2 dt and hence log |P (i)| ≤ 1 π �_∞ −∞ log (1/W (t)) 1 + t^2 dt + 1 2π �_∞ −∞ log � 1 + t^2 � 1 + t^2 dt. Taking sup’s over all P satisfying (2.5) gives

log Ω(i) ≤ 1 π �_∞ −∞ log (1/W (t)) 1 + t^2 dt + 1 2π �_∞ −∞ log � 1 + t^2 � 1 + t^2 dt. As we assumed Bernstein’s approximation problem has a positive solution, Lemma 2.1 shows that Ω(i) = ∞, and hence (2.3) follows.

With a little more work, this proof also gives �_∞ −∞ log Ω(t) 1 + t^2 dt = ∞,

see [67, p. 153].

3 Weighted Jackson and Bernstein Theorems

In the 1950’s the search began for quantitative estimates, rather than theorems establishing the possibility of approximation. Bernstein and Jackson had provided quantitative forms of Weierstrass’ Theorem in 1911 and 1912, two wonderful years for approximation theory. Recall first the classical (unweighted) case. Jackson and Bernstein independently proved that

E_n [f]_∞ := inf_{deg(P )≤n} ‖f − P ‖_{L∞[−1,1]} ≤ C n ‖f^′‖_{L∞[−1,1]}, (3.1)

with C independent of f and n, and the inf being over (algebraic) polynomials of degree at most n. The rate is best possible amongst absolutely continuous functions f on [−1, 1] whose derivative is bounded. More generally, if f has a bounded kth derivative, then the rate is O(n^{−k}). In addition, Jackson obtained general results involving moduli of continuity: for example, if f is continuous, and its modulus of continuity is

ω (f; δ) = sup {|f(x) − f(y)| : x, y ∈ [−1, 1] and |x − y| ≤ δ} ,

then E_n [f]_∞ ≤ Cω � f; 1 n � , where C is independent of f and n.

Bernstein also obtained remarkable converse theorems, which show that the rate (or degree) of approximation is determined by the smoothness of f. These are most elegantly stated for trigonometric polynomial approximation. Let

E_n [g] := inf_{deg(R)≤n} ‖g − R‖_{L∞[0,2π]}

denote the distance from a periodic function g to the set of all trigonometric polynomials R of degree ≤ n. Let 0 < α < 1. Bernstein showed that

E_n [g] = O(n^{−α}), n → ∞ ⇐⇒ ω (g; t) = O(t^α), t → 0+,

where ω (g; ·) is the modulus of continuity of g on [0, 2π], defined much as above. That is, the error of approximation of a 2π-periodic function g on [0, 2π] by trigonometric polynomials of degree at most n decays with rate n^{−α} iff g satisfies a Lipschitz condition of order α. Moreover, if k ≥ 1,

E_n [g] = O(n^{−k−α}), n → ∞ ⇐⇒ ω(g^{(k)}; t) = O(t^α), t → 0 + .

Here in the converse implication, the existence and continuity of the kth derivative g^{(k)} is assured. Bernstein never resolved the exact smoothness required for a rate of decay of n^{−1}, or more generally

O(n^{−k}). The case k = 1 was solved much later in 1945 by A. Zygmund, the father of the Chicago school of harmonic analysis, and author of the classic “Trigonometric Series” [193]. Zygmund used a second order modulus of continuity.

For approximation by algebraic polynomials, converse theorems are more complicated, as better approximation is possible near the endpoints of the interval of approximation. Only in the 1980’s were complete characterizations obtained, with the aid of the Ditzian–Totik modulus of continuity [36]. An earlier alternative approach is that of Brudnyi–Dzadyk–Timan [31]. We shall discuss only the Ditzian–Totik approach, since that has been adopted in weighted polynomial approximation. Define the symmetric differences

Δ_hf(x) = f(x + h 2 ) − f(x − h 2 ); Δ^2_hf(x) = Δ_h (Δ_hf(x)) ; . . Δ^k_hf(x) = Δ_h � Δ^{k−1}_h f(x) �

so that

Δ^k_hf(x) = k� i=0 � k i � (−1)^if(x + k h 2 − ih). (3.2)

If any of the arguments of f lies outside the interval of approximation ([−1, 1] in this setting), we adopt the convention that the difference is 0. The rth order Ditzian–Totik modulus of continuity in L_p [−1, 1] is ω^r_φ(f; h)_p = sup_{0<h≤t} ‖Δ^r_h^√_{1−x2} f(x)‖_{Lp[−1,1]}.

Note the factor φ(x) = � 1 − x^2

multiplying the increment h. This forces a smaller increment near the endpoints ±1 of [−1, 1], reflecting the possibility of better approximation rates there.

For 1 ≤ p ≤ ∞, Ditzian and Totik [36, Thm. 7.2.1, p. 79] proved the estimate

E_n [f]_p := inf_{deg(P )≤n} ‖f − P ‖_{Lp[−1,1]} ≤ Cω^r_φ(f; 1 n )_p,

with C independent of f and n. This implies the Jackson (or Jackson–Favard) estimate [31, p. 260]

E_n [f]_p ≤ Cn^{−r}‖φ^rf^{(r)}‖_{Lp[−1,1]},

n ≥ r, provided f^{(r−1)} is absolutely continuous, and the norm on the right-hand side is finite. Moreover, they showed that if 0 < α < r, then [31, p. 265]

E_n [f]_p = O(n^{−α}), n → ∞, (3.3) iff ω^r_φ (f; h)_p = O(h^α), h → 0 + .

For example, if (3.3) holds with α = 3^1_2 , this implies that f has 3 continuous derivatives inside (−1, 1) and f^{′′′} satisfies a Lipschitz condition of order 1/2 in each compact subinterval of (−1, 1).

This equivalence is easily deduced from the Jackson inequality above and the general converse inequality [36, Theorem 7.2.4, p. 83]

ω^r_φ (f; t)_p ≤ Mt^r � 0<n<^1_t

(n + 1)^{r−1}E_n [f]_p , t ∈ (0, 1) .

The constant M depends on r, but is independent of f and t. Of course, this subject has a long and rich history, and all we are attempting here is to set the background for developments in weighted approximation. Please forgive the many themes omitted!

For weights on the whole real line, the first attempts at general Jackson theorems seem due to Dzrbasjan [37]. He obtained the correct weighted rates, but only when restricting the approximated function to a finite interval. In the 1960’s and 1970’s, Freud and Nevai made major strides in this topic [150]. That 1986 survey of Paul Nevai is still relevant, and a very readable introduction to the subject.

Let us review some of the fundamental features discovered by Freud, in the case of the weight W_α(x) = exp (−|x|^α) , α > 1. A little calculus shows that the weighted monomial x^nW_α(x) attains its maximum modulus on the real line at Freud’s number

q_n = (n/α)^{1/α} .

Thereafter it decays quickly to zero. With this in mind, Freud and Nevai proved that there are constants C_1 and C_2 such that for all polynomials P_n of degree at most n,

‖P_nW_α‖_{Lp(R)} ≤ C_2‖P_nW_α‖_{Lp}[_{−C1n1/α,C1n1/α}]. (3.4)

The constants C_1 and C_2 can be taken independent of n, P_n and even the L_p parameter p ∈ [1, ∞]. Outside the interval � −C_1n^{1/α}, C_1n^{1/α} � , P_nW_α decays quickly to zero. This meant that one cannot hope to approximate fW by P_nW outside � −C_1n^{1/α}, C_1n^{1/α} � . So either a “tail term” ‖fW_α‖_{Lp}[_{|x|≥C1n1/α}] must appear in the error estimate, or be handled some other way. Inequalities of the form (3.4) are called restricted range inequalities, or infinite-finite range inequalities.

The sharp form of these was found later by Mhaskar and Saff, using potential theory [136], [138], [139], [140], [167]. Let W = exp(−Q), where Q is even, and xQ^′(x) is positive and increasing in (0, ∞), with limits 0 and ∞ at 0 and ∞, respectively. For n ≥ 1, let a_n = a_n(Q) denote the positive root of the equation n = 2 π �_1 0 a_ntQ^′ (a_nt) √ 1 − t^2 dt. (3.5)

We call a_n the nth Mhaskar–Rakhmanov–Saff number. For example, if α > 0, and W_α(x) = exp(−|x|^α),

a_n = � 2^{α−2}

Γ (α/2)^2 Γ (α)

�_{1/α}

n^{1/α}.

Mhaskar and Saff established the Mhaskar–Saff identity: for polynomials P_n of degree at most n, ‖P_nW ‖_{L∞(R)} = ‖P_nW ‖_{L∞[−an,an]}. (3.6)

Moreover, if P_n is not the zero polynomial,

‖P_nW ‖_{L∞(R\[−an,an])} < ‖P_nW ‖_{L∞[−an,an]} and a_n is asymptotically the “smallest” such number.

There are L_p analogues, valid for all p > 0. For example, if ε > 0, there exists C > 0 such that for n ≥ 1 and polynomials P_n of degree ≤ n,

‖P_nW ‖_{Lp(R\[−an(1+ε),an(1+ε)])} ≤ e^{−Cn}‖P_nW ‖_{Lp[−an,an]}. (3.7)

We shall discuss these more in Section 4.6.

The next task is to determine what happens on [−Ca_n, Ca_n]. Now if we had to approximate in the unweighted setting on this interval, a scale change in the Jackson–Bernstein estimate (3.1) gives inf deg(P )≤n

‖f − P ‖_{L∞[−Can,Can]} ≤ CC_1 a_n n ‖f^′‖_{L∞[−Can,Can]}.

Remarkably, the same is true when we insert the weight W_α in both norms: inf deg(P )≤n

‖(f − P )W_α‖_{L∞[−Can,Can]} ≤ C_3 a_n n ‖f^′W_α‖_{L∞[−Can,Can]}. (3.8)

Very roughly, this works for the following reason: it seems that if C is small enough, we can approximate 1/W_α on [−Ca_n, Ca_n] by a polynomial R_{n/2} of degree ≤ n/2, and then use the remaining part n/2 degree polynomial in P to approximate fW_α itself on [−Ca_n, Ca_n]. In real terms, this approach works only for a small class of weights. Nevertheless, it at least indicated the form that general results should take. To obtain an estimate over the whole real line, Freud then proved a “tail inequality”, such as

‖fW_α‖_{Lp[|x|≥Can]} ≤ C_4 a_n n ‖f^′W_α‖_{Lp(R)}, (3.9)

with C_4 independent of f and n. Combining (3.8), (3.9), and that suitable weighted polynomials are tiny outside [−C_1a_n, C_1a_n] yielded the following:

Theorem 3.1 Let 1 ≤ p ≤ ∞, α > 1 and f : R → R be absolutely continuous, with ‖f^′W_α‖_{Lp(R)} < ∞. Then E_n [f; W_α]_p := inf_{deg(P )≤n} ‖(f − P )W_α‖_{Lp(R)} ≤ C_5 a_n n ‖f^′W_α‖_{Lp(R)}, (3.10)

with C_5 independent of f and n.

While this might illustrate some of the ideas, we emphasize that the technical details underlying proper proofs of this Jackson (or Jackson–Favard) inequality are formidable. Some of these ideas will be illustrated in the next section. Freud and Nevai developed an original theory of orthogonal polynomials for the weights W^2_α partly for use in this approximation theory.

We note that Freud proved (3.10) for W_α for α ≥ 2 [41], [42]. The technical estimates required to extend this to the case 1 < α < 2 were provided by Eli Levin and the author [80]. What about α ≤ 1? Well, recall that the polynomials are only dense if α ≥ 1, so there is no point in considering α < 1. But α = 1 is still worth consideration, and we shall discuss that below in Section 5.

One consequence of (3.10) is an estimate of the rate of weighted polynomial approximation of f in terms of that of f^′. Indeed, if P_n is any polynomial of degree ≤ n − 1, then

E_n [f; W_α]_p = E_n [f − P_n; W_α]_p ≤ C_5 a_n n ‖ (f − P_n)^′ W_α‖_{Lp(R)}, and since P^′_n may be any polynomial of degree ≤ n − 1, we obtain the Favard or Jackson–Favard inequality E_n [f; W_α]_p ≤ C_5 a_n n E_{n−1} � f^′; W_α � p . (3.11)

This can be iterated:

Corollary 3.2 Let 1 ≤ p ≤ ∞, r ≥ 1, α > 1 and f : R → R have r − 1 continuous derivatives. Assume, moreover, that f^{(r)} is absolutely continuous, with ‖f^{(r)}W_α‖_{Lp(R)} < ∞. Then for some C independent of f and n, E_n [f; W_α]_p ≤ C_5

�a_n n �_r

‖f^{(r)}W_α‖_{Lp(R)}. (3.12)

Freud also obtained estimates involving moduli of continuity. Here one cannot avoid the tail term, and has to build it directly into the modulus. Partly for this reason, there are many forms of the modulus, and more than one way to decide which interval is the principal interval, and over what interval we take the tail. However it is done, it is awkward. We shall follow essentially the modulus used by Ditzian and Totik [36], Ditzian and the author [33], and Mhaskar [136]. All these owe a great deal to earlier work of Freud.

The first order modulus for the weight W_α has the form

ω_{1,p}(f, W_α, t) = sup_{0<h≤t} ‖W_α (Δ_hf) ‖_{Lp[−h} 1_{1−α ,h} 1_{1−α ]} + inf_{c∈R} ‖(f − c)W_α‖_{Lp}^�_{R\[−t} 1_{1−α ,t} 1_{1−α ]}^�.

Why the inf over the constant c in the tail term? It ensures that if f is constant, then the modulus vanishes identically, as one expects from a first order modulus. Why the strange interval [−h^{11−α} , h^{11−α} ]? It ensures that when we substitute h = n^{1/α} n = n^{−1+1/α},

then [−h^{11−α} , h^{11−α} ] = � −n^{1/α}, n^{1/α} � = [−C_1a_n, C_1a_n] ,

for an appropriate constant C_1 (independent of n). More generally if r ≥ 1, the rth order modulus is ω_{r,p}(f, W_α, t) = sup_{0<h≤t} ‖W_α (Δ^r_hf) ‖_{Lp[−h} 1_{1−α ,h} 1_{1−α ]}

+ inf

deg(P )≤r−1

‖(f − P )W_α‖_{Lp}^�_{R\[−t} 1_{1−α ,t} 1_{1−α ]}^�. (3.13)

Again the inf in the tail term ensures that if f is a polynomial of degree ≤ r − 1, then the modulus of continuity vanishes identically, as is expected from an rth order modulus. The Jackson theorem takes the form E_n [f; W_α]_p ≤ Cω_{r,p}(f, W_α, a_n n ). (3.14)

This is valid for 1 ≤ p ≤ ∞, and the constant C is independent of f and n (but depends on p and W_α).

One can consider more general weights than W_α. Almost invariably the weight considered has the form W = exp(−Q), and the rate of growth of Q has a major impact on the form of the modulus. Let us suppose, for example, that Q is of polynomial growth at ∞, the so-called Freud case. The most general class of such weights for which a Jackson theorem is known is the following. It includes W_α, α > 1, but excludes W_1.

Definition 3.3 (Freud Weights) Let W = exp(−Q), where Q : R → R is even, Q^′ exists and is positive in (0, ∞). Moreover, assume that xQ^′(x) is strictly increasing, with right limit 0 at 0, and for some λ, A, B > 1, C > 0, A ≤ Q^′ (λx) Q^′(x)

≤ B, x ≥ C. (3.15)

Then we write W ∈ F.

For such W , we take a_n to be the positive root of the equation (3.5) (the existence and uniqueness of a_n is guaranteed by the strict monotonicity of xQ^′(x)). To replace the function t^{11−α} , we can use the decreasing function of t,

σ(t) := inf � a_n :

a_n n ≤ t � , t > 0. (3.16)

The modulus of continuity becomes

ω_{r,p}(f, W, t) = sup_{0<h≤t} ‖W (Δ^r_hf) ‖_{Lp[−σ(h),σ(h)]} +

+ inf

deg(P )≤r−1

‖(f − P )W ‖_{Lp(R\[−σ(t),σ(t)])}. (3.17)

The reader new to this subject will be encouraged to hear that this strange looking creature has all the main properties of more familiar moduli of continuity [33], [35], [36], [48], [78], [136]:

Theorem 3.4 (Properties of ω_{r,p}) Let W ∈ F, r ≥ 1, 0 < p ≤ ∞. Let f : R → R, and if p < ∞, assume that fW ∈ L_p (R). If p = ∞, assume in addition that f is continuous and that fW has limit 0 at ±∞.

(a) ω_{r,p} (f, W, t) is an increasing function of t ≥ 0. (b) lim_{t→0+} ω_{r,p}(f, W, t) = 0.

(c) Assume that p ≥ 1, or assume that W admits a Markov–Bernstein inequality

‖P^′W ‖_{Lp(R)} ≤ C n a_n

‖P W ‖_{Lp(R)} , (3.18)

valid for n ≥ 1, and polynomials P of degree ≤ n, where C ≠ C(n, P ). Then there exists C_1 ≠ C_1(t, f) such that

ω_{r,p}(f, W, 2t) ≤ C_1ω_{r,p}(f, W, t), t ≥ 0.

(d) Assume that p ≥ 1. Then for t ≥ 0, ω_{r,p}(f, W, t) ≤ Ct^r‖f^{(r)}W ‖_{Lp(R)}, provided f^{(r−1)} is absolutely continuous and the norm on the right-hand side is finite.

(e) Let r > 1. There exists C ≠ C(f, t), such that ω_{r,p}(f, W, t) ≤ Cω_{r−1,p}(f, W, t), t ≥ 0. (3.19) (f) Assume the Markov–Bernstein inequality (3.18). Then if q = min {1, p}, there is the Marchaud inequality ω_{r,p}(f, W, t) ≤ C_1t^r

�_{C2} t ω^q_{r+1}(f, W, u) u^{rq+1} du + ‖fW ‖^q_{Lp(R)}

�_{1/q} , where C_j ≠ C_j(f, t), j = 1, 2.

(g) Assume that β > 1 and 0 < p < q < ∞. Then there is the Ulyanov type inequality ω_{r,q}(f, W_β, t) ≤ C

�_t 0 � u^{1q − 1p} ω_{r,p}(f, W_β, u)

�_q du u �_{1/q} , t > 0, where C ≠ C(f, t).

(h) Assume that p ≥ 1 and for some 0 < α < r, ω_{r,p}(f, W, t) = O(t^α), t → 0 + . (3.20) Let k = ⌊α⌋, the integer part of α. Then f^{(k)} exists a.e. in the real line, and ω_{r−k,p}(f^{(k)}, W, t) = O(t^{α−k}), t → 0 + . (3.21) If p = ∞, f^{(k)} is continuous on the real line.

Proof. (a) This is immediate as σ(t) is a decreasing function of t.

(b) This follows as for classical moduli of continuity. One first establishes it for suitably restricted continuous functions, and then approximates an arbitrary function by a continuous one.

(c) This is part of Theorem 1.4 in [33, p. 104]. (d) This is part of Corollary 1.8 in [33, p. 105].

(e) This follows easily from the definition (3.13) and the recursive definition of the symmetric differences.

(f) This is Corollary 1.7 in [33, p. 105]. (g) This is part of Theorem 9.1 in [35, p. 133].

(h) See [36, pp. 62–64] for the analogous proofs on a finite interval.

Note all the strictures for p ≤ 1. Fundamentally these arise because we cannot bound norms of functions in terms of their derivatives when p < 1. At least the Jackson theorem is the obvious analogue of the result for finite intervals [33, Theorem 1.2, p. 102]:

Theorem 3.5 Let W ∈ F, r ≥ 1, and 0 < p ≤ ∞. Let fW ∈ L_p (R). If p = ∞, we also require f to be continuous and fW to have limit 0 at ±∞. Then for n ≥ r − 1,

E_n [f; W ]_p ≤ C_1ω_{r,p}(f, W, C_2 a_n n ), (3.22)

where C_1 and C_2 are independent of f and n.

In the case where p ≥ 1, or W admits the Markov–Bernstein inequality (3.18), one can omit the constant C_2 inside the modulus. This follows directly from Theorem 3.4(c). We shall say much more about Markov–Bernstein inequalities in Section 7.

Corollary 3.6 Let 1 ≤ p ≤ ∞, r ≥ 1, W ∈ F and f : R → R have r − 1 continuous derivatives. Assume, moreover, that f^{(r)} is absolutely continuous, with ‖f^{(r)}W ‖_{Lp(R)} < ∞. Then for some C independent of f and n, E_n [f; W ]_p ≤ C_5

�a_n n �_r ‖f^{(r)}W ‖_{Lp(R)}. (3.23)

The converse inequality, which can be interpreted as a Bernstein type converse theorem, has the form [33, p. 105]:

Theorem 3.7 Let 0 < p ≤ ∞, r ≥ 1, W ∈ F. Assume that W admits the Markov–Bernstein inequality (3.18). Let q = min {1, p}. For t ≤ a_1, define the positive integer n = n(t) by

n := n(t) := inf � k : a_k k ≤ t � . (3.24)

Then for some C ≠ C (t, f) ,

ω_{r,p}(f, W, t)^q ≤ C

�a_n n �_{rq}^{[log}2^{n]}�

j=−1 � 2^j a_2j

�_{rq} E_2j [f; W ]^q_p , (3.25)

where we define E_2−1 := E_0 and ⌊log_2 n⌋ denotes the largest integer ≤ log_2 n.

From this one readily deduces:

Corollary 3.8 Assume the hypotheses of the previous theorem, and let 0 < α < r. Then

ω_{r,p}(f, W, t) = O(t^α), t → 0+ ⇐⇒ E_n [f; W ]_p = O

�a_n n �_α� , n → ∞.

A related smoothness theorem is given by Damelin [14].

One of the important tools in establishing this is K-functionals and the concept of realization. This is a topic on its own. In the setting of weighted polynomial approximation, it has been explored by Freud and Mhaskar, and later Ditzian and Totik, Damelin and the author. See [11], [27], [33], [44], [45], [136], [137]. In our context, an appropriate K-functional is

K_{r,p}(f, W, t^r) := inf_g � ‖(f − g)W ‖_{Lp(R)} + t^r‖g^{(r)}W ‖_{Lp(R)} � , t ≥ 0,

where the inf is taken over all g whose (r − 1)st derivative is locally absolutely continuous. It works only for p ≥ 1, again because of the problems of estimating functions in L_p, p < 1, in terms of their derivatives. The K-functional is equivalent to the modulus of continuity in the following sense [33, Thm. 1.4, Cor. 1.9, pp. 104–105]:

Theorem 3.9 Let W ∈ F and p ≥ 1. Then for some C_1, C_2 > 0 independent of f, t,

C_1ω_{r,p}(f, W, t) ≤ K_{r,p} (f, W, t^r) ≤ C_2ω_{r,p}(f, W, t).

The appearance of fairly general functions g in the inf defining K_{r,p} helps to explain its usefulness. In fact, many of the properties of the modulus described above, go via the K-functional. When p < 1, the K-functional is identically zero, so instead we use the realization functional, introduced by Hristov and Ivanov [50] and analyzed by those authors and Ditzian [32]:

K_{r,p}(f, W, t^r) := inf_P � ‖(f − P )W ‖_{Lp(R)} + t^r‖P^{(r)}W ‖_{Lp(R)} � , t > 0.

Here the inf is taken over all polynomials P of degree ≤ n(t) and n(t) is defined by (3.24). For p ≥ 1, K_{r,p} and K_{r,p} are equivalent [32]. For all p, one can prove [33, Thm. 1.4, p. 104]:

Theorem 3.10 Assume W ∈ F and W admits the Markov–Bernstein inequality (3.18). Then for some C_1, C_2 > 0 independent of f, t,

C_1ω_{r,p}(f, W, t) ≤ K_{r,p} (f, W, t^r) ≤ C_2ω_{r,p}(f, W, t).

Observe that if we choose t = a_n/n, the above result actually gives more than the Jackson estimate Theorem 3.5, at least when a_k/k decreases strictly with k. We obtain inf deg(P )≤n � ‖(f − P )W ‖_{Lp(R)} +

�a_n n �_r ‖P^{(r)}W ‖_{Lp(R)} � ≤ C_2ω_{r,p}(f, W, a_n n ), so there is an automatic bound on the rth derivatives of best approximating polynomials.

The Freud weights above have the form W = exp(−Q), where Q is of polynomial growth at ∞, with Q(x) growing at least as fast as |x|^α for some α > 1. For the special weight exp (−|x|), the polynomials are still dense, but we have not established anything about the degree of approximation. We shall devote a separate section to this. The case where Q is of faster than polynomial growth is often called the Erdős case, and also has received some attention. The main difference is that the modulus of continuity becomes more complicated. Here is a suitable class of Erdős weights:

Definition 3.11 (Erdős Weights) Let W = exp(−Q), where Q : R → R is even, Q^′ exists and is positive in (0, ∞). Assume that xQ^′(x) is strictly increasing, with right limit 0 at 0, and the function T (x) := xQ^′(x) Q(x)

(3.26) is quasi-increasing in the sense that for some C > 0,

0 ≤ x < y ⇒ T (x) ≤ CT (y), (3.27)

while lim_{x→∞} T (x) = ∞.

Assume, moreover, that for some C_1, C_2 and C_3 > 0,

yQ^′(y) xQ^′(x)

≤ C_1 � Q(y) Q(x)

�_{C2}

, y ≥ x ≥ C_3.

Then we write W ∈ E.

Examples of weights in this class include

W (x) = exp(− exp_k(|x|^α) + exp_k(0)),

where α > 0 and for k ≥ 1, exp_k = exp(exp(· · · exp())) denotes the kth iterated exponential. We set exp_0(x) = x. For this weight,

T (x) ∼ αx^α k−1� j=1 exp_j (x^α) ,

for large x [85, p. 9], while the Mhaskar–Rakhmanov–Saff number has the asymptotic [85, p. 29]

a_n = � � � log_{k−1} � �log n − 1 2 k+1� j=1 log_j n + O(1) � � � � � 1/α = (log_k n)^{1/α} (1 + o(1)) ,

n → ∞; log_k denotes the kth iterated logarithm.

For general W ∈ E, the modulus of continuity involves the function

Φ_t(x) := � 1 − |x| σ(t)

+ T (σ(t))^{−1/2},

where σ(t) is as in (3.16). One may think of this as an analogue of the function √ 1 − x^2 which appears in the Ditzian–Totik modulus of continuity, and it appears for the same reason: in approximating by polynomials with Erdős weights, the rate of approximation improves towards the endpoints of the Mhaskar–Rakhmanov–Saff interval. The modulus is

ω_{r,p}(f, W, t) = sup_{0<h≤t} ‖W (x) � Δ^r_{hΦt(x)}f(x) � ‖_{Lp[−σ(2t),σ(2t)]}

+ inf

deg(P )≤r−1

‖(f − P )W ‖_{Lp(R\[−σ(4t),σ(4t)])}. (3.28)

Once one has this modulus, the Jackson estimate goes through [27, Thm. 1.2, p. 337]:

Theorem 3.12 Let W ∈ E, r ≥ 1, and 0 < p ≤ ∞. Let fW ∈ L_p (R). If p = ∞, we also require f to be continuous and fW to have limit 0 at ±∞. Then for n ≥ 1,

E_n [f; W ]_p ≤ C_1ω_{r,p}(f, W, C_2 a_n n ), (3.29)

where C_1 and C_2 are independent of f and n.

There are also converse estimates [11], [16], [27]. The details are more difficult than for Freud weights, because of the more complicated modulus. Analogous results for exponential weights on (−1, 1) are given in [15], [92], [93]. For exponential weights multiplied by a generalized Jacobi weight or other factor having singularities, see [49], [120], [121], [122], [178]. For Laguerre and other exponential weights on (0, ∞), see [28], [62], [115]. Geometric rates of approximation in the weighted setting have been explored in [70], [127], [128], [135], [136].

4 Methods for Proving Weighted Jackson Theorems

In this section, we shall outline various methods to prove weighted Jackson Theorems, but will not provide complete expositions. In the unweighted case, on [−1, 1], many of the elegant methods involve convolution operators. However, unfortunately these depend heavily on translation invariance, so fail for the weighted case. We begin with two of the oldest, used by Freud and Nevai.

4.1 Freud and Nevai’s One-sided L_1 Method

The L_1 method is primarily a tool to obtain estimates on the degree of approximation for special functions such as characteristic functions. Once one has it, one can use duality and other tricks to go to L_∞, and then interpolation for 1 < p < ∞, and this will be done in the next section. The method is based on the theory of orthogonal polynomials, and Gauss quadratures. Under the tutelage of Géza Freud and Paul Nevai, the two subjects of weighted approximation and orthogonal polynomials for weights on the real line, developed in tandem throughout the 1970’s and 1980’s. Mhaskar’s monograph [136] provides an excellent treatment of the material in this and the next section.

Corresponding to the weight W , we define orthonormal polynomials

p_n(x) = p_n(W^2, x) = γ_nx^n + · · · ,

where γ_n > 0, satisfying �_∞ −∞ p_np_mW^2 = δ_{mn.}

Note that the weight is W^2, not W . This convention simplifies some formulations later on. Let us denote the zeros of p_n by x_{nn} < x_{n−1,n} < · · · < x_{2n} < x_{1n}.

The nth Christoffel function for W^2 is

λ_n(W^2, x) = inf_{deg(P )≤n−1}

�_∞ −∞(P W )^2 P^2(x)

. (4.1)

It also satisfies

λ_n(W^2, x) = 1

�^{n−1}� j=0 p^2_j (x).

Try this as an exercise: expand an arbitrary polynomial of degree ≤ n − 1 in {p_j}^{n−1}_{j=0} , and then use Cauchy–Schwarz, and orthonormality.

Many readers unfamiliar with the detailed theory of orthogonal polynomials, will nevertheless have seen the Christoffel functions in the Gauss quadrature formula:

�_∞ −∞ P W^2 = n� j=1 λ_n(W^2, x_{jn})P (x_{jn}),

valid for all polynomials P of degree ≤ 2n − 1. For fixed ξ, one can also develop similar quadrature formulae, based on the zeros of

p_n(x)p_{n−1}(ξ) − p_{n−1}(x)p_n(ξ).

These zeros are real and simple and include ξ. There are important inequalities, the Posse–Markov– Stieltjes inequalities, that are used to analyze these quadratures. In the simple Gauss case, they assert that if f is a function with its first 2n − 1 derivatives positive in (−∞, x_{kn}), then n� j=k+1

λ_n(W^2, x_{jn})f(x_{jn}) ≤

�_{xkn} −∞ fW^2 ≤ n� j=k λ_n(W^2, x_{jn})f(x_{jn}).

See [38, p. 33], [136, p. 13]. This may be used to prove [136, p. 17]:

Lemma 4.1 Let n ≥ 1, and ξ ∈ (x_{k+1,n}, x_{kn}]. Then there exist upper and lower polynomials R_ξ and r_ξ such that r_ξ ≤ χ_{(−∞,ξ]} ≤ R_ξ in R

and �_∞ −∞ (R_ξ − r_ξ) W^2 ≤ λ_n(W^2, x_{kn}) + λ_n(W^2, x_{k+1,n}).

Thus once we have upper estimates on the Christoffel functions, we have bounds on the error of one-sided polynomial approximation. One could write a survey on methods to estimate Christoffel functions, there are so many. Paul Nevai paid homage to them and their applications in his still relevant survey article [150], as well as in his earlier memoir [148]. We shall present a very simple method of Freud in a very special case:

Lemma 4.2 Assume that W = exp(−Q) ∈ F, and in addition that Q is convex. Then there exists C_1, C_2 > 0 such that for n ≥ 1 and |ξ| ≤ C_1a_n,

λ_n(W^2, ξ) ≤ C_2 a_n n W^2(ξ). (4.2)

Proof. Let e_m(x) = m� j=0 x^j j! denote the mth partial sum of the exponential function. Fix ξ, n and let

R(x) = W^{−1}(ξ)e_{⌊n/2⌋} � (x − ξ)Q^′(ξ) � . Here, ⌊n/2⌋ denotes the integer part of n/2. Now � �e_{⌊n/2⌋}(u) � � ≤ C_2 exp(u),

for |u| ≤^n_8 . Moreover, given ε > 0, we have if |x| ≤ 2a_n, and |ξ| ≤ εa_n, � (x − ξ)Q^′(ξ) � ≤ 3a_nQ^′(εa_n) ≤ n 8 , (4.3)

if only ε is small enough. To see this, we use the definition of a_n and the monotonicity of t → tQ^′(t) : n = 2 π �_1 0 a_ntQ^′(a_nt) √ 1 − t^2 dt ≥ 2 π �_1 1/2 dt √ 1 − t^2 a_n 2 Q^′

�a_n 2 � . Thus a_nQ^′

�a_n 2 � ≤ C_1n.

Using the lower bound in (3.15) of Definition 3.3, we obtain for m ≥ 1,

a_nQ^′ � λ^{−m} a_n 2 � ≤ A^{−m}a_nQ^′

�a_n 2 � ≤ C_1A^{−m}n.

There we had λ, A > 1, so choosing ε = λ^{−m}/2 with large enough m, gives (4.3). Next,

|R(x)| ≤ C_2W^{−1}(ξ) exp((x − ξ)Q^′(ξ)) = C_2 exp(Q(ξ) + (x − ξ)Q^′(ξ)) ≤ C_2 exp(Q(x)),

by convexity of Q. Thus |R(x)|W (x) ≤ C_2 for all |x| ≤ 2a_n.

Moreover, (RW )(ξ) = 1.

Now, we use the extremal property (4.1) of Christoffel functions. We set P = Rρ, there, where ρ is a polynomial of degree < ⌊n/2⌋. We see that

λ_n(W^2, ξ)/W^2(ξ) = inf_{deg(P )<n}

�_∞ −∞ (P W )^2 � /(P W )^2(ξ)

≤ inf

deg(ρ)<⌊n/2⌋

�_∞ −∞ (ρRW )^2 � /(ρRW )^2(ξ)

≤ C inf

deg(ρ)<⌊n/2⌋

�_{2an}

−2a_n

(ρRW )^2 � /(ρRW )^2(ξ), by the restricted range inequality (3.7). Now we use the upper bound on RW and (RW )(ξ) = 1 to continue this as

≤ CC^2_2 inf

deg(ρ)<⌊n/2⌋

�_{2an}

−2a_n

ρ^2 � /ρ^2(ξ) = CC^2_2 2a_n inf_{deg(S)<⌊n/2⌋}

�_1 −1 S^2 � /S^2 � ξ 2a_n � . The latter is the Christoffel function of order ⌊n/2⌋ for the Legendre weight on [−1, 1], evaluated at ξ/(2a_n). Using classical estimates for these [38, p. 103], we continue this as

λ_n(W^2, ξ)/W^2(ξ) ≤ C a_n n . Now we present a very special case of the L_1 approximation:

Theorem 4.3 Assume the hypotheses of Lemma 4.2 on W . Assume that f^′ is continuous, and f^′W^2 ∈ L_1(R), while f is of polynomial growth at ∞. Then there exist upper and lower polynomials S_n and s_n such that s_n ≤ f ≤ S_n in R (4.4) and �_∞ −∞ (S_n − s_n)W^2 ≤ C a_n n �_∞ −∞ � f^′ � W^2 + ‖f^′W^2‖_{L∞(|x|≥Can)} � .

Main idea of the proof. We assume that f^′ ≥ 0, and that f^′ = 0 outside (x_{nn}, x_{1n}) to simplify the proof. Recall that x_{nn} and x_{1n} are the largest and smallest zeros of p_n(W^2, x). We write the fundamental theorem of calculus

f(x) = f(0) +

�_x 0 f^′(ξ)dξ

in the form

f(x) = f(0) +

�_∞ 0 (1 − χ_{(−∞,ξ]}(x))f^′(ξ)dξ −

�_0 −∞ χ_{(−∞,ξ]}(x)f^′(ξ)dξ.

To check this, consider separately x ≥ 0 and x < 0. We use the upper and lower polynomials R_ξ and r_ξ of Lemma 4.1 and define

S_n(x) = f(0) +

�_∞ 0 (1 − r_ξ(x))f^′(ξ)dξ −

�_0 −∞ r_ξ(x)f^′(ξ)dξ and s_n(x) = f(0) +

�_∞ 0 (1 − R_ξ(x))f^′(ξ)dξ −

�_0 −∞ R_ξ(x)f^′(ξ)dξ.

As f^′ ≥ 0 and r_ξ ≤ χ_{(−∞,ξ]} ≤ R_ξ, we obtain (4.4). Moreover,

(S_n − s_n)(x) =

�_∞ −∞ (R_ξ − r_ξ)(x)f^′(ξ)dξ so �_∞ −∞ (S_n − s_n) W^2 ≤

�_∞ −∞ �_∞ −∞ (R_ξ − r_ξ)(x)W^2(x)dx � f^′(ξ)dξ.

Now by Lemmas 4.1 and 4.2, and some other minor considerations, �_∞ −∞ (R_ξ − r_ξ)(x)W^2(x)dx ≤ C a_n n W^2(ξ),

at least for |ξ| ≤ Ca_n. Thus,

�_∞ −∞ (S_n − s_n)W^2 ≤ C a_n n �_{Can}

−Ca_n

f^′W^2 + � �f^′W^2 � �_{L∞(|x|≥Can)} � |ξ|≥Ca_n � W^{−2}(ξ)

�_∞ −∞ (R_ξ − r_ξ)(x)W^2(x)dx � dξ. The first term on the right-hand side has the correct form. The second tail term does not. One can still use estimates for Christoffel functions, and some other tricks. See [40], [46] or [136, p. 83 ff.] for more details.

This is what Freud proved in 1974 [40, p. 297], using these ideas:

Theorem 4.4 Let Q be an even and convex function on the real line. Assume that Q is increasing and Q^′ exists in (0, ∞), and that for some C_1, C_2 > 0,

1 + C_1 <

Q^′(2x) Q^′(x)

< 1 + C_2.

Let r ≥ 0 and f^{(r)} be of bounded variation over every finite interval, and of polynomial growth at ∞, satisfying for some A, B > 0 and integer m,

|f(x)| ≤ A + Bx^{2m}.

Then there exist upper and lower polynomials S_n and s_n of degree ≤ n such that (4.4) holds and �_∞ −∞ (S_n − s_n)W^2 ≤ C

�a_n n �_{r+1} � ∞ −∞ W^2|df^{(r)}| + A + B � . The constant C is independent of f, n, A, B.

While this is a one-sided L_1 result, it also implies

E_n[f; W^2]_1 ≤ C

�a_n n �_{r+1} � ∞ −∞ W^2|df^{(r)}| + A + B � . This can be extended to other L_p spaces, using duality. See [120] for an extension to weights with inner singularities.

4.2 Freud’s Method involving de la Vallée Poussin Means This is based on orthogonal expansions, and for the finite interval, was used before Freud. Freud was the first to make it work on infinite intervals [41], [42]. For a measurable function for which �_∞ −∞(fW )^2 is finite, we can form the orthonormal expansion f ∼ ∞� j=0 c_jp_j,

where c_j =

�_∞ −∞ fp_jW^2, j ≥ 0.

Define the partial sums of the orthonormal expansion,

S_n [f] = n−1� j=0 c_jp_j.

The classic minimum property asserts that

‖(f − S_n [f]) W ‖_{L2(R)} = E_{n−1} [f; W ]_2 = inf_{deg(P )≤n−1} ‖(f − P )W ‖_{L2(R)} ,

and the classic Bessel’s inequality asserts that

‖S_n [f] W ‖_{L2(R)} = � � n−1� j=0 |c_j|^2 � � 1/2 ≤ ‖fW ‖_{L2(R)} .

In particular, {S_n} is a uniformly bounded sequence of operators in a weighted L_2 space.

Sometimes it is more convenient to use the de la Vallée Poussin operators

V_n [f] = 1 n 2n� j=n+1

S_j [f] .

We see that still ‖V_n [f] W ‖_{L2(R)} ≤ ‖fW ‖_{L2(R)} so the {V_n} are uniformly bounded in this weighted L_2 setting. They also reproduce polynomials:

V_n [P ] = P

if P is a polynomial of degree ≤ n − 1. However, they are not projection operators, as V_n [P ] is a polynomial of degree 2n − 1 in general. The real advantage is that in spaces other than L_2, {V_n} is often uniformly bounded when {S_n} is not.

Another crucial ingredient are estimates for the Christoffel functions defined by (4.1). Let us outline some of the main ideas of Freud’s method to prove the Jackson–Favard inequality

E_n [f; W ]_p ≤ C a_n n E_{n−1} � f^′; W � p . (4.5)

(a) We show that {V_n} is a uniformly bounded sequence of linear operators, first in L_∞, and then in L_1 (using duality) and then in L_p, 1 < p < ∞ (using interpolation).

(b) We approximate a very special function, something like a characteristic function, in L_1, using the method of the previous section.

(c) We prove the estimate in L_∞, using {V_n} and the special function. (d) We extend to L_p, 1 ≤ p < ∞.

In our outline, we shall do this only for p = ∞. The first step is to show, for some C ≠ C(n, f), that E_{2n} [f; W ]_∞ ≤ ‖(f − V_n [f]) W ‖_{L∞(R)} ≤ CE_n [f; W ]_∞ . (4.6) Lemma 4.5 The inequality (4.6) holds, provided we assume the estimate (4.13) below. Proof. The left inequality here is immediate, as V_n[f] is a polynomial of degree ≤ 2n − 1. It is the right-hand inequality that requires work. We follow Freud [42]. The idea goes back at least to Torsten Carleman. The partial sum s_m [f] admits the representation

s_m [f] (x) = m−1� j=0 c_jp_j(x) =

�_∞ −∞ f(t)K_m(x, t)W^2(t)dt, (4.7)

where K_m(x, t) := m−1� j=0 p_j(x)p_j(t).

The Christoffel–Darboux formula [38] asserts that K_m(x, t) = γ_{m−1} γ_m p_m(x)p_{m−1}(t) − p_{m−1}(x)p_m(t) x − t

. (4.8) We now fix x and n, and define g = f(x)χ(_{x−} an_{n ,x+} an_n ) and h = f − g = fχ_{R\}(_{x−} an_{n ,x+} an_n ).

Here χ_S denotes the characteristic function of a set S. Thus g = f in an interval of radius^{an}_n about x, and is 0 elsewhere, while h is the “rest” of f. We have s_m [f] (x) = s_m [g] (x) + s_m [h] (x). (4.9)

Now |s_m [g]| (x) = � � � �_{x+} an_n

x−^{an}_n

f(t)K_m(x, t)W^2(t)dt � � � ≤ ‖fW ‖_{L∞(R)}

�_{x+} an_n

x−^{an}_n

|K_m(x, t)| W (t)dt

≤ ‖fW ‖_{L∞(R)} � 2a_n n �_{1/2} �_{x+} an_n

x−^{an}_n

K^2_m(x, t)W^2(t)dt

�_{1/2} , by the Cauchy–Schwarz inequality. Here, using orthogonality, �_{x+} an_n

x−^{an}_n

K^2_m (x, t) W^2(t)dt ≤

�_∞ −∞ K^2_m(x, t)W^2(t)dt

= m−1� j=0 p^2_j (x) ≤

2n−1�

j=0 p^2_j (x) = λ^{−1}_{2n} (W^2, x),

provided m ≤ 2n. Thus for m ≤ 2n,

|s_m [g] (x)| ≤ ‖fW ‖_{L∞(R)} � 2a_n n λ^{−1}_{2n} (W^2, x)

�_{1/2} , and hence, averaging over s_m, n + 1 ≤ m ≤ 2n,

|V_n [g] (x)| ≤ ‖fW ‖_{L∞(R)} � 2a_n n λ^{−1}_{2n} (W^2, x)

�_{1/2} . (4.10)

Now comes the clever idea. Let H(t) = h(t) x − t

, t ∈ R,

and denote its Fourier coefficients with respect to {p_j} by {c_j [H]}, so that H ∼ ∞� j=0 c_j [H] p_j.

We use the Christoffel–Darboux formula (4.8) to write

|s_m [h] (x)| = γ_{m−1} γ_m � � �p^m(x)

�_∞ −∞ H(t)p_{m−1}(t)W^2(t)dt − p_{m−1}(x)

�_∞ −∞ H(t)p_m(t)W^2(t)dt � � � = γ_{m−1} γ_m

|p_m(x)c_{m−1} [H] − p_{m−1}(x)c_m [H]| .

Then summing and using Cauchy–Schwarz,

|V_n [h] (x)| ≤ 1 n � max m≤2n

γ_{m−1} γ_m � 2 �_{2n} � m=0 p^2_m(x)

�_{1/2} �_{2n} � m=0 c^2_m(H)

�_{1/2}

. (4.11)

Yet another clever idea: use Bessel’s inequality on the Fourier coefficients of H (recall, this holds for any orthogonal system in any inner product space), 2n� m=0 c^2_m(H) ≤ ∞� m=0 c^2_m(H) ≤

�_∞ −∞ (HW )^2 = � {t:|t−x|≥^{an}_n } � f(t)W (t) t − x

�_2

dt ≤ ‖fW ‖^2_{L∞(R)} 2 n a_n . Then (4.11) becomes

|V_n [h] (x)| ≤ 2 √ 2 n � max m≤2n

γ_{m−1} γ_m � � n a_n λ^{−1}_{2n+1}(W^2, x)

�_{1/2} . Finally, combining this with (4.9) and (4.10) gives

|V_n [f] (x)| ≤ ‖fW ‖_{L∞(R)} � λ_{2n+1}(W^2, x)

�_{−1/2} � 2a_n n �_{1/2} + 1 n � max m≤2n

γ_{m−1} γ_m � 2 √ 2 � n a_n

�_{1/2}� . (4.12) Up to this stage, we have not used any properties of the weight, it’s completely general. But now we use lower bounds for the Christoffel function λ_n(W^2, x) ≥ C a_n n W^2(x), x ∈ R, n ≥ 1, (4.13)

and an upper bound max m≤2n

γ_{m−1} γ_m

≤ Ca_n (4.14)

to deduce that uniformly for n ≥ 1, and x ∈ R, |V_n [f] (x)|W (x) ≤ C ‖fW ‖_{L∞(R)} .

Thus, for some C_∗ ≠ C(n, f), ‖V_n [f] W ‖_{L∞(R)} ≤ C_∗ ‖fW ‖_{L∞(R)} .

Then for any polynomial P of degree ≤ n, the reproducing property of V_n gives ‖(f − V_n [f]) W ‖_{L∞(R)} = ‖(f − P − V_n [f − P ]) W ‖_{L∞(R)}

≤ ‖(f − P )W ‖_{L∞(R)} + ‖V_n [f − P ] W ‖_{L∞(R)}

≤ (1 + C_∗) ‖(f − P )W ‖_{L∞(R)} .

Taking the inf over all P of degree ≤ n gives the right-hand inequality in (4.6).

We turn to the discussion of (4.13) and (4.14). For the latter, we can just use restricted range inequalities: if m ≤ 2n γ_{m−1} γ_m = �_∞ −∞ xp_{m−1}(x)p_m(x)W^2(x)dx

≤ C �_{2am}

−2a_m

|xp_{m−1}(x)p_m(x)| W^2(x)dx ≤ C2a_m,

by Cauchy–Schwarz. The lower bound (4.13) is more difficult; see for example [83], [136], [150].

As an aside, let us see how duality also gives this bound in L_1. We use duality of L_p norms:

‖V_n [f] W ‖_{L1(R)} = sup_g

�_∞ −∞ V_n [f] gW^2, (4.15)

where the sup is over all measurable g with ‖gW ‖_{L∞(R)} ≤ 1. (Sorry, we used g above in a different sense.) Now we use the self-adjointness of V_n : �_∞ −∞ V_n [f] gW^2 =

�_∞ −∞ fV_n [g] W^2. (4.16)

This follows easily, once we prove the self-adjointness of s_m : �_∞ −∞ s_m [f] gW^2 =

�_∞ −∞ fs_m [g] W^2.

We leave the latter as an exercise (just substitute in the definitions of s_m [f] and s_m [g]). Combining (4.15) and (4.16) gives

‖V_n [f] W ‖_{L1(R)} = sup_g

�_∞ −∞ fV_n [g] W^2 ≤ sup_g ‖fW ‖_{L1(R)} ‖V_n [g] W ‖_{L∞(R)}

≤ C ‖fW ‖_{L1(R)} , (4.17)

using the case p = ∞. With this bound, we can finish off the rest of the proof as we did for the case p = ∞. For 1 < p < ∞, one can use interpolation of operators. It is possible to improve the estimate (4.6) to include factors that vanish near ±a_n, reflecting improved approximation there, see [101]. A partially successful attempt to extend (4.5) to general exponential weights was given in [102].

An obvious question is for which weights, we have the lower bound (4.13) for the Christoffel functions. They have not been established for the class F of Definition 3.3. However, they were established in [83] for the following class:

Definition 4.6 Let W = exp(−Q), where Q^{′′} exists and is positive in (0, ∞), while Q^′ is positive there, with limit 0 at 0, and for some A, B > 1,

A − 1 ≤ xQ^{′′}(x) Q^′(x)

≤ B − 1, x ∈ (0, ∞) . (4.18)

Then we write W ∈ F^∗.

For weaker (but difficult to formulate) hypotheses, these estimates were proved in [85]. An excellent exposition is given in [136, Chapter 3]. The Christoffel function bound (4.13) there is proved assuming Q^{′′} is increasing. This is true for W = W_α if α ≥ 2, while (4.18) holds for α > 1.

The next step is an inequality that is a distant relative of Hardy’s inequality:

Lemma 4.7 Let n ≥ 1 and g be a function such that �_∞ −∞ gP W^2 = 0, (4.19)

for all polynomials P of degree ≤ n. Then there exists C ≠ C(n, g) such that

sup_{x∈R} W (x) � � � �_x 0 g � � � ≤ C a_n n ‖gW ‖_{L∞(R)} . (4.20)

Main idea of the proof. Fix x > 0, and let

ϕ_x(t) = W^{−2}(t)χ_{[0,x]}(t).

For g as above, and any polynomial P of degree ≤ n, � � �_x 0 g � � = � � �_∞ −∞ g(t)ϕ_x(t)W^2(t)dt � �

= � � � �_∞ −∞ g(t) [ϕ_x(t) − P (t)] W^2(t)dt � � �

≤ ‖gW ‖_{L∞(R)}

�_∞ −∞ |ϕ_x − P | W.

Taking the inf over all such P gives � � �_x 0 g � � ≤ ‖gW ‖_{L∞(R)} E_n [ϕ_x; W ]_1 .

Once we have the estimate W (x)E_n [ϕ_x; W ]_1 ≤ C a_n n , (4.21)

for some C ≠ C(n, x), the result follows. To prove this, one can use one-sided approximation as in Section 4.1. See, for example, [42, p. 34].

Now we can give the Jackson–Favard inequality in the case p = ∞:

Theorem 4.8 Let W ∈ F^∗. Let f be absolutely continuous in each finite interval, with ‖f^′W ‖_{L∞(R)} finite. Then for some C ≠ C(n, f),

E_n [f; W ]_∞ ≤ C a_n n � f^′W � L_∞(R) (4.22) and E_n [f; W ]_∞ ≤ C a_n n E_{n−1} � f^′; W � ∞ . (4.23)

Proof. Let g(x) = f^′(x) − V_n � f^′ � (x).

This does satisfy (4.19). Indeed, if P is a polynomial of degree ≤ n, self-adjointness of V_n gives �_∞ −∞ gP W^2 =

�_∞ −∞ f^′P W^2 −

�_∞ −∞ V_n � f^′ � P W^2

= �_∞ −∞ f^′P W^2 −

�_∞ −∞ f^′V_n [P ] W^2 = 0,

as V_n [P ] = P . Next, let

U_n(x) = f(0) +

�_x 0 V_n � f^′ � (t)dt, so that (f − U_n)(x) =

�_x 0 � f^′ − V_n � f^′ � = �_x 0 g. Then

‖W (f − U_n)‖_{L∞(R)} = � � �W �_x 0 g � � �_{L∞(R)} ≤ C a_n n ‖gW ‖_{L∞(R)}

= C a_n n � �f^′ − V_n �f^′� W � �_{L∞(R)} ≤ a^n n E_n � f^′; W � ∞ . Here we applied Lemma 4.7 and then Lemma 4.5. This also gives, as U_n has degree ≤ 2n,

E_{2n} [f; W ]_∞ ≤ C a_n n E_n � f^′; W � ∞ ≤ C a_n n � f^′W � L_∞(R) .

Replacing n by n/2, and using the fact that a_{n/2} ≤ a_n, we obtain

E_n [f; W ]_∞ ≤ C a_n n � �f^′W � �_{L∞(R)} .

Finally, we observe that for any polynomial P of degree ≤ n,

E_n [f; W ]_∞ = E_n [f − P ; W ]_∞ ≤ C a_n n � (f − P )^′W � L_∞(R) .

Choosing P^′ suitably gives (4.23).

For the extension to all 1 ≤ p ≤ ∞, see [136, Chapter 4].

4.3 The Kroó–Szabados Method

The idea here [69] is to make use of the alternation/equioscillation for best polynomial approximants, together with some clever tricks. On a finite interval, the idea was used by Bojanov [5], Babenko and Shalaev. While it works quite generally, it does not yield the correct Jackson rate. Maybe some clever tweaking can repair that?

Let us fix a function f, and n ≥ 1, and let P^∗_n be its best polynomial approximation of degree ≤ n in the weighted uniform norm. Thus

‖(f − P^∗_n )W ‖_{L∞(R)} = inf_{deg(P )≤n} ‖(f − P )W ‖_{L∞(R)} = E_n [f; W ]_∞ .

Then there exist equioscillation points {y_j}^{n+1}_{j=0} such that for 0 ≤ j ≤ n + 1,

[(f − P^∗_n )W ] (y_j ) = ε(−1)^j E_n [f; W ]_∞ .

The number ε ∈ {−1, 1} is independent of j. In terms of these, there is the determinant expression

E_n [f; W ]_∞ = � � � � � U � f 1 . . . x^n y_0 y_1 . . . y_{n+1} �

U � g 1 . . . x^n y_0 y_1 . . . y_{n+1} � � � � � � , where for functions {ϕ_j} U � ϕ_0 ϕ_1 . . . ϕ_{n+1} y_0 y_1 . . . y_{n+1} � := det (ϕ_i (y_j))^{n+1}_{i,j=0}

and g is a function such that

(gW ) (y_j) = (−1)^j, 0 ≤ j ≤ n + 1.

A proof of this formula may be found in [170, p. 28]. By some elementary determinantal manipulations, one can show that U � f 1 . . . x^n y_0 y_1 . . . y_{n+1} � = (−1)^n n� k=0 (−1)^k [f (y_{k+1}) − f (y_k)] B_k and U � g 1 . . . x^n y_0 y_1 . . . y_{n+1} � = (−1)^{n+1} n� k=0 � W^{−1} (y_{k+1}) + W^{−1} (y_k) � B_k.

Here B_k is the determinant of a matrix with entries involving only {y_j}. Then one obtains

E_n [f; W ]_∞ = � � � n� k=0 (−1)^k [f (y_{k+1}) − f (y_k)] d_k � � � , (4.24)

where d_k =

B_k �_n j=0 [W^{−1} (y_{j+1}) + W^{−1} (y_j)] B_j . Suppose we define the (unusual!) modulus

ω_γ (f; t) = sup

x,y∈R, |x−y|≤t

|f(x) − f(y)| W (x)^{−γ} + W (y)^{−γ} , where γ ∈ (0, 1). Then from (4.24),

E_n [f; W ]_∞ ≤ n� k=0 |d_k| � W (y_{k+1})^{−γ} + W (y_k)^{−γ} � ω_γ (f; |y_{k+1} − y_k|) .

Now one uses properties of the modulus ω_γ and then has to estimate the {d_k}. This involves tricks such as needle polynomials. Here is a sample of what can be achieved:

Theorem 4.9 Let Q : R → R be an even continuous function, which is positive and differentiable for large x, and with 0 < lim inf x→∞ xQ^′(x) Q(x)

≤ lim sup x→∞ xQ^′(x) Q(x)

< ∞. (4.25)

Let Q^{[−1]} denote the inverse of Q, defined for sufficiently large positive x. For small n, take Q^{[−1]}(n) to be 1. Assume that 0 < γ < 1, and f : R → R is continuous, with lim |x|→∞

f(x)W^γ (x) = 0.

(a) Then for some C_j ≠ C_j (f, n) ,

E_n [f; W ]_∞ ≤ C_1ω_γ (f;

Q^{[−1]}(n) log n (1 − γ) n

) + e^{−C2n} ‖fW^γ ‖_{L∞(R)} . (4.26)

(b) Let 0 < ε <^{1−γ}_{2−γ} . Then for some C ≠ C (f, n) ,

E_n [f; W ]_∞ ≤ C_1ω_γ (f; I^− 1−γ 2−γ +ε

n ), (4.27)

where for large enough n,

I_n :=

�_Q[−1]_{(n)} 1 Q(t) t^2 dt. (4.28)

Note that (4.25) requires less than we required for W ∈ F, but the restrictions on f are more severe than in Theorem 3.5, and instead of^{an}_n inside the modulus, we obtain essentially^{an log n}_n . The boundary case Q(x) = |x| satisfies the above conditions, and in this case we obtain

E_n [f; W ]_∞ ≤ C_1ω_γ (f; (log n)^{− 1−γ2−γ +ε}).

Here by choosing γ small enough, the exponent of log n can be made arbitrarily close to −1.

This method is interesting, and general. The challenge is how to tweak it, if possible, to get the correct Jackson rate.

4.4 The Piecewise Polynomial Method

This is undoubtedly the most direct and general method, and Ditzian and the author used it to prove Theorem 3.5. However, it does pose substantial technical challenges. For finite intervals, it has been used for a long time, and in spirit goes back to Lebesgue’s proof of Weierstrass’ Theorem. Lebesgue first approximated by a piecewise linear function, and then polynomials. It has served as a powerful tool on finite intervals, for example in investigating shape preserving polynomial approximation, the degree of spline approximation, and even approximation by rational functions [30], [156].

The function f is first approximated by a piecewise polynomial (or spline). Each of the piecewise polynomials is generated via Whitney’s Theorem. Then special polynomials that approximate characteristic functions are used to turn the spline approximation into a polynomial approximation. We illustrate the method as it is used to prove Theorem 3.5 for Freud weights. Step 1: Partition [−a_n, a_n]. Recall that our modulus ω_{r,p} involves a tail piece that will take care of the behavior of f(x) for very large x. So we fix n and concentrate on approximation on the Mhaskar–Rakhmanov–Saff interval [−a_n, a_n]. We partition this interval into small intervals, all of length^{an}_n :

−a_n = τ_0 < τ_1 < τ_2 < · · · < τ_{2n} = a_n. Set I_j := [τ_j, τ_{j+1}] , 0 ≤ j ≤ 2n − 1.

Step 2: Use Whitney’s Theorem to develop a piecewise polynomial approximation. We fix r — this will be the order of the modulus. We approximate f on I_j by a polynomial p_j of degree ≤ r, and then form the piecewise polynomial

S [f] := p_0 +

2n−1�

j=1 (p_j − p_{j−1}) χ_{[τj ,an]},

where, as usual, χ_{[τj ,an]} denotes the characteristic function of the interval [τ_j, a_n]. When restricted to I_k, the sum becomes a telescopic sum: we see that in the interior of I_k, namely in (τ_k, τ_{k+1}),

S [f] = p_0 + k� j=1 (p_j − p_{j−1}) = p_k.

Then, if p < ∞,

‖(f − S [f]) W ‖^p_{Lp[−an,an]} =

2n−1�

j=0 � I_j

|(f − p_j) W |^p ≤ C

2n−1�

j=0 W (τ_j)^p ‖f − p_j‖^p_{Lp(Ij )} . (4.29)

In this step, we use the fact that because the intervals I_j have length^{an}_n , W does not grow or decay by more than a constant. The idea is that for x, y ∈ I_k,

W (x)/W (y) = exp(Q(y) − Q(x)) = exp(Q^′(ξ)(x − y)) ≤ exp � Q^′(ξ) a_n n � ≤ C, (4.30)

since Q^′ is bounded by C^n_{an} throughout [−a_n, a_n]. (This is true for Freud weights in the class F^∗ but fails for Erdős weights.) Now comes the application of Whitney. Let

I^∗_j = I_j ∪ I_{j+1}.

By Whitney’s Theorem on the interval I^∗_j [156, p. 195, p. 191], we can choose p_j of degree ≤ r such that ‖f − p_j‖^p_{Lp}(_{I∗j} ) ≤ C n a_n

�_{an/n} 0 � I^∗_j

|Δ^r_sf(x)|^p dx ds =: CΩ^p_j .

Here C is independent of f, n, j. The strange creature on the right is really the pth power of an rth order integral modulus of continuity on the interval I^∗_j . In forming the rth difference in this integral, one uses the convention that the difference is taken as 0 if any of the arguments of the function are outside the interval I^∗_j . Substituting this in (4.29) and using (4.30) gives

‖(f − S [f]) W ‖^p_{Lp[−an,an]} ≤ C n a_n

�_{an/n} 0 �_{an}

−a_n

|W Δ^r_sf(x)|^p dx ds

≤ C sup_{0<h≤ an} n ‖W Δ^r_hf‖^p_{Lp[−an,an]} . (4.31)

Step 3: Approximate the characteristic function χ_{[τj ,an]}. Now comes the difficult part. We approximate χ_{[τj ,an]} by a polynomial R_j of degree ≤ Ln giving the polynomial

P [f] = p_0 +

2n−1�

j=1 (p_j − p_{j−1}) R_j , which is of degree at most Ln + r. Here the constant L is independent of n, and arises in the challenging task of generating R_j . We see that then

S(f) − P [f] =

2n−1�

j=1 (p_j − p_{j−1}) � χ_{[τj ,an]} − R_j � . (4.32)

To estimate this, we compare p_j and p_{j−1} on the common interval where they approximate f, namely I_j. (That is why we used Whitney on I^∗_j = I_j ∪ I_{j+1}.) We obtain, even for p < 1,

‖p_j − p_{j−1}‖_{Lp(Ij )} ≤ C (Ω_{j−1} + Ω_j ) .

Now we use Nikolskii inequalities, which compare the norms of polynomials in L_p and L_q, and the Bernstein–Walsh inequality, which bounds the growth of polynomials outside an interval, once we know their size on the interval. Together they yield for all real x,

|p_j − p_{j−1}| (x) ≤ C � n a_n

�_{1/p} � 1 + n a_n

|x − τ_j|

�_r

(Ω_{j−1} + Ω_j ) . (4.33)

Again, the constant C does not depend on x, or n, or f. It does however depend on r, which crucially remains fixed. The^n_{an} factor arises from the length of I_j. Suppose now that for a given ℓ, � �χ_{[τj ,an]} − Rj � � (x)

W (x) W (τ_j) ≤ C � 1 + n a_n

|x − τ_j|

�_{−ℓ}

, x ∈ R, (4.34)

where C is independent of f, n, j, x. Then substituting this and (4.33) into (4.32) gives

|S [f] − P [f]| (x)W (x) ≤ C � n a_n

�_{1/p 2n−1}� j=1 � 1 + n a_n

|x − τ_j|

�_{r−ℓ}

W (τ_j) (Ω_{j−1} + Ω_j ) .

From here on, we need to proceed a little differently for p ≤ 1 and p > 1. Let us suppose p > 1. By Hölder’s inequality, with q =^p_{p−1} ,

|S [f] − P [f]|^p (x)W^p(x) ≤ C n a_n � � 2n−1�

j=1 � 1 + n a_n

|x − τ_j|

�_{(r−ℓ)p/2}

W^p(τ_j)Ω^p_j � � ×

× � � 2n−1�

j=1 � 1 + n a_n

|x − τ_j|

�_{(r−ℓ)q/2}� � p/q . (4.35)

We also use the fact that 1+^n_{an} |x − τ_j| is bounded by a constant times 1+^n_{an} |x − τ_{j−1}| throughout

the real line. Next, if ℓ > r, the function u → � 1 +^n_{an} |x − u|

�_{(r−ℓ)q/2} is increasing in (−∞, x) and decreasing in (x, ∞), so we can bound the second sum by an integral:

2n−1�

j=1 � 1 + n a_n

|x − τ_j|

�_{(r−ℓ)q/2} ≤ 2 n a_n

�_∞ −∞ � 1 + n a_n

|x − u|

�_{(r−ℓ)q/2}

du + 1 ≤ C, with C ≠ C (n, x), provided only (r − ℓ) q/2 < −1. So all we need is that ℓ is large enough. Now we integrate (4.35):

‖(S [f] − P [f])W ‖^p_{Lp(R)} ≤ C n a_n

2n−1�

j=1 W^p (τ_j) Ω^p_j

�_∞ −∞ � 1 + n a_n

|x − τ_j|

�_{(r−ℓ)p/2} dx

≤ C 2n−1�

j=1 W^p (τ_j) Ω^p_j , (4.36)

again, provided ℓ is so large that (r − ℓ) p/2 < −1. Finally,

2n−1�

j=1 W^p (τ_j) Ω^p_j = n a_n

�_{an/n} 0 � � 2n−1�

j=1 W^p (τ_j) � I^∗_j

|Δ^r_sf(x)|^p dx � � ds

≤ C sup_{0<h≤ an} n �_{an}

−a_n

|W (x)Δ^r_hf(x)|^p dx = C sup_{0<h≤ an} n ‖W Δ^r_hf‖^p_{Lp[−an,an]} .

Combining this, (4.31), and (4.36), gives

‖(f − P [f])W ‖^p_{Lp(R)} ≤ C � sup 0<h≤^{an}_n

‖W Δ^r_hf‖^p_{Lp[−an,an]} + ‖fW ‖^p_{Lp(|x|≥an)} � . That’s it! Reformulating this in terms of the modulus of continuity is relatively straightforward. Of course we assumed:

Step 4: Construction of the {R_j}. Recall we want R_j of degree ≤ Ln, satisfying � χ_{[τ,an]} − R_j � (x) W (x) W (τ) ≤ C � 1 + n a_n

|x − τ|

�_{−ℓ}

, x ∈ R, τ ∈ [−a_n, a_n] , (4.37)

with constants independent of τ, n, x. The problem here is the W (τ) in the denominator. It’s tiny for τ close to a_n, and we want R_j to approximate 1 in [τ, a_n], and to approximate 0 elsewhere in R. One starts with an even entire function

G(x) = ∞� j=0 g_{2j}x^{2j}

with all g_{2j} ≥ 0 such that C_1 ≤ (GW )(x) ≤ C_2, x ∈ R.

Such functions were constructed in [87]. We let G_n denote the nth partial sum. One can show that

(G_nW ) (x) ≤ C_1, x ∈ R, and C_1 ≤ (G_nW ) (x) ≤ C_2, |x| ≤ C_1a_n.

Next, we need needle or peaking polynomials V_{n,ξ}, built from Chebyshev polynomials, satisfying

‖V_{n,ξ}‖_{L∞[−1,1]} = V_{n,ξ}(ξ) = 1;

|V_{n,ξ}(t)| ≤ B � 1 − |ξ| n |t − ξ|

, t ∈ [−1, 1] \ {ξ} ; and V_{n,ξ}(t) ≥ 1 2 , |t − ξ| ≤ C � 1 − |ξ| n . The constants B, C are independent of n, ξ, x. We define [33, p. 121]

R_j(x) =

�_x 0 G_{Ln/4}(s)V_{n,ξ}(s/a_{2Ln})^Lds �_τ ∗ 0 G_{Ln/4}(s)V_{n,ξ}(s/a_{2Ln})^Lds

where L and τ^∗ are appropriately chosen, and ξ = τ/a_{Ln}. To prove this works, we split the integral into various pieces, consider several ranges of x, and reduce other ranges to the main range, where τ ∈ [S, a_n], for some fixed S. All the details appear in [33].

We note that for Erdős weights, or exponential weights on [−1, 1], the technical details are still more complicated — the subintervals I_j of the [−a_n, a_n] are no longer of equal length. See [27], [92], [93].

5 Weights Close to exp(−|x|)

The weight exp(−|x|) sits “on” the boundary of the class of weights admitting a positive solution to Bernstein’s problem. That boundary is fuzzy, but if you recall that W_α(x) = exp(−|x|^α) admits a positive solution iff α ≥ 1, this makes sense. So it is not surprising that results like Jackson’s theorem, tend to take a different form. Freud was interested in this boundary case right throughout his research on weighted polynomial approximation. In 1978, Freud, Giroux and Rahman [43, p. 360] proved that

E_n[f; W_1]_1 = inf_{deg(P )≤n} ‖(f − P )W_1‖_{L1(R)} ≤ C � ω � f, 1 log n � + � |x|≥ √ n |fW_1| (x)dx � , where ω (f, ε) = sup_{|h|≤ε}

�_∞ −∞ |(fW_1)(x + h) − (fW_1)(x)| dx + ε

�_∞ −∞ |fW_1| .

Here C is independent of f and n, and √ n could be replaced by n^{1−δ} for any fixed δ ∈ (0, 1).

Compare the^1_{log n} inside the modulus to the n^{−1+1/α} we obtained for W_α, α > 1. This suggests that lim α→1+

n^{−1+1/α} = 1 log n

, (5.1)

at least in the sense of Jackson rates! Ditzian, the author, Nevai and Totik [34] later extended this result to a characterization in L_1. The technique used by Freud, Giroux and Rahman was essentially an L_1 technique, using the relation between one-sided weighted approximation, Gauss quadratures, and Christoffel functions — as we discussed in Section 4.1.

Only recently has it been possible to establish the analogous results in L_p, p > 1 [98]. The author modified the spline method discussed in Section 4.4 above. The challenge is that however you tweak the construction of {R_j} there, it does not work. So a new idea was needed. As the peaking polynomials used there do not work for W_1, they were replaced by the reproducing kernel for orthogonal polynomials for W^2_1 , and in the proofs, the author needed bounds for these orthogonal polynomials, implied by recent work of Kriecherbauer and McLaughlin [68].

If we examine the modulus used in (3.13) for W_α, α > 1, we see that the interval [−h^{11−α} , h^{11−α} ] is no longer meaningful for α = 1. It turns out to be replaced by � − exp

�_{1−ε} h � , exp

�_{1−ε} h � , for some fixed ε ∈ (0, 1). The modulus becomes

ω_{r,p}(f, W_1, t) = sup_{0<h≤t} ‖W_1 (Δ^r_hf) ‖_{Lp}[_{− exp}( 1−ε_t )_{,exp}( 1−ε_t )]

+ inf

deg(P )≤r−1

‖(f − P )W_1‖_{Lp}(_{R\[− exp}( 1−ε_t )_{+1,exp}( 1−ε_t )_{−1]}). (5.2)

The author proved [98]:

Theorem 5.1 For 0 < p ≤ ∞, and n ≥ C_3,

E_n [f; W_1]_p ≤ C_1ω_{r,p}(f, W_1, 1 log (C_2n)

). (5.3)

Here C_1, C_2 are independent of f and n.

While this may be a technical achievement, it is scarcely surprising, given that Freud, Giroux and Rahman already had the rate O

�_1

log n � in the L_1 case. What about a Jackson–Favard inequality?

The “limit” (5.1) suggests that an analogue of (3.10) should have the form

E_n [f; W_1]_p ≤ C log n

‖f^′W_1‖_{Lp(R)}.

Remarkably enough this is false, and there is no Jackson–Favard inequality for W_1, not even if we replace^1_{log n} by a sequence decreasing arbitrarily slowly to 0. More generally, we answered in [99] the question: which weights admit a Jackson type theorem, of the form (3.10), with {a_n/n}^∞_{n=1} replaced by some sequence {η_n}^∞_{n=1} with limit 0? We proved [99]:

Theorem 5.2 Let W : R → (0, ∞) be continuous. The following are equivalent: (a) There exists a sequence {η_n}^∞_{n=1} of positive numbers with limit 0 and with the following property. For each 1 ≤ p ≤ ∞, and for all absolutely continuous f with ‖f^′W ‖_{Lp(R)} finite, we have inf deg(P )≤n

‖(f − P )W ‖_{Lp(R)} ≤ η_n‖f^′W ‖_{Lp(R)}, n ≥ 1. (5.4)

(b) Both lim_{x→∞} W (x)

�_x 0 W^{−1} = 0 (5.5) and lim_{x→∞} W (x)^{−1}

�_∞ x W = 0, (5.6)

with analogous limits as x → −∞.

Two fairly direct corollaries of this are:

Corollary 5.3 Let W : R → (0, ∞) be continuous, with W = e^{−Q}, where Q(x) is differentiable for large |x|, and lim_{x→∞} Q^′(x) = ∞ and lim_{x→−∞} Q^′(x) = −∞. (5.7)

Then there exists a sequence {η_n}^∞_{n=1} of positive numbers with limit 0 such that for each 1 ≤ p ≤ ∞, and for all absolutely continuous f with ‖f^′W ‖_{Lp(R)} finite, we have (5.4).

Corollary 5.4 Let W : R → (0, ∞) be continuous, with W = e^{−Q}, where Q(x) is differentiable for large |x|, and Q^′(x) is bounded for large |x|. Then for both p = 1 and p = ∞, there does not exist a sequence {η_n}^∞_{n=1} of positive numbers with limit 0 satisfying (5.4) for all absolutely continuous f with ‖f^′W ‖_{Lp(R)} finite.

In particular for W_1, there is no Jackson–Favard inequality, since both (5.5) and (5.6) are false. Thus there is a real difference between density of weighted polynomials, and weighted Jackson– Favard theorems. It is possible to have the former without the latter.

A key ingredient in the above theorem is an estimate for tails [99]:

Theorem 5.5 Assume that W : R → (0, ∞) is continuous.

(a) Assume W satisfies (5.5) and (5.6), with analogous limits at −∞. Then there exists a decreasing positive function η : [0, ∞) → (0, ∞) with limit 0 at ∞ such that for 1 ≤ p ≤ ∞ and λ ≥ 0,

‖fW ‖_{Lp(R\[−λ,λ])} ≤ η (λ) ‖f^′W ‖_{Lp(R)} (5.8)

for all absolutely continuous functions f : R → R for which f(0) = 0 and the right-hand side is finite.

(b) Conversely assume that (5.8) holds for p = 1 and for p = ∞, for large enough λ. Then the limits (5.5) and (5.6) in Theorem 1.1 are valid, with analogous limits at −∞.

The above results deal with L_p for all 1 ≤ p ≤ ∞. What happens if we focus on a single L_p space? We recently proved [100]:

Theorem 5.6 Let W : R → (0, ∞) be continuous and let 1 ≤ p ≤ ∞ and^1_p +^1_q = 1. The following are equivalent:

(a) There exists a sequence {η_n}^∞_{n=1} of positive numbers with limit 0 and with the following property. For all absolutely continuous f with ‖f^′W ‖_{Lp(R)} finite, we have inf deg(P )≤n

‖(f − P )W ‖_{Lp(R)} ≤ η_n‖f^′W ‖_{Lp(R)}, n ≥ 1. (5.9)

(b) lim_{x→∞} � W^{−1} � L_q [0,x] ‖W ‖Lp[x,∞) = 0, (5.10)

with analogous limits as x → −∞.

As a consequence one can construct weights that admit a Jackson theorem in L_p but not in L_r for any 1 ≤ p, r ≤ ∞ with p ≠ r:

Theorem 5.7 Let 1 ≤ p, r ≤ ∞ with p ≠ r. There exists W : R → (0, ∞) such that 1 1 + x^2

≤ W (x)/ exp(−x^2) ≤ 1 + x^2, x ∈ R,

and W admits an L_r Jackson theorem , but not an L_p Jackson theorem. That is, there exists {η_n}^∞_{n=1} with limit 0 at ∞ satisfying (5.9) in the L_r norm, but there does not exist such a sequence satisfying (5.9) in the L_p norm.

This is a highly unusual occurrence in weighted approximation — in fact the first occurrence of this phenomenon known to this author. Density of polynomials, and the degree of approximation is almost invariably the same for any L_p space (suitably weighted of course). Recall Koosis’ remark quoted after Theorem 1.6 [67, pp. 210–211].

6 Restricted Range Inequalities

We have already seen the role played by restricted range inequalities (often called infinite-finite range inequalities) in weighted Jackson theorems. Paul Nevai rated Freud’s discovery of these as one of his most important contributions to weighted approximation theory. One is reminded of their import when one recalls that Dzrbasjan did not have these, and could only prove estimates in a fixed finite interval. This should not detract from admiration for the generality of Dzrbasjan’s results, and the sophistication of his ideas, which are still being used.

Let’s recap a little. Recall that Freud and Nevai proved that there are constants C_1 and C_2 such that for all polynomials P_n of degree at most n,

‖P_nW_α‖_{Lp(R)} ≤ C_1‖P_nW_α‖_{Lp}[_{−C1n1/α,C1n1/α}]. (6.1)

The constants C_1 and C_2 can be taken independent of n, P_n and even the L_p parameter p ∈ [1, ∞]. Outside the interval � −C_1n^{1/α}, C_1n^{1/α} � , P_nW_α decays quickly to zero. For more general W = exp(−Q), one replaces n^{1/α}, with Freud’s number q_n, the positive root of the equation

n = q_nQ^′ (q_n) .

If xQ^′(x) is positive, continuous, and strictly increasing in (0, ∞), with limit 0 at 0, and ∞ at ∞, then q_n exists and is unique.

Theorem 6.1 Assume that xQ^′(x) is positive, continuous, and strictly increasing in (0, ∞), with limit 0 at 0, and ∞ at ∞. Then for n ≥ 1 and polynomials P of degree ≤ n,

‖P W ‖_{L∞(R)} = ‖P W ‖_{L∞[−4q2n,4q2n]} . (6.2)

Proof. This type of proof was used many times by Freud and Nevai; see also the monograph [136, p. 66]. Recall that if T_n is the classical Chebyshev polynomial, then for |x| ≥ 1 and polynomials P of degree ≤ n, |P (x)| ≤ T_n (|x|) ‖P ‖_{L∞[−1,1]} ≤ (2 |x|)^n ‖P ‖_{L∞[−1,1]} . (6.3)

Scaling this to [−q_{2n}, q_{2n}], and using the fact that Q is increasing in (0, ∞) gives

|P (x)| ≤ � 2|x| q_{2n}

�_n ‖P ‖_{L∞[−q2n,q2n]} ≤ � 2|x| q_{2n}

�_n

W^{−1} (q_{2n}) ‖P W ‖_{L∞[−q2n,q2n]} . So |P W | (x) ≤ 2^n

|x|^n W (x) q^n_{2n}W (q_{2n})

‖P W ‖_{L∞[−q2n,q2n]} .

Now if x ≥ 4q_{2n}, log x^nW (x) q^n_{2n}W (q_{2n}) = �_x

q_{2n}

n − uQ^′(u) u du ≤ −n

�_{4q2n}

q_{2n} du u = −n log 4,

since u ≥ q_{2n} ⇒ uQ^′(u) ≥ 2n. Substituting in above, gives for x ≥ 4q_{2n},

|P W |(x) ≤ 2^{−n} ‖P W ‖_{L∞[−q2n,q2n]} .

This certainly implies (6.2).

The proof clearly shows the exponential decay of P W outside the interval [−q_{2n}, q_{2n}], which depends only on n. In L_p, any p > 0, a typical analogue is

‖P W ‖_{Lp(R)} ≤ (1 + e^{−Cn}) ‖P W ‖_{Lp[−Bq2n,Bq2n]}

where C > 0, and B is large enough.

These inequalities are sufficient for weighted Jackson and Bernstein theorems, but not for some of the deeper results such as Bernstein inequalities with endpoint effects, or convergence of orthogonal expansions, or Lagrange interpolation, let alone asymptotics of orthogonal polynomials. With such questions in mind, Mhaskar and Saff asked in the early 1980’s: where does the sup or L_p norm of a weighted polynomial really live? Clearly it is inside the intervals [−Bq_{2n}, B_{q2n} ], with appropriate B, but what is the best B? In seminal papers [138], [139], [140], they used potential theory to obtain the answer. In another seminal development, E. A. Rakhmanov a little earlier [166] developed the same potential theory in order to investigate asymptotics of orthogonal polynomials.

One of the best ways to understand their work is to recall Bernstein’s bound for growth of polynomials in the complex plane. For n ≥ 1, polynomials P of degree ≤ n, and z /∈ [−1, 1],

|P (z)| ≤ � �z + � z^2 − 1 � �^n ‖P ‖_{L∞[−1,1]} .

Thus once we have a bound on P on an interval, we can estimate its growth outside. Of course, it is related to the inequality involving T_n that we used above, but that works only for real x.

Now let us look for a weighted analogue for even weights W = exp(−Q), where, say, x → xQ^′(x) is increasing, positive, and continuous in (0, ∞). Suppose that a > 0, and we have a function G = G_{n,a} with the following properties:

(I) G is analytic and non-vanishing in C\[−a, a]; (II) G(z)z^n has a finite limit as |z| → ∞; (III) |G(z)| → W (x) as z → x ∈ (−a, a).

Then given a polynomial P of degree ≤ n, the function P G is analytic in C\[−a, a], including at ∞, where it has a finite limit. Moreover, for x ∈ (−a, a) , lim_{z→x} |P G|(z) = |P W |(x) ≤ ‖P W ‖_{L∞[−a,a]}.

By the maximum modulus principle, we then obtain |P G|(z) ≤ ‖P W ‖_{L∞[−a,a]}, z /∈ [−a, a].

In particular, for real x with |x| > a, |P W |(x) ≤ ‖P W ‖_{L∞[−a,a]}W (x)/G_{n,a}(x).

For a given n, Mhaskar and Saff found the smallest a = a_n for which W (x)/G_{n,a}(x) < 1 for all |x| > a. (6.4) Clearly, we then have |P W |(x) < ‖P W ‖_{L∞[−an,an]}, |x| > a_n, and the Mhaskar–Saff identity ‖P W ‖_{L∞(R)} = ‖P W ‖_{L∞[−an,an]}.

Recall that a_n is called the Mhaskar–Rakhmanov–Saff number, and is the positive root of the equation n = 2 π �_1 0 a_ntQ^′ (a_nt) √ 1 − t^2 dt. (6.5) For the weight W_α(x) = exp(−|x|^α), α > 0,

a_n = � 2^{α−2}

Γ (α/2)^2 Γ (α)

�_{1/α}

n^{1/α}.

How does this arise and how does one find the function G_{n,a}? We solve the integral equation �_1 −1 log |x − t| μ_{n,a}(t)dt =

Q(ax) n + c_{n,a}, x ∈ [−1, 1] , (6.6) for the function μ_{n,a}, and some constant c_{n,a}, subject to the condition �_a −a μ_{n,a} = 1.

By (formal) differentiation, we see that this is really equivalent to solving a singular integral equation �_1 −1 μ_{n,a}(t) x − t dt = aQ^′(ax) n , x ∈ (−a, a) .

The integral on the left is a Cauchy principal value integral. There is a well developed theory of such equations [47], [167]. One can show that [111, p. 37], [136, p. 124 ff.]

μ_{n,a}(x) = 2 π^2

�_1 0 √ 1 − x^2 √ 1 − s^2 asQ^′(as) − axQ^′(ax) n (s^2 − x^2) ds +

B_{n,a} π √ 1 − x^2

, (6.7)

where B_{n,a} = 1 − 2 nπ �_1 0 atQ^′(at) √ 1 − t^2 dt. (6.8)

Then the function G_{n,a} is given by

G_{n,a}(z) = exp � −n �_1 −1 log �z a − t � μ_{n,a}(t)dt + nc_{n,a} �

so that for x ∈ [−a, a] ,

|G_{n,a}(x)| = exp � −n �_1 −1 log � �x a − t � � μ_{n,a}(t)dt + nc_{n,a} � = W (x),

by (6.6). So at least we have verified (III) above. It turns out that whenever B_{n,a} > 0, then W/G_{n,a} > 1 in some right neighborhood of 1. Thus we look for the smallest a for which B_{n,a} = 0. We see from (6.8) that this requires 1 − 2 nπ �_1 0 atQ^′(at) √ 1 − t^2 dt = 0 =⇒ a = a_n.

This scratches the surface of an extensive theory. The monograph of Saff and Totik [167] contains a detailed and deep development. A more elementary treatment is provided in [136], though that will be more than sufficient for those interested only in the topics of this survey. For general exponential weights, restricted range inequalities in quite precise form are investigated in [85]. Here is a typical result [85, Theorem 1.8, p. 15], [136, Thm. 6.2.4, p. 142]:

Theorem 6.2 Let Q : R → [0, ∞) be even and convex, with limit ∞ at ∞ and

0 = Q(0) < Q(x), x ≠ 0.

(a) For not identically zero polynomials P of degree ≤ n,

‖P W ‖_{L∞(R)} = ‖P W ‖_{L∞[−an,an]} and ‖P W ‖_{L∞(R\[−an,an])} < ‖P W ‖_{L∞[−an,an]} .

(b) Let 0 < p < ∞ and P be a not identically zero polynomial of degree ≤ n −^2_p . Then

‖P W ‖_{Lp(R)} < 2^{1/p} ‖P W ‖_{Lp[−an,an]} and ‖P W ‖_{Lp(R\[−an,an])} < ‖P W ‖_{Lp[−an,an]} .

Quite often, we need a smaller estimate for the tail, and this is possible provided we omit a little more than the Mhaskar–Saff interval. Here is what can be achieved [85, Thm. 1.9, p. 15] for the class of weights F^∗, specified in Definition 4.6:

Theorem 6.3 Let W ∈ F^∗ and 0 < p ≤ ∞. For n ≥ 1, κ ∈ (0, 1] and polynomials P of degree ≤ n, ‖P W ‖_{Lp(R\[−an(1+κ),an(1+κ)])} ≤ C_1 exp(−nC_2κ^{3/2}) ‖P W ‖_{Lp[−an,an]} .

Here C_1 and C_2 are independent of n, P, κ.

More generally, it was proved there Theorem 6.4 Let W = e^{−Q}, where Q : R → [0, ∞) is even and convex, with Q having limit ∞ at ∞, and T (t) = tQ^′(t) Q(t) is quasi-increasing in the sense of (3.27) of Definition 3.11. Assume furthermore that for some Λ > 1, T ≥ Λ in (0, ∞), while

T (y) ∼ T � y � 1 − 1 T (y) � , y ∈ (0, ∞) . (6.9)

Then for n ≥ 1, κ ∈ (0,^1_{T (an)} ] and polynomials P of degree ≤ n,

‖P W ‖_{Lp(R\[−an(1+κ),an(1+κ)])} ≤ C_1 exp(−C_2nT (a_n)κ^{3/2}) ‖P W ‖_{Lp[−an,an]} . (6.10) Here C_1 and C_2 are independent of n, P, κ.

Finally, we can go back a little inside the Mhaskar–Saff interval if we allow a cruder estimate on the tail [85, Theorem 4.2(a), p. 96]:

Theorem 6.5 Assume in addition to the hypotheses of Theorem 6.4 that Q^{′′} exists and is positive in (0, ∞), while for some C > 0, and large enough x, Q^{′′}(x) Q^′(x) ≤ C Q^′(x) Q(x) . Let 0 < p ≤ ∞ and λ > 0. Then there exists n_0 and C such that for n ≥ n_0 and polynomials P of degree ≤ n, ‖P W ‖_{Lp(R)} ≤ C ‖P W ‖_{[−an(1−ληn),an(1−ληn)]} , (6.11) where η_n = (nT (a_n))^{−2/3} . (6.12) See [57], [61], [85], [134], [136], [145], [167] for further discussion of restricted range inequalities.

7 Markov–Bernstein Inequalities

Markov–Bernstein inequalities have already been mentioned above. They are the main ingredient of converse theorems of approximation, but also enter in many other contexts. For the unweighted case on [−1, 1], the classical Markov inequality asserts that � P^′ � L_∞[−1,1] ≤ n

2 ‖P ‖_{L∞[−1,1]} , (7.1)

for n ≥ 1 and all polynomials P of degree ≤ n. The Bernstein inequality improves this as long as we stay away from the endpoints: � �P^′(x) � � ≤ n√ 1 − x^2

‖P ‖_{L∞[−1,1]} , x ∈ (−1, 1) , (7.2)

for n ≥ 1 and all polynomials P of degree ≤ n.

The weights W_α(x) = exp(−|x|^α), α > 0, already provide a lot of insight into the weighted case on the real line. The analogue of the Markov inequality is � P^′_nW_α � L_p(R) ≤ C ‖PnWα‖Lp(R) � � � n^{1−1/α}, α > 1 log(n + 1), α = 1 1, α < 1

. (7.3)

This is valid for all n ≥ 1 and polynomials P_n of degree ≤ n. The constant C depends on p ∈ (0, ∞] and α, but not on n or P . It’s no accident that the factors arising are similar to those in the Jackson rates, and for α < 1, the factor is bounded independent of n. For α ≥ 2, these inequalities were proved by Freud; for 1 < α < 2, by Eli Levin and the author; and for α ≤ 1, by Paul Nevai and Vili Totik.

In order to generalize this for arbitrary Q, we should try to cast this estimate in a unified form. For α > 1, we see that n^{1−1/α} = C_1 n a_n

= C_2Q^′ (a_n) ,

where Q(x) = |x|^α, and recall, a_n = C_1n^{1/α}. As we shall see, Q^′ (a_n) is the correct factor whenever W = exp(−Q) and Q is even and grows faster than |x|^α for some α > 1. For Freud weights, where Q is of polynomial growth, but still grows faster than |x|^α, for some α > 1, we can use^n_{an} . However, for all polynomial rates of growth, including |x|^α, α ≤ 1, we can use �_{Cn} 1 ds Q^{[−1]}(s) , where if Q is strictly increasing and continuous on [0, ∞), Q^{[−1]} denotes its inverse. The most general L_∞ result for Q of polynomial growth, with this factor, is due to Kroó and Szabados [69, p. 48]:

Theorem 7.1 Let W = exp(−Q), where Q is even, continuous, increasing in (0, ∞), and twice differentiable for large enough x, with

lim inf x→∞ xQ^′(x) Q(x)

> 0, (7.4) and lim sup x→∞ xQ^{′′}(x) Q^′(x)

< ∞. (7.5)

Then for n ≥ 1 and all polynomials P of degree ≤ n, � P^′W � L_∞(R) ≤

�_{Cn} 1 ds Q^{[−1]}(s)

‖P W ‖_{L∞(R)} .

Here C ≠ C (n, P ).

The author and Eli Levin used the slightly more restrictive condition that W ∈ F^∗, so (4.18) holds. This implies, like (7.4) and (7.5), that Q grows faster than some positive power of x, but slower than some other positive power of x. Strangely enough, there does not seem to be a published form of this result in L_p. Indeed, extra difficulties arise in L_p — we shall discuss techniques for proving Markov–Bernstein inequalities in the next section. However, there are results that apply to L_p separately for the case where Q grows faster, or slower, than |x|. First, we record the former case [84, p. 231]:

Theorem 7.2 Let W ∈ F^∗. Let 1 ≤ p < ∞. Then for n ≥ 1 and all polynomials P of degree ≤ n, � P^′W � L_p(R) ≤ C n a_n

‖P W ‖_{Lp(R)} .

Here C ≠ C (n, P ).

This was later extended to the case 0 < p < 1 [85, Corollary 1.16, p. 21]. For weights growing slower than |x|, Nevai and Totik [151, Thm. 2, p. 122] used a beautiful method to prove:

Theorem 7.3 Let W = exp(−Q), where Q is even, increasing, and concave in (0, ∞), with �_∞ 0 Q(x) 1 + x^2 dx < ∞.

Then for n ≥ 1 and all polynomials P of degree ≤ n, � P^′W � L_∞(R) ≤ C ‖P W ‖L∞(R) .

Here C ≠ C (n, P ). If in addition,

lim_{x→∞}

2Q(x) − Q(2x) log x

= ∞,

then, given p > 0, we have for n ≥ 1 and all polynomials P of degree ≤ n, � P^′W � L_p(R) ≤ C ‖P W ‖Lp(R) .

Here C ≠ C (n, P ).

The above are all Markov inequalities, analogues of (7.3). There are also Bernstein inequalities, which reflect the opposite feature of the finite interval case. The growth in n decreases towards the end of the Mhaskar–Rakhmanov–Saff interval. To state these, we need the function

ϕ_n(x) := max � 1 − |x| a_n

, n^{−2/3} � , x ∈ R.

Eli Levin and the author proved [84, Thm. 1.1, p. 231]:

Theorem 7.4 Let W ∈ F^∗ and let 1 ≤ p ≤ ∞. Then for n ≥ 1 and all polynomials P of degree ≤ n, ‖(P W )^′ϕ^{−1/2}_n ‖_{Lp(R)} ≤ C n a_n

‖P W ‖_{Lp(R)} .

Here C ≠ C (n, P ).

For p = ∞, this was proved in [82], and for 1 ≤ p < ∞, in [84]. If p = ∞, we see that this has the consequence � (P W )^′ (a_n) � ≤ C n^{2/3} a_n

‖P W ‖_{L∞(R)} ,

when P has degree ≤ n. There is in [84, Thm. 1.2, p. 233] an analogue of this for weights satisfying (4.18) in Definition 4.6 with A > 0 only (such as exp(−|x|^α) , α ≤ 1). One fixes η ∈ (0, 1), and proves that ‖(P W )^′ϕ^{−1/2}_n ‖_{Lp(|x|≥ηan)} ≤ C n a_n

‖P W ‖_{Lp(R)} .

Note that in the Bernstein inequalities, it is essential that we estimate (P W )^′, and not P^′W . There is no improvement for the latter, at least in general, near ±a_n.

Analogues of Markov and Bernstein inequalities have also been obtained for Erdős weights, where Q is of faster than polynomial growth, as well as for exponential weights on (−1, 1). They are also available for non-even exponential weights on a possibly asymmetric finite or infinite interval [85]. For simplicity, we quote only the even case. First, we define a suitable class of weights, which includes both the Freud and Erdős weights in the real line, and exponential weights on (−1, 1):

Definition 7.5 Let I = (−d, d) where 0 < d ≤ ∞. Let Q : I → [0, ∞) be an even function with the following properties:

(a) Q^′ is continuous and positive in I and Q(0) = 0;

(b) Q^{′′} exists and is positive in (0, d) ; (c) lim_{t→d−} Q(t) = ∞;

(d) The function T (t) = tQ^′(t) Q(t) is quasi-increasing in (0, d), in the sense that

0 ≤ x < y < d =⇒ T (x) ≤ CT (y).

Moreover, for some Λ > 1, T (t) ≥ Λ > 1, t ∈ (0, d) .

(e) There exists C_1 > 0 such that

|Q^{′′}(x)| Q^′(x)

≤ C_1

Q^′(x) Q(x)

, x ∈ (0, d) .

Then we write W ∈ F_{even} � C^2 � . If also, there exists c ∈ (0, d) such that

|Q^{′′}(x)| Q^′(x)

≥ C_2

Q^′(x) Q(x)

, x ∈ (c, d) ,

then we write W ∈ F_{even} � C^2+ � . Examples of weights satisfying this are W_α, α > 1, as well as W = exp(−Q), where

Q(x) = exp_ℓ (|x|^α) − exp_ℓ(0), x ∈ (−∞, ∞) , (7.6)

with ℓ ≥ 1, α > 1, and exp_ℓ := exp((· · · exp())) denoting the ℓth iterated exponential. We set exp_0(x) := x. Others include

Q(x) = exp_ℓ � 1 − x^2

�_{−α}�

− exp_ℓ(1), x ∈ (−1, 1) , (7.7)

where now ℓ ≥ 0 and α > 0.

Theorem 7.6 Let 0 < p ≤ ∞ and W = e^{−Q} ∈ F_{even} � C^2 � . For n ≥ 1, let

φ_n(x) = a_n n � �1 −^{|x|}_{a2n} � � � �1 − |x|_{an} � + (nT (a_n))−2/3

. (7.8)

Then for n ≥ 1 and polynomials P_n of degree ≤ n, � (P W )^′φ_n � L_p(R) ≤ C ‖P W ‖Lp(R) .

Moreover, � �P^′W �_{Lp(R)} ≤ C n a_n

T (a_n)^{1/2} ‖P W ‖_{Lp(R)} .

This result is a special case of Theorem 1.15 and Corollary 1.16 in [85, p. 21]. There the restrictions on Q are weaker, but the definition of the classes is more implicit, so we restrict ourselves to the smallest even case considered there. The main feature is the extra factor T (a_n)^{1/2}, which really is there — weighted extremal polynomials attain it, see [85].

As examples, Q of (7.6) has Markov factor [85, p. 30] n a_n

T (a_n)^{1/2} ∼ n (log_ℓ n)^{1/α} � � ℓ� j=1 log_j n � � 1/2 .

Here log_j := log (log (· · · log ())) denotes the jth iterated logarithm. For Q of (7.7) and ℓ = 0, the Markov factor is [85, p. 32] n a_n

T (a_n)^{1/2} ∼ n^{2α+22α+1}

while if ℓ ≥ 1, it is [85, p. 34] n a_n

T (a_n)^{1/2} ∼ n (log_ℓ n)^{12} (^{1+ 1α} ) � � ℓ−1� j=1 log_j n � � 1/2 .

8 Methods to Prove Markov–Bernstein Inequalities In this section, we outline some of the methods that have been used to prove Markov–Bernstein inequalities for exponential weights. An extensive treatment of Markov–Bernstein inequalities for both weighted and unweighted cases is given in [9], [143]. We begin with

8.1 Freud’s Method via de la Vallée Poussin Means Recall that in Lemma 4.5 we proved ‖V_n [f] W ‖_{L∞(R)} ≤ C ‖fW ‖_{L∞(R)} , where C ≠ C (n, f). Thereafter, at (4.17), we showed how duality can be used to prove ‖V_n [f] W ‖_{L1(R)} ≤ C ‖fW ‖_{L1(R)} , where C ≠ C (n, f). In much the same way, one can prove that when W ∈ F^∗,

‖V^′_n [f] W ‖_{L∞(R)} ≤ C n a_n

‖fW ‖_{L∞(R)} . (8.1)

The main new technical ingredient required is the estimate 1 �^{n−1}� k=0 p^′_k(ξ)^2 ≥ C

�a_n n �_3 W^2(ξ), ξ ∈ R. (8.2)

This is a cousin of the Christoffel function estimate (4.13) and can be proved using much the same ideas. Freud did this in [42]. A proof is also given in [136, p. 64]. Now if P is a polynomial of degree ≤ n, then V_n [P ] = P.

So (8.1) immediately gives the L_∞ Markov–Bernstein inequality

‖P^′W ‖_{L∞(R)} ≤ C n a_n

‖P W ‖_{L∞(R)} .

To extend this to L_1, we use duality on V^′_n: � V^′_n [f] W � L_1(R) = sup

�_∞ −∞ V^′_n [f] gW^2, (8.3)

where the sup is taken over all measurable functions g with ‖gW ‖_{L∞(R)} ≤ 1. Next, we use the fact that if P is a polynomial of degree ≤ 2n, then �_∞ −∞ (g − V_{4n} [g]) P W^2 = 0.

Indeed, we can prove this by considering the special case P = p_j, 0 ≤ j ≤ 2n, and recalling that the first 2n Fourier series coefficients (with respect to {p_j}) of V_{4n} [g] are the same as those of g. The above considerations and an integration by parts give �_∞ −∞ V^′_n [f] gW^2 =

�_∞ −∞ V^′_n [f] V_{4n} [g] W^2

= − �_∞ −∞ V_n [f] V^′_{4n} [g] W^2 + 2

�_∞ −∞ V_n [f] V_{4n} [g] Q^′W^2. (8.4)

Here � � �_∞ −∞ V_n [f] V^′_{4n} [g] W^2 � � ≤ � �V^′_{4n} [g] W � �_{L∞(R)}

�_∞ −∞ |V_n [f]| W

≤ C n a_n

‖gW ‖_{L∞(R)} ‖fW ‖_{L1(R)} ≤ C n a_n

‖fW ‖_{L1(R)} . (8.5)

In the second last line, we used our L_1 bound (4.17) for V_n, and the L_∞ bound (8.1) for V^′_n, and in the last line we used our bound on the sup norm of gW . To bound the second term in (8.4), one needs

Lemma 8.1 Let h be absolutely continuous with h(0) = 0. Then � Q^′hW � L_∞(R) ≤ C � h^′W � L_∞(R) . (8.6)

Proof. Observe that if x > 0, � �Q^′(x)h(x)W (x) � � = � �Q^′(x)W (x)

�_x 0 h^′(t)dt � � ≤ � h^′W � L_∞(R) � � �Q^′(x)W (x)

�_x 0 W^{−1}(t)dt � � � . (8.7)

We now assume that Q^′ is increasing, and

lim_{t→∞}

Q^{′′}(t) Q^′(t)^2

= 0.

This latter condition is true for regularly behaved Freud and Erdős weights such as F^∗, E. Choose A > 0 such that Q^{′′}(t) Q^′(t)^2 ≤ 1 2 , t ≥ A.

If x ≥ A, an integration by parts gives �_x A W^{−1}(t)dt =

�_x A Q^′(t)^{−1}Q^′(t)W^{−1}(t)dt

= Q^′(t)^{−1}W^{−1}(t) � �^{t=x}_{t=A} +

�_x A Q^{′′}(t) Q^′(t)^2

W^{−1}(t)dt

≤ Q^′(x)^{−1}W^{−1}(x) + 1 2 �_x A W^{−1}(t)dt.

Then �_x A W^{−1}(t) dt ≤ 2Q^′(x)^{−1}W^{−1}(x) and x ≥ A ⇒ Q^′(x)W (x)

�_x A W^{−1}(t) dt ≤ 2.

As Q^′W is bounded in (0, ∞), we obtain

x ≥ 0 ⇒ Q^′(x)W (x)

�_x 0 W^{−1}(t) dt ≤ C.

A similar bound holds for x < 0, and then we obtain (8.6) from (8.7).

Next, we apply (8.6) to the second term in the right-hand side of (8.4), with h = V_{4n} [g] − V_{4n} [g] (0). We obtain � V_{4n} [g] Q^′W � (x) ≤ |V_{4n} [g] (x) − V_{4n} [g] (0)| � Q^′(x) � W (x) + V_{4n} [g] (0) � Q^′(x) � W (x)

≤ C‖V^′_{4n} [g] W ‖_{L∞(R)} + C |V_{4n} [g] (0)| ≤ C n a_n

‖gW ‖_{L∞(R)} ≤ C n a_n , so � � � �_∞ −∞ V_n [f] V_{4n} [g] Q^′W^2 � � � ≤ C n a_n � � � �_∞ −∞ V_n [f] W � � � ≤ C n a_n

‖fW ‖_{L1(R)} . (8.8)

Combining (8.4), (8.5), and (8.8) gives

‖V^′_n [f] W ‖_{L1(R)} ≤ C n a_n

‖fW ‖_{L1(R)} .

Thus, recalling (8.1), we have that for both p = 1 and p = ∞,

‖V^′_n [f] W ‖_{Lp(R)} ≤ C n a_n

‖fW ‖_{Lp(R)}.

By interpolation, we obtain

‖V^′_n [f] W ‖_{Lp(R)} ≤ C n a_n

‖fW ‖_{Lp(R)} , for all 1 ≤ p ≤ ∞, where C ≠ C (n, P ). Applying this with f = P , a polynomial of degree ≤ n, gives ‖P^′W ‖_{Lp(R)} ≤ C n a_n

‖P W ‖_{Lp(R)}.

This method is elegant, and yields more than just Markov–Bernstein inequalities. As we have seen, we also obtain a proof of a Jackson–Favard type inequality, bounds on Cesàro means of orthogonal expansions, and other useful information. Our main technical ingredients were bounds on Christoffel functions and their derivative analogue (8.2), and some technical estimates involving Q^′.

8.2 Replacing the Weight by a Polynomial

This method is very simple, but applies only to a limited class of weights. Suppose that for some fixed K > 0, we have polynomials S_n of degree ≤ Kn, with

C_1 ≤ S_n/W ≤ C_2 in [−2a_n, 2a_n], (8.9)

and � �S^′_n � � /W ≤ C_3 n a_n in [−a_n, a_n]. (8.10)

These polynomials enable us to reduce weighted Bernstein inequalities to classical unweighted Bernstein inequalities. If P is a polynomial of degree ≤ n, then our restricted range inequalities give � P^′W � L_p(R) ≤ C � P^′W � L_p[−a_n,a_n] ≤ CC −1 1 � P^′S_n � L_p[−a_n,a_n]

≤ CC^{−1}_1 � �(P S_n)^′�_{Lp[−an,an]} + �P S^′_n�_{Lp[−an,an]} �

≤ CC^{−1}_1 � 2n a_n

‖P S_n‖_{Lp[−2an,2an]} + n a_n

‖P W ‖_{Lp[−an,an]} � , by our hypotheses on S^′_n, and the classical Bernstein inequality, scaled from [−1, 1] to [−2a_n, 2a_n]. Using (8.9) again, we obtain ‖P^′W ‖_{Lp(R)} ≤ C ‖P W ‖_{Lp(R)} .

This works in any L_p, 0 < p ≤ ∞. If p = ∞, we can weaken the requirements on S_n, which can be made different for each x. We only need the upper bound on S^′_n at a given x, and the lower bound on S_n at that x (but we still need the upper bound on S_n throughout [−2a_n, 2a_n]).

Freud and Nevai used this for weights like W_{2m}(x) = exp(−x^{2m}), where m ≥ 1 is a positive integer. The partial sums of these entire weights can be used for {S_n}. For W_α, α > 1, Eli Levin and the author used canonical products of Weierstrass primary factors, such as ∞� n=1 E � −x/n^{1/α}; ℓ � , to generate these polynomials [80], [81]. This method can provide quick easy proofs in special cases, which would be useful for teaching a course on weighted approximation.

8.3 Nevai–Totik’s Method This involves fast decreasing polynomials, a topic initiated by Kamen Ivanov, Paul Nevai and Vili Totik, and works well for slowly decreasing weights such as W_α, α ≤ 1. Let us suppose that for n ≥ 1, and some K > 0, we have polynomials S^#_n that satisfy

S^#_n (0) = 1, S^{#′}_n (0) = 0, (8.11)

and � �S_{#n} (x) � � ≤ Ke_{−Q(x)}, x ∈ [−a_n, a_n] . (8.12)

Typically, S^#_n has a unique maximum in [−1, 1] at 0, and decreases rapidly in (0, 1). Nevai and Totik [151] used a construction of Marchenko to generate such polynomials. One starts with an entire function of the form

B(z) = � k≥1 sin^2 � π 2 � 1 + �_z

t_k

�_2 �

1 + �_z

t_k

�_2 .

The product may be finite or infinite, and the {t_k} are positive numbers with T = � k 1 t_k

< ∞.

Assuming that Q is even, increasing on (0, ∞), and �_∞ 0 Q(x) 1 + x^2 dx < ∞, (8.13)

one can choose {t_k} such that T ≤ 1/π and

|B(x)| ≤ K exp(−Q(x)), x ∈ R.

In this case B is an entire function of exponential type ≤ 1. Assuming (8.13), Nevai and Totik used the partial sums of B to construct polynomials P_n of degree ≤ n, with a local maximum at 0, and

P_n(0) = 1 and |P_n(x)| ≤ K exp(−Q(nx)), x ∈ [−1, 1] . (8.14)

Then S^#_n (x) = P_{[an]} � x [a_n] �

satisfies (8.11) and (8.12), and is of degree ≤ [a_n]. It is easy to derive the Markov inequality at 0: � (P^′W )(0) � = � P^′(0) � = � �(P S_{#n} )_′(0) � � ≤ n + ⌊an⌋ a_n

‖P S^#_n ‖_{L∞[−an,an]},

by the usual unweighted Bernstein inequality. We continue this as � (P^′W )(0) � ≤ C ‖P W ‖_{L∞[−an,an]} , (8.15) using the property (8.12), and the fact that the convergence (8.13) implies n = O(a_n), which we shall not prove. To extend this to general x ≥ 0, we use the evenness and concavity of Q, which implies that for x, y ∈ R, W (x)W (y) ≤ W (x + y).

Now apply (8.15) to the polynomial R(y) = P (x + y)W (x), for fixed x: � �(P^′W )(x) � � = � �R^′(0)W (0) � � ≤ C ‖RW ‖_{L∞(R)} = C sup y∈R |P (x + y)W (x)W (y)|

≤ C sup_{y∈R} |P (x + y)W (x + y)| = C ‖P W ‖_{L∞(R)} .

This method can be modified to give the correct Markov inequality for W_1. Nevai and Totik were the first to do so.

8.4 Dzrbasjan/Kroó–Szabados’ Method

Dzrbasjan was apparently the first researcher to investigate the degree of approximation for general exponential weights, in his 1955 paper [37]. Although his approximation estimates worked only on a finite interval, he nevertheless came up with a great many ideas. Kroó and Szabados subsequently used Dzrbasjan’s method, and restricted range inequalities to establish Theorem 7.1.

We start with Cauchy’s integral formula for derivatives (or, if you prefer, Cauchy’s estimates): � P^′(x) � = � � � 1 2πi � |t−x|=ε

P (t) (t − x)^2 dt � � � ≤ 1 ε sup {|P (t)| : |t − x| = ε} .

The number 1/ε is invariably chosen as the size of the Markov–Bernstein factor. To estimate P (t) in terms of the values of P W on the real line, we write t = u + iv, and use an inequality that often arises in the theory of functions analytic in the upper half-plane. We already used one form of this in the proof of Lemma 2.2.

log |P (u + iv)| ≤ |v| π �_∞ −∞ log |P (s)| (s − u)^2 + v^2 ds ≤ |v| π �_∞ −∞ log M + Q(s) (s − u)^2 + v^2 ds

= log M + |v| π �_∞ −∞ Q(s) (s − u)^2 + v^2 ds, (8.16)

where M := ‖P W ‖_{L∞(R)} .

Of course, we need to assume the integral converges, which is very restrictive. We shall assume more precisely that �_∞ 0 Q(t) 1 + t^2 dt < ∞,

and that for s ≥ 1, Q(s) ∼ sQ^′(s) ∼ s^2Q^{′′}(s).

Then the above considerations show that log � P^′W � (x) ≤ log 1 ε + log M + sup_v |v| π �_∞ −∞ Q(s) − Q(x) (s − u)^2 + v^2 ds. (8.17)

The technical challenge is to estimate the integral in the last right-hand side. We break it into several pieces. If we assume x ≥ 1, 0 ≤ u ≤ 2x and Q(x) ≥ 0, we see that

I_1 := |v| π �_∞

3u/2

Q(s) − Q(x) (s − u)^2 + v^2 ds ≤ 9 ε π �_∞

3u/2

Q(s) s^2 ds, and I_2 := |v| π �_0 −∞ Q(s) − Q(x) (s − u)^2 + v^2 ds ≤ 9 ε π �_0 −∞ Q(s) s^2 ds. (Recall that |v| ≤ |t − x| ≤ ε.) In � 0,^u_2 � , we see that the integrand is non-positive, as s ≤ u/2 ≤ x, so I_3 := |v| π �_{u/2} 0 Q(s) − Q(x) (s − u)^2 + v^2 ds ≤ 0.

Finally, we handle the difficult central integral

I_4 := |v| π �_{3u/2} u/2 Q(s) − Q(x) (s − u)^2 + v^2 ds

≤ |v| π �_{3u/2} u/2 Q(s) − Q(u) (s − u)^2 + v^2 ds + |Q(u) − Q(x)|

=: I_{41} + I_{42}.

Here

I_{41} = |v| π �_{3u/2} u/2 Q(s) − Q(u) (s − u)^2 + v^2 ds = |v| π �_u u/2 Q(r) − 2Q(u) + Q(2u − r) (r − u)^2 + v^2 dr. For some ξ between r and u,

Q(r) − 2Q(u) + Q(2u − r) = Q^{′′}(ξ)(r − u)^2

and one can show that [69, p. 53] Q^{′′}(ξ) ≤ C

Q(r) r^2 , so I_{41} ≤ C ε π �_{2u} u/2 Q(r) r^2 dr. Also,

I_{42} = |Q(u) − Q(x)| = Q^′(ξ) |u − x| ≤ CQ^′(x)ε ≤ Cε

�_{2x} x Q(s) s^2 ds. Combining the above estimates, we have shown that for x ≥ 1, log � �P^′W � � (x) ≤ log 1 ε + log M + Cε

�_∞ 1 Q(y) y^2 + 1 dy.

We simply choose ε = 1. Similar estimates hold over (−∞, −1], and the range [−1, 1] is easy to handle. This leads to the Markov inequality

‖P^′W ‖_{L∞(R)} ≤ C ‖P W ‖_{L∞(R)} ,

valid for all n ≥ 1 and polynomials of degree ≤ n.

When dealing with weights W = exp(−Q), where Q grows faster than |x|^α, some α > 1, one typically chooses ε = a_n n , uses restricted range inequalities, and needs more work to estimate the various integrals.

8.5 Levin–Lubinsky’s Method Like the previous method, we use Cauchy’s integral formula for derivatives, and then go back to the real line. However, instead of using (8.16), we use the potential theoretic functions associated with exponential weights. These give analogues of the Bernstein–Walsh inequality for growth of polynomials in the complex plane. For p < ∞, going back from the plane to the real line is quite complicated, and requires Carleson measures. We shall outline the method for 1 ≤ p < ∞.

Fix x ≥ 0, ε > 0, and define an entire function F_x by

F_x(z) := exp(−Q(x) − Q^′(x)(z − x)).

Observe that F^{(j)}_x (x) = W^{(j)}(x) for j = 0, 1.

We have � �(P W )^′(x) � � = � �(P F_x)^′(x) � � = � � � 1 2πi � |t−x|=ε

(P F_x)(t) (t − x)^2 dt � � �

≤ � 1 2π � |t−x|=ε

|P F_x|(t)^p |dt|

�_{1/p} � 1 2π � |t−x|=ε

|t − x|^{−2q}|dt|

�_{1/q}

= 1 ε � 1 2π �_π −π |P F_x|^p(x + εe^{iθ})dθ

�_{1/p} . (8.18)

In the second last line, we used Hölder’s inequality, and q =^p_{p−1} there. We shall choose

ε = ε (n, x) = φ_n(x),

where φ_n(x) is given by (7.8). This guarantees [85, Lemma 10.6, p. 301] that

|F_x(z)| ≤ CW (|z|) for |z − x| ≤ φ_n(x). (8.19)

The proof of this involves a Taylor series expansion of Q(Re z) about Q(x). Now comes the potential theory bit. There is [85, Lemma 10.7, p. 303] a function G_n analytic in C\ [−a_n, a_n], with boundary values G_n(x) on [−a_n, a_n] from the upper half-plane satisfying

|G_n(x)| = W (x), x ∈ [−a_n, a_n] .

Moreover, z^nG_n(z) has a finite limit at ∞, and uniformly for x ∈ [−a_{2n}, a_{2n}] ,

W (|z|) ≤ C |G_n(z)| , |z − x| ≤ φ_n(x). (8.20)

One representation for G_n is

G_n(z) = exp � − �_{an}

−a_n

log(z − t)dμ_n(t) − c_n � , where μ_n is the equilibrium measure of mass n for the weight W , and c_n is an equilibrium constant. Recall that we used something similar in deriving restricted range inequalities, in Section 6. Then we obtain from (8.18) to (8.20),

φ^p_n(x) � (P W )^′(x)

�_p ≤ C �_π −π |P G_n|^p(x + φ_n(x)e^{iθ})dθ.

Integrating gives �_{a2n}

−a_{2n}

φ^p_n|(P W )^′|^p ≤ C

�_{a2n}

−a_{2n}

�_π −π |P G_n|^p(x + φ_n(x)e^{iθ})dθ � dx

= C � |P G_n|^p d � ν^+_n + ν^−_n � , (8.21)

where ν^+_n is a measure on the upper half-plane, and ν^−_n is a measure on the lower half-plane. For Borel measurable sets S, with characteristic function χ_S, we have

ν^+_n (S) =

�_{a2n}

−a_{2n}

�_π 0 χ_S(x + φ_n(x)e^{iθ})dθ � dx;

ν^−_n (S) =

�_{a2n}

−a_{2n}

�_0 −π χ_S(x + φ_n(x)e^{iθ})dθ � dx. Next, we use a famous inequality of Carleson. We say a measure ν on the upper half-plane is a Carleson measure if there exists A > 0 such that for all squares K in the upper half-plane, with base on the real axis, and side h > 0, ν(K) ≤ Ah.

The smallest such number A is called N (ν), the Carleson norm of ν. Let H^p denote the Hardy space in the upper half-plane, consisting of all functions analytic there, whose boundary values on the real axis lie in L_p(R). For f ∈ H^p, � |f|^pdν ≤ CN (ν)

�_∞ −∞ |f|^p.

(For p < 1, there is an analogous statement.)

Applying this to (8.21) gives �_{a2n}

−a_{2n}

φ^p_n � (P W )^′

�_p ≤ C � N � ν^+_n � + N � ν^−_n

� �^∞ −∞ |P G_n|^p .

Here although ν^−_n is a measure on the lower half-plane, it is obvious what is meant by its Carleson norm. Next, one shows that sup_n � N � ν^+_n � + N � ν^−_n � < ∞.

Finally, �_{an}

−a_n

|P G_n|^p =

�_{an}

−a_n

|P W |^p ,

and one can show using Hilbert transform estimates that � |x|≥a_n

|P G_n|^p ≤ C

�_{an}

−a_n

|P W |^p ,

giving �_{a2n}

−a_{2n}

φ_n � (P W )^′

�_p ≤ C �_{an}

−a_n

|P W |^p .

The integral over R\ [−a_{2n}, a_{2n}] may be handled using restricted-range inequalities.

This method is the deepest of those we presented — and it is the only one that gives the Bernstein inequalities in Theorem 7.4 and 7.6. For p = ∞, the proof is easier, as one can avoid Carleson measures [82], [133].

8.6 Sieved Markov–Bernstein Inequalities

The methods of this section have been extensively developed by Paul Nevai and others [105], [108], and illustrate the power of Jensen’s inequality. On finite intervals, they go back at least to Zygmund [193]. The idea is to start with the Christoffel type estimates

(P W )^2(ξ) ≤ C n a_n

�_∞ −∞ (P W )^2, (8.22) and (P^′W )^2(ξ) ≤ C � n a_n

�_3 �_∞ −∞ (P W )^2, (8.23)

valid for Freud weights W , n ≥ 1, polynomials P of degree ≤ n, and ξ ∈ R. We used these already in Section 8.1.

We now extend these to L_p type Christoffel function estimates. Let 0 < p < 2. From (8.22), we derive ‖P W ‖^2_{L∞(R)} ≤ C n a_n

‖P W ‖^{2−p}_{L∞(R)}

�_∞ −∞ |P W |^p ,

and hence ‖P W ‖^p_{L∞(R)} ≤ C n a_n

�_∞ −∞ |P W |^p . (8.24)

Next, (8.23) followed by (8.24) give � �P^′W � �^2_{L∞(R)} ≤ C � n a_n

�_3

‖P W ‖^{2−p}_{L∞(R)}

�_∞ −∞ |P W |^p

≤ C � n a_n

�_3 � n a_n

�_∞ −∞ |P W |^p

� 2−p_p �_∞ −∞ |P W |^p .

Rearranging gives � �P^′W � �^p_{L∞(R)} ≤ C � n a_n

�_{p+1} �_∞ −∞ |P W |^p . (8.25)

Thus far we have (8.24) and (8.25) for 0 < p ≤ 2. Our weight is W = exp(−Q). We apply these inequalities instead to the weight exp(−rQ) for fixed r > 0. Its Mhaskar–Rakhmanov–Saff number is a multiple of that for W = exp(−Q). Since for any fixed s > 0,

a_{sn} ∼ a_n uniformly in n,

we obtain ‖P W^r‖^p_{L∞(R)} ≤ C n a_n

�_∞ −∞ |P W^r|^p , (8.26) and � �P^′W^r � �^p_{L∞(R)} ≤ C � n a_n

�_{p+1} �_∞ −∞ |P W^r|^p , (8.27)

for all 0 < p ≤ 2, r > 0, n ≥ 1, and P of degree ≤ n.

Now comes the sieving idea. Let L, M be positive integers and fix ξ. We apply these inequalities to the polynomial in t, P (t) = S(t) (K_{Mn}(ξ, t))^L , (8.28) where S has degree ≤ n, and

K_n(ξ, t) = n−1� j=0 p_j(ξ)p_j(t)

is the nth reproducing kernel for the weight W^2. As

(LM + 1)n a_{(LM+1)n} ∼ n a_n , uniformly in n, we obtain from (8.26), � S(ξ)K^L_{Mn}(ξ, ξ) � W^r(ξ)

�_p ≤ C n a_n

�_∞ −∞ � (SW^r)(t)K_{Mn}(ξ, t)^L

�_p dt. Here, for Freud weights W ∈ F^∗ [83],

K_n(ξ, ξ) = 1/λ_n(W^2, ξ) ∼ n a_n

W^{−2}(ξ), |ξ| ≤ 1 2 a_n, (8.29)

while K_n(ξ, ξ) = 1/λ_n(W^2, ξ) ≤ C n a_n

W^{−2}(ξ), ξ ∈ R, (8.30)

so if M is so large that 1 2 a_{Mn} ≥ 2a_n,

we obtain for all polynomials S of degree ≤ n, and all |ξ| ≤ 2a_n,

|S(ξ)|^p W^{(r−2L)p}(ξ) ≤ C � n a_n

�_{1−Lp} �_∞ −∞ � (SW^r)(t)K_{Mn}(ξ, t)^L

�_p dt.

Now assume that L is chosen so large that Lp > 2. By Cauchy–Schwarz, for all n and t, ξ ∈ R,

|K_{Mn}(ξ, t)|^{Lp−2} ≤ � K_{Mn}(ξ, ξ)^{1/2}K_{Mn}(t, t)^{1/2}

�_{Lp−2}

≤ C � n a_n

�_{Lp−2}

(W^{−1}(ξ)W^{−1}(t))^{Lp−2}. (8.31) So |S(ξ)|^p W^{(r−L)p−2}(ξ) ≤ C a_n n �_∞ −∞ |S(t)|^pK_{Mn}(ξ, t)^2W^{(r−L)p+2}(t)dt. (8.32)

We now choose r = L + 1, giving

|(SW )(ξ)|^p ≤ C a_n n �_∞ −∞ |(SW )(t)|^p [W (ξ)W (t)K_{Mn}(ξ, t)]^2dt, (8.33)

valid for all 0 < p ≤ 2, n ≥ 1, S of degree ≤ n, and |ξ| ≤ 2a_n. Since (by orthonormality) �_∞ −∞ K^2_{Mn}(ξ, t)W (t)^2dt = K_{Mn}(ξ, ξ) ∼ n a_n

W^{−2}(ξ), (8.34)

we can also write this as:

Lemma 8.2 Let 0 < p ≤ 2, n ≥ 1, S of degree ≤ n, and |ξ| ≤ 2a_n. Then

|(SW )(ξ)|^p ≤ C

�_∞ −∞ |(SW )(t)|^pK_{Mn}(ξ, t)^2W^2(t)dt �_∞ −∞ K_{Mn}(ξ, t)^2W^2(t)dt

. (8.35)

From this follows:

Lemma 8.3 (Fundamental lemma of sieving) Let ψ : [0, ∞) → [0, ∞) be a convex increasing function of x, with ψ(0) = 0. Let p > 0, n ≥ 1, S of degree ≤ n, and |ξ| ≤ 2a_n. Then

ψ(|SW |^p)(ξ) ≤

�_∞ −∞ ψ(C|SW |^p)(t)K_{Mn}(ξ, t)^2W^2(t)dt �_∞ −∞ K_{Mn}(ξ, t)^2W^2(t)dt

. (8.36)

If in addition, for some A > 0,

ψ(2t) ≤ Aψ(t), t ∈ [0, ∞),

then ψ(|SW |^p)(ξ) ≤ C

�_∞ −∞ ψ(|SW |^p)(t)K_{Mn}(ξ, t)^2W^2(t)dt �_∞ −∞ K_{Mn}(ξ, t)^2W^2(t)dt

. (8.37)

Proof. For p ≤ 2, this follows from (8.35) by a single application of Jensen’s inequality. For general p, one instead applies Jensen’s inequality with the convex function t → ψ (t^a), with large enough a.

Next, we extend this to derivatives. We again use the polynomial P of (8.28). We let

K^′_n(x, t) = ∂ ∂x K_n(x, t).

By (8.25), � �S^′(ξ)K^L_{Mn}(ξ, ξ) + L (KMn(ξ, ξ))^{L−1} K^′_{Mn}(ξ, ξ)S(ξ) � �^p W^{rp}(ξ) ≤ C � n a_n

�_{p+1} �_∞ −∞ � (SW^r)(t)K_{Mn}(ξ, t)^L

�_p dt. Here we recall (8.29) and (8.30), while Cauchy–Schwarz and (8.2) give for all x, t ∈ R, � K^′_{Mn}(ξ, t) � ≤ �_{Mn−1} � k=0 p^′_k(ξ)^2

�_{1/2} �_{Mn−1} � k=0 p_k(t)^2

�_{1/2} ≤ C � n a_n

�_2 W^{−1}(ξ)W^{−1}(t).

Then � S^′(ξ)

�_p

W (ξ)^{(r−L)p−2} ≤ C � n a_n

�_p

|S(ξ)|^p W^{(r−L)p−2}(ξ) + C � n a_n

�_{p−1} �_∞ −∞ |S(t)|^p K_{Mn}(ξ, t)^2W^{(r−L)p+2}(t)dt ≤ C � n a_n

�_{p−1} �_∞ −∞ |S(t)|^p K_{Mn}(ξ, t)^2W^{(r−L)p+2}(t)dt,

by (8.32). We now choose r = L + 1, giving

|S^′W |^p(ξ) ≤ C � n a_n

�_{p−1} �_∞ −∞ |SW |^p(t) [W (ξ)W (t)K_{Mn}(ξ, t)]^2 dt, (8.38)

which we can reformulate as

Lemma 8.4 Let 0 < p ≤ 2, n ≥ 1, S of degree ≤ n, and |ξ| ≤ 2a_n. Then

|S^′W |^p(ξ) ≤ C � n a_n

�_p � ∞_{−∞} |SW |_p(t)K_{Mn}(ξ, t)_2W_2(t)dt �_∞ −∞ K_{Mn}(ξ, t)^2W^2(t)dt

. (8.39)

From this follows:

Lemma 8.5 Let ψ : [0, ∞) → [0, ∞) be a convex increasing function of x, with ψ(0) = 0. Let p > 0, n ≥ 1, S of degree ≤ n, and |ξ| ≤ 2a_n. Then

ψ(|S^′W |^p)(ξ) ≤

�_∞ −∞ ψ(C � �^n_{an} SW � �^p)(t)KMn(ξ, t)^2W^2(t)dt �_∞ −∞ K_{Mn}(ξ, t)^2W^2(t)dt

. (8.40)

If in addition, for some A > 0, ψ(2t) ≤ Aψ(t), t ∈ [0, ∞), (8.41) then

ψ(|S^′W |^p)(ξ) ≤ C

�_∞ −∞ ψ( � �_{nan} SW � �^p)(t)K_{Mn}(ξ, t)_2W_2(t)dt �_∞ −∞ K_{Mn}(ξ, t)^2W^2(t)dt

. (8.42)

Proof. The proof uses Jensen’s inequality as in Lemma 8.3.

The inequalities (8.40) and (8.42) are useful for more than Markov–Bernstein inequalities. But for the moment, we deduce by integration and restricted range inequalities [108]:

Theorem 8.6 Let W ∈ F^∗. Let ψ : [0, ∞) → [0, ∞) be a convex increasing function of x, with ψ(0) = 0. Let p > 0, n ≥ 1, S of degree ≤ n. Then �_∞ −∞ ψ(|S^′W |^p)(ξ)dξ ≤

�_∞ −∞ ψ(C n a_n

|SW |^p)(t)dt. (8.43)

If in addition, for some A > 0, (8.41) holds, then �_∞ −∞ ψ(|S^′W |^p)(ξ)dξ ≤ C

�_∞ −∞ ψ( n a_n

|SW |^p)(t)dt. (8.44)

9 Nikolskii Inequalities We already proved an inequality of this type in the last section:

‖P W ‖_{L∞(R)} ≤ C � n a_n

�_{1/p}

‖P W ‖_{Lp(R)} ,

for n ≥ 1, and polynomials P of degree ≤ n — recall (8.24) and (8.35). Thus we compared the weighted sup norm and weighted L_p norm of a polynomial. More generally, inequalities that compare the norms of polynomials of degree ≤ n in different spaces are called Nikolskii inequalities. They are not difficult to prove, here is a sample:

Theorem 9.1 Let W ∈ F^∗. Let 0 < p, r ≤ ∞. Then for n ≥ 1 and polynomials P of degree ≤ n, ‖P W ‖_{Lp(R)} ≤ CN_n(p, r) ‖P W ‖_{Lr(R)} , where

N_n(p, r) = � � � a 1 p −^1_r

n , r > p �_n

a_n

� 1_{r −} 1_p

, r < p .

Proof. If first ∞ > r > p, we can use restricted-range inequalities, and then Hölder’s inequality:

‖P W ‖^p_{Lp(R)} ≤ C

�_{an}

−a_n

|P W |^p ≤ C

�_{an}

−a_n

|P W |^{p rp}

� p_r �_{an}

−a_n 1 �_{1−} p_r ≤ C ‖P W ‖^p_{Lr(R)} a^{1− pr}_n ,

that is ‖P W ‖_{Lp(R)} ≤ Ca 1 p −^1_r

n ‖P W ‖_{Lr(R)} .

If p = ∞, the proof is easier. Next, if r < p < ∞, we use

‖P W ‖^p_{Lp(R)} =

�_∞ −∞ |P W |^p ≤ ‖P W ‖^{p−r}_{L∞(R)}

�_∞ −∞ |P W |^r .

Letting Λ_{n,p} := sup_{deg(P )≤n} � ‖P W ‖_{L∞(R)} ‖P W ‖_{Lp(R)}

�_p , we obtain ‖P W ‖_{Lp(R)} ≤ Λ 1 r −^1_p

n,p ‖P W ‖^p_{Lr(R)} . (9.1) In the case of Freud weights W ∈ F^∗ that grow at least as fast as |x|^α, some α > 1, we know from (8.24) that Λ_{n,p} ≤ C n a_n . For the canonical weights W_α, we have

Λ_{n,p} ∼ � � � n^{1−1/α}, α > 1 log(n + 1), α = 1 1, α < 1 .

The sharpness of these was proved by Nevai and Totik [143], [152]. Observe that Λ_{n,p} grows independently of p. In general, it seems that

Λ_{n,p} ∼ sup_{x∈R} λ^{−1}_n (W^2, x)W^2(x).

For general convex exponential weights, it is known [85, p. 295] that:

Theorem 9.2 Let W ∈ F_{even} � C^2 � be as in Definition 7.5. Let 0 < p, r ≤ ∞. Then for n ≥ 1 and polynomials P of degree ≤ n,

‖P W ‖_{Lp(R)} ≤ CN_n(p, r) ‖P W ‖_{Lr(R)} ,

where

N_n(p, r) = � � � � a 1 p −^1_r

n , r > p �_{nT (an)1/2}

a_n

� 1_{r −} 1_p , r < p .

10 Orthogonal Expansions There is an old mathematical saying that L_1, L_2 and L_∞ were invented by the Almighty, and man invented all else. The author heard this many years ago, but was interested to see it used as the opening quote in a chapter of Simon’s treatise [172]. That orthogonal expansions naturally live in L_2 is obvious. Among the many manifestations of this, is the best approximation property

‖(f − S_n [f]) W ‖_{L2(R)} = E_n [f; W ]_2 = inf_{deg(P )≤n} ‖(f − P )W ‖_{L2(R)} .

This ensures that when the polynomials are dense (in an obvious sense)

lim_{n→∞} ‖(f − S_n [f]) W ‖_{L2(R)} = 0 for all functions f for which fW ∈ L_2(R).

But it is part of the mathematician’s spirit to take important tools out of their natural domain, so it is not surprising that much effort has been devoted to convergence of {S_n [f]} in L_p, or in a uniform sense, or at a specific point, and so on. A lot of fundamental advances have ensued: for example, the boundedness of the Hilbert transform in L_p, 1 < p < ∞, was established in order to prove that classic Fourier series converge in such L_p. The theory of A_p weights started with Muckenhoupt’s efforts to prove convergence in L_p of Hermite expansions.

In this section, we shall discuss pointwise and mean convergence. We begin with the latter.

10.1 Mean Convergence

Recall the reproducing kernel and the Christoffel–Darboux formula:

K_n(x, t) = n−1� j=0 p_j(x)p_j(t) = γ_{n−1} γ_n p_n(x)p_{n−1}(t) − p_{n−1}(x)p_n(t) x − t .

Define the Hilbert transform

H [g] (x) =

�_∞ −∞ g(t) x − t dt = lim_{ε→0+} � (−∞,∞)\(x−ε,x+ε)

g(t) x − t dt, whenever the limit exists. If g ∈ L_1(R), the transform exists for a.e. x. For a function f with fW ∈ L_2(R), we see that

S_n [f] (x) =

�_∞ −∞ K_n(x, t)f(t)W^2(t)dt = γ_{n−1} γ_n � p_n(x)H � p_{n−1}fW^2 � (x) − p_{n−1}(x)H � p_nfW^2 � (x) � . Thus if u is a given function, and 1 < p < ∞, � �S_n [f] W u^2 � �_{Lp(R)} ≤ γ^{n−1} γ_n � ‖p_nW u‖_{L∞(R)} � �H �p_{n−1}fW^2� u � �_{Lp(R)}

+ ‖p_{n−1}W u‖_{L∞(R)} � �H �p_nfW^2� u � �_{Lp(R)} � . (10.1)

Next, we use the aforementioned theorem of Riesz that the Hilbert transform is a bounded operator on L_p, provided 1 < p < ∞: For some C ≠ C(g),

‖H [g]‖_{Lp(R)} ≤ C ‖g‖_{Lp(R)} .

In his investigations of Hermite expansions, Muckenhoupt [144] considered weighted versions: for suitable functions u, ‖H [g] u‖_{Lp(R)} ≤ C ‖gu‖_{Lp(R)} .

Such u are severely restricted, in particular satisfying Muckenhoupt’s condition; examples are

u(t) = (1 + |t|)^a , − 1 p < a < 1 − 1 p . (10.2)

The theorem fails if p = 1 or p = ∞, though in L_1, other inequalities are available. So we continue (10.1) as � �S_n [f] W u^2 � �_{Lp(R)} ≤ C γ^{n−1} γ_n � ‖p_nW u‖_{L∞(R)} � �p_{n−1}fW^2u � �_{Lp(R)}

+ ‖p_{n−1}W u‖_{L∞(R)} � �p_nfW^2u � �_{Lp(R)} � . (10.3)

For exponential weights in the real line, recall from (4.14) that

γ_{n−1} γ_n

≤ Ca_n.

If we have the bounds ‖p_nW u‖_{L∞(R)} ≤ Ca^{−1/2}_n , (10.4)

then for some C ≠ C (n, f) , � S_n [f] W u^2 � L_p(R) ≤ C ‖fW ‖Lp(R) .

Once we have such a bound, the reproducing property of S_n (that S_n [P ] = P when P has degree ≤ n) and density of polynomials gives

lim_{n→∞} � (f − S_n(f)) W u^2 � L_p(R) = 0.

All that is required of f is that fW ∈ L_p(R).

The problem with this procedure is that the bound (10.4) is hardly ever true. For Freud weights like W_α, or the weights in the class F^∗, we typically have

|p_n(x)| W (x) ≤ Ca^{−1/2}_n � � �1 − |x| a_n � � � + n^{−2/3}

�_{−1/4} , x ∈ R (10.5)

and the upper bound reflects the real growth of p_n near ±a_n:

‖p_nW ‖_{L∞(R)} ∼ a^{−1/2}_n n^{1/6}.

However, at least in [−ρa_n, ρa_n], with ρ ∈ (0, 1) fixed, we do have

|p_nW | ≤ Ca^{−1/2}_n . (10.6)

This problematic growth of the orthogonal polynomials near the (effective) endpoints of the interval of orthogonality, already occurs for the Legendre weight on [−1, 1], and more generally, Jacobi weights. The same Pollard that solved Bernstein’s approximation problem, came up with a fix for this. In the context of Freud weights (a similar feature occurs for Jacobi weights), the fix is based on the observation that p_n − p_{n−2} has a much better bound than p_n:

|p_n(x) − p_{n−2}(x)| W (x) ≤ Ca^{−1/2}_n � �1 − |x|

a_n � � + n^{−2/3}

�_{1/4}

, x ∈ R. (10.7)

In particular, |p_n(x) − p_{n−2}(x)| W (x) ≤ Ca^{−1/2}_n , x ∈ R.

(Think of ~p_n (cos θ) = cos nθ to see from whence this comes.)

Pollard [158], [159], [160] found a clever way to rewrite the Christoffel–Darboux formula to exploit this: let us set α_n = γ_{n−1} γ_n . Then (see [90] or [141] for an accessible proof)

K_n(x, y) = K_{n,1}(x, y) + K_{n,2}(x, y) + K_{n,3}(x, y),

where

K_{n,1}(x, y) = α_n α_n + α_{n−1} p_{n−1}(x)p_{n−1}(y);

K_{n,2}(x, y) = α_nα_{n−1} α_n + α_{n−1} p_{n−1}(y) � p_n(x) − p_{n−2}(x)

x − y � ; K_{n,3}(x, y) = K_{n,2}(y, x).

Note that there is no x − y in the denominator in K_{n,1}, while in K_{n,2} and K_{n,3}, we have the term p_n − p_{n−2} to help. This clever decomposition is not enough on its own; we emphasize that in investigating mean convergence, one still has to break up integrals into several different pieces, and work over several different ranges.

For the Hermite weight, the simplest bound is due to Askey and Wainger [2]:

Theorem 10.1 Let W (x) = exp(−x^2). Let^4_3 < p < 4. There exists C ≠ C (n, f) such that

‖S_n [f] W ‖_{Lp(R)} ≤ C ‖fW ‖_{Lp(R)} .

This inequality is not true for p ≤^4_3 or p ≥ 4.

Muckenhoupt found the correct extension to 1 < p < ∞. In what follows we let u_a(x) = (1 + |x|)^a.

Theorem 10.2 Let W (x) = exp(−x^2) and 1 < p < ∞. Let

b < 1 − 1 p ; B > − 1 p ; b ≤ B. (10.8)

Assume in addition that

−B + max � b, − 1 p � + 4 3p − 1 ≤ 0 if p < 4 3 ; (10.9) and b − min � B, 1 − 1 p � + 1 3 − 4 3p ≤ 0 if p > 4. (10.10)

Then

‖S_n [f] W u_b‖_{Lp(R)} ≤ C ‖fW u_B‖_{Lp(R)} (10.11) for some C ≠ C (n, f). If b = B and p =^4_3 or 4, then we insert a factor of log (|x| + 2) in the right-hand side of (10.11). In the case of equality in (10.9) or (10.10), we need strict inequality and replace the max or min by their second terms. All these inequalities are also necessary.

For general Freud weights, Shing Wu Jha and the author [52] extended Muckenhoupt’s result, also closing up slight gaps between the latter’s necessary and sufficient conditions in “boundary” cases: we let L_{σ,τ} (n) = � (log(n + 1))^{|σ|} , if σ = τ 1, otherwise.

Theorem 10.3 Let W = exp(−Q) ∈ F^∗. Let 1 < p < ∞, and b, B ∈ R.

(a) Then for ‖S_n [f] W u_b‖_{Lp(R)} ≤ C ‖fW u_B‖_{Lp(R)}

to hold with some C ≠ C (n, f), it is necessary that:

(I) (10.8) holds. (II) If p <^4_3 , then

a^{max} � b,−^1_p � −B n n^{16}

�_4 p −3 � = O � 1 L_{b,−} 1_{p (n)} � . (III) If p =^4_3 or p = 4, then strict inequality holds in the third inequality in (10.8). (IV) If p > 4, then

a^{b−min} � B,1−^1_p � −B n n^{16} � 1−^4_p � = O � 1 L_{B,1−} 1_{p (n)} � . (b) Assume in addition that the orthonormal polynomials for W^2 also satisfy (10.7). Then the conditions above are also sufficient.

When W = W_α, and a_n = Cn^{1/α}, the conditions above reduce to essentially Muckenhoupt’s: max � b, − 1 p � − B + α 6 � 4 p − 3 � � ≤ 0, b ≠ −^1_p < 0, b = −^1_p .

b − min � B, 1 − 1 p � − B + α 6 � 1 − 4 p � � ≤ 0, B ≠ 1 −^1_p < 0, B = 1 −^1_p . The bound (10.7) was established for exp � −x^{2m} � , m = 1, 2, 3, . . . in [52]. For general α > 1, it follows from results in that paper and work of Kriecherbauer and McLaughlin [68]. It is an interesting unsolved problem to establish the bound (10.7) for W ∈ F^∗, or to come up with some method to prove it that works without much deeper tools. See [76] for some work in this direction. There is also an L_1 analogue of these [52, p. 337].

Further work on mean convergence of orthogonal expansions appears in [56], [77], [123], [130], [131]. Discrete analogues of orthogonal expansions have been considered by Mashele [112], [113].

10.2 Uniform and Pointwise Convergence

One of the simplest and yet most elegant and general theorems on pointwise convergence is an extension of the Dirichlet–Jordan criterion, due to Freud [39]. It was subsequently extended by Mhaskar [129], [131]. Its proof is quite simple, and follows readily from estimates of previous sections, so we provide it:

Theorem 10.4 (Dirichlet–Jordan Criterion) Let W ∈ F^∗ and let f : R → R be absolutely continuous, with f^′W ∈ L_1(R). Then

lim_{n→∞} ‖(f − S_n [f]) W ‖_{L∞(R)} = 0.

Proof. Note first that fW is bounded and has limit 0 at ±∞. To see this let A > 0, and x ≥ A. Then

|fW | (x) = � � �f(A) +

�_x A f^′ � � � W (x) ≤ |f(A)| W (x) +

�_∞ A � f^′ � W, as W is decreasing. Hence lim sup x→∞ |fW | (x) ≤

�_∞ A � f^′ � W. Our integrability condition on f^′W ensures that this last right-hand side can be made as small as we please. So, indeed, fW has limit 0 at ±∞.

Next, let m = ⌊n/2⌋. Then

‖(f − S_n [f]) W ‖_{L∞(R)} ≤ ‖(f − V_m [f]) W ‖_{L∞(R)} + ‖(V_m [f] − S_n [f]) W ‖_{L∞(R)} . (10.12)

Here by Nikolskii inequalities, such as in Theorem 9.1,

‖(V_m [f] − S_n [f]) W ‖_{L∞(R)} ≤ C � n a_n

‖(V_m [f] − S_n [f]) W ‖_{L2(R)}

≤ C � n a_n � ‖(V_m [f] − f) W ‖_{L2(R)} + ‖(f − S_n [f]) W ‖_{L2(R)} �

≤ 2C � n a_n

‖(V_m [f] − f) W ‖_{L2(R)} . (10.13)

Recall the L_2 best approximation property of the partial sums S_n, and that V_m has degree ≤ 2m ≤ n. Next,

‖(V_m [f] − f) W ‖^2_{L2(R)} ≤ ‖(V_m [f] − f) W ‖_{L1(R)} ‖(V_m [f] − f) W ‖_{L∞(R)}

≤ CE_m [f; W ]_1 ‖(V_m [f] − f) W ‖_{L∞(R)} ≤ C a_m m � f^′W � L_1(R) ‖(Vm [f] − f) W ‖L∞(R) .

We used the Jackson–Favard inequality (4.5) in the last line. Since m ∼ n, so^{am}_m ∼^{an}_n . By substituting this into (10.13), we obtain

‖(V_m [f] − S_n [f]) W ‖_{L∞(R)} ≤ C � �f^′W �_{L1(R)} ‖(V_m [f] − f) W ‖_{L∞(R)}

�_{1/2} , so (10.12) becomes

‖(f − S_n [f]) W ‖_{L∞(R)} ≤ ‖(f − V_m [f]) W ‖_{L∞(R)} + C � �f^′W �_{L1(R)} ‖(V_m [f] − f) W ‖_{L∞(R)}

�_{1/2}

≤ C_1 � E_m [f; W ]_∞ + E_m [f; W ]^{1/2}_∞ � , by Theorem 4.8 again. Since fW is continuous, and has limit 0 at infinity, we have E_m [f; W ]_∞ → 0 as n → ∞.

This theorem is attractive because of the simplicity of the hypotheses. We don’t need to assume anything about the “tail” of f. There are also results which give convergence at a point, under local assumptions. A result of Mhaskar [136, p. 224] is the archetype:

Theorem 10.5 Let W ∈ F^∗ and in addition assume that Q^{′′} is increasing on (0, ∞). Let f be of bounded variation, and x be a point of continuity of f. Then

|S_n [f] (x) − f(x)| ≤ C(x)

�_{x+}√_{ann} x− √_{ann} W |df| + � a_n n �_∞ −∞ W |df| + � |t|≥Ca_n

W |df| � . Here C(x) depends on x, but not on n or f.

Mashele [114] has established analogues of this for general exponential weights. Unfortunately in passing to the more general weights, some of the power of this result is lost. Ky [77] has investigated a.e. convergence of orthonormal expansions for Freud weights. Trilinear kernels and related expansions have been explored by Osilenker [154].

There is an extensive literature on expansions in Hermite polynomials, including transplantation theorems [186], [187] that specifically exploit the structure of the Hermite weight. There are also many results for Laguerre and related expansions, on the interval [0, ∞), see [119].

11 Lagrange Interpolation

Lagrange interpolation at zeros of orthogonal polynomials is probably the most studied of all approximation processes associated with exponential weights. Recall that we denoted the zeros of p_n, the nth orthonormal polynomial for the weight W^2, by

−∞ < x_{nn} < x_{n−1,n} < · · · < x_{2n} < x_{1n} < ∞.

Given a function f, we define the nth Lagrange interpolation polynomial to f at {x_{jn}}^n_{j=1} to be the unique polynomial of degree ≤ n − 1 that satisfies

L_n [f] (x_{jn}) = f (x_{jn}) , 1 ≤ j ≤ n.

One formula for L_n [f] is L_n [f] = n� j=1 f (x_{jn}) ℓ_{jn}

where {ℓ_{jn}}^n_{j=1} are fundamental polynomials of Lagrange interpolation, satisfying

ℓ_{jn}(x_{kn}) = δ_{jk}.

The {ℓ_{jn}} admit the representation

ℓ_{jn}(x) = n� k=1,k≠j

x − x_{kn} x_{jn} − x_{kn} ,

but because we are using zeros of orthogonal polynomials, there are others:

ℓ_{jn}(x) =

K_n(x, x_{jn}) K_n(x_{jn}, x_{jn}) . (To see this, look at the Christoffel–Darboux formula.)

Another advantage of interpolating at zeros of orthogonal polynomials is the ease of analysis, largely because we have the Gauss quadrature formula. For polynomials P of degree ≤ 2n − 1, �_∞ −∞ P W^2 = n� j=1 λ_{jn}P (x_{jn}),

where λ_{jn} = λ_n(W^2, x_{jn}) = 1/K_n(x_{jn}, x_{jn}) are called the Christoffel numbers. Since L_n [f]^2 has degree ≤ 2n − 2, and agrees with f at {x_{jn}}, we see that �_∞ −∞ L_n [f]^2 W^2 = n� j=1 λ_{jn}f^2(x_{jn}). (11.1)

Thus boundedness and convergence of {L_n [f]} is closely associated with convergence of Gauss quadrature. There are at least two recent monographs devoted to Lagrange interpolation [116], [179].

11.1 Mean Convergence Just as {S_n [f]} converge in L_2, so do the {L_n [f]}, a famous theorem of Erdős-Turán. Indeed, we may think of L_n [f] as a discretization of S_n [f] :

L_n [f] (x) = n� j=1 λ_{jn}f (x_{jn}) K_n(x, x_{jn}) ≈

�_∞ −∞ W^2(t)f(t)K_n(x, t)dt = S_n [f] (x).

At this stage, may I share two Erdős stories with the reader. I was doing a postdoc at the Technion in Haifa in 1982. Erdős often visited the Technion, and I was one of several who went to lunch with him. Later that day, I carried his suit to the drycleaners, and the reward was some time with him. He asked me what I was doing, and I mentioned numerical quadrature. He replied that I should go and read the book of Freud on orthogonal polynomials, which I did, and it changed my career.

Here is another story, which illustrates how little we communicate across fields. In early 2006, I had the privilege of visiting Texas A&M in College Station, to give some Frontiers Lectures. I mentioned the famous theorem of Erdős–Turán on distribution of zeros of polynomials. At the end of the talk, one of the very first comments was “I thought Erdős was a graph theorist”. Hmmph. He spent a large amount of his life on Lagrange interpolation, orthogonal polynomials and approximation theory!

Since Lagrange interpolation samples a function only at a discrete sets of points, and sets of measure zero make no difference to Lebesgue integrals, it is clear that we shall need to use something other than Lebesgue integrability. As Gauss quadrature sums are Riemann sums or Riemann–Stieltjes sums [181, p. 50], the Riemann integral is the appropriate tool. The following result was actually proved by Shohat [171]; Erdős–Turán considered only finite intervals. The growth of f at ∞ poses extra problems for the infinite interval.

Theorem 11.1 (Shohat’s version of the Erdős–Turán Theorem) Let f be bounded and Riemann integrable on each finite interval. Assume, moreover, that there is an even entire function G with all non-negative Maclaurin series coefficients such that GW^2 is integrable over the real line, and lim |x|→∞

f^2(x)/G(x) = 0. (11.2)

Then lim_{n→∞}

�_∞ −∞ (f − L_n [f])^2 W^2 = 0. (11.3)

Proof. Let P be a fixed polynomial. For large enough n, L_n [P ] = P , so �_∞ −∞ (f − L_n [f])^2 W^2 =

�_∞ −∞ (f − P − L_n [f − P ])^2 W^2

≤ 2 �_∞ −∞ (f − P )^2W^2 + 2

�_∞ −∞ (L_n [f − P ])^2 W^2

= 2 �_∞ −∞ (f − P )^2W^2 + n� j=1 λ_{jn}(f − P )^2(x_{jn}). (11.4)

In the second last line, we used the inequality

(x + y)^2 ≤ 2 � x^2 + y^2 � and in the last line we used (11.1). Now if G is not a polynomial (which we may assume, just add a very slowly growing entire function if it is), lim |x|→∞

(f − P )^2(x)/G(x) = 0.

Let ε > 0. Choose A > 0 such that

|x| ≥ A ⇒ (f − P )^2(x)/G(x) ≤ ε.

Then � j:|x_{jn}|≥A

λ_{jn}(f − P )^2(x_{jn}) ≤ ε � j:|x_{jn}|≥A

λ_{jn}G (x_{jn}) ≤ ε n� j=1 λ_{jn}G (x_{jn}) ≤ ε

�_∞ −∞ GW^2,

by a special case of the Posse–Markov–Stieltjes inequalities [38, p. 92]. These inequalities estimate quadrature sums of absolutely monotone functions in terms of integrals. Next, since (f −P )^2χ_{[−A,A]} is Riemann integrable, while Gauss quadrature sums are Riemann sums,

lim_{n→∞} � j:|x_{jn}|≤A

λ_{jn}(f − P )^2(x_{jn}) =

�_A −A (f − P )^2W^2.

Substituting all these in (11.4) gives

lim sup n→∞ �_∞ −∞ (f − L_n [f])^2 W^2 ≤ 4

�_∞ −∞ (f − P )^2W^2 + ε

�_∞ −∞ GW^2.

Here P is independent of ε, and by L_2 analogues of the Bernstein problem, may be chosen so that �_∞ −∞(f − P )^2W^2 is as small as we please.

Note that if f is of polynomial growth at ∞, we can always choose G to satisfy (11.2). For large classes of exponential weights, the author [87], [88] constructed entire functions G satisfying the hypotheses above, and with

G(x)W^2(x) ∼ (1 + |x|)^{−a} ,

any a > 1. So typically, the growth restriction on f is hardly more than that required for (fW )^2 to be integrable.

Of course this is a really beautiful result, and its proof is elegant! The extensions to L_p require a whole lot more work. But like their cousins in orthogonal expansions, a lot of great mathematics has come out of these efforts. It was Paul Nevai [149] who obtained the first major result in L_p, for the Hermite weight.

Theorem 11.2 Let f be continuous on the real line. Let W (x) = exp � −^1_2 x^2 � be the Hermite weight, and assume that lim |x|→∞

f(x) (1 + |x|) W (x) = 0.

Let {L_n [f]} denote the Lagrange interpolation polynomials to f at the zeros of Hermite polynomials. Then for p > 1, lim_{n→∞} ‖(f − L_n [f]) W ‖_{Lp(R)} = 0.

Note that the pth power of the weight W appears in the integral. Nevai showed that the presence of such a factor is necessary — see his still relevant survey for more perspectives on this [147]. The author and D. Matjila [106] subsequently extended Nevai’s result to general Freud weights:

Theorem 11.3 Let f be continuous on the real line. Let β > 1, p > 1, and W (x) = exp � −^1_2 |x|^β � . Let Δ ∈ R, α > 0, and α̂ := min {1, α}. Moreover, let

τ := τ(p) := 1 p − α̂ + β 6 max � 0, 1 − 4 p � . (11.5)

Let {L_n [f]} denote the Lagrange interpolation polynomials to f at the zeros of � p_n(W^2, x) � . For

lim_{n→∞} � �(f − Ln [f]) (x)W (x) (1 + |x|)^{−Δ} � �^p_{Lp(R)} = 0 (11.6)

to hold for every continuous function satisfying lim |x|→∞

f(x) (1 + |x|)^α W (x) = 0 (11.7)

it is necessary and sufficient that

Δ > τ if 1 < p ≤ 4;

Δ > τ if p > 4 and α = 1;

Δ ≥ τ if p > 4 and α ≠ 1.

Moreover, for (11.6) to hold for every 1 < p < ∞ and every continuous f satisfying (11.7), it is necessary and sufficient that Δ ≥ −α̂ + max � 1,^β_6 � . This in turn, is a special case of a result for general Freud weights:

Theorem 11.4 Let W = exp(−Q) ∈ F^∗. Let p > 1, Δ ∈ R, α > 0, and α̂ := min {1, α}. Let {L_n [f]} denote the Lagrange interpolation polynomials to f at the zeros of � p_n(W^2, x) � . For (11.6) to hold for every continuous function satisfying (11.7), it is necessary and sufficient that

Δ > −α̂ +^1_p if 1 < p ≤ 4; a 1 p −(α̂+Δ)

n n^{16} � 1−^4_p � = O �_1

log n � if p > 4 and α = 1; a 1 p −(α̂+Δ)

n n^{16} � 1−^4_p � = O(1) if p > 4 and α ≠ 1.

(11.8)

The main ideas of proof of these results already appear in Nevai’s 1980 paper, although, obviously, technical details are more complicated for general weights. In analyzing L_n [f], one fixes a polynomial P and splits the function f − P into two pieces, for example,

L_n [f − P ] = L_n � (f − P )χ[_− 1_{4 an,} 1_{4 an}] � + L_n � (f − P )χ_{R\}[_− 1_{4 an,} 1_{4 an}] � , and handles them separately, using different techniques. One of the reasons for the split is the bound |p_n(x)| W (x) ≤ Ca^{−1/2}_n , |x| ≤ (1 − ε) a_n,

any fixed ε > 0, which does not extend all the way to ±a_n; recall the discussion at (10.5) and (10.6).

Indeed, it is the fact that p_n(x)W (x) behaves roughly like � 1 −^{|x|}_{an}

�_{−1/4} near ±a_n that accounts for the change in phenomena at p = 4, as well as for the complicated conditions.

The weighted L_p norms of the two “pieces” of f are themselves split into a number of pieces, with different techniques used to estimate over different ranges. Tools include estimates of quadrature sums in terms of integrals (see Section 12), bounds on Hilbert transforms, and estimates of special quadrature sums. Here we shall establish just one of the main estimates, using ideas that go back to Richard Askey [1].

Lemma 11.5 Let ψ_n = (f − P )χ[_− 1_{4 an,} 1_{4 an}] (11.9) and Λ = ‖(f − P )(x)W (x) (1 + |x|)^α‖_{L∞(R)} . (11.10) Then for n ≥ 1, � � �Ln [ψn] (x)W (x) (1 + |x|)^{−Δ} � �_{Lp} [−^1_2 an,^1_2 an]

≤ CΛ, (11.11)

where C is independent of f, n, P.

Proof. We let G(x) = W (x)^{−1}(1 + |x|)^{−α} and first show that � �Ln [ψn] (x)W (x) (1 + |x|)^{−Δ} � �_{Lp} [−^1_2 an,^1_2 an]

≤ CΛ sup

‖h‖_{L∞(R)}≤1 � �S_n [hG] (x)W (x) (1 + |x|)−Δ � � L_p[−^1_2 a_n,^1_2 a_n]

. (11.12)

Then we show that sup ‖h‖_{L∞(R)}≤1 � �Sn [hG] (x) W (x) (1 + |x|)^{−Δ} � �_{Lp}

[−^1_2 an,^1_2 an]

≤ C, (11.13)

giving the result.

Proof of (11.12). We use duality, but in a very precise form. Let

g_n(x) := sign {L_n [ψ_n] (x)} |L_n [ψ_n] (x)|^{p−1} W^{p−2}(x) (1 + |x|)^{−Δp} χ[_− 1_{2 an,} 1_{2 an}](x).

Then � �Ln [ψn] (x)W (x) (1 + |x|)^{−Δ} � �^p_{Lp}

[−^1_2 an,^1_2 an] = �_∞ −∞ L_n [ψ_n] g_n(x)W^2(x)dx = �_∞ −∞ L_n [ψ_n] S_n [g_n] (x)W^2(x)dx, (11.14)

by orthogonality of g−S_n [g] to polynomials of degree ≤ n−1. Using the Gauss quadrature formula, and the interpolatory properties of ψ_n, we continue this as = n� k=1 λ_{kn}ψ_n(x_{kn})S_n [g] (x_{kn}) ≤ Λ � |x_{kn}|≤^1_4 a_n

λ_{kn} |S_n [g] (x_{kn})| W^{−1}(x_{kn}) (1 + |x_{kn}|)^{−α} .

We estimate the quadrature sum by an integral. These types of inequalities will be discussed in Section 12. For the moment, we note that λ_{kn} behaves roughly like^{an}_n W^2 (x_{kn}) and continue this as ≤ CΛ

�_∞ −∞ |S_n [g_n] (x)| W (x) (1 + |x|)^{−α} dx = CΛ

�_∞ −∞ S_n [g_n] (x)h_n(x)G(x)W^2(x)dx

= CΛ

�_∞ −∞ g_n(x)S_n [h_nG] (x)W^2(x)dx, where h_n(x) := sign (S_n [g_n] (x)), and we have used the self-adjointness of S_n. Since g_n vanishes outside � −^1_2 a_n,^1_2 a_n � , and letting q =^p_{p−1} , we continue this as

= CΛ

� 1_{2 an}

−^1_2 a_n

g_n(x)S_n [h_nG] (x)W^2(x)dx

≤ CΛ � �gn(x)W (x) (1 + |x|)^Δ � �_{Lq}

[−^1_2 an,^1_2 an] � �Sn [hnG] (x)W (x) (1 + |x|)^{−Δ} � �_{Lp} [−^1_2 an,^1_2 an]

= CΛ � �Ln [ψn] (x)W (x) (1 + |x|)^{−Δ} � �^{p−1}_{Lp}

[−^1_2 an,^1_2 an] � �Sn [hnG] (x)W (x) (1 + |x|)^{−Δ} � �_{Lp} [−^1_2 an,^1_2 an] , by the form of g_n. Cancelling the (p − 1)th power of � �L_n [ψ_n] (x)W (x) (1 + |x|)−Δ � � in the extreme left of (11.14), we obtain (11.12).

Proof of (11.13). We use the Christoffel–Darboux formula much as we did in the section on mean convergence of orthogonal expansions:

S_n [hG] (x) = γ_{n−1} γ_n � p_n(x)H � p_{n−1}hGW^2 � (x) − p_{n−1}(x)H � p_nhGW^2 � (x) � . Recalling the bound (10.6) on p_n and the bound

γ_{n−1} γ_n

≤ Ca_n,

we obtain

|S_n [hG] W | (x) ≤ Ca^{1/2}_n n� j=n−1 � H � p_jhGW^2 � (x) � . We next let χ^∗_n = χ[_− 3_{4 an,} 3_{4 an}],

and split

|S_n [hG] W | (x) ≤ Ca^{1/2}_n n� j=n−1 � �H �p_jhGχ^∗_nW^2� (x) � �

+Ca^{1/2}_n n� j=n−1 � �H �p_jhG (1 − χ^∗_n) W^2� (x) � � . (11.15)

We next use weighted bounds for Hilbert transforms, of the type established by Muckenhoupt [144]. Let Δ̂ = min � Δ, 1 p − δ � , for some small δ > 0. Then by Muckenhoupt’s bounds for weighted Hilbert transforms,

a^{1/2}_n n� j=n−1 � �H � p_jhGχ^∗_nW^2 � (x) (1 + |x|)^{−Δ̂} � �_{Lp}

[−^1_2 an,^1_2 an]

≤ Ca^{1/2}_n n� j=n−1 � � � p_jhGχ^∗_nW^2 � (x) (1 + |x|)^{−Δ̂} � �_{Lp(R)} ≤ C � �(hGW )(x) (1 + |x|)^{−Δ̂} � �_{Lp} [−^3_4 an,^3_4 an] ≤ C � �(1 + |x|)^{−α−Δ̂} � �_{Lp} [−^3_4 an,^3_4 an]

≤ C, (11.16) as � α + Δ̂ � p > 1. (Recall our hypotheses in Theorem 11.4 — they imply Δ + α >^1_p .) Next, for |x| ≤^1_2 a_n, and j = n − 1, n, � H � p_jhG (1 − χ^∗_n) W^2 � (x) � = � � � � {t:|t|≥^3_4 an} � p_jhGW^2 � (t) x − t dt � � � ≤ C � {t:|t|≥^3_4 an}

|p_jW | (t)t^{−1−α}dt

≤ C �_∞ −∞ (p_jW )^2

�_{1/2} �_∞ 3 4 a_n

t^{−2−2α}dt

�_{1/2}

≤ Ca^{− 12 −α}_n . So a^{1/2}_n n� j=n−1 � �H � p_jhG (1 − χ^∗_n) W^2 � (x) (1 + |x|)^{−Δ} � �_{Lp}

[−^1_2 an,^1_2 an]

≤ Ca^{−α}_n � �(1 + |x|)^{−Δ} � �_{Lp}

[−^1_2 an,^1_2 an]

≤ Ca^{−α}_n � � � 1, Δp > 1, (log n)^{1p} , Δp = 1, a 1 p −Δ

n , Δp < 1.

= o(1), (11.17)

since −α + 1 p − Δ < 0.

Combining (11.15), (11.16), and (11.17), yields (11.13) and hence the result.

Of course, this is just part of the estimation, but is the most difficult part. For the full details, see [106].

Mean convergence of Lagrange interpolation associated with Erdős weights has been investigated by S. Damelin and the author [25], [26]. The author has investigated Lagrange interpolation associated with exponential weights on [−1, 1] [94], while D. Kubayi and the author investigated mean convergence associated with general exponential weights [75]. The convergence in L_p, p < 1, has been investigated by Matjila [125].

One obvious question is whether other interpolation sets lead to cleaner, or simpler, results. It was J. Szabados [176], [192] who came up with this idea, the “method of additional points”, in the context of Lebesgue functions, which we shall discuss shortly. Szabados’ idea was to add two extra

points of interpolation, near ±a_n, to damp the growth of p_n(x) (recall, roughly � 1 −^{|x|}_{an}

�_{−1/4}

) near ±a_n. Suitable points are those where p_nW attains its sup norm on the real line:

|p_nW |(ξ_n) = ‖p_nW ‖_{L∞(R)} .

One can show that |1 − ξ_n/a_n| ≤ Cn^{−2/3} and that |x_{1n} − ξ_n| /a_n ∼ n^{−2/3}.

We let L^∗_n [f] denote the polynomial of degree ≤ n + 1 that interpolates to f at the n + 2 points

{−ξ_n, x_{nn}, x_{n−1,n}, . . . , x_{2n}, x_{1n}, ξ_n} .

Inspired by Szabados’ work on Lebesgue functions, G. Mastroianni and the author [103] proved:

Theorem 11.6 Let W ∈ F^∗. Let p > 1, Δ ∈ R, α > 0, and α̂ := min {1, α}. For

lim_{n→∞} � �(f − L^∗_n [f]) (x)W (x) (1 + |x|)^Δ � �^p_{Lp(R)} = 0 (11.18)

to hold for every continuous function satisfying lim |x|→∞

f(x) (1 + |x|)^α W (x) = 0 (11.19)

it is necessary and sufficient that Δ > 1 p − α̂.

What a difference the extra two points make! Let us explain a little of the mechanics behind this. L^∗_n [f] admits the representation

L^∗_n [f] (x) = f (ξ_n) ℓ^∗_{0n}(x) + f (−ξ_n) ℓ^∗_{n+1,n}(x) + n� j=1 f (x_{jn}) ℓ^∗_{j,n}(x),

where for 1 ≤ j ≤ n, ℓ^∗_{j,n}(x) = ℓ_{jn}(x) ξ^2_n − x^2 ξ^2_n − x^2_{jn} , and ℓ_{jn}(x) = p_n(x) p^′_n (x_{jn}) (x − x_{jn}) . The factor ξ^2_n − x^2 damps the growth of p_n(x) near ±a_n. Of course, there is an extra factor of ξ^2_n − x^2_{jn} in the denominator, but this is large for most x_{jn}, so actually helps.

We already noted that convergence of {L_n [f]} associated with Freud weights in L_p, p < 1, has been investigated by Matjila [125]. If one sacrifices precision in this case, one can achieve very general results, using distribution functions, rearrangements of functions, and a classic lemma of Loomis [3]. The latter asserts that for any {c_j}^n_{j=1},

meas � � � x : � � � � n� j=1 c_j x − x_j � � � � > λ � � � ≤ 8 λ n� j=1 |c_j| .

(It is often stated in the case where all c_j > 0 and without absolute values.) If one writes

L_n [f] (x) = p_n(x) n� j=1 f (x_{jn}) p^′_n (x_{jn}) (x − x_{jn})

=: p_n(x)g_n(x),

we see that for any positive function ϕ and real numbers b, c, ‖L_n [f] W ϕ^b‖_{Lp(R)} ≤ ‖p_nW ϕ^{b+c}‖_{L2p(R)}‖g_nϕ^{−c}‖_{L2p(R)}. (11.20) Next, Loomis’ Lemma shows that

m_{gn} (λ) := meas {x : |g_n(x)| > λ} ≤

8 ‖fW ϕ^c‖_{L∞(R)} λ n� j=1 1 |p^′_nW ϕ^c|(x_{jn}) =: 8 ‖fW ϕ^c‖_{L∞(R)} λ Ω_n.

For the moment, let h^∗ denote the decreasing rearrangement of a function h. In particular, the decreasing rearrangement of g_n is

g^∗_n(t) = sup {λ : m_{gn} (λ) > t} ≤ sup � λ : 8 ‖fW ϕ^c‖_{L∞(R)} λ Ω_n > t � = 8 ‖fW ϕ^c‖_{L∞(R)} t Ω_n.

Inequalities for decreasing rearrangements give [3] � g_nϕ^{−c}

�_{2p}

L_{2p}(R) =

�_∞ −∞ � g_nϕ^{−c}

�_{2p} ≤ �_∞ 0 � |g_n|^{2p}

�_∗ �

ϕ^{−2pc}

�_∗ = �_∞ 0 (g^∗_n)^{2p} � ϕ^{−1}

�_∗�2pc

≤ � 8 ‖fW ϕ^c‖_{L∞(R)} Ω_n

�_{2p} � ∞ 0 t^{−2p} � (ϕ^{−1})^∗(t)

�_{2pc} dt. (11.21)

Now if p <^1_2 , this integrand poses no problem at 0. If for example, ϕ(t) = 1 + |t|, then (ϕ^{−1})^∗(t) = � 1 + t 2 �_{−1}

, t ≥ 0,

and the integral will converge provided 2p + 2pc > 1. Combining this, (11.20) and (11.21), we obtain ‖L_n [f] W ϕ^b‖_{Lp(R)} ≤ C‖fW ϕ^c‖_{L∞(R)}Ω_n‖p_nW ϕ^{b+c}‖_{L2p(R)} with C independent of n, f. Recalling the definition of Ω_n above, we have the main part of [97, Theorem 3, p. 155]:

Theorem 11.7 Let W be even and positive in [0, ∞) and ϕ(t) = 1 + |t|. The following are equivalent:

(I) There exist b, c ∈ R and C, p > 0 such that for every continuous f ‖L_n [f] W ϕ^b‖_{Lp(R)} ≤ C‖fW ϕ^c‖_{L∞(R)}.

(II) There exist β, γ ∈ R and r > 0 such that

sup_{n≥1} ‖p_nW ϕ^β‖_{Lr(R)} n� j=1 1 |p^′_nW ϕ^γ |(x_{jn})

< ∞.

From this one may easily obtain necessary and sufficient conditions for mean convergence of {L_n [f]} in L_p, some p <^1_2 , with appropriate weights. The striking feature of these results is the simplicity of the proofs, and their generality. However, one sacrifices a great deal of precision, for even the specific L_p is not fixed in advance. For further work on mean convergence of Lagrange interpolation associated with exponential weights, see [19], [21], [24], [53], [117], [118], [123], [153], [168], [169].

11.2 Lebesgue Functions and Pointwise Convergence

Since L_n [P ] = P for any polynomial P of degree ≤ n − 1, the convergence of {L_n} in almost any norm is equivalent to the norms of these operators being bounded independent of n. The Lebesgue function is the weighted norm of L_n [f] at a given point. When working on infinite intervals, it makes more sense to investigate weighted version of these. The idea is

|L_n [f] (x)| W (x) ≤ n� j=1 |f (x_{jn})| |ℓ_{jn}(x)| W (x)

≤ ‖fW ‖_{L∞(R)} W (x) n� j=1 |ℓ_{jn}(x)| W^{−1} (x_{jn}) =: ‖fW ‖_{L∞(R)} Λ_n(x).

It is easy to see by suitable choice of f that

Λ_n(x) = sup � |L_n [f] (x)W (x)| : ‖fW ‖_{L∞(R)} ≤ 1 � , so the Lebesgue function Λ_n(x) is indeed a norm. The Lebesgue constant of L_n is

Λ_n := ‖Λ_n‖_{L∞(R)} .

Observe that for any function f, there is the pointwise error estimate

W (x) |f − L_n [f]| (x) ≤ (1 + Λ_n(x)) inf_{deg(P )≤n−1} ‖(f − P )W ‖_{L∞(R)}

= (1 + Λ_n(x)) E_n [f; W ]_∞

and hence the global estimate

‖W (f − L_n [f])‖_{L∞(R)} ≤ (1 + Λ_n) E_n [f; W ]_∞ .

Amongst the contributors to estimation of Λ_n(x) on infinite intervals are Damelin, Freud, Horváth, Kubayi, Matjila, Nevai, Sklyarov, Szabados, Szabó, Szili and Vértesi. The earliest results were due to Freud and Sklyarov.

The following result for general Freud weights is due to Szabados [176]. Indeed, it was in this context that Szabados introduced his “method of additional points”. Matjila [124], [126] independently obtained the upper bound implicit in (a).

Theorem 11.8 Let W = exp(−Q) ∈ F^∗.

(a) Let Λ_n denote the Lebesgue constant for the Lagrange interpolation polynomials L_n [·] at the zeros of p_n � W^2, · � . Then Λ_n ∼ n^{1/6}, n ≥ 1.

(b) Let Λ_n denote the Lebesgue constant for the Lagrange interpolation polynomials L^∗_n [·] at the zeros of p_n � W^2, · � , together with the points ±ξ_n where |p_nW | attains its maximum. Then

Λ^∗_n ∼ log(n + 1), n ≥ 1.

The n^{1/6} arises from the factor � 1 −^{|x|}_{an}

�_{−1/4} that gives the growth of p_n near ±a_n, together with the fact that 1 − x_{1n} a_n

∼ n^{−2/3}.

It is remarkable that Szabados’ addition of the two points ±ξ_n gives the optimal factor of log n. Yes, that is the same lower bound of log n for the sup norm of projection operators onto the space of polynomials of degree ≤ n, in the context of finite intervals [179]. In the context of exponential weights, this optimality was proved by Szabados [176]. There are extensions of this result to Erdős weights, and exponential weights on (−1, 1) [12], [13], [71], [73], [74]. Typically there one obtains the same result for Λ^∗_n, while Λ_n ∼ (nT (a_n))^{1/6} , n ≥ 1.

Some inkling of the proofs comes from the representation for the fundamental polynomials

ℓ_{jn}(x) = λ_{jn}K_n (x, x_{jn}) ,

when we interpolate at the zeros of p_n. Then

Λ_n(x) = W (x) n� j=1 |ℓ_{jn}(x)| W^{−1}(x_{jn}) = W (x) n� j=1 λ_{jn}W^{−1}(x_{jn}) |K_n(x, x_{jn})|

≈ W (x)

�_∞ −∞ W (t) |K_n(x, t)| dt.

Recall that λ_{jn} ∼^{an}_n W^2(x_{jn}) at least for x_{jn} well inside the interval [−a_n, a_n].

For general sets of interpolation nodes, lower bounds for Lebesgue functions have been obtained by Vértesi and his coworkers [189], [190]. These show that most of the time the Lebesgue function is bounded below by log n [190, p. 359]:

Theorem 11.9 Let W ∈ F^∗. For n ≥ 1, let Λ_n(x) denote the Lebesgue function corresponding to n distinct points (not necessarily the zeros of p_n). Let ε > 0. Then there is a set H_n of linear Lebesgue measure ≤ 2εa_n, such that

Λ_n(x) ≥ Cε log n, x ∈ [−a_n, a_n] \H_n.

The constant is independent of n, x, ε, and the array of interpolation points.

Szabados analyzed the influence of the distribution of the interpolation points, and in particular the largest interpolation point, on the size of the fundamental polynomials and Lebesgue constant [177]. Kubayi [72] and Damelin [17] explored Szabados’ result in the context of more general weights. Summability of weighted Lagrange interpolation has been investigated by Szili and Vértesi [183], [184], [185].

When one increases the degree of the polynomial interpolating at n points from n−1 to ⌊n(1+ε)⌋, some fixed ε > 0, then one can avoid the factor of log n above. For finite intervals, this was an old result of Erdős. For Freud weights, it is due to Vértesi [191], and for exponential weights on [−1, 1], due to Szili and Vértesi [182].

Theorem 11.10 Let W ∈ F^∗. Let us be given an array of interpolation points {x_{jn}}_{n≥1,1≤j≤n} with associated fundamental polynomials of interpolation {ℓ_{jn}}_{n≥1,1≤j≤n}. Assume that these admit the bound sup_{x∈R} |ℓ_{jn}(x)| W^{−1} (x_{jn}) W (x) ≤ A,

for n ≥ 1 and 1 ≤ j ≤ n. Let ε > 0 and let f be a continuous function such that fW^{1+ε} has limit 0 at ±∞. Then there exist polynomials {P_n} such that

(I) P_n has degree N_n ≤ n � 1 + ε + Cεn^{−2/3} � ; (II) P_n (x_{jn}) = f (x_{jn}), 1 ≤ j ≤ n;

(III) ‖W^{1+ε}(f − P_n)‖_{L∞(R)} ≤ CE_{Nn} � f; W^{1+ε} � ∞ . Note that the fundamental polynomials associated with the orthogonal polynomials p_n(W^2, x) satisfy the above bound [83].

Despite the many investigations of Lagrange interpolation, there are relatively few results where local assumptions are imposed that guarantee pointwise convergence of {L_n [f]}. It seems that the following interesting result of Nevai has never been extended beyond the case of the Hermite weight [146]:

Theorem 11.11 Let W (x) = exp(−x^2). Let f be Riemann integrable in each finite interval, and assume that for some c <^1_2 , ‖fW^c‖_{L∞(R)} < ∞.

Assume that on [a, b], f satisfies the one-sided Dini condition

f(x + t) − f(x) ≥ −v(t) |log t|^{−1} , a < x < x + t < b,

where v(t) decreases to 0 as t decreases to 0. Then

lim_{n→∞} L_n [f] (x) = f(x) (11.22)

at each point of continuity of f in (a, b). The convergence is uniform in every closed subinterval of (a, b) where f is continuous.

Note that any increasing function f satisfies this Dini condition, so (11.22) holds also when f is of bounded variation in [a, b]. (For then f is the difference of monotone increasing functions.) Finally, we note that convergence of Lagrange interpolation to entire functions of suitably restricted growth leads to a geometric rate of convergence, see [136].

12 Marcinkiewicz–Zygmund Inequalities

The classical Marcinkiewicz–Zygmund inequality has the form

C_1 ≤ � 1 2π �_π −π |R(θ)|^p dθ

�_{1/p} � � 1 2n + 1 2n� j=0 � �R � jπ 2n + 1 � �^p � � ≤ C_2,

where n ≥ 1, R is a trigonometric polynomial of degree ≤ n, and C_1 and C_2 are independent of n and R [193, Vol. 2, p. 28]. These types of inequalities are useful, for example, in discretisation problems, quadrature theory, and Lagrange interpolation.

In the context of exponential weights, these have chiefly been used for mean convergence of Lagrange interpolation. In fact, the proof of the Erdős–Turán theorem above was based on a converse quadrature sum, namely, �_∞ −∞ L_n [f]^2 W^2 = n� j=1 λ_{jn}f^2(x_{jn}).

This of course is an immediate consequence of the Gauss quadrature formula. In our outline of the proof of Lemma 11.5 above we used a forward quadrature sum. Let us repeat this, in simplified form: assume that we have an inequality n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |(x_{jn}) ≤ C

�_∞ −∞ |P W | . (12.1)

If q =^p_{p−1} , duality gives

‖L_n [f] W ‖_{Lp(R)} = sup_g

�_∞ −∞ L_n [f] gW^2,

where the sup is taken over all g with ‖gW ‖_{Lq(R)} ≤ 1. Using orthogonality of g − S_n [g] to polynomials of degree ≤ n − 1, and then the Gauss quadrature formula gives

= sup_g

�_∞ −∞ L_n [f] S_n [g] W^2 = sup_g n� j=1 λ_{jn}f(x_{jn})S_n [g] (x_{jn})

≤ ‖fW ‖_{L∞(R)} n� j=1 λ_{jn}W^{−2}(x_{jn}) |S_n [g] (x_{jn})W (x_{jn})|

≤ C ‖fW ‖_{L∞(R)}

�_∞ −∞ |S_n [g]| W.

In the last line, we used the quadrature sum estimate (12.1). Setting σ_n := sign (S_n [g]), and then using self-adjointness of S_n, we continue the above as

= C ‖fW ‖_{L∞(R)}

�_∞ −∞ σ_nW^{−1}S_n [g] W^2 = C ‖fW ‖_{L∞(R)}

�_∞ −∞ S_n � σ_nW^{−1} � gW^2

≤ C ‖fW ‖_{L∞(R)} � S_n � σ_nW^{−1} � W � L_p(R) .

If S_n is bounded in a suitable sense, we obtain ‖L_n [f] W ‖_{Lp(R)} ≤ C ‖fW ‖_{L∞(R)} with C independent of n. We emphasize that this is a simplified version of what one needs. Typically there are extra factors inside the quadrature sum. In subsequent sections, we shall present several methods to establish such quadrature sums.

12.1 Nevai’s Method for Forward Quadrature Sums We let u ∈ [x_{jn}, x_{j−1,n}], p ≥ 1, and start with the following consequence of the fundamental theorem of calculus:

|P W |^p(x_{jn}) ≤ |P W |^p(u) + p

�_{xj−1,n} u |P W |^{p−1}(s) � (P W )^′(s) � ds. We may assume that u is the point in [x_{jn}, x_{j−1,n}] where |P W |^p attains its minimum. We now need estimates for Christoffel functions, and spacing of zeros of orthogonal polynomials. In fact the former imply the latter via Markov–Stieltjes inequalities. We use λ_{jn}W^{−2}(x_{jn}) = λ_n(W^2, x_{jn})W^{−2}(x_{jn}) ∼ φ_n(x_{jn}), where φ_n is defined by (7.8), and x_{jn} − x_{j−1,n} ≥ Cλ_{jn}W^{−2}(x_{jn}).

Then

λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) ≤ C

�_{xj−1,n}

x_{jn}

|P W |^p(u)du +Cφ_n(x_{jn})

�_{xj−1,n}

x_{jn}

|P W |^{p−1}(s)|(P W )^′(s)|ds.

Summing over j, and using the fact that φ_n does not change much in [x_{jn}, x_{j−1,n}], one obtains n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) ≤ C

�_∞ −∞ |P W |^p(u)du +C �_∞ −∞ |P W |^{p−1}(s)|(P W )^′(s)|φ_n(s)ds. (12.2) We apply Hölder’s inequality, and then the Bernstein inequality Theorem 7.6 to the second term: �_∞ −∞ |P W |^{p−1}(s)|(P W )^′(s)|φ_n(s)ds ≤ ‖P W ‖^{p−1}_{Lp(R)} ‖(P W )^′φ_n‖_{Lp(R)} ≤ C ‖P W ‖^{p−1}_{Lp(R)} ‖P W ‖_{Lp(R)} .

Together with (12.2), this gives n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) ≤ C ‖P W ‖^p_{Lp(R)} . (12.3)

Here is a sample of what can be proved using this method [107, Thm. 2, p. 287]:

Theorem 12.1 Let W ∈ F^∗, 1 < p < ∞, −∞ < b ≤ 2 and a ∈ R. Then n� j=1 λ_{jn}W^{−b}(x_{jn}) (1 + |x_{jn}|)^a |P W |^p(x_{jn}) ≤ C

�_∞ −∞ |P W |^p(t) (1 + |t|)^a W^{2−b}(t)dt.

This method has also been used by H. König in a vector valued and Banach space setting, with W as the Hermite weight [65], [66]. It was used first for Hermite weights by Nevai [149]. Of course, it can be used for points other than zeros of orthogonal polynomials — all we need are suitable estimates on the spacing between successive zeros.

12.2 The Large Sieve Method As far as the author is aware, this also was developed by P. Nevai, based on the large sieve of number theory, and used by him and his coworkers for exponential weights [105]. We already presented the idea in the context of Markov–Bernstein inequalities in Section 8.6. We start with Lemma 8.3. For polynomials S of degree ≤ n,

|SW |^p(ξ) ≤ C

�_∞ −∞ |SW |^p(t)K_{Mn}(ξ, t)^2W^2(t)dt �_∞ −∞ K_{Mn}(ξ, t)^2W^2(t)dt , which is equivalent to

|SW |^p(ξ) ≤ Cλ_{Mn}(ξ)

�_∞ −∞ |SW |^p(t)K_{Mn}(ξ, t)^2W^2(t)dt.

Here p > 0, S is a polynomial of degree ≤ n, and |ξ| ≤ 2a_n, while M is a fixed large enough positive integer, independent of n, P, ξ. We now simply take linear combinations of this, and use the bound

λ_{Mn}(W^2, ξ) ≤ C a_n n W^2(ξ), |ξ| ≤ 2a_n.

For example, if we use the zeros of p_n, we obtain n� j=1 |SW |^p(x_{jn}) ≤ C

�_∞ −∞ |SW |^p(t)Σ_n(t)dt,

where Σ_n(t) = a_n n W^2(t) n� j=1 K^2_{Mn} (x_{jn}, t) W^2(x_{jn}).

Here, by the Christoffel–Darboux formula, and our bounds for p_n, and recalling our bound (8.31) for K_{Mn} (ξ, ξ), we see that for |ξ| , |t| ≤ 2a_n,

W (ξ)W (t) |K_{Mn}(ξ, t)| ≤ min � n a_n , 1 |ξ − t| � . Moreover for Freud weights, uniformly in j, n

x_{jn} − x_{j+1,n} ≥ C a_n n .

Hence

Σ_n(t) ≤ C n� j=1 (x_{jn} − x_{j+1,n}) min

�a_n n , |x_{jn} − t|

�_{−2} ≤ C �_∞ −∞ min �a_n n , |u − t|

�_{−2} du ≤ C_1 n a_n . Thus we arrive at the estimate n� j=1 a_n n |SW |^p (x_{jn}) ≤ C

�_∞ −∞ |SW |^p(t)dt,

valid for n ≥ 1 and polynomials P of degree ≤ n. We note that this does not imply the estimate n� j=1 λ_{jn}W^{−2}(x_{jn})|SW |^p(x_{jn}) ≤ C

�_∞ −∞ |SW |^p(t)dt

since λ_{jn}W^{−2}(x_{jn}) ∼ a_n n � � �1 −

|x_{jn}| a_n � � � + n^{−2/3}

�_{−1/2} ≫ a_n n , when x_{jn} is close to ±a_n. Thus this method is in some respects not as powerful as Nevai’s method. However, it can easily yield estimates like n� j=1 a_n n ψ(|SW |^p(x_{jn})) ≤ C

�_∞ −∞ ψ(|SW |^p(t))dt

where ψ is an increasing convex function that is positive in (0, ∞) and has ψ(0) = 0, and works for any set of suitably spaced points.

12.3 The Duality Method The idea here is to use duality of L_p spaces to derive a forward quadrature sum estimate from a converse one. It was probably first used by König [65], [66]. Let us illustrate this in the context of quadrature sums at zeros of orthogonal polynomials. Let n be fixed and μ_n be a pure jump measure having mass λ_{jn}W^{−2}(x_{jn}) at x_{jn}. Let, as usual, q =^p_{p−1} . If P is a polynomial of degree ≤ n, � � n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) � � 1/p = � |P W |^pdμ_n

�_{1/p}

= sup_g � P W^2g dμ_n,

where the sup is taken over all g with � |gW |^q dμ_n ≤ 1.

Since g needs to be defined only at {x_{jn}}^n_{j=1}, we can assume that g is a polynomial of degree ≤ n − 1. So � P W^2g dμ_n = n� j=1 λ_{jn}(P g)(x_{jn}) =

�_∞ −∞ P gW^2 ≤ ‖P W ‖_{Lp(R)} ‖gW ‖_{Lq(R)} .

Now we assume a suitable converse quadrature sum inequality: for n ≥ 1 and all S of degree ≤ n,

‖SW ‖_{Lq(R)} ≤ C � � n� j=1 λ_{jn}W^{−2}(x_{jn})|SW |^q(x_{jn}) � � 1/q . (12.4)

Applying this to g, gives

‖gW ‖_{Lq(R)} ≤ C � � n� j=1 λ_{jn}W^{−2}(x_{jn})|gW |^q(x_{jn}) � � 1/q = C � |gW |^qdμ_n

�_{1/q} ≤ C.

Thus we obtain � � n� j=1 λ_{jn}W^{−2}(x_{jn})|SW |^p(x_{jn}) � � 1/p ≤ C ‖P W ‖_{Lp(R)} .

In König’s work, he first proved a converse inequality like (12.4) for 1 < q < 4, and then deduced a forward estimate for^4_3 < p < ∞. Note that one can also use Carleson measures to derive forward quadrature estimates, just as we derived Markov–Bernstein inequalities in Section 8.5. For this approach on finite intervals, see the survey [95].

12.4 The Duality Method for Converse Quadrature Sum estimates This was perhaps the earliest method used for converse quadrature sum estimates. For trigonometric polynomials, it appears in Zygmund’s treatise [193, Ch. X, pp. 28–29]. Let 1 < p < ∞ and q =^p_{p−1} . Let P be a polynomial of degree ≤ n − 1. By duality,

‖P W ‖_{Lp(R)} = sup_g � gP W^2,

where the sup is taken over all g with ‖gW ‖_{Lq(R)} ≤ 1. Let S_n [g] denote the nth partial sum of the orthonormal expansion of g with respect to {p_j}^∞_{j=0}. By orthogonality, we continue this as

‖P W ‖_{Lp(R)} = sup_g � S_n [g] P W^2.

Using the Gauss quadrature formula, and then Hölder’s inequality, we continue this as

= sup_g n� j=1 λ_{jn}S_n [g] (x_{jn})P (x_{jn})

≤ sup_g � � � n� j=1 λ_{jn}W^{−2}(x_{jn})|S_n [g] W |^q(x_{jn}) � � � 1/q � � � n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) � � � 1/p

=: sup_g T_1 × T_2.

If we have a suitable forward quadrature sum estimate, and mean boundedness of S_n in a weighted L_q norm, we can bound T_1 as follows:

T_1 ≤ C ‖S_n [g] W ‖_{Lq (R)} ≤ C ‖gW ‖_{Lq(R)} ≤ C.

Then for n ≥ 1 and all polynomials P of degree ≤ n,

‖P W ‖_{Lp(R)} ≤ C � � � n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) � � � 1/p .

This method does yield estimates for full Gauss quadrature sums. However, it requires mean boundedness of orthogonal expansions, such as that in Theorem 10.3, which is difficult to prove. It also requires a forward quadrature sum estimate, which is not all that difficult to prove. It works best for p ≥ 4. For p < 4, the next method gives better results. Here is a sample of what one can achieve [91, Thm. 1.2, p. 531]. We note that because we are considering a special case of results there, the hypotheses there are simplified below:

Theorem 12.2 Let W ∈ F^∗, and assume that the orthonormal polynomials {p_n} for W^2 satisfy the bound (10.7). Let p > 4 and r, R ∈ R satisfy

R > − 1 p (12.5) and a^{r−min} � R,1−^1_p � n n^{16} � 1−^4_p � = � O(1), R ≠ 1 −^1_p , O � (log n)^{−R} � , R = 1 −^1_p

. (12.6)

Then for n ≥ 1 and polynomials P of degree ≤ n − 1,

‖(P W )(x) (1 + |x|)^r‖_{Lp(R)} ≤ C � � � n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) (1 + |x_{jn}|)^{Rp} � � � 1/p . (12.7)

For p = 4, this persists provided (12.5) holds and

r − min � R, 1 − 1 p � < 0.

Weights that satisfy the bound (10.7) include exp(−|x|^α), α > 1. In [91], we showed that slightly weaker forms of these conditions on r, R are necessary.

12.5 König’s Method König’s method [65], [66] is based on a clever estimate for Hilbert transforms of characteristic functions of intervals. It is technically the most difficult of all the methods we present (for forward or converse estimates), but is very powerful, and relatively direct. It does not depend on mean boundedness of orthogonal expansions. For n ≥ 1 and 1 ≤ j ≤ n, let

I_{jn} := [x_{jn}, x_{j−1,n}); |I_{jn}| = x_{j−1,n} − x_{j,n}; χ_{jn} := χ_{Ijn.}

Let P be a polynomial of degree ≤ n − 1, and

y_{jn} := a^{−1/2}_n

P (x_{jn}) p^′_n(x_{jn}) . Then

P (x) = L_n [P ] (x) = a^{1/2}_n p_n(x) n� j=1 y_{jn} x − x_{jn}

= a^{1/2}_n p_n(x) n� j=1 y_{jn} � 1 x − x_{jn} − 1 |I_{jn}|

H [χ_{jn}] (x) � + a^{1/2}_n p_n(x)H � � n� j=1 y_{jn} |I_{jn}| χ_{jn} � � (x)

=: J_1(x) + J_2(x).

Here (as above), H [f] (x) = lim_{ε→0+} � |x−t|≥ε

f(t) t − x dt is the Hilbert transform of f. The term J_2 is easier, so let us deal with it first. We use the bound

|p_nW |(x) ≤ Ca^{−1/2}_n � � �1 − |x| a_n � � � −1/4

, x ∈ R,

valid when W ∈ F^∗, and the Hilbert transform bound [144]

‖H [g] (x) � � �1 − |x| a_n � � � −1/4

‖_{Lp(|x|≤2an)} ≤ C‖g(x) � � �1 − |x| a_n � � � −1/4

‖_{Lp(|x|≤2an)},

valid for 1 < p < 4. Here C ≠ C (n, g). Then

‖J_2W ‖_{Lp[−2an,2an]} = a^{1/2}_n ‖p_nW H � � n� j=1 y_{jn} |I_{jn}| χ_{jn} � � ‖_{Lp[−2an,2an]}

≤ C‖ � � �1 − |x| a_n � � � −1/4 n�

j=1 y_{jn} |I_{jn}| χ_{jn}(x)‖_{Lp[−2an,2an]}

= C � � � n� j=1 � y_{jn} |I_{jn}|

�_p �

I_{jn} � � �1 − |x| a_n � � � −p/4 dx � � � 1/p

≤ C � � � n� j=1 � y_{jn} |I_{jn}|

�_p

|I_{jn}| ψ^{−p/4}_n (x_{jn}) � � � 1/p .

Here ψ_n(x) = max � n^{−2/3}, 1 − |x| a_n � .

It can be shown that uniformly in j, n,

y_{jn} |I_{jn}|

∼ |P W | (x_{jn})ψ^{1/4}_n (x_{jn}); a^{1/2}_n � �p^′_nW � � (x_{jn}) ∼ |I_{jn}|^{−1} ψ^{−1/4}_n (x_{jn}); |I_{jn}| ∼ λ_{jn}W^{−2}(x_{jn}).

Hence

‖J_2W ‖_{Lp[−2an,2an]} ≤ C � � � n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) � � � 1/p . The estimation of J_1 is difficult. One shows that for |x − x_{jn}| > 2 |I_{jn}| , � � 1 x − x_{jn} − 1 |I_{jn}|

H [χ_{jn}] (x) � � a^{1/2}_n |p_nW |(x) ≤ Cψ^{−1/4}_n (x) |I^{jn}| |x − x_{jn}| � 1 |x − x_{jn}| + 1 1 + |x_{jn}| �

=: Cf_{jn}(x),

and for |x − x_{jn}| ≤ 2 |I_{jn}| , � � 1 x − x_{jn} − 1 |I_{jn}|

H [χ_{jn}] (x) � � a^{1/2}_n |p_nW |(x) ≤ C ψ^{−1/4n} (x) |I_{jn}|

=: Cf_{jn}(x),

so that |J_1(x)| ≤ C n� j=1 |y_{jn}| f_{jn}(x).

As each f_{jn} does not change much in I_{kn}, one obtains

‖J_1W ‖_{Lp[xnn,x1n]} ≤ C � � � n� k=2 |I_{kn}| � � n� j=1 |y_{jn}| f_{jn}(x_{kn}) � � p� � � 1/p . One now splits this sum into three pieces. The main part is estimated by showing that certain n by n matrices are uniformly bounded in norm. These in turn depend on clever consequences of Hölder’s inequality. After a lot of technical work, one obtains

‖J_1W ‖_{Lp(R)} ≤ C � � � n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn}) � � � 1/p . Here is a sample of what can be proved [91, Thm. 1.2, p. 531]:

Theorem 12.3 Let W ∈ F^∗ and 1 < p < 4. Let

r < 1 − 1 p ; r ≤ R; R > − 1 p . (12.8)

Then for n ≥ 1 and polynomials P of degree ≤ n,

‖(P W )(x) (1 + |x|)^r‖_{Lp(R)} ≤ C � � � n� j=1 λ_{jn}W^{−2}(x_{jn})|P W |^p(x_{jn})(1 + |x_{jn}|)^{Rp} � � � 1/p . (12.9)

Here C ≠ C (n, P ).

There it was also shown that the first two conditions on r, R are necessary. For p ≥ 4, the author and Mastroianni used König’s method to prove [104, Thm. 1.2, p. 149].

Theorem 12.4 Let W ∈ F^∗ and p ≥ 4. Let (12.8) hold, and in addition, assume that for some δ > 0,

n^{16} � 1−^4_p � a^{r−min} � R,1−^1_p � n = O(n^{−δ}). (12.10)

Then (12.9) holds for n ≥ 1 and polynomials P of degree ≤ n.

For further work on quadrature sum estimates in the context of exponential weights, see [18], [23], [96]. In particular, in the latter paper, an attempt was made to provide a very general framework for König’s method.

13 Hermite and Hermite–Féjer Interpolation

The Hermite interpolation polynomial to a function f at the zeros {x_{jn}}^n_{j=1} of p_n(x) is a polynomial H_n [f] of degree ≤ 2n − 1 such that for 1 ≤ j ≤ n,

H_n [f] (x_{jn}) = f(x_{jn}), H^′_n [f] (x_{jn}) = f^′(x_{jn}).

Of course, we have to assume f^′ is defined at the zeros {x_{jn}}. To avoid this restriction, the Hermite– Féjer interpolant H^∗_n [f] is often used instead. It is a polynomial of degree ≤ 2n − 1 such that for 1 ≤ j ≤ n,

H^∗_n [f] (x_{jn}) = f(x_{jn}), H^{∗′}_n [f] (x_{jn}) = 0.

Hermite–Féjer polynomials first came to prominence when Féjer used them (with interpolation at zeros of Chebyshev polynomials) to provide another proof of Weierstrass’ approximation theorem. A close relative of the Hermite–Féjer interpolation polynomial is the Grünwald operator

Y_n [f] (x) = n� j=1 f(x_{jn})ℓ^2_{jn}(x),

where {ℓ_{jn}} are the fundamental polynomials of Lagrange interpolation taken at the zeros of p_n(x) = p_n � W^2, x � . Y_n has the advantage of being a positive operator, which makes convergence more general, though possibly at a slower rate than interpolatory operators.

Convergence of Hermite and Hermite–Féjer polynomials associated with exponential weights has been investigated in [20], [22], [54], [55], [58], [59], [60], [62], [63], [64], [89], [109], [110], [142], [180]. In some cases, processes involving higher order derivatives have been studied, and the derivatives of the interpolating polynomials have also been investigated. Here we note just one result of Szabó [180]:

Theorem 13.1 Let W = exp(−Q) ∈ F^∗, with A as in (4.18). Let

W_2(x) = W^2(x) � 1 + � �Q^′(x) � �^13(1−1/A) log �2 + � �Q^′(x) � � .

Then for every continuous f : R → R with lim |x|→∞

fW_2(x) = 0,

we have lim_{n→∞} � W^2 (f − H^∗_n) � L_∞(R) = 0.

Note the square of the weight in the condition on f and in the approximating norm. Szabó showed that the factor � 1 + � �Q^′(x) � �^13(1−1/A) log �2 + � �Q^′(x) � � is essential and best possible.

14 Acknowledgement

The author is grateful for corrections and comments from Steven Damelin, Zeev Ditzian, Hrushikesh Mhaskar, Ryozi Sakai, Ying Guang Shi, Misha Sodin, Jozsef Szabados, Vili Totik, and Peter Vertesi. Undoubtedly many shortcomings remain, for which the author takes full responsibility. The research in this paper was supported by NSF Grant DMS–0400446 and Israel US–BSF Grant 2004353.

15 Summary of Notation

In this section, we repeat the main notation introduced earlier in this paper, and repeat some definitions. Throughout, C, C_1, C_2, . . . denote positive constants independent of n, x, t and polynomials P of degree ≤ n. The same symbol does not necessarily denote the same constant in different occurrences. We write C = C(α) or C ≠ C(α) to respectively show that C depends on α, or does not depend on α.

We use the notation ∼ in the following sense: given sequences of real numbers {c_n} and {d_n}, we write c_n ∼ d_n

if for some positive constants C_1, C_2 independent of n, we have

C_1 ≤ c_n/d_n ≤ C_2.

If x is a real number, then ⌊x⌋ denotes the greatest integer ≤ x.

Throughout, W = exp(−Q) is an even exponential weight. Associated with W are the Mhaskar– Rakhmanov–Saff numbers a_n = a_n(Q), the positive root of the equation n = 2 π �_1 0 a_ntQ^′(a_nt) √ 1 − t^2 dt. If xQ^′(x) is strictly increasing, with limits 0 and ∞ at 0 and ∞ respectively, then a_n is uniquely defined. Corresponding to the weight W , we define orthonormal polynomials

p_n(x) = p_n � W^2, x � = γ_nx^n + · · · , γ_n > 0,

satisfying �_∞ −∞ p_np_mW^2 = δ_{mn.}

Note that the weight is W^2, not W . We denote the zeros of p_n by x_{nn} < x_{n−1,n} < · · · < x_{2n} < x_{1n}.

The nth Christoffel function for W^2 is λ_n(W^2, x) = inf_{deg(P )≤n−1}

�_∞ −∞(P W )^2 P^2(x)

. (15.1) It also satisfies λ_n(W^2, x) = 1

�^{n−1}� j=0 p^2_j (x).

The reproducing kernel of order m is

K_m(x, t) := m−1� j=0 p_j(x)p_j (t) = γ_{m−1} γ_m p_m(x)p_{m−1}(t) − p_{m−1}(x)p_m(t) x − t . Our four main classes of weights follow:

Definition 15.1 (Freud Weights F): Let W = exp(−Q), where Q : R → R is even, Q^′ exists and is positive in (0, ∞). Moreover, assume that xQ^′(x) is strictly increasing, with right limit 0 at 0, and for some λ, A, B > 1, C > 0, A ≤ Q^′(λx) Q^′(x)

≤ B, x ≥ C.

Then we write W ∈ F.

Definition 15.2 (Freud Weights F^∗): Let W = exp(−Q), where Q^{′′} exists and is positive in (0, ∞), while Q^′ is positive there, with limit 0 at 0, and for some A, B > 1, A − 1 ≤ xQ^{′′}(x) Q^′(x)

≤ B − 1, x ∈ (0, ∞) . Then we write W ∈ F^∗.

The canonical examples of W in F^∗ are W_α(x) = exp(−|x|^α), α > 0, while F^∗ ⊂ F.

Definition 15.3 (Erdős Weights E): Let W = exp(−Q), where Q : R → R is even, Q^′ exists and is positive in (0, ∞). Assume that xQ^′(x) is strictly increasing, with right limit 0 at 0, and the function T (x) := xQ^′(x) Q(x)

(15.2) is quasi-increasing in the sense that 0 ≤ x < y =⇒ T (x) ≤ CT (y), while lim_{x→∞} T (x) = ∞. (15.3) Assume, moreover, that for some C_1, C_2 and C_3 > 0, yQ^′(y) xQ^′(x)

≤ C_1 � Q(y) Q(x)

�_{C2}

, y ≥ x ≥ C_3. Then we write W ∈ E.

Definition 15.4 (General Exponential Weights F_{even}(C^2)): Let I = (−d, d) where 0 < d ≤ ∞. Let Q : I → [0, ∞) satisfy the following properties: (a) Q^′ is continuous and positive in I and Q(0) = 0; (b) Q^{′′} exists and is positive in (0, d) ; (c) lim_{t→d−} Q(t) = ∞;

(d) The function T (t) = tQ^′(t) Q(t) is quasi-increasing in (0, d), in the sense that 0 ≤ x < y < d =⇒ T (x) ≤ CT (y).

Moreover, assume for some Λ > 1, T (t) ≥ Λ > 1, t ∈ (0, d) .

(e) There exists C_1 > 0 such that |Q^{′′}(x)| Q^′(x)

≤ C_1

Q^′(x) Q(x)

, x ∈ (0, d)

Then we write W ∈ F_{even}(C^2). If also, there exists c ∈ (0, d) such that |Q^{′′}(x)| Q^′(x)

≤ C_2

Q^′(x) Q(x)

, x ∈ (c, d) ,

then we write W ∈ F_{even}(C^2+).

For k ≥ 1, the kth iterated exponential is exp_k = exp(exp(· · · exp())) Define the symmetric differences

Δ_hf(x) = f(x + h 2 ) − f(x − h 2 ); Δ^k_hf(x) = Δ_h � Δ^{k−1}_h f(x) � , k ≥ 1, so that Δ^k_hf(x) = k� i=0 � k i � (−1)^if(x + k h 2 − ih).

Given r ≥ 1 and a Freud weight W = exp(−Q) with Mhaskar–Rakhmanov–Saff numbers {a_n}, we define the rth order modulus of continuity as follows: First define the decreasing function of t,

σ(t) := inf � a_n :

a_n n ≤ t � , t > 0.

The rth order modulus of continuity for W is

ω_{r,p}(f, W, t) = sup_{0<h≤t} ‖W (Δ^r_hf) ‖_{Lp[−σ(h),σ(h)]} + inf_{deg(P )≤r−1} ‖(f − P )W ‖_{Lp(R\[−σ(t),σ(t)])}.

The rth order K-functional associated with W is K_{r,p} (f, W, t^r) := inf_g � ‖(f − g)W ‖_{Lp(R)} + t^r‖g^{(r)}W ‖_{Lp(R)} � , t ≥ 0.

For Erdős weights W ∈ E, the modulus of continuity involves the function

Φ_t(x) := � 1 − |x| σ(t)

+ T (σ(t))^{−1/2},

where σ(t) is as above. The rth order modulus is then

ω_{r,p}(f, W, t) = sup_{0<h≤t} ‖W (x) � Δ^r_{hΦt(x)}f(x) � ‖_{Lp[−σ(2t),σ(2t)]}

+ inf

deg(P )≤r−1

‖(f − P )W ‖_{Lp(R\[−σ(4t),σ(4t)])}.

The error in weighted approximation of f by polynomials of degree ≤ n in the L_p norm is E_n [f; W ]_p := inf_{deg(P )≤n} ‖(f − P )W ‖_{Lp(R)}.

If f is such that fW^2 ∈ L_1(R), we define its orthonormal expansion f ∼ ∞� j=0 c_jp_j,

where c_j :=

�_∞ −∞ fp_j W^2, j ≥ 0.

The nth partial sum of the orthonormal expansion is

S_n [f] = n−1� j=0 c_jp_j, while the nth de la Vallée Poussin operator is

V_n [f] = 1 n 2n� j=n+1

S_j [f] .

Given a function f, we define the nth Lagrange interpolation polynomial to f at {x_{jn}}^n_{j=1} to be the unique polynomial of degree ≤ n − 1 that satisfies L_n [f] (x_{jn}) = f(x_{jn}), 1 ≤ j ≤ n.

One formula for L_n [f] is L_n [f] = n� j=1 f(x_{jn})ℓ_{jn}

where {ℓ_{jn}}^n_{j=1} are fundamental polynomials of Lagrange interpolation, satisfying ℓ_{jn}(x_{kn}) = δ_{jk}.

The {ℓ_{jn}} admit the representation

ℓ_{jn}(x) = n� k=1,k≠j

x − x_{kn} x_{jn} − x_{kn} .

References

[1] R. Askey, Mean convergence of orthogonal series and Lagrange interpolation, Acta Math.

Acad. Sci. Hungar., 23(1972), 71–85.

[2] R. Askey and S. Wainger, Mean convergence of expansions in Laguerre and Hermite series, Amer. J. Math., 87(1965), 695–708.

[3] C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, New York, 1988. [4] S. N. Bernstein, Le probleme de l’approximation des fonctions continues sur tout l’axe reel et l’une de ses applications, Bull. Math. Soc. France, 52(1924), 399–410.

[5] B. A. Bojanov, A Jackson type theorem for Chebyshev systems, Math. Balkanica (N.S.), 10(1996), 73–82.

[6] A. Borichev, On the closure of polynomials in weighted spaces of functions on the real line, Indiana Univ. Math. J., 50(2001), 829–846.

[7] A. Borichev, M. Sodin, The Hamburger moment problem and weighted polynomial approximation on discrete subsets of the real line, J. Anal. Math., 76(1998), 219–264.

[8] A. Borichev, M. Sodin, Mikhail Krein’s entire functions and the Bernstein approximation problem, Illinois J. Math., 45 (2001), 167–185.

[9] P. Borwein, T. Erdelyi, Polynomials and Polynomial Inequalities, Springer, Berlin, 1995.

[10] L. Carleson, Bernstein’s approximation problem, Proc. Amer. Math. Soc., 2(1951), 953–961.

[11] S. B. Damelin, Converse and smoothness theorems for Erdős weights in L_p (0 < p ≤ ∞), J.

Approx. Theory, 93(1998), 349–398.

[12] S. B. Damelin, The weighted Lebesgue constant of Lagrange interpolation for exponential weights on [−1, 1], Acta Math. Hungar., 81(1998), 223–240.

[13] S. B. Damelin, The Lebesgue function and Lebesgue constant of Lagrange interpolation for Erdős weights, J. Approx. Theory, 94(1998), 235–262.

[14] S. B. Damelin, A characterization of smoothness for Freud weights, J. Comp. Appl. Math., 99(1998), 463–473.

[15] S. B. Damelin, Smoothness theorems for generalized symmetric Pollaczek weights on (−1, 1), J. Comp. Appl. Math., 101 (1999), 87–103.

[16] S. B. Damelin, Smoothness theorems for Erdős weights II, J. Approx. Theory, 97(1999), 220– 239.

[17] S. B. Damelin, The distribution of general interpolation arrays for exponential weights, ETNA, 12(2002), 12–20.

[18] S. B. Damelin, Marcinkiewicz-Zygmund inequalities and the numerical approximation of singular integrals for exponential weights: methods, results and open problems, some new, some old, J. Complexity, 19(2003), 406–415.

[19] S. B. Damelin, H. S. Jung, K. H. Kwon, Necessary conditions for weighted mean convergence of Lagrange interpolation for exponential weights, J. Comp. Appl. Math., 132(2001), 357–369.

[20] S. B. Damelin, H. S. Jung, K. H. Kwon, On mean convergence of Hermite-Féjer and Hermite interpolation for Erdős weights, J. Comp. Appl. Math., 137(2001), 71–76.

[21] S. B. Damelin, H. S. Jung, K. H. Kwon, A note on mean convergence of Lagrange interpolation in L_p, 0 < p < 1, J. Comp. Appl. Math., 133(2001), 277–282.

[22] S. B. Damelin, H. S. Jung, K. H. Kwon, Mean convergence of Hermite-Féjer and Hermite interpolation of higher order for Freud weights, J. Approx. Theory, 113(2001), 21–58.

[23] S. B. Damelin, H. S. Jung, K. H. Kwon, Converse Marcinkiewicz-Zygmund inequalities on the real line with application to mean convergence of Lagrange interpolation, Analysis, 22(2002), 33–55.

[24] S. B. Damelin, H. S. Jung and K. H. Kwon, Mean convergence of extended Lagrange interpolation for exponential weights, Acta Applicandae Math., 76(2003), 17–36.

[25] S. B. Damelin, D. S. Lubinsky, Necessary and sufficient conditions for mean convergence of Lagrange interpolation for Erdős weights, Canad. J. Math., 48(1996), 710–736.

[26] S. B. Damelin, D. S. Lubinsky, Necessary and sufficient conditions for mean convergence of Lagrange interpolation for Erdős weights II, Canad. J. Math., 48(1996), 737–757.

[27] S. B. Damelin, D. S. Lubinsky, Jackson theorems for Erdős weights in L_p (0 < p ≤ ∞), J.

Approx. Theory, 94(1998), 333–382.

[28] M. De Bonis, G. Mastroianni, M. Viggiano, K-functionals, moduli of smoothness and weighted best approximation on the semiaxis, (in) Functions, Series, Operators (eds. L. Leindler et al), János Bolyai Mathematical Society, Budapest, Hungary, 2002, pp. 181–211.

[29] L. de Branges, The Bernstein problem, Proc. Amer. Math. Soc., 10(1959), 825–832. [30] R. DeVore, D. Leviatan, and X. M. Yu, Polynomial approximation in L_p (0 < p < 1), Constr.

Approx., 8(199), 187–201.

[31] R. DeVore, G. G. Lorentz, Constructive Approximation, Springer, Berlin, 1993. [32] Z. Ditzian, V. H. Hristov, K. G. Ivanov, Moduli of smoothness and K-functionals in L_p, 0 < p < 1, Constr. Approx., 11(1995), 67–83.

[33] Z. Ditzian, D. Lubinsky, Jackson and smoothness theorems for Freud weights in L_p (0 < p ≤ ∞), Constr. Approx., 13(1997), 99–152.

[34] Z. Ditzian, D. S. Lubinsky, P. Nevai, V. Totik, Polynomial approximation with exponential weights, Acta Math. Hungar., 50(1987), 165–175.

[35] Z. Ditzian, S. Tikhonov, Ulyanov and Nikolskii-type inequalities, J. Approx. Theory, 133(2005), 100–133.

[36] Z. Ditzian, V. Totik, Moduli of Smoothness, Springer, New York, 1987. [37] M. M. Dzrbasjan, Some questions in the theory of weighted polynomial approximation on the entire real axis, Mat. Sbornik, 36(1955), 355–440 (in Russian).

[38] G. Freud, Orthogonal Polynomials, Akadémiai Kiadó/Pergamon Press, Budapest, 1971. [39] G. Freud, Extension of the Dirichlet-Jordan criterion to a general class of orthogonal polynomial expansions, Acta Math. Acad. Sc. Hungar., 25(1974), 109–122.

[40] G. Freud, On the theory of one-sided weighted L_1 approximation by polynomials, (in) Linear Operators and Approximation II, (eds. P. L. Butzer et al.), ISNM 25, Birkhäuser, Basel, 1974, pp. 285–303.

[41] G. Freud, Markov-Bernstein type inequalities in L_p(−∞, ∞), (in) Approximation Theory II, (eds. G. G. Lorentz et al.), Academic Press, New York, 1976, pp. 369–377.

[42] G. Freud, On Markov-Bernstein type inequalities and their applications, J. Approx. Theory, 19(1977), 22–37.

[43] G. Freud, A. Giroux, Q. I. Rahman, Sur l’approximation polynomiale avec poids exp(− |x|), Canad. J. Math., 30(1978), 358–372.

[44] G. Freud, H. N. Mhaskar, Weighted polynomial approximation in rearrangement invariant Banach function spaces on the whole real line, Indian J. Math., 22(1980), 209–224.

[45] G. Freud, H. N. Mhaskar, K-functionals and moduli of continuity in weighted polynomial approximation, Arkiv. Mat., 21(1983), 145–161.

[46] G. Freud, P. Névai, Weighted L_1 and one-sided weighted L_1 polynomial approximation on the real axis, Magyar Tud. Akad. Mat. Fiz. Oszt. Közl., 21(1973), 485–502.

[47] P. Henrici, Applied and Computational Complex Analysis, Vol. 3, Wiley, New York, 1986. [48] N. Q. Hoa, N. X. Ky, On imbedding theorems in connection with Freud’s weight, (in) Approximation theory (Kecskemét, 1990), Colloq. Math. Soc. János Bolyai, 58, North-Holland, Amsterdam, 1991, pp. 361–366.

[49] Á. Horváth, J. Szabados, Polynomial approximation and interpolation on the real line with respect to general classes of weights, Result. Math., 34(1998), 120–131.

[50] V. H. Hristov, K. G. Ivanov, Realization of K-functionals on subsets and constrained approximation, Math. Balkanica, 4(1990), 236–257.

[51] S. Izumi, T. Kawata, Quasi-analytic class and closure of {t^n} in the interval (−∞, ∞), Tohoku Math. J., 43(1937), 267–273.

[52] S. W. Jha, D. S. Lubinsky, Necessary and sufficient conditions for mean convergence of orthogonal expansions for Freud weights, Constr. Approx., 11(1995), 331–363.

[53] H. S. Jung, L_∞ Convergence of interpolation and associated product integration for exponential weights, J. Approx. Theory, 120(2003), 217–241.

[54] H. S. Jung, Necessary conditions of convergence of Hermite-Fejér interpolation polynomials for exponential weights, J. Approx. Theory, 136(2005), 26–44.

[55] H. S. Jung, K. H. Kwon, Mean convergence of Hermite-Fejér and Hermite interpolation for Freud weights, J. Comp. Appl. Math., 99(1998), 219–238.

[56] H. S. Jung, K. H. Kwon, D. W. Lee, Mean convergence of orthogonal series for Erdős weight, Int. J. Appl. Math. 1 (1999), 549–574.

[57] H. S. Jung, R. Sakai, Inequalities with Erdős-Type weights, manuscript. [58] Y. Kanjin, R. Sakai, Pointwise convergence of Hermite-Fejér interpolation of higher order for Freud weights, Tohoku Math. J., 46(1994), 181–206.

[59] Y. Kanjin, R. Sakai, Convergence of the derivatives of Hermite-Fejér interpolation of higher order based at the zeros of Freud polynomials, J. Approx. Theory, 80(1995), 378–389.

[60] T. Kasuga, R. Sakai, Uniform or mean convergence of Hermite-Fejér interpolation of higher order for Freud weights, J. Approx. Theory, 101(1999), 330–358.

[61] T. Kasuga, R. Sakai, Orthonormal polynomials for generalized Freud-type weights, J. Approx.

Theory, 121(2003), 13–53.

[62] T. Kasuga, R. Sakai, Orthonormal polynomials for Laguerre-type weights, Far East J. Math.

Sci., 15(2004), 95–105.

[63] T. Kasuga, R. Sakai, Orthonormal polynomials for generalized Freud-type weights and higherorder Hermite-Fejér interpolation polynomials, J. Approx. Theory, 127(2004), 1–38.

[64] T. Kasuga, R. Sakai, Conditions for uniform or mean convergence of higher order Hermite- Fejér interpolation polynomials with generalized Freud-type weights, Far East J. Math. Sci., 19(2005), 145–199.

[65] H. König, Vector-Valued Lagrange interpolation and mean convergence of Hermite series, (in) Functional Analysis, Essen, Lecture Notes in Pure and Applied Math., Vol. 150, Dekker, NY, 1994, pp. 227–247.

[66] H. König, N. J. Nielsen, Vector-valued L_p convergence of orthogonal series and Lagrange interpolation, Forum Mathematicum, 6(1994), 183–207.

[67] P. Koosis, The Logarithmic Integral I, Cambridge University Press, Cambridge, 1988.

[68] T. Kriecherbauer, K. T-R. McLaughlin, Strong asymptotics of polynomials with respect to Freud weights, International Math. Research Notices, 6(1999), 299–333.

[69] A. Kroó, J. Szabados, Weighted polynomial approximation on the real line, J. Approx. Theory, 83(1995), 41–64.

[70] A. Kroó, J. Szabados, R. Varga, Weighted polynomial approximation of some entire functions on the real line, Ann. Numer. Math., 4(1997), 405–413.

[71] D. G. Kubayi, Bounds for weighted Lebesgue functions for exponential weights, J. Comp.

Appl. Math., 133(2001), 429–443.

[72] D. G. Kubayi, A note on the “good” nodes of weighted Lagrange interpolation for non-even weights, Ann. Univ. Sci. Budapest. Eötvös Sect. Math., 45(2002), 107–113.

[73] D. G. Kubayi, On the weighted Lebesgue functions for general exponential weights, Ann. Univ.

Sci. Budapest. Eötvös Sect. Math., 45(2002), 83–105.

[74] D. G. Kubayi, Bounds for weighted Lebesgue functions for exponential weights. II, Acta Math.

Hungar., 97(2002), 37–54.

[75] D. G. Kubayi, D. S. Lubinsky, Quadrature sums and Lagrange interpolation for general exponential weights, J. Comp. Appl. Math., 151(2003), 383–414.

[76] D. G. Kubayi, H. P. Mashele, On the difference of orthonormal polynomials, Quaest. Math., 26(2003), 347–353.

[77] N. X. Ky, Structure properties of functions and their expansion coefficients in polynomial series, East J. Approx., 5(1999), 329–346.

[78] N. X. Ky, N. Q. Hoa, Uljanov-type imbedding theorems in the theory of weighted polynomial approximations, Studia Sci. Math. Hungar., 29(1994), 33–42.

[79] B. Ya Levin, Completeness of systems of functions, quasi-analyticity, and subharmonic majorants, J. Soviet Math., 63(1993), 171–201.

[80] Eli Levin, D. S. Lubinsky, Canonical products and the weights exp(−|x|^α), α > 1, with applications, J. Approx. Theory, 49(1987), 149–169.

[81] E. Levin, D. S. Lubinsky, Weights on the real line that admit good relative polynomial approximation, J. Approx. Theory, 49(1987), 170–195.

[82] E. Levin, D. S. Lubinsky, L_∞ Markov and Bernstein inequalities for Freud weights, SIAM J.

Math. Anal., 21(1990), 1065–1082.

[83] E. Levin, D. S. Lubinsky, Christoffel functions, orthogonal polynomials, and Nevai’s conjecture for Freud weights, Constr. Approx., 8(1992), 463–535.

[84] E. Levin, D. S. Lubinsky, L_p Markov-Bernstein inequalities for Freud weights, J. Approx.

Theory, 77(1994), 229–248.

[85] E. Levin, D. S. Lubinsky, Orthogonal Polynomials for Exponential Weights, Springer, New York, 2001.

[86] G. G. Lorentz, M. von Golitschek, Y. Makovoz, Constructive Approximation: Advanced Problems, Springer, Berlin, 1996.

[87] D. S. Lubinsky, Gaussian quadrature, weights on the whole real line and even entire functions with non-negative even order derivatives, J. Approx. Theory, 46(1986), 297–313.

[88] D. S. Lubinsky, Strong asymptotics for extremal errors associated with Erdős-type weights, Pitman Research Notes, Vol. 202, Longmans, Burnt Mill, Essex, 1989.

[89] D. S. Lubinsky, Hermite and Hermite-Fejér interpolation associated with weights on R: The L_∞ theory, J. Approx. Theory, 70(1992), 284–334.

[90] D. S. Lubinsky, A Survey of mean convergence of orthogonal polynomial expansions, (in) Proc. of 2nd Confer. on Function Spaces (Edwardsville, Illinois) (ed. K. Jarosz), Dekker, New York, 1995, pp. 281–310.

[91] D. S. Lubinsky, Converse quadrature sum estimates for polynomials with Freud weights, Acta Sci Math. (Szeged), 60(1995), 527–557.

[92] D. S. Lubinsky, Forward and converse theorems of Polynomial Approximation for Exponential weights on [−1, 1]. I, J. Approx. Theory, 91(1997), 1–47.

[93] D. S. Lubinsky, Forward and converse theorems of polynomial approximation for exponential weights on [−1, 1]. II, J. Approx. Theory, 91(1997), 48–83.

[94] D. S. Lubinsky, Mean convergence of Lagrange interpolation for exponential weights on [−1, 1], Canad. J. Math., 50(1998), 1273–1297.

[95] D. S. Lubinsky, Marcinkiewicz-Zygmund inequalities: Methods and results, (in) Recent Progress in Inequalities (ed. G. Milovanovic et al.), Kluwer, Dordrecht, 1998, pp. 213–240.

[96] D. S. Lubinsky, On converse Marcinkiewicz-Zygmund inequalities in L_p, p > 1, Constr.

Approx., 15(1999), 577–610.

[97] D. S. Lubinsky, On weighted mean convergence of Lagrange interpolation for general arrays, J. Approx. Theory, 118(2002), 153–162.

[98] D. S. Lubinsky, Jackson and Bernstein theorems for the weight exp(−|x|) on R, Israel Journal of Mathematics, 153(2006), 193–220.

[99] D. S. Lubinsky, Which weights on R admit Jackson theorems?, Israel Journal of Mathematics, 155(2006), 253–280.

[100] D. S. Lubinsky, Which weights on R admit L_p Jackson theorems?, manuscript. [101] D. S. Lubinsky, D. Mache, (C,1) means of orthonormal expansions for exponential weights, J. Approx. Theory, 103(2000), 151–182.

[102] D. S. Lubinsky, P. Mashele, L_p boundedness of (C, 1) means of orthogonal expansions for general exponential weights, J. Comp. Appl. Math., 145(2002), 387–405.

[103] D. S. Lubinsky, G. Mastroianni, Mean convergence of extended Lagrange interpolation with Freud weights, Acta Math. Hungar., 84(1999), 47–63.

[104] D. S. Lubinsky, G. Mastroianni, Converse quadrature sum inequalities for Freud weights. II, Acta Math. Hungar., 96(2002), 147–168.

[105] D. S. Lubinsky, A. Mate, P. Nevai, Quadrature sums involving pth powers of polynomials, SIAM J. Math. Anal., 18(1987), 531–544.

[106] D. S. Lubinsky, D. M. Matjila, Necessary and sufficient conditions for mean convergence of Lagrange interpolation for Freud weights, SIAM J. Math. Anal., 26(1995), 238–262.

[107] D. S. Lubinsky, D. M. Matjila, Full quadrature sums for pth powers of polynomials, J. Comp.

Appl. Math., 60(1995), 285–296.

[108] D. S. Lubinsky, P. Nevai, Markov-Bernstein inequalities revisited, Approx. Theory and its Applications, 3(1987), 98–119.

[109] D. S. Lubinsky, P. Rabinowitz, Hermite and Hermite-Féjer interpolation associated with weights on R: The L_1 theory, Canad. J. Math., 44(1992), 561–590.

[110] D. S. Lubinsky, P. Rabinowitz, Hermite-Féjer interpolation for weights on the whole real line, (in) Constructive Theory of Functions 91 (eds. K. G. Ivanov, P. P. Petrushev, B. H. Sendov), Publishing House of the Bulgarian Academy of Sciences, Sofia 1992, pp.183–192.

[111] D. S. Lubinsky, E. B. Saff, Strong asymptotics for extremal polynomials associated with weights on R, Lecture Notes in Math., Vol. 1305, Springer, Berlin, 1988.

[112] P. Mashele, The Mhaskar-Prestin operators for general exponential weights, Rend. Circ. Mat.

Palermo, 68(2002), 671–681.

[113] P. Mashele, Mhaskar-Prestin operators for Freud weights, East J. Approx., 8(2002), 501–510. [114] P. Mashele, Extension of the Dirichlet-Jordan convergence criterion for exponential weights, Quaest. Math., 27(2004), 321–337.

[115] G. Mastroianni, Polynomial inequalities, functional spaces and best approximation on the real semiaxis with Laguerre weights, ETNA, 14(2002), 125–134.

[116] G. Mastroianni, G. Milovanovic, Interpolation processes: Basic theory and applications, manuscript.

[117] G. Mastroianni, D. Occorsio, Lagrange interpolation at Laguerre zeros in some weighted uniform spaces, Acta Math. Hungar., 91(2001), 27–52.

[118] G. Mastroianni, D. Occorsio, Lagrange interpolation based at Sonin-Markov zeros, Rend. Circ.

Mat. Palermo, (2), Suppl. no. 68 (2002), 683–697.

[119] G. Mastroianni, D. Occorsio, Fourier sums in Sonin-Markov polynomials, Rendiconti del Circolo Matematico di Palermo - Series II Supplemento, 76(2005), 469–485.

[120] G. Mastroianni, J. Szabados, Partially one-sided polynomial approximation on the real line, Studia Sc. Math. Hungar., 38(2001), 313–329.

[121] G. Mastroianni, J. Szabados, Polynomial approximation on infinite intervals with weights having inner zeros, Acta Math. Hungar., 96(2002), 221–258.

[122] G. Mastroianni, J. Szabados, Direct and converse polynomial approximation theorems on the real line with weights having zeros, to appear in Frontiers in Interpolation and Approximation.

[123] G. Mastroianni, P. Vértesi, Fourier sums and Lagrange interpolation on (0, ∞) and (−∞, ∞), to appear in Frontiers in Interpolation and Approximation.

[124] D. M. Matjila, Bounds for the weighted Lebesgue functions for Freud weights, J. Approx.

Theory, 79(1994), 385–406.

[125] D. M. Matjila, Convergence of Lagrange interpolation for Freud weights in weighted L_p, 0 < p ≤ 1, (in) Nonlinear numerical methods and rational approximation, Kluwer, Dordrecht, 1994, pp. 25–35.

[126] D. M. Matjila, Bounds for the weighted Lebesgue functions for Freud weights on a larger interval, J. Comp. Appl. Math., 65(1995), 293–298.

[127] H. N. Mhaskar, Weighted polynomial approximation of entire functions. II, J. Approx. Theory, 33(1981), 59–68.

[128] H. N. Mhaskar, Weighted polynomial approximation of entire functions. I, J. Approx. Theory, 35(1982), 203–213.

[129] H. N. Mhaskar, Extensions of Dirichlet-Jordan convergence criterion to a general class of orthogonal polynomial expansions, J. Approx. Theory, 42(1984), 138–148.

[130] H. N. Mhaskar, On the domain of convergence of series in polynomials orthogonal with respect to general weight functions on the whole real line, Acta Math. Hungar., 44(1984), 223–227.

[131] H. N. Mhaskar, The rate of convergence of expansions in Freud polynomials, J. Approx.

Theory, 55(1988), 150–171.

[132] H. N. Mhaskar, A quantitative Dirichlet-Jordan type theorem for orthogonal polynomial expansions, SIAM J. Math. Anal., 19(1988), 484–492.

[133] H. N. Mhaskar, General Markov-Bernstein and Nikolskii type inequalities, Approx. Theory and its Applications, 6(1990), 107–117.

[134] H. N. Mhaskar, Finite-infinite range inequalities in the complex plane, Internat. J. Math. and Math. Sci., 14(1991), 625–638.

[135] H. N. Mhaskar, Weighted polynomial approximation of entire functions on unbounded subsets of the complex plane, Canad. Math. Bull., 36(1993), 303–313.

[136] H. N. Mhaskar, Introduction to the Theory of Weighted Polynomial Approximation, World Scientific, Singapore, 1996.

[137] H. N. Mhaskar, A tribute to Géza Freud, J. Approx. Theory, 126(2004), 1–15. [138] H. N. Mhaskar, E. B. Saff, Extremal problems associated with exponential weights, Trans.

Amer. Math. Soc., 285(1984), 223–234.

[139] H. N. Mhaskar, E. B. Saff, Where does the sup norm of a weighted polynomial live?, Constr.

Approx., 1(1985), 71–91.

[140] H. N. Mhaskar, E. B. Saff, Where does the L_p norm of a weighted polynomial live?, Trans.

Amer. Math. Soc., 303(1987), 109–124.

[141] H. N. Mhaskar, Y. Xu, Mean convergence of expansions in Freud-type orthogonal polynomials, SIAM J. Math. Anal., 22(1991), 847–855.

[142] H. N. Mhaskar, Y. Xu, Hermite interpolation at the zeros of Freud polynomials, Acta Math.

Acad. Sci. Hungar., 60(1992), 225–240.

[143] G. Milovanovic, D. Mitrinovic, T. Rassias, Topics in Polynomials: Extremal Problems, Inequalities, Zeros, World Scientific, Singapore, 1994.

[144] B. Muckenhoupt, Mean convergence of Hermite and Laguerre series. II, Trans. Amer. Math.

Soc., 147(1970), 433–460.

[145] P. Névai, On an inequality of G. Freud, Ann. Univ. Sci. Budapest. Eötvös Sect. Math., 16(1973), 87–92.

[146] P. Nevai, Localization theorems for convergence of Lagrange interpolation based on the zeros of Hermite polynomials, Acta Math. Acad. Sci. Hungar., 25(1974), 341–361 (in Russian).

[147] P. Nevai, Lagrange interpolation at zeros of orthogonal polynomials, (in) Approximation theory, II , Academic Press, New York, 1976, pp. 163–201.

[148] P. Nevai, Orthogonal Polynomials, Memoirs Amer. Math. Soc., 213(1979). [149] P. Nevai, Mean convergence of Lagrange interpolation II, J. Approx. Theory, 30(1980), 263– 276.

[150] P. Nevai, Géza Freud, Orthogonal polynomials and Christoffel functions: A case study, J.

Approx. Theory, 48(1986), 3–167.

[151] P. Nevai, V. Totik, Weighted polynomial inequalities, Constr. Approx., 2(1986), 113–127. [152] P. Nevai, V. Totik, Sharp Nikolskii inequalities with exponential weights, Analysis Math., 13(1987), 261–267.

[153] D. Occorsio, M. G. Russo, The L_p-weighted Lagrange interpolation on Markov–Sonin zeros, Acta Math. Hungar., 112(2006), 57–84.

[154] B. Osilenker, Fourier Series in Orthogonal Polynomials, World Scientific, River Edge, NJ, 1999.

[155] D. Perez, Y. Quintana, A survey on the Weierstrass approximation theorem, manuscript. [156] P. P. Petrushev, V. Popov, Rational Approximation of Real Functions, Cambridge University Press, Cambridge, 1987.

[157] L. D. Pitt, A general approach to approximation problems of Bernstein type, Advances in Math., 49(1983), 264–299.

[158] H. Pollard, The mean convergence of orthogonal series I, Trans. Amer. Math. Soc., 62(1947), 387–403.

[159] H. Pollard, The mean convergence of orthogonal series II, Trans. Amer. Math. Soc., 63(1948), 355–367.

[160] H. Pollard, The mean convergence of orthogonal series III, Duke J. Math., 16(1949), 189–191. [161] H. Pollard, Solution of Bernstein’s approximation problem, Proc. Amer. Math. Soc., 4(1953), 869–875.

[162] H. Pollard, The Bernstein approximation problem, Proc. Amer. Math. Soc., 6(1955), 402–411. [163] A. Portilla, Y. Quintana, J. M. Rodriguez, E. Touris, Weierstrass’ theorem with weights, J.

Approx. Theory, 127(2004), 83–107.

[164] A. Portilla, Y. Quintana, J. M. Rodriguez, E. Touris, Weierstrass’ theorem in weighted Sobolev spaces with k derivatives, to appear in Rocky Mountain J. Math.

[165] Y. Quintana, On Hilbert extensions of Weierstrass’ theorem with weights, manuscript. [166] E. A. Rakhmanov, On asymptotic properties of polynomials orthogonal on the real axis, Math.

USSR. Sbornik, 47(1984), 155–193.

[167] E. B. Saff, V. Totik, Logarithmic Potentials with External Fields, Springer, New York, 1997. [168] R. Sakai, Convergence of modified Lagrange interpolation to L_p-functions based on the zeros of orthonormal polynomials with Freud weights, J. Approx. Theory, 93(1998), 441–449.

[169] R. Sakai, Lagrange interpolation based at the zeros of orthonormal polynomials with Freud weights, J. Approx. Theory, 92(1998), 116–127.

[170] H. S. Shapiro, Topics in Approximation Theory, Springer Lecture Notes in Mathematics, Vol. 187, Springer, New York, 1971.

[171] J. Shohat, On the convergence properties of Lagrange interpolation based on the zeros of orthogonal Chebyshev polynomials, Annals. of Math., 38(1937), 758–769.

[172] B. Simon, Orthogonal Polynomials, American Math. Soc. Colloq. Publns., Vol. 54, American Math. Soc., Providence, 2005.

[173] M. Sodin, A Note on the Hall-Mergelyan theorem, Mat. Fiz. Anal. Geom., 3(1996), 164–168.

[174] M. Sodin, Which perturbations of quasianalytic weights preserve quasianalyticity? How to use de Branges’ Theorem, J. Anal. Math., 69(1996), 293–309.

[175] M. Sodin, P. Yuditskii, Another approach to de Branges’ Theorem on weighted polynomial approximation, (in) Proc. of the Ashkelon Workshop on Complex Function Theory, Israel Math. Conf. Proc., 11(1997), 221–227.

[176] J. Szabados, Weighted Lagrange and Hermite-Fejér interpolation on the real line, J. Inequal.

and Applns., 1(1997), 99–123.

[177] J. Szabados, Where are the nodes of “good” interpolation polynomials on the real line?, J.

Approx. Theory, 103(2000), 357–359.

[178] J. Szabados, Inequalities for polynomials with weights having infinitely many zeros on the real line, (in) Advanced Problems in Constructive Approximation (eds. M. Buhmann, D. H. Mache), ISNM Series, Vol. 142, Birkha̋user, Basel, 2003, pp. 223–236.

[179] J. Szabados, P. Vertesi, Interpolation of Functions, World Scientific, Singapore, 1990.

[180] V. E. S. Szabó, Weighted interpolation: The L_∞ theory. I, Acta Math. Hungar., 83(1999), 131–159.

[181] G. Szegő, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ., Vol. 23, American Mathematical Society, Providence, Rhode Island, 1939.

[182] L. Szili, P. Vértesi, An Erdős-type convergence process in weighted interpolation. II (Exponential weights on [−1, 1]), Acta Math. Hungar., 98(2003), 129–162.

[183] L. Szili, P. Vértesi, On summability of weighted Lagrange interpolation I, Acta Math. Hungar., in press.

[184] L. Szili, P. Vértesi, On summability of weighted Lagrange interpolation II, Acta Math. Hungar., in press.

[185] L. Szili, P. Vértesi, On summability of weighted Lagrange Interpolation III, Acta Math. Hungar., in press.

[186] S. Thangavelu, Lectures on Hermite and Laguerre expansions, Mathematical Notes, Vol. 42, Princeton University Press, Princeton, NJ, 1993.

[187] S. Thangavelu, Hermite and special Hermite expansions revisited, Duke Math. J., 94(1998), 257–278.

[188] Deng Guan Tie and Gao Zhi Qiang, The generalized Bernstein problem on weighted lacunary polynomials approximation, J. Approx. Theory, 136(2005), 108–114.

[189] P. Vértesi, On the Lebesgue function of weighted Lagrange interpolation II, J. Austral. Math., 65(1998), 145–162.

[190] P. Vértesi, On the Lebesgue function of weighted Lagrange interpolation I, (Freud-Type weights), Constr. Approx., 15(1999), 355–367.

[191] P. Vértesi, An Erdős-type convergence process in weighted interpolation. I (Freud type weights), Acta Math. Hungar., 91(2001), 195–215.

[192] P. Vértesi, Classical (unweighted) and weighted interpolation, (in) Panorama of Hungarian Mathematics in the Twentieth Century I, Bolyai Society Mathematical Studies, Vol, 14(2005), 71–117.

[193] A. Zygmund, Trigonometric Series. Vol. I, II, Third edition, Cambridge University Press, Cambridge, 1990.

School of Mathematics Georgia Institute of Technology Atlanta GA 30332-0160 lubinsky@math.gatech.edu