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(*  V  Tractor  &  Projections  *)
(*  Second  Fundamental  Form  &  Codazzi  Rules  *)
(*  Last  updated  5/6/03  *)
DefineTensor[V,  1,  Bundle  −>  tractor1,  Variance  −>  Con]

DefineTensor[sigma,  0];  DefineTensor[mu,  1,  
  Variance  −>  Co];  DefineTensor[rho,  0];

DefineRule[VToBase,  V[U[AA]],  
  sigma*Y[U[AA]]  +  mu[U[i]]*Z[U[AA],  L[i]]  +  rho*X[U[AA]]];

Projn  :=  n  −  1;
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(*  Curvature.m  *)
(*  file  last  updated  4/6/03  *)

DefineTensor[P,  2,  Symmetries  −>  Symmetric];
DefineTensor[J,  0];

DefineTensor[Weyl,  4,  Symmetries  −>  RiemannSymmetries];

DefineRule[RmToPC,  Rm[L[i],  L[j],  L[k],  L[l]],  
    Weyl[L[i],  L[j],  L[k],  L[l]]  +  g[L[k],  L[i]]*P[L[j],  L[l]]  −  
      g[L[k],  L[j]]*P[L[i],  L[l]]  +  g[L[l],  L[j]]*P[L[i],  L[k]]  −  
      g[L[l],  L[i]]*P[L[j],  L[k]]];

DefineRule[CToRm,  Weyl[L[i],L[j],L[k],L[l]],  
    Rm[L[i],L[j],L[k],L[l]]  −  g[L[k],  L[i]]*P[L[j],  L[l]]  +  
      g[L[k],  L[j]]*P[L[i],  L[l]]  −  g[L[l],  L[j]]*P[L[i],  L[k]]  +  
      g[L[l],  L[i]]*P[L[j],  L[k]]];

DefineRule[PToRc,  P[L[i],  L[j]],  
  (1/(n  −  2))(Rc[L[i],  L[j]]  +  g[L[i],  L[j]]*Sc/(2  −  2n))];
DefineRule[RcToP,  Rc[L[i],  L[j]],
  (n  −  2)P[L[i],  L[j]]  +  J*g[L[i],  L[j]]];
  
DefineRule[PToJ,  P[L[i],  U[i]],J];

DefineRule[JToP,  J,  P[L[i],  U[i]]];

DefineRule[PDerivative,  P[L[i],L[j]][U[j]],J[L[i]]];

Def i neTensor [ CY, 3, Var i ance−>{ Co, Co, Con} ] ;

Def i neRul e[ Cot t onYor k, CY[ L[ i ] , L[ j ] , U[ k] ] , P[ L[ j ] , U[ k] ] [ L[ i ] ] −
P[ L[ i ] , U[ k] ] [ L[ j ] ] ] ;

(*  TractorD  Operator  *)
(*  Robin  Operator  *)
(*  Updated  by  D  Grant      4/6/03  *)

dgTractorD[operand_,  weight_,  index_]  =
    Module[{LocOp,  LocX,  LocY,  LocZ},
      (
        LocOp  =  NewDummy[operand];
          LocY  =  (weight(n  +  2*weight  −  2)*LocOp*Y[index]);
          LocZ  =  ((n+2*weight−2)*NewDummy[LocOp[L[i]]]*Z[index,  U[i]]);
          LocX  =  (−(NewDummy[LocOp[L[i],  U[i]]]  +  
                      weight*J*LocOp)*X[index]);

        NewDummy[LocY +  LocZ  +  LocX]
        )
      ];

dgRobin[operand_,weight_]  =
Modul e[ { LocOp, LocRobi n} ,
(

LocOp =  NewDummy[operand];
LocRobin  =  (NewDummy[norm[U[i]]*LocOp[L[i]]]  −  weight*H*LocOp);

NewDummy[ LocRobi n]
)

] ;
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(*  This  package  sets  up  the  sub  bundles  to  the  tangent  *)
(*  and  the  tractor  bundle.                              *)
(*  It  defines  the  intrinsic  calculus  on  both.           *)
(*     D  Grant  21/6/03  *)

DefineTensor[H,  0];  
DefineTensor[norm,  1,  Variance  −>  Con];
DefineTensor[UN,  1,  Bundle  −>  tractor1,  Variance  −>  Con];

(*  Intrinsic  Tractor  bases  *)
DefineTensor[SX,  1,  Bundle  −>  tractor1];
DefineTensor[SZ,  2,  Bundle  −>  {tractor1,  tangent}];
DefineTensor[SY,  1,  Bundle  −>  tractor1];
DefineTensor[SP,  2,  Bundle−>{tangent,tangent}];
DefineTensor[SJ,  0];

DefineTensor[ProjTang,  2,  Bundle−>{tangent,tangent},Variance  −>  {Co,  Con}];  
DefineTensor[ProjTract,  2,  Bundle  −>  {tractor1,  tractor1},  Variance  −>  {Co,  Con}];

DefineRule[Project2,ProjTang[L[i],  U[j]],  
    Kronecker[L[i],  U[j]]  −  norm[L[i]]*norm[U[j]]];
DefineRule[Project2,ProjTract[L[AA],  U[BB]],  
    Kronecker[L[AA],  U[BB]]  −  UN[L[AA]]*UN[U[BB]]];

Def i neRul e[ I Pr od, UN[ U[ AA] ] * SZ[ L[ AA] , U[ i ] ] , 0] ;
Def i neRul e[ I Pr od, UN[ U[ AA] ] * SX[ L[ AA] ] , 0] ;
Def i neRul e[ I Pr od, UN[ U[ AA] ] * SY[ L[ AA] ] , 0] ;
Def i neRul e[ Nor mI Pr od, Pr oj Tang[ L[ j ] , U[ i ] ] * nor m[ L[ i ] ] , 0] ;
Def i neRul e[ Nor mI Pr od, nor m[ U[ i ] ] * Pr oj Tang[ L[ i ] , U[ j ] ] , 0] ;

DefineRule[GradXYZ,  SX[L[AA]][L[i]],  SZ[L[AA],L[i]]];
DefineRule[GradXYZ,  SX[L[AA]][U[i]],  SZ[L[AA],U[i]]];
DefineRule[GradXYZ,  SZ[L[AA],L[i]][L[j]],  −SP[L[i],L[j]]*SX[L[AA]]−

Pr oj Tang[ L[ i ] , L[ j ] ] * SY[ L[ AA] ] ] ;
DefineRule[GradXYZ,  SZ[L[AA],L[i]][U[j]],  −SP[L[i],U[j]]*SX[L[AA]]−

Pr oj Tang[ L[ i ] , U[ j ] ] * SY[ L[ AA] ] ] ;
DefineRule[GradXYZ,  SY[L[AA]][L[i]],  SP[L[i],U[j]]*SZ[L[AA],L[j]]];
DefineRule[GradXYZ,  SY[L[AA]][U[i]],  SP[U[i],L[j]]*SZ[L[AA],U[j]]];

Def i neRul e[ PToJ, SP[ L[ i ] , U[ i ] ] , SJ] ;

(*  DefineRule[Project,ProjTang[L[a],U[j]]*mu[L[j]],Smu[L[a]]];  *)
Def i neRul e[ Pr oj ect , Pr oj Tang[ L[ a] , U[ j ] ] * Fn[ L[ j ] ] , Fn[ L[ a] ] ] ;

(*  The  purpose  of  the  projection  tractors  *)
DefineRule[Intrinsic,  ProjTract[L[AA],U[BB]]*X[L[BB]],SX[L[AA]]];
Def i neRul e[ I nt r i nsi c, Pr oj Tr act [ L[ AA] , U[ BB] ] * Z[ L[ BB] , U[ i ] ] , Pr oj Tang[ U[ i ] , L[ j ] ] *

SZ[L[AA],U[j]]  +  H*norm[U[i]]*SX[L[AA]]];
Def i neRul e[ I nt r i nsi c, Pr oj Tr act [ L[ AA] , U[ BB] ] * Y[ L[ BB] ] , SY[ L[ AA] ] −Ĥ 2/ 2* SX[ L[ AA] ] ] ;

(*The  intrinsic  to  Sigma  tractor  D  operator  is  defined  −  analogous  to  the  original  *)
dgSigmaTractorD[operand_,  weight_,  index_]  =
    Module[{LocOp,k,LocX,LocY,LocZ},
      (
        LocOp  =  NewDummy[operand];
        k=Projn+2*weight−2;
        LocY  =  (weight*k*LocOp*SY[index]);
          LocZ  =  (k*NewDummy[LocOp[L[i]]]*SZ[index,  U[i]]);
          LocX  =  (−(NewDummy[LocOp[L[j],  U[j]]]  +  
                      weight*SJ*LocOp)*SX[index]);
        NewDummy[LocY +  LocZ  +  LocX]   )
      ];

(*  The  second  fundamental  form  and  its  trace  free  (TF)  component  are  created  *)
DefineTensor[Lab,  2,Bundle  −>{tangent,tangent},Variance−>{Co,Co},Symmetries−>

Symmet r i c] ;
Def i neTensor [ TFLab, 2, Bundl e−>{ t angent , t angent } , Var i ance−>{ Co, Co} , Symmet r i es−>

Symmet r i c] ;

(*  The  second  fundamental  form  and  its  decomposition  are  defined  *)
Def i neRul e[ Tr aceFr ee, g[ U[ i ] , U[ j ] ] * TFLab[ L[ i ] , L[ j ] ] , 0] ;
Def i neRul e[ MeanCur v, Lab[ U[ i ] , L[ i ] ] , ( n−1) H] ;
DefineRule[MeanCurvInv,  H,  norm[U[i]][L[i]]/(n  −  1)];
Def i neRul e[ SecFundFor m, Pr oj Tang[ L[ j ] , U[ k] ] * nor m[ L[ i ] ] [ L[ k] ] , Lab[ L[ i ] , L[ j ] ] ] ;
Def i neRul e[ ExpandSec, Lab[ L[ i ] , L[ j ] ] , TFLab[ L[ i ] , L[ j ] ] +Pr oj Tang[ L[ i ] , L[ j ] ] * H] ;
DefineRule[NormTract,  UN[U[AA]],  Z[U[AA],L[i]]*norm[U[i]]  −  X[U[AA]]*H];
Def i neRul e[ Nor mI Pr od, nor m[ L[ i ] ] * nor m[ U[ i ] ] , 1] ;
DefineRule[NormIProd,  Lab[L[i],  L[j]]*norm[U[i]],  0];
DefineRule[NormIProd,  TFLab[L[i],  L[j]]*norm[U[i]],  0];
Def i neRul e[ Nor mI Pr od, H[ L[ i ] ] * nor m[ U[ i ] ] , 0] ;

(*  The  projected  Codazzi  rule  is  defined  *)
DefineRule[Codazzi,  ProjTang[L[i],U[k]]*norm[U[j]]*P[L[k],  L[j]],  
    1/(n  −  2)TFLab[L[i],  L[j]][U[j]]  −  H[L[i]]];
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(*  This  package  defines  the  inner  products  on  Normal  tractors  *)
(*  This  package  defines  the  hypersurface  intrinsic  inner  products  *)
(*  Last  updated  13/10/03  *)

DefineRule[IProd,  UN[L[AA]]*X[U[AA]],  0];
DefineRule[IProd,  UN[L[AA]]*Y[U[AA]],  −H];
DefineRule[IProd,  UN[L[AA]]*Z[U[AA],  L[i]],  norm[L[i]]];
DefineRule[IProd,  UN[L[AA]]*UN[U[AA]],  1];

Def i neRul e[ I Pr od, SX[ L[ AA] ] * SY[ U[ AA] ] , 1] ;
Def i neRul e[ I Pr od, SZ[ L[ AA] , L[ i ] ] * SY[ U[ AA] ] , 0] ;
Def i neRul e[ I Pr od, SY[ L[ AA] ] * SY[ U[ AA] ] , 0] ;
Def i neRul e[ I Pr od, SZ[ L[ AA] , L[ i ] ] * SZ[ U[ AA] , L[ j ] ] , Pr oj Tang[ L[ i ] , L[ j ] ] ] ;
Def i neRul e[ I Pr od, SZ[ L[ AA] , L[ i ] ] * SX[ U[ AA] ] , 0] ;
Def i neRul e[ I Pr od, SX[ L[ AA] ] * SX[ U[ AA] ] , 0] ;
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( *
<< Ricci.m;  <<  tangent.m;  <<  tracbund.m;  <<  tracbase.m;  <<  dgCurvature.m;  <<  
    dgVTractor.m;  <<  dgConformal.m;  <<  dgTractorD.m;  <<  dgInnerProduct.m;

* )
( *
Let  us  generate  the  Tractor  Curvature   $\Omega$
* )
( *
V[U[AA]][L[i]][L[j]]  −  V[U[AA]][L[j]][L[i]]
* )
( *
Tensor Si mpl i f y[
  TensorSimplify[
      TensorSimplify[
          TensorSimplify[
              % /.  VToBase]
            /.  GradXYZ]
        /.  GradXYZ]
    /.  IProd]
* )
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( *
<< Ricci.m;  <<  tangent.m;  <<  tracbund.m;  <<  tracbase.m;  <<  dgCurvature.m;  <<  
    dgVTractor.m;  <<  dgConformal.m;  <<  dgTractorD.m;  <<  dgInnerProduct.m;

* )
( *
This  notebook  will  be  used  to  generate  the  action  of  the  Tractor  D  operator  
on the  splitting  operators
* )
( *
Tractor  D  on  $Y_A$
* )
( *
dgTractorD[Y[L[AA]]*Fn,  w  −  1,  U[AA]]
* )
( *
Tensor Si mpl i f y[
  TensorSimplify[
      TensorSimplify[
          TensorSimplify[
              % /.  GradXYZ]
            /.  GradXYZ]
        /.  PToJ]
    /.  IProd]
* )
( *
TensorSimplify[%  /.  PToJ]
* )
( *
Tractor  D  on  $Z_A^a$
* )
( *
dgTractorD[Z[L[AA],  U[i]]*Fn[L[i]],  w  −  1,  U[AA]]
* )
( *
Tensor Si mpl i f y[
  TensorSimplify[
      TensorSimplify[
          TensorSimplify[
              % /.  GradXYZ]
            /.  GradXYZ]
        /.  IProd]
    /.  PToJ]
* )
( *
Tractor  D  on  $X_A$
* )
( *
dgTractorD[X[L[AA]]*Fn,  w  +  1,  U[AA]]
* )
( *
Tensor Si mpl i f y[
  TensorSimplify[
      TensorSimplify[
          TensorSimplify[
              % /.  GradXYZ]
            /.  GradXYZ]
        /.  IProd]
    /.  PToJ]
* )
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(*  Generation  of  the  $P_4$  operator,  or  Paneitz  operator  *)
(*  Step  1:  Take  the  Tractor  D  of  the  Fn  *)

dgTractorD[Fn,  (4  −  n)/2,  L[AA]]

(*  Step  2:  Take  the  Yamabe  operator  of  the  above  result  *)

%[L[i],  U[i]]  +  (2  −  n)/2*J*%

Tensor Si mpl i f y[
  TensorSimplify[
      TensorSimplify[
          % /.  GradXYZ]
        /.  GradXYZ]
    /.  IProd]

(*  Step  3:  Take  the  final  Tractor  D  −  This  will  be  done  using  identities  *)
(*  Tractor  D  on  X  *)

Y[ U[ AA] ] * %4

Tensor Si mpl i f y[
  TensorSimplify[
      %]
    /.  IProd]

(n  +  2w  +  2)(n  +  w)*%

(*  Tractor  D  on  Z  *)

Z[U[AA],  L[i]]*%4

Tensor Si mpl i f y[
  TensorSimplify[
      %]
    /.  IProd]

(n  +  2w  −  2)*%[U[j]]

(*  Tractor  D  on  Y  *)

X[ U[ AA] ] * %4

Tensor Si mpl i f y[
  TensorSimplify[
      %]
    /.  IProd]

TensorSimplify[%  /.  PToJ]

(*  Assign  a  specific  weight  *)

w =  −n/2

Si mpl i f y[ %19]
Expand[ %]
TensorSimplify[%  /.  PToJ]

w =  (−4  −  n)/2

Si mpl i f y[ %16]
TensorSimplify[%  /.  PToJ]

(*  As  can  be  seen  this  is   $(n−4)P_4$  *)
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(*  The  purpose  of  this  notebook  is  to  generate  the  \delta_3  operator  while  using  \
the  intrinsic  tractor  calculus.
    D  Grant  :  21/6/03  *)

DefineTensor[Fn,  0];

(*  Step  1:  Apply  Tractor  D  *)
dgTractorD[Fn,  (4  −  n)/2,  L[BB]]

(*  Step  2:  Apply  Robin  operator  and  simplify  *)
dgRobin[%,  (2  −  n)/2]
Tensor Si mpl i f y[
  TensorSimplify[
      %]
    /.  GradXYZ]

(*  Step  3:  Project  onto  the  submanifold  *)
TensorSimplify[ProjTract[L[AA],  U[BB]]  %]
TensorSimplify[%  /.  Intrinsic]
TensorSimplify[%  /.  NormIProd]

(*  Isolate  the  coefficients  of  the  above  tractor  *)
(*  Coefficients  of  X  *)
Tensor Si mpl i f y[
  TensorSimplify
      [ SY[ U[ AA] ] * %8
      ]  /.  IProd
  ]

(*  Coefficients  of  Y  *)
Tensor Si mpl i f y[
  Tensor Si mpl i f y[
      SX[ U[ AA] ] * %8
      ]  /.  IProd
  ]

(*  Coefficients  of  Z  *)
Tensor Si mpl i f y[
  TensorSimplify[
      SZ[U[AA],  U[l]]*%8
      ]  /.  IProd
  ]
DefineRule[Substitute,  rho,  %9]
DefineRule[Substitute,  mu[U[l]],  %11]
DefineRule[Substitute,  sigma,  %10]

(*  Step  4:  Apply  intrinsic  Tractor  D  −  the  rules  are  established  in  dgTractorD  *)
(*  Intrinsic  tractor  D  acting  on  Y  *)
(Projn  +  (2  −  n)/2  −  2)*SJ*sigma  −  
  ProjTang[L[k],  U[l]]*ProjTang[L[r],  U[s]]*sigma[L[l],  L[s]]
Tensor Si mpl i f y[
  % /.  Substitute]

(*  Intrinsic  D  acting  on  Z  *)
(Projn  +  (2  −  n)  −  2)ProjTang[L[l],  U[p]]*mu[U[l]][L[p]]
TensorSimplify[%  /.  Substitute]
TensorSimplify[%  /.  SecFundForm]

(*  Intrinsic  D  acting  on  X  *)
(Projn  +  2(−2  −  n)/2  +  2)(Projn  +  (−2  −  n)/2)*rho
TensorSimplify[%  /.  Substitute]

(*  Sum the  three  operators  *)
%16 +  %19 +  %21
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