Approximation in C^N

Norm Levenberg

3 November 2006

Abstract. This is a survey article on selected topics in approximation theory. The topics either use techniques from the theory of several complex variables or arise in the study of the subject. The survey is aimed at readers having an acquaintance with standard results in classical approximation theory and complex analysis but no apriori knowledge of several complex variables is assumed.

MSC: 32-02, 41-02

1 Introduction and motivation . . . . . . . . . 92 2 Polynomial hulls and polynomial convexity . . . . 96 3 Plurisubharmonic functions and the Oka-Weil theorem . . 97 4 Quantitative approximation theorems in C . . . . 103 5 The Bernstein-Walsh theorem in C^N , N > 1 . . . . 105 6 Quantitative Runge-type results in multivariate approximation 109 7 Mergelyan property and solving ¯∂ . . . . . . . 111 8 Approximation on totally real sets . . . . . . 115 9 Lagrange interpolation and orthogonal polynomials . . . 118 10 Kergin interpolation . . . . . . . . . . 121 11 Rational approximation in C^N . . . . . . . . 125 12 Markov inequalities . . . . . . . . . . 128 13 Appendix on pluripolar sets and extremal psh functions . 130 14 Appendix on complex Monge-Ampère operator . . . 134 15 A few open problems . . . . . . . . . . 135 References . . . . . . . . . . . . . 136

1 Introduction and motivation

Let C^N = {(z_1, . . . , z_N ) : z_j ∈ C} where z_j = x_j + iy_j and identify R^N = {(x_1, . . . , x_N ) : x_j ∈ R}. A complex-valued function f defined on an open subset of C^N is holomorphic if it is separately holomorphic in the appropriate planar region as a function of one complex variable when each of the remaining N − 1 variables are fixed. This deceptively simple-minded criterion is equivalent to any other standard definition; e.g., f is locally representable by a convergent power series in the complex coordinates; or f is of class C^1 and satisfies the Cauchy-Riemann system ∂f ∂z̄_j := 1 2 � ∂f ∂x_j + i ∂f ∂y_j � = 0, j = 1, . . . , N.

Surveys in Approximation Theory 92 Volume 2, 2006. pp. 92–140.

Copyright oc 2006 Surveys in Approximation Theory. ISSN 1555-578X All rights of reproduction in any form reserved.

In particular, holomorphic functions are smooth, indeed, real-analytic; whereas the separately holomorphic criterion makes no apriori assumption on continuity (Hartogs separate analyticity theorem, circa 1906; cf., [Sh] section 6). We make no assumptions nor demands on the reader’s knowledge of several complex variables (SCV) but we do require basic knowledge of classical one complex variable (CCV) theory. An acquaintance with potential theory in CCV, i.e., the study of subharmonic functions, would be helpful in motivating analogies with pluripotential theory, the study of plurisubharmonic functions in SCV, but it is not essential. Sections 2 and 3 provide some background on the important notions of polynomial hulls and plurisubharmonic functions in SCV. Section 4 recalls some classical approximation theory results from CCV. In addition, two short appendices are included (sections 13 and 14) for those interested in a brief discussion of a few specialized topics in SCV: pluripolar sets, extremal plurisubharmonic functions, and the complex Monge-Ampère operator. We highly recommend the texts by (1) Ransford [Ra] on potential theory in the complex plane; (2) Klimek [K] on pluripotential theory; and (3) Shabat [Sha] on several complex variables.

Hörmander’s SCV text [Hö] is a classic. Range’s book [Ran] is an excellent source for integral formulas in SCV; these will occur at several places in our discussion (cf., sections 3, 7 and 10). Many of the approximation topics we mention are described in the monograph of Alexander and Wermer [AW].

Zeros of holomorphic functions locally look like zero sets of holomorphic polynomials (Weierstrass Preparation Theorem; e.g., [Sha] section 23). In particular, in C^N for N > 1 these sets are never isolated. Consider, for example, f(z_1, . . . , z_N ) = z_1: the zero set is a copy of C^{N−1} ⊂ C^N . This means that, apriori, Runge-type pole-pushing arguments do not exist in SCV. Henceforth the term “polynomial” will refer to a holomorphic polynomial, i.e., a polynomial in z_1, . . . , z_N , unless otherwise noted. We use the notation P_d = P_d(C^N ) for the polynomials of degree at most d. Continuing on this theme, rational functions, i.e., ratios of polynomials, behave quite differently in SCV than in CCV. Consider, in C^2, the function r(z_1, z_2) := z_1/z_2. The “zero-set” of f contains the punctured plane {z_1 = 0} \ (0, 0) and the “pole-set” contains the punctured plane {z_2 = 0} \ (0, 0), but the point (0, 0) itself forms the “indeterminacy locus”: f is not only undefined at this point, but, as is easily seen by simply considering complex lines z_2 = tz_1 through (0, 0), f attains all complex values in any arbitrarily small neighborhood of this point.

It is still the case that polynomials are the nicest examples of holomorphic functions and rational functions are the nicest examples of meromorphic functions (which we won’t define) in SCV. Thus one wants to utilize these classes in approximation problems. Many standard tools from CCV either don’t exist in SCV or are often more complicated.

In this introductory section, we first recall some classical approximation-theoretic results in the plane with an eye towards generalization, if possible, to C^N , N > 1. Let K be a compact subset of C^N , and let C(K) denote the uniform algebra of continuous, complex-valued functions endowed with the supremum (uniform) norm on K. Let P (K) be the uniform algebra (subalgebra of C(K)) consisting of uniform limits of polynomials restricted to K. Finally, let R(K) be the uniform closure in C(K) of rational functions r = p/q where q(z) ≠ 0 for z ∈ K.

As a sample, a question which has a complete and common answer in CCV and SCV, to be given in sections 3 and 4, is: For which compact sets K ⊂ C^N is it true that for any function f that is holomorphic in a neighborhood of K there exists a sequence {p_n} of polynomials which converges uniformly to f on K; i.e., f|_K ∈ P (K)? Moreover, for such compacta, estimate d_n(f, K) := inf{‖f − p‖_K : deg p ≤ n} in terms of the “size” of the neighborhood in which f is holomorphic.

For example, if N = 1 and K = Δ̄ := {z : |z| ≤ 1} is the closed unit disk, writing f(z) = �_∞

k=0 a_kz^k as a Taylor series about the origin, the Taylor polynomials p_n(z) =

�_n k=0 a_kz^k converge uniformly to f on K. More precisely, if f is holomorphic in the disk Δ(0, R) := {z : |z| < R} of radius R > 1, the Cauchy estimates give

|a_k| = � � � 1 2πi � |z|=ρ

f(z) z^{k+1} dz � � � ≤ sup_{|z|≤ρ} |f(z)| ρ^k (1) for any 1 < ρ < R yielding

d_n(f, Δ̄) ≤ ‖f − p_n‖¯_Δ ≤ 1 (1 − 1/ρ) sup_{|z|≤ρ} |f(z)| ρ^{n+1} (2) so that lim sup_{n→∞} d_n(f, Δ̄)^{1/n} ≤ 1/R. On the other hand, taking K = T := ∂Δ := {z : |z| = 1} the unit circle, the function f(z) = 1/z is holomorphic in C^∗ = C \ {0} but if p(z) is a polynomial with |f(z) − p(z)| < ϵ < 1 on T , then, multiplying by z, we have |1 − zp(z)| < ϵ < 1 on T and hence, by the maximum modulus principle, on Δ̄. This gives a contradiction at z = 0.

The difference in these sets is explained, and a continuation of our review of classical complex approximation theory proceeds, if we recall a version of the Runge theorem for N = 1:

Theorem (Ru). Let K ⊂ C be compact with C \ K connected. Then for any function f holomorphic on a neighborhood of K, there exists a sequence {p_n} of holomorphic polynomials which converges uniformly to f on K.

The condition “C \ K connected” is equivalent, when N = 1, to K = K̂ where K̂ := {z ∈ C^N : |p(z)| ≤ ‖p‖_K for all holomorphic polynomials p}

is the polynomial hull of K. Clearly a uniform limit on K of a sequence of polynomials yields a holomorphic function on the interior K^o of K; this observation motivates one of the conditions in Lavrentiev’s result:

Theorem (La). Let K ⊂ C be compact with C \ K connected. Then P (K) = C(K) if and only if K^o = ∅.

In any number of (complex) dimensions, the maximal ideal space of the uniform algebra C(K) is K and that of P (K) is K̂. Thus a necessary condition that P (K) = C(K) is that K = K̂. Lavrentiev’s theorem shows that in the complex plane, removing the only other obvious obstruction yields a necessary and sufficient condition for the density of the polynomials in the space of continuous functions. A nice exposition of these results (and more) in a succinct, clear manner is given in Alexander-Wermer [AW], section 2. The techniques utilized are elementary functional analysis (Hahn-Banach), classical potential theory (logarithmic potentials) and classical complex analysis (Cauchy transforms).

If we allow K to have interior, then we may ask if functions in C(K) which are holomorphic on K^o are uniformly approximable on K by polynomials. This is the content of Mergelyan’s theorem:

Theorem (Me). Let K ⊂ C be compact with C \ K connected. Then for any function f ∈ C(K) which is holomorphic on K^o, there exists a sequence {p_n} of polynomials which converges uniformly to f on K.

What happens in C^N for N > 1? The complex structure plays a major role. As an elementary, but illustrative, example, consider two disks K_1 and K_2 in C^2 = {(z_1, z_2) : z_1, z_2 ∈ C} defined as follows:

K_1 := {(x_1, x_2) ∈ R^2 : x^2_1 + x^2 ≤ 1} and

K_2 := {(z_1, 0) : |z_1| ≤ 1}.

Both of these sets are “polynomially convex” in C^2; i.e., K̂_1 = K_1 and K̂_2 = K_2; thus each set satisfies the obvious necessary condition for holomorphic polynomials to be dense in the space of continuous functions on the set. However, K_2 lies in the complex z_1-plane and P (K_2) can be identified with P (K) where K is the closed unit disk in one complex variable; the observation made regarding Lavrentiev’s theorem shows that P (K_2) ≠ C(K_2).

To understand K_1 and to motivate an attempt to generalize Lavrentiev’s theorem in SCV, we first recall the classical theorem of Stone-Weierstrass:

Theorem (SW). Let U be a subalgebra of C(K) containing the constant functions and separating points of K. If f ∈ U implies that f̄ ∈ U, then U = C(K).

As an immediate corollary, we have the real Stone-Weierstrass theorem (which includes the classical Weierstrass theorem for a real interval):

Theorem (RSW). Let K be a compact subset of R^N ⊂ C^N . Then P (K) = C(K).

Thus by (RSW), P (K_1) = C(K_1). The difference here is that the real submanifold R^2 = R^2 +i0 of C^2 is totally real; i.e., R^2 contains no complex tangents. We will generalize this example in Theorem (HW) of section 8. The extremely difficult question of determining when P (K) = C(K) will be partially analyzed in the next section.

Recall that R(K) is the uniform subalgebra of C(K) generated by rational functions which are holomorphic on K. The Hartogs-Rosenthal theorem gives a sufficient condition for R(K) = C(K) if K ⊂ C.

Theorem (HR1). Let K be a compact subset of C with two-dimensional Lebesgue measure zero. Then R(K) = C(K).

A similar result holds in C^N , N > 1. For α > 0, we let h_α denote α-Hausdorff measure.

Theorem (HRN). Let K be a compact subset of C^N with h_2(K) = 0. Then R(K) = C(K).

This follows since the conjugates z̄_j of the coordinate functions belong to R(K), by Theorem (HR1); from this it follows trivially that R(K) is closed under complex conjugation. Then Theorem (SW) implies the conclusion.

We turn to a C^N -version of Theorem (Ru). Note that if we take the “boundary circles” of our sets K_1 and K_2, i.e., take

X_1 := {(x_1, x_2) ∈ R^2 : x^2_1 + x^2 = 1} and

X_2 := {(z_1, 0) : |z_1| = 1},

then a higher-dimensional version of Theorem (Ru) is valid for X_1 but not for X_2, i.e., if f is holomorphic on a neighborhood of X_1 (in C^2!), then there exists a sequence {p_n} of holomorphic polynomials which converges uniformly to f on X_1 (e.g., f|_{X1} ∈ C(X_1) and P (X_1) = C(X_1) follows from Theorem (RSW)); the analogous statement is not true for X_2 (why?). Here the difference can simply be explained by the fact that X_1 is polynomially convex while X_2 is not (indeed, X̂_2 = K_2). This is the content of the Oka-Weil theorem:

Theorem (OW). Let K ⊂ C^N be compact with K̂ = K. Then for any function f holomorphic on a neighborhood of K, there exists a sequence {p_n} of polynomials which converges uniformly to f on K.

This result was first proved by André Weil in 1935 by using a multivariate generalization of the Cauchy integral formula for certain polynomial polyhedra. We sketch his argument in section 3. In 1936 Kyoshi Oka gave a different proof that made use of his celebrated “lifting principle” (cf. [AW] Chapter 7).

As a motivational example for what to expect, let K = {(z_1, . . . , z_N ) : |z_j | ≤ 1, j = 1, . . . , N} be the closed unit polydisk. If f is holomorphic in a larger polydisk D_R := {(z_1, . . . , z_N ) : |z_j | < R, j = 1, . . . , N}, R > 1, then iterating the one-variable Cauchy integral formula, for ρ < R we obtain the formula

f(z) = ( 1 2πi )^N � |ζ_1|=ρ

· · · � |ζ_N |=ρ

f(ζ_1, . . . , ζ_N ) (ζ_1 − z_1) · · · (ζ_N − z_N ) dζ_1 · · · dζ_N (3)

valid for z ∈ D_ρ. We can write a Taylor series expansion f(z) =

�_∞

|α|=0 aαz

α where α = (α_1, . . . , α_N ) is a multiindex with |α| :=

�_N j=1 α_j and z^α := z^{α1}_1 · · · z^{αN}_N and

a_α = ( 1 2πi )^N � |z_1|=ρ

· · · � |z_N |=ρ

f(z_1, . . . , z_N ) z^{α1+1}

1 · · · z^{αN +1}_N dz_1 · · · dz_N .

The same estimates as in (1) and (2) show that not only is f|_K ∈ P (K) but we obtain, using the Taylor polynomials p_n(z) =

�_n

|α|=0 aαz

α, the quantitative estimate lim sup_{n→∞} d_n(f, K)^{1/n} ≤ 1/R.

Note that in the Cauchy integral formula (3), the integration takes place over the N-dimensional torus {(z_1, . . . , z_N ) : |z_j | = ρ, j = 1, . . . , N}, which is a proper subset of the (2N − 1)-dimensional topological boundary ∂D_ρ if N > 1.

2 Polynomial hulls and polynomial convexity

The condition that K = K̂ occurs in Theorems (Ru), (La), (Me) and (OW); indeed, this condition is implicit in Theorem (RSW): any compact subset of R^N is polynomially convex (exercise!). If K ⊂ C, K̂ is the union of K with the bounded components of C \ K. For K ⊂ C^N if N > 1, K̂ contains the union of K with the bounded components of C^N \ K but it can be much, much more. An elementary example is the connected and simply connected set K := K_1 ∪ K_2 which is the union of two bidisks K_1 := {(z_1, z_2) : |z_1| ≤ 1, |z_2| ≤ r < 1} and K_2 := {(z_1, z_2) : |z_2| ≤ 1, |z_1| ≤ r < 1}.

We’ll see in the next section that

K̂ = {(z_1, z_2) : |z_1| ≤ 1, |z_2| ≤ 1, |z_1z_2| ≤ r}

(draw a picture in |z_1|, |z_2|-space). Note it is clear that K̂ is contained in the right-hand-side by considering the polynomial p(z_1, z_2) = z_1z_2. In general, the polynomial hull of a compact set is difficult to describe.

It follows readily from the maximum modulus principle that if we have a bounded holomorphic mapping f = (f_1, . . . , f_N ) : Δ → C^N ; i.e., each f_j : Δ → C is a bounded holomorphic function, with (componentwise) radial limit values f^∗(e^{iθ}) := � f^∗_1 (e^{iθ}), . . . , f^∗_N (e^{iθ}) � ∈ K for almost all θ, then f(Δ) ⊂ K̂. In general, we will say that a set S ⊂ C^N has analytic structure if it contains a nonconstant analytic disk f(Δ). Thus one way to obtain (lots of) points in K̂ is the existence of analytic structure in K̂. Moreover, existence of analytic structure in a compact set S precludes the possibility of C(S) = P (S) for the set.

In 1963, Stolzenberg [Sto] gave an example of a compact set K in the topological boundary

∂(Δ × Δ) = {(z_1, z_2) : |z_1| = 1, |z_2| ≤ 1, or |z_2| = 1, |z_1| ≤ 1}

of the bidisk Δ×Δ ⊂ C^2 such that the origin (0, 0) ∈ K̂ but the projections π_{z1} (K̂), π_{z2} (K̂) of K̂ in each coordinate plane contain no nonempty open set; thus K̂ contains no analytic structure. From the lack of analytic structure in K̂ one may be tempted to conjecture that P (K̂) = C(K̂). However, there clearly exist f ∈ C(K̂) with |f(0, 0)| > ‖f‖_K for this set K; e.g., f(z_1, z_2) = 1−max[|z_1|, |z_2|]. For any p ∈ P (K̂), we obviously have ‖p‖_{K̂} = ‖p‖_K . Thus f ∉ P (K̂).

How can one tell if K̂ \ K contains analytic structure? Note that an analytic disk has locally finite Hausdorff two-measure.

Theorem (Alexander-Sibony). Let K be a compact subset of C^N and let q ∈ K̂ \ K. If there exists a neighborhood U of q with h_2(K̂ ∩ U) < +∞, then K̂ ∩ U is a one-dimensional analytic subvariety of U.

This means that K̂ ∩ U is essentially a one-dimensional complex manifold (modulo some singular points) and hence looks locally like a nonconstant analytic disk f(Δ). In particular, if K̂\K ≠ ∅ and K̂ \ K contains no analytic structure, then h_2(K̂ \ K) = +∞. A nice discussion of the Alexander- Sibony result can be found in section 21 of [AW]. In [DL] the authors constructed examples of compact sets K ⊂ C^N whose polynomial hull K̂ contains no analytic structure but such that K̂ \ K has positive 2N-Hausdorff measure.

Recall that a compact subset K of R^N is automatically polynomially convex and, moreover, P (K) = C(K) for such sets. From Theorem (HRN) and Theorem (OW), we also get the following result.

Corollary. Let K = K̂ ⊂ C^N with h_2(K) = 0. Then P (K) = C(K).

Question: For an arbitrary compact set K ⊂ C^N , find a “nice” condition (C) on K so that if K = K̂, then K satisfies (C) if and only if P (K) = C(K); i.e., find a C^N -version of Theorem (La).

We return to this matter in section 8. As a final note to reinforce the delicate nature of polynomial hulls in C^N for N > 1, we mention the curious results of E. Kallin [Ka]. The union of any two disjoint convex compact sets in C^N is polynomially convex. The union of any three disjoint closed Euclidean balls is polynomially convex. On the other hand, there exist three disjoint convex sets whose union is not polynomially convex. Moreover, it is unknown whether the union of four or more disjoint closed balls is polynomially convex, unless, e.g., the centers of the balls lie on the real subpace R^N of C^N [Kh].

3 Plurisubharmonic functions and the Oka-Weil theorem

We outline the basic notions and sketch a proof of the Oka-Weil theorem, Theorem (OW). First of all, in the complex plane, any domain D ⊂ C is a domain of holomorphy; i.e., there exists f holomorphic in D – we write f ∈ O(D) – which does not extend holomorphically across any boundary point of D. This follows from the classical Weierstrass theorem which allows the construction of a nontrivial holomorphic function with prescribed discrete zero set in D. However, in C^N , N > 1, there exist domains D with the property that every f ∈ O(D) extends holomorphically to a larger domain D̃ (independent of f). Products of planar domains, e.g., polydisks, are obviously domains of holomorphy. A simple example of a domain D ⊂ C^2 which is not a domain of holomorphy is

D = {(z_1, z_2) : |z_1| < 2, |z_2| < 2} \ {(z_1, z_2) : 1 ≤ |z_1| < 2, |z_2| ≤ 1}.

It is straightforward to see (use Laurent series!) that any f ∈ O(D) extends holomorphically to the bidisk {(z_1, z_2) : |z_1| < 2, |z_2| < 2}. Another example is the interior of the set K = K_1 ∪ K_2 from the previous section: any f holomorphic on

D := {(z_1, z_2) : |z_1| < 1, |z_2| < r} ∪ {(z_1, z_2) : |z_1| < r, |z_2| < 1}

extends holomorphically to the domain

D̃ := {(z_1, z_2) : |z_1| < 1, |z_2| < 1, |z_1z_2| < r}.

Exercise: For each f ∈ O(D), if f̃ denotes the holomorphic extension of f to D̃, then f(D) = f̃(D̃).

As a sample of holomorphic extendability situations in SCV, consider the following three results on bounded domains D ⊂ C^N . The first two can be reduced to classical one-variable arguments if one utilizes the Cauchy integral formula for polydisks (3).

1. (Morera type): Let N ≥ 1 and let S be a smooth, real hypersurface in D; i.e., (locally) S = {ρ = 0} where ρ is a smooth, real-valued function on a neighborhood of S and dρ ≠ 0 on S. If f ∈ O(D \ S) ∩ C(D), then f ∈ O(D).

2. (Riemann removable singularity type): Let N ≥ 1 and let A be a complex analytic hypersurface in D; i.e., (locally) A = {g = 0} where g is holomorphic on a neighborhood of A. If f ∈ O(D \ A) is locally bounded on A (i.e., for each z ∈ A there is a neighborhood U of z with f bounded on (D \ A) ∩ U), then f has a holomorphic extension F ∈ O(D).

3. (Hartogs type) Let N > 1 and let A be a complex analytic subvariety of (complex) codimension two in D; i.e., A is (locally) the common zero set of two holomorphic functions. If f ∈ O(D \ A), then f has a holomorphic extension F ∈ O(D).

We refer the reader to section 32 of [Sha]. As an example of 3., any function holomorphic in a punctured ball D = {(z_1, z_2) ∈ C^2 : 0 < |z_1 − a_1|^2 + |z_2 − a_2|^2 < R^2}

in C^2 extends holomorphically across the puncture a = (a_1, a_2). Note that no boundedness assumptions on f are required. Indeed, a theorem of Hartogs states that if K is a compact subset of a domain D ⊂ C^N (N > 1) such that D \ K is connected, then every f ∈ O(D \ K) extends holomorphically to D. Thus D \ K is not a domain of holomorphy.

A real-valued function u : D → [−∞, +∞) defined on a domain D ⊂ C^N is called plurisubharmonic (psh) if u is uppersemicontinuous (usc) on D and u|_{D∩L} is subharmonic on (components of) D ∩ L for any complex affine line L = L_{z0,a} := {z_0 + ta : t ∈ C} (z_0, a ∈ C^N fixed). The canonical examples of such functions are those of the form u = log |f| where f ∈ O(D). The class of psh functions on a domain D, denoted P SH(D), forms a convex cone; i.e., if u, v ∈ P SH(D) and α, β ≥ 0, then αu + βv ∈ P SH(D). The limit function u(z) := lim_{n→∞} u_n(z) of a decreasing sequence {u_n} ⊂ P SH(D) is psh in D (we may have u ≡ −∞); while for any family {v_α} ⊂ P SH(D)

(resp., sequence {v_n} ⊂ P SH(D)) which is uniformly bounded above on any compact subset of D, the functions v(z) := sup_α v_α(z) and w(z) := lim sup_{n→∞} v_n(z)

are “nearly” psh: the usc regularizations

v^∗(z) := lim sup_{ζ→z} v(ζ) and w^∗(z) := lim sup_{ζ→z} w(ζ)

are psh in D. Finally, if ϕ is a real-valued, convex increasing function of a real variable, and u is psh in D, then so is ϕ ∘ u.

If u ∈ C^2(D), then u is psh if and only if for each z ∈ D and vector a ∈ C^N , the Laplacian of t → u(z + ta) is nonnegative at t = 0; i.e., the complex Hessian [^{∂2u}_{∂zj ∂z̄k} (z)] of u is positive semidefinite on D:_N � j,k=1

∂^2u ∂z_j ∂z̄_k

(z)a_jā_k ≥ 0.

In particular, the trace of the complex Hessian is nonnegative so that u is R^{2N} −subharmonic. Indeed, u : D → [−∞, +∞) is psh if and only if u ∘ A is R^{2N} −subharmonic in A^{−1}(D) for every complex linear isomorphism A; moreover, the notion of a psh function makes sense on any complex manifold. If u ∈ C^2(D), we call u strictly psh if the complex Hessian of u is positive definite; i.e., we have strict inequality in the above displayed equation provided a ≠ (0, . . . , 0). The function u(z) = |z|^2 := |z_1|^2 + · · · + |z_N |^2 is strictly psh on C^N .

A domain D ⊂ C^N is said to be (globally) pseudoconvex if D admits a psh exhaustion function: there exists u psh in D with the property that the sublevel sets D_c := {z ∈ D : u(z) < c} are compactly contained in D for all real c. Any planar domain D ⊂ C is pseudoconvex: if D = C, take u(z) = |z|; if D = C \ {z_0}, take u(z) = 1/|z − z_0|; otherwise, take

u(z) = |z| + sup_{z0∈∂D} 1 |z − z_0|

= |z| + dist(z, ∂D)^{−1}.

It turns out that a domain D ⊂ C^N is pseudoconvex if and only if the function

u(z) = − log dist(z, ∂D)

is psh in D. Note that, in this case,

exp(u(z)) = dist(z, ∂D)^{−1}

is psh since x → e^x is convex and increasing; if, e.g., D is bounded, both u(z) and exp(u(z)) are continuous psh exhaustion functions for D. A slightly more restrictive notion is that of hyperconvexity: D is hyperconvex if it admits a negative psh exhaustion function u; i.e., u < 0 in D and the sets D_c are compactly contained in D for all c < 0. Such a domain is pseudoconvex, for the function −1/u := ϕ ∘ u, where ϕ(x) = −1/x is convex and increasing for x < 0, is then a psh exhaustion function for D. In particular, a fact we will need below is that if D is pseudoconvex and u ∈ P SH(D), the components of the sublevel sets {z ∈ D : u(z) < c} are pseudoconvex domains.

The condition that a domain D ⊂ R^N with smooth (say C^2) boundary be convex can be described analytically by the existence of a smooth defining function r:

D = {x ∈ R^N : r(x) < 0}; ∂D = {x ∈ R^N : r(x) = 0}; dr ≠ 0 on ∂D, such that the real Hessian of r is positive semidefinite on the real tangent space T_p(∂D) to ∂D; i.e., for p ∈ ∂D, N� j,k=1

∂^2r ∂x_j ∂x_k

(p)a_j a_k ≥ 0 if N� j=1 ∂r ∂x_j

(p)a_j = 0.

Strict convexity means that the real Hessian is positive definite on the real tangent space to ∂D. The complex analogue of convexity is Levi-pseudoconvexity: a smoothly bounded domain D ⊂ C^N is Levi-pseudoconvex if it admits a defining function r whose complex Hessian is positive semidefinite on the complex tangent space T^C_p (∂D) to ∂D; i.e., for p ∈ ∂D, N� j,k=1

∂^2r ∂z_j ∂z̄_k

(p)a_jā_k ≥ 0 if N� j=1 ∂r ∂z_j

(p)a_j = 0.

We say that ∂D is Levi-pseudoconvex at p ∈ ∂D if this holds. Note that T^C_p (∂D) is an (N − 1)- complex-dimensional linear subspace of the (2N − 1)-real-dimensional space T_p(∂D). Strict Levipseudoconvexity means that the complex Hessian is positive definite on the complex tangent space to ∂D. It turns out that if D is strictly Levi-pseudoconvex, one can make a holomorphic change of coordinates so that D is (locally) strictly convex. Precisely, if p ∈ ∂D is a strictly Levipseudoconvex boundary point, then there is a neighborhood U ⊂ C^N of p and a biholomorphic map ϕ : U → ϕ(U) ⊂ C^N such that ϕ(U ∩ ∂D) is strictly convex (in the R^{2N} -sense) at ϕ(p). It is not the case that if D is merely Levi-pseudoconvex at p, then one can make a holomorphic change of coordinates so that in the new coordinates D is convex.

There is a relationship between pseudoconvexity and Levi-pseudoconvex: if D is pseudoconvex, then there exists an increasing sequence of bounded, strictly Levi-pseudoconvex domains D_n ⊂ D with smooth boundary which are relatively compact in D such that

D = ∞� n=1 D_n.

This follows since once we have a psh exhaustion function u for D, we can modify it to get a smooth, strictly psh exhaustion function ũ; then we can take

D_n := {z ∈ D : ũ(z) < m_n}

for an appropriate sequence {m_n} with m_n ↑ ∞.

We already observed that in C, every domain is both a domain of holomorphy and a pseudoconvex domain. In C^N for N > 1 this no longer holds, but these two notions are equivalent: a domain D ⊂ C^N is a domain of holomorphy if and only if it is pseudoconvex. The “if” direction is deep and is one version of the so-called Levi problem. Thus from now on we will simply use the terminology “pseudoconvex domain.” Products of pseudoconvex domains are pseudoconvex domains. Euclidean balls and, more generally, convex domains (in the R^{2N} -sense) are pseudoconvex; but there are many non-convex pseudoconvex domains.

The statement that canonical examples of psh functions are those of the form u = log |f| where f ∈ O(D) can now be made precise:

Theorem (B). A psh function u on a pseudoconvex domain can be written in the form

u(z) = � lim sup j→∞ a_j log |f_j (z)|

�_∗

where a_j ≥ 0 and f_j ∈ O(D).

Here u^∗(z) is the usc regularization of the function u. The result is false if D is not pseudoconvex [Le].

Sketch of proof. The domain D̃ := {(z, w) ∈ D × C ⊂ C^{N+1} : z ∈ D, |w| < e^{−u(z)}}

is pseudoconvex, for the function ũ(z, w) := u(z) + log |w| is psh in D × C and D̃ = {(z, w) ∈ D × C : ũ(z, w) < 0}.

Since D̃ is a pseudoconvex domain and hence a domain of holomorphy, there exists F ∈ O(D̃) which is not holomorphically extendible across any boundary point of D̃; expanding F in a Hartogs series, i.e., a series of the form

F (z, w) = ∞� j=0 f_j (z)w^j

where f_j ∈ O(D), the radius of convergence in w (as a function of z) is given by the usual formula

R(z) = � lim sup j→∞ |f_j (z)|^{1/j}

�_{−1} . Since F is not holomorphically extendible across any boundary point of D̃, R(z) = e^{−u(z)} almost everywhere; i.e., u(z) = − log R(z) a.e.; taking usc regularizations (making the right-hand-side psh) the result follows.

This result is due to Bremermann but the proof given is due to Sibony. An important remark, which we will use later, is that a slight refinement of this argument yields a local uniform approximability result (cf. [JP], Proposition 4.4.13): if u is psh and continuous in a bounded domain D, then for any compact set K ⊂ D and ϵ > 0 there exist finitely many f_j ∈ O(D), j = 1, . . . , m and positive constants a_1, . . . , a_m such that � �u(z) − max

j=1,...,m

a_j log |f_j (z)| � � < ϵ for z ∈ K. (4)

Given a polynomially convex compact set K ⊂ C^N ; i.e., K = K̂, and given a bounded open neighborhood U of K, by compactness of K and the definition of K̂ we can find finitely many polynomials q_1, . . . , q_m such that

K ⊂ Π := {z ∈ U : |q_j (z)| < 1, j = 1, . . . , m} ⊂ U. (5)

Note that necessarily m ≥ N. We call Π a polynomial polyhedron. By slightly modifying the polynomials q_j , we may assume that Π is a Weil polyhedron which simply means that the “faces”

σ_j := {z ∈ U : |q_j (z)| = 1, |q_k(z)| ≤ 1, k ≠ j}

are real (2N − 1)-dimensional manifolds and the intersection of any s distinct faces for 2 ≤ s ≤ N has dimension at most 2N −s. The set of N dimensional “edges” σ_{i1,...,iN} := σ_{i1} ∩· · ·∩σ_{iN} form the “skeleton” of Π. For the unit polydisk P := {(z_1, . . . , z_N ) : |z_j | < 1, j = 1, . . . , N}, the skeleton, or distinguished boundary, is the N-torus T^N := {(z_1, . . . , z_N ) : |z_j | = 1, j = 1, . . . , N}. We have the following generalization of the Cauchy integral formula for polydisks (cf. [Sha] section 30).

Theorem (Weil integral formula). Let Π be a Weil polyhedron. Then for any f ∈ O(Π)∩C(Π̄),

f(z) = ( 1 2πi )^N

�_′

i_1,...,i_N � σ_{i1,...,iN}

f(ζ) det{[P^{in}_m (ζ, z)]_{m,n=1,...,N} } �_N

ν=1(q_{iν} (ζ) − q_{iν} (z)) dζ_1 · · · dζ_N

for z ∈ Π.

Here,

�_′

i_1,...,i_N refers to a summation over increasing multiindices: i1 < · · · < iN . The functions

P^t_s are polynomials satisfying

q_i(ζ) − q_i(z) = N� j=1 (ζ_j − z_j )P^i_j (ζ, z).

This formula is a special case of a more general result known as Hefer’s formula; here, we are merely rearranging the Taylor expansion of q_i at the point z. As an example, for the polydisk P , one can take m = N and q_j (z) = z_j in which case P^t_s = δ_{st}.

Returning to the setting of the Oka-Weil theorem, Theorem (OW), given a function f holomorphic on a neighborhood U of K = K̂, we construct a Weil polyhedron satisfying (5). We obtain a Taylor-like expansion

f(z) = ∞� |κ|=0 � I ′ A^I_κ(z)q_I (z)^κ

where κ = (k_1, . . . , k_N ), I = (i_1, . . . , i_N ), q_I (z)^κ = q_{i1} (z)^{k1} · · · q_{iN} (z)^{kN} , and

A^I_κ(z) = ( 1 2πi )^N � σ_{i1,...,iN}

f(ζ) q_{i1} (ζ)^{k1+1} · · · q_{iN} (ζ)^{kN +1} ×

det{P^{in}_m (ζ, z)_{m,n=1,...,N} }dζ_1 · · · dζ_N

are polynomials. Using truncations of this expansion, as with the polydisk at the end of section 1, one concludes that f|_K ∈ P (K), completing the outline of the proof of Theorem (OW). An alternate proof of Theorem (OW), using Lagrange interpolation at generalized Fekete points (see section 9) has been given by Siciak [Si].

From (4), (5) and Theorem (OW), it follows that if K is a compact set in C^N and D is an open neighborhood of the polynomial hull K̂, then K̂ can just as well be constructed as a “hull” with respect to holomorphic or continuous psh functions; i.e., K̂ coincides with both

K̂_{O(D)} := {z : |f(z)| ≤ ‖f‖_K for all f ∈ O(D)} and K̂_{P SH(D)} := {z : u(z) ≤ sup ζ∈K u(ζ) for all u ∈ P SH(D) ∩ C(D)}.

The reader may now verify the claim in the previous section about the polynomial hull of K_1 ∪ K_2 utilizing the above observation with D being a dilation of the domain

D̃ := {(z_1, z_2) : |z_1| < 1, |z_2| < 1, |z_1z_2| < r}

and the exercise at the beginning of this section.

4 Quantitative approximation theorems in C Before jumping to a quantitative Runge-type theorem in C^N , we recall the example of the closed unit disk Δ̄ to review the one-variable story. In the introduction we proved one direction of the following.

Theorem. Let f be continuous on Δ̄ = {z ∈ C : |z| ≤ 1}, and R > 1. Then lim sup n→∞ d_n(f, Δ̄)^{1/n} ≤ 1/R (6)

if and only if f is the restriction to Δ̄ of a function holomorphic in Δ(0, R) = {z ∈ C : |z| < R}. Proof. For the only if direction we note that for any nonconstant polynomial p, the function

u(z) := 1 deg p log |p(z)| ‖p‖¯_Δ

− log |z|

is subharmonic on C \ Δ̄, bounded at ∞, and nonpositive on T = ∂Δ. By the maximum principle u ≤ 0 on C ∪ {∞} \ Δ̄ which gives |p(z)| ≤ ‖p‖¯_Δ|z|^{deg p}, |z| ≥ 1, hence |p(z)| ≤ ‖p‖¯_Δ max(|z|, 1)^{deg p} = ‖p‖¯_Δ(e^{log+ |z|})^{deg p}, z ∈ C.

This is the Bernstein-Walsh inequality. In particular, |p(z)| ≤ ‖p‖¯_Δ ρ^{deg p}, |z| ≤ ρ. (7) Let f be a continuous function on Δ̄ such that (6) holds and choose a polynomial p_n of degree at most n satisfying d_n = ‖f − p_n‖¯_Δ. We claim that the series p_0 +

�_∞ 1 (p_n − p_{n−1}) converges uniformly on compact subsets of {z : |z| < R} to a holomorphic function F which agrees with f on Δ̄. For if 1 < R′ < R, by hypothesis the polynomials p_n satisfy

‖f − p_n‖¯_Δ ≤ M R^{′n}

, n = 0, 1, 2, . . . , (8)

for some M > 0. Then for 1 < ρ < R^′, simply apply (7) to p_n − p_{n−1}: sup_{|z|≤ρ} |p_n(z) − p_{n−1}(z)| ≤ ρ^n‖p_n − p_{n−1}‖¯_Δ

≤ ρ^n(‖p_n − f‖¯_Δ + ‖f − p_{n−1}‖¯_Δ) ≤ ρ^n

M(1 + R^′)

R^{′n} . From (8), F = f on Δ̄.

We generalize this. Let K be a compact subset of C with C \ K connected. Recall this is equivalent to the condition that K = K̂; i.e., K is polynomially convex. We say that K is regular if there is a continuous function g_K : C → [0, +∞) which is identically equal to zero on K, harmonic on C \ K, and has a logarithmic singularity at infinity in the sense that g_K (z) − log |z| is harmonic at infinity (this is equivalent to C \ K being a regular domain for the Dirichlet problem). We call g_K the classical Green function for K. For K = Δ̄, we have g¯_Δ(z) = log^+ |z|. In the general case, if p is any nonconstant polynomial, then the function

V := 1 deg p log |p| ‖p‖_K

− g_K

is subharmonic on C \ K, bounded at ∞, and continuously assumes nonpositive values on ∂K. By the maximum principle we have V ≤ 0 on C ∪ {∞} \ K, yielding the Bernstein-Walsh property

|p(z)| ≤ ‖p‖_K (e^{gK (z)})^{deg p}.

In particular, if R > 1 and D_R := {z : g_K (z) < log R}, (9)

then |p(z)| ≤ ‖p‖_K R^{deg p}, z ∈ D_R. (10)

Then a similar argument proves one-half of the following univariate Bernstein-Walsh theorem.

Theorem (BW1). Let K be a regular compact subset of the plane with Green function g_K . Let R > 1, and define D_R by (9). Let f be continuous on K. Then lim sup_{n→∞} d_n(f, K)^{1/n} ≤ 1/R if and only if f is the restriction to K of a function holomorphic in D_R.

Proof. We prove the other half using duality. We suppose f is holomorphic on D_R; and we will rewrite the numbers d_n in such a way that we can estimate them. Let 1 < r < ρ < R. To get a global C^∞ extension F of f that agrees with f on a neighborhood of K, we let ϕ be a smooth cut-off function which is identically equal to 1 on D̄_ρ and has compact support in D_R. We then set F = ϕf in D_R and let F be identically 0 outside of D_R.

For n fixed, by the Hahn-Banach theorem there exists a complex measure μ = μ_n supported in K with total variation |μ|(K) = 1, such that μ annihilates the vector space P_n of holomorphic polynomials of degree at most n (that is, � K p_n dμ = 0 for all p_n ∈ P_n) and

d_n = � K f dμ.

Since F = f on K, we can write

d_n = � K F dμ = (μ ∗ F̌ )(0). (11)

where F̌ (z) := F (−z). Now form the convolution

μ ∗ F̌ = (μ ∗ F̌ ) ∗ δ = (μ ∗ F̌ ) ∗ ∂ ∂z̄ E = ∂ ∂z̄ F̌ ∗ (μ ∗ E), (12) where δ is the point mass at 0 and E(z) := 1/(πz) is the Cauchy kernel. Associativity of the triple convolution holds since each term has compact support. We write

μ̂(z) := (μ ∗ E)(z) = 1 π � K dμ(ζ) z − ζ , the Cauchy transform of μ. Note that μ ∗ E is holomorphic outside K. From (11) and (12) we then obtain (note that ∂F/∂z̄ = 0 on D_ρ)

d_n = � D_R\D_ρ

(μ ∗ E)(z) ∂ ∂z̄ F̌ (z) dA(z), (13)

where A is Lebesgue measure in C.

In order to utilize formula (13) for d_n, we need estimates for μ̂. We first note that since |μ|(K) = 1, we have |(μ ∗ E)(z)| ≤ M, z ∈ ∂D_r, (14) for some constant M > 0 depending only on the distance from K to ∂D_r. In addition we have the growth estimate |(μ ∗ E)(z)| = O(1/|z|^{n+1}) as |z| → ∞; (15) this follows from noting that for z sufficiently large we have 1/(z − ζ) = � k ζ^k/z^{k+1} uniformly for ζ ∈ K, and then using the fact that μ satisfies � K ζ^k dμ(ζ) = 0 for 0 ≤ k ≤ n. We now consider the function u(z) := g_K (z) + 1 n log � |μ ∗ E(z)| M � . Using (14) and (15), we see that u(z) is subharmonic in C \ D̄_r, bounded at ∞, and continuously assumes values which are at most log r on ∂D_r. By the maximum principle we have u(z) ≤ log r on C \ D_r; that is, |(μ ∗ E)(z)| ≤ M[e^{log r−gK (z)}]^n, z ∈ C \ D_r. (16) From (13) and (16) we conclude that lim sup_{n→∞} d_n(f, K)^{1/n} ≤ r/ρ. Now let r ↓ 1 and ρ ↑ R.

Note that for each non-constant polynomial p with ‖p‖_K ≤ 1, we have^1_{deg p} log |p(z)| ≤ g_K (z) so that max � 0, sup_p � 1 deg p log |p(z)| � ≤ g_K (z). (17)

It turns out that equality holds in (17). We use this as a starting point in jumping to several complex variables in the next section.

5 The Bernstein-Walsh theorem in C^N , N > 1 For a compact set K ⊂ C^N , we may define

V_K (z) := max � 0, sup_p � 1 deg p log |p(z)| �

where the supremum is taken over all non-constant polynomials p with ‖p‖_K ≤ 1. This is a generalization of the one-variable Green function g_K . Note that from the definition of the polynomial hull K̂, we have V_K = V_{K̂} .

The function V_K is lower semicontinuous, but it need not be upper semicontinuous. The upper semicontinuous regularization V^∗_K (z) = lim sup_{ζ→z} V_K (ζ)

of V_K is either identically +∞ or else V^∗_K is plurisubharmonic. The first case occurs if the set K is too “small”; precisely if K is pluripolar: this means that there exists a psh function u defined in a neighborhood of K with K ⊂ {z : u(z) = −∞} (see section 13 for more on pluripolar sets). We say that K is L-regular if V_K = V^∗_K , that is, if V_K is continuous. For example, if C^N \ K is regular with respect to R^{2N} -potential theory, then K is L-regular. A simple example is a closed Euclidean ball K = {z ∈ C^N : |z − a| ≤ R}; in this case, V_K (z) = V^∗_K (z) = max[0, log |z − a|/R]. For a product K = K_1 ×· · · ×K_N of planar compact sets K_j ⊂ C, V_K (z_1, . . . , z_N ) = max_{j=1,...,N} g_{Kj} (z_j ). In particular, for a polydisk

P := {(z_1, . . . , z_N ) : |z_j − a_j | ≤ r_j , j = 1, . . . , N},

V_K (z_1, . . . , z_N ) = max_{j=1,...,N} [0, log |z_j − a_j |/r_j ]. Any compact set K can be approximated from above by the decreasing sequence of L-regular sets K_n := {z : dist(z, K) ≤ 1/n}. The reason for the “L” is that the class of plurisubharmonic functions u in C^N of logarithmic growth, i.e., such that u(z) ≤ log |z| + C, |z| → ∞, is called the class L = L(C^N ). The functions^1_{deg p} log |p(z)| for a polynomial p clearly belong to L; historically, for any Borel set E, the function

V_E (z) := sup{u(z) : u ∈ L, u ≤ 0 on E}

was called the L-extremal function of E and it was proved that for compact sets K, this upper envelope coincides with that in the beginning of this section. We sketch a proof of this. An important feature of the proof is the correspondence between psh functions in L(C^N ) and “homogeneous” psh functions in C^{N+1}. We remind the reader of the standard correspondence between polynomials p_d of degree d in N variables and homogeneous polynomials H_d of degree d in N + 1 variables via

p_d(z_1, . . . , z_N ) → H_d(w_0, . . . , w_N ) := w^d_0 p_d(w_1/w_0, . . . , w_N /w_0).

Clearly V_K (z) ≤ V (z) := sup{u(z) : u ∈ L, u ≤ 0 on K} and to prove the reverse inequality, by approximating K from above, if necessary, we may assume K is L-regular. We consider h(z, w) defined for (z, w) ∈ C^{N+1} = C^N × C as follows:

h(z, w) := � |w| exp V (z/w), w ≠ 0; lim sup_{(z}′_{,w}′_{)→(z,0)} h(z^′, w^′), w = 0.

This is a nonnegative homogeneous psh function in C^{N+1}; i.e., h(tz, tw) = |t|h(z, w) for t ∈ C. We say that the function log h is logarithmically homogeneous: log h(tz, tw) = log |t| + log h(z, w). Fix a point (z_0, w_0) ≠ (0, 0) with z_0/w_0 ∉ K and fix 0 < ϵ < 1. Using the fact that the polynomial hull coincides with the hull with respect to continuous psh functions (see the end of section 3), it follows that the compact set

E := {(z, w) ∈ C^{N+1} : h(z, w) ≤ (1 − ϵ)h(z_0, w_0)}

is polynomially convex. Moreover, E is circled: (z, w) ∈ E implies (e^{it}z, e^{it}w) ∈ E for all real t.

Exercise. Given a compact, circled set E ⊂ C^N and a polynomial p_d = h_d +h_{d−1} +· · ·+h_0 of degree d written as a sum of homogeneous polynomials, we have ‖h_j ‖_E ≤ ‖p_d‖_E , j = 0, . . . , d. Hint: Fix a point b ∈ E at which |h_j (b)| = ‖h_j ‖_E and use Cauchy’s estimates on λ → p_d(λb) =

�_d j=0 λ^j h_j (b).

From the exercise, the polynomial hull of our circled set E is the same as the hull obtained using only homogeneous polynomials. Since E = Ê and (z_0, w_0) ∉ E, we can find a homogeneous polynomial h_s of degree s with |h_s(z_0, w_0)| > ‖h_s‖_E . Define p_s(z, w) := h_s(z, w) ‖h_s‖_E

· [(1 − ϵ)h(z_0, w_0)]^s.

Then |p_s(z, w)|^{1/s} ≤ |h(z, w)| for (z, w) ∈ ∂E and by homogeneity of |p_s|^{1/s} and h we have |p_s|^{1/s} ≤ h in all of C^{N+1}. At (z_0, w_0), we have |p_s(z_0, w_0)|^{1/s} > (1 − ϵ)h(z_0, w_0);

since ϵ > 0 was arbitrary, as was the point (z_0, w_0) (provided z_0/w_0 ∉ K), we get that h(z, w) = sup_s {|p_s(z, w)|^{1/s} : p_s homogeneous of degree s, |p_s|^{1/s} ≤ |h|}.

At w = 1, we obtain exp V (z) = h(z, 1) = sup_s {|Q_s(z)|^{1/s} : Q_s of degree s, |Q_s|^{1/s} ≤ exp V } which proves the result (note V ≤ 0 on K).

If the compact set K ⊂ C^N is L-regular, then for each R > 1 we define the set D_R := {z : V_K (z) < log R}; (18) this is an open neighborhood of K̂ and we clearly have the Bernstein-Walsh inequality |p(z)| ≤ ‖p‖_K R^{deg p} = ‖p‖_{K̂} R^{deg p}, z ∈ D_R (19) for every polynomial p in C^N . Theorem (BW1) goes over exactly to several complex variables: Theorem (BWN). Let K be an L-regular compact set in C^N . Let R > 1, and let D_R be defined by (18). Let f be continuous on K. Then lim sup n→∞ d_n(f, K)^{1/n} ≤ 1/R if and only if f is the restriction to K of a function holomorphic in D_R.

Sketch of proof. The “only if” direction follows since K satisfies the Bernstein-Walsh inequality (19). For the converse, we may assume that K = K̂. Fix f ∈ O(D_R) and ϵ > 0. Since ∂D_R is compact and V_K (z) = max � 0, sup_p

�_1

deg p log |p(z)| � , we can find finitely many polynomials p_1, . . . , p_m of degree d, say, with ‖p_j ‖_K ≤ 1 such that max_j { 1 d log |p_j (z)|} > log R − ϵ on ∂D_R.

By slightly modifying the p_j ’s, if necessary, we may assume that Π := {z : |q_j (z)| < 1, j = 1, . . . , m} is a Weil polyhedron where q_j (z) := p_j (z)/(e^{−ϵd}R^d); and clearly K ⊂ Π and Π approximates D_R; i.e., D_{R−δ} ⊂ Π ⊂ D_R for small δ. Now use the Weil integral formula from section 3 to expand f(z) and truncate the series to get good polynomial approximators.

This sketch follows the outline of the proof given by Siciak [Si]. Zaharjuta [Z2] gave the first proof of Theorem (BWN).

There is an interesting related result, due to Tom Bloom, which applies pluripotential theory to multivariate approximation theory. To motivate this, we return to the one-variable situation and let K ⊂ C be compact with C \ K connected and g_K continuous. Let W (K) denote the closure (in the uniform norm on K) of the functions holomorphic on a neighborhood of K. Given f ∈ W (K), let B_d(z) = b_dz^d + · · · be the best approximant to f (in sup-norm on K) from P_d(C). Wojcik [W] showed that f has a holomorphic extension to D_R for some R > 1 if and only if

lim sup d→∞ |b_d|^{1/d} ≤ 1 Rcap(K) . Here, cap(K) := lim_{|z|→∞} |z| exp(−g_K (z)) is the logarithmic capacity of K. Equivalently,

cap(K) = lim_{d→∞} inf{‖p_d‖^{1/d}_K : p_d(z) = z^d + · · ·},

the Chebyshev constant of K.

Now in several complex variables, what should replace the “leading coefficient” b_d of a univariate polynomial? Moreover, what replaces the asymptotics of the Green function g_K ? To address the first question, recall that any polynomial P_d of degree d may be written as the sum P_d = H_d +H_{d−1} +· · ·+H_0 where H_j is a homogeneous polynomial of degree j; i.e., H_j (tz) = t^j H_j (z) for t ∈ C, z ∈ C^N . Going backwards, given a homogeneous polynomial H_d of degree d and a compact set K ⊂ C^N , we define the Chebyshev polynomial of H_d relative to K, denoted Tch_K H_d, to be a polynomial of the form H_d +R_{d−1} with ‖H_d +R_{d−1}‖_K minimal among all R_{d−1} ∈ P_{d−1}(C^N ). Such a polynomial need not be unique if N ≥ 2 but the number ‖Tch_K H_d‖_K is well-defined. Note if N = 1 and H_d(z) = z^d, Tch_K H_d is just the classical Chebyshev polynomial for K of degree d.

For the second question, we make some preliminary definitions. Given a psh function u ∈ L(C^N ) we define the Robin function of u to be

ρ_u(z) := lim sup

|λ|→∞

[u(λz) − log |λ|] .

Note that for λ ∈ C, ρ_u(λz) = log |λ| + ρ_u(z); i.e., ρ_u is logarithmically homogeneous. It is known ([Bl6], Proposition 2.1) that for u ∈ L(C^N ), the Robin function ρ_u(z) is plurisubharmonic in C^N ; indeed, either ρ_u ∈ L(C^N ) or ρ_u ≡ −∞. As an example, if p is a polynomial of degree d so that u(z) :=^1_d log |p(z)| ∈ L(C^N ), then ρ_u(z) =^1_d log |p̂(z)| where p̂ is the top degree (d) homogeneous part of p. For a compact set K, we denote by ρ_K the Robin function of V^∗_K ; i.e., ρ_K := ρ_V ∗_K .

We can now state the beautiful result of Bloom:

Theorem ([Bl6]). Let K be an L-regular, polynomially convex compact set in C^N . Let f ∈ W (K) and let B_d := H_d + lower degree terms, d = 1, 2, . . ., be a sequence of best approximating polynomials to f on K. For R > 1, the following are equivalent:

1. f extends holomorphically to D_R; 2. lim sup_{d→∞} ‖f − B_d‖^{1/d}_K ≤ 1/R; 3. lim sup_{d→∞} ‖Tch_K H_d‖^{1/d}_K ≤ 1/R;

4. lim sup_{d→∞}^1_d log |H_d(z)| ≤ ρ_K (z) − log R for z ∈ C^N \ {0}.

Of course, the equivalence of 1. and 2. is the Bernstein-Walsh theorem. The deep part of this result is the implication 4. implies 3.; this follows from

Theorem ([Bl6]). Let K be an L-regular, polynomially convex compact set in C^N . Let {H_d} be a sequence of homogeneous polynomials with deg H_d = d and assume that lim sup_{d→∞}^1_d log |H_d(z)| ≤ ρ_K (z) for z ∈ C^N \ {0}. Then lim sup d→∞ ‖Tch_K H_d‖^{1/d}_K ≤ 1.

To prove this theorem, Bloom constructs polynomials W_j , j = 1, . . . , s with ‖W_j ‖_K ≤ 1 such that a Weil polyhedron {z ∈ C^N : |Ŵ_j (z)| < R_j , j = 1, . . . , s} utilizing the top degree homogeneous polynomials Ŵ_j of W_j contains K. Each H_d may be expanded in a series involving the Ŵ_j ’s:

H_d(z) = ∞� |M|=0 � I ′ A^I_M (z)[Ŵ_I (z)]^M .

Replacing each Ŵ_I by W_I creates polynomials

P_d(z) := ∞� |M|=0 � I ′ A^I_M (z)[W_I (z)]^M

of degree d which are competitors for Tch_K H_d and whose sup norms on K can be estimated.

6 Quantitative Runge-type results in multivariate approximation

The duality proof presented of the one-variable Walsh theorem, Theorem (BW1) of section 4, may be extended to yield a quantitative Runge theorem for harmonic functions in R^N , where N ≥ 2. To state this we let H^N_n be the vector space of all harmonic, real-valued polynomials of N variables of degree at most n. If f is a continuous real-valued function on a compact set K ⊂ R^N , we now define d_n(f, K) := inf{‖f − h_n‖_K : h_n ∈ H^N_n }.

Theorem ([A],[BL2]). Let K be a compact subset of R^N such that R^N \ K is connected.

(a) Let Ω be an open neighborhood of K. Then there is a constant ρ ∈ (0, 1), depending only on K and Ω, with the following property: if f is harmonic on Ω, then lim sup_{n→∞} d_n(f, K)^{1/n} ≤ ρ.

(b) Suppose that when we regard K ⊂ R^N = R^N + i0 ⊂ C^N , the set K is L-regular. If f is a real-valued continuous function on K such that lim sup_{n→∞} d_n(f, K)^{1/n} < 1, then f extends to a harmonic function on an open neighborhood of K.

Sketch of proof of (a). We follow the outline of the duality proof of the Walsh theorem, replacing the Cauchy kernel by the fundamental solution E(x − y) = c_N |x − y|^{2−N} for the Laplace operator Δ (here c_N is a constant depending only on the dimension). Analogous to (13), we can write d_n = � L(μ∗E)(z)ΔF (z)dA(z) where μ = μ_n is a complex measure supported on K with |μ|(K) = 1 which annihilates H^N_n , L is a compact subset of Ω \ K, and F is a C^∞ function. The details of this proof may be found in [BL2], but the main difference here is the problem of estimating the Newtonian potential

(μ ∗ E)(x) = � K c_N |x − y|^{2−N} dμ(y)

on compact subsets of Ω \ K under the assumption that we have the decay estimate

|(μ ∗ E)(x)| = O(|x|^{−n}) as |x| → ∞ (20) analogous to (15). We utilize the Kelvin transform T (x) := x/|x|^2, under which a harmonic function h(x) on a domain G ⊂ R^N \ {0} is transformed into a harmonic function h̃(x) := |x|^{2−N} h(x/|x|^2) on T (G). The condition (20) of rapid decay at infinity is transformed into a condition of flatness near the origin, and the problem of estimating μ∗E under the hypothesis (20) is reduced to proving the following Schwarz lemma for harmonic functions [BL2].

Lemma (HSL). Let Ω be a bounded domain in R^N and let a ∈ Ω. If K is a compact subset of Ω, then there exist constants C > 1 and ρ ∈ (0, 1), depending only on K and Ω, with the following property: if f is a harmonic function on Ω satisfying |f| ≤ 1 in Ω, and if D^αf(a) = 0 whenever |α| < n, then ‖f‖_K ≤ Cρ^n.

Here D^αf =^{∂|α|f}

∂x^{α1}_1 ···∂x^{αN}_N . The proof of Lemma (HSL) is based on techniques from the theory

of functions of several complex variables. In the preceding section we introduced the function V_K in C^N as a substitute for the ordinary Green function with pole at infinity in C^1. To prove Lemma (HSL) we introduce in C^N a substitute for the Green function with a finite pole in C^1. Following Klimek [K], section 6.1, we define for each domain ~Ω ⊂ C^N and each point a ∈ ~Ω the pluricomplex Green function G~_Ω(z; a) := sup_u u(z),

where the supremum is taken over all nonpositive plurisubharmonic functions u on ~Ω such that u(z) − log |z − a| has an upper bound in some neighborhood of a. It is known that if, e.g., ~Ω is bounded, or, more generally, hyperconvex (see section 3), then G~_Ω(·; a) is a nonconstant, negative plurisubharmonic function in ~Ω (see [K], [BL2]). This fact leads to the following Schwarz lemma for holomorphic functions of several variables (see [Bi], [BL2]).

Lemma (SL). Let ~Ω be a bounded domain in C^N and let a ∈ ~Ω. Let K̃ be a compact subset of ~Ω. If f is a holomorphic function on ~Ω satisfying |f| ≤ 1 in ~Ω, and if ∂αf(a) = 0 whenever |α| < n, then ‖f‖_{K̃} ≤ ρ^n, where ρ := sup_~ K exp(G~_Ω(·; a)) < 1.

Here ∂^αf =^{∂|α|f}

∂z^{α1}_1 ···∂z^{αN}_N . The inequality ρ < 1 is clear from the fact that G~Ω(·; a) is a negative

function on ~Ω which is subharmonic as a function of 2N real variables. The rest of the lemma follows from the fact that the function u(z) :=^1_n log |f(z)| is one of the competitors in the definition of G~_Ω(·; a).

A harmonic function is real analytic and thus about each point x_0 in our domain Ω ⊂ R^N we can get a power series expansion � a_α(x − x_0)^α of f which converges as a holomorphic function � a_α(z − x_0)^α in a neighborhood of this point in C^N . We prove Lemma (HSL) by covering the compact set K by finitely many real balls B and the union of the complex balls ~B gives a neighborhood ~Ω of K in C^N to which we can apply Lemma (SL).

In [BL3], the authors prove Bernstein theorems for solutions of more general elliptic partial differential equations. Let p(x) := � |α|=m aαx

α be a non-constant homogeneous polynomial in R^N , with complex coefficients, which is never equal to zero on R^N \ {0}; here N ≥ 2. Then the partial differential operator p(D) := p(∂/∂x_1, . . . , ∂/∂x_n) is elliptic. We let L_n be the vector space of polynomials q of degree at most n in N variables which are solutions of the equation p(D)q = 0. If f is a continuous function on a compact set K ⊂ R^N , define

d_n(f, K) = inf{‖f − p_n‖_K : p_n ∈ L_n}.

Theorem ([BL3]). Let K be a compact subset of R^N such that R^N \ K is connected.

(a) Let Ω be an open neighborhood of K. Then there is a constant ρ ∈ (0, 1), depending only on p(D), K, and Ω, with the following property: if f is a solution of p(D)f = 0 on Ω, then lim sup_{n→∞} d_n(f, K)^{1/n} ≤ ρ.

(b) Suppose that when we regard K ⊂ R^N = R^N + i0 ⊂ C^N , the set K is L-regular. If f is a real-valued continuous function on K such that lim sup_{n→∞} d_n(f, K)^{1/n} < 1, then f extends to a solution F of p(D)F = 0 on an open neighborhood of K.

A duality proof, utilizing a fundamental solution E(x − y) for the operator p(D), and yet another tool from pluripotential theory, the relative extremal function

ω^∗(z, F, Ω) := [sup{u(z) : u psh in Ω, u ≤ 0, u|_F ≤ −1}]^∗

of a set F ⊂ Ω relative to Ω, may be found in [BL3]. See section 13 for more on ω^∗(z, F, Ω). The need for this function arises as we don’t have a Kelvin transform in this general setting; but we do get a “transfer of smallness” result analogous to Lemma (SL):

Lemma. Let Ω be a bounded domain in C^N . Let F ⊂ Ω be nonpluripolar and let K ⊂ Ω be compact. Then there is a constant a ∈ (0, 1] such that for any holomorphic function g on Ω with |g| ≤ M on Ω and |g| ≤ m < M on F , we have

|g| ≤ m^aM^{1−a} on K.

The proof is trivial: simply observe that log |g| is psh and by the definition of ω(z, F, Ω), it follows that u(z) := log (|g(z)|/M)

log (M/m)

≤ ω(z, F, Ω).

Then the constant a can be chosen to be a(Ω, F, K) := − sup_K ω(z, F, Ω). The nonpluripolarity of F insures that a > 0 (see Proposition (ω) in section 13).

Finally, we mention that Jackson-type approximation theorems for solutions to p(D)f = 0 on Ω which are continuous on Ω̄ can be found in [BBL1] and [BBL2].

7 Mergelyan property and solving ¯∂ Recall the Cauchy-Green formula: Let Ω be a bounded domain in C with C^1-boundary and let f ∈ C^1(Ω̄). Then f(z) = 1 2πi � ∂Ω f(ζ) ζ − z dζ − 1 π � Ω ∂f ∂z̄ (ζ) · ( 1 ζ − z

)dA(ζ) (21)

where dA denotes Lebesgue measure. In particular,

1. if f ∈ O(Ω) ∩ C(Ω̄),

f(z) = 1 2πi � ∂Ω f(ζ) ζ − z dζ (Cauchy integral formula); (22)

2. if f ∈ C^1_0 (Ω), f(z) = − 1 π � Ω ∂f ∂z̄ (ζ) · ( 1 ζ − z

)dA(ζ).

As an immediate corollary, if g ∈ C_0(Ω), then

G(z) := − 1 π � Ω g(ζ) · ( 1 ζ − z

)dA(ζ)

solves the inhomogeneous Cauchy-Riemann equation ∂G/∂z̄ = g in Ω. Moreover, we see that

sup_Ω |G| ≤ [sup_Ω |g|] sup_{z∈Ω} � 1 π � suppg | 1 ζ − z

|dA(ζ) � (23)

so that sup_Ω |G| ≤ C sup_Ω |g|. More generally, if μ is a measure with compact support in Ω, the Cauchy transform of μ, μ̂(z) := − 1 π � Ω 1 ζ − z dμ(ζ),

satisfies ∂μ̂/∂z̄ = μ in the sense of distributions on Ω.

Now suppose K = Ω̄ where Ω is a simply connected domain with boundary of class C^1. An elementary proof of Mergelyan’s theorem (Theorem (Me) from section 1) for such K goes as follows:

1. Smooth approximation. Cover ∂K by finitely many open sets U_1, . . . , U_n such that for each j = 1, . . . , n there is a vector t_j transverse to ∂Ω at each point of ∂Ω ∩ U_j pointing outward (into C \ Ω̄). Take a partition of unity ϕ, ϕ_1, . . . , ϕ_n for a neighborhood of Ω̄ subordinate to the cover consisting of Ω, U_1, . . . , U_n. Given f ∈ O(Ω) ∩ C(Ω̄), for sufficiently large j,

g_j (z) := ϕ(z)f(z) + n� k=1 ϕ_k(z)f(z − t_k/j)

is defined and C^∞ on a neighborhood Ω_j of Ω̄. Since f ∈ C(Ω̄), g_j → f uniformly on Ω̄. 2. Holomorphic correction. We have that

∂g_j ∂z̄ (z) = f(z) · ∂ϕ ∂z̄ (z) + n� k=1 f(z − t_k/j) ·

∂ϕ_k ∂z̄ (z)

is uniformly small on Ω_j since ϕ + � k ϕ_k = 1 there; say sup_{Ωj} |^{∂gj}_{∂z̄} | ≤ δ_j where δ_j → 0. From the previous discussion, utilizing (23), for each j we can find G_j ∈ C^∞(Ω_j ) with

∂G_j ∂z̄ = ∂g_j ∂z̄ in Ω_j and sup_{Ωj} |G_j | ≤ C_j δ_j → 0. Then f_j := g_j − G_j ∈ O(Ω_j ) and f_j → f uniformly on Ω̄. In higher dimensions, the smooth approximation step works fine. However, things get tricky in step 2 for two reasons:

(i) we need to solve a ¯∂-equation; more precisely, (ii) we need to solve a ¯∂-equation with uniform (sup-norm) estimates.

Let’s make this precise. Given a C^1 function u, the 1-form du can be written as du = ∂u + ¯∂u where

∂u := N� j=1 ∂u ∂z_j dz_j

is a form of bidegree (1, 0) and

¯∂u :=^N � j=1 ∂u ∂z̄_j dz̄_j

is a form of bidegree (0, 1). In general, a differential form ϕ of bidegree (p, q) is a sum ϕ = �_′

|I|=p, |J|=q

c_{I,J} dz^I ∧ dz̄^J

where c_{I,J} are functions (0-forms) and

dz^I = dz_{i1} ∧ · · · ∧ dz_{ip} ; dz̄^J = dz̄_{j1} ∧ · · · ∧ dz̄_{jq} ;

the prime means the indices are increasing. We define

¯∂ϕ =

�_′

|I|=p, |J|=q

¯∂c_{I,J} ∧ dz^I ∧ dz̄^J ;

this is a form of bidegree (p, q + 1).

We can extend the operator ∂ to (p, q)-forms as well (the result is a (p + 1, q)-form). Since any form ω of degree r ∈ {0, 1, . . . , 2N} can be written as a sum of forms ω_{p,q} of bidegree (p, q) where 0 ≤ p, q ≤ r and p + q = r, we extend ¯∂ and ∂ to general forms by linearity. Note then as differential operators on the space of smooth forms, we have

d^2 = d ∘ d = 0 = (∂ + ¯∂) ∘ (∂ + ¯∂) = ∂^2 + ∂ ∘ ¯∂ + ¯∂ ∘ ∂ + ¯∂^2;

by bidegree considerations ∂^2 = ¯∂^2 = 0; ∂ ∘ ¯∂ = − ¯∂ ∘ ∂ (e.g., if ϕ is a (p, q) form, d^2ϕ = 0 is a form of total degree p + q + 2; ¯∂^2ϕ is of bidegree (p, q + 2) and there are no other terms with this bidegree). In particular, let ϕ =

�_N j=1 ϕ_j dz̄_j be a smooth (0, 1) form on a domain Ω in C^N . If we want to be able to find a function u ∈ C^∞(Ω) with ¯∂u = ϕ in Ω, a necessary condition is that ¯∂ϕ = 0. This condition is vacuous if N = 1 (there are no (0, 2) forms in C). Note that the inhomogeneous Cauchy-Riemann equation ¯∂u = ϕ is a system of 2N (real) partial differential equations in R^{2N} for the (two) unknown functions ℜu and ℑu. This is an overdetermined system if N > 1.

Are there integral formulas providing solutions to ¯∂? For N = 1, define, for z ∈ C, the (1, 0)-form in ζ

ω_{BM} (ζ − z) := 1 2πi dζ ζ − z = 1 2πi ζ̄ − z̄ |ζ − z|^2 dζ. Then if Ω ⊂ C is a bounded domain with C^1-boundary and f ∈ O(Ω) ∩ C(Ω̄), we have

f(z) = � ∂Ω f(ζ)ω_{BM} (ζ − z)

for z ∈ Ω. This is the Cauchy integral formula (22). In SCV, we have the following.

Proposition (Bochner-Martinelli formula). Define the (N, N − 1)-form

ω_{BM} (ζ − z) :=

(N − 1)! (2πi)^N N� j=1 (−1)^{j−1}(ζ̄_j − z̄_j ) |ζ − z|^{2N} dζ̄[j] ∧ dζ.

If Ω ⊂ C^N is a bounded domain with C^1-boundary and f ∈ O(Ω) ∩ C(Ω̄), then

f(z) = � ∂Ω f(ζ)ω_{BM} (ζ − z) (24)

for z ∈ Ω.

Here dζ̄[j] = dζ̄_1 ∧ · · · ∧ d̂ζ̄_j ∧ · · · ∧ dζ̄_N (omit dζ̄_j ) and dζ = dζ_1 ∧ · · · ∧ dζ_N . The reader will note that the ζ_j partial derivative of^1_{|ζ−z|2N−2} , a fundamental solution for the Laplacian in R^{2N} , is ∂ ∂ζ_j 1 |ζ − z|^{2N−2} = (1 − N)(ζ̄_j − z̄_j ) |ζ − z|^{2N} , which is, up to a constant, the coefficient of dζ̄[j] ∧ dζ in ω_{BM} (ζ − z). As a generalization of the Cauchy-Green formula (21), for any f ∈ C^1(Ω̄) we have

f(z) = � ∂Ω f(ζ)ω_{BM} (ζ − z) −

(N − 1)!

π^N � Ω N� j=1 ∂f ∂z̄_j ζ̄_j − z̄_j |ζ − z|^{2N} dA(ζ) (25)

for z ∈ Ω. Here dA(ζ) is Lebesgue measure in C^N , i.e.,

dA(ζ) = (i/2)^N dζ_1 ∧ dζ̄_1 ∧ · · · ∧ dζ_N ∧ dζ̄_N .

However, only if N = 1 are the coefficients of this Bochner-Martinelli kernel ω_{BM} (ζ − z) holomorphic in z; thus only for N = 1 can this formula be used to construct solutions to ¯∂u = ϕ. That is, given a smooth (0, 1) form ϕ =

�_N j=1 ϕ_j dz̄_j on Ω ⊂ C^N with ¯∂ϕ = 0, from (25) we’d like to define

u(z) = −

(N − 1)! (2πi)^N � Ω N� j=1 ϕ_j ζ̄_j − z̄_j |ζ − z|^{2N} dζ̄ ∧ dζ

to solve ¯∂u = ϕ in Ω, but since (ζ̄_j − z̄_j )/|ζ − z|^{2N} is not holomorphic in z if N > 1, this doesn’t work. A major area of research in SCV was the attempted construction of integral formulas with holomorphic kernels. For strictly pseudoconvex domains (recall section 3), this was done by Henkin and Ramirez. The article [He] of Henkin is a nice historical survey on the subject.

We say that a domain Ω has the Mergelyan property if every f ∈ O(Ω) ∩ C(Ω̄) can be approximated uniformly on Ω̄ by functions in O(Ω̄). This definition is natural, given the onevariable Mergelyan theorem, Theorem (Me), from section 1.

Theorem. A smoothly bounded, strictly pseudoconvex domain satisfies the Mergelyan property. The reason is that Henkin, Kerzman and Lieb showed that one can solve ¯∂ with uniform estimates by constructing holomorphic kernels in this case.

What if D is pseudoconvex, but not strictly pseudoconvex? Let D = {(z, w) ∈ C^2 : 0 < |z| < |w| < 1}, the so-called Hartogs triangle (draw a picture in |z|, |w|−space to explain the terminology). Then D is pseudoconvex. However, any function holomorphic on a neighborhood of D̄ must necessarily extend holomorphically to the unit bidisk P = Δ × Δ (exercise; or see [Sha] sections 7 and 40). Now consider the function f(z, w) := z^2/w. Note that lim sup

(z,w)→(0,0), (z,w)∈D

|f(z, w)| ≤ lim sup

(z,w)→(0,0), (z,w)∈D

|w|^2/|w| = 0

so that f extends continuously to (0, 0). Hence f ∈ O(D) ∩ C(D̄). We show that f is not uniformly approximable on D̄ by holomorphic functions on D̄. For suppose {f_j } ⊂ O(D̄) converge uniformly to f on D̄. In particular, uniform convergence of {f_j } on T^2 = ∂Δ × ∂Δ = {(z, w) : |z| = |w| = 1} implies uniform convergence of {f_j } on P̄ (recall the multivariate Cauchy integral formula (3) from section 1). This limit function, call it g, is necessarily holomorphic on P ; in particular, it is holomorphic at (0, 0). Moreover, g must coincide with f on D. But f does not extend holomorphically to (0, 0).

There are examples of smoothly bounded pseudoconvex domains which do not satisfy the Mergelyan property. It is conjectured that if D is a smoothly bounded pseudoconvex domain, then D has the Mergelyan property if and only if there are pseudoconvex domains D_j with D̄ ⊂ D_j such that D̄ = ∩_j D_j . This latter property fails for the Hartogs triangle. It also fails in all of the known examples of smoothly bounded pseudoconvex domains which fail to satisfy the Mergelyan property. We refer the reader to the article of Bedford and Fornaess [BF] for a more detailed discussion.

8 Approximation on totally real sets Recall from section 1 the example of the two polynomially convex disks K_1 and K_2 in C^2 defined as K_1 := {(x_1, x_2) ∈ R^2 : x^2_1 + x^2 ≤ 1} and K_2 := {(z_1, 0) : |z_1| ≤ 1}.

Here P (K_1) = C(K_1) but P (K_2) ≠ C(K_2). The difference is that K_1 lies in the totally real submanifold R^2 of C^2.

Definition. Let Σ be a submanifold of class C^1 of an open set D ⊂ C^N . We say Σ is totally real if for each p ∈ Σ, the tangent space T_pΣ contains no complex lines; i.e., no complex linear subspaces of positive dimension.

In particular, the dimension of such a (real) submanifold is at most N. A top-dimensional example is the torus T^N = {(z_1, . . . , z_N ) : |z_j | = 1, j = 1, . . . , N}. Returning to the simpler example of R^N = R^N + i0, note that u(z) := dist(z, R^N )^2 = y^2_1 + · · · + y^2_N is of class C^2 and strictly psh (compute the complex Hessian!). Of course, directly from the definition, R^N = {z ∈ C^N : u(z) = 0}. Indeed, if Σ is a totally real submanifold of class C^2 of an open set D ⊂ C^N , then there exists a neighborhood ω of Σ such that u(z) = dist(z, Σ)^2 is of class C^2 and strictly psh on ω (cf. [AW], Lemma 17.2). The main result on approximation on totally real submanifolds is the following generalization of the real Stone-Weierstrass theorem due to Harvey and Wells [HW]. It was first proved under stronger regularity hypotheses by Hörmander and Wermer [HöW]. A very enlightening proof has recently been given by Berndtsson [Ber].

Theorem (HW). Let Σ be a totally real submanifold of class C^1 in an open set in C^N and let K ⊂ Σ be compact and polynomially convex. Then P (K) = C(K).

This is related to the question stated towards the end of section 2: Give a “nice” condition (C) on a compact set K ⊂ C^N so that if K = K̂ then K satisfies (C) if and only if P (K) = C(K). In Lavrentiev’s theorem, Theorem (La), in the complex plane, K^o = ∅ was a necessary and sufficient condition for a polynomially convex compact set K to have this property. Since uniform limits of holomorphic objects like (holomorphic) polynomials should be, in some sense, holomorphic, we seek a condition (C) which prohibits K from having any type of “analytic structure”. Note that P (K) is a uniform algebra, i.e., a closed subalgebra of C(K). There was a famous conjecture known as the peak point conjecture: Suppose A is a uniform algebra on its maximal ideal space X such that every point x ∈ X is a peak point for A, i.e., there exists f ∈ A such that f(x) = 1 and |f(y)| < 1 for all y ≠ x. Does it follow that A coincides with the algebra C(X)? In case X is a polynomially convex compact set in C^N and A = P (X), we are asking if this “peak point property” suffices as a condition (C). A counterexample given by Cole in 1968 shows that the answer to the general peak point conjecture is no. Anderson, Izzo and Wermer [AIW1], [AIW2] have shown that if Σ is a compact polynomially convex real analytic variety in C^N such that every point in Σ is a peak point for P (Σ), then P (Σ) = C(Σ). Recall that a relatively closed subset V of an open set U in C^N is a real analytic subvariety of U if for each z_0 ∈ V there exists a neighborhood U^′ ⊂ U of z and real valued, real analytic functions f_1, ..., f_m in U^′ with

V ∩ U^′ = {z ∈ U^′ : f_1(z) = · · · = f_m(z) = 0}.

The unit sphere in C^N for N > 1 is a smooth submanifold in C^N which definitely has complex tangents (i.e., is not totally real) as the dimension of the sphere is 2N − 1 > N; however, it is straightforward to see that for any compact subset K of the sphere, P (K) has the peak point property (e.g., at (1, 0, . . . , 0), take f(z) = z_1). Despite this, Izzo [I] has constructed examples of the following:

1. There exists a compact polynomially convex subset K of the unit sphere in C^3 such that P (K) ≠ C(K).

2. There exists a C^∞-embedding F : C^2 → C^5 such that the set K = F ({(z, w) : |z| ≤ 1, |w| = 1}) is a compact polynomially convex subset of the unit sphere in C^5 which satisfies P (K) ≠ C(K). Note this last example is a compact, polynomially convex C^∞ submanifold K for which every point is a peak point for P (K) but P (K) ≠ C(K); the Anderson, Izzo and Wermer theorem shows that such an example cannot occur in the real analytic category. Stout has recently strengthened the Anderson, Izzo and Wermer theorem to eliminate the hypothesis on peak points:

Theorem ([St2]). Let K be a compact, polynomially convex real analytic subvariety of C^N . Then P (K) = C(K).

The aforementioned results of Harvey-Wells and/or Hörmander-Wermer essentially reduce questions of approximation on subsets of real submanifolds on C^N to approximation on the points where the tangent space to the manifold contains a complex line. The Hörmander-Wermer approach to Theorem (HW), which requires some additional regularity hypotheses on Σ, can be summarized as follows: given f ∈ C(K), we can clearly approximate f uniformly on K by a global smooth function; i.e., we may assume f ∈ C^∞(C^N ). From Theorem (OW), since K = K̂, it suffices now to approximate f uniformly on K by functions holomorphic on a neighborhood of K. It is straightforward to construct a function F of class C^1 on C^N which agrees with f on K and such that | ∂F ∂z̄_j

(z)| = O(dist(z, Σ)^m), j = 1, . . . , N

if, say, Σ is of class C^{2m+1}. Next, using the function u(z) = dist(z, Σ)^2, we can construct a bounded, pseudoconvex neighborhood ω of K in C^N to which we can apply standard several complex variables machinery – solvability of ¯∂ in ω – to construct a function G in ω with ∂G ∂z̄_j = ∂F ∂z̄_j

, j = 1, . . . , N

and with |G| very small in ω. Then G − F is holomorphic in ω and approximates f very well on K.

The ¯∂ machinery utilized in the previous paragraph is the Hörmander L^2-theory. If D is a smoothly bounded, pseudoconvex domain in C^N , then there is a constant C depending only on D such that for any (0, 1)-form ϕ =

�_N j=1 ϕ_j dz̄_j with L^2(D)-coefficients satisfying ¯∂ϕ = 0, there exists u ∈ L^2(D) with ¯∂u = ϕ in D and � D |u|^2dA ≤ C � D N� j=1 |ϕ_j |^2dA

(cf., [Hö], Chapter 4 or [AW] section 16). Note that this is a global L^2-norm estimate. From this, one gets local interior regularity of solutions sufficient to derive the required estimate on G in the previous paragraph. Berndtsson uses a “weighted” version of the global L^2-norm estimate in his work.

The Harvey-Wells approach uses integral kernels to solve ¯∂ and is at least similar in spirit to our outline of the proof of Theorem (OW) using the Weil integral formula. Extensions of the Harvey-Wells result have been made by Range and Siu [RS] as well as by Bruna and Burgés [BB]. These papers deal with approximation in Hölder norms on a totally real compact subset X ⊂ C^N : we assume there exists a strictly plurisubharmonic C^2 function in a neighborhood of X whose zero set is X.

Using a generalization of the Bochner-Martinelli kernel, a suitably constructed Cauchy-Fan-tappiè-Leray kernel (see section 10), Weinstock [Wei] has proved an interesting perturbation of the Stone-Weierstrass theorem. We discuss this briefly. Given any compact set K ⊂ C^N and functions f_1, .., f_m ∈ C(K), let [f_1, . . . , f_m] denote the algebra generated by these functions. Note then we always have [z_1, . . . , z_N , z̄_1, . . . , z̄_N ] is dense in C(K). Suppose N functions R_1, . . . , R_N are given. Let A = [z_1, . . . , z_N , z̄_1 + R_1, . . . , z̄_N + R_N ]. Under what conditions on R := (R_1, . . . , R_N ) is A dense in C(K)? Assume each R_j is defined and continuous in a neighborhood U of K.

Theorem (PSW). If there exists 0 ≤ k < 1 with

|R(z) − R(z^′)| ≤ k|z − z^′| for z, z^′ ∈ U,

then A is dense in C(K).

For N = 1 this result is due to Wermer [We]. Even in this case, it is the Lipschitz norm of the perturbation R that matters, not the supremum norm. For example, if K = Δ̄, the closed unit disk in C, and R(z) := −z̄ if |z| ≤ ϵ; R(z) :=

−ϵz̄ |z| if ϵ ≤ |z| ≤ 1,

then |R(z)| ≤ ϵ on Δ̄ but z̄ + R(z) ≡ 0 on the disk {z : |z| ≤ ϵ}. Thus each function in A must be holomorphic on {z : |z| < ϵ}. A nice exposition of the one and several variable results can be found in chapter 14 of [AW].

9 Lagrange interpolation and orthogonal polynomials A natural way to construct polynomials which approximate a given function is to use interpolating polynomials. Let K be a polynomially convex L-regular compact subset of C^N . Let m_n =

�_{N+n} n � denote the dimension of the complex vector space P_n of polynomials in N complex variables of degree at most n.

For each integer n ≥ 1, let a_{n1}, . . . , a_{nmn} ∈ K. Thus we have a doubly indexed array (a_{nj} )_{n=1,...; j=1,···,mn} of points in K. Given a function f holomorphic in a neighborhood of K, under what conditions on the array do the Lagrange polynomials L_nf interpolating f at the points (a_{nj} )_{j=1,···,mn} converge uniformly to f on K?

In one variable, Walsh gave a necessary and sufficient condition on the array in order to guarantee uniform convergence of {L_nf} to f on K for all such f. In several variables (N ≥ 2), much less is known because there is no analogue of the Hermite remainder formula used in the proof of Walsh. We remind the reader of the Hermite remainder formula for interpolation of a holomorphic function of one variable. This is a simple consequence of the Cauchy integral formula. Let z_1, . . . , z_n be n distinct points in the plane and let f be a function which is defined at these points. The functions l_j (z) := � k≠j

(z − z_k)/(z_j − z_k), j = 1, . . . , n,

are polynomials of degree n − 1 with l_j (z_k) = δ_{jk}, called the fundamental Lagrange interpolating polynomials associated to z_1, . . . , z_n. Then (L_nf)(z) :=

�_n j=1 f(z_j )l_j (z) is the unique polynomial of degree at most n satisfying (L_nf)(z_j ) = f(z_j ), j = 1, . . . , n; we call it the Lagrange interpolating polynomial associated to f, z_1, . . . , z_n. If Γ is a rectifiable Jordan curve such that the points z_1, . . . , z_n are inside Γ, and f is holomorphic inside and on Γ, we can estimate the error in our approximation of f by L_nf at points inside Γ using the following formula. Lemma (Hermite Remainder Formula). For any z inside Γ,

f(z) − (L_nf)(z) = 1 2πi � Γ ω(z) ω(t) f(t) (t − z) dt, (26)

where ω(z) :=

�_n

k=1(z − z_k).

Note that if f(z) = 1/(t − z), then

f(z) − (L_nf)(z) = ω(z) ω(t) 1 t − z

. (27)

The necessary and sufficient condition of Walsh on the univariate array (a_{nj} ) ⊂ K ⊂ C so that L_nf → f uniformly on K for any f holomorphic on K is that the polynomials ω_{n+1}(z) :=

�_{n+1} j=1 (z− a_{nj} ) satisfy lim_{n→∞} ‖ω_{n+1}‖^{1n+1}_K = cap(K);

equivalently, the subharmonic functions

u_n(z) := 1 n + 1 log |ω_{n+1}(z)| ‖ω_{n+1}‖_K

converge locally uniformly to g_K on C \ K.

For a survey of some results in the several variable case, we refer the reader to [BBCL], [Bl3] and [BlL1]. We outline the elementary positive results. Let e_1, . . . , e_{mn} form a basis for P_n. Given A_n = {a_{n1}, . . . , a_{nmn} } ⊂ K we form the generalized Vandermonde determinant

V_n(A_n) := det[e_i(a_{nj} )]_{i,j=1,...,mn} .

If V_n(A_n) ≠ 0, we can form the polynomials

l_{nj} (z) :=

V_n(a_{n1}, . . . , z, . . . , a_{nmn} )

V_n(A_n)

, j = 1, . . . , m_n

satisfying l_{nj} (a_{ni}) = δ_{ji}. We call

Λ_n := sup_{z∈K}

m_n�

j=1 |l_{nj} (z)|

the n-th Lebesgue constant for K, A_n. For f defined on K,

(L_nf)(z) :=

m_n�

j=1 f(a_{nj} )l_{nj} (z)

is the Lagrange interpolating polynomial for f at the points A_n. We say that K is determining for � P_n if whenever h ∈ � P_n satisfies h = 0 on K, it follows that h ≡ 0. For these sets we can find point sets A_n for each n with V_n(A_n) ≠ 0. We have the following elementary result.

Proposition. Let K be determining for � P_n and let A_n ⊂ K be sets of points satisfying V_n(A_n) ≠ 0 for each n. Given f bounded on K, if lim sup Λ^{1/n}_n = 1, then lim sup ‖f − L_nf‖^{1/n}_K = lim sup d^{1/n}_n where d_n = d_n(f, K) = inf{‖f − p_n‖_K : p_n ∈ P_n}.

Proof. Fix ϵ > 0 and choose, for each n, a polynomial p_n ∈ P_n with

‖f − p_n‖^{1/n}_K ≤ d^{1/n}_n + ϵ.

Since p_n ∈ P_n, we have L_np_n = p_n and

‖f − L_nf‖_K = ‖f − p_n + L_np_n − L_nf‖_K ≤ ‖f − p_n‖_K + Λ_n‖f − p_n‖_K = (1 + Λ_n)‖f − p_n‖_K .

Using the hypothesis lim sup Λ^{1/n}_n = 1, we obtain the conclusion.

Let p(D) := p(∂/∂x_1, . . . , ∂/∂x_n) be an elliptic partial differential operator as at the end of section 6, and let L_n be the vector space of polynomials q of degree at most n in N variables which are solutions of the equation p(D)q = 0. The same proof shows: Let K ⊂ R^N be determining for ∪_nL_n and let A_n ⊂ K satisfy V_n(A_n) ≠ 0 for each n. Given f bounded on K, if lim sup Λ^{1/n}_n = 1, then lim sup ‖f − L_nf‖^{1/n}_K = lim sup d^{1/n}_n . Here, we replace m_n by m̃_n := dimL_n, A_n = {a_{n1}, . . . , a_{nm̃n} } ⊂ K and d_n is defined just as before, but now with respect to L_n.

Arrays of points {A_n}, n = 1, 2, . . . satisfying lim sup Λ^{1/n}_n = 1 can be constructed by taking, e.g., A_n to be a set of n-Fekete points for K: for each n, choose A_n ⊂ K so that max X_n⊂K

|V_n(X_n)| = |V_n(A_n)|.

Since |V_n(X_n)| is a continuous function on K^{mn} , such points exist. Moreover, from the definition of Fekete points, ‖l_{nj} ‖_K = 1 so that Λ_n ≤ m_n. It is easy to see that lim m^{1/n}_n = 1. The problem is that in several variables these points are essentially impossible to construct. The first known explicit example of an array {A_n}, n = 1, 2, . . . satisfying lim sup Λ^{1/n}n = 1 associated to a compact set K ⊂ C^N , N > 1, has been recently discovered by Bos, et al [BCDVX]. The set K is the unit square [−1, 1] × [−1, 1] in R^2. In this example, the Lebesgue constants have minimal possible asymptotic growth: Λ_n = O([log n]^2).

In CCV, for a non-polar compact set K ⊂ C, the normalized counting measures associated to Fekete arrays satisfy

μ_n := 1 n + 1 n+1� j=1 δ_{Anj} → 1 2π Δg_K

in the weak^∗-topology as measures. Here, Δg_K , the Laplacian of g_K , is to be interpreted as a positive distribution, i.e., a positive measure. Indeed, for any array {A_n}, n = 1, 2, . . . satisfying lim sup Λ^{1/n}_n = 1 the same conclusion holds (cf. [BBCL]). In SCV, for K ⊂ C^N nonpluripolar, there is a conjecture that for Fekete arrays, the normalized discrete measures

μ_n := 1 m_n

m_n�

j=1 δ_{Anj}

converge weak-* to the Monge-Ampére measure μ_K := (dd^cV^∗_K )^N of the L-extremal function V^∗_K . For a discussion of the complex Monge Ampére operator (dd^c·)^N , see the appendix. To this date, nothing is known if N > 1. Some special situations, which really reduce to one-variable problems, can be found in [GMS] and [BlL2].

A widely studied topic in classical approximation theory is the study of orthogonal polynomials. Let μ be a positive Borel measure with compact support K = supp(μ) ⊂ C^N . Assume that the set K is determining for ∪P_n. If N = 1, this just means that K contains infinitely many points; for N > 1, K being nonpluripolar is sufficient (but not necessary). Then the standard basis monomials {e_α(z) := z^{α1}_1 · · · z^{αN}_N } are linearly independent in L^2(μ) and one can form the orthonormal polynomials {p_α(z, μ)}. For an introduction to this topic in C^N , we recommend Tom Bloom’s paper [Bl5] which concerns the relationship between the so-called n-th root asymptotic behavior of the orthonormal polynomials {p_α(z, μ)} and the “pluripotential theory” of the set K. This is presented in a systematic manner analogous to the one-variable study developed in the book of H. Stahl and V. Totik [ST]. See also [Bl8].

The pair (K, μ) is said to have the Bernstein-Markov property if for each ϵ > 0 there exists a positive constant M = M(ϵ) such that

‖p‖_K ≤ M(1 + ϵ)^{deg p}‖p‖_L2_{(μ)}

for all polynomials p = p(z). For an L-regular compact set K, such measures always exist; e.g., the Monge-Ampère measure μ_K = (dd^cV_K )^N (this is the Laplacian Δg_K if N = 1). One can even find such a measure μ which is rather “sparse” in the sense that there exists a countable subset E ⊂ K with μ(E) = μ(K). Returning to the setting of the Bernstein-Walsh theorem, given such a measure, best L^2(μ)-approximants to f ∈ C(K) have optimal behavior.

Proposition. Let K be a polynomially convex L-regular compact set in C^N and let μ be a measure supported on K such that (K, μ) satisfies the Bernstein-Markov property. If f ∈ C(K) satisfies lim sup_{n→∞} d_n(f, K)^{1/n} = ρ < 1, and if {p_n} is a sequence of best L^2(μ)-approximants to f, then lim sup_{n→∞} ‖f − p_n‖^{1/n}_K = ρ.

The proof follows trivially from the fact that if ρ < r < 1 and {q_n} are polynomials with ‖f − q_n‖_K ≤ Mr^n for some M (independent of n), then

‖f − p_n‖_L2_{(μ)} ≤ ‖q_n − f‖_L2_{(μ)} ≤ ‖q_n − f‖_K μ(K)^{1/2} ≤ Mr^nμ(K)^{1/2}.

For simplicity we take μ(K) = 1. Then we have ‖p_n − p_{n−1}‖_L2_{(μ)} ≤ Mr^n(1 + 1/r) which shows that p_o +

�_∞ n=1(p_n − p_{n−1}) converges to f in L^2(μ) and pointwise μ-a.e. to f on K. By the Bernstein-Markov property, for each ϵ < 1/r − 1 there exists M̃ > 0 with

‖p_n − p_{n−1}‖_K ≤ M̃(1 + ϵ)^n‖p_n − p_{n−1}‖_L2_{(μ)} ≤ M̃[(1 + ϵ)r]^nM(1 + 1/r)

showing that p_o +

�_∞ n=1(p_n − p_{n−1}) converges uniformly to a continuous function g on K (holomorphic on the interior of K). Since f and g are continuous and g = f μ-a.e. on K, g = f on K. Then

‖f − p_n‖_K = ‖ ∞� k=n+1

(p_k − p_{k−1})‖_K ≤ M̃[(1 + ϵ)r]^{n+1}M

(1 + 1/r) [1 − (1 + ϵ)r]

showing that lim sup_{n→∞} ‖f − p_n‖^{1/n}_K ≤ (1 + ϵ)r. Again, a similar result holds in the elliptic partial differential operator case if K ⊂ R^N .

10 Kergin interpolation

A more promising type of interpolation procedure has been successfully applied to many approximation problems by Tom Bloom and his collaborators. A natural extension of Lagrange interpolation to R^s, s > 1 was discovered by P. Kergin (a student of Bloom) in his thesis. Indeed, Kergin interpolation acting on ridge functions (a univariate function composed with a linear form) is Lagrange interpolation. The Kergin interpolation polynomials generalize to the case of C^m functions in R^N both the Lagrange interpolation polynomials and those of Hermite.

As brief motivation, given f ∈ C^m([0, 1]), say, and given m + 1 points t_0 < · · · < t_m ∈ [0, 1], if one constructs the Lagrange interpolating polynomial L_mf for f at these points, then there exist (at least) m − 1 points between pairs of successive t_j at which f^′ and (L_mf)^′ agree; then there exist (at least) m − 2 points between triples of successive t_j at which f^{′′} and (L_mf)^{′′} agree, etc. Given a set A = [A_0, A_1, . . . , A_m] ⊂ R^N of m + 1 points and f a function of class C^m on a neighborhood of the convex hull of these points, there exists a unique polynomial K_A(f) = K_A(f)(x_1, . . . , x_N ) of total degree m such that K_A(f)(A_j ) = f(A_j ), j = 0, 1, . . . , m, and such that for every integer r, 0 ≤ r ≤ m−1, every subset J of {0, 1, . . . , m} with cardinality equal to r+1, and every homogeneous differential operator Q of order r with constant coefficients, there exists ξ belonging to the convex hull of the (A_j ), j ∈ J, such that Qf(ξ) = QK_A(f)(ξ). In [Bl1], Bloom gives a proof of this result by using a formula due to Micchelli and Milman [MM] which gives an explicit expression for K_A(f). If f = u + iv is holomorphic in a convex region D in C^N , and if A = [A_0, A_1, . . . , A_m] ⊂ D ⊂ C^N = R^{2N} , then we can construct K_A(u) and K_A(v). It turns out (cf. [Bo2]) that K_A(u) + iK_A(v) is a holomorphic polynomial.

An alternate description, which we give in the holomorphic setting, is as follows (cf. [BC2]). Let D be a C-convex domain in C^N , i.e., the intersection of D with any complex line is connected and simply connected. Note that in R^N this is the same condition as convexity if we replace “complex line” by “real line.” For any set A = [A_0, . . . , A_d] of (not necessarily distinct) d + 1 points in D there exists a unique linear projector K_A : O(D) → P_d (recall that O(D) is the space of holomorphic functions on D and P_d is the space of polynomials of N complex variables of degree less than or equal to d) such that (i) K_A(f)(A_j ) = f(A_j ) for j = 0, · · · , d, (ii) K_A(g ∘ λ) = K_{λ(A)}(g) ∘ λ for every affine map λ : C^N → C and g ∈ O(λ(D)), where λ(A) = (λ(A_0), . . . , λ(A_d)), (iii) K_A is independent of the ordering of the points in A, and (iv) K_B ∘ K_A = K_B for every subsequence B of A.

The operator K_A is called the Kergin interpolating operator with respect to A.

Set K_d := K_{Ad} with A_d = [A_{d0}, . . . , A_{dd}] and A_{dj} in a compact subset K of D ⊂ C^N for every j = 0, . . . , d and d = 1, 2, 3, . . .. Under what conditions on the array {A_d}_{d=1,2,...} is it true that K_d(f) converges to f uniformly on K as d → ∞ for every function f holomorphic in some neighborhood of D̄? Bloom and Calvi [BC2] attacked this problem with the aid of an integral representation formula for the remainder f − K_d(f) proved by M. Andersson and M. Passare [AP]. Their solution reads as follows. Assume that the measures μ_d = (d + 1)^{−1}

�_d j=0 δ_{Adj} converge weak-* as d → ∞ to a measure μ. In one variable, the answer comes from potential theory: one considers the logarithmic potential

V_μ(u) := � K log |u − t|dμ(t)

and the required condition is that

{u ∈ C : V_μ(u) ≤ sup_K V_μ} ⊂ D.

For N > 1, given a linear form p : C^N → C, define μ^p = p_∗μ as the push-forward of μ to C via p, i.e., for f ∈ C_0(C),

μ^p(f) := � C fdμ^p = μ(f ∘ p) := � C^N

(f ∘ p)dμ. Set Ψ_μ(p, u) := μ^p(log |u − ·|) = � C log |u − ζ|dμ^p(ζ),

and let M_μ(p) be the maximum of u → Ψ_μ(p, u) on p(K). If D has C^2 boundary and {u ∈ C : Ψ_μ(p, u) ≤ M_μ(p)} ⊂ p(D) for every linear form p on C^N , then K_d(f) converges to f uniformly on K as d → ∞ for every function f holomorphic in some neighborhood of D̄.

We call an array {A_d}_{d=1,2,...} extremal for K if K_d(f) converges to f uniformly on K for each f holomorphic in a neighborhood of K. In the setting of subsets K of R^N , Bloom and Calvi proved the following striking result.

Theorem ([BC3]). Let K ⊂ R^N , N ≥ 2, be a compact, convex set with nonempty interior. Then K admits extremal arrays if and only if N = 2 and K is the region bounded by an ellipse.

For the Andersson-Passare remainder formula one needs an integral formula with

1. a holomorphic kernel; moreover, one with 2. a kernel that is the composition of a univariate function with an affine function.

Together with property (ii) of the Kergin interpolating operator, this allows a reduction of the multivariate problem to a univariate setting.

For a, b ∈ C^N , we write ⟨a, b⟩ :=

�_N

j=1 a_j b_j . Let D ⊂ C^N be a bounded domain with smooth boundary and fix N functions w_j (ζ), j = 1, . . . , N which are defined and smooth on ∂D and satisfy

⟨w(ζ), ζ − z⟩ = N� j=1 w_j (ζ)(ζ_j − z_j ) ≠ 0 (28)

for all z ∈ D and ζ ∈ ∂D. We give examples of such w_j below. Define

Ω(s, t) :=

(N − 1)! (2πi)^N N� j=1 (−1)^{j−1}t_j

⟨s, t⟩^N dt[j] ∧ ds.

Here dt[j] = dt_1 ∧ · · · ∧ d̂t_j ∧ · · · ∧ dt_N (omit dt_j ) and ds = ds_1 ∧ · · · ∧ ds_N . Note that for fixed z, Ω(ζ − z, ζ̄ − z̄) is simply the Bochner-Martinelli kernel

ω_{BM} (ζ − z) :=

(N − 1)! (2πi)^N N� j=1 (−1)^{j−1}(ζ̄_j − z̄_j )

|ζ − z|^{2N} dζ̄[j] ∧ dζ

which is used in the Bochner-Martinelli formula (24) from section 7. If f ∈ O(D) ∩ C(D̄), we have the following generalization of (24):

f(z) = � ∂D f(ζ)Ω(ζ − z, w(ζ))

= (N − 1)! (2πi)^N � ∂D f(ζ) [ �_N j=1 w_j (ζ) · (ζ_j − z_j )]^N · N� j=1 (−1)^{j−1}w_j (ζ)dw[j] ∧ dζ (29)

for z ∈ D. Note here dw[j] = dw_1 ∧ · · · ∧ d̂w_j ∧ · · · ∧ dw_N ; thus it is the (0, 1)−piece of each 1−form dw_j = dw_j (ζ) that is important. This is known as a Cauchy-Fantappiè-Leray (CFL) formula. Weinstock’s proof of Theorem (PSW) in section 8 hinged on a judicious choice of the w_j ’s. The Henkin, Kerzman and Lieb results mentioned in section 7 also utilize CFL-type kernels.

Let D = {ζ ∈ C^N : ρ(ζ) < 0} where ρ ∈ C^1(D̄) with dρ ≠ 0 on ∂D. Suppose that at each point ζ ∈ ∂D the complex tangent plane T^C_p (∂D) lies outside of D, i.e., N� j=1 ∂ρ ∂ζ_j

(ζ) · (ζ_j − z_j ) ≠ 0

for ζ ∈ ∂D and z ∈ D. Such a domain is called lineally convex; convex domains are special examples. In the smoothly bounded category, lineally convex domains are the same as C−convex domains (cf. [APS], Chapter 2). The functions

w_j (ζ) = ∂ρ ∂ζ_j (ζ) satisfy (28) and we obtain the following special case of the CFL formula (29):

f(z) =

(N − 1)! (2πi)^N � ∂D f(ζ) [ �_N j=1 ∂ρ ∂ζ_j (ζ) · (ζj − zj )] N · N� j=1 ∂ρ ∂ζ_j

(ζ)dζ̄[j] ∧ dζ. (30)

(see [Sha], chapter III for details). For example, if D is the unit ball and ρ(ζ) =

�_N j=1 ζ_jζ̄_j − 1, we have w_j (ζ) = ζ̄ and we get

f(z) =

(N − 1)! (2πi)^N � ∂D f(ζ) [1 −

�_N j=1 ζ̄_j z_j ]N · N� j=1 ζ̄_j dζ̄[j] ∧ dζ.

Let’s write ρ^′(ζ) := (^{∂ρ}_{∂ζ1} , . . . ,^{∂ρ}_{∂ζN} ). The Andersson-Passare remainder formula reads as follows.

Theorem ([AP]). Let D = {z ∈ C^N : ρ(z) < 0} be a C−convex domain with C^2-boundary and let f ∈ O(D) ∩ C(D̄). Let p_0, . . . , p_d be d + 1 points in D. Then

(f − K_df)(z) = 1 (2πi)^N � ∂D � |α|+β=N−1

�^d� j=0 ⟨ρ^′(ζ), z − p_j ⟩ ⟨ρ^′(ζ), ζ − p_j ⟩ �

× f(ζ)∂ρ(ζ) ∧ ( ¯∂∂ρ(ζ))^{N−1} [ �_d j=0⟨ρ^′(ζ), ζ − p_j ⟩^{αj} ]⟨ρ^′(ζ), ζ − z⟩^{β+1}

(31)

for z ∈ D where α = (α_0, . . . , α_d) is a multiindex and β is a nonnegative integer. Here, ¯∂∂ρ is a (1, 1)-form and

( ¯∂∂ρ)^{N−1} = ¯∂∂ρ ∧ · · · ∧ ¯∂∂ρ (N − 1 times).

Thus ∂ρ(ζ) ∧ ( ¯∂∂ρ(ζ))^{N−1} is an (N, N − 1)-form. Equation (31) follows from (30) in a manner analogous to that of obtaining the Hermite Remainder Formula (26) from the Cauchy Integral Formula and an explicit formula for the remainder between the Cauchy kernel and its Lagrange interpolant, formula (27). One explicitly computes the Kergin interpolant of � � N� j=1 ∂ρ ∂ζ_j

(ζ) · (ζ_j − z_j )^N � � −1 ,

the portion of the CFL kernel depending on the z-variables, using the fact that this is the composition of a univariate function with an affine function on C^N .

Bloom and Calvi [BC1] also considered what happens to multivariate Lagrange (or Hermite) interpolants L_df to a given function f of some minimal smoothness fixing the degree d and letting the interpolation points coalesce. They give both a geometric condition and an algebraic condition sufficient for the interpolants to converge to the Taylor polynomial of the function at the point of coalescence. The proof makes an interesting use of Kergin interpolation.

There has been lots of work done in the holomorphic category; for results on Kergin interpolation of entire functions, see [Bl2] and [Bl4]. We finish this section with an interesting “real” result.

The nature and definition of Kergin interpolants requires C^n smoothness of a real-valued function f in order to construct an interpolant to f associated with n + 1 points. Bos and Waldron [BW] have observed that for n + 1 points in R^N in general position, the Kergin polynomial interpolant of C^n functions may be extended to an interpolant on all functions of class C^{N−1}. In particular, in R^2 one can construct Kergin interpolants of all degrees, provided points are in general position, for any C^1 function. Using (n + 1)-st “roots of unity” A_n on the unit circle in R^2, Bos and Calvi [BC] proved that for any f ∈ C^2(U), where U is a neighborhood of the closed unit disk K in R^2, lim_{d→∞} ‖f − K_{An} (f)‖_K = 0. This is a natural generalization of the analogous fact for C^1-functions on the interval using Lagrange interpolants at the Chebyshev nodes.

11 Rational approximation in C^N

Suppose f is holomorphic in a neighborhood of the origin in C^N . We say that a sequence r_1, r_2, . . . of rational functions (with the degree of r_k not greater than k) rapidly approximates f if the kth root of |f − r_k| converges to zero in measure. Let R^0 be the class of all f that admit a rapid approximation near the origin. If N = 1 Sadullaev [Sa2] characterized the class R^0 in terms of Taylor coefficients.

Theorem (R^0). Let f(z) =

�_∞ k=0 a_kz^k be holomorphic in a neighborhood of the closed unit disk in C. Define A_{j1,...,jk} := | det[a_{jn+m}]_{n=1,...,k; m=0,...,k−1}|

and V_k := sup_{j1,...,jk} A_{j1,...,jk} . Then f ∈ R^0 if and only if lim_{k→∞} V^{1/k2}_k = 0.

Sadullaev used this condition to show that a holomorphic function f in a neighborhood of the origin in C^N for N > 1 is rapidly approximable if and only if its restriction to every complex line L through the origin is rapidly approximable. The idea of the only if direction is very simple and utilizes Hartogs series, which we used back in section 3. Via a preliminary complex-linear transformation, we may assume f ∈ R^0(C^N ) is holomorphic in a neighborhood of the unit polydisk and that L = {(z^′, z_N ) := (z_1, . . . , z_{N−1}, z_N ) : z^′ = 0}. We want to show that g(z_N ) := f(0, . . . , 0, z_N ) is in R^0(L). We expand f in a Hartogs series

f(z) = ∞� j=0 a_j (z^′)z^j_N .

We get a sequence of functions V_k(z^′) defined in the closed polydisk

Ū^′ := {z^′ := (z_1, . . . , z_{N−1}) : |z_j | ≤ 1}

in C^{N−1}. Since each V_k is the supremum of the moduli of holomorphic functions in U^′, each function

u_k(z^′) := 1 k^2 log V_k(z^′)

is psh in U^′. Since f is holomorphic in a neighborhood of the unit polydisk in C^N the coefficients a_j are uniformly bounded on Ū^′; i.e., |a_j (z^′)| ≤ C for z ∈ Ū^′ for each j = 0, 1, . . .. Hence the sequence {u_k} of psh functions is uniformly bounded above on Ū^′.

The key step is to show that

lim_{k→∞} � U^′

u_k(z^′)dA(z^′) = −∞.

To be brief, this is achieved using the fact that f ∈ R^0(C^N ) together with estimates on the size of certain sets involving a notion of a Chebyshev constant T (K) associated to a compact set K. This Chebyshev constant will be defined in section 13. Since u_k is psh in U^′, it is R^{2N−2}-subharmonic; by the subaveraging property and the fact that {u_k} is uniformly bounded above on Ū^′,

u_k(0) ≤ 1 A(U^′) � U^′

u_k(z^′)dA(z^′) → −∞ as k → ∞.

This shows that lim_{k→∞} V_k(0)^{1/k2} = 0; thus by Theorem (R^0), g(z_N ) = f(0, . . . , 0, z_N ) ∈ R^0(L).

Gonchar [G1] showed that if f is rapidly approximable then the maximal region to which f continues analytically is single-sheeted and the rapid approximation persists in this region. Taking this a step further, Sadullaev [Sa2] showed that every holomorphic function on a domain D is rapidly approximable if and only if the complement of the envelope of holomorphy of D is a pluripolar set. In this setting, the envelope of holomorphy D̃ of D is the smallest domain of holomorphy containing D. In particular, all g ∈ O(D) extend holomorphically to D̃.

We remark that Bloom proved that rapid convergence in measure of a sequence {r_n} of rational functions to a holomorphic function f on an open set Ω ⊂ C^N implies rapid convergence in relative capacity (this will also be defined in section 13) on the natural domain of definition of f. This has the consequence that for a meromorphic function f on C^N which is holomorphic on a neighborhood of the origin the Gonchar-Padé approximants {π_n(z, f, λ)} converge rapidly in capacity to f. We refer the reader to [Bl7] for definitions and details.

In [C1], Chirka proved a “meromorphic” version of the Bernstein-Walsh theorem. We first describe the one-variable result. For an open set D ⊂ C and a nonnegative integer m, let M_m(D) denote the class of meromorphic functions in D which have at most m poles (counted with multiplicities). Recall for a compact set K in C^N , N ≥ 1, and R > 1, we write D_R := {z ∈ C^N : V_K (z) < log R}. For f ∈ C(K) and nonnegative integers m and n, let

r_{m,n} = r_{m,n}(f, K) := inf{‖f − p/q‖_K : p ∈ P_n, q ∈ P_m}.

The following result is due to Gonchar [G2]; a special case was proved earlier by Saff [S].

Theorem (RBW1). Let K ⊂ C be a regular compact set and let R > 1. Given a continuous function f : K → C and a fixed integer m ≥ 0, the following conditions are equivalent: (i) lim sup_{n→∞}(r_{m,n})^{1/n} ≤ 1/R;

(ii) there exists a function F ∈ M_m(D_R) with F |_K = f.

If N > 1, the definitions of M_m(D) and the approximation numbers r_{m,n}(f, K) need to be modified. We define M_m(D) to be the class of all functions in D of the form h/q_m where h ∈ O(D) and q_m ∈ P_m.

Theorem (RBWN). Let K ⊂ C^N be compact and L−regular and let R > 1. Given a continuous function f : K → C and a fixed integer m ≥ 0, for n ≥ 1 let

r^∗_{m,n} = r^∗_{m,n}(f, K) := inf{‖qf − p‖_K : p ∈ P_n, q ∈ P_m, ‖q‖_K = 1}.

The following conditions are equivalent: (i) lim sup_{n→∞}(r^∗_{m,n})^{1/n} ≤ 1/R;

(ii) there exists a function F ∈ M_m(D_R) with F |_K = f.

The proof of (ii) implies (i) is immediate from the standard Bernstein-Walsh theorem, Theorem (BWN) in section 5. Let f = h/g_m ∈ M_m(D_R). Since h = fg_m ∈ O_m(D_R), by Theorem (BWN) there exists a sequence {p_n} of polynomials, p_n ∈ P_n, with

lim sup n→∞ ‖fg_m − p_n‖^{1/n}_K ≤ 1/R

which gives (i). The other implication is much deeper. Much in the spirit of Sadullaev’s proof of Theorem (R^0), Chirka needs SCV-type capacity estimates as well as univariate arguments and techniques to achieve his goal.

Chirka constructs some interesting examples in [C1] to explain the difference between Theorems (RBW1) and (RBWN). The first example utilizes the Hartogs triangle from section 7. Precisely, let K := D̄ = {(z, w) ∈ C^2 : |z| ≤ |w| ≤ 1}

be the closure of the Hartogs triangle D = {(z, w) ∈ C^2 : 0 < |z| < |w| < 1}. The polynomial hull K̂ is the closed unit bidisk:

K̂ = Δ̄ × Δ̄ = {(z, w) ∈ C^2 : |z| ≤ 1, |w| ≤ 1}

since K ⊂ Δ̄ × Δ̄; K contains the torus T^2 = ∂Δ × ∂Δ; and the polynomial hull of the torus T^2 is clearly the closed bidisk Δ̄ × Δ̄. Thus the L−extremal function V_K coincides with that of the bidisk:

V_K (z, w) = max[log^+ |z|, log^+ |w|]

so that the sublevel sets D_R are larger bidisks. In particular, the set K is L−regular so that we may apply Theorem (RBWN) to the function f(z, w) := z^2/w (recall that f ∈ O(D) ∩ C(K)). By its very definition, f ∈ M_1(D_R) for all R > 1 so that

lim sup n→∞ (r^∗_{1,n})^{1/n} ≤ 1/R

for all R > 1 and hence (r^∗_{1,n})^{1/n} → 0. However, we cannot even uniformly approximate f on K by a rational function p/q with q ≠ 0 on K, for p/q ∈ O(D̄) and, as we saw in section 7, f is not uniformly approximable by functions in O(D̄). Thus for each m the sequence {r_{m,n}} does not tend to zero.

In this example, the set K is not polynomially convex. However, Chirka constructs another example in which the set K is a small ball {z ∈ C^N : |z| ≤ δ} (and hence K̂ = K). He constructs a function f = h/g_m ∈ M_m(D_R) for certain m > 1 and R > 1 with the property that there does not exist a sequence {p_n/q_m} with p_n ∈ P_n and q_m ∈ P_m so that

lim sup n→∞ ‖f − p_n/q_m‖^{1/n}_K ≤ 1/R.

The problem is that the “pole-set” of f in this example cannot be written in the form {z ∈ D_R : q(z) = 0} for a polynomial q (in this sense, the “pole-set” is “nonalgebraic”). On the other hand, since h = fg_m ∈ O_m(D_R), we do have lim sup_{n→∞}(r^∗_{m,n})^{1/n} ≤ 1/R.

In [C2] Chirka utilized Jacobi series to prove holomorphic extension results. As a sample, let g = p/q be a rational function in C. Let G_r be a connected component of the set {z : |g(z)| ≤ r} (G_r is a rational lemniscate). If f is holomorphic in a neighborhood of Ḡ_r then

F (z, w) := 1 2πi � ∂G_r

f(ζ) g(ζ) − w · g(ζ) − g(z) ζ − z dζ is a holomorphic function on G_r × {|w| < r} which satisfies F (z, g(z)) = f(z) (from the Cauchy integral formula). Thus we can expand F in a Taylor series in w and set w = g(z) to obtain a Jacobi series for f:

f(z) := ∞� k=0 C_k(z)[g(z)]^k

where C_k(z) = 1 2πi � ∂G_r

f(ζ) · g(ζ) − g(z) [g(ζ)]^{k+1}(ζ − z) dζ are rational functions with poles at the poles of g(z). The following result is proved in [C2].

Theorem. Let f be holomorphic in the polydisk U^′ × {|z_N | < r} where U^′ is a polydisk in C^{N−1}. Suppose for each fixed point p ∈ E ⊂ U^′, where E is nonpluripolar in C^{N−1}, f(p, ·) extends to a function holomorphic in C = C_{zN} except perhaps for a finite number of singularities. Then f extends holomorphically to (U^′ × C) \ A where A is an analytic variety.

Far-reaching generalizations of these “extension” results exist throughout the literature. For a start, consult [Iv].

12 Markov inequalities

The classical Bernstein-Markov inequalities say that for p : R → R a real polynomial such that ‖p‖_{[−1,1]} = sup_{x∈[−1,1]} |p(x)| ≤ 1, � � � p^′(x) � 1 − p^2(x) � � � ≤ (deg p) 1 √ 1 − x^2

, x ∈ (−1, 1);

and, for a uniform estimate, ‖p^′‖_{[−1,1]} ≤ (deg p)^2‖p‖_{[−1,1]}.

Equivalently, for a trigonometric polynomial t = t(θ) on the unit circle T ,

sup_θ |t^′(θ)| ≤ (deg t) sup_θ |t(θ)|. (32)

These estimates are useful in inverse theorems in univariate approximation theory. More generally, let K be a compact set in C^N . We say that K satisfies a Markov inequality with exponent r if there exist constants r ≥ 1 and M > 0 depending only on K such that ‖ ∂p ∂z_j

‖_K ≤ M(deg p)^r‖p‖_K , j = 1, . . . , N

for all polynomials p. Convex sets in R^N ⊂ C^N satisfy a Markov inequality with r = 2 (cf. [BP]) while a closed Euclidean ball in C^N satisfies a Markov inequality with exponent r = 1. This last statement follows from the fact that (recall section 5) V_K (z) = max[0, log |z − a|/R] if K = {z : |z − a| ≤ R} so that V_K = V^∗_K is Lipschitz, together with the following observation:

Proposition. Let K ⊂ C^N satisfy a Hölder continuity property (HCP):

exp[V_K (z)] ≤ 1 + Mδ^m if dist(z, K) ≤ δ ≤ 1

where m, M > 0 are independent of δ > 0. Then K satisfies a Markov inequality with exponent r = 1/m.

Proof. Fix a polynomial p of degree n, say, and let ‖^{∂p}_{∂zj} ‖_K = |^{∂p}_{∂zj} (a)|. Applying Cauchy’s inequalities on a polydisk P centered at a ∈ K of (poly-)radius R > 0 (recall the Cauchy integral formula (3)), we have ‖ ∂p ∂z_j

‖_K ≤ ‖p‖_P /R.

From the Bernstein-Walsh inequality (19) we have

‖p‖_P ≤ ‖p‖_K exp[n sup_P V_K ] ≤ ‖p‖_K (1 + MR^m)^n.

Thus ‖ ∂p ∂z_j

‖_K ≤ ‖p‖_K

(1 + MR^m)^n R . Choosing R = 1/n^{1/m} gives the result.

To this date, there are no known examples of compact sets in C^N which satisfy a Markov inequality but which do not satisfy (HCP).

One of the most beautiful applications of multivariate Markov inequalities is due to Plesniak [Pl1]. Recall that a C^∞ function on a compact set E ⊂ R^N is a function f : E → R such that there exists f̃ ∈ C^∞(R^N ) with f̃|_E = f. We write f ∈ C^∞(E). We say that E is C^∞-determining if g ∈ C^∞(R^N ) with g|_E = 0 implies D^αg|_E = 0 for all multiindices α. Plesniak [Pl1] has shown the following.

Theorem ([Pl1]). Let E ⊂ R^N be C^∞-determining. Then E satisfies a Markov inequality if and only if there is a continuous linear extension operator

L : (C^∞(E), τ_1) → (C^∞(R^N ), τ_0)

such that L(f)|_E = f for each f ∈ C^∞(E).

Here τ_0 is the standard Fréchet space topology on C^∞(R^N ) generated by the seminorms {‖f̃‖^d_K := max_{|α|≤d} ‖D^αf̃‖_K } where K ranges over compact subsets of R^N and d = 0, 1, . . .; and τ_1 is the quotient topology on C^∞(R^N )/I(E) where I(E) := {f ∈ C^∞(R^N ) : f|_E = 0}. This is proved in [Pl1] using Lagrange interpolation operators corresponding to Fekete points (see section 9): the operator L is of the form

L(f) := u_1L_1(f) + ∞� d=1 u_d(L_{d+1}(f) − L_d(f))

where u_d are standard cut-off functions and L_d(f) is the Lagrange interpolating polynomial of f at a set of d-Fekete points of E.

There is an extensive literature on Markov inequalities. Baran and Plesniak and their students have produced many of the results related to multivariate approximation; cf. [Ba1], [Ba2], [Ba3], [Ba4]; and see [Pl2] for a nice survey article. Markov inequalities have been used to construct natural pseudodistances on compact subsets of R^N (see [BLW]). As a final application, observe that (32) can be interpreted in the following manner: setting x = cos θ and y = sin θ, for any bivariate polynomial p(x, y) on R^2, the unit tangential derivative D_τ p(x, y) on the unit circle T ⊂ R^2 satisfies

|D_τ p(x, y)|_T ≤ (deg p)‖p‖_T , (x, y) ∈ T.

Of course no estimate on normal derivatives is possible as there exist nonzero polynomials (e.g., p(x, y) = x^2 + y^2 − 1) which vanish on T . Note that T is an algebraic submanifold of R^2. Using a deep result of Sadullaev [Sa3] on the L-extremal function of compact subsets of algebraic sets in C^N , the following characterization of algebraicity is known:

Theorem ([BLMT]). Let K be a smooth, m-dimensional submanifold of R^N without boundary where 1 ≤ m ≤ N − 1. Then K is algebraic if and only if K satisfies a tangential Markov inequality with exponent one: there exists a positive constant M depending only on K such that for all polynomials p and all unit tangential derivatives D_τ ,

|D_τ p(x_1, . . . , x_N )| ≤ M(deg p)‖p‖_K , (x_1, . . . , x_N ) ∈ K.

Note that the finite-dimensionality of the vector space of polynomials of degree at most n implies that there is a constant C_n depending on n and K with

|D_τ p(x_1, . . . , x_N )| ≤ C_n‖p‖_K , (x_1, . . . , x_N ) ∈ K

for all such polynomials p. The content of the above theorem is that one can take C_n = Mn where M depends only on K. Indeed, a stronger version of the “if” implication is known: if K satisfies a tangential Markov inequality

|D_τ p(x_1, . . . , x_N )| ≤ M(deg p)^r‖p‖_K , (x_1, . . . , x_N ) ∈ K

with exponent r < (m + 1)/m, then K is algebraic. We refer the reader to [BLMT] for details.

13 Appendix on pluripolar sets and extremal psh functions

In CCV, polar sets play an essential role. A subset E ⊂ C is polar if there exists a subharmonic function u defined in a neighborhood of E with E ⊂ {z : u(z) = −∞}; whereas a subset E ⊂ C^N is pluripolar if there exists a plurisubharmonic function u defined in a neighborhood of E with E ⊂ {z : u(z) = −∞}. The neighborhood may be taken to be all of C^N . Apriori, there is a local notion in each case: E is locally (pluri-)polar if for each point z ∈ E there exists an open neighborhood U of z and a (pluri-)subharmonic function u in U such that

E ∩ U ⊂ {z ∈ U : u(z) = −∞}.

It is easy if N = 1 and much harder if N > 1 to verify that the local notions are equivalent to the global ones. For N > 1 this was first proved by Josefson [J]. We remark that since the notion of psh function makes sense on a complex manifold M (see section 3), the notion of a locally pluripolar set in M can be defined.

1. Nonpluripolar sets can be small: Take a non-polar Cantor set E ⊂ R ⊂ C of Hausdorff dimension 0 (for the idea behind the construction of such sets, see [Ra] section 5.3). Then E×· · ·×E is nonpluripolar in C^N (in general, E_1 ×· · ·×E_j ⊂ C^{m1} ×· · ·×C^{mj} is nonpluripolar in C^{m1+···+mj} if and only if E_k ⊂ C^{mk} is nonpluripolar in C^{mk} for k = 1, . . . , j) and has Hausdorff dimension 0.

2. Pluripolar sets can be big: A complex hypersurface S = {z : f(z) = 0} associated to a holomorphic function f is a pluripolar set (take u = log |f|) which has Hausdorff dimension 2N − 2. Recall that a psh function is, in particular, subharmonic in the R^{2N} sense; hence a pluripolar set is Newtonian polar and thus the Hausdorff dimension of a pluripolar set cannot exceed 2N − 2 (cf. [Ca], section IV).

3. Size doesn’t matter: In C^2, the totally real plane R^2 = {(z_1, z_2) : ℑz_1 = ℑz_2 = 0} is nonpluripolar (why?) but the complex plane C = {(z_1, 0) : z_1 ∈ C} is pluripolar (take u = log |z_1|). Also, there exist C^∞ arcs in C^N which are not pluripolar (cf. [DF]); while such a real-analytic arc must be pluripolar (why?).

One can easily construct examples of nonpluripolar sets E ⊂ C^N which intersect every affine complex line in finitely many points (hence these intersections are polar in these lines). Indeed, take E := {(z_1, z_2) ∈ C^2 : ℑ(z_1 + z^2 ) = ℜ(z_1 + z_2 + z^2 ) = 0}.

Then for any complex line L := {(z_1, z_2) : a_1z_1 + a_2z_2 = b}, a_1, a_2, b ∈ C, E ∩ L is the intersection of two real quadrics and hence consists of at most four points. However, E is a totally real, two- (real)-dimensional submanifold of C^2 and hence – as is the case with R^2 = R^2 + i0 ⊂ C^2 in 3. – is not pluripolar. Thus pluripolarity cannot be detected by “slicing” with complex lines. In this example, E intersects the one-(complex)-dimensional analytic variety A := {(z_1, z_2) : z_1 + z^2 = 0} in a nonpolar set. Nevertheless, one can construct a nonpluripolar set E in C^N , N > 1, which intersects every one-dimensional complex analytic subvariety in a polar set [CLP].

In certain instances, however, slicing can detect pluripolarity. We define a set E ⊂ C^N to be pseudoconcave if for each point p ∈ E there is a neighborhood U of p such that U \ E is open and pseudoconvex in C^N (see section 3). Canonical examples are zero sets of a holomorphic function, or, more generally, zero sets of multiple-valued holomorphic functions; e.g., {(z_1, z_2) ∈ C^2 : z^2 = z_1} is pseudoconcave. This notion is related to the work in section 11 with the class R^0. Sadullaev [Sa1] has shown the remarkable result that if E is a closed, pseudoconcave set in C^N \ {0}, then E is pluripolar if and only if E ∩ L is polar in L for each complex line L passing through 0. Moreover, for this class of pseudoconcave sets, pluripolarity is equivalent to R^{2N} -(Newtonian) polarity!

There are several distinct notions of capacities in SCV. Given a compact set K ⊂ C, we recall the definition of the extremal psh function V^∗_K (z), the usc regularization of

V_K (z) := max � 0, sup_p � 1 deg p log |p(z)| � . The Siciak or Robin capacity of K is the number

c(K) := exp � − lim sup

|z|→∞

[V^∗_K (z) − log |z|] � . Unlike in CCV, the limit (usually) does not exist. Indeed, the Robin function ρ_K := ρ_V ∗_K (see section 5) associated to V^∗_K provides information on the asymptotic behavior of this function on complex lines through the origin.

The quantity c(K) coincides with a Chebyshev constant T̃ (K) := lim_{n→∞} M̃_n(K)^{1/n} where

M̃_n(K) := inf{‖p_n‖_K : p_n = p̂_n + lower degree terms , ‖p̂_n‖_{B̄} ≥ 1}

([Sa4], section 10). Here B̄ is the closed unit (Euclidean) ball. Other normalizations may be used to define other Chebyshev constants. For example, defining

M_n(K) := inf{‖p_n‖_K : ‖p_n‖¯_B ≥ 1},

the Chebyshev constant T (K) := lim_{n→∞} M_n(K)^{1/n} coincides with exp � − sup_{z∈B} V^∗_K (z) � . Although the numbers T (K) and T̃ (K) are, in general, different, they are comparable; i.e. for all compact sets K, T (K) is bounded above and below by a constant multiple of T̃ (K). Note that the subsets of P_n used to define M_n(K) and M̃_n(K) are not multiplicative classes (as in the case of univariate monic polynomials); thus an (elementary) argument is needed to verify the existence of the limits T (K) and T̃ (K).

Next we give the definition of the transfinite diameter d(K). Details may be found in Zaharjuta’s paper [Z1]. Let e_1(z), . . . , e_j (z), . . . be a listing of the monomials {e_i(z) = z^{α(i)} = z^{α1}_1 · · · z^{αN}_N } in C^N indexed using a lexicographic ordering on the multiindices α(i) ∈ N^N , but with deg e_i = |α(i)| nondecreasing. For ζ_1, . . . , ζ_n ∈ C^N , let

V DM(ζ_1, . . . , ζ_n) = | det[e_i(ζ_j )]_{i,j=1,...,n}|

and for a compact subset K ⊂ C^N let

V_n = V_n(K) := max_{ζ1,...,ζn∈K} V DM(ζ_1, . . . , ζ_n).

Define h_d = #{i : deg e_i ≤ d} and l_d =

�_{hd}

i=1(deg e_i). Then

d(K) := lim sup_{d→∞} V^{1/ld}_{hd} (33)

is the transfinite diameter of K.

If N = 1, it is well-known and trivial that the sequence {V^{1/ld}_{hd} } is monotone decreasing and hence has a limit; moreover, in this case, d(K) coincides with the logarithmic capacity of K and the Chebyshev constant of K defined back in section 5. Zaharjuta [Z1] proved the highly nontrivial result that the limit in (33) exists in the case when N > 1. In this setting the numbers c(K), T (K) and d(K) are not generally equal; however it is the case that for K ⊂ C^N compact, K is pluripolar if and only if c(K) = T (K) = d(K) = 0 (see [LT]).

There are several extremal psh functions in SCV. Recall the relative extremal function introduced at the end of section 6: for E a subset of D, define

ω(z, E, D) := sup{u(z) : u psh in D, u ≤ 0 in D, u|_E ≤ −1}.

The usc regularization ω^∗(z, E, D) is called the relative extremal function of E relative to D.

Proposition (ω). Either ω^∗ ≡ 0 in D or else ω^∗ is a nonconstant psh function in D. We have ω^∗ ≡ 0 if and only if E is pluripolar.

Proof. If ω^∗(z^0) = 0 at some point z^0 ∈ D, then ω^∗ ≡ 0 in D by the maximum principle. Hence we can find a sequence z^j → z^0, z^j ∈ D, with ω(z^j , E, D) → 0. By subaveraging,

ω(z^j , E, D) ≤ 1 vol(B(z^j , r)) � B(z^j ,r)

ω(z, E, D)dA(z)

for r sufficiently small so that B(z^j , r) ⊂ D. We conclude that ω(z, E, D) = 0 a.e. in a neighborhood of z^0. Fix a point z^′ with ω(z^′, E, D) = 0 and take a sequence of psh functions u_j in D with u_j ≤ 0 in D, u_j |_E ≤ −1, and u_j (z^′) ≥ −1/2^j . Then u(z) := � u_j (z) is psh in D (the partial sums form a decreasing sequence of psh functions) with u(z^′) ≥ −1 (so u ≢ −∞) and u|_E = −∞; thus E is pluripolar.

Conversely, if E is pluripolar, there exists u psh in D with u|_E = −∞; since D is bounded we may assume u ≤ 0 in D. Then ϵu ≤ ω(z, E, D) in D for all ϵ > 0 which implies that ω(z, E, D) = 0 at all points z ∈ D where u(z) ≠ −∞. Since pluripolar sets have measure zero (why?), ω(z, E, D) = 0 a.e. in D and hence ω^∗(z, E, D) ≡ 0 in D.

Using Proposition (ω), Bedford and Taylor [BT2] gave a simple proof of Josefson’s result that locally pluripolar sets are globally pluripolar. Similar to this proposition, one can show that for a bounded set E ⊂ C^N , V^∗_E ≡ +∞ if and only if E is pluripolar. As mentioned in section 1, a nice introduction to pluripotential theory is the book of Klimek [K]. There is also a developing theory of weighted pluripotential theory. We refer the reader to the book of Saff-Totik [SaT] for an introduction to one-variable weighted potential theory in C. An introduction to the SCV setting can be found in the appendix of [SaT] written by Tom Bloom (see also [BlL3]).

We remark that the quantity

C(E, D) := sup{ � E (dd^cu)^N : u psh in D, 0 ≤ u ≤ 1 in D}

is called the relative capacity of E relative to D. The precise definition of this complex Monge- Ampère operator (dd^cu)^N will be given in the next section. Alexander and Taylor [AT] proved the following comparison between the relative capacity C(K, D) and the Chebyshev constant T (K) for a compact set K:

Theorem ([AT]). Let K be a compact subset of the unit ball B ⊂ C^N . We have exp � −A/C(K, B) � ≤ T (K) ≤ exp � −(c_N /C(K, B))^{1/N} � where the right-hand inequality holds for all K ⊂ B and the left-hand inequality holds for all K ⊂ B(0, r) := {z : |z| < r} where r < 1 and A = A(r) is a constant depending only on r.

Here, c_N is a dimensional constant. As a corollary, Alexander and Taylor construct normalized polynomials that are small where a given holomorphic function is small; or, more generally, where a psh function is very negative:

Proposition ([AT]). Let u be a negative psh function in the unit ball B with u(0) ≥ −1. For r < 1 and A > 1, let K be a compact subset of

{z ∈ C^N : |z| ≤ r, u(z) < −A}.

Then there exists a sequence {p_d} of polynomials with degp_d ≤ d and ‖p_d‖_B = 1 such that

‖p_d‖_K ≤ exp � −C(A)^{1/N} d � where C depends only on r and N.

The proposition is proved in a much more complicated manner in [J]; there, Padé-type approximants are constructed. This is the key ingredient in the original proof of Josefson’s theorem that locally pluripolar sets are globally pluripolar.

14 Appendix on complex Monge-Ampère operator For simplicity, we work in C^2 with variables (z, w). We use the notation d = ∂ + ¯∂ and d^c = i( ¯∂ −∂) where, for a C^1 function u,

∂u := ∂u ∂z dz + ∂u ∂w dw, ¯∂u := ∂u ∂z̄ dz̄ + ∂u ∂w̄ dw̄ (recall section 7) so that dd^c = 2i∂ ¯∂. For a C^2 function u,

(dd^cu)^2 = 16

� ∂^2u ∂z∂z̄

∂^2u ∂w∂w̄ − ∂^2u ∂z∂w̄

∂^2u ∂w∂z̄ � i 2 dz ∧ dz̄ ∧ i 2 dw ∧ dw̄

is, up to a positive constant, the determinant of the complex Hessian of u times the volume form on C^2. Thus if u is also psh, (dd^cu)^2 is a positive measure which is absolutely continuous with respect to Lebesgue measure. If u is psh in an open set D and locally bounded there, then (dd^cu)^2 is a positive measure in D (cf. [BT1]).

To see this, we first recall that a psh function u in D is an usc function u in D which is subharmonic on components of D ∩ L for complex affine lines L. In particular, u is a locally integrable function in D such that

dd^cu = 2i

� ∂^2u ∂z∂z̄ dz ∧ dz̄ +

∂^2u ∂w∂w̄ dw ∧ dw̄ +

∂^2u ∂z∂w̄ dz ∧ dw̄ +

∂^2u ∂z̄∂w dz̄ ∧ dw � is a positive (1, 1) current (dual to (1, 1) forms); i.e., a (1, 1) form with distribution coefficients. The derivatives are to be interpreted in the distribution sense and are actually measures; i.e., they act on compactly supported continuous functions. Here, a (1, 1) current T on a domain D in C^2 is positive if T applied to iβ ∧ β̄ is a positive distribution for all (1, 0) forms β = adz + bdw with a, b ∈ C^∞_0 (D) (smooth functions having compact support in D). Writing the action of a current T on a form ψ as ⟨T, ψ⟩, this means that

⟨T, ϕ(iβ ∧ β̄)⟩ ≥ 0 for all ϕ ∈ C^∞_0 (D) with ϕ ≥ 0.

For a discussion of currents and the general definition of positivity, we refer the reader to Klimek [K], section 3.3.

Following [BT1], we now define (dd^cv)^2 for a psh v in D if v ∈ L^∞_{loc}(D) using the fact that dd^cv is a positive (1, 1) current with measure coefficients. First note that if v were of class C^2, given ϕ ∈ C^∞_0 (D), we have � D ϕ(dd^cv)^2 = − � D dϕ ∧ d^cv ∧ dd^cv

= (exercise!) − � D dv ∧ d^cϕ ∧ dd^cv = � D vdd^cϕ ∧ dd^cv since all boundary integrals vanish. The applications of Stokes’ theorem are justified if v is smooth; for arbitrary psh v in D with v ∈ L^∞_{loc}(D), these formal calculations serve as motivation to define (dd^cv)^2 as a positive measure (precisely, a positive current of bidegree (2, 2) and hence a positive measure) via

⟨(dd^cv)^2, ϕ⟩ := � D vdd^cϕ ∧ dd^cv.

This defines (dd^cv)^2 as a (2, 2) current (acting on (0, 0) forms; i.e., test functions) since vdd^cv has measure coefficients. We refer the reader to [BT1] or [K] (p. 113) for the verification of positivity of (dd^cv)^2.

The next result shows that for a nonpluripolar compact set K ⊂ C^2, the Monge-Ampère measure (dd^cV^∗_K )^2 associated to the L-extremal function V^∗_K of K plays the role of the equilibrium measure Δg_K associated to the Green function g_K of a nonpolar compact set K ⊂ C. A plurisubharmonic function u in a domain D satisfying the property that for any D^′ relatively compact in D, and any v psh in D̄^′, if u ≥ v on ∂D^′, then u ≥ v on D^′, is called maximal in D. Bedford and Taylor showed that for locally bounded psh u, u is maximal in D if and only if (dd^cu)^2 = 0 in D. Thus, maximal psh functions are the “correct” analogue of harmonic functions in C. The following result (cf. [BT2], Corollary 9.4) shows that V^∗_K is maximal outside of K̂.

Proposition. Let K be a nonpluripolar compact set in C^N . Then we have (dd^cV^∗_K )^N = 0 outside of K.

Similarly, if D is a bounded open neighborhood of K, the relative extremal function satisfies (dd^cω^∗(·, K, D))^N = 0 in D \ K.

15 A few open problems

Here are a few open problems.

1. (Section 6) Theorem ([A], [Bl2]) has a sharp version for balls; e.g., if K is the closed unit ball of R^N , then f ∈ C(K) extends to be harmonic in the ball of radius R > 1 if and only if lim sup_{n→∞} d_n(f, K)^{1/n} ≤ 1/R (cf. [BL1]). For N > 2, are there compact sets other than balls for which a sharp version of this theorem holds?

2. (Section 7) Let D be a smoothly bounded pseudoconvex domain. Does D possess the Mergelyan property if and only if there are pseudoconvex domains D_j with D̄ ⊂ D_j such that D̄ = ∩_jD_j ?

3. (Section 8) Does there exist a compact, polynomially convex subset K of the unit sphere in C^2 such that P (K) ≠ C(K)?

4. (Section 9) For Fekete arrays on a nonpluripolar compact set K ⊂ C^N , N ≥ 2, do the normalized discrete measures μ_n converge weak-* to the Monge-Ampére measure μ_K := (dd^cV^∗_K )^N of the L-extremal function V^∗_K ? Verify this for any single nonpluripolar compact set K! More generally, is the conclusion true for arrays satisfying

lim sup n→∞ Λ^{1/n}_n ≤ 1?

5. (Section 10) Let K ⊂ R^N , N ≥ 3, be a compact, convex set with nonempty interior. Which such sets K admit harmonic extremal arrays, i.e., arrays {A_d}_{d=1,2,...} in K such that K_d(f) converges to f uniformly on K for each f harmonic in a neighborhood of K?

6. (Section 12) If K ⊂ C^N satisfies a Markov inequality does K have property (HCP)? Is K necessarily regular? If N > 1, is K necessarily nonpluripolar?

References

[AT] H. Alexander and B. A. Taylor [1984] Comparison of two capacities in C^n, Math. Z. 186(3), 407–417. MR0744831 (85k:32034) [AW] H. Alexander and J. Wermer [1998] “Several complex variables and Banach algebras, Third edition”, Graduate Texts in Mathematics, 35. Springer-Verlag, New York. xii+253 pp.; MR1482798 (98g:32002) [AIW1] J. Anderson, A. Izzo, and J. Wermer [2001] Polynomial approximation on three-dimensional real-analytic submanifolds of C^n, Proc. Amer. Math. Soc. 129(8), 2395–2402. MR1823924 (2002d:32021) [AIW2] J. Anderson, A. Izzo, and J. Wermer [2004] Polynomial approximation on real-analytic varieties in C^n, Proc. Amer. Math. Soc. 132(5), 1495–1500. MR2053357 (2005d:32017) [AP] M. Andersson and M. Passare [1991] Complex Kergin interpolation, J. Approx. Theory 64(3), 214–225. MR1091471 (92b:41003).

[APS] M. Andersson, M. Passare, and R. Sigurdsson [2004] “Complex convexity and analytic functionals”, Progress in Mathematics, 225. Birkhuser Verlag,, Basel. xii+160 pp.; ISBN: 3-7643-2420-1, MR2060426 (2005a:32011) [A] V Andrievskii [1993] Uniform harmonic approximation on compact sets in R^k, k ≥ 3, SIAM J.

Math. Anal. 24(3), 216–222. MR1199535 (93m:41010) [BBL1] T. Bagby, L. Bos, and N. Levenberg [1996] Quantitative approximation theorems for elliptic operators, J. Approx. Theory 85(3), 69–87. MR1382051 (97h:41060) [BBL2] T. Bagby, L. Bos, and N. Levenberg [2002] Multivariate simultaneous approximation, Constr.

Approx. 18(3), 569–577. MR1920286 (2003f:41026) [BL1] T. Bagby and N. Levenberg [1993] Bernstein theorems, New Zealand J. Math. 22(3), 1–20.

MR1244005 (95j:41014) [BL2] T. Bagby and N. Levenberg [1993] Bernstein theorems for harmonic functions, in Methods of approximation theory in complex analysis and mathematical physics (Leningrad, 1991), Lecture Notes in Math., 1550, Springer, Berlin, 7–18. MR1322287 (95m:41009) [BL3] T. Bagby and N. Levenberg [1994] Bernstein theorems for elliptic equations, J. Approx. Theory 78(3), 190–212. MR1285258 (96b:41036) [Ba1] M. Baran [1992] Bernstein type theorems for compact sets in R^n, J. Approx. Theory 69(3), 156–166. MR1160251 (93e:41021) [Ba2] M. Baran [1994] Bernstein type theorems for compact sets in R^n revisited, J. Approx. Theory 79(3), 190–198. MR1302342 (95h:41023) [Ba3] M. Baran [1995] Complex equilibrium measure and Bernstein type theorems for compact sets in R^n, Proc. Amer. Math. Soc. 123(3), 485–494. MR1219719 (95c:31006) [Ba4] M. Baran [1998] Conjugate norms in C^n and related geometrical problems, Dissertationes Math.

(Rozprawy Mat.) 377, 67 pp. MR1657095 (2000c:32086) [BP] M. Baran and W. Pleśniak [1995] Markov’s exponent of compact sets in C^n, Proc. Amer. Math.

Soc. 123(3), 2785–2791. MR1301486 (95k:41022) [BF] E. Bedford and J.-E. Fornaess [1980] Approximation on pseudoconvex domains, in Complex approximation (Proc. Conf., Quebec, 1978), Progr. Math., 4, Birkhäuser, Boston, Mass., 18– 31. MR0578636 (82b:32019) [BT1] E. Bedford and B. A. Taylor [1976] The Dirichlet problem for a complex Monge-Ampére equation, Invent. Math. 37(3), 1–44. MR0445006 (56 #3351)

[BT2] E. Bedford and B. A. Taylor [1982] A new capacity for plurisubharmonic functions, Acta Math.

149, 1–40. MR0674165 (84d:32024) [Ber] B. Berndtsson [2006] A remark on approximation on totally real sets, arXiv:math.CV/0608058. [Bi] E. Bishop [1961] Mappings of partially analytic spaces, Amer. J. Math. 83, 209–242. MR0123732 (23 #A1054) [Bl1] T. Bloom [1979] Polynomial interpolation, Bol. Soc. Brasil. Mat. 10(3), 75–86.

MR0607007 (82h:41001) [Bl2] T. Bloom [1981] Kergin interpolation of entire functions on C^n, Duke Math. J. 48(3), 69–83.

MR0610176 (83k:32005) [Bl3] T. Bloom [1989] On the convergence of multivariable Lagrange interpolants, Constr. Approx.

5(3), 415–435. MR1014307 (90m:32032) [Bl4] T. Bloom [1990] Interpolation at discrete subsets of C^n, Indiana Univ. Math. J. 39(3), 1223– 1243. MR1087190 (91k:32015) [Bl5] T. Bloom [1997] Orthogonal polynomials in C^n, Indiana Univ. Math. J. 46(3), 427–452.

MR1481598 (98j:32006) [Bl6] T. Bloom [1998] Some applications of the Robin function to multivariable approximation theory, J. Approx. Theory 92(3), 1–21. MR1492855 (98k:32021) [Bl7] T. Bloom [2001] On the convergence in capacity of rational approximants, Constr. Approx.

17(3), 91–102. MR1794803 (2001j:41012) [Bl8] T. Bloom [2001] On families of polynomials which approximate the pluricomplex Green function, Indiana Univ. Math. J. 50(4), 1545–1566. MR1889070 (2003a:32055) [BBCL] T. Bloom, L. Bos, C. Christensen, and N. Levenberg [1992] Polynomial interpolation of holomorphic functions in C and C^n, Rocky Mountain J. Math. 22(3), 441–470. MR1180711 (93i:32016) [BC1] T. Bloom and J.-P. Calvi [1997] A continuity property of multivariate Lagrange interpolation, Math. Comp. 66(220), 1561–1577. MR1422785 (98a:41001) [BC2] T. Bloom and J.-P. Calvi [1997] Kergin interpolants of holomorphic functions, Constr. Approx.

13(3), 569–583. MR1466066 (98h:32021) [BC3] T. Bloom and J.-P. Calvi [1998] The distribution of extremal points for Kergin interpolation:

real case, Ann. Inst. Fourier (Grenoble) 48(3), 205–222. MR1614898 (99c:32015) [BlL1] T. Bloom and N. Levenberg [1993] Lagrange interpolation of entire functions in C^2, New Zealand J. Math. 22(3), 65–73. MR1244023 (94i:32016) [BlL2] T. Bloom and N. Levenberg [2003] Distribution of nodes on algebraic curves in C^N , Ann. Inst.

Fourier (Grenoble) 53(3), 1365–1385. MR2032937 (2004j:32035) [BlL3] T. Bloom and N. Levenberg [2003] Weighted pluripotential theory in C^N , Amer. J. Math.

125(3), 57–103. MR1953518 (2003k:32045) [Bo2] L. Bos [1983] On Kergin interpolation in the disk, J. Approx. Theory 37(3), 251–261.

MR0693012 (85b:41001) [BCDVX] L. Bos, M. Caliari, S. De Marchi, M. Vianello, and Y. Xu [200x] Bivariate Lagrange interpolation at the Padua points: the generating curve approach, J. Approx. Theory xxx, xxx–xxx.

[BC] L. Bos and J.-P. Calvi [1997] Kergin interpolants at the roots of unity approximate C^2 functions, J. Anal. Math. 72, 203. MR1482995 (98j:41001) [BLMT] L. Bos, N. Levenberg, P. Milman, and B. A. Taylor [1995] Tangential Markov inequalities characterize algebraic submanifolds of R^N , Indiana Univ. Math. J. 44(3), 115–138. MR1336434 (96i:41009) [BLW] L. Bos, N. Levenberg, and S. Waldron [2006] Metrics associated to multivariate polynomial inequalities II, preprint.

[BW] L. Bos and S. Waldron [2001] On the structure of Kergin interpolation for points in general position, in Recent progress in multivariate approximation (Witten-Bommerholz, 2000), Internat. Ser. Numer. Math., 137, Birkhäuser, Basel, 75–87. MR1877498 (2003h:41041) [BB] J. Bruna and J.. Burgués [1984] Holomorphic approximation in C^m-norms on totally real compact sets in C^n, Math. Ann. 269(3), 103–117. MR0756779 (86c:32014) [Ca] L. Carleson [1967] “Selected problems on exceptional sets”, Van Nostrand Mathematical Studies, No. 13 D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London. v+151 pp., MR0225986 (37 #1576) [C1] E. M. Chirka [1976] Meromorphic continuation, and the rate of rational approximations in C^N .

(Russian), Mat. Sb. (N.S.) 99(141), 615–625. MR0412472 (54 #598) [C2] E. M. Chirka [1976] Rational approximations of holomorphic functions with singularities of finite order. (Russian), Mat. Sb. (N.S.) 100(142), 137–155. MR0417423 (54 #5473) [CLP] D. Coman, N. Levenberg, and E. Poletsky [2005] Smooth submanifolds intersecting any analytic curve in a discrete set, Math. Ann. 332(3), 55–65. MR2139250 (2005m:32066) [DF] K. Diederich and J.-E. Fornaess [1982] A smooth curve in C^2 which is not a pluripolar set, Duke Math. J. 49(4), 931–936. MR0683008 (85b:32025) [DL] J. Duval and N. Levenberg [1997] Large polynomial hulls with no analytic structure, in Complex analysis and geometry (Trento, 1995), Pitman Res. Notes Math. Ser., 366, Longman, Harlow, 119–122. MR1477444 (99g:32023) [G1] A. A. Gonchar [1974] A local condition for the single-valuedness of analytic functions of several variables. (Russian), Mat. Sb. (N.S.) 93(135), 296–313, 327. MR0589892 (58 # 28632) [G2] A. A. Gonchar [1975] On a theorem of Saff. (Russian), Mat. Sb. (N.S.) 94(136), 152–157.

MR0396965 (53 #825) [GMS] M. Götz, V. V. Maymeskul, and E. B. Saff [2002] Asymptotic distribution of nodes for nearoptimal polynomial interpolation on certain curves in R^2, Constr. Approx. 18(3), 255–283. MR1890499 (2003e:30007) [HW] F. R. Harvey and R. O. Wells [1972] Holomorphic approximation and hyperfunction theory on a C^1 totally real submanifold of a complex manifold, Math. Ann. 197, 287–318. MR0310278 (46 #9379) [He] G. M. Henkin [1985] The method of integral representations in complex analysis. Current problems in mathematics. Fundamental directions, Vol. 7, in a translation of Sovremennye problemy matematiki. Fundamentalnye napravleniya, Tom 7, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow [MR0850489 (87f:32003)]. Translation by P. M. Gauthier. Translation edited by A. G. Vitushkin. Encyclopaedia of Mathematical Sciences, 7. Springer-Verlag (Berlin); 1990; vi+248 pp. ISBN: 3-540-17004-9, MR1043689 (90j:32003) [Hö] L. Hörmander [1990] “An introduction to complex analysis in several variables”, Third edition.

North-Holland Mathematical Library, 7. North-Holland Publishing Co., Amsterdam. xii+254 pp. ISBN: 0-444-88446-7, MR1045639 (91a:32001) [HöW] L. Hörmander and J. Wermer [1968] Uniform approximation on compact sets in C^n, Math.

Scand. 23, 5–21 (1969). MR0254275 (40 #7484) [Iv] S. M. Ivashkovich [1991] Rational curves and extensions of holomorphic mappings, in Several complex variables and complex geometry, Part 1 (Santa Cruz, CA, 1989), Proc. Sympos. Pure Math., 52, Part 1, Amer. Math. Soc., Providence, RI, 93–104. MR1128517 (92k:32022) [I] A. Izzo [1996] Failure of polynomial approximation on polynomially convex subsets of the sphere, Bull. London Math. Soc. 28(3), 393–397. MR1384828 (98d:32017) [JP] M. Jarnicki and P. Pflug [2000] “Extension of holomorphic functions”, de Gruyter Expositions in Mathematics, 34. Walter de Gruyter & Co., Berlin. x+487 pp. ISBN: 3-11-015363-7, MR1797263

(2001k:32017) [J] B. Josefson [1978] On the equivalence between locally polar and globally polar sets for plurisubharmonic functions on C^n, Ark. Mat. 16(1), 109–115. MR0590078 (58 #28669) [Ka] E. Kallin [1965] Polynomial convexity: The three spheres problem, in 1965 Proc. Conf. Complex Analysis (Minneapolis, 1964), Springer, Berlin, 301–304. MR0179383 (31 #3631) [Kh] G. Khudauiberganov [1987] On the polynomial and rational convexity of the union of compact sets in C^n. (Russian), Izv. Vyssh. Uchebn. Zaved. Mat. 297(2), 70–74. MR0889199 (88g:32031) [K] M. Klimek [1991] “Pluripotential theory”, London Math. Society Monographs. New Series, 6.

Oxford Science Publications. The Clarendon Press, Oxford University Press, New York. xiv+266 pp. ISBN 0-19-853568-6 MR1150978 (93h:32021) [Le] P. Lelong [1953] Fonctions plurisousharmoniques; mesures de Radon associées. Applications aux fonctions analytiques. (French), in Colloque sur les fonctions de plusieurs variables, tenu á Bruxelles, 1953, Georges Thone, (Liège); Masson & Cie., Paris, 21–40. MR0061682 (15,865a) [LT] N. Levenberg and B. A. Taylor [1984] Comparison of capacities in C^n, in Complex analysis (Toulouse, 1983), Lecture Notes in Math., 1094, Springer, Berlin, 162–172. MR0773108 (86g:32023) [MM] C. A. Micchelli and P. Milman [1980] A formula for Kergin interpolation in R^k, J. Approx.

Theory 29(3), 294–296. MR0598723 (82h:41008) [Pl1] W. Pleśniak [1990] Markov’s inequality and the existence of an extension operator for C^∞ functions, J. Approx. Theory 61(3), 106–117. MR1047152 (91h:46065) [Pl2] W. Pleśniak [1998] Recent progress in multivariate Markov inequality, in Approximation theory, Monogr. Textbooks Pure Appl. Math., 212, Dekker, New York, 449–464. MR1625243 (99g:41016) [Ran] R. M. Range [1986] “Holomorphic functions and integral representations in several complex variables”, Graduate Texts in Mathematics, 108. Springer-Verlag, New York. xx+386 pp. ISBN: 0-387-96259-X, MR0847923 (87i:32001) [RS] R. M. Range and Y. T. Siu [1974] C^k approximation by holomorphic functions and ¯∂-closed forms on C^k submanifolds of a complex manifold, Math. Ann. 210, 105. MR0350068 (50 #2561) [Ra] T. Ransford [1995] “Potential theory in the complex plane”, London Mathematical Society Student Texts, 28. Cambridge University Press, Cambridge. x+232 pp. MR1334766 (96e:31001) [Sa1] A. Sadullaev [1982] Rational approximations and pluripolar sets, (Russian), Mat. Sb. (N.S.)

119(161), 96–118. MR0672412 (84d:32026) [Sa2] A. Sadullaev [1984] A criterion for fast rational approximation in C^n, (Russian), Mat. Sb. (N.S.)

125(167), 269–279. MR0764481 (86b:32006) [Sa3] A. Sadullaev [1983] An estimate for polynomials on analytic sets, Math. USSR-Izv. 20, 493–502. [Sa4] A. Sadullaev [1981] Plurisubharmonic measures and capacities on complex manifolds, Russian Math Surveys 36(4), 61–119. MR0629683 (83c:32026) [S] E. Saff [1971] Regions of meromorphy determined by the degree of best rational approximation, Proc. Amer. Math. Soc. 29, 30–38. MR0281930 (43 #7644) [SaT] E. Saff and V. Totik [1997] “Logarithmic potentials with external fields”, Springer-Verlag, Berlin.

505 pp. ISBN: 3-540-57078-0.

[Sha] B. V. Shabat [1992] “Introduction to Complex Analysis, Part II: Functions of Several Variables”, Amer. Math. Society Translations of Mathematical Monographs, 110. American Mathematical Society, Providence, RI. x+371 pp. ISBN: 0-8218-4611-6.

[Sh] N. A. Shirokov [1984] The Jackson-Bernstein theorem and strictly convex domains in C^n, (Russian), Dokl. Akad. Nauk SSSR 276(3), 1079–1081. MR0753192 (85m:32012)

[Si] J. Siciak [1981] Extremal plurisubharmonic functions in C^n, Ann. Polon. Math. 39, 175–211.

MR0617459 (83e:32018) [St] H. Stahl [1997] The convergence of Padé approximants to functions with branch points, J.

Approx. Theory 91, 139–204. MR1484040 (99a:41017) [ST] H. Stahl and V. Totik [1992] “General orthogonal polynomials”, Cambridge Univ. Press, Cambridge. MR1163828 (93d:42029) [St1] E. L. Stout [1971] “The theory of uniform algebras”, Bogden & Quigley, Inc., Tarrytown-on- Hudson, N. Y.. x+509 pp. MR0423083 (54 #11066) [St2] E. L. Stout [2006] Holomorphic approximation on compact, holomorphically convex, real analytic varieties, Proc. Amer. Math. Soc. 134 (8), 2302-2308. MR2213703 [Wei] B. Weinstock [1977] Uniform approximation and the Cauchy-Fantappié integral, in Several complex variables (Proc. Sympos. Pure Math., Vol. XXX. Part 2, Williams Coll., Williamstown, Mass., 1975), Amer. Math. Soc., Providence, R.I., 187–191. MR0460720 (57 #713) [We] J. Wermer [1964] Approximation on a disk, Math. Ann. 155, 331. MR0165386 (29 #2670) [W] A. Wójcik [1988] On zeros of polynomials of best approximation to holomorphic and C^∞ functions, Monatsh. Math. 105(3), 75–81. MR0928760 (89c:30103) [Z1] V. P. Zaharjuta [1975] Transfinite diameter, Chebyshev constants and capacity for a compactum in C^n (Russian), Mat. Sb. (N.S.) 96(138), 374–389. MR0486623 (58 #6342) [Z2] V. P. Zaharjuta [1976/77] Extremal plurisubharmonic functions, orthogonal polynomials, and the Bernšteĭn-Walsh theorem for functions of several complex variables (Russian), Ann. Polon. Math. 33 (1-2), 137–148. MR0444988 (56 #3333)

Norman Levenberg Department of Mathematics, Indiana University Bloomington, IN 47405 USA

nlevenbe@indiana.edu