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Now choosing TpM
∼=→ Rn via some orthonormal

basis gives us special coordinates on M .
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In these “geodesic normal” coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

Why?

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

in these coordinates.

(Use Jacobi’s equation for geodesic deviation.)
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In these “geodesic normal” coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

Why?

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

in these coordinates.

dµg =
√

det[gjk] dx1 ∧ · · · ∧ dxn
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where r is the Ricci tensor rjk = Rijik.
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In these “geodesic normal” coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

The Ricci curvature is by definition the function
on the unit tangent bundle

STM = {v ∈ TM | g(v, v) = 1}
given by

v 7−→ r(v, v).
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

gjk:
n(n+1)

2 components.

rjk:
n(n+1)

2 components.

Rjk`m:
n2(n2−1)

12 components.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

Elliptic non-linear PDE after gauge fixing.

∆xj = 0 =⇒ rjk = 1
2∆gjk+ `ots.
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Definition. A Riemannian metric is said to be
Einstein if it has constant Ricci curvature — i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.
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Bε(p) = {q ∈M | ∃ path from p to q of length < ε}
have metric volume

volg(Bε(p))

cnεn
= 1− s ε2

6(n+2)
+ O(ε4)

where cn = πn/2/(n/2)!

48



Question (Yamabe). Does every smooth com-
pact 1-connected n-manifold admit an Einstein
metric?

49



Question (Yamabe). Does every smooth com-
pact 1-connected n-manifold admit an Einstein
metric?

What we know:

50



Question (Yamabe). Does every smooth com-
pact 1-connected n-manifold admit an Einstein
metric?

What we know:

•When n = 2: Yes! (Riemann)

51



Question (Yamabe). Does every smooth com-
pact 1-connected n-manifold admit an Einstein
metric?

What we know:

•When n = 2: Yes! (Riemann)

•When n = 3: ⇐⇒ Poincaré conjecture.
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Question (Yamabe). Does every smooth com-
pact 1-connected n-manifold admit an Einstein
metric?

What we know:

•When n = 2: Yes! (Riemann)

•When n = 3: ⇐⇒ Poincaré conjecture.

On a 3-manifold,
s

2
− r(v, v) = K(v⊥)

for any unit vector v, so Einstein ⇒ constant sec-
tional curvature λ/2.
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Question (Yamabe). Does every smooth com-
pact 1-connected n-manifold admit an Einstein
metric?

What we know:

•When n = 2: Yes! (Riemann)

•When n = 3: ⇐⇒ Poincaré conjecture.
Hamilton, Perelman, . . . Yes!

•When n = 4: No! (Hitchin)

•When n = 5: Yes?? (Boyer-Galicki-Kollár)

•When n ≥ 6, wide open. Maybe???
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Variational Approach

If M smooth compact n-manifold, n ≥ 3,

GM = { smooth metrics g on M}
then Einstein metrics = critical points of normal-
ized Einstein-Hilbert action functional

S : GM −→ R

g 7−→ V (2−n)/n
∫
M
sgdµg

where V = Vol(M, g) inserted to make scale-invariant.
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Basic difficulty:

S(g) = V (2−n)/n
∫
M
sgdµg

not bounded above or below.

Yamabe:
Consider any conformal class

γ = [g0] = {fg0 | u : M → R+},

Then restriction S|γ is bounded below.
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ĝ = up−2g then has d̂µ = updµ

69



Yamabe:

Set p = 2n
n−2.

Conformal rescaling:
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Yamabe:

Set p = 2n
n−2.

Conformal rescaling:

ĝ = up−2g then has d̂µ = updµ

and its scalar curvature satisfies

ŝup−1 = [(p + 2)∆ + s]u

where ∆ = −∇ · ∇. Hence

S(ĝ) =

∫
M

(
su2 + (p + 2)|∇u|2

)
dµ[∫

M updµ
]2/p
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Yamabe:

Set p = 2n
n−2.

Conformal rescaling:

ĝ = up−2g then has d̂µ = updµ

and its scalar curvature satisfies

ŝup−1 = [(p + 2)∆ + s]u

where ∆ = −∇ · ∇. Hence

S(ĝ) =

∫
M

(
su2 + (p + 2)|∇u|2

)
dµ[∫

M updµ
]2/p

Difficulty: L2
1 ↪→ Lp bounded, but not compact.
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Yamabe (1950s)

Trudinger (1960s)

Aubin (1970s)

Schoen (1980s)

∃ metric g ∈ γ which mimimizes S|γ.

Has s = constant.

Unique up to scale when s ≤ 0.
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;
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Y γ = inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

;

If g has s of fixed sign, agrees with sign of Y [g].

Aubin:
Y γ ≤ S(Sn, ground)
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Y γ = inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

;

If g has s of fixed sign, agrees with sign of Y [g].

Aubin:
Y γ ≤ S(Sn, ground)
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Y γ = inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

;

If g has s of fixed sign, agrees with sign of Y [g].

Aubin:
Y γ ≤ S(Sn, ground)

Schoen:
= only for round sphere.
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Definition. The Yamabe invariant of the smooth
compact n-manifold M is given by

Y(M) = sup
γ
Y γ= sup

γ
inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

.
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Definition. The Yamabe invariant of the smooth
compact n-manifold M is given by

Y(M) = sup
γ
Y γ = sup

γ
inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

.

H. Yamabe, O. Kobayashi, R. Schoen.
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Definition. The Yamabe invariant of the smooth
compact n-manifold M is given by

Y(M) = sup
γ
Y γ = sup

γ
inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

.

H. Yamabe, O. Kobayashi, R. Schoen.

Y(M) > 0 ⇐⇒ M admits g with s > 0.
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Definition. The Yamabe invariant of the smooth
compact n-manifold M is given by

Y(M) = sup
γ
Y γ = sup

γ
inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

.

H. Yamabe, O. Kobayashi, R. Schoen.

Y(M) > 0 ⇐⇒ M admits g with s > 0.

Problem. Compute actual value of Y(M) for
concrete, interesting manifolds.
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Definition. An Einstein metric g on a smooth
compact manifold M will be called a supreme
Einstein metric if

Y(M) = S(g).
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Definition. An Einstein metric g on a smooth
compact manifold M will be called a supreme
Einstein metric if

Y(M) = S(g).

Example The round metric on Sn is a supreme
Einstein metric.
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Definition. An Einstein metric g on a smooth
compact manifold M will be called a supreme
Einstein metric if

Y(M) = S(g).

Problem. Which manifolds admit supreme Ein-
stein metrics?
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Definition. An Einstein metric g on a smooth
compact manifold M will be called a supreme
Einstein metric if

Y(M) = S(g).

Problem. Which manifolds admit supreme Ein-
stein metrics?

Problem. Think of your favorite examples of
Einstein metrics. Are are any of them supreme?
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3-manifolds:
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3-manifolds:

Theorem (Bray-Neves). The constant curvature
metric on RP3 is a supreme Einstein metric.
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3-manifolds:

Theorem (Bray-Neves). The constant curvature
metric on RP3 is a supreme Einstein metric.

Theorem (Schoen-Yau/Gromov-Lawson). Flat met-
rics on T 3 (indeed, on Tn) are supreme Einstein
metrics.
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3-manifolds:

Theorem (Bray-Neves). The constant curvature
metric on RP3 is a supreme Einstein metric.

Theorem (Schoen-Yau/Gromov-Lawson). Flat met-
rics on T 3 (indeed, on Tn) are supreme Einstein
metrics.

Theorem (Perelman/Anderson).K = −1 met-
ric on any hyperbolic 3-manifold is a supreme
Einstein metric.
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3-manifolds:

Theorem (Bray-Neves). The constant curvature
metric on RP3 is a supreme Einstein metric.

Theorem (Schoen-Yau/Gromov-Lawson). Flat met-
rics on T 3 (indeed, on Tn) are supreme Einstein
metrics.

Theorem (Perelman/Anderson).K = −1 met-
ric on any hyperbolic 3-manifold is a supreme
Einstein metric.

S3/Γ open, except when Γ = Z2.
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4-manifolds:
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4-manifolds:

Theorem (LeBrun). The Fubini-Study metric on
CP2 is a supreme Einstein metric.
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rics on K3 are supreme Einstein metrics.
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Theorem (LeBrun). The Fubini-Study metric on
CP2 is a supreme Einstein metric.

Theorem (Lichnerowicz). The Calabi-Yau met-
rics on K3 are supreme Einstein metrics.

Theorem (LeBrun). Kähler-Einstein metrics with
λ < 0 are supreme Einstein metrics.
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4-manifolds:

Theorem (LeBrun). The Fubini-Study metric on
CP2 is a supreme Einstein metric.

Theorem (Lichnerowicz). The Calabi-Yau met-
rics on K3 are supreme Einstein metrics.

Theorem (LeBrun). Kähler-Einstein metrics with
λ < 0 are supreme Einstein metrics.

In particular, complex-hyperbolic metric on CH2/Γ
is supreme Einstein.
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4-manifolds:

Theorem (LeBrun). The Fubini-Study metric on
CP2 is a supreme Einstein metric.

Theorem (Lichnerowicz). The Calabi-Yau met-
rics on K3 are supreme Einstein metrics.

Theorem (LeBrun). Kähler-Einstein metrics with
λ < 0 are supreme Einstein metrics.

In particular, complex-hyperbolic metric on CH2/Γ
is supreme Einstein.

Open question for hyperbolic 4-manifolds H4/Γ!
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Theorem (Petean). Let Mn be a simply con-
nected n-manifold, n ≥ 5. Then Y(M) ≥ 0.
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Theorem (Petean). Let Mn be a simply con-
nected n-manifold, n ≥ 5. Then Y(M) ≥ 0.

Inspiration:

Theorem (Gromov/Lawson). Let Mn be a sim-
ply connected n-manifold, n ≥ 5. If M is not
spin, then M carries a metric g with s > 0.
That is,

w2(TM) 6= 0 =⇒ Y(M) > 0.
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Theorem. Let M be a compact simply connected
n-manifold, n ≥ 3. If n 6= 4, Y(M) ≥ 0.
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Theorem. Let M be a compact simply connected
n-manifold, n ≥ 3. If n 6= 4, Y(M) ≥ 0.

Theorem. There exist infinitely many compact
simply connected 4-manifolds with Y(M) < 0.
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Four Dimensions is Exceptional
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Four Dimensions is Exceptional

When n = 4, existence for Einstein depends deli-
cately on smooth structure.
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Four Dimensions is Exceptional

When n = 4, existence for Einstein depends deli-
cately on smooth structure.

There are topological 4-manifolds which admit an
Einstein metric for one smooth structure, but not
for others.
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Four Dimensions is Exceptional

When n = 4, existence for Einstein depends deli-
cately on smooth structure.

There are topological 4-manifolds which admit an
Einstein metric for one smooth structure, but not
for others.

This is intimately tied to the fact that Y(M) de-
pends strongly on the smooth structure in dimen-
sion four.
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