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Abstract

We consider a smooth conformal n-manifold (M, g) with an embedded co-dimension 1 sub-
manifold (3, g). Using a technique called tractor calculus, we investigate the relationship
between the connections of (M, g) and (X, g).

We then build a family of third order differential operators A3. These operators are
conformally invariant when acting on functions of any conformal weight for any ambient
dimension n > 4. This generalises a known operator which is conformally invariant only

on sections of weight w = 477”, also with n > 4.
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Chapter 1

Introduction

Conform manifolds and conformally invariant differential operators have long been im-
portant to physics [9]. While much work has been invested in these fields over the past
few years, but there is still much to be explored. Conformal sub-manifold geometry in
particular has not yet been thoroughly investigated. Some very modern techniques have
recently been used to analyse the structure of conformal sub-manifolds [6]. Other investi-
gations have produced differential operator acting on a specified conformal weight [5]. The
number of terms comprising a conformally invariant differential operator increases quickly
with the order of the operator, making explicit calculations difficult. As such, there is
somewhat of a gulf between what is known about conformal sub-manifold geometry and

what can be calculated explicitly within it.

The recently developed method of tractor calculus can be used to construct conformally
differential operators [4], even in the conformally curved case. As well as being compact
and reliable, tractor calculus is in some way the canonical conceptual standpoint [2] for
conformal geometry. One minor disadvantage of tractor calculus is that operators so
constructed are not always of the preferred normal order. Further, it is not known in
general how to adjust the normal order of the differential operators in a conformally

invariant way [10].

This thesis concerns conformal n-manifolds where n > 4 with an embedded co-
dimension 1 sub-manifold. Both manifolds in question are assumed to be smooth. We
begin with an investigation of the basic machinery of conformal differential geometry and

tractor calculus. This leads to a description of the relationship between the tractor connec-



tion intrinsic to the sub-manifold and the projected part of the ambient connection. We
then construct a conformally invariant third order differential operator on a sub-manifold
for all ambient dimensions n > 4. This operator acts on sections of arbitrary conformal
weight and specialises to known operators, such as the Yamabe operator, when acting on

sections of particular weights.

1.1 Conventions

Unless explicitly stated otherwise, this thesis will use the Penrose abstract index notation
[13]. Bundles and sections thereof will be denoted by £ adorned with appropriate abstract
indices. The tangent bundle and co-tangent bundle are labeled £% and £, respectively.
Here a is not related to a specific frame but is instead a Penrose abstract index. A
contraction is implied in cases where upper and lower indices are matched. The term
u%v,. is the 1-form equal to the contraction of the vector field u* € £ into the first slot of
the 2-form v, € &,,.. Tensor products of spaces are represented by concatenated indices.

Further, if v and v are tensors each with a single index then the term u-v is understood
to mean u%v, or u®v’gy, as appropriate. This convention is extended to objects which are
not tensors but still have a single index, for instance (Y-V)p = TV, ,p. This “inner
product” notation will not be used for tractor indices, nor will it be used if either tensor

involved in a contraction has more than one index.



Chapter 2

Riemannian Manifolds

Throughout we shall assume that a manifold M is orientable and smooth with n > 4 and

equipped with a Riemannian metric g.

2.1 Essential Riemannian Constructions

Definition 2.1. [12] A connection on a vector bundle V over a field F (either R or C
is an operator V : T'(V) — T(T*M®V) satisfying the following properties:

i) ValaV 4+ W) = aV,V + VoW
it.) Vi W = fV,WV+V,W
iti.)  VufW =df(u)@W + fV,W (Leibniz rule)

where V,\W € T(V), u,v e I'(T'M), a € F, f € C>®(M), and df is the Exterior Derivative
of f.

We will deal with vector bundles and connections over R. When introducing a con-
nection V on a manifold (M, g) without specifying a vector bundle we imply that V acts
on the tangent bundle of M, i.e., ¥V = T'M. The notation will be such that connections
(and indeed all other operators) will act on everything to the right.

Definition 2.2. A connection V is said to be metric-compatible with a Riemannian

metric g(-,-) if for all u,v,w € I'(T'M) it satisfies the equation
ug(v,w) = g(Vyv,w) + g(v, Vw)

3



where we view the vector field u as a derivative on the left hand side.
In abstract indices, metric compatibility is the condition that V.g., = 0.

Definition 2.3. The torsion T'(u,v) of a connection V on M acting on the tangent

bundle T'M is defined as
T(u,v) = Vuw—Vyu—[u,v]
where u,v € I'(T'M).

The bracket [-, -] appearing in the definition is the Lie bracket of v and v, i.e., [u,v] is
the unique vector satistying [u, v]f = u(v(f)) — v(u(f)) for all functions f € C*°(M). A

connection V is said to be torsion-free if T'(u,v) = 0.

Proposition 2.4. [7, 12] Given a Riemannian manifold (M, g), there exists a connection
which is both torsion-free and compatible with the metric g. Further, this connection s

unique and hence completely determined by the metric g.

The above proposition is well known, and is not difficult to prove using the Christoffel
symbols. The unique metric-compatible torsion-free connection guaranteed by proposition

2.4 is called the Levi-Civita connection, and will see extensive use throughout this

paper.

2.2 Curvature on Manifolds

Definition 2.5. Given a connection V on a manifold (M, g) we define the curvature

tensor R : A°TM — End(TM) as
R(u,v)w = (vuvv -V, V., — V[u,v]) w

Proposition 2.6. If a connection V acting on the tangent bundle of a manifold (M, g)

15 torston-free then the curvature tensor may be written using Penrose abstract indices as

Rabcdvd = [Va, Vb] v°



Proof. 1f V is torsion-free then [u,v] = V,v — V,u whereby
(u'V0*) Vy — (V'Vyu) Vo = (V2") V, — (Vu") V,
- Vvuy—vvu - v[u,v}
Straightfoward calculation then yields
(Vi Vol = Vi = u'Vau' Vi — 0"Vyu'V, — Vi
= u’ (V,Vy — VyV,) + (u*V,0°) V,
— (vbvbua) Va — V[u’v]
= u’ (V,V, — V,V,)
hence R,,¢u®v’w? = u® (V,V, — VyV,) w® as required. O

The Bianchi identities follow from simple combinations of the Lie bracket identities

with various formulations of the curvature tensor.

Proposition 2.7. The first Bianchi identity

R, ¢ 0

[ab d] —
holds for any torsion-free connection V on T M.

Proof. If V is torsion-free then V,y — Vo = [z, y] for all x,y, 2 € I'(T'M). Hence
V.Vow =V, Vv = V,[v,w] and Valy, 2] = Vi 2 = [z, [y, 2]
Careful application of the above formulae quickly leads to

R[abcd]u“vbwd = R(u,v)w + R(w,u)v+ R(v,w)u
= V.Vyu =V, Vyu — Vi gw + V, Vv =V, Vv
V0wV + VoVt — Vi, Vyu — Vit
= Vu[v,w] + Vylu,v] + V,[w, u]
~Viud® = ViwalV = Vit
= [u, [v,w]] + [w, [u, v]] + [v, [w, u]] = 0

where the final equality follows from the Jacobi identity. O



Proposition 2.8. The second Bianchi identity [12]

holds for any torsion-free connection V, where square brackets around abstract indices

indicate the completely anti-symmetric part over the enclosed indices.

Definition 2.9. The Riemannian Curvature is the curvature R, ; obtained from def-

inition 2.5 when V is the Levi-Civita connection.

It is well known (see e.g. [8]) that the Riemann curvature decomposes into

Roveda = Cabed + PacGva — PocGad + PoaGac — PadGne (2.1)

where Clpeq is the completely trace-free Weyl curvature and P, is the symmetric Weyl-
Schouten tensor, also referred to as the Rho-tensor. We will occasionally abuse notation
by writing g% P,, = P¢ without properly offsetting the indices a and c. This will not be
ambigious as the Weyl-Schouten tensor is symmetric.

A number of other tensors also feature in our calculations. The Ricci tensor Ry, is
obtained by contracting the Riemannian curvature over the first and third indices. The
scalar curvature R is obtained by further contracting the Ricci Tensor using the metric,
R = ¢"R_*,. Applying these contractions to the above decomposition provides the

relations
Rya = Jga+ (n—2)Pu
and
R = 2(n—-1)J
These relations will find extensive use in later chapters. Also of use will be the following:

Proposition 2.10. The second Bianchi identity implies that for n > 3 the following
holds:

VP, =V,J



Proof. The second Bianchi identity is that
Ve Ry + Vol s+ ViR, g =0
Using the property R, ¢, = —R,,¢;, a contraction over the indices e and c gives
VeRy'a =Vt + ViR =0

Next we introduce the decomposition of R4 and relations between Ry, Py and J.

Contraction over the indices b and d using g*¢ produces

0 = gbdvc (Pacgbd - Pbcgad + Pbdgac - Padgbc)
—2(n — 1)V, J + V4 (Jg,y+ (n —2)P,,)
= (2n—4)V°P, .+ (4—-2n)V,J

from which the result follows. O

2.3 Riemannian Sub-manifolds

Throughout we assume that 3 is an orientable sub-manifold of (M, g) with co-dimension
1. As such ¥ may be equipped with a smooth unit vector field N* € I'(T'M) satisfying
both N L » and N®V,N, = 0 everywhere on Y. The vector bundle 7> may then be
identified with the sub-bundle of T'M for which g(v, N) vanishes identically, i.e., I'(T%)
consists of the sections of T'M orthogonal to N.

Definition 2.11. The projection operator II} is defined as
Il =6y — NN,
where the sub-manifold ¥ has unit normal N® and ;) is the Kronecker delta.
An arbitrary vector field v* € T'(T'M) along ¥ decomposes as
v = v? — N°Nyw® + NN’ = H‘gvb + NeN°

It is well known that a sub-manifold ¥ C M has an intrinsic metric g obtained by

restricting the ambient g to the relevant sub-bundles, as in
g=4g |T27 or Gab = Hg Hg Ga'v!

7



along Y. The last expression makes sense even when acting on ambient sections, which
allows g to be extended outside of TY to a tensor acting on S?*T'M along ¥ as described

above.
Proposition 2.12. The Levi-Civita connection V of ¥ takes the form
vavb = HZ/HII;/V&’/UU

Proof. Since the projections are linear tensors, V inherits linearity and the Leibniz prop-

erty from V and so V is indeed a connection on ¥. Metric compatibility follows as

Ve = NI Ve (gay — NuNy)
= YTV Vy Ny Ny
== —HZ/NGIHZIHEIVC/NU - HZ/HZ/Nb/HE/VC/Na/ = 0

since V is the Levi-Civita connection of (M, g) and Hg'Na/ = 0. It is similarly easy to
demonstrate that V is torsion-free. It follows from proposition 2.4 that V is unique and

determined by g and is therefore the Levi-Civita connection for (3, g). O

Proposition 2.13. The action of the Levi-Civita connection V on sections v € T'(TX)

may be decomposed into
Voo’ =9V’ + N L,

where L, is the second fundamental form, which with our conventions is given by

Ly, = TIEV,N,.

Proof.
Vot = T¢IV 0"
= TI¥Va0" — I NNy Vv
= TI9Va0’ + NIV, Ny
%V + N L,
with L, as provided above. O



Contracting over the second fundamental form with either the ambient metric or

intrinsic metric produces a multiple of the mean curvature, denoted H, as in

0Ly = Loy = (n— VH (2.2)

a

The trace-free part of the second fundamental form will be denoted L(ab)o, and is given

by

L o 1 — —cd

(ab)0 Lab n_lgabg Lcd
- Lab_gabH

The small circle following the bracketed indices indicates that the tensor is trace-free.
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Chapter 3

Conformal Geometry

3.1 Conformal Manifolds

Definition 3.1. [8] A conformal manifold is a pair (M, [g]) consisting of a manifold M

and an equivalence class [g] of Riemannian metrics on M under the equivalence relation
g~g &g =y, weé

The ray bundle of metrics G over M is then a principal bundle with fibres isomorphic
to R,. For each representation p : R™ — End(R) we obtain an associated vector bundle.
We denote as p,, the representation of G on R which maps A € R, to the endomorphism
r +— A"%/2r where r € R. The associated vector bundle, to be denoted E[w], is then

described as
Ewl=Gx,, R=Gx,R/., (3.1)
A section o € EJw] is called a density. The relation ~,, is given by
(g2 1) ~u (g, (p(N) ') = (g, A1)

for g € G, A € R, and r € R. A density o € E[w] is thus equivalent to a homogeneous

function 7 : G — R which satisfies
s(ghz) = A\“’5(g,x)

for every x € M.

11



There is a tautological mapping g : G +— S*T*M which takes (g.,z) — g, where
# € M. This mapping is homogeneous, since g(A\*g,,x) = Mg,. Given a function
o : G — R homogenious of degree 1, we have (g, \?,x) = A\ (gs, z) with x € M. Clearly
5_25 is then homogeneous of weight zero, and is therefore equivalent to a Riemannian
metric g on M. Thus g is equivalent to a section gu, € &,,®E[2], which will be called the
conformal metric. Any Riemannian metric g € [g] can be recovered by g, = 07 2gy
for some non-vanishing o € £[1]. A section o € £[1] is called a conformal choice of scale,
for it is equivalent to selecting a Riemannian metric g € [g].

Tensor indices can be lowered or raised in a conformally invariant way using the
conformal metric g, € &,[2] or g € E£%[—2] respectively, albeit at the expense of
adjusting the weight of the tensor involved. For example if u, € &, [w] then u® = g%u, €
EP[w—2]. Unless otherwise stated, all further raising and lowering of tensor indices will be
performed using the conformal metric g,,. Additionally, the notation (M, g) and (M, [g])

will be used interchangeably, since both structures give conformal manifolds.

Definition 3.2. For a particular choice of metric, the action of the corresponding Levi-

Civita connection on a weighted section p € E[w) is defined to be
Vp=0c"d(c™"p)
where d 1s the exterior derivative on M.

This is well defined since the exterior derivative d acts on the function o= p which is

unweighted.

3.2 Basic Conformal Transformations

It is essential to know how a conformal rescaling affects the action of the Levi-Civita
connection. The Christoffel symbols can be used to verify that the Levi-Civita connection

V for a rescaled metric § = 2*g acts on one-forms and vector fields 8] as

Vou! = Vaub + Youb — Tu, + 52T-u (3.2)
%aub = Vaoup — Youp — Tpug + 8 T u (33)

where T = dw. The conformal transformations for the action of the Levi-Civita connec-

tion on tensors with more than one index can be obtained from these using the Leibniz

12



rule. There is also a non-trivial conformal rescaling involved when a connection acts on a

weighted section.

Proposition 3.3. A conformal rescaling g — G = e*' ¢ of the metric results in the

transformation of V acting on p € E[w)] as

A~

Vap = Vaep +wpT,
where T, = df,

Proof. Let o € &[1] be the choice of conformal scale such that g, = 07 2g.,. Then
Gap = €1 gq, implies that g, = 02g. is satisfied when & = e~ fo. Since both e/ and
o~ "p are both functions M — R, we can derive
d(@"p) = d(e"'a ")
= e"d(o7p) + oV pwe™! df
using the Leibniz rule and the chain rule, so that
Vp = a¥d(c"p)
= e "o" (e"Td(o™"p) + o~ pwe”! df)
= o"d(c"p) + wpdf
= Vp+wTp
completes the proof. O

This result can be also be combined with equations 3.2 and 3.3 using the Leibniz
rule to obtain expressions for the conformal transformation of a connection acting on any

weighted tensor. For instance, for u, € &,w],
@aub = Voup+ (w—1)Yup — Totg + gap L -u (3.4)

Understanding the conformal behavior of higher order operators will also be required.

Lemma 3.4. Let 0 € E[w]. The Riemannian Laplacian transforms under a conformal

rescaling of the metric according to

Ao = [A+(@n+2w —2)T-V+wV-T+w(w+n—2)T-T]a

13



Proof. Using the above results for V¢ with ¢ € E[w] and Vg, for ¢, € &, [w], expanding
A yields
gab§b€a = gab@, (Vo +wv,) o
= g (ViVa+ (0= 1)1V, = LoV + g1 T-V)
(WY o + (0 — DTy Ta — wTo Ty + wgabT~T)] o
= |Vt (= D)0V, + (0 = 1)Te Vs + gV
0 (VXa) + w(w = 2T, T, + wgaT-T|o
= [A +(n+2w—-2)T-V+wV-T+ww+n-— 2)T~T}a

completing the proof. O

3.3 Transformation of Curvature Tensors

Higher order operators involve terms other than the Levi-Civita connection for a particular
metric. Establishing the conformal scaling of such terms is then beneficial to verify the
conformal invariance of the higher order operators. Calculating the conformal scaling of

the curvature terms starts with the expansion of
ﬁabcdvd == (6(1617 - §b§a> UC
This requires the rules of 3.2 and 3.3 to be combined using the Leibniz rule. After the

terms have been expanded and collected one obtains [§]

~ 1 1
Rabcd = Rabcd — Gbd (vaTc - TQTC + ET'Tgac) + Gad (Vch - Tch + aTTgbc)

1 1
—Yac (Vde — T T4+ §T'T9bd) + Gbe (VaTd —T,Tq+ aT'Tgad)

This form provides the easiest comparison with the decomposition of Riemannian cur-
vature into Weyl curvature and Weyl-Schouten tensor parts; it is clear that the Weyl-

Schouten tensor transforms conformally as

~

1
Pab = Pab — VaTb + TaTb — agabT'T (35)

and also that the Weyl curvature C,;.4 is conformally invariant. The application of g“b to

equation 3.5 shows that the J scalar field transforms by

2 _
2

J = J-v.r+-""y.

14



In addition to curvature terms, the following differential operator will appear in calcula-

tions of higher order differential operators on conformal manifolds.

Definition 3.5. [4] The Yamabe operator U is defined to act on densities ¢ € E[w] as
O¢p = (A4wlJ)o

The Yamabe operator is defined separately for each metric g € [g]. It follows from

previous results that
. w
Cg = <D +(n+ 2w —2) <T-V + §T-T>> &

It follows that the Yamabe operator is conformally invariant when acting on weighted

sections ¢ € E[3F2].

3.4 Conformal properties of Sub-manifolds

Let (M, g) denote a conformal n-manifold and ¥ a sub-manifold of co-dimension 1 with
a unit normal field N*. For each choice of conformal scale g we obtain a Riemannian
manifold (M, g) and an associated Riemannian sub-manifold (X,g) by restriction, i.e.,
g = g|rs along ¥ as in section 2.3.

A rescaling of the ambient metric § = e?*g will induce a rescaling of the sub-manifold
metric given by § = €*”§ where @ = w |5 The class of metrics [g] obtained from [g] in this
way give Y a conformal structure. Terms arising from a conformal scaling intrinsic to X
will involve the one-form T = dw” = TI¢Y? along %, where dw" is the exterior derivative
of 3 applied to w = w |x. In particular, all the statements of sections 3.2 and 3.3 will
have versions that apply to (X, g), with T and n replaced by T and n — 1 respectively,

for instance

O = O+ (n+2w-23) (TVJr %T-T)
We can also obtain a conformally invariant counterpart to the Riemannian normal vector
N¢. For a given Riemannian metric ¢ = 0~ 2g, we define the conformal normal vector
N*® € E[—1]a to be the solution of c N* = N*. Note that N is independent of the choice of

g € [g]. Note that o is a parallel section for the Levi-Civita connection V corresponding

15



to g and so may be effectively suppressed in calculations; all computations based in
Riemannian geometry of section 2.3 using N may be imported into the conformal setting
by replacing N® and g with N and g respectively. As such, from this point onwards N
will refer to the conformal normal vector field. It follows that we may obtain conformal
versions of N, € & [1], a conformal projection IIf € &£[0] (using the conformal normal),
H € &[—1], and L, € £,[1]. Such results may still transform under conformal rescalings

of the metric, for instance:

Proposition 3.6. A sub-manifold X with conformal unit normal vector field N, € E,[1]

has a second fundamental form L, which transforms conformally as
Zab - Lab + gabTN
Proof. Using equation 3.4 with w =1 gives
Ly, = ISV.N,
= HZ (VCNb — Nch + ngTN)
= HZVch + gabT'N
completing the proof. O

Several equations that result from simple contractions of the second fundamental form

will be used throughout later chapters.

Corollary 3.7. The mean curvature H € E[—1] transforms as H = H + Y- N.

Corollary 3.8. The trace-free second fundamental form L(ab)0 1s conformally invariant.
The conformal invariance of one tensor in particular will be relevant later.

Proposition 3.9. The tensor

—_— ! / ]_
Pac - HZ Hg Pa’c’ - HL(ac)O - agacH2

1s conformally invariant.

Proof. We begin with the conformal transformation of the projected ambient Weyl-Schouten

tensor.

’ e ’ / ’ ’ ’ ’ ].
HZ HE Pa/c/ - HZ Hg Pa/C/ - HZ HE (va/TC/) - HZ HE Ta'TC’ - agaCT'T

16



Since T, = [19Y,, we obtain

%ac -n¢n’p,, = P,-N°TYP,, +1I°TI°V,, (Y, —T,)+ %gac (T-T-71-7)

&

_ - 1
= Pu— TG Py + T NLyo + 58, (T-N)*

The other terms in the relevant tensor transform according to

~ 1~ B 1 ,
_HL(aC)0 - §gaCH = —HL(M)O — T'NL(ac)o — §gac (H+Y-N)
1 1
= —HLg — ancfﬂ = TNy = 58 (T-N)?

whereby the tensor of the proposition is seen to be conformally invariant.

17
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Chapter 4

Tractor Calculus

Using the expansions of chapter 3 to verify that an operator or tensor is conformally
invariant requires checking equations with large numbers of terms. A different simpler
method involves building larger structures out of smaller conformally invariant objects
called tractors. Composition of conformally invariant objects yields yet more conformally
invariant objects, and in this way checking conformal invariance is greatly simplified.
In addition, the calculus of tractors allows the construction of new operators which are

automatically conformally invariant.

4.1 The Tractor Bundle

Definition 4.1. [4, 8, 11] Given a particular metric g we define a tractor V4 to be a
section of E[1|@E[—1|®E[—1], i.e.,
o
[VA]!/ = we
P
which transforms under a conformal rescaling fo the mertic g — § as
o
VA= | po+ 10
p— Toul — %T~Ta

The space of all tractors over a conformal manifold (M,g) will be denoted by T.

19



The Tractor bundle is in fact isomorphic to the bundle of 2-jets J2E[1] [2].
Capital letter subscripts and superscripts will denote tractor indices, while lower case
letters will be reserved for tensor indices. The only exception is the term V y which refers

to the normal derivative Vy = N°V,,.

Definition 4.2. A rescaling operator =,_; is an automorphism of E[1|E[—1|BE[—1]

given by
o o
Egﬂg . ILLa = IU/a -+ Tao'
p p—Tou’ — 35T To

with g and § being metrics from the conformal class satisfying § = e*“g, and T = dw.

It is clear that for any tractor

Zg—g [VAL, - [VA]

g
The rescaling operators provide a concise notation which which to state and prove the

most fundamental properties of the tractor bundle. For instance, it can easily be shown

that the set of all rescaling operators form an Abelian groupoid.

Proposition 4.3. The tractor bundle may be equipped with the conformally invariant

tractor metric h(-,-) described by
VAV = ap' +0'p+ pap (4.1)

Proof. The invariance of the metric follows from the Polarisation of the conformally in-

variant quadratic 20p + peu®. It remains to show the quadratic is indeed invariant:

26p + fl i = 20(p— Ty’ — %Tb'fba) + (p* +T%) (oo + Yo0)
= 20p—2Typlo — YoY% + 1%g + Y peo 4+ Yoo + T 402
= 200 =2V o —Y-Yo* + p-pu+Y-po+ p-Yo+ YT-Yo?
= 20p+ p-p

which demonstrates the conformal invariance of both the quadratic and the metric. [

20



The tractor metric facilitates the raising and lowering of a tractor index just as a
conformal (or Riemannian) metric allows the raising and lowering of a tensor index;
henceforth indices of all types will be raised and lowered as required using the appropriate

metric.

4.2 Injecting Operators

For a particular Riemannian metric the tractor bundle decomposes as
E4 = gl|e& [-1]e&[-1]

There is, associated with each Riemannian metric, a set of operators which facilitate

computation using this decomposition of the tractor bundle £A.

Definition 4.4. Let 0 € E[1], p® € £°[—1], and p € E[—1]. Choose a metric g and define

the injecting operators Y4, Z4 and X* for this metric as those as those taking the

actions
o 0 0

Y] = o |, [Ziw],=] po |, and [X7p] =| 0

0 0 p

The notation X“ does not explicitly mention the Riemannian connection g providing
the injecting operators. In cases where injecting operators corresponding to different
Riemannian metrics are present in the same equations, the operators Y4, Z4 and X4

s
will correspond to the metric g while the operators ?A, Zf, and X4 are those relevant
to the rescaled metric g.

The injecting operators are weighted tractors or tensor-tractors themselves, with Y4 €
EA[—1] since Y maps densities of conformal weight 1 to elements of £4. Likewise,
ZA € EA1] and X4 € £4[1]. Definition 4.1 indicates how the injecting operators of

different metrics are related; X4 is independent of the metric, whereas rescaling the

metric leads to new injecting operators Z2 and Y4 given by

74 = Z2 47T, XA
. 1
yA = yA-_rbzt — aTbTbXA (4.2)
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It is clear that given a metric ¢ an arbitrary unweighted tractor V4 € £4 may be expressed
as VA = Y40 + Z2u® + X4p for some suitable choice of o € £[1], u* € £*[—1], and
p € E[-1]. Further, it is clear from the tractor metric that Y4X, = X4Y, = 1 and
ZAZ o = gap are the only non-trivial inner products between the injecting operators. The
injecting operators for a metric g can then also be used to recover the components of a

tractor V4 with respect to g;
VAXy =0

recovering the first component of the tractor V4. Similarly the p component can be
extracted by a contraction of V4 into Y4, and p® can be obtained via inner products with
a collection of ZA¢® terms, with suitably many linearly independent terms ¢ € £9[—1].

In light of this we may write the tractor metric entirely in terms of the injecting operators.
Proposition 4.5. The tractor metric may be expressed as

VA UBY = (XY + YaXp + Z2475,) VAUP
that is, hap = XaYp + YaXp + Z%Zp,.

We also say that a metric g (or the injecting operators of a metric) “splits” a tractor

VA4 into components o, u® and p, indicating that we perform the decomposition
VA= oY 4 put 2} + pX*

according to the Riemannian metric g.

4.3 Connections on Tractors

Definition 4.6. [2] The tractor connection is defined to be the operator V which acts

on a tractor VA as

Vo — 1y
(v, VA = Vo™ + O3p + Plo

g

Vip — Popp©
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It should be noted that the symbol V is used to denote a Levi-Civita connection, the
conformally invariant tractor connection, and the coupled connection in the case where
a section carries both tractor and tensor indices. This overloaded notation will simplify
arguments, particularly when the nature of a section’s indices is unknown.

The tractor/coupled Laplacian, A = g,,V,V,, will also be used.
Lemma 4.7. The tractor connection acts on the injecting operators as:
Y4 = Z4pf
Vbe = —X"P,— gabYA
vy x4 = 7

Proof. Choosing a metric g yields
VoV = v, (Yo + Z2 " + X))

Writing definition 4.6 in terms of the injecting operators yields

VVA = YA (Vo — ) + Z2 (Vou® + 6p + Pro) + X4 (Viyp — Papp)
whereas expansion using the Leibniz rule produces

VoVA = oV YA +YAVo + puoVy Z24 + ZAVu® 4 pVu X4 + XAV,p
These expressions for V,V4 will agree when

YAy + Z268p + ZAPro — XAPuut = oV YA+ utV, 24 4 pV, XA

and so from the independence of the section o, u® and p we obtain the decomposition

into the required results. O

Corollary 4.8. The tractor contractions XAV, X4, XAV Ya, YAV, X4, YAV,Y4 and
Z(;“V;,ZAC vanish tdentically.

Lemma 4.9. The tractor Laplacian acts on the injecting operators as:

AY? = ZAVe] - PPPuX* — Jy4
AZY = —X4V,J-2P 7
AXA = —JX4 —ny4
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Proof. The results follow from repeated application of lemma 4.7:
AYY = Viv,vA
= V'R z}
= ZMV'Pr+ PevizA
= ZAV'J + PA (P XA -5ty
= ZAV'] — PP, XA — Jy4
which completes the calculations for AY4. For AZ# we require proposition 2.10 that
VP = VJ. We obtain
AZY = ¢V .V, Z4
= ¢"V(—PuX" — gaY")
= —¢" (X'V.Py + Pu VX + guVeY?)
= —¢" (X Loy + P Z2 + g P Z3)
= X'V .P¢—pPzt - PlzZ)
= —X"V,J-2PZ}
The term AX4 is calculated as
AX?Y = ¢V v, x4
= ¢"v.Z
= 9" (= PeX” = gieY?)
= —JX'—ny?

This concludes the required calculations. O

4.4 Tractor Operators

Following [3, 8] we define the tractor operator D4 : £*[w] — £%*[w — 1] as taking the

action
(n+ 2w — 2)wep
DY = | (n+2w-—2)Vip (4.3)
—(A+wl)p
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on o € E*[w], where x represents any combination of tractor indices. The D operator will
be essential to the construction of invariant operators. The availability of some well known
lemmas regarding the action of D4 on the injecting operators will simplify calculations

later.

Lemma 4.10. Let ¢ € EX[w]. The tractor D? operator has the following action on the

injecting operators X4, YA, and ZA:

DYYao = (n+w-—2)Jp— Ay
DAZ% 0 = (n+2w—2)V%
DX, p = (n+2w+2)(n+w)p (4.4)

Proof. The D# operator when acting on a section ¢ € £[w] can be expressed using the

injecting operators as
A _ _ A _ Aga, . yA
D% = (n+2w—-2wY¢+ (n+2w—-2)Z; Vi — X" (A+wl)e

Lemmas 4.7 and 4.9 will be applied and terms vanishing in the tractor metric contraction

will be omitted. For ¢ € E[w], the term Y4 will have conformal weight w — 1 and so

DY, = {n+2 —1)—2)Z4Vv" — XA(A+(w—1)J)]YA<p
(n+2w—4)Z) (Z4Pf) ¢ — (w—1)Jp — XAV
(n4+w—3)Jp— (XAYAA(,O + XA (AYY) w)
(n+w—3)Jo—Ap— XA (=JY,) e
(n4+w—4)Jp — Ap

Similarly, Z%¢ has conformal weight w — 1. Lemma 4.9 shows that AZ% = —X,V*J —
2P%7¢4 so that XAAZ4 vanishes. Therefore

XA0Zgp = 2XA(V.Z5) (Vo)
= 2XA (=P — 527 4) (Vo)
= —2V%
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Substituting this into DAZ%¢ gives
DAZ% = |(n+2w—4)(w— )Y+ (n+ 2w —4) Z3V°

~ XA A+ (w—1)J) | Z%p
= (n+2w -4V — X*AZ5%¢
= (n+2w—-2)V%

Lastly X 4¢ is of weight w + 1 so application of D* yields
DAXap = |(n+2w)(w+ DY+ (n+2w)Z!V°

~ XA A+ (w+1)J) | Xap
= (n+2w)(w+ 1+ (n+2w)np — X* (—nY ") ¢
= (n4+2w)(w+1)+ (n+2w)n+n) e
= (n+2w+2)(w+n)p

completing the required calculations.
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Chapter 5

Tractors on Sub-manifolds

A sub-manifold ¥ C M obtains a conformal structure (X2, g) from (M, g) as in section 3.4,
and the tractor bundle of (X, g) will be referred to as the intrinsic tractor bundle. This
chapter will link the tractors intrinsic to (X, g) to ambient tractors on (M, g) for ambient

dimensions n > 4.

5.1 Decomposing Ambient Tractors

Given a particular metric g, the tractor bundle for the conformal sub-manifold (X, g)
decomposes as sections of E[1] @ EL[—1] B E[—1]. Branson & Gover [3] show that the
ambient tractor bundle along ¥ decomposes as £4 |y= EFONA. Here we provide an
explicit form for the embedding £4 — €4 |x and a parameterisation of the “normal”

component N4,

Definition 5.1. [2] The normal tractor N4 is defined as

0
[NY], =] No
—H

where 3 is a co-dimension 1 sub-manifold with unit normal vector field N* € £°[1] and

mean curvature H € £[—1].

It is easy to show that the normal tractor is conformally invariant and has unit length.

Using the tractor metric hap we obtain a decomposition €4 |x= Eﬂ“@span(NA) along
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with the condition that V4 € 8|’|4 iff VAN, = 0. The following proposition verifies that
Ed =~ 5|‘|4 and that N4 = span(N4).

Proposition 5.2. Let g and g be choices of conformal scale on (M, g) and (X2,g) such
that g = g|x along ¥. The mapping M defined by

o o
U = v | = U] =| mew+ BN
T T—%HQO'

for UA € £4 is a well defined tractor isomorphism from E& to EHA.

Proof. First it will be shown that @ is an isomorphism between the tensor product spaces
E4 = E[1]|@EL[-1]®E[—1] and SHA viewed as a subspace of £[1]@E*[—1]BE[—1], i.e., that
M is an isomorphism of the spaces £4 and 8|’|4 with respect to the Riemannian metrics g

and g = g|x along X. Simple calculation yields
NamU* = N, (II}*+ HN) — Ho =0

so indeed M : £F — Sl’l“. The mapping M is clearly injective; since £4 and 8|’|4 are both of
dimension n + 1 and M is linear, M is also surjective and hence an isomorphism between
EN]@&E[—1]®E[—1] and the image of M in E[1]BEY[—1]@E[—1]. Finally we show that
M transforms correctly so that it is well defined as an operator on tractors. Conformally

rescaling M[U4], gives
o

Bg—s M [UA] = | TIgvt + HNO + Y

g

T — %HQU — Tngl/c — HY-No — %T'TU

Alternatively, rescaling U4 on (3, g) gives

[Uﬂé = v»*4+7Y%



which m maps to

o
mUA). =] me(v*+T %) + HN
T 1T To - Lil%

It remains to show that the second and third components agree in the expressions for

M [UA]é and Z,_5 M [UA]g above. Since H = H+Y-N and Y¢ =T" +T-NN%
e (yb+Tba) +AN% = 1*+ T+ HN% +Y-NN%
= V'+HN% +"T%

demonstrating the equality of the second components. For the third component we note

T-v = TyI%° and then

l— =~ 1 l— =~ 1 1
Y Yo+ -H?c = -Y-Yo+-H?c+ HY-No+ -(Y-N)%c
2 2 2 2 2
1 1
= 5T-T0+§H20+HT-NU
completes the proof of equality. O

The tractor bundle of a conformal manifold (M, g) may also be dealt with using the
injecting operators Y4, Z% and X“. The sub-manifold (3, g) will have separate injecting
operators YA, 7;4 and X' which can also be used to describe M : &4 — &4y as detailed

in the following proposition;

Corollary 5.3. The injecting operators YA, Z4 and X* of the manifold (M, g) are related
to the injecting operators ?A, 72‘ and X* of the sub-manifold (X, g) by:

4 1

Y© = YA+Z;“NGH—§H2XA
74 = mbzt
X' = x4

Proof. The result follows simply from rewriting proposition 5.2 in terms of the injecting

operators. O
We will also need to move in the other direction:
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Corollary 5.4. Suppose VA = oY A + puoZ4 + pX4 € €4 such that VAN, = 0, i.e.,
VA € EHA. The isomorphism M~ : E4]g— E4 identifies VA € EHA with the tractor

U4 € E4 described using the intrinsic metric § as

o
A a
[U Lj - Hblub
p+ %H 2o
Proof. Using proposition 5.2 the tractor U4 is split by the ambient metric ¢ as

o
[UA]g = | Imgub+ HN®
p+ %H 20 — %H 20
Immediately o and p are recovered for the first and third slots respectively. Further

calculation yields
¢u’ + HN°¢ = p*— N*(N-p— Ho)
By hypothesis N-u — Ho vanishes, so u® is recovered for the second slot. O

Corollary 5.3 may be rearranged to express M~! in terms of the injecting operators of
(M, g) and (%, g).
In future the isomorphism m will not be explicitly mentioned, with Eﬂ“ and &4 being
identified as the same tractor bundle. The metric subscript will indicate whether a tractor
is expressed with ambient injecting operators of (M, g) as in [V],, or else as with injecting

operators intrinsic to (3, g) as in [V4];.

5.2 Sub-Manifold Tractor Connections

A conformal sub-manifold (X, g) has two natural but distinct tractor connections. There
is the intrinsic tractor connection V which is provided by definition 4.6, treating (3, g) as

a conformal manifold independent of (M, g). On (X, g) the connection V takes the form

V.o — 1,

[chA}g = Vo + 11 + Plo

V.1 — P’
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for U4 € &4. The presence of f? indicates that the assumption n > 4 is required,

although an extension to n = 3 is possible.

Proposition 5.5. Let VA = YAg + ZAu® + X4p € 4 with VAN, = 0. The action of
the intrinsic connection V.V is described using ambient injecting operators as
Veo — gappt®
VeV, = | Vgt + 14+ §H?0) + Plo + HN*(V,0 — g 1)
Vep+ oHV H — Pyop® + L H gyt
Proof. Corollary 5.4 indicates that

o
VA, = | m
p+ %H 20
Application of the intrinsic connection V leads to
V.0 = gyt
[VVA], = | V.gpt + (o + $H?0) + Plo
Velp+ 30H?) — Pyopt
The ambient expression for this is obtained using proposition 5.2
V.o~ Bl
VeV, = | Villgut + (o + 3 H2%0) + Pro + HN“(V,0 — g4")
Velp+ 50H?) — Pyop® — 3H*(Vo0 — pept?)
which is equivalent to the result. O

In addition to V, there is also a connection on (¥, g) which is obtained from the

ambient connection V on (M, g) via the embedding ¥ C M;

Definition 5.6. The projected ambient tractor connection s the connection V on

(¥, 8) given by
V VA = IAIE vV, VE
where VA € £4.
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The connection V leads to a tractor analogue of the Riemannian second fundamental

form.
Definition 5.7. The projective tractor second fundamental form s denoted M
and is defined as taking the action
M VA = NAICV, VA
where VA € E4 along 3.
With this definition the projected ambient tractor connection takes the form
V VA=YV VA - NAM, VP (5.1)

The projective tractor second fundamental form M., inherits from its constituents con-
formal invariance when acting on objects V4 with arbitrary tractor indices but without
tensor indices. The projective tractor second fundamental form is more complicated than
the Riemannian counterpart due to the non-trivial relation between the intrinsic tractor

connection and the projected ambient tractor connection.
Proposition 5.8. The projective tractor second fundamental form is explicitly

M.y = XA(IEVoH + NI PS) — Z5L

(ce')0
Proof. Let VA = oY 4 4+ puZ4 + pX4 € €4, whereby u-N — oH = 0. Using the ambient
connection V gives
1E (Voo — pier)
[HE/VC/VA} .o ¢ (Vous + 6%p + Plo)
1 (Vep — Propl)
Calculating the inner product N AHE/VC/ VA gives

NplIV, VB = —HIO"Vuo + HI py + NI Vepu® + N, P o
— —MVeoH 4 ollSVyH + HIIE pg + 11 V- N
— I Vo N,y + N, P &
= (Ve H + NPT ) = 1 Lo

where the hypotheses V4 € £ causes the term I1¢ Ve (u-N — o H) to vanish. Rewriting

this in terms of the injecting operators yields the result. O
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It is not difficult to verify the conformal invariance of M, 4 directly using the conformal

transformations of the injecting operators with the results of sections 3.3 and 3.4.

Definition 5.9. The tractor contorsion C_,7 is the End(T) valued 1-form given by

C "V = VVP -V VP

C.
where VA € E4.

In the Riemannian setting the Levi-Civita connection V of a sub-manifold may be
obtained from the ambient V by projections, as V,¢* = HIIV.p? In the tractor
setting however, the connections V and V do not agree in general. We will find an

explicit expression for C_,? to demonstrate this detail.

Proposition 5.10. The tractor contorsion is of the form

— / / / 1
CP = ZPX, (Pi I PY — HL, 08" — 5H’;H?)

c (cb)0

— / / / ]_
—XBzig. (Pi — I PY — HL 08" — §H’;H2)

Proof. Let VA = oY A + u*Z4 + pX4 € €4 with yu-N — 0 H = 0. The tractor contorsion

may be expressed as

C VA=V VP -1V, VP + NP M, VA

C

Explicit forms of [V, V?] , and (M, V4] , are obtained from propositions 5.5 and 5.8
respectively. Combining these terms with [HE'VC,VB]g gives

Voo — Beppt!

(Cea™7, = | VaRu +102(p+ §H?0) + Poo + HN*(V,0 — g i)
Vep+ oHV H — Pyop’ + L H2gpopt
IV 0 — I iy
— | ¢V, pe+1ep + 10 Plo
IY'V,p — 11 Byl

+ <U(HEIVC'H + NbHE/Pcb’> o 'UC/L(CC’)O) N
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Clearly the primary component of [C 4B VA]g vanishes since V_p = Hg/Vc,go when ¢ is a

C

(conformally weighted) function. The secondary slot is
a By/A < 170, al 2 D a (7 = b 4 a
Z5C VA = V I + HCQH o+ P.o+HNYNV.0—g,u)—1V, u
—I1 Plo + o N*(IE Vo H + NI PY) = Nu“ L,
We note that
—IIS P% + NN, IS P = —1I% 118 Py
and since u-N = o H,

VIt + HN*V 0 — ISV o1 + o NTISV , H
=1V g’ + Ly N + NI V- N = TV
= -1V, NN+ Lyu’ N + NIV - N
= —p-NL4g™ + Lyu’N°
= —0HL,g" + L,u’N®
These results give
780 BVA = (ﬁz - HZ,HE/PC‘%/) o — HL,g% + %HgH%

- a / ! 1
_ <PC %110 P ) 0 — HL "0 — I H

For the third component of [C,,” VA}g we calculate:

1— — 1, = /
YBCCABVA = EVCHQO' - Pbc:ub - §H2 (VCO' - gcb:ub) + Hg Pbc’:ub
+H 'Ly yyo — o HIEV  H — o HN,TIE P

Here we again use u-N — o H = 0 to obtain

ngbc//ib - HUNngPcbf = ngbc/(/ib — NN
- Hg/HII;,Pb’c’/‘Lb

This leads to

o ’ — 1 _
YpC,.,"V4 = <Hc Iy Py — Pbc) w’+ QHQngMb + HMbL(cb)O
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Combining these results gives an expression for the tractor contorsion.

0
[Ca®VA] = | (Ph—TaLS PY) 0 — HLy08%0 — MIH0
(I Py = Pyo) 1 + Hp' Ly + 5 Hgppt”
or in terms of the injecting operators,
Coa® = ZPXag" (Fac — TS Py — HL 0 — %gacH2)
X024 (P = T Py = HL 801
which is the required result. O

Proposition 3.9 demonstrates that the tensor

1
— HL 0 — 584.H"

P, —TI°TI°P
2

a'c

is conformally invariant. It is then simple to see that the above expression for C_ 7 is
indeed a conformally invariant tractor.

Burstall and Calderbank [6] propose a decomposition of the ambient connection into
parts normal and tangential to the sub-manifold. The results of this section detail the
tangential component of such a decomposition. Specifically, the sub-manifold connection

may be decomposed into
V VA =TIV, VA -~ NAM VP + C AV (5.2)

along ¥, where each of the terms on the right hand side are discussed above.

5.3 The Ambient Tractor Second Fundamental Form

The Riemannian second fundamental form L, = II;V N, is a bilinear form measuring the
difference between the intrinsic connection V and the projected ambient connection II5,V.
The tractor setting is not as thoroughly understood and there are several candidate objects
that might be called a “tractor second fundamental form”. The direct tractor analogue of
Ly is the projective second fundamental form M. 4, but an altogether different object has

been introduced by Grant [5] which is not yet easily related to the connonical connections

V and V on (%, 7).
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Definition 5.11. The ambient tractor second fundamental form is defined, for a

choice of metric g, in terms of the intrinsic injecting operators as

n—3

n—3 b — =a
@~y aZnXaV L

—a b 0= b
Lag = (n=3)Z57pL 0 — —524X8V L

)0 ab)O

~ ~~ ,—ab 1 —a=pb
+XAXB(p L(ab)o + mv Vv L(ab)o)

where L(ab)o 1s the trace-free Riemannian second fundamental form.
Despite the overloaded notation, there will be no confusion as to which second fun-

damental form is intended due to the case of the indices. The ambient tractor second

fundamental form is clearly symmetric; but is not obviously conformally invariant.

Proposition 5.12. The ambient tractor second fundamental Lag form is conformally

movariant in ambient dimensions n > 4.

Proof. Equation 3.3 and proposition 3.3 are combined using the Leibniz rule to derive

that for a symmetric pq € €, [w],

gbcﬁc,u/ab = gbc VC,U/ab + (w - 2>TC,U/(lb - Tb,u/ac - Ta,u/cb + gbch,u/ad + gach,udb
= Vb,uab + (n +w — 2),I\b,uab - ngTa,ucb
By proposition 3.8, L(ab)O is conformally invariant. Since L(ab)O has conformal weight

b . . . .
w = 1, the term V L(ab)0 will under conformal rescalings of the metric transform according

to a X version of the above formula, as

=~b —b ~=b
V Lo = VLot (n—2)T Lo
Recalling that for weighted one-forms u, € &,[w],

gacvcua = gac (vcua - Tauc + (U} - ]-)Tcua + gacTaua)
= V%, + (n+w—2)T%,

Using a (X, g) version of this where VbL(ab)O has conformal weight —1 yields

-~a

b ==b
ap =V (VL + (0= 2TL,0, )
=a=b =a==b ~=a=b
= V'V'Lig + (0 =2V TL 0 + (0= TV'L 0
+(n —4)(n - DT TL 0

a~b
Vv L(

<)

—=ao=b =a~Rb a—14
= V'V Ly +n=2)(VI)L 0+ 2n—6)T VLo
+(n —4)(n = 2)T"T'L 0
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Equation 3.5 indicates that
~ 1
Pab = pab - va'rb + TaTb - igabfr'fr

Use of the X version of this rule for n > 4 shows that the term (FQbL(ab)o + ﬁV“V”L(ab)O)

transforms according to

~ab ~a~b

P L(ab) V \Y L(ab

= (Pap — (VaT3) + TaTs) Lo + 755 V'V Ly + (V' T) Lo
26y v Lo + (n— HTT Ly

—ab —=a=b n—6 a0 ~=a=~~b
=r L(ab)o + ﬁv \Y L(ab)o + 2n726fr \Y L(ab)o + (n o B)T T L(ab)o

The injecting operators transform as
= <A
X4 = X
=~a — _—
Z, = Z2+71.x"
Having established the transformations of all the components, we can verify the conformal

invariance of L4p.

~ —a b S — n—3zb ~=b
—p — TL — 3~a —a ~ab
+Z5Xa (=5 Ligyp + (1= 9T Ly +XAXB<P Lo
e - M — 60t
V'V Lo + (0 =3 T Ly = =TV L)
n — n —

Clearly the off diagonal coefficients display the correct transformation, while the 7;7?3

term is conformally invariant. The X 4X 5 component is

~ab 1 =—anb —a—b on — 06—
P L(ab)o + mv \V4 L(ab)o + (n — 3)T T L(ab)o n— T V L(ab

ab

- =ao=b n—6~ra=0 ARAARD
= P Lo+ 753V V Lo + 25TV Lo + (0 =3)T T L0

(a
TaTb 2n—6Ta 0 Tb

+(n—3) Lo — 7= <V Ly +(n=2) L(ab)0>

_ ﬁabL

(ab)0 n—2

Hence L sp transforms correctly under conformal rescalings of the metric. O
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The ambient second fundamental form plays an important role in obtaining third order
conformally invariant differential operators, but is presently not well motivated. It has
been conjectured [10] that the ambient second fundamental form might be recovered via

the ambient construction of the tractor bundle.
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Chapter 6
Sub-manifold Tractor Operators

Here we extend the results of Grant [5] on higher order conformally invariant operators
to operators that are invariant on any conformal weight. The author understands that
Andreas Juhl is also pursuing work in this general direction [1, 10], but differences in
notation make comparison awkward.

Descriptions of conformally invariant operators require increasingly vast numbers of terms
as the normal order increases. Work will be broken into a number of smaller more man-

ageable lemmas.
Lemma 6.1. Let VA =Y + ZAu® + X4p € EAw]. Then
DpllBvA = (n4w—2)Jo — Ao + (n+ 2w — 1)V, I’

1
+(n+2w—-1)(n+w—2) (,0+HM~N— §H20)

Proof. By lemma 5.3, the projection II§V 4 appears with respect to the intrinsic metric

g as
— — — 1
m8vA = Yoo+ Z e + X (,0 Y Hu-N— §H20>
Since V4 has conformal weight w, ¢ and pu® have weight w + 1 while p has conformal
weight w — 1. Careful application of lemma 4.10 yields

DsY'0 = ((n—1)+ (w+1)—2)Jo— Ao

-1
DpZi T = ((n—1)+2(w+1) — 2) VI
DpX'r = (n=D+2w-1)+2)((n—1) + (w—1))7

where 7 = (p + Hu-N — %HQO' . These terms sum to the result. O
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Proposition 6.2. The conformally invariant operator DgIl% DA takes the explicit form
DD = (n+w—3)|(n+2w—2)0— (n+ 2w - 3)0
H(n+ 2w — 3)(n+ 2w — 2)(HVy — %wbﬂ)](p
where ¢ € Ew].
Proof. From the definition, D% is the tractor

(n+ 2w — 2)wep
Dy = (n+ 2w —2)V%
—Oyp

of conformal weight w — 1. Application of lemma 6.1 yields

DIl D4y =
(n+w—3)(n+ 2w — 2wy — (n+ 2w — 2)wAp
+(n + 2w — 3)(n + 2w — 2)V,I1¢Vby

+(n+2w —3)(n+w —3) (-Op + (n + 2w — 2)(HN, V% — 1H?wyp))
which simplifies to the result, since V,I17V’p = Ay when ¢ has no indices. U

The second order operator DpIlE D4 was discussed by David Grant [5] in this form.

It was also developed independently by Andreas Juhl [1] using different methods and

notation. It should also be noted that this operator reduces to the Yamabe operator

when acting on the appropriate Yamabe weights. Setting w = 2_7” recovers a multiple

of O, which is conformally invariant on functions of this conformal weight. Substituting

instead w = S’T” produces a multiple of [J, the Yamabe operator of the sub-manifold,
3—n

which is conformally invariant when acting on functions of weight w = =5™.

6.1 The 03 Operator

Definition 6.3. [4] The conformal Robin operator ¢ is
dp = Vyp—wHep
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where @ € EX[w] with * representing any combination of tractor indices, and Vy is the

coupled Levi-Civita tractor connection.

It is easy to show that d is conformally invariant using the known conformal transfor-

mations of H and V y acting on tractors.

Lemma 6.4. Let ¢ € E[w]. Then the conformally invariant operator SD* has weight —2

and s explicitly

(n+42w—2)(w—1)(Vy —wH)p
[6DA90] = (n+2w —2) (VyV*+wP!N® — (w — 1)HV?) ¢ — N°Op

g

—(n+ 2w — 2)N°P4;VPp — VNOp + (w — 1) HOp
Proof. Applying the tractor connection Vy to D4 yields

(n+ 2w — 2)wyp
[VNDA¢]Q = Vn | (n+2w—-2)Vyp
—Oyp
(n+2w—2)(w—1)Vxp
= (n+2w —2) (VNV*+wNP?) ¢ — N*Op

—VyOe — (n 42w — 2)NCPCbeg0
The action of the Robin operator on D%y is then

n+2w—2)(w—1)(Vy —wH)y
[0D%] = | (n+2w—2) (VNV*+wP!N® — (w— 1)HV) ¢ — N°Op

g

—(n + 2w — 2)N°P4;VPp — VNOp + (w — 1) HOp

since D¢ has conformal weight w — 1. O

Combining lemmas 6.1 and 6.4 we obtain an explicit expression for the 3th order

conformally invariant operator D plI56D4;
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Proposition 6.5. Let ¢ € E[w]. The conformally invariant operator DglI6D4 has
weight -3 and takes the form

Dpll56Dp =
(n+w—4)(n+2w—2)(w—1)J(Vy —wH) ¢
—(n+2w—2)(w—1)A(Vy —wH) ¢
+(n+ 2w —2)(n+ 2w — 5) (VIEVNV? + wV, IIgPINC) ¢
n+ 2w —2)(n+ 2w —5)(w — 1) (V,HV") ¢
n+ 2w —2)(n+ 2w —5) (~Pu N’V + HN°N°V.V, + wHP*) ¢

n+2w—>5)(=VyO+ (w—2)HO)

+
3
+
S
\*5

n+2w —2)(n+ 2w —5)(w—1) (FLH*(3Vy —wH)) ¢
Proof. Adjusting lemma 6.1 to act on U4 € £4[w — 2] yields

DpllfU* = (n+w—4)Jo — Ao+ (n+ 2w — 5)V,II¢u°

1
+(n+2w—-5)(n+w—4) (p+ Hu-N — §H20)
Substituting into this equation the tractor 6Dy of lemma 6.4 produces

DpllisD% = ((n+w—4)J —A) (n+2w—2)(w —1)(Vy —wH)p
+(n+ 2w —5)V, I (n+ 2w — 2) (VyV* + wPN* — (w — 1)HV*) ¢
+(n+2w —-5)(n+w—4) x
((n+2w = 2)NPy Vo — (Vy — (w = 1)H) p)
+HN,(n+2w—2) (VyV*+ wPyN* — (w—1)HV*) ¢ — HOp

_%HQ(n—i— 2w —2)(w—1)(Vy —wH)y

which is equivalent to the result. O

In the case w = 4_7” the weighted operator above specialises to the operator d3 derived

42



by Grant [5]. The d3 operator has the form
(n—2)(n—4)

2—n— — 2 —n— _
o3p = (n—4) (THJVW + JHe + T”Afhp + VI PPNy
+P,N*Vep — HN®

—4 3(n —2 —2)(n—4
—Lng )HJ90+%HA90+7(714 )H2VN<,0+ (n >4(n )Hgo)

+(n —2)AVyp — (n —2)V HV .0 + 2V, 1§V Vi

6.2 An Invariant Third Normal Order Operator

Proposition 6.6. Given an index-free weighted section ¢ € E[w], the conformally invari-

ant operator DL apDP is explicitly

5ALABDB = (n + 2w — 5)(” + 2w — 2) X |:(n o 3)vaL(ab)0vb(‘0

n—3

S+ 2w = 4) (VL0 ) V'

n —

v S(w—1) (?a?bL(ab)O) 0

n —

+(n+w— 4)wﬁabL(ab)0 cp]

+

Proof. Applying the tractor projection to the D? operator yields
(n+ 2w — 2)wep
[MED%]. = | (n+2w— 2V
—0Op + (n+ 2w — 2) (HV Ny — swH?p)

The tractor L4p of definition 5.11 is

—b =a —a— N —3=b
LAB = ZBZA(n—B)L Z XA VL(ab ZAXBn—QV L(ab)o

(ab)?
+XaX 5 (P Lo + (n - 2)*1v VL)

so that L,z D¢ is obtained from a contraction in the sub-manifold;

w =b
n— Q(V L(ab)O)‘P}

LapDBp = (n+2w—2)(n—3)Z {L(ab)oﬂﬁvcw _

(n+2w—2)7A[ Z_ (V" Lo IV + wP™L

n—Q(V \v L(ab )gp]

43



Here ¢ is assumed to be index-free and so I1°V¢p = vbga. Since (X, g) has dimension
(n—1), lemma 4.10 informs that the D" operator acts on the injecting operators Z 4 and

X4 as

EAZZ(,O = (n+2w—-3)V'¢
5A7Ag0 = (n+2w+1)(n+w—-1)¢

where in each case ¢ is assumed to be of weight w. The 7214 coefficient of L pDP¢ has

weight w — 1 while the X 4 coefficient has weight w — 3 so that

w b

_2(V Lipyo)¥

EALABDB@ = (n+2w—>5)(n+2w—2)(n—3)V" [L(ab)ovb(p -

n—3 —a —b
_2(V Lipo)Ve

+(n+42w —=5)(n+w—4)(n+ 2w — 2) l—n_

+wP" L(ab)ogo—i- (V v Liapyo )(,0}

= (n+2w—5)(n+2w—2)x [(n — 3V Lo Vo
n—3

n— 2

—=ab 1 =a=b
+(n+ w — 4w (P Lo + —— (V'Y L(ab)oyp)]

=0 b vk o
(wV (V' Liggyo) + (n+ w0 = 4)(V"Ly0)V w)

Using the Leibniz rule and the symmetry of L(ab)0 we obtain

—a [=b —a—b —a —b
v (v L(ab)o) o= (v v L(ab)o) o+ (v L(ab)o) Vo

which allows further simplification to the result. O

For the conformal weight w = 45 the term involving (?“L(ab)oﬁb@ vanishes and so

—A
the operator D" L5 D? takes the form

—A —a —b n—4 —ab =a=b
D'LasD%e = 23— n)V'LiyyV'p+ <(n — )P L0 — (v v L(ab)0)> 0

which recovers the weighted operator D'L apDP: E[42] — E[7E] of Grant [5].
Lemma 6.7. The term v“L(ab)ﬁ” may be expanded as

=0 b -~ S —

V'LV = AVyp =V HV,p — VI8V n Vo

for weighted functions ¢ € Ew].
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Proof. The Leibniz rule allows
AVyp = VIV NV
= VL IENV'V.p+ V, (IfV°N®) Ve
The connections V, and V, commute when acting on ¢ € E[w|. Therefore
AVye = VNV .V + V'L, Ve
We apply Ve = Hg/chp, again because ¢ is without indices, so that
AVnp =V 'HV,po = VJINV N0+ V'L,V -V HV,p
= VNV NV +V'L,0V ¢

from which the result follows. O

Lemma 6.7 allows some simplifications when adding the operators DgIIZ§D# and

DL 4 D?P of propositions 6.5 and 6.6 respectively. We obtain the conformally invariant

third order operator

A(w) = (n+w—4)(n+2w—2)(w-1)J(Vy —wH)p
+(n+ 2w —2)(w — wAHyp
+(n+2w —2)(n+ 2w — 5) (WV,IIfP’N°) ¢
+(n+2w—2)(n+2w—5)(4—n—w) (V.HV ) ¢
+(n+w—4)(n+2w — 2)(n+ 2w — 5) (—Py N’V + HN°N°V.V, + wHP") ¢
+n+w—4)(n+2w—>5)(-VyO+ (w—-2)HO) @
+(n+w—4)(n+ 2w —2)(n + 2w — 5)(w — 1) (_71H2(3VN - wH)) ©
+(n+ 2w —2)((n+ 2w — 4)(n — 4) + w) AV
( )
( )

+(n 42w —5)(n + 2w — 2)(4 — n) VIV NV

D+ 20— ) (V'L ) T

+(n+2w —5)(n+ 2w —2) X {n

+

w =a=b —ab
— 2(w -1) <V \% L(ab)o) e+ (n+w—4)wP L(ab)oga]

This construction is polynomial in g, g=!, V, Py, N and L. It follows that we are
free to cancel any common factors of rational functions of n and w without affecting the

conformal invariance or the normal order of the operator.
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Similar to the second order operator D IIE D4, the operator As(w) simplifies to known

operators for particular conformal weights. When w = Q_T” we recover

2—-n\ _ 3(4-n) n—2
A3( > ) - T(—VND—i—THD)(p

since [y will be of weight w — 2. When w = 5_7” we obtain

o — 3 =

which is again a multiple of known conformally invariant operators. To conclude, the
methods of tractor calculus provide a concise and insightful way to produce conformal
invariant quantities. The setting of conformal sub-manifolds presents still more research
opportunities. Further work could involve establishing tractor calculus results analogous
to useful Riemannian theorems such as the Gauss-Codazzi-Mainardi theorem for the cur-

vature of a sub-manifold.

46



Bibliography

Juhl A. Private communication, 2005.

Bailey T.N. & Eastwood M.G. & Gover A.R. Thomas’s structure bundle for con-
formal, projective and related structures. Rocky Mountain Jour. Math., 24(4):1191—
1217, 1994.

Branson T. & Gover A.R. Conformally invariant non-local operators. Pacific Journal

of Mathematics, 201(1):19-60, 2001.

Gover A.R. Aspects of parabolic invariant theory. Rend. Circ. Mat. Palermo,
2(59):25-47, 1999.

Grant D.H. A conformally invariant third order neumann-type operator for hyper-

surfaces. Master’s thesis, University of Auckland, 2003.

Burstall F. E. & Calderbank D. M. J. Submanifold geometry in generalised flag
manifolds. Rend. Circ. Mat. Palermo, 2(72):13-41, 2004.

Spivak M. A Comprehensive Introduction to Differential Geometry Vol. 3. Publish
or Perish, 1975.

Eastwood M.G. Notes on conformal differential geometry. Rend. Circ. Mat. Palermo,

2(43):57-76, 1996.
Dirac P. Wave equations in conformal space. Ann. of Math., 2(37):429-442, 1936.
Gover R. Private conversation, 2005.

Armstrong S. Conformal holonomy: a classification. arXiv:math.DG /050338801,
March 2005.

47



[12] Lang S. Fundamentals of Differential Geometry. Springer-Verlag, 1999.

[13] Penrose R. & Rindler W. Spinors & Space-Time Volume 1. Cambridge University
Press, 1986.

48



