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On the cohomology algebra of some classes of geometrically
formal manifolds

J.-F. Grosjean and P.-A. Nagy

ABSTRACT

We investigate harmonic forms of geometrically formal metrics, which are defined as those having
the exterior product of any two harmonic forms still harmonic. We prove that a formal Sasakian
metric can exist only on a real cohomology sphere and that holomorphic forms of a formal Kéhler
metric are parallel with respect to the Levi-Civita connection. In the general Riemannian case
a formal metric with maximal second Betti number is shown to be flat. Finally we prove that
a 6-dimensional manifold with b; # 1,b2 > 2 and not having the real cohomology algebra of
T3 x S2 carries a symplectic structure as soon as it admits a formal metric.

1. Introduction

Let (M™,g) be a compact oriented Riemannian manifold. We denote by APM,0 < p < n the
space of smooth, real-valued, differential p-forms of M. We have then a differential complex

S APM G AP

where d is the exterior derivative. The pth cohomology group of this complex, known as the
pth deRham cohomology group will be denoted by HE g (M). The Riemannian metric g induces
a scalar product at the level of differential forms, and hence one can consider also the operator
d*, the formal adjoint of d. For 0 < p < n we define the space of harmonic p-forms by setting

HP(M,g) ={a € APM : Aa = 0}.
Here the Laplacian A is defined by
A =dd* + d*d.
Classical Hodge theory produces an isomorphism
Hpp (M) = HP (M, g) (1.1)

for all 0 < p < n. While H*(M) = @,», Hpr(M) is a graded algebra, generally H*(M, g) =
@p>0 HP(M, g) is not an algebra with respect to the wedge product operation for there is no
reason that the isomorphism (1.1) descends to the level of harmonic forms. Our next definition
is related to this fact.

DEFINITION 1.1. ([7]). Let M™ be a compact and oriented manifold.

(i) A Riemannian metric g on M is formal if the exterior product of any two harmonic
(with respect to g) forms remains harmonic,

(ii) The manifold M is geometrically formal if it admits a formal metric.

A closely related notion is that of topological formality (see [2] for instance), which implies
that the rational homotopy type of the manifold is a formal consequence of its cohomology
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ring [11]. From the existence of a formal metric it follows that the underlying manifold is
topologically formal, and this provides obstructions to the existence to such metrics; for instance
they cannot exist on nilmanifolds since those have non-trivial Massey products, a fact which
is in itself an obstruction to formality [2, 13]. On the other hand, simply connected, compact
manifolds of dimension not exceeding 6 are topologically formal [3, 9].

Now the existence of formal metrics is more directly related to the geometry of the ambient
manifold and known obstructions are related to the length of harmonic forms.

THEOREM 1.1. ([7]). Let (M™,g) be compact and oriented such that g is a formal metric.
Then
(i) the inner product of any two harmonic forms is a constant function;
(ii) by(M) < (p) for all 1 <p < n;
(iii) if in (ii) equality occurs for p =1 then g is a flat metric.

Standard examples of formal metrics are provided by compact symmetric spaces for in this
case all harmonic forms must be parallel with respect to the Levi-Civita connection. Kotschik
proved that in dimension 4 every geometrically formal manifold has the real cohomology algebra
of a compact symmetric space. One of the current questions related to the notion of geometric
formality is then to examine up to what extent this is true in general.

In the context of Sasakian geometry, the odd-dimensional analogue of Kéhler geometry, we
prove the following.

THEOREM 1.2. Let (M?"*! g) be a compact Sasakian manifold. If g is a formal metric
then M is a real cohomology sphere.

Next we obtain obstructions to the existence of formal Kahler metrics, through the study of
their holomorphic forms. In this context topological formality is no longer restrictive since any
Kéhler manifold is known to have this property [2].

THEOREM 1.3. Let (M?",g,J) be a compact Kéhler manifold such that the metric g is
formal. Then every harmonic form § of real type (p,0) + (0,p) (hence every holomorphic p-
form) is parallel with respect to the Levi—Civita connection. Moreover, §) induces in a canonical
way a local splitting of M as the Riemannian product of two compact Kéhler manifolds M,
and M so that € is zero on My, non-degenerate on My which is Ricci flat.

REMARK 1.1. (i) Theorem 1.3 was already proved in [8] for p = 2, using arguments relying
heavily on the algebraic structure of the space of harmonic 2-forms. For higher degree forms,
such results are no longer available.

(ii) If in Theorem 1.3 we furthermore assume the metric being locally irreducible and not
symmetric, it follows from Berger’s holonomy classification theorems (see [10]) that the only
cases when we can have a non-vanishing holomorphic form are when Hol(g) = Sp(m)(n = 2m)
or Hol(g) = SU(n).

(iii) From the above it also follows that if M admits a locally irreducible K&hler and formal
metric which is not Ricci flat then the Todd genus satisfies Td(M) = 1.

In the second part of the paper we study general properties of 2-forms which are harmonic
with respect to a formal metric. We observe that any such 2-form diagonalises with constant
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eigenvalues and constant rank eigendistributions. This is extending results from [8] to the
general Riemannian case and can also be used as a starting point to give sufficient conditions,
essentially phrased in terms of Betti numbers lower bounds, for a formal metric to admit a
compatible symplectic form in dimension 6. We prove the following.

THEOREM 1.4. Let M® be geometrically formal. If by(M)# 1 and by(M) > 2 and,
moreover, M has not the real cohomology algebra of T x S3 then any formal metric on M
admits a compatible symplectic form.

The above result essentially says that in dimension 6 a geometrically formal manifold M
always carries a symplectic structure compatible with the formal metric with the exception of
the cases when by (M) =1 or by (M) # 1,bo(M) = 0,1 or when the real cohomology algebra is
that of T2 x S3. This suggests that symplectic techniques could be used to investigate, under
these conditions, the topology and geometry of these manifolds. In dimension 4, the existence
of symplectic forms on geometrically formal manifolds has been extensively treated in [7].

When bo(M) > 3 Theorem 1.4 follows essentially by algebraic arguments mainly using the
above-mentioned fact on the diagonalisation of harmonic 2-forms of a formal metric. To prove
it when by(M) =2 we first show that the absence of a compatible symplectic form forces
the presence of enough harmonic 3-forms (actually bs(M) = 6 in this case). Then we need to
perform a rather delicate local analysis, involving the internal symmetries of the set harmonic
3-forms in order to arrive at by (M) > 2, a case which can be ruled out algebraically.

In the final part of the paper we are concerned with giving a characterisation of geometrically
formal Riemannian manifold with maximal second Betti number. We prove the following.

THEOREM 1.5. Let M™ be geometrically formal with n > 3. If bo(M) is maximal, that is,
ba(M) = (%), then any formal metric on M is flat.

This clarifies the equality case in Theorem 1.1, (iii) for degree 2-forms. Note that the assertion
in Theorem 1.5 is straightforward when n is odd for if n =2k + 1 the formality and the
maximality of by imply that bax (M) is maximal. Hodge duality implies then the maximality
of by (M) and hence the flatness of the metric (see Section 5 for more details). When n is
even, our point of departure consists in observing that the metric must admit a compatible
almost-Kahler structure and then work out this situation within the same circle of arguments
which have led to the proof of Theorem 1.3.

To conclude, it would be interesting to have results similar to Theorem 1.4 in arbitrary even
dimensions and of course to give necessary but also sufficient conditions for a geometrically
formal metric to admit a compatible symplectic structure. In doing so, the difficulties one
faces are related to understanding, at the algebraic level, the constraints imposed by geometric
formality on forms of degree at least 3.

2. Some algebraic facts
Let (V2",g,J) be a Hermitian vector space and let A*V be its exterior algebra over the reals.
Consider the operator J : APV — APV acting on a p-form « by

P
(Ja)(vy,y...,vp) = a(vy, ..., Jug, ..., vp)
k=1
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for all vi,...,vp, in V. The operator J acts as a derivation on A* and gives the complex
bi-grading of the exterior algebra in the following sense. Let AP9V be given as the —(p —
q)?-eigenspace of J2. Then

AV =) AV
p+g=s

is an orthogonal, direct sum. Note that AP9V = APV . Of special importance in our discussion
are the spaces NPV = AP0V forms « in AP are such that (X1,...,X,) — a(JX1, Xa,...,X,)
is still an alternating form which equals p~!Ja. We shall also use the extension of .J to A*V
given by

(Ja)(v1,...,vp) = a(Jv1, ..., Jup)

for all & in APV and vy,...,v, in V. Let A’V ®; A?V be the space of tensors Q) : APV — A1V
which satisfy

[(JQ)(XD s ’Xp)](yla R Yq) = _[J(Q(le s vXP))}(Ylv R YII)
(here J as a map of APV stands in fact for p=17). We also define \PV ®5 AV to be the space
of tensors @ : APV — A7V such that QJ = JQ.

LEMMA 2.1. Let a: A’V @ MV — APTIV be the total anti-symmetrisation map. Then

(i) the image of the restriction of a to NPV ®1 A1V — APTV is contained in A\P1V;
(ii) the image of the restriction of a to APV ®3 A1V — AP1IV is contained in \PT4V .

Proof.  We shall provide a direct proof, but only for (i), that of (ii) being similar. Choose
Q in A’V ®1 A1V, Then

a(Q) = Z e?l/\.../\e?p/\Q(eil,...,e,'p),
T=(i1,0enyip)
where for v in V we denote by v” the dual, with respect to the metric, 1-form. Then
J@@)= > TN NN, sei,)
T=(1,0yip)

+ > e A A NTQ(e, e

I=(ix,usip)

For any 1 < r < p we compute

Z 651/\.../\JeET/\.../\eEp/\Q(eil,...,eip)
=— Z eEl/\.../\(Je,-T)b/\.../\ezp/\Q(eil,...,eip)
= Y @A A AN AQeqy, . Te . e)

= Z egl/\.../\eEp/\(JQ)(eil,...,eip).

I=(i1,...,ip)
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On the other side we have JQ(e;,,...,e;,) = ¢J[Q(ei,, ... e;,)] = —q(JQ)(ei,,- - -, e€;,) and
putting all these together we arrive easily at

J(a(@)) =(p—1q) Z 621/\.../\el;p/\(J]Q)(eil,...,eip).
T=(i1,.1ip)
Applying J once more time while going through the same steps yields J2a(Q) = —(p — q)?a(Q)
and the proof is completed. Ol

The main technical observation in this section is as given below.

ProPOSITION 2.1. The following hold:
(i) the total alternation map a : APV ®1 A1V — APTV is injective for any p # q;
(ii) the kernel of a : NP’V @ M1V — APTV is contained in NPV ®9 A1V

Proof. (i) If Q belongs to A’V ®; AV and X is in V we define Qx and Q% in AP~V @1 A1V
and APV ®; A2V, respectively, by

Qx =Q(X,) and Q% =X.Q.
Tt is easy to see that those are well defined. Assume now that a(Q) = 0. Then

0=X.a(Q) = Z XJ(@E1 /\.../\e?p) NQ(esy, ... ei,)

T

+ (—1)P Z egl/\.../\egp/\(XJQ(eil,...,eip))
i1y

=p Z e?l/\.../\e?pfl/\Q(X,eil,...,eipil)

D1y eyip—1

H (=07 > e A A AQN (e e,

= pa(Qx) + (=1)"a(Q™).

By the previous Lemma a(Qx) is in AP~19V while a(QX) belongs to AP9~'V and hence
both must vanish since elements of distinct spaces as p # ¢. Now an induction argument leads
directly to the proof of the claim in (i).

To prove (ii) we first note that A’V @ A7V = (APV ®; AV) & (APV ®4 A1V) and the claim
follows from Lemma 2.1. U]

Let L : A*V — A*V be the exterior multiplication with the Kahler form w = g(J-,-). Recall
that the space A§V of primitive forms is defined to be the kernel of L*, the adjoint of L
with respect to the inner product g. We consider the operators Py, : A"V x ASV — ATTs72k)/
defined by

Pi(a, B) := Z (€i1J...J€ikJa) A\ (JeilJ..._lJeik_lﬂ)
1<i1,.. 1 <20

for all (a, ) in A"V x A®*V, and where {e;, 1 < ¢ < 2n} is some orthonormal basis in V. Clearly,
Py(a, ) =aAnpforall (a,5) in ATV x A®V.

ProroSITION 2.2. For any a € A"V and 8 € A°*V, we have
(i) L*Pi(e, B) = Pi(L*a, B) + P(a, L*B) + (=1)" """ Py (o, B) for all k > 0;
(ii) (L*)P(a A B) = (—1)PP=D/2pl(a, JB) for any primitive p-forms o and .
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Proof. (i) Let « € A"V and 8 € A*V. Then

L*Py(c, B) = Z Je;ae;ia((ejy ... e 00) A (Jey, a. .. Je;, 10))

7,11

Z Je;a((ejseiy oo e 00) A (Jey, a. .. Je;, 10))

l’Ll

)k Z Jeia((ejya...ep00) A(ejadey, ... Je;y, 1))

’Lll

P.(L*a, B) + ( 1)r—k-t Z (€iya. i) A (Jega. .. Jey, 1)

T

(—1)—* Z (Jei,s€iya. .. iy a0) A (e adei, ... Jeg, 1)

’L‘l‘..ik+1

+ Pp.(a, L*3)

DN =

+

and the claim in (i) follows.
To prove (ii) we first obtain by induction from (i) that (L*)?(a A 8) = (—1)P®*=1D/2P,(a, B)
whenever a, 8 belong to AfV. To conclude it is enough to directly use the definition of P, to

get Py(a, B) = pla, JB). O

2.1. Formal Sasakian metrics

Part of the algebraic facts developed above can also be used to describe completely the
cohomology algebra of a geometrically formal, Sasakian metric. For an introduction to Sasakian
geometry, the odd-dimensional analogue of Kéhler geometry, we refer the reader to [1].

THEOREM 2.1. Let (]\42"'*'1 g) be a compact Sasakian manifold. If the metric g is formal
then b,(M) =0 for all 1 < p < 2n, in other words M is a real cohomology sphere.

Proof. Recall that the tangent bundle of M splits as TM =V & H an orthogonal direct
sum, where V is spanned by the so-called Reeb vector field, to be denoted by (. The contact
distribution H admits a g-compatible complex structure J : H — H which, moreover, satisfies
df = w, where 6 is the 1-form dual to ¢ and w = g(J-,-). We call a differential p-form horizontal,
and denote the corresponding space by APH if the interior product with ¢ vanishes. Now
let dg : AYH — A*H be the projection of the usual exterior derivative d onto H. If d};
its formal adjoint with respect to the restriction of g on H, we have (see [12]) on APM =

APH @& [0 A APTLH]
«_ ( dm —L¢
e (kY. 2

where £ denotes the Lie derivative. As a last reminder, we mention that the extension of .J
to A*H defined as in the previous section preserves the space of harmonic forms.

Let now « be a harmonic form on M. It is a known fact that if 0 < p < n, every harmonic form
« on M is horizontal and invariant by the Reeb vector field. Moreover, o must be primitive,
that is, L*a = 0. Using the formality assumption on g we obtain that a A Ja is still harmonic.
Since this is a horizontal form, invariant under the Reeb vector field it follows from (2.1) that
L*(a A Ja) = 0. We conclude that o vanishes by means of Proposition 2.2, (ii). O

The proof of Theorem 1.2 in Section 1 is now complete.
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3. Holomorphic forms with harmonic squares

Let (M?",g,J) be a compact Kihler manifold and consider a harmonic p-form Q in AP M,
that is of type (0,p) 4+ (p,0). It is a well-known fact, see [5] for instance, that  must be
holomorphic, that is

VixQ=Vx(JQ) (3.1)

for all X in TM. Together with 2 comes S : AP"*M — A'M defined by S(X1,...,Xp-1) =
Q(X1,...,Xp-1,). That Q has real type (0,p) + (p,0) translates into

(S(JX1,..., Xp 1)) = =J(S(X1,..., Xp 1)) (3.2)

whenever Xi,...,X,_1 belong to TM, and where for any 1-form 0, 6% denotes the associated
vector field with respect to the metric g. Let now @ : AP~1M — MPM be given by

Q(X1,- -, Xp-1) = Vis(xy,..x,_ 1))t

forall Xy,..., X,_1 in T M. The next lemma provides information about the complex type of Q.
LEMMA 3.1. The tensor Q belongs to \P~"*M @1 A\’ M.
Proof. Follows immediately from (3.1) and (3.2). O

PROPOSITION 3.1. Let 2 in A’ M be a harmonic form. If the metric g is formal, then

Visxi,..x,_1)2 =0 (3.3)
holds, for all Xy,...,Xp—1 in TM.

Proof. Let {e;,1 < i< 2n} be a geodesic frame at a point m in M. If p is even Q A Q is
harmonic and we have at m

2n
0=—d"(QAQ) =) €V, (QAQ)
=1
2n 2n

=23 €a(Ve,QNQ) =2 V., QA (e;20)
i=1 i=1

since 2 is itself co-closed. In other words a(Q) = 0 and we conclude by means of Lemma 3.1
and Proposition 2.1 that @ = 0. If p is odd, the harmonicity of Q A JQ gives

2n

0=—d"(QAIQ) =D €x(Ve, QNI+ QAV,,IQ)
i=1
2n
=Y Ve, QA (Q) + (€9) A Ve, (JD),

i=1

where we take into account the co-closedness of {2 and J€). Now V., J) = V ;. £} and hence

2n
0= =V, QA (Je;) + (€i2Q) A Ve, Q
i=1
2n
-9 Z Ve, QA (JeiaQ).

=1
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This is easily reinterpreted to say that a(JQ) =0, and then Lemma 3.1 together with
Proposition 2.1 leads to the vanishing of ) and hence to the claimed result. O

REMARK 3.1. From the proof of the result above we see that it actually holds for harmonic
forms € in AP M such that Q2 A Q for p even and Q A J2 for p odd are co-closed.

We need now to recall some facts about the algebraic structure of harmonic forms of
type (1,1).

PROPOSITION 3.2. ([8]). Let (M?",g,J) be a compact Kéihler manifold such that the metric
g is formal. If a = g(F-,-) is harmonic in A\ M then we have an orthogonal and J-invariant
splitting

j2
™ = P E;
=0

which is preserved by F and such that F' = \;J; on E;, for all 0 < ¢ < p. Here J; are almost-
complex structure on F; and \; are real constants, for 0 < i < p.

Now we would like to conclude from Proposition 3.1 that 2 is actually parallel. This is
eventually seen to be the case if € is non-degenerate at every point of the manifold. To rule
out the general case we must study the null distribution of 2. For each m in M define V,, =
{X € T,,M : X Q = 0}. Our first concern is to show that m — V,, gives a smooth, constant
rank distribution on M.

LEMMA 3.2. Let (M?",g,J) be a compact Kéhler manifold such that the metric g is formal.
If Q in A’M is harmonic the following hold:

(i) the distribution V is of constant rank;

(ii) both distributions V and H = V* are integrable and H is totally geodesic.

Proof. (i) Let ag in AM'M be defined by aq(X,Y)=(JX.Q,Y.Q) for all X,Y in
TM. Because g is formal we have that (L*)P~'(Q A JQ) is a harmonic two form. On
the other hand, from Proposition 2.2, (i) it follows by induction that (L*)P~1(Q A JQ) =
(71)(”’2)(p*3)/2Pp_1(Q, JQ) by also using that € is primitive. Now a direct computation using
the definition of P,_; shows that

Pp1(Q,J)(X,Y) = (—=1)P 1 (p — DI((XLQ, JY Q) — (Y .Q, JX Q)
=2(—-1)P(p — Dlag(X,Y)

for all X,Y in TM. We conclude that ag is a harmonic form of type (1,1) and hence the
formality of g and Proposition 3.2 ensure that ag has constant rank. By a positivity argument,
the nullity of ag coincides with that of  and the claim is proved.

(ii) The distribution V (hence H) is J-invariant since agq lives in Ab1M. By (i) we obtain
a globally defined splitting TM =V & H which is therefore orthogonal and J-invariant. From
the definition of V it follows by an orthogonality argument that the distribution H is spanned
by S(Xi,...,Xp—1) with X4,..., Xp,_1 in TM and hence

VxQ=0 forall X e H (3.4)

by Proposition 3.1. Taking now a direction, say, V in V gives that V xV belongs to V and this
shows the total geodesicity, and hence the integrability of H. The integrability of V is an easy
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consequence of the closedness of Q). Indeed, taking X;,...,X,_1 in H and V,W in V, we have

p—1

0=dX1,..., X, 1, VW) =3 (=) (Vx,Q)(X1,..., Xiy ..., Xp1, V, W)
1

.
Il

- (VVQ)(Xla cee 7Xp—1; W) + (VWQ)(Xh .. 'aXp—lav)
= Q(X1,..., Xy 1, [V, W]).

Since €2 vanishes on V by the definition of the latter it follows that [V,W].Q =0 and our
integrability claim follows by using again the definition of V. Ul

To prove the parallelism of 2, which amounts to having V totally geodesic we need to
establish one more fact. Recall [14] that the transversal Ricci tensor Ric” : H — H of the
totally geodesic distribution H is defined by

gRic"X,Y) = > R(X,e;, Y, )

for all X,Y in H and local orthonormal frames {e;} in H. When V integrates to give a
Riemannian submersion, which is always true locally, Ric corresponds to the usual Ricci
tensor of the base manifold.

LEMMA 3.3. The transversal Ricci tensor Ric™ of the distribution H vanishes.
Proof. For any o in A2M and for all ¢ in A*M let us define

2n
[a, ] = Z eia A e;p,
i=1

where {e;,1 <i < 2n} is some local orthonormal frame in TM. Since H is totally geodesic,
after differentiation of (3.4) in directions coming from H we get [R(X,Y),Q] =0 for all XY
in H. Since V.Q =0 for V in V it follows that ), R(X,Y)e; A e;uQ = 0 for all X in H, and
where {e;} is a local orthonormal frame in H, to be fixed in what follows. Therefore, we get

0= Z ejJ(R(X, ej)ei A\ eiJQ) = RiCHXJQ — Z R(X, ej)ei A\ ejJeiJQ
Jyi jyi
1
= RiCHXJQ + 5 Z R(ej, ei)X 74\ ejJeiJQ
i
for all X in H, where for obtaining the second line we used the algebraic Bianchi identity for
R. As consequences of the Kéahler condition and of the fact that Q is in AP M we have that
R(JX,JY)=R(X,Y), while JX1JY .Q = —X .Y .Q for all X,Y in TM. Hence the last sum
above vanishes and we end up with Ric” X _Q = 0 for all X in TM whence the claim, since Q
is non-degenerate on H. O

At the same time, the situation when Ricf vanishes is well described by the following.

THEOREM 3.1 ([8]). Let (M?",g,J) be a compact Kéhler manifold equipped with a
Riemannian foliation with complex leaves. If the foliation is transversally totally geodesic with
non-negative transversal Ricci tensor then it has to be totally geodesic, therefore locally a
Riemannian product.
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Proof of Theorem 1.3. Since Ric vanishes, it follows by Theorem 3.1 that V is totally
geodesic, and hence parallel with respect to the Levi—Civita connection V. This implies
immediately the parallelism of €, by means of (3.4). The local product decomposition of
(M3, g,.J) follows by using the deRham splitting theorem for the V-parallel decomposition
TM =V @ H, combined with Lemma 3.3. O

4. Harmonic 2-forms

We shall develop in this section the general Riemannian counterpart of Proposition 3.2. From
now on, we shall use the metric to identify a 2-form « with a skew-symmetric endomorphism
A of TM; explicitly a = g(A-,-). Moreover, the space A is the space of skew-symmetric
endomorphisms of TM which are associated to an element of H2(M, g). If ¢ belongs to A*M
let L, : A*M — A*M be given as exterior multiplication by ¢ and let L7, be the adjoint of L.

PrOPOSITION 4.1. Let M™ be geometrically formal and let g be a formal metric on M.
We have :

A A 1A+ A3A1As € A

whenever A;,1 < i < 3 belong to A.

Proof. Let a belong to H?(M, g). Since g is formal and L% is up to sign equal to xL,*
it follows that both L, and L} preserve the space of harmonic forms of (M, g). Therefore, if
@i, 1 < i < 3 belong to H?(M, g) then L% La, a3 is an element of H?(M, g). Let A;, 1 <i < 3 be
the skew-symmetric endomorphisms associated to the forms a;,1 <4 < 3andlet {e;,1 < i < n}
be a local orthonormal basis in TM. We shall now compute

1 n
LEILOCZOQ, = 5 Z (651 (61‘, Ej)ej_l[eiJ(OéQ A CM3)].
i,j=1

However,
ej [ep(ag A Oég):| = as(e;, ej)as — (ejuce) A (ejuas) + (ejua2) A (e,0a3) + as(e;, ej)as.

Further computation yields, after some elementary manipulations

LglLazag = <a1, 042>C¥3 + <a1, 043>C¥2 + <A3A1A2 + A2A1A3-, > ]

In what follows we shall say that a symplectic form on M is compatible with the metric g if
its associated skew-symmetric endomorphism defines an almost-complex structure on M.

ProPOSITION 4.2. Let M™ be geometrically formal and let g denote a formal metric on
M. Moreover, let o belong to H?(M, g) with associated endomorphism A in A. Then
(i) the eigenvalues of A? are constant with eigenbundles of constant rank;
(ii) let u; be (the pairwise distinct) eigenvalues of A2, with o =0 and let E; be the
eigenbundles of A% corresponding to p;. Then for 1 <i < p, E; is of even dimension
and we have an orthogonal decomposition

p
a= Z\/—mwi7
i=1
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where w;,1 <i < p belong to H*(M,g). Moreover, w; = g(J;-,-) on E;, for some g-
compatible almost-complex structure J; on F;,1 <1 < p;
(iii) if « is non-degenerate then g admits a compatible symplectic form.

Proof. (i) From Proposition 4.1 we get by induction that A%**! belongs to A whenever A
is in A. Since A is finite-dimensional, there exists P € R[X] so that P(4%) = 0 and, moreover,
by using the symmetry of A2 the polynomial P can be supposed to have only real and simple
roots p;,1 <7 < p. Let m; be the dimension of the u;-eigenbundle, 1 < i < p. To see that
mi, iti, 0 < i < p are constant over M, we use the fact that A2*+1 belongs to A for any k € N by
Proposition 4.1 and from the fact that elements in A4 have pointwisely constant scalar products
we deduce that Tr (A%F) = —(A%k=1 A) = ¢ for some constant c¢; and for any integer k. It
follows that > 7, m;u¥ = ¢y for all k in N and hence this Vandermonde system leads to the
constancy of the functions m;, u;, 1 <i < p.

(ii) With the notation \; = \/—pu;, the orthogonal projection of a on Ej; is given by \;w;,
where w; = g(J;-, ) for some almost-complex structure J; on E;, 1 <4 < p. Now,

P
g(AZHHL ) = Z)\?kﬂwi
i=1
is harmonic for all natural k£ and by an argument similar to the one used in the proof of the
Proposition 3.1 of [8] we deduce that w; belong to H?(M, g).
(iii) By (ii) the form Y%, w; belongs to H?*(M,g) and it is g-compatible if a is
non-degenerate. O

The technical advantage of Proposition 4.2 is essentially to say that all distributions
appearing as ranges or kernels of harmonic 2-forms are of constant rank over the manifold,
and in this respect they can, as we shall see in the next section, be treated as algebraic objects.

4.1. 6-dimensions

We shall present here a geometric application of the algebraic facts from the previous section.
More precisely, we are going to obtain sufficient conditions for a geometrically formal 6-manifold
to admit a compatible symplectic structure. We need first a number of preliminary results.

LEMMA 4.1. Let M™ be geometrically formal and let g be a formal metric on M. Let «
belong to H?*(M,g) with kernel V and such that on H = V* a = g(J-,-) for some almost-
complex structure J of H. Then for any ¢ in HP (M, g) we have that ¢ belongs to HP(M, g),
where for any i,j with i + j = p we have denoted by ¢* the orthogonal projection of ¢ onto
ANV&AN H C APM. Here A'V&A H is the image of A"V @ AJH in A7 M under the anti-
symmetrisation map.

Proof. We first note that
L Aa) = 5(=1)P(dim H)Y + (L) Ao+ (=1)PQy

whenever 9 is a p-form on M, where the operator @Q is given by Qv = ZeieH(ei_ﬂp) Al
for an arbitrary local frame {e;} in H. Hence @Q preserves the space of harmonic forms and
on the other hand a standard computation shows that the non-zero eigenvalues of @) on
APM are (—1)P~1j for 1 < j < dim H and i = p — j < dim V with corresponding eigenbundles
A'V&A H. However, formality actually implies that all powers of Q preserve HP(M, g), and
the claim follows. Ol
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LEMMA 4.2. Let M® be geometrically formal and let ¢ be a formal metric on M. If ¢
does not admit a compatible symplectic form then every non-zero harmonic 2-form on M has
4-dimensional kernel.

Proof. Let a # 0 belong to H?(M,g). It cannot be non-degenerate for Proposition 4.2,
(iii) would imply the existence of a g-compatible symplectic form. It remains to see that «
cannot have 2-dimensional kernel. Arguing by contradiction, let us suppose that ¥V = Ker(«)
is 2-dimensional, so that H = V' is of dimension 4. Moreover, from a we get again by using
Proposition 4.2 a harmonic 2-form o’ = g(J-,) on H for some almost-complex structure J on
H. Then o 4+ x(a/ A ') gives a globally defined symplectic form on M, compatible with g,
and hence the desired contradiction. Ll

In what follows the distribution spanned by an orthonormal system of vector fields
{X1,...,X,} on M shall be denoted by (X7, ...,X,).

PROPOSITION 4.3. Let M% be geometrically formal with by(M) =0 and by(M) > 2. If g
is a formal metric on M which does not admit a compatible symplectic form we must have
bo(M) = 2,b3(M) = 6.

Proof. Let a # 0 belong to H2(M,g). By Lemma 4.2 the distribution V = Ker(a) must
be 4-dimensional, so after constant rescaling « can be written as « = g(J-,-), where J is an
almost-complex structure on the plane distribution H = V. We now note there are no non-zero
harmonic 2-forms contained in A2V, for by Lemma 4.2 any such form must have 4-dimensional
kernel and hence must vanish. It follows then from Lemma 4.1 that H?(M, g) is contained in
(A'V&A'H) @ Ra. Further on, because by (M) > 2, there must be a non-zero 3 in A'V&A'H,
and again by Lemma 4.2 this has 4-dimensional kernel to be denoted by V’'. By rescaling if
necessary we may also assume that (§ is of unit length.

Let now Fy and F; be the orthogonal projections of H = (V')* onto V and H, respectively.
The projection F} is not the zero space because otherwise we would have H' C H, hence 3 in
A?H, an absurdity. We cannot have Fy = {0} either: it would imply that H' C V and hence
B € A2V, which again is impossible. Therefore, both of F; and F, have rank at least 1 and
given that H' = F; & F» and H' has rank 2, their respective ranks must actually equal 1. Since
the manifold is oriented, every real line bundle over M is trivial and this leads to the existence
of a globally defined orthonormal frame {(,es} on H’, spanning F} and Fy. Since § belongs to
A?2H', it follows that

B=e?AC.

Now the orthogonal complement of (e3) in H is 1-dimensional, and hence trivial as a real line
bundle. Therefore it is spanned by some a unit vector field, say e1, and since a belongs to A2H
we get

a=e' Ané’.

choose now a non-zero harmonic 3-form 7 on M. By Lemma 4.1 the components 7! in A3V and
T2 =0 A in A'VRA2H of T are harmonic. However, xL, T and L*T'? = @ are harmonic
1-forms and since by (M) = 0 these 1-forms are vanishing fact which implies the nullity of 7
and T'2. Hence T can be written as

T=uw Ae' +wy Ae?
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with wy,k =1,2 in A?V. Again, LsT and L3T vanish for any harmonic 2-form ¢ because
b1(M) =0, and hence from LgT =0 and L5T = 0 we get that

CANw; =0, (ows=0.

It follows easily that harmonic 3-forms on M are contained in a rank 6 sub-bundle of A3M,
thus using that scalar products of harmonic 3-forms are (pointwisely) constant we obtain that
bs(M) < 6. Since M has nowhere vanishing vector fields, it has vanishing Euler characteristic,
and from by (M) = 0,b2(M) > 2 we get

b3(M) =2(1+by(M)) > 6
showing that actually be(M) = 2 and b3(M) = 6. O

THEOREM 4.1. Let M be geometrically formal with by (M) # 1 and by(M) > 2. If g is a
formal metric on M which does not admit a compatible symplectic form then either:

(i) M has the real cohomology algebra of T3 x S3, or
(ii) b1 (M) =0,b2(M) = 2,b3(M) = 6.

Proof. In view of the Proposition above it suffices to treat the cases when by (M) # 0. Again,
we do a case by case discussion. Let V be the distribution spanned by the harmonic 1-forms
and let (i, 1 < k < b1(M) be a frame of harmonic 1-forms in V. As an immediate consequence
of Lemma 4.1 and of the fact that H = V' does not contain, by definition, harmonic 1-forms
it follows that harmonic 2-forms are contained in A2V @ A%2H.

If by(M) =2, H is of rank 4 and since bo(M) > 2 there must be a non-zero harmonic 2-
form contained in A2H. In view of Lemma 4.2 it has rank 4 kernel and therefore vanishes, a
contradiction.

Suppose now that b;(M) =3 so that H is of rank 3. If a is a non-zero harmonic 2-
form contained in A?H, then (3.(au(31(x) is a non-zero harmonic form in A'H which
is a contradiction. Therefore H2(M,g) C A%V and similarly, by using Lemma 4.1 we get
H3(M,g) C A3V @ A3H. Tt is now straightforward that M has the cohomology algebra of
T3 x §3.

If by (M) =4, then G A Qo+ (3 A s+ *(C1 A G2 A (3 A (4) is a compatible symplectic form, a
contradiction.

Now we cannot have by (M) =5 (see [7]) and when by (M) = 6 there exists an orthonormal
frame of harmonic 1-forms and hence a compatible symplectic structure, a contradiction. This
completes the proof of the Theorem. O

The proof of Theorem 1.4, when by(M) > 3 follows now immediately from the above.

REMARK 4.1. The proof of Proposition 4.3 can also be adapted to show that if g is a formal

metric on M® which does not admit a compatible symplectic structure then b3(M) < 6 when
b1 (M) =0,by(M) = 1.

4.2. The case when by = 0,by =2,b3 =6

We shall examine now the case when the geometrically formal manifold M has a formal metric
g which does not admit a compatible symplectic form and, moreover, by (M) = 0,bs(M) =
2,b3(M) = 6. We have seen that harmonic 2-forms must be of the form e'2 = el Ae? e2 A (
for some orthonormal system ej,es,( in TM. Let us denote by E the rank 3 distribution
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orthogonal to e, es, (. It inherits a transversal volume form, that is, a nowhere vanishing 3-
form vg in AE given by vg = x(e'? A ¢). We shall write g : A*E — A*E for the Hodge star
operator obtained when F is equipped with the restriction of the metric ¢ and orientation
given by vg.

LEMMA 4.3. The following hold:
de' = Ane' + BN+ Ae'?,
de? = qC Nel — ANe* + pe'?,
dC=ANC—pet NC+e2 A D,
where A, B, D are 1-forms on E @ (¢) and \, ¢, u are functions on M.

Proof. Because e'? is closed we get de! A e? = de? A e! and it follows that none of de', de?
can have components in A2(ej, e3)*. Therefore one can write
de' =ANel + B Ae? 4+ \el?,
de? =C' Ne' + D' Ae? + pe'?

for some one-forms A, B,C, D’ in A'(e1, e3)* and some smooth functions A,z on M. Now the
remaining information contained in de! A €2 = de? A el is that D’ = —A. Since €2 A ( is equally
closed we have de? A ¢ = d¢ A e? and hence de? A ¢ A e? = 0 leading to C' A ¢ = 0. Thus we may
write C' = g for some smooth function g on M. Moreover, by an argument already used for e'2,
d¢ has no component in A?(es, () and hence after a small computation we can fully rewrite
the closedness of e? A ¢ as

dC=ANC—pet AC+e? A D + vet?
for some one form D on E & (¢) and a smooth function v on M. Now the harmonicity of e!?
tells us that
0=de'? =de' - e? —[e1,eq] —d*e? - ey
in other words the distribution (e, e2) is integrable. Henceforth, v = d{(e1,e2) = —((, [e1, €2])
vanishes and our Lemma is proved. O

COROLLARY 4.1. (i) The distribution E is integrable.
(ii) The distributions (e, ez2) and (e, () are integrable as well.

Proof. (i) By inspecting the structure equations in the lemma above, we see that either of
d¢, de', de? vanish on A2E and the claim follows.
(ii) Follows by arguments similar to the last part of the proof of the Lemma 4.3. O

We shall now bring into consideration the fact that bs(M) = 6. Let
Tl,TQ,Tg,*Tl,*T27*T3 (41)

be an (pointwisely) orthonormal basis in H?(M, g). From the proof of Proposition 4.3 we
must have

Ty, = (" NQ) Aag + € Axpl,
where oy, 3 belong to A'E for all 1 < k < 3. The next Lemma recasts the orthogonality of
the system (4.1) into a simpler algebraic form.
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LEMMA 4.4. For 1 <k < 3 we define vy, = ay, + i3 in A (E,C). We have

*BY1 = kY A 73,
*EY2 = 7]‘371 AN7s,
*E73 = kY1 A7y
for some smooth function k : M — C such that |k| =1 and k7, A, A5 = vE.

Proof. The Hodge star operator of the forms Ty, 1 < k < 3 reads
*Ti = —(e' AC) A B + €2 A xpag
and the orthonormality of (4.1) is equivalent with the following

o l” + [68k* =1,
<ai7aj>+<ﬂivﬁj> :07 7’#]1
It is easy to see that {v;,1 < i < 3} gives a basis of A'(E,C) (not orthonormal though) and
then {7; Avy; : 1 <i#j <3} is abasis in A?(E,C). Of course, by using complex conjugation
we obtain another set of basis in the above-mentioned spaces. We now compute
*E7j /\ﬁj = (*Eaj +i%g ﬁj) A\ (O[j — L *E ﬁj)
= (*Eaj Aoy + *Eﬁj) + Z'(*Eﬁj Naj —*gpa; N\ ﬁj)
= VE.

Similarly, we also find that xg7y; A%, = 0 for p # j and the result follows. That [k| = 1 follows
routineously by taking norms. |

The triple of 1-forms (v1,72,73) has also an internal symmetry, of particular relevance for
what follows. Write

71
TY=172
3
and then notice the transition formula v = P7 for some P = (P;;,1 <, < 3) : M — M;3(C).
This is possible because both v and 7 leave basis in A'(E,C). It follows immediately that
PP = I3 holds and, moreover, from the definition of P we see that it is symmetric, that is,
P = PT. To exploit the closedness the frame (4.1) we need the following.

LEMMA 4.5. If o belongs to A*E we have
da:dEa—FC/\LgEa—Fel/\(Lfa+§/\R_na)+e2/\Lf;a,

1

where d denotes the orthogonal projection of d onto A*E and for any vector field X in E, LE
is the orthogonal projection of the Lie derivative Lxa onto A*E. Moreover, the vector field R
in F is given by the projection on E of [e1,(].

Proof. Follows eventually by expanding d along the decomposition
ANM = A*E ® A*(el, €9, (),

while making use of the integrability of the distributions listed in Corollary 4.1. Ol
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Let us denote by AA,B,D the components on E of the 1-forms A, B, D, so that A= A +
z(,B= B+ y(,D = D + z( for some smooth functions z,y,z on M.

LEMMA 4.6. The harmonicity of the forms Ty, 1 < k < 3 is equivalent with the following
system of equations:

(i) deve = —2A Ay — igxg s

(ii) dE(*E’yk) AN*EV;

(iii) LC (*EVK) — T *xg YK —iB Ay, = 0;

(iv) L e P (x5vk) + mxg e —iD Ay = 0;
(V) ’yk—F(Z—)\)k—ZRJ*E’Vk—O

for 1 <k <3.

Proof. For any 1 < k < 3 the closedness of the forms T} is equivalent with

0=dl, =d(e' AO) Aag +e' ACAday
+ de* A [xgfr] — €2 A d[xgB].

Using now Lemma 4.5 we obtain further

0 =d(e* NC) A ag + de* AxpfBy
+el A ¢A [dEak +e2 A szak]
— e ANdg(*pB) — € AN LE (xpfBr) + > ALY (xp8k)
— e ACA(Raxg Br).

However, accordingly to Lemma 4.3 we eventually get
de* ANO)=2ANe' AC+BAEANC—D A+ (A—2)e2 A

Hence after identifying the components of e! A ¢, e2 A C,e'2,e'? A (,e? we find the system of
equations

QA/\OAqu*Eﬂk+dEOzk =0,

BAay+a*g B — LE(x5Bk) =0,

— D Aoy + pxg B+ LE (xpB) =0,

(A= 2)o — L o — Ruxp B, =0,

ANxpB = dp(xpb).
However, the forms x7Tj,1 < k < 3 are closed as well, in other words the system above has the

symmetry (o, Bx) — (Bk, —ax). It is now straightforward to rephrase these by means of the
complex-valued forms i, 1 < k < 3. OJ

We are now in position to examine the geometric consequences imposed by our initial
situation.

LEMMA 4.7. The following hold:
(i) A=0;
(ii) dgk = 0.
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Proof. We will prove both claims at the same time. Using Lemma 4.6, (i) we compute
dp(v2 Avs) = —4A N ys Az —iq(kpya A s — *E7s A Y2)
= —4A Ay A3

by using standard properties of the Hodge star operator. However from (ii) of the same Lemma,
actualised by Lemma 4.4 one infers that

dp (ks A7) = kA AT, A73.

It follows that (5A — k= 'dgk) A7, A75 =0 and repeating the procedure for the other two
equations in Lemma 4.6, (i) we arrive easily to 5A — k= 'dgk = 0. However, A is real-valued
while k~1dgk belongs to Al(E,iR) since |k| = 1 and the proof of the Lemma follows. U

We examine the rest of the equations in Lemma 4.6. For a triple
aq
o = a9
as
of one forms in A*(E, C) we consider the triple of 2-forms in A?(E,C) given by

as N Qg

aXa=|az3Noa

(&3] AN (%)

Note that in the new notation Lemma 4.4 now reads

*gYy = k¥ X7 (4.2)
and after taking the conjugate we also get
*py =kt x (4.3)
since k = k1. For any o = 22=1 aryk in AY(E,C) we consider the matrix
0 Q3 —Q2
Ta = —Q3 0 aq
a9 —Q 0

Note that 7T = —r, and we shall let 7, operate on triple of forms in A*(E,C),k = 1,2 by
matrix multiplication. Moreover, a straightforward computation shows that
anm
ahNy=|aAy | =ro(y x7).
a3

These observations now allow us to bring the remaining equations into final form.

LEMMA 4.8. The following hold:
(i) LE(xmy) — xxp v — ikrg(xg7) = 0;
(i) LE (xp7) + pxp vy — ikrp(x57) = 0;
(iii) LEZ~ + (z — Ay + ikry7 =0
where the 1-form n in A'E is given as n = g(R,-).

Proof. We shall prove only (i) the other two claims being entirely analogous. Indeed, writing
(iii) of Lemma 4.6 in matrix form we have

L?(*E'y)—x*E'y—iB/\'yzo.
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However, B A~y = r5(y x ) = krz(*g7) by (4.3) and we are done. Il

PROPOSITION 4.4. The following hold:
(i) Le,P=L¢,P=L:P=0;

(ii) PrgP + k*rp = 0;

(ili) PToP + k*rp = 0;

(iv) Pr, P+ k*r, = 0.

Proof. Taking the conjugate in (i) of Lemma 4.8 we get

LE(xg7) — x % 7 + ik 'T5(xp7) = 0. (4.4)

Now xgvy = *g(P7¥) = P(*g7) and hence (i) of Lemma 4.8 gives
(LZP) %7 + PLE (xp7) + 2P (xi7) + ikr 5 (+17) = 0.
Substituting here the expression of L? (*g7) as given by (4.4) we obtain further
(LEP)*p 7+ Plaxgy — ik~ 'Ty(xpy)| — (@P +ikrg) xg ¥ =0

whence

(LEP — ik PrgP —ikrg) xg 7 =0,

where we have used once more that v = P%. Given that xg7¥ gives a basis in A?(E,C) we
infer that
LEP —ik™'PrgP —ikrg = 0.

However, P is symmetric and 74 is skew-symmetric therefore Prg P is skew-symmetric as well,
and hence identifying the symmetric and skew-symmetric part in the equation above we arrive
at LEP =0 and P3P + k®rp = 0. The other two claims in (i) and assertions in (iii) and
(iv) are proved by applying a completely similar procedure to the equations in (ii) and (iii) of
Lemma 4.8. ]

COROLLARY 4.2.  We must have B =D = n=20.

Proof. We first work out the equation in (ii) of Lemma 4.4. It implies that
(P@P) *g Y+ k27‘B(*E7) =0.
Now 75(xg7) = k' 5(y x 7) = k=B A . On the other hand we have
(PTP) xp7 = (PT3) x5 (P7)
= Prgxgy=kPr3(y x7)
= kP(B A7)
—kBAPy=kBA~
since B is real-valued. Altogether (k + k~'k2)B A~y = 0 whence the vanishing of B since |k| =

1. The vanishing of D follows from (iii) of Lemma 4.4 and the varnishing of 7 follows from (iv)
of Lemma 4.4, respectively, by using the same argument. O

We now continue the study of the distribution (e, ea, ().
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LEMMA 4.9. The following hold:

(i) dre' = —p;
(i) d*e? =\ = —z;
(iil) d*¢ = a.

Proof. First of all we update Lemma 4.3 to
de! =xC Ael +yC A e? + Net?,
de? =qC N el — xC A e? + pet?, (4.5)
d¢ = —pet ANC+ ze? AC.
by using that A=B=D=0o.
(i) Since e!'? is harmonic we have

0=d*(e'?)=d"e" ey — [e1, ea] — d*e? - e;.

Hence d*e! = ([e1,ea],e2) = —de*(e1,e2) = —p and d*e? = —([eq,ea],e1) = del(e1,ea) = A
This proves (i) and the first-half of (ii) to prove the rest it is enough to repeat the argument
above starting from d*(e? A ¢) = 0. O

THEOREM 4.2. A geometrically formal manifold MS with by (M) = 0,by(M) = 2,b3(M) =
6 and formal metric g must admit a g-compatible symplectic structure.

Proof. Suppose that there is no g-compatible symplectic structure on M. Then our whole
previous discussion applies and based upon it we will obtain a contradiction. We proceed first
towards updating the expressions of the Lie derivatives of v,*g7y as given by Lemma 4.8.
Since k% = det(P) and P has no Lie derivatives in the direction of (e, es,() it follows that
Le k= Le,k = Lek = 0. Therefore, (i) of Lemma 4.8 gives

LEF x7) —ay x5 =0.
Note that actually LQE v = L¢v since n (hence R) vanishes. A short computation using only
that v gives a basis in A'(E,C) leads to

€T
Ley—=v=0.
¢ 2’Y

It follows that L¢(y1 Avy2 A7) = (3x/2)y1 A2 Avys whence Lcvg = (3z/2)vg. However,
Lg(e12 A ¢) =0 as well, because e'?,el? A ¢ are closed (the latter after a computation based
on (4.5)) and we get that the volume form vy = e'? A Avg satisfies Leva = (32/2)va.
However,

LCVM = d(CJI/]\/[) = —d*C cVUp = — TV

by Lemma 4.9, (iii) and it follows that we must have z = 0. When working out, in the same
spirit, the equation contained in (ii) of Lemma 4.8 we obtain that g = 0. Now (iii) of Lemma
4.8 ensures, as before, that L., vg + 3(z — A\)vg = 0. At the same time

Ley(€2 A Q) = —d(e! A Q) = (<A +2)e'2 AC

after making use of (4.5). It follows that Le,var = —2(z — Nvpy =4Advy as z=—X by
Lemma 4.9, (ii). However, once again from Le,vy = —d*e? - vy = —\ - vpy we obtain that
A=0.

Inspecting now the structure equations in (4.5) we see that d¢ = 0 and again from Lemma 4.9
d*¢ =0, in other words ( is a harmonic, nowhere vanishing 1-form on M which contradicts
that by (M) = 0. U
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The proof of the Theorem 4.1 in Section 1 is now complete.

5. Formal metrics with maximal by

We study in this section geometrically formal manifolds M™ having maximal second Betti

number, that is,
by (M) = (g‘) .

To prove Theorem 1.5, we split our discussion into two cases according to the parity of n.

PrOPOSITION 5.1. Let M™ be geometrically formal and let g be a formal metric on M.
The following hold:
(i) if by(M) and by(M) are maximal for p + ¢ < n then b,y,(M) is also maximal;
(i) if by(M) and by(M) are maximal for 0 < p < ¢ < n and then 50 is byg—p,(M);
(ili) if'by(M) is maximal for some 1 < p < n—1 and (p,n) =1 then g is a flat metric.

Proof. (i) If {a;},{B;} are L2-orthonormal basis in HP(M, g) and H?(M, g), respectively,
then at each point of M we obtain orthonormal basis in AP M and AYM , respectively. It follows
that APT2M is spanned by forms of the type a; A 3; which are harmonic because the metric
g is formal. Since scalar products between harmonic forms are constant after Gramm-Schmidt
orthonormalisation we obtain a basis in HPT4(M, g).

(ii) By Hodge duality b,,—,(M) is maximal and hence by (i) so is by—ptq(M) = by—p(M)
whence the claim.

(iii) If b,(M) is maximal then for any integers ¢ and k, 1 < k < n such that pg = k(mod n),
bi(M) is also maximal by using (i). Since (p,n) =1, we arrive by means of (ii) at by (M)
maximal, and it follows that g is flat by Theorem 1.1, (iii). O

Hence, when n is odd and bo (M) is maximal, by (M) is maximal too and the metric g is flat.
Therefore, we need only to consider the case when n is even.

5.1. Reduction to the symplectic case

As an immediate consequence of Proposition 4.2 we have the following.

PROPOSITION 5.2. Let M™ be a geometrically formal manifold with formal metric g such
that ba(M) is maximal and n is even. Then g admits a compatible almost-Kéhler structure,
that is, an almost-complex structure J, which is compatible with g and such that the 2-form
g(J-,-) is closed.

Proof. We first claim that there exists a harmonic 2-form « which is non-degenerate, that
is, o # 0,n = 2k at some point = of M. Indeed if o¥ = 0 on M for any ¢ in H?(M, g) then after
polarisation we find @1 A ... A pr = 0 whenever ¢;, 1 < i < k belong to H2(M, g). Since frames
in H?(M, g) give frames in the A2M it is easy to obtain a contradiction and the existence of «
as above follows. The claim is now proved by using (iii) in Proposition 4.2. Ul

5.2. Proof of flatness

We consider hereafter a compact almost-Kéhler manifold (M™,g,J) (n = 2k) such that ¢ is
a formal metric and, moreover, by(M) = (5 ). Let w = g(J-,-) be the so-called Kéhler form of
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the almost-Kahler structure. We first remark that the bi-type splitting of A2M is preserved at
the level of harmonic forms (note, by contrast with the Kahler case that this needs no longer
be true in the case of an arbitrary almost-Kéhler manifold).

LEMMA 5.1. Any harmonic 2-form splits as a = a1 + ag, where the harmonic oy, as are
in AV1M and A\®>M, respectively.

Proof. Choose « in A2M, which splits as o = a; + ap with a1 in AY1M and as in A2M.
Because of formality we can assume without loss of generality that « is primitive. Again the
formality tells us that LY (w A w) is harmonic and from the proof of Proposition 4.1 it follows
that it is actually proportional to oy — as. This eventually proves the Lemma. Ol

Therefore, if by(M) is maximal, both A1 M and A\2M are spanned by harmonic forms. We
need now to see which geometric properties a harmonic 2-form in A2M must have. To do so,
recall that the first-canonical Hermitian connection V of the almost-Kéahler (g, J) is given by

Vx =Vx +nx

for all X in TM. Here V is the Levi-Civita connection of g and nx = (1/2)(VxJ)J for all X
in TM gives the intrinsic torsion of the U(n)-structure induced by (g, J). The connection V is
metric and Hermitian, that is, it preserves both the metric and the almost-complex structure.
The almost-Kéahler condition, that is, dw = 0, when formulated in terms of the intrinsic torsion
tensor 7 reads

xY, Z) + iy Z,X) + (nzX,Y) =0 (5.1)
for all X,Y,Z in TM. The latter also implies that (g, J) is quasi-Kahler:
nix =nxJ (5.2)
for all X in T M. Moreover, we have
nxJ = —Jnx (5.3)

in other words 1 belongs to A!M ®; A2M. The relations (5.1), (5.2), and (5.3) will be used
implicitly in subsequent computations.

LEMMA 5.2. Let (M?*,g,J) be an almost-Kéhler manifold and let o« = g(F-,-) be harmonic
in A2M. Then

(VixF)JY + (VxF)Y = —2npxY (5.4)

for all X,Y inTM.

Proof. From da = 0 we have that a(Va) = 0. However, Vxa = Vxa + ([F,nx]-, ) for all
X in TM and, moreover, a simple computation based on (5.1) shows that

a((X,Y, Z2) = ([F,nx]Y, 2)) = a((X, Y, Z) — (npxY, Z)).

Therefore a(Va + np.) = 0 and since the tensor under alternation belongs to A'M ® A2 M we
use Proposition 2.1, (ii) to conclude that it is actually in A*M ®9 A2M and the proof of the
claim follows by using the relations (5.2) and (5.3). O
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If @ is an endomorphism of M, let us define the tensor @) e n by

(Qen)(X,Y,Z)=0xyv,z(noxY,Z)

for all XY, Z in TM, where o stands for the cyclic sum. Note that this is different from the
usual action of End(TM).

LEMMA 5.3. Let (M?* g, J) be an almost-Kéhler manifold and let o = g(F-,-) be harmonic
in A2M with harmonic square. Then

F2en=0. (5.5)

Proof. That d*(a A «) = 0 translates after a calculation which parallels that in the proof
of Proposition 3.1 into
oxy,z{(VrxF)Y,Z) =0
for all X,Y,Z in TM. Rewritten by means of the canonical Hermitian connection and using
(5.1) it yields
(VexF)Y, Z) + (VryF)Z,X) + (VrzF)X,Y) (5.6)
+ (nxFY,FZ) + (nyFZ,FX) + (nzFX,FY) = 0. '

We shall exploit now the algebraic symmetries of the above. Changing (Y, Z) in (JY, JJZ) and
subtracting from the original equation implies

2(VexF)Y,Z) —2(nxFZ,FY)
H((VryF)Z + (Vypy F)JZ,X) = (VrzF)Y + (VyrzF)JY, X) =0
or further, after using the relation (5.4)
(VexF)Y, Z) — (nx FZ, FY) = (npay 2, X) + (X, s ) = 0, (5.7
Now taking the cyclic sum and using (5.6) we get the desired result. O

REMARK 5.1.  On an almost-Kihler manifold (M?2*, g, J) a harmonic form a in A>M with
harmonic exterior powers needs not to be parallel with respect to to the Levi—Civita connection
of the metric g. This happens for instance when a = g(I-,-) for a g-compatible almost-complex
structure I with IJ + JI = 0, which actually induces a complex-symplectic structure on M.
Examples in this direction, which are not hyper-Kéahler, can be constructed on certain classes
of nilmanifolds [4].

From the Lemma above we find by J-polarisation that
[F,G]en=0
for all F, G’ dual to harmonic forms in A2M. Tt is well known that the splitting so(2k) = u(k) ®
m, where m consists in elements of s0(2k) anti-commuting with J, is such that [m, m] = u(k) for

k > 2. Therefore, if g is a formal metric on M?* and by(M) is maximal, we get that F en = 0
for all F dual to forms in A'''M provided that dim M > 6.

LEMMA 5.4. Ifdim M > 6, the intrinsic torsion tensor n must vanish identically.

Proof. It is enough to prove the statement at an arbitrary point m of M. Choose an
arbitrary unit vector V' in T;, M and let F' be the skew-symmetric, J-invariant endomorphism
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of TM which is J on E = ({V,JV}) and vanishes on H = E+. That F e 7 = 0 says
rxY,Z) + (npy Z, X) + (npzX,Y) =0

for all X,Y,Z in TM. Tt follows that (nyX,Y) =0 for all X,Y in H, and hence ny X is
in F for any X € H. Moreover, since dim M > 6, there exists a unit vector U € TM so that
(V,JV,U, JU, X, JX) is an orthogonal system. Let us consider the skew-symmetric, J-invariant
endomorphism G of TM defined by GV =U, GJV =JU, GU = -V, GJU = —-JV and G
vanishes on E't where E' = ({V,JV,U, JU}). Then

(nav X, V) + naxV,U) + (navU, X) = 0.

This implies that (ny X, V) = —(ny X, U). Changing V in JV and using the J-anti-invariance
of n we get (ny X, V) =0. Then

nvX =0

for all X € H and ny X = (X, V)nyV + (X, JV)ny JV for all X € TM. However from (5.2) it
follows that nyV =nyJV =0 and ny X =0 for all X € T M. O

In other words (g, J) is a Kéhler structure and the flatness of the metric follows now from
[8]. To complete the proof of Theorem 1.5, it remains to treat the case when n = 4. In this
situation, we notice that the bundles A* M of (anti) self-dual forms are trivialised by almost-
Kahler structure satisfying the quaternionic identities and using the well-known Hitchin lemma
[6] we obtain that AT M both contain a hyper-Kihler structure and this leads routineously to
the flatness of the metric.
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