Introduction to

Conformal Geometry

Lecture 2

Weyl| Curvature Tensor

Characterization of Conformal Flatness



(M™, g) smooth Riemannian manifold, n > 2

Fundamental objects: Levi-Civita connection V
and Riemann curvature tensor R,

Notation: Vkv] =V k= 8kv] — ;kvi

Curvature tensor defined by commuting covariant
derivatives:

Vjikl — Vjilk = Rijklvi (index raised using g”)

Theorem: There exist local coordinates z* so that
g = > (dz")? if and only if R = 0.

There are many proofs. See Vol. 2 of Spivak's A
Comprehensive Introduction to Differential Geom-
etry. In Riemann’s proof, R = 0O arises as the inte-
grability condition for the application of Frobenius’
Theorem to an overdetermined system of pde’s.



Next suppose given a conformal class [g] of metrics
Grgif g =e2Yg, we C®(M).

Analogous question: given g, under what con-
ditions do there exist local coordinates so that
g = e2“ Y (dz")?? Such a metric is said to be lo-
cally conformally flat.

If n = 2, always true: existence of isothermal co-
ordinates. So assume n > 3.

Certainly R = O suffices for existence of z!, w. But
we'll see only need a piece of R to vanish. Decom-
pose R into pieces: trace-free part and trace part.



(V, g) inner product space, g € S2V* metric
Simpler analogous decomposition for S2y*,

Any s € S2V* has a trace trgs = g¥s;; € R.

Fact: any s € S2V* can be uniquely written
s=s0+ A3, ANER, sg€S2V*, trgso =0
Proof: Take trace: trgs =nl, so A = +trgs.
Then sg = s — +(trgs)g works. ]
So S2V* = S2V*®Rg, where SEV* = {s : trgs = 0}
Back to curvature tensors (linear algebra):

Def: R = {R c RW* R = —Rjir = —Riji

and Ryjp; + Rigrj + Ry = Q}

same as R, = 0, where

6R; k) = Rijki + Rikrj + Rijie — Bijik — Rikji — Rikj
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Have tr: R — S2V*, (tr R);, = Ricy, = ¢/'Ryjn.
Also tr’ R € R, tr’ R = S = ¢'*Ric;;,
Definition: W= {W c R :trW = 0}

Need a way to embed S2V* — R by “multiplying
by g", analogous to R < S2V* by X\ — Ag.

Given s, t € S?V*, define s®t € R by:
(8 O t)ijrl = Siktji — Sjktit — Sitjk + Sjitik
Theorem: R=W & (SQV* O g)
Proof: Given R &€ R, want to find W, P so that
Rijki = Wikl + (Pikgji — Pikgi — Pugjr + Pjgik)
Take tr: Ricy, = 0+ nPy, — Py, — Py + P gix

= (n — 2) Py, + Plg;,
Again: S = (n—2)P;J +nPjJ =2(n—1)P;/, so

. S — 1 - S
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Proposition: W = {0} if n = 3.

Proof: Choose basis so that g;; = 9;;. Consider
components W, Two of gkl must be equal,
say i =k =1. Now Wy;1; =0 unless j, | € {2,3}.
trvw =0 — lell = _W2j2l — W3j3l' T his
vanishes unless 5 = [. So have left Wqi512, W1313,
Wo303, and Wio10 = —Who303. Have 3 numbers,
any two are negatives, so all must vanish. [ ]

Given g metric on M, take R = curvature tensor
of g and decompose. Then W is called the Weyl
tensor of g and P the Schouten tensor of g.

How are W, P for g related to W, P for § = e2¥g?
Calculate how Levi-Civita connection changes:
/V\kfuj = Vivj —wpv; — w;vg + wivigjk. (wr, = Viw)
Commute derivatives to see how R changes.

Iterating formula for ¥V gives V2w terms and (Vw)?2
terms.



End up with:
R=e*(R+ADg),
where /\Z] = —Wjy —I-wz-wj—%wkwkgij. (wm = VZVJQJ)

Decompose:

—

WH+POGg=e[W+(P+N)DgJ]

—_

Conclusion: W = e2¥W, P=P+A.

W is conformally invariant up to the scale factor
e2“ In particular, if W = 0, then W = 0. Follows
that if a metric is locally conformally flat, then
its Weyl tensor must vanish. We'll see that the
converse is true if n > 4.

Under conformal change, P transforms by adding
A, which is expressed in terms of V2w and (Vw)?2.

If n = 3, the condition W = 0 is automatically
true. There is another tensor, the Cotton tensor
C', which plays the role of W. Involves one more
differentiation. C' is also relevant for n > 4, as we
will see.



First see how C arises in the context of the second
Bianchi identity. Recall

Rijkim + Rijimk + Rijmi, = O

Contract on 7, m. Get

Ry ; — Ricjy j + Ricjp; =0, or

R'jp1; = Ricjy , — Ricjy

Now write everything in terms of W and P via:
R=W+P0Dag, Ric = (n — 2)P + Pj'g
Plug in, simplify, get

Wk = (3—n) (ij,z - le,k)

Definition: Cjp = Pj;— Py Cotton tensor

Have Cjkl = _lek and C[jkl] = 0.



Rewrite Bianchi formula:
Wik = (3=n)Cix

This is vacuous if n = 3. But if n > 4, shows that
C=0if W =20. In particular C =0 if n > 4 and
g is locally conformally flat.

Suggests to see how C transforms conformally.
Could use above identity for n > 4, but not for

n = 3.
Need to calculate V;P;;,. Recall P =P+ A, or:

ﬁ]k = ij — Wik -+ WiWE — %wiwigjk. Differentiate:

= V| Pj —wjp + V?w - Vw + Vw - P+ (Vw)3

Recall that:

Cirr = ViPjx — VP



Obtain

AN

Cjkl — Cjkl_(wjkl — wjlk>—|—V2w-Vw—|—Vw-P—|—(Vw)3

But Wikl — Wilk = Rijkzlwi- Use R=W+PDg. Get

AN

Cjkl — Cjkl_Wijk:lwz'+ [VQW - Vw —|— Vw- P —|— (Vw):ﬂ

Turns out that [...] = 0, so that

AN

Cikt = Cjrr — W'jkwi

AN

If n =3, have W = 0, so ' = C. The Cotton
tensor is conformally invariant when n = 3! So:
if n = 3 and g is locally conformally flat, then
C = 0. When n > 4, the condition ¢’ = 0 is not
conformally invariant, but it is in the presence of
W = 0 (which forces C = 0 too as we have seen).

Main Theorem: g metric on M
n > 4. g is locally conformally flat <— W, =20

n = 3. g is locally conformally flat <= Cy3 =0
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Proof. Note first that hypotheses imply W = 0O
and C = 0 for all n. Try to find w € C*®°(M) so
that § = e??¥g has P = 0. Gives R = 0; then use
Riemann’s criterion for isometric to Euclidean.

Recal P=P4+A. SoP=0is —A= P, or
Wik — Wiwk + %wiwigjk = Pji.

Unknown: single scalar function w.

n(n 4+ 1)/2 equations. Very overdetermined.

Recall: Frobenius’ Theorem produces solutions of
overdetermined systems, if an integrability condi-
tion is satisfied.

Frobenius’ Theorem. Let n>2, N > 1, z € R".
Unknowns: u®(z), 1 <a < N.
Given smooth functions Fi*(x,u), consider system:

Opu*(z) = F¥(z,u(z)), 1<k<n, 1<a<N.
Integrability condition: comes from 92u® = 93 u®

Chain rule gives 92u® = 9, F% + 9gF - ou”
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So require the integrability condition:
OFY + FPogFY = 9, F 4 FogFy.

Frobenius' Theorem: if this condition holds identi-
cally in (z,u), then the overdetermined system has
a solution u®(x), and u®(xg) can be prescribed ar-
bitrarily.

Apply to

Wil — WWi -+ %wiwigjk = ij Write as
. 1

(9j2kw = F}sz‘ + wjwg — 5w'wigjk + Pjg-

First forget that wj; = Ojw. Try to find n functions

u; SO that

Opuj; = F;kuz + ujup — %uiuigjk + P = ij(x, u).
If we have uj, then certainly 8kuj — 8juk, SO

Poincaré Lemma (special case of Frobenius)
implies u; = Ojw for some w, and we are done.

Use Frobenius with N = n. Check integrability.
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Equation is same as
— )
Vku] — u]uk - §uzuigjk —|— ij

Can calculate integrability condition commuting
VVy instead of 9,0y, using V,Viu,;, — Vi Viu; =
R'jpu;.  Can do it directly (or note that this is
essentially the same calculation we did before in
calculating VP, — V. Pj)).

Directly:
ViViuj = u; g + ug ui — v juigix + Pigy
= jk,l—I—P-u—I—u3.
Skew on k, I:
R ipu; = Cigg + P - u~+ u3.

Substitute R=W + P®g. Turns out the u3 terms
vanish and the (P®g)-u term on LHS cancels the
P-u term on RHS. Thus the integrability condition
IS precisely

Cjkl — szklui = 0.

This is satisfied because W = 0 and C = 0. [ ]
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