TORSION AND INTEGRABILITY OF SOME CLASSES OF ALMOST
KAHLER MANIFOLDS

PAUL-ANDI NAGY

ABSTRACT. We study almost Kahler manifolds whose Riemann curvature tensor is subject to
the second or the third curvature condition of Gray (AKg respectively AKg3 for short). This
conditions are interpreted in terms of the torsion of the first canonical Hermitian connection
and shown to forces the torsion of the latter to be parallel in directions orthogonal to the Kéhler
nullity of the almost complex structure. The first main result is that AK2-manifolds must have
parallel intrinsic torsion tensor. In the case of parallel torsion, the Einstein condition and the
reducibility of the canonical Hermitian connection is studied. Secondly we show that strictly
normal AK3-manifolds are obtained up to local Riemannian products from AKs-structures and
a class of toric Kéhler manifolds.
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1. INTRODUCTION

Let (M?™, w) be a symplectic manifold. An almost complex structure J on M
calibrates w if and only if w is of type (1,1) w.r.t J that is w(J-,J-) = w and
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2 P.-A. NAGY

w(+,J-) > 0. Every such almost complex structure yields a Riemannian metric on
M via g = w(-, J-). We shall call such metrics compatible with the symplectic form
w and the corresponding space will be denoted by M(w). When M is compact
several functionals can be used to determine if M(w) contains any distinguished
elements. For instance the total scalar curvature S : M(w) — R functional is given

by
S(g) :/ scal,
M

for all g in M(w). Its critical points, at fixed volume, are w-compatible Riemannian
metrics g on M satisfying Ricy(J-, J-) = Ricy. The total energy functional E :
M(w) — R is given by

Blo) = [ [V

where for all g in M(w) we denote by V¢ the Levi-Civita connection of the metric
g. A compatible metric g is critical(again when the volume is fixed) if and only if

(V) V9 € \M'M = {a € A’M : a(J-, J-) = a}.

Such metrics have been studied in the compact setting in [25] and large classes of
examples were constructed in dimension 4 in [5, 27, 36].

In this paper we shall study metrics g in M (w) which satisfy additional curvature
properties for their Riemannian curvature tensor. They also appear to be critical
metrics for both of the functionals introduced above. We consider the real vector
bundle

NM={acAM:a(J,J)=—a}
with its natural complex structure given by Ja = «(J-,-) for all a in A2M. With
respect to the splitting A2M = A'PM @ A2M the Riemann curvature tensor of g

can be written in block form
Ry Ry
R = )
( Ro1 Rao )

Following [21, 33] we shall say that the metric g belongs to the class AK, if and
only if
Ris = Ro1 =0,
R220J+JOR22 =0.
The class AKj3 is defined to contain those metrics g which only satisfy
Ris = Ry = 0.

Typical examples of non-Kéahler AKC,-structures are supported by twistor spaces of
quaternion-Kéhler manifolds of negative scalar curvature [2]. The classes AK, and
AK3 have been vigourously studied in dimension 4 by Apostolov et al. [4, 5,7, 10, §],
where full structure results have been obtained.

It is the aim of this work to study the case of higher dimensions. If n denotes the
intrinsic torsion tensor of some almost-Kahler manifold (M, g, J) and

H={XeTM :nx =0}
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is the Kahler nullity of the structure, the latter is called normal if ),V C H where
H = V*. For local considerations, and in particular when dealing with closed
conditions, one can always assume that these distributions are of constant rank,
since this happens anyway on connected components of some dense open subset of
M. Moreover, the almost-Kéhler structure is called strict if 1 is non-degenerate as
a map from T'M into A2M. Our first main result is as follows.

Theorem 1.1. Let (M>*™, g, J) belong to the class AK3. Then over connected com-
ponent of some dense open subset, the manifold M 1is locally the Riemannian product
of a strict almost Kdahler manifold with parallel torsion and a normal AKs-manifold.

Here the torsion and its parallelism are understood w.r.t. canonical Hermitian
connection of the almost-Kahler structure. The prove this we first observe that
having an almost-Kahler structure in the class AK3; amounts to require the intrin-
sic torsion 1 be holomorphic in a suitably extended way; differential consequences
include the parallelism (w.r.t. the canonical connection) of 7 along V(see sections
2&3). In particular the integral manifolds of V are, in the induced structure, almost-
Kéhler manifolds with parallel intrinsic torsion. We use a screening procedure to
prove first theorem 1.1 along the leaves of V(see section 4); next the differential
constraints on the intrinsic torsion indicate how to perform extension to the whole
of T'M and also identify the obstruction to the splitting of the metric, which is
a sub-space of V. To obtain its vanishing we observe that it is enough to prove
integrability for almost-Kéahler structures with parallel torsion and subject to an
Einstein(-type) condition; this is achieved by the local version in [6] of Sekigawa’s
formula [35]. This is done in sections 5&6 of the paper.

Therefore is enough to consider normal AKs-structures specific examples of which
can be constructed(see section 3.2) by re-calibrating product symplectic forms as
follows.

Theorem 1.2. Consider the product R* x Z equipped the symplectic form

P
w:dei/\dyi—l—wh

i=1
where (Z,h, I) is a Kihler manifold and {z;,y;,1 < i < p} are co-ordinates on R?.
The metric

(1.1) 9= Gidridy; +h
ij
defines an AK3 structure compatible with w where the matriz G = (1 4+ w)~ (1 —

w) for some holomorphic map w from Z into symmetric, anti-hermitian 2p X 2p
matrices, such that |w|s < 1.

The structure above is normal, non-Kéahler, unless w is constant, nor in the
class AKCy, unless (h, ) defines a Hermitian symmetric space. The symplectic form

P
— > dx; A dy; + wy, admits a g-orthogonal Kéhler structure with toric symmetrys;

=1
this essentially means that the Kéahler nullity of g is parallel w.r.t the Hermitian
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connection of the almost-Kahler structure. When p = 1 and Z is a Riemann
surface these examples first appeared, up to a Mébius transformation, in [7, 8]. If
Einstein, the metrics above must be Ricci flat; examples have been constructed in
dimension 4 [30, 5, 7, 10]. We construct new examples in higher dimensions by
suitable deformation of metric cones over Sasaki-Einstein manifolds.

In the rest of the paper we look at the structure of normal AX3-manifolds. We
show in section 7 that every such structure admits a canonical foliation with totally
geodesic, holomorphic (in extended sense) leaves. Moreover the foliation is also
totally geodesic w.r.t canonical Hermitian connection and in the induced metric the
leaves are AK3 manifolds of null type. For a normal AKj3-structure this is defined
by requiring the integral manifolds of V be flat in the induced metric. For instance
the examples in theorem 1.2 are of null type, although this class is presumably
larger. We also develop tools to deal with the Einstein equation and an integrabil-
ity criterion based on a Walczak-type formula (see [38, 37]).

With these in hands we prove in section 8 that

Theorem 1.3. Let (M*™, g, J) be a strictly normal AKs-structure. Then it is given
by (1.1) where w is (suitably non-degenerate) and immersive.

In fact we show that this holds up to products with four dimensional A3 man-
ifolds and the conclusion follows by the result in [8].

The elementary observation that normal AK,-structure are, up to local products
with Kéhler manifolds, strictly normal combines with thms. 1.3 and 1.1 in

Theorem 1.4. Let (M?™, g, .J) belong to the class AKy. The following hold:

(i) the intrinsic torsion is parallel w.r.t. the canonical connection;
(ii) (g,J) is locally the Riemannian product of a Kdhler manifold, a strict almost
Kdhler manifold with parallel torsion and a 3-symmetric space.

When m = 2 any almost Kéhler structure is normal and the result above has been
proved in [7]; note that in dimension 4 there is only one(up to isometry) 3-symmetric
space, see [23]. Also note that the 3-symmetric factor in (ii) above corresponds to
the strictly normal piece in (g, J).

From thms. 1.1 and 1.3 and properties of the canonical foliation we also get

Theorem 1.5. Let (M, g, J) belong to the class AK3 and such that g is an Einstein
metric. Then:

(i) either J is integrable or g is Ricci flat and of null type, up to local products
with Ricci flat Kdhler manifolds;
(i) if M is compact then J is integrable.

Note that (ii) follows from (i) and the fact that almost-Kéhler, Einstein, metrics
of positive scalar curvature are Kéhler [35]; moreover for AK, structures we show
that the presence of an Einstein metric implies, even locally, integrability. In fact,
in dimension 4 the only known examples of non-integrable almost-Kahler, Einstein
metrics are Ricci flat [5, 8, 30]. Non-Ricci flat homogeneous examples in dimension
4m, m > 6 have been first constructed in [1].
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There are some direct applications relating to the integrability of orthogonal
almost Kéhler structures in complex hyperbolic geometry.

Theorem 1.6. Let (M*™, g, J) be a Kihler manifold of constant negative holomor-
phic sectional curvature. If I is an almost complex structure such that (g,I) is
almost Kdahler and [1,J] =0, then (g,1) must be Kdhler.

In dimension 4 this has been proved by J. Armstrong [10], as a consequence of his
classification of almost Kahler, Einstein, 4-manifolds of class AK3. Note that, by re-
sults in [7], there are Hermitian symmetric spaces of non-compact type, admitting a
reversing strictly almost Kahler structure. By contrast, positively oriented, orthog-
onal almost-Kéahler structures on Kéahler-Einstein surfaces are necessarily integrable
[17].

Further progress on the classification problem of AK3-structures relies on the
study of the canonical foliation and a first step should therefore comprise the clas-
sification of structures of null-type.

2. ALMOST KAHLER GEOMETRY

2.1. Preliminaries. Let us consider an almost Hermitian manifold (M?™ g, J), m >
2, that is a Riemannian manifold (M?™, g) endowed with a compatible almost com-
plex structure J : TM — TM such that g(J-,J-) = ¢g(-,-). The Kéhler form
w = g(J-,-) is nondegenerate and provides a natural orientation on M. In what
follows we shall recall the definitions and basic properties of some of the U(m)-

modules of relevance for the rest of the paper. First we extend the almost complex
structure J : TM — TM to J : A’PM — APM acting on a p-form « by

(Ja)(X1,...,X,) =a(JX1,...,JX,)

whenever Xi,... X, belong to TM. Clearly J? = (—1)? on A’PM and if X — X’
denotes the isomorphism of TM and A'M given by the metric g then JX° = —(JX)"
for all X in TM. Let us consider the operator J : APM — APM given by

p
(Ta) (X1, X)) =D a(X,. o T Xg, o Xy)
k=1

for all X;,...X, in TM. J acts as a derivation on A*M and gives the complex
bi-grading of the exterior algebra in the following sense. Let A??M be given as the
—(p — q)*-eigenspace of J2. Then

AM =" WM
pta=s
is an orthogonal, direct sum. Note that MM = A?PM. Of special importance
in our discussion are the spaces \’M = NCM: forms « in MM are such that
(X1,...,X,) = a(JXy, Xs,. .., X,) is still an alternating form which equals p~'J a.
Let A’ M ®1 A?M be the space of tensors Q) : APM — MM which satisfy

[(JQ)(Xla SR 7XP>](Y17 SR 7}/(]) = _[J(Q(Xla s 7Xp))](§/17 s 7}/l1)

(here J as a map of A?M stands in fact for p~1J). We also define A’ M ®y \?M to
be the space of tensors ) : \’M — XYM such that QJ = JQ.
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We now briefly discuss the various spaces of algebraic curvature tensors of rel-
evance for us. Recall that the Bianchi contraction map b; : A’M ® A’2M —
A'M @ A3M is given by

2m
(01Q)x = Z e; N Q(e;, X)
i=1

for all X in TM and whenever @ belongs to A2M @ A>M. Here {e;,1 <i < 2m} is
some local orthonormal frame on M. The space of algebraic curvature tensors on
M is then defined by

K(s0(2m)) = kerb; N (A*M ® A*M) = S*(A*M) N ker(a).
Similarly, the space of algebraic Kahler curvature tensors is defined by

K(u(m)) = S2(A" M) Nker(a).
We shall also make use of the space
Ku*t(m)) = K(so(2m)) N S*(\>M).

In order to outline some its properties we need to recall some facts on the various
embeddings of the space \*2M. In fact, given Q in A>?M we consider 2~ in
S2(A2M) defined by

Q7 (X,)Y) = (X2Y Q) en
for all X, Y in T'M. Elementary considerations which are left to the reader prove
that

Lemma 2.1. The following hold whenever € is in \>2M :
(i) Q- e \2M ®1 )\2M,'
(ii) (01927 )x = X1Q for all X in TM.

In particular the map Q € \>2M +— Q~ is injective. Let now a : A’M @ AYM —
APTIM be the alternation map,

a(Q) = Y AQ(e)
I=(1<i1,0yip<2m)

whenever @) belongs to APM ® AYM and where {¢;,1 < i < 2m} is some local
orthonormal basis in TM. A straightforward verification, involving if necessary
checking on sample elements yields:

Lemma 2.2. The following hold:
(i) K(ut(m)) C (A2M @5 A\2M) Nker(a);
(ii) the alternation map a : S’ (N2M) N (N2M @1 N2M) — A\*2M is an isomor-
phism.

Note that the inclusion in (i) above is strict provided that m > 3. To end this
section if Q is in A>2M we consider QT in S?2(AY1M) given by

ON(X,Y) = (X2Y2Q)
for all X,Y in TM. We have
(01Q7)x =2X .0



for all X in T'M. This renders explicit the decomposition
SEOAM M) = K(u(m)) @ A2 M.

2.2. Intrinsic torsion and the Kahler nullity. Let (M?™, g, J) be almost Her-
mitian. We denote by V the Levi-Civita connection of the Riemannian metric g.
Consider now the tensor V.J, the first derivative of the almost complex structure,
and recall that for all X in 7'M we have that VxJ is a skew-symmetric (with re-
spect to g) endomorphism of 7'M, which anticommutes with J. The tensor V.J can
be used to distinguish various classes of almost Hermitian manifolds (see [22]). For
instance (M?™, g, J) is quasi-Kihler iff

Vixd = —J(VyJ)

for all X in TM. If w = ¢g(J-,-) denotes the Kéhler form of the almost Hermitian
structure (g, J), we have an almost Kéhler structure iff dw = 0. We also recall the
well known fact that almost Kahler manifolds are always quasi-Kéhler. The almost
complex structure J defines a Hermitian structure if it is integrable, that is the
Nijenhuis tensor N; defined by

N;(X,Y)=[X,)Y] - [JX,JY]|+ J[X,JY]|+ J[JX,Y]
for all vector fields X and Y on M vanishes. This is also equivalent to
VixJ=JVxJ

whenever X isin T'M. Therefore, an almost Kéhler manifold which is also Hermitian
must be Kahler.

In this paper we will deal mainly with almost Kéhler (AKX for short)-manifolds.
Let therefore (M*™, g, J) belong to the class AK and let

VXY =VxY + 77XY

whenever X,Y are vector fields on M be the first canonical Hermitian connection
of (g,J). Here we have denoted by n = $(V.J)J the intrinsic torsion tensor of
the associated U(m)-structure. As recalled above 1 belongs to A'M ®y A2M, in
particular a(n) = 0. The connection V is metric and Hermitian, that is Vg = 0
and V.J = 0. The torsion tensor 7 of V defined by

TxY =VxY —VyX — [X,Y]

=nxY —nyX
for all vector fields X,Y on M lives in A2M ® A'M; in addition, it satisfies

forall X,Y,Z in T M.

Notation: If £ and F' and vector sub-bundles of TM and () is a tensor of type
(2,1), we will denote by Q(E, F) (or QgF) the sub-bundle of TM generated by
elements of the form Q(u,v) where u belongs to E and v is in F.

An important object associated with an almost Kéahler manifold (M?™, g, J) is its
Kahler nullity. This is the vector bundle H over M defined at a point m of M by
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H, ={veT,M:V,J =0} We also define V to be the orthogonal complement
of H in TM. Hence, we have an orthogonal, J-invariant decomposition

(2.2) TM =V & H.

Using the almost Kéahler condition under the form (2.1) an orthogonality argument
shows that at each point of M

(2.3) V =T(TM,TM).

In other words, the torsion of (g, J) is concentrated in V. For further use we observe
that (2.3) yields T'(V, H) C V hence

Without further assumptions H does not have necessarily constant rank over M.
However, this is true locally, in the following sense. Call a point m of M regular if
the rank of 7 attains a local maximum at m. Using standard continuity arguments,
it follows that around each regular point, the rank of 1, and hence that of H is
constant in some open subset. It is also easy to see that the set of regular points is
dense in M, provided that the manifod is connected. As we are concerned with the
local (in some neighbourhod of a regular point ) structure of certain AKX -manifolds
we can assume, without loss of generality, that H has constant rank over M. This
assumption will be made, as applicable, in the whole rest of this paper.

The following two classes of almost-Kahler manifolds will receive special attention
in what follows.

Definition 2.1. Let (M?™, g, .J) belong to the class AK such that the Kihler nullity
H s of constant rank over M. It is called

(i) normal if ;yV C H;

(ii) strictly normal if nyV = H.

Opposite to the class of normal structures is the following sub-class.

Definition 2.2. Let (M?™, g, J) belong to the class AK. It called strict if and only
if T(TM,TM) =TM; equivalently the Kdhler nullity vanishes at each point of M.

We will be particularly interested in normal AKX manifolds such that V is an
integrable distribution, when any of its integrable manifolds is Kahler with respect
to the induced structure. Furthermore, in the strictly normal case the definition
prevents taking products with Kéhler manifolds. Every 4-dimensional AK manifold
is normal in the sense of definition 2.1 on the open set where its Nijenhuis tensor
does not vanish. This is a consequence of the fact that the vector bundle A\2M has,
in this case, real rank 2.

The straightforward fact below will be used in the next sections.

Lemma 2.3. Let (M*™, g,J) be a normal AK-manifold. Then:
(i) T(V,V) =0;
(i) mH = V.
Proof. (i) is clear from the definition. To prove (ii) we consider the orthogonal

complement F' of nyH in V. Then nyF = 0 and the vanishing of the torsion on V
implies that ng) = 0. In other words ngH is orthogonal to V, hence it must vanish.



9

We showed that F' is in fact contained in the Kéhler nullity of (g, .J) hence F' =0
and our assertion follows. U

Resuming our general considerations, we define now dgn in A2M ® A\2M by

den(X,Y) = (Vxn)y — (Vyn)x

whenever X, Y belong to T'M. It splits as
den = d+17 +don

along A°M @ N2M = (A M @ N2M) @ (\>2M @ X\2M). The fact that n belongs to
(MM @, N2M) N Ker(a) makes that
(2.5) den € (WM @, A*M) N Ker(a)
as an easy verification shows. The exterior derivative of the intrinsic torsion tensor
is directly related to the curvature tensor of the connection V which is defined by

R(X,Y) = —[Vx, Vy]+V|x .y for all vector fields X, Y on M. Note that R belongs

to A2M ® AV'M, since V is a Hermitian connection. It is related to the Riemann
curvature tensor R by the comparison formula

(2'6) E(Xv Y) = R(X, Y) + [77Xa 77Y] —Nrxy — dvﬁ(Xa Y)

for all vector fields X,Y on M. At this stage some information is also required
on the quadratic algebraic terms in 7 above, as follows. The tensor [?] defined by
(X,Y) — [nx,ny| belongs to A M @ A M and hence it splits as

[7°] = Sy + Ay
where S, and A, belong to S?(A"'M) and A*(A\M1M) respectively. Let now ,, in

A2 M be given by
2m
Q, = Z Mei /\ Te;
i—1

where {e;,1 <i < 2m} is some orthonormal basis in M. We consider the tensor
(n%) in A2M ® A?M given by
(X,Y) — nryy
for all X, Y in TM. It belongs to S?(A*M) as it follows from (2.1) and moreover
Lemma 2.4. The following hold:
i) (n?) belongs to N>M @1 N2 M ;

(i) (n*) = =39,
(iii) () xvZ,U) = —(TxY,T7U) for all X,Y,Z, U in TM.
Proof. (i) follows directly from 1 in A'M @4 N2 M.

(ii) We compute in some local orthonormal basis {e;, 1 < i < 2m}

a(n?) = Z ei Nej AN, ; = Z (Te.ej,exyei N ej A e,

1<4,5<2m 1<4,5,k<2m
=— E (Nep€ir€j)€i Nej A e, = — g €; N\ Nep, € N Ney,
1<i,j,k<2m 1<i,k<2m

= - 20,
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By (ii) in lemma (2.1) it follows that the tensor (n?) + 3£, belongs to S*(A2M) N
(A2M ®1 A>M) Nker(a) and since the latter space vanishes by lemma 2.2, (ii) the

claim is proved.
(iii) follows directly from (2.1). O

A computation similar to that in (ii) above yields the equality

a([’]) = -,
a consequence of which is the splitting

1
Sy =R, + gﬁ;

where R, belongs to K(u(m)). We are now ready to describe the main fact in this
section.

Proposition 2.1. Let (M?*™, g, J) be almost Kdihler. The following hold:
(i) don belongs to K(ut(m));
(ii) the curvature tensor R splits as
1 *
where RE belongs to K(u(m)).
Proof. (i) Since R belongs to S?(A2M) it follows from (2.6) that

R(X,Y,Z, U) - R<Z7 U7X7Y) :<[77X777Y]Zv U> - <[772777U]X7 Y)
— ((dgn)(X,Y)Z,U) + {(dgn)(Z, U)X, Y)
:214,7()(, Y, Z,U)
— ((dgn)(X,Y)Z,U) + {(dgn)(Z, U)X, Y)

for all X,Y,Z,U in TM. Since the tensors R and A, belong to A2M ® AMM,
after projection on A>’M ® A*M we find that d_n belongs to S*(A*M). Given that

a(dgn) = 0 by (2.5) the claim is proved.
(ii) we consider the splitting R = Ry + Rs + Rj3 along
A2M @ AMM = S2ONLM) @ A2 M) @ (VM @ AV,
By projecting (2.7) on A2(AMM) and MM @ A2M respectively we obtain after
taking (i) into account that

R=RN+

(2.7)

RQ = Am RS = (d%n)*

Clearly a(R2) = a(R3) = 0 hence a(R) = a(R;). On the other hand side, from the

comparison formula (2.6) it follows that

a(R) = a([n’] = ("))
since a(dgn) = 0. But a[n?] = —Q, hence by (ii) in lemma 2.4 we get a(R;) = Q.
In other words R* = Ry — £Q belongs to K(u(m)) and the claim is proved. 0

Corollary 2.1. For a given almost Kdhler structure (g,J) on some manifold M>*™
its associated canonical Hermitian connection V is flat if and only if (g, J) is Kdhler.
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Proof. Let us assume that R = 0. Using (ii) in proposition 2.1 above we find that
Q; = 0. Therefore Q, = 0 which leads to (7*) = 0 and finally to 7 = 0 by means of
(i) and (iii) in lemma 2.4. O

This has been first proved in [16] by using the existence of special orthonormal

frames adapted to the connection V. A useful identity for what follows is contained
in the lemma below.

Lemma 2.5. Let (M*™,g,J) be almost Kihler. Then

(Vaxn)oy + (Vxn)y = dén(X,Y) +JdEn(JX,Y)
whenever X, Y belong to T'M.
Proof. Since den(X,Y) = (Vxn)y — (Vyn)x it follows that

den(JX,Y)(JZ,U) =((Vyxn)yJZ — (Vyn)sxJZ,U)
=((VuxmavZ + (Vyn)xZ,U)
for all X,Y,Z,U in TM. We deduce that
Jden(JX.Y) = (Vixn)sy + (Vxn)y — dgn(X,Y)
whenever X,Y in T'M and the claim follows. O

2.3. Riemannian curvature and integrability. In the rest of this section (M?™, g, J), m >
2 will be an almost Kéahler manifold. Let R be the curvature tensor of the metric
g, with the convention that R(X,Y) = Vxy] — [Vx, Vy] for all vector fields X
and Y on M. With respect to the bi-type splitting A2M = AMM @ A2M it can be
written in block form as
Ri1 Rio

2.8 R = .
(2:8) ( Ry Ron )
Given that R is in S?(A?M) we have that Ry = R}, and the type of the components
is given as follows

Ryp in S2(AMIM), Ry in AMM @ N2M

R22 n SQ()\QM>
The relation with the decomposition of the Hermitian curvature tensor in proposi-
tion 2.1 is made through the following.

Proposition 2.2. Let (M*™ g, J) be an almost Kaihler manifold. We have:
(i) Ri1 = R® — R,;

(il) Rip = din;

(iil) Rap = don — 390,
Proof. All claims follow by making use of proposition 2.1. Indeed, the comparaison
formula (2.6) reads

R=R+ "] = () — din —dgn.

We recall that din belongs to A" M @ A\*M, d_n belongs to K(u(m)) and also that
the identities
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hold, where the different components have been introduced in the previous section.
It is now enough to combine proposition 2.1 with (2.8) when taking into account
the algebraic type of each component. [l

Note that along \>M @ N2M = (A2M @, N2M) @ (A>M ®5 \>M) we can split
Roy = R}y + RY,. Proposition 2.2, (iii) yields then the following explicit formulas
1. 1" —

5917 ) R22 = dﬁﬂ?
the former having been computed first in [21][page 604, Cor.4.3].

We recall now some facts about the various notions of Ricci tensors. Let Ric
be the Ricci tensor of the Riemannian metric g. We denote by Ric and Ric” the
J-invariant resp. the J-anti-invariant part of the tensor Ric. Then the Ricci form is

2m
defined by p = (RicJ-,-). The *-Ricci form is given by p* = 3 > R(e;, Je;) where
i=1

(2.9) Ry = —

{e;,1 < i < 2m} is any local orthonormal basis in TM and satisfies
1
(2.10) pr—p= EV*Vw.

The proof of this fact (see [3]) consists in using the Weitzenbock formula for the
harmonic 2-form w. Taking the scalar product with w we obtain:

1
f—s=—|VJP
s —s 2| |

where the x-scalar curvature is defined by s* = 2(R(w),w). For further use we
introduce the forms ¥ and ® in AY'M given by

U(X,Y) = f:((veiJ)JK (Ve )Y)

2m

O(X,Y) = %Z((VJXJ)eh (VyJ)ei)

=1

for all X,Y in TM and any local orthonormal frame {e;, 1 <i < 2m}. It then easy
to see that

(2.11) V*Vw =V —2¢((6gm)J-, )

where dg denotes co-differentiation w.r.t V. As a consequence we have

1
(212) =t 5 (¥~ @)~ g((Ggn) -,
where the first Chern form of (g, .J), computed w.r.t. the canonical connection is
2m
given by 1 = £ >~ R(:,, e;, Je;). The intrinsic torsion tensor n and the Ricci tensor
i=1

enter the following important formula, which gives an obstruction to the existence
of almost Kéhler, non-Kéahler structures.
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Proposition 2.3. [6] Let (M?™,g,J) be an almost Kdihler manifold. Then the
following holds:

A(s* —s) = —46(JO(JRic")) 4+ 85({p*, V.w)) + 2| Ric"|?
P4, — V*V) — [B[2 — [VIVl? — 8| R

Here 6 denotes co-differentiation with respect to the Levi-Civita connection V, acting
on 1-forms and 2-tensors.

Under an integral form the formula above has been proved in [35], where it
has been used to show that Einstein, almost Kahler manifolds with positive scalar
curvature are, in the compact case, Kahler.

3. GRAY’S CURVATURE CONDITIONS

Let (M?™, g, J) be almost Kihler with Riemannian curvature tensor to be denoted
by R. We begin by recalling how one can distinguish several classes of almost
Hermitian manifolds by ”the degree of ressemblance” of their Riemannian curvature
tensor with the curvature tensor of a Kahler manifold [21, 33]:

(Gy): R(X,Y,JZ,JU)=R(X,Y,Z,U)
(Go): R(X,Y,Z,U)—R(JX,JY,Z,U)=R(JX,Y,JZ,U)+ R(JX,Y, Z, JU)
(G3): R(JX,JY,JZ,JU)=R(X,Y,Z,U).
Following [21], the class AK;,1 < i < 3 is defined to contain those almost Kéhler
manifolds whose curvature tensor satisfies the condition (G;).

In terms of the block structure of the Riemann curvature operator in (2.8) it is
elementary to check that Gray’s curvature conditions can be equivalently rephrased
as follows.

(Gl) 2R12 = R22 = 0
(31) (Gg) 2R12 = 0, R/QIQ =0
(Gg) 2R12 =0.

In particular a Kahler structure satisfies all of the three conditions and also the
implications G; = G5 = G3 hold hence

A, € AK, € AK.

In fact it was shown in [20] that locally AK; = K, where K denotes the class of
Kéhler manifolds. A simple proof of this result (for another proof using special
frames see [15]) is given below.

Proposition 3.1. Any almost Kdihler manifold (M*™,g,J) satisfying condition
(Gy) is Kdbhler.

Proof. Since Ry = 0 it follows from (2.9) that Q" = 0. By using (i) in lemma 2.4
we conclude that (n?) = 0 hence a positivity argument based on (iii) in the same
lemma yields that 7" vanishes and thus so does 7. U

The other inclusions between the previously the classes AKC;, 1 < i < 3 are strict
in dimensions 2m > 6, as showed by the examples in [14], multiplied by K&hler
manifolds.
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Remark 3.1. In the same spirit as above, the class AH;,1 < i < 3 contains those
almost Hermitian manifolds whose Riemannian curvature tensor satisfies condition
(G;). As opposed to the almost Kihler case, conditions (Gy) and (G3) are equivalent
in the class of Hermitian manifolds [21] and hence in the class of locally conformally
Kidhler manifolds [18].

Let us now examine the structure of the intrinsic torsion of an almost Kahler
structure satisfying the curvature condition (G;),7 = 2, 3.

Proposition 3.2. Let (M*™, g,J) be almost Kihler. The following are equivalent:
(i) (g,J) belongs to AKs;
(ii) din=0;
(iil) (Vyxn)(JY, Z) + (Vxn)(Y,Z) =0 for all X,Y in TM.

Proof. Since (G3) is satisfied if and only if Rj5 = 0 the claim follows from proposition
2.2, (ii) combined with lemma 2.5. O

Corollary 3.1. Let (M?*™, g, J) belong to the class AKs. The following hold when-
ever X, Y, Z U belong to T'M

(i) R(Xa Y, Z,U) - R<Z’ U X, Y) = <[77X777Y]Z7 U> - <[77Z777U]X’ Y>;

(ii) R(JX,JY) = R(X,Y); o
(iii) the algebraic Bianchi identity for the connection V takes the form

OXxXY,Z R(X,Y)Z+TTXyZ =0

where o denotes the cyclic sum.
Proof. (i) and (ii) follow from the vanishing of d_n and (ii) in proposition 2.1.
(iii) We compute by using (2.1) and (ii) in proposition 3.2

(VxT)(Y,Z),U) == ((Vxn)uY, Z) = —(den) (X, U)(Y, Z) = ((Vun)xY. Z)

= — (dgn) (X, U)(Y, Z) — {(Vun)xY. Z)

for all X,Y,Z U in TM. By proposition 2.1, (i) we know that don is an algebraic
curvature tensor and since a(n) = 0 after taking the cyclic sum on X, Y, Z we obtain
that oxyz((VxT)(Y, Z),U) = 0 whenever X,Y,Z U belong to TM. The claim
follows now from the algebraic Bianchi identity for the connection V. O

Proposition 3.3. Let (M?™,g,J) be almost Kihler. Then (g,J) satisfies condition
(Gs) if and only if dgn = 0. In particular we have

(3.2) (Vaxm)gy + (Vxn)y =0
whenever X, Y belong to TM, provided (g, J) is of class AK,.

Proof. Since the curvature condition (G3) is satisfied if and only if Ris = 0 and
R}, = 0 the claim follows from proposition 2.2, (i) and (2.9). d

Finally we record some information on the differential Bianchi identity.
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Proposition 3.4. Let (M*™, g, J) belong to the class AK3. We have:

(VxR)(Y,Z)+ (VyR)(Z,X) + (VzR)(X,Y) =0

R(TxY,Z2)+ R(TvZ,X) + R(T;X,Y) =0
whenever X, Y, Z belong to TM.
3.1. The partial parallelism of the torsion. Let (M?™, g, J) belong to the class
AKC. We investigate here the impact of having Gray‘s curvature conditions satis-
fied on the intrinsic torsion tensor 7 of (g,.J). Notationwise, the action G of an
endomorphism G of T'M on the tensor 7 is defined by

(Gn)x = Gnx —nxG — nax
for all X in T'M. Our main observation in this section is
Proposition 3.5. Let (M*™, g, J) belong to the class AK3. Then
Vreyn =0

for all XY in TM.

Proof. Differentiating (iii) in proposition 3.2 we obtain

=2 =2
(Vxoymaiz+ (Vxyn)z =0
and also ., .,
~(Vyyxmiz+ (Vv xn)z =0
for all X,Y,Z in TM, after performing the variable change (X,Y) — (JY,JX).
After addition of these two equations and by making use of the Ricci identity w.r.t.
the connection V we obtain that
_ — =2 =2
(3.3) (R(X,JY')N) gz + (Vreayn) sz = (VX,Yﬁ)Z + (VJ)/,JXn)Z'
for all X,Y,Z in TM. Now we antisymmetrize (3.3) in X and Y in order to get
(R(X7 JY )n + E<JX7 Y)n)sz + (vTX(JY)—f—TJXYn)JZ
=(R(JX,JY ) — R(X,Y)n)z + (Vo (v)-1xv) 2
whenever XY, Z belong to T'M, where we have used twice the Ricci identity for

v_. By corollary 3.1, (ii) the curvature tensor R belongs to A" M ® AY'M hence

(Vrxuny+rixyMaz = (Vi oy)-rxvn)z and further (Vryn)sz = (Vryn)z for
all X,Y,Z in TM since (M?™, g, J) is quasi-Kahler. The claim follows now by using

(iii) in proposition 3.2. O
As far as the class AK is concerned additional information relating torsion and

curvature is available.

Proposition 3.6. Let (M*™, g, J) belong to the class AKy. Then

oxy,z[R(X,Y),nz] = ox v, 205x v)2
forall XY, Z in T M.
Proof. Because Ri5 = 0 and R}, = 0 we have dgn = 0. After differentiating we find

by using the Ricci identity that ox.y.z(R(X,Y)n)z + (Vryyn)z = 0 for all X,Y, Z
in TM. The claim follows now by using proposition 3.5. Il
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3.2. Examples. Let us now describe the main class of examples in this paper. On
R?? with co-ordinates z;,1 < i < 2p we consider the standard flat metric gy and

compatible complex structure Jy given by Jo(d%) = dw‘jﬁ, 1 <4 < p; moreover let

wo = go(Jo, -) be the induced symplectic form.
Let (Z, h,I) be a Kdhler manifold and let

w:Z — S*(R¥) = {S € S*(R*) : SJy + JoS = 0}

be such that |w|, < 1. We consider the product M = R? x Z where the R? is
equipped with the metric and almost complex structure given by

gw =go((1 +w)~ (1 —w)-, )
Jo =1 —w) ' Jo(1 —w)

in the basis {dixi,l < i < 2p}. These objects extend to a Riemannian metric and
two almost complex structures on M given in block form by

(e 0N (e O\ 5 = O
9—(0 h)’J_(O 1>’J—<o 1)

If wZ = h(I.,-) denotes the Kéhler form of (h,I) an important feature of this
construction is to have the Kahler forms of (g, J) respectively (g, J ) equal to wy+w?
and wy — w? respectively. Therefore both of the structures (g,.J) and (g,.J) are
automatically almost-Kahler.

Of special significance to us is the case when w : Z — 5%~ (R?) is anti-holomorphic
in the sense that Idw = —(dw)Jy, where in right hand side matrix multiplication is
meant. Using appropriate complex notation this is easily seen to be equivalent to
the usual notion.

Let now the distribution V be spanned by {%, 1 < < 2p} and let H be its
orthogonal complement in T'M | w..r.t., say, g.

Proposition 3.7. If w : Z — S%~(R?) is anti-holomorphic, non-constant and
moreover |w|. < 1 holds we have:

(i) (M,g,J) is Kdhler;

(i) (g,J) is a normal almost Kdhler, non-Kdhler structure with Kdhler nullity
containing H ;moreover the canonical connection of (g, J) leaves the splitting
TM =Y & H mvariant;

(iii) (M, g,J) belongs to the class AKs;

(iv) the metric g is Einstein if and only if the Kdhler structures (h,I) has Ricci
form ph = 2(dId)Indet(1 — w).

Proof. (i) Let V; = %,1 < i < 2p such that in matrix terms we have —JV; =

w
> J9V; for 1 < i < 2p. The Nijenhuis tensor N; vanishes on A*V @& A*H by
j=1

the construction of J and the fact that I is integrable. Unless otherwise specified
in what follows we will work with with invariant vector fields X in T'Z, that is



17

Vi, X] =0,1 <i<2p. A straightforward computation shows that
N;(Vi, X) =[Vi, X] + [J Vi, IX] + Vi, IX] — J[J Vi, X]

=[J,Vi, IX] — J[J,V;, X]
2p 2p

= (LixJ)V; =Y (LxJI)IV;
j=1 j=1

for all 1 < i < 2p and for all invariant X in TZ. Hence J is integrable if and only if
0= L[XJU, -+ (ijw)Jw = (1 — w)il((L[Xw)Jo — wa)<JOJw — 1)

holds for any invariant X in TZ; the claim follows since the matrix JyJ, — 1 is
invertible.

(ii) Let us compute the intrinsic torsion tensor 7 of the almost Kéhler structure
(g,J). Asin (i) the Nijenhuis tensor N; vanishes on A?YV & A*H. Moreover by a
computation similar to that in (i) taking into account that w is anti-holomorphic
yields

2p
N(Vi, X) =2 (LxJ)JuV;
j=1

for all 1 < i < 2p and for all invariant X in T'Z. Since (g, J) is almost Kéhler we
have g(N;(Uy,Us),Us) = 4g(nu,Ur, Us) whenever U;, 1 < i < 3 belong to T'M. It
follows that

np =0,mVY CH

and moreover, when writing
2p

(3.4) 2, X = a;(X)V;
j=1

for all invariant X in H and 1 < i < 2p the matrix of 1-forms o = (a;)1<i j<2p 18
given by

(3.5) a(X) = —(LxGu)G3.

Here we have used the notation G, = (1 +w)~'(1 — w) and that JoG' = J,. The
canonical Hermitian connection of (g, J) leaves the splitting TM = V@ H invariant
since (g, J) is Kéhler and [J, J] = 0. The structure is non-Kéhler because by (3.5)
71 vanishes if and only if w is constant.

(iii) Since the metric g,, does not depend on R?” the vector fields V;,1 < i < 2p are
Killing. By projection of the Killing equation on V x H it is easy to obtain that

(3.6) VxVi=—nX

for all X in H and whenever 1 < i < 2p. Again because ¢, does not depend on R??
and because the vector fields V; mutually commute the Koszul formula and (3.5)
lead directly to

VyVi=0

for all 1 < ¢ < 2p and whenever V is in V. To verify that (g, J) belongs to the class
AK 3 we use the criterion in (iii) of proposition 3.2, as follows. From (3.4) it is clear
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that Vyn = 0 for all V in V and since V is parallel w.r.t V and 7y = 0 it is enough
to check that

(Voxn) Y + (Vxn)yY =0
for all X,Y in H and V in V. We fix now X,Y in H. After differentiation in (3.4)
we find by using (3.6) that

2p

_ 1 & _
(VY =0y xY =gy X + 5 > (Vxai)YV,
=1

for all 1 <14 < 2p. The quantity to examine is then
(VaxmaY + (VxnvY =(Voxn)v,JY + (Vxn)yY
:2(777IVZ~XY - nﬂviYX)

2p
1 — —
+3 > (Vixai)TIY + (Vxaz)Y)V;.

j=1
Now (Vixai ) IY + (Vxay;)Y = daij(X,Y) + d(Ia;;)(IX,Y); from (3.5) it follows
that

d(){(X7 Y) = —[O[ X>7 Oé(Y)]

for all X,Y in H as well as T = —2d((1 + w)~'Jp), in particular

d(Ia) =0
on H. Therefore
2p 2p
D (Vixai) IV + (Vxai) V)V = = [a(X),a(Y)];V;
" 2p " 2p 2p
= (aa(V)ar(X) = ain(X)arg(V))V; = 2> aa(Y)m X =2 aun(X)m Y
k=1 k=1 k=1

= 477"7viYX - 47777v1-XY'

It follows that (V xn)sv.Y + (Vxn)yY = 0 for all 1 < i < 2p and the claim is
proved.
(iv) follows by a standard computation using the explicit form of the metric g. O

We note, as in the proof above, that V; = ﬁ, 1 <4 < 2p are Killing vector fields
for g,,, holomorphic w.r.t. J. This aspect will be discussed further in section 8. We
will call w non-degenerate if

{( ) exr (@m0

vanishes at each point of Z. In this case the Ké&hler nullity of (g, J) coincides with
H. For example, under the identification S%~(R*) = {A € M,(C) : AT = A} one
can take

w = Diag(wy, ..., wp)
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where w; : Z — C are holomorphic, 1 < ¢ < p; then w is non-degenerate on the
open set where none of w;, 1 < i < p is constant. Moreover an AK3 structure given
by a diagonal w as above is strictly normal if and only if (wy,...,w,) : Z — CP is
an immersion.

When p =1 and Z is a Riemann surface the construction above first appeared in
8], where it has been shown to exaust, locally, the class of four dimensional A3
manifolds.

In section 8.1 we will show that (g, .J) belongs to the class A, if and only if it
is a 3-symmetric space and in particular (h, I) is a Hermitian symmetric space.

Non-product examples of Kéhler manifolds (Z, h,I) leading to Einstein(in fact
Ricci flat) almost-Kéhler metrics g as above can be constructed as follows; when Z
is a Riemann surface the metric (1 — |w|?)h is flat. In higher dimensions we have
the following.

Example 3.1. Let (S, k) be a Sasakian manifold with Reeb vector field ¢ and contact
distribution D; we denote by 0 = k((,-) the contact and by I the transversal complex
structure.

Let (Z,h) = ((0,00) x S,dr* + rk) be the metric cone over S; it is a Kihler
manifold with Kahler form dr A 6 + rdf. We assume now that k is an Einstein
metric, such that h is Ricci flat.

Pick now w = wy +iwy : Z — C with |w|e < 1 and let the symmetric endomor-

phism of TZ be given by ( Zl wﬂi ), in the basis {r~1dr,0} on spcm{r%, ¢} and
2 —W
S=0onD.
We define a metric and compatible complex structure on Z by

h=h((1+8)(1=8)"), I=>1-8I1-9)"

Assume now that Ldiw = Lew =0 and Idw = idw; that is w is holomorphic on
the local Kdhler quotient S/{C}. Then (h,I) is Kdhler and moreover

P = 2(dId) In(1 — |w]?)

since h is Ricci flat (see [12]) for details. Now since w : (Z,1) — C is holomorphic,
it enters the construction in proposition 3.7 to yield a Ricci-flat almost Kdhler
metric on C x Z. Note that these metrics have in fact T3-symmetry, because of the
imwvariance properties we have imposed on w.

A more general situation when examples as above occur is looked at in [12].

4. A FIRST DECOMPOSITION RESULT

In this section we start to analyse geometric consequences of the proposition 3.5
established in the last section. Our main object of study will be an almost Kahler
manifold (M?™, g, J) in the class AKj3 with Kahler nullity H. Our analysis is built
around the partial parallelism of the torsion, that is

(4.1) Vyn =0

for all V in V = H*, which follows immediately from proposition 3.5 and (2.3). Let
us examine now some elementary properties of the decomposition TM =V @ H.
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Proposition 4.1. Let (M*™, g, J) belong to the class AK3. We have:

(i) iVX belongs to H for allV inV and X in H;
(i) VyW belongs to V if V,W are in V;

(iii) R(V,W)n =0 whenever V,W belong to V;
(iv) the distribution V is integrable.

Proof. (i) We know from (4.1) that (Vyn)(X,U) = 0 for all U in TM. Since ny = 0
this gives 7w, xU = 0 and the proof is finished. Now, (ii) follows from (i) since V
is a metric connection and V and H are orthogonal.

(iii) follows by differentiation of (4.1) in directions coming from V together with
TW,V) V.

(iv) is implied by (ii) and the fact that T'(V,V) C V. O

We shall now work to obtain a first decomposition of the vector bundle V' having
good algebraic properties with respect to the torsion tensor 7. Define the sub-
bundle V; of V by setting

Vo=T(V,V)
and let V) be its orthogonal complement in ). In fact, V; can be seen as the Kahler
nullity of the foliation induced by V with respect to the induced almost Kahler
structure. More precisely, we define the tensor

n:VxV—=VbyinyW=nW)y
where the subscript indicates orthogonal projection. Then we have

In other words 1,V C H holds whence T'(V;,V;) = 0. By (2.1) we have that
T(V,V) CV hence the tensor 7 completely determines the torsion over V, that is

W —nwV =T(V,W)

for all VW in V.

In the subsequent, we will assume that the sub-bundle V, has constant rank over
M. As our study is purely local and we have already assumed that H has constant
rank over M, there is no loss of generality since )V, has constant rank over each
connected component of some open dense subset of M.

To summarise, any integral manifold of the distribution V carries, w.r.t the in-
duced metric and almost complex structure an almost Kahler structure with Kahler
nullity V; and intrinsic torsion tensor 7). Moreover, w.r.t the induced structure the
intrinsic torsion tensor is parallel by (4.1), since the first canonical Hermitian con-
nection of such an integral manifold, coincides with the restriction of V to V.

We now look at the Kahler nullity of integral manifolds, first in the induced
structure only; later on in section 6 we will show how these considerations can be
extended over the whole of M.

Lemma 4.1. The orthogonal decomposition V = Vo @ V; is J—invariant and V-
parallel inside V.

Proof. From (4.1) we get that VT = 0 for all V in V. Then proposition 4.1, (ii)
and the definition of Vj, yields the parallelism of V, and hence that of V; inside
V. O
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In the following lemma we show that the existence of a decomposition as that of
V above, generates strong algebraic restrictions involving the tensors 7" and 7).

Lemma 4.2. Let (M*™ g,J) belong to the class AK3. If V = Dy & Dy is an
orthggonal and J-invariant decomposition such that the distributions Dy and Do
are V-parallel inside V' then:

(1) R(‘/lv Wl? W7 W2> = _<TW11/I/7 ﬁWQ‘/I> - <TW‘/17TA]W2W1> fOT all ‘/17 Wl mn Dl;
Win'V and Wy in Dy;

(ii) ﬁ_DgT(Dla Dy) = 0;

1

(i) R(V,W,Vi,Wy) =0 for all V,W inVy and Vi, Wy in Vy;
(iv) for all V;;1 <i <4 inV we have
E(‘/l7 ‘/27 ‘/37 ‘/4> - E(‘/?n ‘/47 ‘/17 ‘/2) == <[77V1777V2]‘/37 ‘/;1> - <[ﬁV3J 77\@]‘/17 ‘/2>
Proof. We prove (i) and (ii) at the same time. Using the first Bianchi identity for
the connection V in corollary 3.1, (iii) we get:

R(Vi, Wi, W, Wa) + R(Wy, W, Vi, W) + R(W, Vi, Wy, Wa)
+ (T, Wi, nw, W) + (T, W, nw, Vi) + (Tw Vi, nqw, W) = 0.

Now the second and the third term below vanish since Dy, Dy are v—parallel inside

the integrable distribution V. Using that R(JVy, JWy, W, W) = R(Vy, Wy, W, W)
and the J-invariance properties of the tensor 7' it follows that (Ty, Wy, nw,W) = 0.
By (2.3) we further get that (71, Wi,nw,W) = 0 and since W in V was chosen
arbitrarily the claim in (ii) follows. The proof of (i) is now obtained by updating
the Bianchi identity above.

To prove (iii) we take Dy = Vy, Dy = V; in (i) and use that V; is the Kéahler
nullity of 7 as indicated in (4.2).

The proof of (iv) follows by an easy computation from corollary 3.1, (i) and the
symmetry of the tensor n! defined by nfIlW = (nyW)g for all V. W in V (which is
a consequence of having the torsion concentrated in V). [l

Let us define Wy = T(Vy, Vo) and let W, be the orthogonal complement of W

in V. The splitting
Vo=W1 & W,

is clearly J-invariant and V-parallel inside V. We are now able to prove our first
decomposition result as follows.
Proposition 4.2. Let (M*™ g, J) belong to the class AK3. The following hold:

(i) Wi =T Wi, W1);

(H) ﬁWl WZ = ﬁszl = O;’

(iii) W2 € Vi

(IV) ﬁWzvl = W2-
Proof. We consider the V-parallel decomposition (inside V)

V=W & W,d V)

which is also orthogonal and J-invariant. Using lemma 4.2,(ii) for D; = Wy, Dy =
Wy @ V) we get fiw, T(Ws, V1) = 0 hence

(4.3) i fiw, V1 =0
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since My, V = 0. It follows that
(44) ﬁWzvl 1 ﬁWI WQ-

The definition of W, implies that Wy, L T (Vy, Vy) hence the use of the almost
Kéhler condition (2.1) gives

(4.5) w, Vo © Vi,

in particular ,W; C V;. Then nw,Vi L nw,W; since the vanishing of the
torsion on V; implies that 7y,V; is orthogonal to V;. Because of (4.4) we ar-
rive at my, Vi, T(Wy, W), in other words m, T (W;, Ws) is orthogonal to V;. But
T(Wi, Wa) €W, by the definition of W} and we saw that 7y, W; C V;. Therefore
we are lead to

(4.6) Nw, T (Wi, Ws) = 0.

Consider now the orthogonal, J-invariant and V-parallel (inside V) decomposition
YV =W,® (W, & V). Using again lemma 4.2, (ii) we get

(4.7) A, T(W1, Wi) = 0.

Now, T(Wa,, W,) = 0 (this follows immediately from (4.5 ) hence by the definition
of Wy we have that W, is generated by T (Wi, W;) and T'(W,, W;). By means of
(4.6) and (4.7) we obtain

7?1/\/2 Wy =20
and the second half of the claim in (ii) is now proved.

Now, nw, V1 is orthogonal to Wi, but we also know that it is orthogonal to V;
as T(V1,V1) = 0. It follows that nw,V1 € W,. Let us define £ = ny,V; and
let ' be the orthogonal complement of £ in W,. Then my, F' is orthogonal to V,
and by means (4.5) we obtain that 7, F' = 0. Since T'(W,, Wy) = 0 we also have
neWs = 0. But ngV; C E C W, and then gV, = 0. Or F' is contained in W,
hence npW; = 0. We showed that nr) = 0 and since F' is contained in V) it has to
vanish. That is, T, V1 = W, proving the claim in (iv).

Now (4.3) leads to 7y, Wy = 0 which proves completely the claim in (ii). Then
T(Wi, Ws) = 0 making that W, = T (W, W) where we have taken again into
account the vanishing of 7" on W, . Thus (i) is also proved, and (iii) is an easy
consequence of (ii) and of the vanishing of the torsion on W;. O

In other words we have proved

Corollary 4.1. Let (M, g, J) belong to the class AKs3. With respect to the induced
structure, every integral manifold of the distribution V' s locally the Riemannian
product of a strict AK manifold and a normal AK manifold, both having parallel
torsion.

5. CURVATURE PROPERTIES

In this section we examine some of the curvature properties of a local AKs-
manifold. In fact we will show how transverse to V, this time, curvature behaviour
entails the vanishing of the factor W, in proposition 4.2; in other words we will
show that integral manifolds of V are Riemannian products, in the induced metric,
of strict AKC-structures with parallel torsion and Kéhler manifolds.
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Unless otherwise stated, throughout this section (M?*™, g,J),m > 2 will be an
almost Kéhler manifold in the class AK3. All the notations in the previous section
will be used without further comment.

Lemma 5.1. Let V,V;;1 <1 <3 beinV and X i H. We have:
(i) R(V1, Ve, V3, X) = 0;
(11) _(X,_‘/l,‘/z,‘/:g) = _<[77V2777V3]X7‘/1>;

R
R

Proof. (i) follows from proposition 4.1, (ii) and the integrability of V. To obtain (ii)
one uses (i) and the symmetry property of corollary 3.1, (i). Finally, (iii) follows by
differentiation from (ii) when taking into account (4.1) as well as proposition (4.1),
(i). O

We will now use the second Bianchi identity for the canonical Hermitian con-
nection in order to get more information about the algebraic properties of n with
respect to the decomposition (2.2).

Proposition 5.1. Let X, V;, 1 < i <4 be vector fields in H and V respectively. We
have

(1) R_(77V2_X’ ‘/1a ‘/?n ‘/4) - R(nle? ‘/2? ‘/3? ‘/4) = _<[77V3777V4]X7 TV1‘/2>
(i) (VxR)(V1, Vo, V3, Vy) = 0.

Proof. Using the second Bianchi identity we obtain

(VxR)(Va, Va, Vi, Vi) + (Vv R)(Va, X, Vs, Vi) + (Vi R) (X, Vi, Ve, Vi)

+ R(Tx Vi, Vo, Vi, Vi) + R(Tv; Vo, X, Vi, Vi) + R(Tv, X, Vi, Vs, Vi) = 0.
Now, the second and the third terms of this equation vanish by lemma 5.1,(iii).
But the first term is J-invariant in V; and V5 by corollary 3.1, (ii) and that all the

remaining terms are J-anti-invariant in V; and V5 since 1 belongs to A'M &9 A2M.
Therefore, (ii) follows and moreover we obtain

R(Tx Vi, Va, Va, Vi) + R(Ty, Va, X, Va, Vi) + R(Ty, X, Vi, V3, Vi) = 00.
Since T'(V, V) C V it suffices to use lemma 5.1, (ii) in order to conclude. O
An important consequence of proposition 5.1, (i) is:
Corollary 5.1. We have that ny, 7y, Vo = 0.

Proof. Take V3 in V,, V4 in Vi and Vi, V5 in V in (i) of proposition 5.1. Since
Vi, 1 = 0,1 are orthogonal and V-parallel inside V we have that

<[77V37 77V4]X, TV1‘/2)> =0.

for all X in H. By definition T'(V, V) = V, hence it follows that ([ny,, nv,]X,U) =0
for all U in V. Because ny,H C V by (2.4) and n,V C H by (4.2), we have that
nv,MvsX belongs to H, in particular (ny,m,X,U) = 0 for all U in V. We are left
with 0 = (N, X, U) = —(q, X, U) = (X, ny,my,U) for all U in Vy. In other
words 1y, Ty, Vo is orthogonal to H. It is also contained in 1),V C H and the claim
follows. O



24 P.-A. NAGY
With these in hands we set out to show that the space W, in proposition 4.2
must vanish. We consider the decomposition
Vl = El @ E
where ' = my,W> C V; and E denotes the orthogonal complement of E’ in V.
This splitting is J-invariant and V-parallel inside V and moreover

Lemma 5.2. The distribution E' satisfies ngH C Wh.

Proof. By corollary 5.1, the fact that T(W;, W) = W, (see proposition 4.2, (i))
and the definition of £’ we obtain easily that
(51) 77V1W1 =0
and
T, El =0.

The second equation gives us ngE’ = ngE' = 0. Therefore ng E is contained in
T(E,E") =0 (since T(V1,Vy) = 0) and thus it vanishes, showing that

Hence ng H is orthogonal to V; and by the first equation it is also orthogonal to
W, and the claim follows. O

Let the symmetric and .J-invariant tensor 7 : Vy — V), be defined by

(PVo, Wo) = Y (v vk, fiwi o)

vEEVL

for all Vo, Wy in Vo, where {v;} is an arbitrary local orthonormal basis in V.

Lemma 5.3. We have

(1) R(%,Wl,‘/o,Wo) = —<[77V0,77W0]‘/i,W1> fO?“ (lll %,Wl m Vl and ‘/O,WO mn
VO;
(ii) 7 preserves Wy and the restriction of 7 to Wy has no kernel;
(iii) let U be in V such that

R(U, Vi, Va, V3) = 0
for all Vi in E' and V3, V3 in Vi. Then U L E'.

Proof. (1) It suffices to apply lemma 4.2,(iii) and (iv).
(ii) An elementary computation based on (i) leads to

(5.3) > R(vg, Ju)V = =2(F)V

Vg (%1

whenever V belongs to V,. Because W, is V-parallel inside V it must therefore be
preserved by 7.

Let V' in W, be such that 7V = 0. From the definition of 7 we get by a positivity
argument that 7y V; = 0. Hence the space 7y W, is orthogonal to V; and we know
that it is also contained in V; by proposition 4.2, (iii). Therefore 7y W, = 0, and
again the fact that V' belongs to W yields 7y W; = 0 by using proposition 4.2, (ii).
Altogether 7y V = 0, in other words V' must belong to V; by (4.2). At the same
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time V is in W, C V, L V; and so it must vanish.
(iii) Using the symmetry formula in lemma 4.2, (iv) we obtain that

R(V2, V3, V1,U) =0

for all Vo, V3 in V) and V; in E’. Let now Vg, Wy be in Ws. If {v;} is an orthonormal
basis in V; then by proposition 4.1, (iii) we have that:

R(vr, Jor)mve Wo = MR, suve Wo + v (R (0, Juk) Wo).

We now project on V and sum over k to find by means of (5.3) that

> R(vr, Jue)i, Wo = 2 | e, Wo + i, (FIWh) |

v EV]

By definition, E’ = 1, W, hence taking the scalar product with U above yields
NiveWo + 1y, (TWo), JU) = 0 for all Vi, Wy in Ws. Because 7 is positive definite on
W, by considering its spectral decomposition we deduce that JU (and thus U) is
orthogonal to fy, Wo = E’ and the proof is finished. O

These preparations allow to show that

Proposition 5.2. The orthogonal, J-invariant and V-parallel (inside V) decompo-
sition V = Vo @V satisfies:

(i) Vo =T Vo, Vo);
(H) UV1VO = 0.

Proof. We first show that £’ = 0. Indeed, let us consider Vj in Ws, Wy in E’ and
Vi, Vo in V; as well as X in H. Using proposition 5.1, (i) we obtain that

R(nVon W0> V1> VZ) - R(nWon va Vlv V2) = _<[77V1>77V2]X> TW0%>'

But nw,X belongs to W, C V) by lemma 5.2 , hence the second term of the left hand
side vanishes by lemma 4.2, (iii). Because Ty, Vp is in V whilst [ny,, m1,]X belongs
to ny, (m, H) € ny,V C H it follows that the right hand side of the equation above
vanishes as well. Hence

R(nVOXv Wo, ‘/la ‘/2) =0

for all Wy in E' and whenever V},V; belong to V. Applying lemma 5.3, (iii) we
obtain that m, H is orthogonal to E’ thus nw,E' C V = W, & W, & V;. But
Thw, Wi = 0, 7w, V1 = Wh by proposition 4.2, (ii) and (iv) hence my, B C W;. Since
T(E',W,) CV we deduce that ng W, C V. At the same time, npg Wy C Vo C H
results in np W, = 0. As a consequence lemma 5.2 yields ng:H = 0. But using
(5.1) we get that ng W, C ny, W) = 0 whilst (5.2) makes that ngV; = 0.

Collecting the facts above we see that E’ is contained in H, the K&hler nullity of
(g, J) which leads to £’ = 0.

From the vanishing of 9y, W, it follows that 9,V is orthogonal to W,. However
w,V1 = Ws by proposition 4.2, (iv) hence necessarily W, = 0. It follows that
W, =V hence (i) holds by proposition 4.2, (i) whilst (ii) follows from (5.1). O
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5.1. On parallel torsion. We pause now to gather additional information related
to the class of AKX manifolds with parallel torsion. We will prove, in this situation,
that the Einstein condition and some of its generalisations force integrability; along
the way we also obtain some information about the holonomy of the canonical
Hermitian connection. These results will be used in the next section to extract the
remaining information from proposition 5.2.

Let (M?™, g, J) be almost Kéihler and have parallel torsion w.r.t. the first canoni-
cal connection or equivalently Vi = 0. By proposition 3.3 it follows that (M?™, g, J)
belongs to the class AK,. Define the symmetric and J-invariant tensor r : TM —
TM by

2m
(rX,Y) =Y (Ve )X, (Ve ))Y)
i=1
for all X and Y in TM, where {e;,1 < i < 2m} is an arbitrary local orthonormal
basis of TM. Then ¥ = (rJ-,) belongs to A\''M. We also let 7 in A2M be defined

by
ZE ei, Je;)

where {e;,1 <7< 2m} is an arbltrary local orthonormal basis in T'M.

Lemma 5.4. For any AK-manifold (M*™, g, J) with parallel intrinsic torsion ten-
sor we have:
(i) V*Vw =1V
(il) p=2p + 3 ¥;
(ii) 4(p, @ — W) = | B[ + [
(iv) 4(p, 2+ V) + (¥, P + ) = 0.

Proof. (i) we have (Vxw)(Y,Z) = =2(nx(JY), Z) for all X, Y, Z in TM. By using
that V7 = 0 a simple algebraic computation which is left to the reader yields the
desired result.

(ii) from (2.6) we get that p = 2p* — 3¥ and the claim follows by using (2.10) and
(i).

(iii) we update the integrability condition in proposition 2.3 by the additional infor-
mation available in the parallel torsion case. We have Ry, = 0 by (2.9). Moreover
the function s* —s = $|VJ|? is constant and Ric” vanishes since (g, J) satisfies
condition (G3). The claim follows now by using (i) and proposition 2.3.

(iv) Since the torsion is parallel, we have that R(X,Y)n = 0 for all X,Y in TM. It
follows that pn = 0 and taking the scalar product with Jn we obtain after an easy
computation that (p, ® + ¥) = 0. To conclude it suffices now to use (ii). O

Theorem 5.1. Let (M*™, g, J) be almost Kdihler with parallel torsion. The follow-
ing hold:

(i) If g is Einstein then J is integrable;

(ii) If J is not integrable the connection V has complex reducible holonomy.

Proof. We prove both assertions at the same time. Let us suppose that we have

(5.4) 2(p, @) = (p, V)
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and prove that J is integrable. Using (5.4), the relations in (iii) and (iv) of lemma
5.4 become

—2(p, ¥) = | + |WJ?

6(p, ¥) + |V|* + (¥, D) = 0.
We deduce that 3|®|? + 2|¥|? = (®, ¥). Since (P, V) < |®||¥| we have clearly that
U = =0, that is (g, .J) is a Kéhler structure.

Now, if the manifold is Einstein, (5.4) is clearly satisfied, hence (i) is proven.
To prove (ii), suppose that V has complex irreducible holonomy. Then the J-
invariant, V-parallel forms ®, ¥ must be multiples of w hence 2& = ¥ so (5.4) is
again satisfied. U

Note that for geometries with parallel, totally skew-symmetric torsion, in par-
ticular in the nearly Kéhler case, both instances of real irreducible and complex
irreducible holonomy for V can occur (see [13, 28]). In the same vein, one can also
have integrability results in terms of the Hermitian Ricci tensor p.

Proposition 5.3. Let (M*™, g, .J) be almost Kdihler with parallel torsion. If p =0
then (g, J) is a Kdhler structure.

Proof. Because p vanishes we have that p = —1¥ by using lemma 5.4, (ii). Then
(iii) in the same lemma leads to |®|? + (¥, ®) = 0. But (¥, ®) > 0 because both of
W, ® are positive semidefinite and the claim follows. [l

We will rely on the observation above to complete, in the next section, the last
part of the argument of the proof of theorem 1.1.

6. LOCAL STRUCTURE OF AK3-MANIFOLDS

We shall investigate now some of the geometric implications of the decomposition
in proposition 5.2. Let V be the linear connection in TM obtained by orthogonal
projection of V onto the splitting TM =V & H. Clearly Vg = 0 and V.J = 0 that
is the connection is metric and Hermitian. If 7 is the difference tensor between the
connections V and V, that is V = V + 1 it follows that 7 belongs to A'M @ AV M.

By construction V leaves the distributions V and H invariant and 7z H C V
whilst 75V C H. As a consequence of (i) and (ii) in proposition 4.1 we have that

Ny = 0.
Proposition 6.1. Let (M?™ g, J) belong to the class AKs3. Then the distribution
Vo is V-parallel.

Proof. Let us denote by 7™ and 7~ the symmetric resp. the skew-symmetric com-
ponent of the tensor n. If V. W and X,Y are in V and H respectively we must have
by proposition 3.2, (ii) that

(den) (X, V)(W,Y) = (dgn)(W,Y)(X, V).
Taking into account the parallelism of 1 over V in (4.1) it follows that
(Vxn)yW,Y) = =((Vyn)wX, V) = (Vyn)wV, X).
We antisymmetrise in V' and W and we arrive at

(VxT)(V,W),Y) + (VyT)(V, W), X) = 0.
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Since T(T'M,TM) C V this is equivalent with (T}, W, 77%Y) = 0 so as to obtain that
n%Y is in V;. At the same time, by (ii) in proposition 3.2 we have that

(den)(X,Y)(V, W) = (dgn)(V, W)(X,Y)

and once again the parallelism of n over V leads to ((Vxn)yV — (Vyn)xV, W) = 0.
Since ny = 0 this is equivalent to (nﬁ;(YV, W) = 0 and the almost Kéhler condition

(2.1) ensures that (7Y, Ty W) = 0 hence 7Y belongs to V;. To summarise we
have showed that 7xY belongs to V; therefore nyVy = 0. In other words

(6.1) VxVyisin V

for all X in H and V; in V. As a consequence (V xT)(Vo, W) belongs to V for all
Vo, Wo in Vy, but since ((Vxn)yW,U) = 0 for all V, W, U in V (again by using that
den belongs to S2(A2M) and (4.1)) we see that (VxT)(Vy, W) belongs to H, and
hence it must vanish. Explicitly

Vx(Ty,Wo) = Te v, Wo + T, Vx Vo

whenever Vg, Wy belong to Vy. The right_ hand side above belongs to T'(V,V,) C V,
by (6.1) and the parallelism of Vy w.r.t. V follows now from the equality 7'(Vy, Vo) =
Vo in proposition 5.2. O

The following lemma is a global version of (i) and (ii) in lemma 4.2. The proof
is omitted since entirely analogous.

Lemma 6.1. Let (M*™, g,J) be an AK3-manifold admitting an orthogonal and J-

invariant decomposition TM = Dy @ Dy which is also V-parallel. The following
hold:

(i) 10, T(Ds, D3) = 0;
(ii)) RV, W, X,Y) = —(Try, xV +Tr vW,Y) whenever V,W are in Dy and X,Y
in Do respectively.

Corollary 6.1. Let (M?™,g,J) belong to the class AKs3. Then:

(1) leH = Vl;
(H) nV0V1 =0.

Proof. (i) Since ny, Vo = 0 by proposition 5.2, (ii) we have that ny, H C V;. Consider
the decomposition V; = E @ F with ny,, H = E and F' the orthogonal complement
of E in V;. From the definition of F' it follows that ny, F' is orthogonal to H and
hence it vanishes given that ny, V; C H. Since T'(V;,V;) = 0 it also follows that
nrV1 = 0. It implies that npH, which a subspace of Vy, is orthogonal to V;, and
hence npH = 0. Finally since ngpVy C ny, V1 = 0 we conclude that F'is contained
in the Kéhler nullity of (g, J) and then, of course, F'=0.

(ii) Because V is metric it follows from proposition 6.1 that V; @ H is a V-parallel
distribution. Using lemma 6.1, (i) for the V-parallel decomposition TM = V, &
(V1 @ H) we find that

T Vi, H) = nyymy H = 0.
Combining this with 1y, H = V) in (i) finishes the proof of the lemma. O
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At this stage further screening of the distribution 1 is necessary. We consider
the orthogonal decomposition

Vo=L1 @ E,

where Ey = ny, H and E; is the orthogonal complement of F, in V. It is clear that
this is a J-invariant decomposition.

Lemma 6.2. The following hold:
(i) e, By = np, Bz = 0;

Proof. From the definition of F; we get that ny, F; L H and since T'(E1, V) C Vit
follows that ng, Vy is orthogonal to H. Equivalently ng, H is orthogonal to V), hence
contained in V; and using that ny,V; = 0 from (ii) in corollary 6.1 we arrive at

(6'2) 77E1H = 0.
Consequently, the definition of Fs yields
(6.3) e, H = Es.

From their definition and the parallelism of 7 in vertical directions it is easy to see
that Fy and F, are V-parallel inside V. Therefore, taking V3 in F; and V} in E5 in
(i) of proposition 5.1 we find that

<[77V3777V4]X7 TV1‘/2> =0

for all V; in V,i = 1,2 and X in H. Taking into account that T'(Vy, Vo) = Vy as of
proposition 5.2, (i) and (6.2) it follows that (ny,n,X,U) = 0 for all U in V,. Now
ne,H = FE5 implies that ng, Fy L Vy. But ng, Es is orthogonal to H by (6.2) and
also to V; by corollary 6.1, (ii). We arrive at

(6.4) N, B = 0.

Using (6.4) and the almost Kéhler condition we get T'(Esy, Ey) L E; ensuring that
T(Esy, Ey) C Ey. Again by (6.4) ng, E; is orthogonal to Ey and after antisymmetri-
sation we arrive at T'(Ey, Ey) C Ey. Thus T(F4, E;) L Es and through the almost
Kahler condition (2.1) the spaces ng, Py and E; must be orthogonal, in particular
T(E1, Ey) = ne, By C Ey. Now Vo =T (Vy, V), in other words

El @ E2 — T(El, El) + T(El, EQ) + T(EQ, EQ)

The above inclusions, followed by a dimension argument yield T'(Ey, Ey) = Ej.
Using lemma 4.2, (ii) applied to the distributions Dy = E; @V, and Dy = E, leads
to ng, T(E1, E1) = 0 henceforth ng, By = 0. But ng, By = T(E, Es) is contained in
Vo by using the definition of the latter, thus ng, 4 = 0. The proof of the lemma is
now finished. O

The last ingredient we need before giving the proof of the main splitting result
in this section is related to the behaviour of the curvature tensor R on Fjs.

Lemma 6.3. We have (VyR)(Vi,Va, V3, Vy) =0 for all U inV and V;,1 <i < 4
m EQ.
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Proof. By differentiation of (i) in proposition 5.1 in the direction of U and taking
into account the symmetry property of R in corollary 3.1, (i) together with the
parallelism of the torsion over V we find that:

(6.5) (VuR)(Vs, Vi, X, Vi) = (VuR)(Vs, Vi, v, X, Va)
for all X in H and V; in V,1 < i < 4. Now, by proposition 4.1, (iii), we know that

R(V3, Vi) (ma X) = m, R(Va, Vi) X + Nz, v X

whenever V;,1 < i < 3 belong to V and X is in H. Recall that V, is V-parallel,
and T(Vy, H) C Vo, T(Vo, Vo) C Vo; after applying lemma 6.1, (ii) to D; = V), and
Dy =V, @& H we find that

(6.6) R(V3, V)X =0
for all V3, V, in V, and for all X in H. Therefore

E(X/E% ‘/;1)(77‘/2)() = TIE(VS,V4)V2X
for all V5, V3, Vy in Vy and whenever X belongs to H. Differentiating the last equa-
tion in the direction of U and invoking again the parallelism of 1 in the V direction
we compute:

(VuR)(Vs, Vi, e, X, Vi) =iz, my v vana X0 Vi) = =X s,y v v v V1)
= - <X7 77V1 (vU§)<%a ‘/;1)‘/2> - (VUR)(‘/E% ‘/;17 %7UV1X)
= - (vUﬁ)(‘/& ‘/47 77V1X> ‘/2)

To obtain the third equality above we have used that (VyR)(Vz, Vy)Va belongs to
V as it follows by lemma 5.1, (i) and also that T'(V,V) C V.

By comparison with (6.5) and since ng, H = E, by (6.3), it is now easy to con-
clude. O

The proof of theorem 1.1 in the introduction is now at hand. The argument
relies on the properties of the decomposition TM = ((Ey @ E;) ® V) & H we have
previously established; moreover the transverse (to V) curvature information which
is available turns out to force the vanishing of the Hermitian Ricci form of s, in
the induced metric; this makes it possible to use the integrability results in section
5.1.

Proof of Theorem 1.1:
We are going to show that Ey = 0, in other words 7y, H = 0. To this extent we
consider the partial Hermitian Ricci curvature tensor pg, : Vo — Vy defined by

Do, = Y R(ve, Jur)
UkEEQ

where {vx} is an arbitrary orthonormal basis in E,. By taking the appropriate
contraction in proposition 4.1, (iii) we get after also using (6.6) that

Pey (v X) =15, ) X



31

for all V' in Vy and X in H. Writing pp, = SJ where S is a symmetric, J-invariant
endomorphism of Vj the previous relation reads

(6.7) Sy X) = —nsvX

whenever V' isin Vy and X in H. The tensor pg, preserves the distribution Fy, since

the latter is V-parallel inside V. Moreover, lemma 6.3 ensures that the restriction
of S to Fy is V-parallell inside V.

We are now going to show that S = 0. By contradiction, let us assume that
the restriction of S to Es has a non-zero eigenfunction A, and let us denote the
corresponding eigendistribution by D;. We also define Dy = np, H and note that
by (6.7) we have that Dy C ker(S + A). In particular D; and D, are orthogonal,
and again by (6.7) it follows that np, H C D;. Let D be the orthogonal complement
of D; @ Dy in Ey. Then by (6.7) we get that npH C D, since S+ A : D — D is
injective. Now ng, H = E», hence a dimension argument shows that we must have

(68) 7]D2H = Dl, 77DH =7D.

From the V-parallelism of S when directions from V are taken it follows immediately
that the distributions D;,i = 1,2 and D are equally V-parallel inside V. With this
fact in mind we will now make use of proposition 5.1,(i).By taking V3 in D and Vj
in D; we obtain

<[77V37 77V4]X7 T(‘/h ‘/2)> =0

for all Vi,V5 in ¥V and X in H. Since T(Vy, Vo) = Vo it follows further that
{[nvs, m,] X, U) = 0 for all U in Vy. Now a J-invariance argument in the vari-
ables V3, X yields (ny,mv, X, U) = (ny,ms X, U) = 0. Using (6.8), we get that npD;
and np, D are orthogonal to Vj. But these spaces are orthogonal to V; by corollary
6.1, (ii) and also to H by (6.8). Therefore

(69) 77@1)1 = nDID =0

and in a completely analogous manner, using the pairs of distributions Dy, Dy and
D, D, respectively, one arrives to

(610) 77D2,D1 — 77D1D2 = nDDQ = 77D2D =0.

Using the almost Kéahler condition (2.1) it is easy to derive from these properties
that

T(D,D) C D

T(D;,D;) C D;,i = 1,2

T(D,D;) = 0,i = 1,2.
But T'(FEs, Ey) = Ey and Ey = W, @ Dy @ D hence a dimension argument shows
that T(D;, D;) = D;,i = 1,2 and T(D, D) C D. In particular:
(6.11) T(Dy,Dy) = Ds.

Now, the space np, D; is orthogonal to Dy @ D by (6.9) and (6.10), to E; by lemma
6.2,(i) to V; by corollary 6.1, (ii) and finally to H by (6.8). We conclude that

(612) 77D1D1 Q Dl.
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Using again (iii) in proposition 4.1 we find that

Py, (W) = g, vW + v pg, W

for all V,W in D;. In view of (6.12) and of the fact that pg, acts on D; as A\J we
obtain that np, D, vanishes and then so does D; by (6.11).
We have obtained a contradiction leading to the fact that pp, = 0 on Es.

Now the distribution E, C V is totally geodesic w.r.t. to V and satisfies T(Ey, Fy) =

E5 in particular it is integrable. The canonical connection of the induced structure
is obtained by restricting V to E,. Therefore, with respect to the induced structure
the integral manifolds of Ey are almost Kéahler manifold with parallel torsion and
vanishing Hermitian Ricci tensor. By proposition 5.3 such a structure has to be
Kahler; the intrinsic torsion of the induced structure is obtained by projecting 1 on
E,, however because T'(Es, E2) = Es the torsion of the induced structure is given
by the restriction of T" to E.

It follows that 7" vanishes on E5 hence Ey = 0; then ny, H = 0 whence 1y, Vo C V.
Since V, is a V-parallel distribution, the last conditions yield that V, is V-parallel
and it is now straightforward to conclude by using the de Rham splitting theorem. [J

Under the assumption of parallel torsion it follows that

Theorem 6.1. Let (M?™ g, J) be almost Kihler such that Vnp = 0. Then M
1s locally the Riemannian product of a strict almost Kahler manifold with parallel
torsion and a normal almost Kdhler manifold with parallel torsion.

In section 7 we will show that normal almost Kéahler manifolds with parallel
torsion are in fact 3-symmetric spaces.

7. NORMAL STRUCTURES

7.1. General observations. Let us first describe a few facts peculiar to the class
of normal AKs-structures. All notations from the previous sections will be tacitly
used. The connection V introduced in section 6 preserves the metric g and the
almost complex structure J as well as the splitting TM = V@ H. In proposition 4.1,
(iv) it has been showed that V is an integrable distribution and we will investigate
up to what extent this holds for the distribution H. Let J be the g-orthogonal
almost complex structure on M given by

J=—JonV, J=Jon H.

Proposition 7.1. Let (M*™ g,J) be a normal AKs-manifold. We have:
(i) H is an integrable distribution;
(ii) (g,J) is an almost Kihler structure;
(iii) (VJ)J = —ij in other words V + (371 —n) is the canonical Hermitian con-

nection of the almost Kihler structure (g, J);

(iv) (g,J) is a Kahler structure if and only if 7 = 0.

Proof. (i) By proposition 3.3 we have (Vxn)yU = (Vyn)xU for all X,Y in H and
U in TM. Since ny = 0, this is equivalent to nxy)U = 0 and the integrability of
H is proved.

improve presentation?
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(i) Let us split w = wY + wf along TM = V @& H. Since the Kéhler form of
(g, j) equals wY — wf and dw = 0 it suffices to show that dw” = 0. Because H is
integrable and w” vanishes on H the component of dw” in A®H vanishes. If V and
X,Y are in V and H respectively we get by the definition the exterior derivative
coupled with the vanishing of wY on H yields dw¥(V, X,Y) = WY (V,[X,Y]) = 0
since H is integrable. Now the integrability of V and ny = 0 yield dwY = 0 in
A3V @ (A*Y @ A'H) and the claim is proved.

(iii) follows by a direct computation involving only the definition of the connection

V.

(iv) clearly follows from (iii). O

Note that (i) above holds in the more general setting of quasi-Kéhler AH, man-
ifolds [21]. To measure how far a normal AK manifold (M*™, g, J) is from being
strictly normal we introduce the distribution

Hy=mnV C H.
It is clearly J-invariant and its orthogonal complement H; in H is subject to

Clearly Hy and H; are V-parallel along V.
Within the class of AKs-manifolds the study of normal structures reduces to that
of strictly normal ones as the following shows.

Proposition 7.2. Let (M*™ g,J) be a normal AKy-manifold. Then:

(i) Vi =0;
(H) [ﬁU177]U2] =0 fO’I” all U17 Uz in TM7
(iii) (M?™ g, J) is locally the Riemannian product of a Kdihler manifold and a
strictly normal AKo-manifold.

Proof. We prove both (i) & (ii) simultaneously. From proposition 3.3 we know that
den = 0 in particular (Vxn)yY =0 for all X,Y in H and for all V in V, where we
have also used the parallelism of 7 in the direction of V. It follows that

(VxnvY + [iix, pv]Y = 0.

By using the algebraic properties of  and 7 together with the invariance of V
under V the first term above belongs to V whilst the second is in H. Therefore
(Vxn)vY = [iix,nv]Y = 0. Through similar arguments, from (Vxn)yW = 0 for
all X in H and V, W in V we obtain that (Vxn)y W = [fx, nv]W = 0. In particular
[71x,mv] = 0 hence (ii) is proved since ng and 7y both vanish.

Because (Vxn)y = 0 in order to prove (i) it suffices to examine the remaining
components of the tensor @n. Indeed, the compnent on H ® H vanishes since H is
preserved by V and 7y = 0. Finally Vi = 0 for all V in V since 7 is parallel in
the direction of V and 7y, = 0.

(iii) By (i) it follows that Hy is parallel w.r.t V, hence so is H; since V is metric and
preserves H. From (7.1) and the commutation formula in (ii) we get 7y Hy C H;.
In other words H; is parallel w.r.t V and finally w.r.t the Levi-Civita connection of
g because ng, = 0. We conclude by using the de Rham splitting theorem. O
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The situation is different in the case of AK;-structures where we have no a priori
argument to ensure the integrability of H nor the coincidence, up to products with
Kéhler manifolds, of normal and strictly normal structures. In the next section we
provide more details in this direction.

7.2. Transverse geometry. We begin to study in detail the properties of the
reversing almost complex structure J. As in section 6 we split the intrinsic torsion
tensor 7 = 7T + 7~ along ®*TM @ TM = (&*M @ TM) @& (A>M @ TM). Let
r:TM — TM be given by
2m
r=—>
i=1

for some local orthonormal basis in T'M. We examine below what interaction there
is between the intrinsic torsions 7 and 7.

Lemma 7.1. Let (M*™, g, J) be a normal AK3-manifold. The following hold when-
ever V.W are in'V and X,Y, Z belong to H:

(1) nx (W) = nv(nxW);

(i) (Ix (YY) —nv(ixY), Z) = =2(n;-, X, V);
(iti) 7xY = fix(JY);

(iv) (xY,mvZ) = (7Y, nvX);

(v) x(rY) =iy (rX).

Proof. (i) Since dgn belongs to S?(A?M) according to proposition 3.2, (ii) the partial
parallelism of 1 in (4.1) leads to ((Vxn)(V,W),U) = 0 whenever U is in V. The
claim is now proved by expanding V = V+7j while keeping in mind that V preserves
V and H,nyH CV and that (g, J) is normal, i.e. n,V C H.

(ii) again by the symmetry of dgn and (4.1) we get
(VxnvY, Z) = ((Vyn)zX — (Vzn)y X, V).

The claim follows again by using V = V + 7 and projecting along TM =V @ H.
(ili) by proposition 3.2, (iii) with X,Y,Z in H we obtain 7;,,jy+iyy = 0 hence
NixJY + NxY belongs to H; since it is also in V (by the definition of 7) it has to
vanish.

(iv) we first note that by the definition of 77 together with the symmetry of n on V
in the left resp. the right hand side of (ii) one obtains

(7.2) (xY,nvZ) — (xZ,nvY) = =2(y Z,nv X).

After taking the symmetric sum on X, Y, Z in (7.2) we arrive at ox y z(NyY,nv Z) =
0. Swapping X, Z in (7.2), and substracting the result from the same equation we

get (IxY,nvZ) — (iizY, v X) = =20xyz(ixY,nvZ) = 0.
(v) by (i) we have for any U in V

(xmW,nuY) = (v (ixW),nuY) = —(@Ox W, nynuY').

Now (iv) ensures the symmetry in X and Y of the left hand side term hence taking
the trace over V in V and U yields 7x (rY") = iy (rX). O

To supply additional algebraic information on the tensor 1 we need the following.
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Lemma 7.2. Let (M*™,g,J) be a normal AK3-structure. The following hold when-
ever X,Y belong to H and V.W are in V:

(i) R(_Vv X, W, Y) = <<VV_77>XY7 W> - <ﬁ7~)XVW Y):'

(i) (Vv )xY, W) = ((Vwi")xY,V);

iii) <_7777XVVV7 Y)= <7~777YWV7 X);

iv) E(‘C W X,Y) = <7777XWV7 Y) - <7777XVVV7 Y);
(V) Vyn~ =0.

(
(

Proof. (i) is an immediate consequence of the definition of the curvature tensor
taking into account only proposition 4.1, (i) and (ii). It will be therefore left to the
reader.

(ii) & (iii) will be proved at the same time. From corollary 3.1, (i) and the properties
of n w.rt to the splitting TM = V & H we get R(V,X,W,Y) = R(W,Y,V, X).
Therefore (i) leads to:

(V) xY, W) = (v W, Y) = (Vw)y X, V) = (5w V, X).

But due to lemma 7.1, (iii) the first terms of each side of the previous equality are
J-anti-invariant in X, Y whilst the second ones are J-invariant. We conclude that

(7.3) (V) xY, W) = {(Vwi)y X, V)
and
(v W, Y) = (g wV, X).
This proves (iii) and (ii) follows from (7.3) by symmetrisation.

(iv)& (v) the first Bianchi identity for V in corollary 3.1, (iii) and the vanishing of
the torsion on V yield

R(V,W,X,Y)=R(V,X,W,Y) - R(W,X,V,Y).
Using now (i) when recording that the anti-symmetric part of (7.3) leads to
(Vv )xY, W) + (Vi )xY, V) =0
and further to
RV, W, X,Y) = 2((Vvi )xY, W) + (laxw V. Y) = (v W, Y).

To conclude it is enough to observe that the first term in the right hand side above
is J-anti-invariant in (X,Y) whilst all the remaining terms of the equation are
J-invariant in (X,Y). O

We can provide now additional information on the type of the almost-Hermitian
structure (g, J).

Proposition 7.3. Let (M*™, g, J) be a normal AKs-structure. We have:
(i) 7m, H = 0;
(ii) 7y, Ho = 0, in other words the restriction of 7j to Hy is symmetric.

Proof. (i) we take Z in H; in lemma 7.1, (iv), use (7.1) and recall that nyH = V.
(ii) Let VW bein V and X,Y, Z, Z’ belong to H. By (iii) in lemma 7.2 we obtain

<ﬁﬁx(nvZ)VV7Y> = <ﬁﬁyWana X> = <77Z77VﬁYVVa X>
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where for the last step we used lemma 7.1, (iv). In particular, the transformation
W — nwZ' yields
Tixvymw Z,Y) = (znvivnw Z', X).
By using again (iv) of lemma 7.1 in the left hand side above we get
(Nzmwix(nvZ),Y) = (iznviynw Z', X).
Now nwnx(nvZ) = nwiz(nyX) = fiz(nwny X) by applying succesively (iv) and (i)
in lemma 7.1, (iv) and (i); similarly nyiynw 2’ = f12/(nynwY’). Therefore
(znz(nwinv X),Y) = (ziz (nviwY), X).
After taking the trace in V and W we get (1z72(rX),Y) = (Nz072(rY), X), hence
(Nz(rX),nzY) = (Rz:(rY),nzX). But the right hand side in the previous equa-
tion is symmetric in (Z’,Y) by lemma 7.1, (v) showing that (fz(rX),7,Y) = 0.
The definition of Hy ensures that Im(ry) = Hy hence (777X,7,Y) = 0 whenever

X belongs to Hy and Z,7')Y are in H. The vanishing of 7~ on H, follows by
antisymetrisation in (Z, X)) and a positivity argument. O

In particular, if (g, J) is strictly normal we have Hy = H which is therefore an
integrable distribution by the proposition above. o

At this stage we need to supply more information on the curvature tensor R as
follows.

Lemma 7.3. Let (M*™,g,J) be a normal AK3 manifold. We have:
QR(Viv V;lv ‘/27 77V1X) = E(‘/?n ‘/47 X7 77‘/1‘/2)
for all Vi;1 <1 <4 iV and whenever X is in H.

Proof. By proposition 5.1, (i)

R(nVQXa Vvla VE),, Vzl) - R(WX,V%V}»VQL) - _<[77V3>77V4]X7 TVl‘/Q>

hence R(ny, X, V4, Va, Vi) = R(ny, X, Vo, Vs, Vy) since T(V,V) = 0. Now, using the
symmetry property of R in corollary 3.1, (i) we obtain:

R(Vév Vi, 77V2X7 ‘/1) + <[nnv2X7 77\/1]‘/57 V;l> - <[77V37 77V4]77V2X7 Vi>
=R(Vs, Vi, i X, Va) 4 [y, x5 vV, Va) = (v, v ]ima X, V).

Since the restriction of n to V is symmetric a standard computation yields

<[7771V2X’ il Va, Va) = ([vss mvalmia X, Vi) = 0
thus
(7.4) R(V3, Vi, X, V1) = R(Va, Vi, 1y X, Va).

But (R(V3, V4)n)(Va, X) = 0 by proposition 4.1, (iii) hence the previous equation is
updated to

<nE(V3,V4)V2X’ ‘/1> + <TIV2R(‘/37 ‘/4)X7 ‘/1> = R(%? ‘/;17 T]VlX? ‘/2)

By proposition 4.1, (ii), the operator R(V3, Vy) preserves V and H. Again by using
the symmetry of n on V we compute

<77E(V3,V4)V2Xa V1> = _<X7 nﬁ(vg,m)wvﬁ - —(X, leﬁ(‘/}n ‘/21)‘/2) - E(‘/Eh Vi, V2J]V1X)
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and it is now straightforward to conclude. O

The relation in lemma 7.3 shows that the restriction of R to V is completely
determined by the component of R on A?Y ® A2H which, in turn, depends only
on the intrinsic torsions 1 and 7. We compute now some curvature contractions of
relevance, including the restriction of the Ricci tensor to V. Define the symmetric
and J-invariant tensors r; : V — V and ro : H — H by:

(7.5) <T1V7 W) = Z <(ﬁ€iV)HO7 (ﬁeiW)Ho>7 <T2X7 Y) = Z <(77X'Uk)H07 (ﬁYUk)H0>

e;,€H v EV

for all X,Y,V,W in H and V respectively, where {v;}, {e;} are arbitrary orthonor-
mal basis in V and H respectively and the subscript indicates orthogonal projection.

Proposition 7.4. Let (M*™, g,J) be a normal AK3-manifold. We have:
(1) S R(V,W, vy, Juy) = (ri(JV), W) for all V,W in V;
v €V

(i) > R(vg, Jog, X,Y) = —2(ry J X, Y) whenever X,Y belong to H;
v EV

(iti) p(V, W) = =1(r JV,W) for all V,W in V
where {vg} is some orthonormal basis in V.

Proof. First we record that by (iv) in lemma 7.2 and (i) in proposition 7.3 we get

(7.6) ROV, V)H, =0

and moreover by also using the symmetry of 7 on Hy

(7.7) RV, W, X,Y) = {(1xW) ko, (v V) o) — ((1xV ) b, (v W) ho)

for all VW in V and whenever XY belong to H.
(i) we will use repeatedly, as indicated, that 7 is symmetric on Hy, according to (ii)
in proposition 7.3. From lemma (7.3)

2 Z R(vg, Jog, V,nw X) = Z R(vg, Jug, X, myW)

v EV v EV

whenever X is in H; in fact we will assume in what follows that X belongs to H
since nyH; = 0. Now

R<Uk7 JUk, X7 UVW) = _2<<T7Xvk>H07 (ﬁﬁvWJUk)H())
by (7.7) and since [1, J] = 0. After summation,

> R(vp, Jue, VinwX) == > (ixve, e (fppwJvi,e) = Y (e, X, Jie,my W)

v EV v EV,e;€Hy e;€Hy
because 7 is symmetric on Hy and 1y W belongs to Hy. By lemma 7.1, (i)
(e, X, Ine; v W) = (1, X, Invije, W) = (v ije; J X, e, W)
=(Tle,v I X, e W) + 2005- .. w€i> V)

where in the last equality we have taken into account lemma 7.1, (ii). However, X
1

is in Hy and 7y, Hy = 0 hence 7,5 (7, W) = 577x (e, W), . Therefore

2<nﬁ;X(ﬁeiW)ei7 V) = <77V€i7 ﬁJX(ﬁeiW)Hl> = <77VJX7 e, (ﬁeiW)H1>
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because 71 is symmetric on V and by also using lemma 7.1, (iv). Summarising, we
have proved that

> R, Jue, Vinw X) = > (e IX, e, W) = > (e IX, (e, W), )

v EV e;€Hyp e;€Hyp

—(ri(Jnv X), W).

Since the r.h.s. above is symmetric in V, W by lemma 7.3 and ny,Hy = V the claim
follows.

(ii) is an imediate consequence of (7.7) and (7.6).

(iii) from (i) and again (7.7) we get for the first Chern form of (g, J)

1 1
NV, W) = (rJV, W) + ZRVW@Z,Jel)_ —5 VW),

e,EH

Because (g, J) belongs to the class AK;3; we have dgn = 0 hence 1 = p + (¥ — @)
by (2.12). Furthermore because the structure is normal an easy Computatlon yields
that U(V, W) = &(V, W) for all V,W in V and the claim follows. d

A subclass of interest for what follows is introduced below.

Definition 7.1. An AK; structure (M?™ g, J) is called of null type if it is normal
and R(V,V) =0, where V is the orthogonal to the Kdhler nullity.

The examples in section 3.2 are all of null type, however not necesarily strictly
normal. Being of null type is equivalent by proposition 7.4 with

Ne, = 0.
Therefore, if a structure of null type has integrable Kéhler nullity, 77 vanishes, that
is (g,.J) is Kéhler.
To finish this section we will obtain sufficient conditions to ensure that a normal
AK3 manifold (M?™, g, J) is null or to have the reversing almost Hermitian structure

(g, J ) Kéhler. This mainly takes into account that the Ricci tensor of g is negative
over V. In the compact case a similar argument has been used in [29].

Proposition 7.5. Let (M*™, g,J), m > 2 be a normal AKs-manifold. Then:

(i) we have Ay Tr(ry) = —(|r1)? + 4)ra|?) — 2|Vyij|2.  Here, Vy denotes the
restriction of V to V and Ay is the corresponding partial Laplacian, acting
on functions;

(ii) if Tr(r1) is constant along V then (g, J) is of null type;

(iii) if Tr(ri) is constant along V and H is integrable then (g,J) is a Kihler
structure.

Proof. (i) From lemma 7.2, (ii) we deduce that

(7.8) (Vovi)xY = (Vyi)xY

for all V in V and X,Y in H respectively. We con81der now the partial Bochner
Laplacian DY, acting on 7 by (DY7)(X,Y) =— > (V, , 7)(X,Y) for all XY in

v EV
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H, where {v;} is an arbitrary local orthonormal basis of V. Differentiating (7.8)
when taking into account that H, is V-parallel along V and proposition 7.4 we get

1, . - -
(DV7)( :_J Z (v, Jup))(X,Y) = _5(7"177XY + 27, xY + 20x72Y)

v EV

for all X,Y in Hy. Taking the scalar product with 7 above yields (DV#,7) =
—3(Jr1[*+4|r2|?), when keeping in mind that the restriction of 77 to H is symmetric;

we conclude by means of the standard Weitzenbock formula %AV|7~]|§{O = (DYq, 1) —
Vil where [if}, = 5 e =Ti(r)

e;,ejELdo
(ii) from (i) we get after a positivity argument that r = 0 hence the restriction of
7 to Hy vanishes, that is (g, J) has null type. (iii) follows from (ii) and proposition
7.1, (iv). 0

Remark 7.1. (i) In fact proposition 7.5 (i) is a particular case of the Walczak
formula 38, 37]; in the AKCs case it can be also recovered from proposition 2.3
applied to the almost Kdhler structure (g, j) For self-containdeness reasons
we have adopted here the direct approach.

(ii) if a normal almost-Kdhler manifold (M*™,g,J) in the class AK3 has the
property that (g, j) belongs to the class AKy then the function |Vj\2 is con-
stant by proposition 7.2, (i) hence (iii) in proposition 7.5 ensures that (g, J)
is in fact a Kahler structure.

In this paper we will mainly use the criterion above in two situations: for Einstein,
AK 5 structures, below, and in the next section for strictly normal AKs-structures.

Theorem 7.1. An FEinstein, AKs structure is either
(i) Kdhler
or
(ii) Ricci flat and of null type, up to local Riemannian products with Ricci flat
Kahler manifolds.

Proof. By thms. 1.1 and 5.1 an Einstein, A3 structure is locally the Riemannian
product of a Kahler-Einstein manifold and an Einstein, normal AK3; manifold. In
the latter situation proposition 7.4, (iii) yields p(V,W) = —1(ri(JV), W) for all
V, W in V; it follows that Tr(ry) is constant hence by proposition 7.5 the structure
is of null type, in particular Ricci flat. It is now straightforward to conclude. U

7.3. The canonical foliation. While keeping all notation from the previous sec-
tions we will identify here the main obstruction to the integrability of the Kahler
nullity H. This leads to the construction of a canonical foliation on any normal AK3
manifold with specific properties. It also helps to gather additional information on
the Einstein case. We consider the nullity

={VeV:RWV, V)V =0}

which, as we will see later on, corresponds to a flat factor in the local deRham
decomposition of integral manifolds of V', w.r.t. the induced structure. Denote by
N its orthogonal complement in V and let

E={XecH:RV,V)X =0}
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with orthogonal complement in H to be denoted by Fj. Because H; C E by (7.6)
we have a further J-invariant splitting

E=F® H

where Fy C Hj is the orthogonal complement of H; in E.

Therefore the nullity Ny is maximal if and only if the structure is of null type in
the sense of definition 7.1. We now examine the action of the intrinsic torsion 1 on
the distributions

Eo =No® Iy @ Hy
51 :Nl @ Fl.
Lemma 7.4. Let (M?*™,g,J) be a normal AK3-structure. We have:

(1) UNONO = F0777N1N1 = I and 77/\/0-/\[1 = O;
(ii) ma Fo = No, mav, Fr = Ny and np, Fy = i, Fo = 0.

Proof. (i) From lemma 7.3 combined with the definitions of the spaces Ny and Fj
it follows that

(7.9) mwNo C Fo
and
(710) ’f]];F() Q N().

By taking orthogonal complements (7.10) yields nyN; C F; hence na, N7 C Fy and
v, N1 C Fo. The last inclusion combined with (7.9) leads to

77/\/0-/\/1 == O
It follows that Hy = nyV = nayNo + v N1 € Fy @ Fy as shown above, therefore
v, No = Fy and ny, N7 = F; by a dimension argument.
(ii) From (7.10) we get nn, Fo € Ny and also na, Fo € N;. Combined with the
vanishing of n, Nz the last inclusion yields ny; Fo = 0. Through similar arguments

one arrives at ny, F1 € Nj and ny, Fi = 0. The proof of the claim is now completed
by a dimension argument based on nyH = V. O

In particular we have
n&kgk g gk, k= 0, 1 and 775051 = 7]5150 =0.

We prove now that the tensor 7 has in fact analogous properties. This will be
done by relating first the distributions W, and F to the nullity of 77 on V and H
respectively.

Lemma 7.5. Let (M*™g,J) be a normal AK3-structure. We have that 7, C
gk, k= O, 1 and 775051 = ﬁglgo = 0.

Proof. Let X belong to Fy. Then by using (7.7) we obtain ((7xW)u,, (7yV)m,) —
((NxV)Hy, (IyW)g,) = 0 for all V,W in V and whenever Y in H. Since the first
summand is J-invariant in (Y, V') whilst the second is J-anti-invariant it follows
easily after a positivity argument that (7xV)m, = 0. By orthogonality we have
showed that

(711) Fo = {X S Ho : ﬁxHo = 0}
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In particular (77g,V)n, € F1. Now if Y in F} is orthogonal to (7m,V)n, then clearly
Ny Hyp = 0, hence Y must belong to Fy L. F} whence Y = 0. It folows that

(7.12) Fy = (M1, V) iy
Since 77y, = 0 when taking X in H; in (iii) of lemma 7.2 we obtain:
0= (X, s wV) = (X, iy w)u, V)
for all Y in Hy and V,W in V. Then H; L pV by (7.12) or equivalently
(7.13) i Hy = 0.

It follows that lemma 7.1, (iv) applied to X in Fy,Y in H; and Z in Fj yields
Nr, Hy L nyFy = Np hence

(7.14) nrH1 € No.
Therefore
Nee€o = Nry€o + T, Eo = N No + Tiry Fo + iry Hy
= N No + 7ir, H1 € Hi @ Ny C &

by succesive use of the facts above.
Because R(Ny, V) = 0 we have

No C{V €V :qy,V C Hi}

by proposition 7.4, (i) followed by a standard positivity argument. Conversely, if V'
in V is such that 75,V C H; then nyny,V = 0. From (i) in lemma 7.1 it follows
that 74, (nyV) = 0 therefore n,V C Fy. From lemma 7.3 it is easy to conclude that
V belongs to Ny thus

(715) Ng = {V eV: ﬁHOV - Hl}
Now 71z, N1 L Hy & Fy by (7.13), (7.11) and the symmetry of 77 on Hy hence
inN1 C F.
Furthermore, np, F1 L Ny by (7.15) making that
iim F1 € N
Altogether,
fie, &1 = Mip &1 = N1 + 7 1 C LN, = &
We observe now that
(7.16) Ny =0
by using (7.15) and (7.13). We conclude that
fie, 0 = 1r &0 = M No + T Fo + i Hy = 0
by making use of (7.16), (7.11) and (7.13). The observation that 7z N7 L H; by
(7.14) whilst 775, N7 € Hy by (7.11) lead to
(7.17) Ny = 0.
Finally,
Ne&r = Mp€r + N, &1 = fip N1+ 1ip, F1 = 0
by (7.17) and (7.11) and the lemma is completely proved. O



42 P.-A. NAGY

The obstructive role of the nullity space Ny is now apparent for Ny = 0 implies
Nr,H1 = 0 by (7.14) and further 7y, H; = 0 by also using that 7g, H; = 0, in other
words the Kéhler nullity H must be integrable.

Summarising the considerations in this section we have

Theorem 7.2. Let (M*™,g,J) be a normal AKs-manifold. The distribution & is

(i) totally geodesic;
(ii) holomorphic in the sense that (LxJ)TM C & whenever X is in &.

Moreover, in the induced structure every integral manifold of &y is of null type.

Proof. (i) We will first show that A is parallel w.r.t. V. That N is invariant under
Vx with X in H follows from proposition 5.1, (ii). If V is in V and wy and X, are
in N\ respectively I, we have

Vv (100 X0) = Do Vv Xo + 115, 0o Xo € v H + v Fo

and we conclude by lemma 7.4 that A is invariant under V. By orthogonality N}
is V-parallel as well.
Now R(V, V)& = 0, hence after differentiation we get

_(vU1E)(V1> Va, U, UQ) :E((U + ﬁ)Ul‘/17 Va2, U, UQ) + R(Vh (77 + 77)U1V27 U, UQ)
+ E(‘/l7 ‘/Q,le U7 UQ)
whenever Uy, Uy are in TM and Vi, Vs, U belong to V and &y respectively. When
taking U in Hy, the differential Bianchi identity for V in proposition 3.4, (i) together
with R(V, H;) = 0 (an easy consequence of (ii) in the same proposition) yield the

vanishing of the L.h.s., since all the distributions under consideration are invariant

under Vi,V in V. It follows that R(V, V)V, U =0 i.e.
(7.18) Vi, & C .

Consider now V. W in V and let X be in H. From proposition 3.2, (i) it follows
that (Vixn)yW + J(Vxn)yW = 0 hence by orthogonal projection on H we obtain
(Vixn)yW + J(Vxn)yW = 0. Because for all k = 0,1 the distributions N} are

V-parallel and satisfy ny, V = F} it follows that

VixY + JVxY € F,
for all X in H and Y in Fj, k = 0, 1. By orthogonality we also get
(7.19) V,xY —JVxY € F, & H,

for all X in H and Y in Fy,k = 0,1. In particular @FOFO C Fy @ H; hence (7.18)
together with the structure of n and 7 in lemmas 7.4 and 7.5 yield that & is totally
geodesic, by also using that A is parallel w.r.t. V.

(i) we have

(Lx J)U = —2Tx (JU) — (ijuX — JijpX) — (VjuX — JVyX)

for all X, U in TM. The claim follows from (7.19) and by using again lemmas 7.4
and 7.5. U
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The foliation induced by &; will be referred to as the canonical foliation of the
normal AKs-structure (M>*™, g,.J). Note that & is also totally geodesic for the
canonical Hermitian connection, by lemma 7.4.

8. CLASSIFICATION RESULTS

We begin by the following caracterisation of the examples in section 3.2. We will
show that when a normal AKs-structure (M, g,.J) has the property that (g, J) is
Kahler, or equivalently the Kahler nullity is parallel w.r.t canonical connection, if
and only if it belongs to a particular class of Kahler metrics with torus symmetry;
using the description of such metrics, see [26, 32| leads to

Proposition 8.1. Let (MQm,g, J) be a normal AK3 manifold. If the reversing al-
most complex structure J is Kdhler then (M, g, J) is given locally by the construction
in section 3.2 where w : Z — S*~(R?') is non-degenerate and 2p = dimg V.

Proof. First we show that around each point in M there is an open neighborhood
over which the distribution V' is spanned by linearly independent, mutually com-
muting Killing vector fields. Define the linear connection D in the bundle V by

DyW =VyW and DxV =VxV +ny X

for all VW in ¥V and X in H. Note that D is neither metric nor Hermitian and
let us denote by RP” its curvature tensor. In what follows we denote by Vi, Vs,V
respectively X, Y generic vector fields in V and H respectively.

Using the definition of D and the V-parallelism of TM =V @ H one arrives at

RP(V1,V3)V = R(V1, V3)V
RP(V1, X))V =RV, X)V — (Vun)(V, X).

Since the tensor 77 vanishes identically lemma 7.2, (i) as well as the partial parallelism
of  in (4.1) ensure the vanishing of R” on V x TM. Again from the definition of
D we get

RP(X.Y)V = R(X,Y)V ((W(V, Y) - (Vyn)(V. X))  (y X — V).

Since den(X, V)(Y, W) = den(Y,W)(X, V) for all W in V, by using (4.1) it follows
that the middle term in the expression above vanishes. But again the vanishing
of 7j gives by means of lemma 7.2, (iv) that R(V,W,X,Y) = 0 for all W in V.
Therefore the symmetry property in corollary 3.1, (i) implies that R(X,Y,V,W) =
—{[nv,nw]X,Y) and we conclude that R” vanishes on H x H, by also using the
symmetry of n on ¥V x V. We have showed that the connection D is flat, hence around
each point x in M there is an open neighborhood U, over which the distribution V
is spanned by a family {V;, 1 <i < 2p} of vector fields such that

Vi,V;] =0, DV, =0

for all 1 < 4,5,k < 2p. It is now easily checked that D-parallel vector fields in
V must be Killing fields w.r.t. g, holomorphic w.r.t. to both J and J, that is
LyJ = Ly, J = 0,1 <i < 2p. It follows that the matrix g(JV;,V;))1<ij<2p has



44 P.-A. NAGY

. . 1 :
constant entries hence we may assume it equals < _01 0 ) The claim follows now

from the well known Kéhler reduction procedure, see [26, 32].

8.1. Integrability. In this section we obtain classification results for strictly nor-
mal A3-manifolds. This will be done by showing that it is always possible to
restrict, in dimension at least six, the study of strictly normal AK3-structures to
the case when Tr(r) is constant along V), a situation when the integrability criterion
in proposition 7.5 appplies. In the case of dimension four the same conclusion can
be obtained by using the work in [§].

Let therefore (M?™, g, J) be a strictly normal AKz-manifold, with Kahler nullity
H and let V be the distribution orthogonal to H. By proposition 7.3, (i) the tensor
7 is symmetric on H, that is the distribution H is integrable. Our analysis is build
around the properties of the partial Ricci-type tensor 7o introduced in (7.5), as
follows.

Lemma 8.1. Let (M*™,g,J) be a strictly normal AK3 manifold. Then
(i) for any X in H the component of VxR on A2V @ A2H vanishes;
(ii) we have (Vxry)Y =0 for all X,Y in H.

Proof. (i) We recall that (VxR)(V1, Va, V3, V4) =0 for all X in H and V; in V,1 <
i < 4, by (ii) in proposition 5.1. Now R vanishes on A’V ® V ® H by (i) in lemma
5.1 and also on V ® H @ A*V after updating (ii) in the same lemma to the normal
case. Since V preserves V and H by construction it follows that V xR vanishes on
V. Therefore, differentiation w.r.t. V in lemma 7.3 leads to

2R(Vs, Vi, Va, (Vxn)nY) = Vx R(Va, Vi, Yo Va) + R(Vs, Vi, Y, (Vxn)v, Va)
whenever X, Y belong to H and V; are in V,1 < i < 4. But

(VoxmvJY = =(Vxn)vY, (Vaxmu Ve = =J(Vxn)v, Va
by taking the appropriate projections of (iii) in proposition 3.2. Thus
VixR(Vs, Vi, JY, Z) + VxR(V3, Vi, Y, Z) = 0.

for all Z in H = nyV. Since R is Ab' M-valued we observe that the first summand
above is symmetric in (Y, Z) whilst the second is skew -symmetric in the same

variables. We conclude that VxR vanishes on A?Y ® A2H and the claim is proved.
(ii) follows from (i) by taking the complex trace over V. d

Let D be the open dense subset of M such that on each connected component
of D the tensor ry diagonalises with eigenbundles of constant rank. Over such a
component, say C, we have an orthogonal splitting:

H=H®...®H,

where H;,1 <14 < r are the eigenbundles of r, with corresponding pairwise distinct
eigenfunctions \;, 1 <7 <.

Proposition 8.2. Let (M?*™, g, J) be a strictly normal AKs-manifold. The follow-
ing hold over C':
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(i) we have an orthogonal and J-invariant decomposition ¥V = @V; where V; =
i=1
nvH; for 1 <i<p;
(i) m,V; =0 and p,V; = H; whenever 1 <i# j <r;
(iii) we have g, H; =0 and ﬁH.V- =0foralll <i#j<r;

(iv) the decomposition TM = @(V @ H;) defines a local splitting of (M, g, J) into

a Riemannian product of stmctly normal AKs-manifolds, with corresponding
Kahler nullities H;, 1 <1 <.

Proof. (i) by taking traces we get from lemma 7.3 and proposition 7.4

(8.1) (v X) = nv(r2X)

forall Vin V and X in H. In particular V; = nyH; C Ker(r;—\;) forall 1 <i <r.
It follows that V; L V; for all 1 < ¢ # j < r and we conclude by using that
77];[‘[ = V

(ii) for any 1 < i # j < r we have that V; = nyH,; is orthogonal to V; hence
mvV; L H;. Therefore ny)V; C Hj, in particular the symmetry of n over V yields
my,V; € H; N H; = 0. The second part of the claim follows from nyV = H.

(iii) let 1 < i # 7 < r. By (ii) in lemma 7.1 we get by taking into account
that ny,H; = 0 as in (ii) above that ny, (g H;) = 0. Then 7y H; is orthogonal to
ny,H = V; hence it must be contained in H;. Because 7 is symmetric on H we
have in particular that 7y, H; C V; N V; = 0. The second part of the claim follows
similarly from V; = nyH; and again (11) in lemma 7.1.

(iv) By lemma 8.1, (ii) the distributions H; are V parallel inside H, that is Vx X,
belongs to H; for all (X,X;)in Hx H;;1 <i<r. Picknow Y in H;. Then VxY =
VxY +7xY belongs to H; & V; for all X in H by (iii). Since 7 is parallel w.r.t. V
along V we have that Vi (ny, X;) = N, v Xi +nv, Vv X; belongs to nyH,; +77v H=Y
for all V in V and V;, X; in V; and H;,1 < i < r respectively. Because ny, H; =V
it follows that VyV; = ViV, — ny'V; is in V; + nyV; = V, @ H; for all V in V and
whenever V; is in V;,1 < ¢ < r. A similar argument shows that Vy X, belongs to
Hi for all (V,XZ) inV x Hz,l <i:<r.

Let now X belong to H and (V;, X) be in V; x H;,1 < i <r. By proposition 3.2,
(iii) we have (V. x1) v, X +(Vxn)y. X; = 0. Because the connection V preserves the
splitting TM =Y @ H after prOJectlon on V we get (Vyxn) v, Xi + (Vxn)y, X; = 0.
But

(Vxn)v,Xi = Vx(n, X) — ne v, Xi = v Vx Xi
where the last two terms belong to nyH; = V; and ny, H; = H; respectively. There-
fore we end up with
Vx Vi + IVxV; in V.

Because the connection V preserves V by definition, the orthogonal counterpart of
the relation above is @JXVZ- — JVxV; in V,. Tt follows that VxV; belongs to V;
and using again (iii) we get that in fact VxV; = ViV — nxV; is in V; ® H;. By
collecting the facts above we see that each of the distributions V; ® H;,1 <1 < ris
parallel w.r.t the Levi-Civita connection of g and the claim follows from the deRham
splitting theorem. O
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Theorem 8.1. Let (M*™, g,J) be a strictly normal AK3-manifold. Then (g, J) is a
Kdhler structure or equivalently V is parallel w.r.t V. Moreover (g, .J) is locally ob-
tained by the construction in section 3.2 where w : Z — S*~(R?) is non-degenerate
and immersive.

Proof. By proposition 8.2 we can assume that over each connected component of
some dense open set in M we have ry = Aly for some function A on M. Then (8.1)
and the fact that nyH =V yield r; = A1y, whence

> R(vg, Jog, VW) = MJV, W)

v EY
for all V, W in V. If dimg)V = 2 having (g, J) strictly normal implies that dimg H =
2 and we know by the work in [8] that (g,.J) must be Kéhler. If the rank of V
is at least 4, using the differential Bianchi identity for V over V, which does not
involve torsion terms since T'(V,V) = 0, one obtains that Ly A = 0 for all V in
V. Proposition 7.5, (ii) implies then the vanishing of 7, hence (g, J) is Kéhler. By
continuity this extends to M and the claim follows from proposition 8.1. U

In the more rigid case of AKs-structures we prove the following.

Theorem 8.2. Let (M*™,g,J) be a normal AKy-manifold. Then:

(i) (g,J) has parallel intrinsic torsion tensor with respect to the first Hermitian
connection;
(ii) if (g, J) is strictly normal then (M, g) is a locally 3-symmetric space.

Proof. (i) by proposition 7.2, (i) it is enough to prove the claim when (g,.J) is
strictly normal; in this case the previous result says that 7 vanishes hence V = V
and then V7 = 0 by proposition 7.2, (i).

(ii) we compute fully the curvature tensor of the canonical connection, taking into
account that TM = V@ H is a V-parallel decomposition. The vanishing of 77 implies
by lemma 7.2, (i) and (iv) and lemma 7.3 that curvature terms of the form

R(Vi, X, V5,Y), R(Vi, V2, X, Y )and R(V4, Va, V3, Vi)

where V;,1 <4 < 4 are in V and X,Y in H equally vanish. Let us compute the
restriction of R to H. Because R vanishes on A?YV ® A?H the symmetry property
in (i) of corollary 3.1 yields

R(X7 K W) T]VZ) = _<[TIW7 nT]VZ]Xa Y>
since H is the Kédhler nullity of (g, .J). At the same time, proposition 3.6 gives

[R(X,Y ), nv] + [ROY, V), nx] + [R(V, X), v = Mrix yyva Ry X+ RV.X0 Y-

The last two terms of the first summand vanish by the definition of H whilst the
use of the first Bianchi identity for V in corollary 3.1, (iii) leads after a short

computation to [R(X,Y),nv] =y, yx—n,, xv. Therefore

E(Xv Y7 anv Z) = - E(X, Y; Wv 77VZ) + <77nnVyX—nanYVVa Z>
:<7777nVYX_77nVXYW Z> + <[77W7 UnvZ]X> Y>
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In a more condensed form this is re-written as

(82) R(X7 Yv 77VW7 Z) = <[[7X7’7Y]7'7Z]‘/7W>

where for every X in H we have defined vx : V — V by 7xV = ny X. Note that
the vanishing of the torsion on V implies that vx is symmetric for all X in H. The
V-parallelism of 7 leads now to VR = 0, in other words V is an Ambrose-Singer
connection. We conclude that (M?™, g) is locally 3-symmetric by [24]. O

The proof of theorem 1.4 in the introduction is now completed by using theorem
1.1 and a density argument.

Remark 8.1. From the proof of theorem 8.2 we get the explicit dependence on the
torsion of the curvature tensor R of a strictly normal AKy-manifold. This can be
used to get algebraic caracterizations as a homogeoneous space of such a manifold.
Since this is beyond the scope of this paper it will be omitted.

To finish let us prove theorem 1.6.

Theorem 8.3. (i) Let (M*™, g) be a manifold of constant sectional curvature. If
there exists an almost complex structure J such that (g, J) is almost Kdhler, then g
is a flat metric.

(ii) Let (M?™, g, J) be a Kihler manifold of constant negative holomorphic sectional
curvature. If I is an almost complex structure such that (g, ) is almost Kdhler and
[I,J] =0, then (g,I) must be Kdhler.

Proof. Direct verification on the curvature tensor shows that almost Kahler struc-
tures as in (i) or (ii) satisfy the second Gray curvature condition and therefore must
have parallel torsion by theorem 1.4. We conclude by recalling (cf. theorem 5.1, (i))
that any almost Kéhler structure compatible with an Einstein metric and having
parallel intrinsic torsion is Kahler. Il

Note that the result in (i) is not new, with exception of its proof. In dimension
beyond 8 it was proven in [34], and in dimension 4 and 6 in [10].
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