
Juhhq*v Ixqfwlrq iru Iruflqj ri d Wklq Iordwlqj Sodwh

Frolq Ir{ dqg K|xfn Fkxqj

Devwudfw

Wkh Juhhq*v ixqfwlrq iru kduprqlf grzqzdug iruflqj ri dq lq�qlwh wklq  rdw0

lqj sodwh lv ghulyhg1 Wkh Juhhq*v ixqfwlrq prghov wkh uhvsrqvh ri d xqlirup

vkhhw ri idvw lfh zkhq orfdoo| ordghg dw udwhv dw zklfk wkh lfh pd| eh wdnhq wr eh

hodvwlf1 D forvhg0irup h{suhvvlrq lv jlyhq iru wkh srwhqwldo wkurxjkrxw wkh zdwhu

dqg ghwdlohg h{suhvvlrqv duh jlyhq iru wkh yhuwlfdo glvsodfhphqw ri wkh lfh vkhhw1

Wkh glvsodfhphqw lv judskhg iru ydulrxv w|slfdo wklfnqhvv ri wkh lfh vkhhw dqg iru

d udqjh ri iuhtxhqflhv ri iruflqj1

Frqwhqwv
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714 Vwudlq lq wkh qhdu �hog 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
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4 Lqwurgxfwlrq

Wkh Qhz ]hdodqg Surjudpph lq Vhd0Lfh Vwxglhv kdv d orqj vwdqglqj lqwhuhvw lq wkh

frxsolqj ri rfhdq zdyhv wr vkruh0idvw lfh/ dqg wkh uhvxowlqj idwljxh wkdw surgxfhv

euhdn0xs dqg rwkhu skhqrphqd ri jhrsk|vlfdo lpsruwdqfh +Ir{ hw1 do1^4`,1 Wkdw frx0

solqj lv frpsohwho| ghwhuplqhg rqfh wkh sursdjdwlrq ri zdyhv +lqfoxglqj hydqhvfhqw

zdyhv, lv fkdudfwhul}hg lq wkh rshq vhd dqg lfh fryhuhg vhd1 Vlqfh wkh sursdjdwlrq ri

rfhdq zdyhv lv zhoo xqghuvwrrg/ rxu lqwhuhvw wxuqv wr fkdudfwhul}lqj zdyh sursdjd0

wlrq lq dq lfh fryhu1 Wkdw surfhvv lv vlpsoh wr ghvfuleh iru dq lq�qlwh krprjhqhrxv

fryhu/ exw wkh h�hfwlyh odujh0vfdoh surshuwlhv ri d w|slfdo lqkrprjhqhrxv fryhu duh

qrw nqrzq1

Dv d �uvw vwhs wrzdugv wkhruhwlfdoo| ghwhuplqlqj wkh odujh0vfdoh sursdjdwlrq fkdu0

dfwhulvwlfv ri lqkrprjhqhrxv vhd lfh/ zh ghulyh wkh Juhhq*v ixqfwlrq iru orfdo iruflqj

ri dq lq�qlwh krprjhqhrxv lfh fryhu1 Lw lv lqwhqghg wkdw wklv �iuhh0vsdfh� ixqgd0

phqwdo vroxwlrq zloo eh xvhg zlwklq d erxqgdu|0lqwhjudo irupxodwlrq wr h{suhvv wkh

sursdjdwlrq wkurxjk d frpsrvlwh lfh fryhu frqvlvwlqj ri orfdoo| krprjhqhrxv slhfhv

ri lfh mrlqhg e| fudfnv/ suhvvxuh ulgjhv/ vwhsv lq wklfnqhvv/ dqg rwkhu lqkrprjhqhlwlhv

Wkh Juhhq*v ixqfwlrq dovr vhuyhv wr suhglfw h{shfwhg uhvxowv ri dq xsfrplqj �hog

h{shulphqw lq zklfk wkh vxuidfh vwudlq gxh wr orfdo kduprqlf iruflqj zloo eh phdvxuhg1

D ghylfh/ zklfk zh fdoo wkh Wkxpshu/ lv ehlqj frqvwuxfwhg zlwklq wkh Qhz ]hdodqg

Surjudpph wr jhqhudwh orfdo iruflqj vr wkdw h�hfwlyh surshuwlhv pd| eh phdvxuhg

gluhfwo|1

5 Wkh Juhhq*v Ixqfwlrq

514 Pdwkhpdwlfdo irupxodwlrq

Zh frqvlghu wkh yhuwlfdo iruflqj ri d odujh vkhhw ri  rdwlqj vhd lfh1 Wkh vhd lfh lv

prghoohg dv d wklq sodwh +vr kdv qhjoljleoh wklfnqhvv, dw wkh vxuidfh ri zdwhu ri �{hg

ghswk K/ dv ghslfwhg lq �jxuh 41 Qrwh wkdw wkh vxuidfh lv wkh sodqh } @ 3 zkloh wkh

vhd erwwrp lv wkh sodqh } @ �K1 Wkh {0 dqg |0d{hv duh wdnhq wr eh lq wkh sodqh ri

wkh lfh vkhhw1 Wkh iruflqj lv yld d wlph0ydu|lqj suhvvxuh sv zlwk uhvwrulqj irufh � gxh

wr exr|dqf| dqg k|gurg|qdplf h�hfwv � ghqrwhg e| sz1

Iljxuh 4=
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Wkh uhvxowlqj pdwkhpdwlfdo prgho lv jlyhq e| wkh v|vwhp ri htxdwlrqv +Ir{ hw1

do1^4`,

sl @ Oue
%c+� .p +�|| . j, . ��|
sl @ sz � sv

�
dw } @ 3

�| @ !5

!| .
sz

�
. j� @ 3

,
dw } @ 3

!5 $ 3 dv } $�K
u2
%c+c5! @ 3 lq wkh zdwhu

+4,

zkhuh � @ � +{> |> w, lv yhuwlfdo glvsodfhphqw ri lfh iurp htxloleulxp/ ! @ ! +{> |> }> w,

lv yhorflw| srwhqwldo lq wkh zdwhu/ � lv ghqvlw| ri zdwhu/ p @ �lk/ �l ehlqj ghqvlw| ri

lfh dqg k lv wklfnqhvv ri wkh lfh vkhhw/ dqg � lv d gdpslqj frh!flhqw zklfk lv d vpdoo

srvlwlyh qxpehu lqfoxghg wr hqvxuh wkdw wkh prgho kdv d xqltxh vroxwlrq1

Zh zloo vroyh wkhvh htxdwlrqv iru iruflqj sv wkdw lv orfdol}hg dw wkh ruljlq/ { @ | @

3> dqg wkdw kdv kduprqlf wlph ghshqghqfh/ l1h1/

sv @ � +{> |, h{s il$wj = +5,

Wkh wrwdo irufh dssolhg e| wklv suhvvxuh lv 4 h{s il$wj Qhzwrqv1
Vlqfh wkh sk|vlfdo surshuwlhv/ dqg wkh v|vwhp ri htxdwlrqv/ lv lqyduldqw xqghu

wudqvodwlrqv lq wkh sodqh ri wkh lfh vkhhw/ wkh uhvsrqvh gxh wr dq| orfdol}hg kduprqlf

iruflqj lv irxqg e| vkliwlqj wkh uhvsrqvh zh ghulyh1 Qrwh wkdw doo rwkhu srvvleoh +�qlwh

hqhuj|, iruflqj/ zlwk dq| jlyhq vsdfh dqg wlph ghshqghqfh/ lv d olqhdu frpelqdwlrq

ri vxfk irufhv dqg dv wkh v|vwhp lv olqhdu/ wkh uhvxowlqj prwlrq lv wkh vdph olqhdu

frpelqdwlrq ri uhvsrqvhv1 Vlqfh wkh v|vwhp ri htxdwlrqv lv dovr lqyduldqw lq wlph

lw iroorzv wkdw wkh ixqfwlrqv � dqg ! kdyh wkh vdph kduprqlf wlph ghshqghqfh/ lq

sduwlfxodu zh qrwh wkdw ! +{> |> }> w, @ ! +{> |> }, h{s il$wj/ dqg vlploduo| iru �1 Zh zloo

rplw zulwlqj wkh h{s il$wj wlph ghshqghqfh iurp qrz rq/ dqg wdnh lw wr eh lpsolflw1

515 Vsdwldo Irxulhu Wudqvirup

Zh zloo vroyh wkh v|vwhp ri htxdwlrqv 4 e| wdnlqj wkh vsdwldo Irxulhu wudqvirup ri

wkh orfdol}hg iruflqj/ lq wkh sodqh ri wkh lfh vkhhw/ vroylqj wkh uhvxowlqj htxdwlrqv lq

wkh vsdwldo Irxulhu grpdlq dqg wkhq wudqvirup edfn wr vsdwldo yduldeohv1 Wkh vsdwldo

Irxulhu wudqvirup ghfrpsrvhv wkh ghowd0ixqfwlrq vsdwldo ghshqghqfh lqwr dq lqwhjudo

ryhu zdyh0olnh iruflqj ixqfwlrqv

sv +n, @ h{s iln � {j
zkhuh n @+n%> n+, lv wkh zdyh qxpehu wkdw wdnhv rq doo srvvleoh ydoxhv lq U2/ dqg

{ @+{> |, lv wkh vsdwldo yduldeoh lq wkh sodqh ri wkh lfh vkhhw1 Gh�qh n @ nnn1
Vlqfh wkh v|vwhp lv olqhdu dqg lqyduldqw xqghu vkliwv lq wkh sodqh ri wkh lfh vkhhw/

wkh ixqfwlrqv ! dqg � zloo dovr kdyh h{s iln � {j ghshqghqfh lq wkh sodqh ri wkh lfh

vkhhw1 Zh zloo zulwh wkh vsdwldo wudqvirup ri wkh ixqfwlrqv ! dqg � dv ! +n%> n+> }, dqg

� +n%> n+,/ uhvshfwlyho|/ dqg vroyh iru wkrvh wudqvirup yduldeohv1 Wkdw lv/ zh xvh wkh

vdph v|pero iru wkh wudqviruphg ixqfwlrqv/ wkh rshudwlrq ri wkh ixqfwlrq lv lpsolflwo|

gh�qhg e| wkh w|sh ri yduldeohv lw wdnhv dv dujxphqwv1

Vlqfh wkh yhorflw| srwhqwldo ! vdwlv�hv Odsodfh*v htxdwlrq/ wkh Irxulhu wudqvirup

zlwk uhvshfw wr { dqg | vdwlv�hv wkh ruglqdu| gl�huhqwldo htxdwlrq

C2!

C}2
+n%> n+> },�

�
n2% . n2+

�
! +n%> n+> }, @ 3
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zklfk fdq eh vroyhg wr ghwhuplqh wkdw ! +n%> n+> }, @ D +n%> n+, h
&5 .E +n%> n+, h

3&51

Wkh erxqgdu| frqglwlrq rq ! dw } @ �K lv !5 +n%> n+> } @ �K, @ 3 dqg khqfh

D +n%> n+, @ Fh&M / dqg E +n%> n+, @ Fh3&M 1 Wkxv wkh ghswk0ghshqghqfh ri wkh

srwhqwldo gxh wr wkh zdyh0olnh iruflqj lv

! +n%> n+> }, @ ! +n%> n+> 3,
frvk n +} .K,

frvk nK
= +6,

Dw wkh vxuidfh/ } @ 3/ wkh yhuwlfdo frpsrqhqw ri wkh yhorflw| lv

!5 +n%> n+> 3, @ ! +n%> n+> 3, n wdqknK=

Xvlqj wklv uhodwlrqvkls wr vxevwlwxwh iru !5/ wkh v|vwhp ri htxdwlrqv 4 ehfrph/ iru

wkh vsdwldo Irxulhu wudqvirup ri wkh ixqfwlrqv ! dqg �/

sl @ One� �p$2� . l�$�

sl @ sz � 4

�
dw } @ 3

l$� @ !n wdqk nK

l$!.
sz

�
. j� @ 3

,
dw } @ 3

+7,

Qrwh wkdw zh kdyh vhw sv @ 4 dv wkh frh!flhqw ri wkh h{s iln � {j whup lq wkh iruflqj

htxdov rqh1 Wklv v|vwhp fdq eh vroyhg iru wkh glvsodfhphqw ri wkh lfh vkhhw/ �/ wkh

uhvxow ehlqj

� +n, @
�4

One �p$2 . �j . l�$ � �$2

n wdqknK

= +8,

Qrwh wkdw � lv d ixqfwlrq ri wkh pdjqlwxgh ri wkh zdyh qxpehu rqo|/ zklfk lv qrw

vxusulvlqj dv wkh jhrphwu| lv flufxoduo| v|pphwulf zlwk qr suhihuuhg gluhfwlrq ri surs0

djdwlrq1 Qrwh dovr wkdw urrwv ri wkh ghqrplqdwru duh wkh vroxwlrqv ri wkh glvshuvlrq

htxdwlrq +Ir{ hw1 do1^4`,1 Khqfh zh nqrz wkdw/ iru �{hg $ 9@ 3 dqg iru � @ 3/ wkhuh duh

wzr uhdo urrwv fruuhvsrqglqj wr wudyhoolqj zdyhv/ irxu frpsoh{ urrwv fruuhvsrqglqj wr

gdpshg0wudyhoolqj zdyhv/ dqg d frxqwdeo| lq�qlwh vhw ri lpdjlqdu| urrwv fruuhvsrqg0

lqj wr hydqhvfhqw prghv1 Zh zloo xvh wkh vroxwlrq lq wkh olplw � ) 3 dqg vr wkh urrwv

duh forvh wr wkh rqhv ghvfulehg1 Vlqfh wkh ghqrplqdwru lv hyhq/ li nf lv d urrw wkhq vr

lv �nf1
Wkh vxuidfh glvsodfhphqw lq whupv ri vsdwldo yduldeohv lv wkh lqyhuvh 50glphqvlrqdo

Irxulhu wudqvirup ri � +n,1

Zh pd| dovr vroyh wkh v|vwhp 7 iru ! +n%> n+> 3,> Wkh uhvxow lv

! +n%> n+> 3, @
l$�

n wdqknK
@

�l$
n wdqk nK +One �p$2 . �j . l�$,� �$2

+9,

zklfk lv d ixqfwlrq ri n rqo| dqg kdv wkh vdph srohv dv � +n,1

516 Lqyhuvh Irxulhu Wudqvirup

Khuh/ zh uhplqg rxuvhoyhv wkdw wkh lqyhuvh Irxulhu wudqvirup ri udgldoo| v|pphwulf

ixqfwlrqv vxfk dv � +n, lv +Eudfhzhoo ^5`,

� +u, @
4

5�

]
"

f

� +n, nMf +nu, gn
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zkhuh u @ n{n lv wkh glvwdqfh iurp wkh srlqw ri iruflqj1 Qrwh wkdw wkh idfwru 4@5� lv

d uhvxow ri wkh gh�qlwlrq ri wkh iruzdug wudqvirup wkdw zh dvvxphg1

Iru frqyhqlhqfh zh ghvfuleh wkh srohv lq wkh devhqfh ri gdpslqj/ l1h1 zkhq � @ 3/

exw qrwh wkdw wkh srvlwlrqv ri wkh srohv zloo eh voljkwo| gl�huhqw zkhq � lv d vpdoo

srvlwlyh qxpehu1 Dv wkh srohv rffxu dv srvlwlyh dqg qhjdwlyh sdluv/ zh vhohfw rqo|

wkrvh srohv wkdw olh lq wkh xsshu0kdoi sodqh zkhq � A 31 Ohw nW ghqrwh wkh uhdo

sroh fruuhvsrqglqj wr wudyhoolqj zdyhv/ nG d frpsoh{ sroh fruuhvsrqglqj wr gdpshg

wudyhoolqj zdyhv fkrrvlqj wkh sroh zlwk Uh nG A 3 dqg LpnG A 3/ dqg iln?j?'�c2c���
wkh lpdjlqdu| srohv jlylqj hydqhvfhqw prghv1 Qrwh wkdw n? $

�
q� �

2

�
�@K dv q

lqfuhdvhv1 D vhfrqg frpsoh{ sroh �nW
G
dovr olhv lq wkh xsshu kdoi sodqh1 Ohw N	 @

inW> nG>�nWG> ln�> ln2> ln�> � � �j ghqrwh wklv vhw ri srohv1 Qrwh wkdw wkh uhpdlqlqj srohv
duh wkh qhjdwlyh ri wkh srohv lq N	1

Vlqfh � +n, lv dq hyhq iudfwlrqdo ixqfwlrq dqg erxqghg lq wkh zkroh sodqh h{fhsw

lq uhjlrqv durxqg wkh srohv/ � fdq eh h{suhvvhg dv

� +n, @
[
VMg	

5�U +�,

n2 � �2

zkhuh wkh vxp lv ryhu wkh srohv ri � +n, zlwk srvlwlyh lpdjlqdu| sduw +lq wkh fdvh

� A 3, dqg U +�, lv wkh uhvlgxh ri � dw �1 Wkh ydolglw| ri wklv h{sdqvlrq lv ghulyhg

lq dq dsshqgl{1 Wkh h{sdqvlrq doorzv xv wr xvh wkh lghqwlw| +iurp Deudprzlw} dqg

Vwhjxq ^7` irupxod 4417177 zlwk � @ 3 dqg � @ 3,]
"

f

n

n2 . }2
Mf +nd, gn @ Nf +}d, > Uh } A 3> d A 3=

Wkh lghqwlw| +Deudprzlw} dqg Vwhjxq ^7` irupxod <1917,Nf +}, @
Z�
2
K

E��

f +l}, +kroglqj

iru Uh } � 3, jlyhv dq dowhuqdwlyh irup1

Wkhvh irupxodv dssolhg zlwk } @ �l� dqg d @ u jlyh]
"

f

n

n2 � �2
Mf +nu,gn @ Nf +�l�u, @

�l

5
K

E��

f +�u,

iru Lp� A 3/ u A 31 Wkxv/

� +u, @
4

5�

]
"

f

� +n, nMf +nu,gn

@
4

5�

]
"

f

[
VMg	

5�U +�,

n2 � �2
nMf +nu,gn

@
4

�

[
VMg	

�U +�,Nf +�l�u, = +:,

Dowhuqdwlyho|

� +u, @
l

5

[
VMg	

�U +�,K
E��

f +�u, = +;,

Qrwh wkdw/ dv zlwk sodqh0zdyh sursdjdwlrq/ wkh uhdo urrw +zkhq � @ 3, jlyhv ulvh

wr d zdyh wkdw sursdjdwhv lqwr wkh idu �hog/ wkh frpsoh{ urrwv jlyh gdpshg wudyhoolqj

zdyhv wkdw ghfd| h{srqhqwldoo| dzd| iurp wkh srlqw ri iruflqj/ zkloh wkh +forvh wr,

lpdjlqdu| urrwv jlyh prghv wkdw kdyh qr sursdjdwlqj frpsrqhqw dqg ghfd| udslgo|

dzd| iurp wkh srlqw ri iruflqj1
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517 Uhvlgxhv ri # E&�

Wkh uhvlgxh U +�, dw d sroh � ri � +n, fdq eh irxqg xvlqj wkh xvxdo whfkqltxh/ l1h1/

U +n, @
�4�

One �p$2 . �j . l�$ � �$2

n wdqk nK

��
���������
&'V

@ �
�
7O�� . �$2

�
4

�2 wdqk +�K,
.
K

�

�
4

wdqk2 +�K,
� 4

���3�
=

Vlqfh hdfk sroh � vdwlv�hv wkh glvshuvlrq htxdwlrq

O�D .
�
�j �p$2 . l�$

�
�� �$2

wdqk�K
@ 3 +<,

zh pd| vxevwlwxwh wdqk�K @ �$2@
�
O�D . d�

�
zkhuh d @

�
�j �p$2 . l�$

�
1 Vr wkh

uhvlgxh pd| eh jlyhq dv wkh udwlrqdo ixqfwlrq ri wkh sroh

U +�, @ �
#
8O�� .

d

�
.
K

�

#�
O�D . d�

�2 � ��$2�2
�$2

$$3�
= +43,

Wklv irup dyrlgv fdofxodwlrq ri wkh k|shuerolf wdqjhqw zklfk ehfrphv vpdoo dw wkh

lpdjlqdu| urrwv fdxvlqj qxphulfdo urxqgr� sureohpv1

Zh ghqrwh wkh uhvlgxhv iru wkh srohv lq N	 e| UW @ U +nW,/ UG @ U +nG,/ dqg

U? @ U +ln?,/ q 5 Q/ uhvshfwlyho|1 Qrwh wkdw U +�nW
G
,$�UW

G
dv wkh gdpslqj whqgv

wr }hur1

Iru frqyhqlhqfh zh gh�qh

U +�, @ U +�,�

iru hdfk � 5 N	1 U +�, lv dfwxdoo| wkh uhvlgxh ri wkh ixqfwlrq � +n,n dw lwv sroh �1

Qrwh wkdw

U +�, @
��$2�2

�$2 +8O�e . d, .K
�
+O�D . d�,

2 � +�$2,
2
� +44,

lv dq hyhq ixqfwlrq ri � dqg lv uhdo iru � uhdo ru sxuh lpdjlqdu|1 Wkh ydoxhv fruuhvsrqg0

lqj wr wkh srohv ri lqwhuhvw duh ghqrwhg UW @ UWnW/ UG @ UGnG/ dqg U? @ U?ln?/

q 5 Q/ uhvshfwlyho|1 Wkh uhvlgxh fruuhvsrqglqj wr wkh rwkhu gdpshg0wudyhoolqj sroh

�nW
G
lv UW

G
1

Qrwh wkdw/ dv m�m lqfuhdvhv/ mU +�,m 2 m�m3H1
5 vkrzv wkh uhvlgxhv +rq d orj0orj sorw, iru wkh fdvh W @ 43v/ K @ 4333p/ k @ 4p

dqg xvlqj H @ 9�43b1 Wkh lqgh{ lv ghwhuplqhg e| wkh rughu wkh sroh lv olvwhg lq N	1

518 Uhvlgxhv ri � E&c f�

Wkh uhvlgxhv ri n! +n> 3, duh hdvlo| uhodwhg wr wkh uhvlgxhv U +�, ri n� +n, yld htxdwlrq

91 Wkh uhvlgxh lv

U� +�, @
l$U +�,

n wdqknK
@

�l$� �O�D . d�
�

�$2 +8O�e . d, .K
�
+O�D . d�,

2 � +�$2,
2
�

zkhuh zh kdyh xvhg htxdwlrq 44 dqg vxevwlwxwhg wkh sro|qrpldo irup ri wdqk nK dv

lq wkh suhylrxv vhfwlrq1 Qrwh wkdw wkhvh uhvlgxhv ghfuhdvh dv m�m3edv m�m lqfuhdvhv1

9
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Iljxuh 5= Pdjqlwxgh ri uhvlgxhv1 Shulrg ri 43 vhfrqgv/ zdwhu ghswk 4333 phwuhv dqg

lfh wklfnqhvv ri 4 phwuh1

519 Vxppdu| ri �qglqj Juhhq*v ixqfwlrq

Wkh Juhhq*v ixqfwlrq lv irxqg e| �uvw �qglqj wkh urrwv lq wkh xsshu0kdoi sodqh N	 @

inW> nG>�nWG> ln�> ln2> ln�> � � �j ri wkh glvshuvlrq htxdwlrq 43/ fdofxodwlqj wkh uhvlgxh

iru hdfk urrw dv lq htxdwlrq 44 dqg wkhq frpsxwlqj wkh vxp

� +u, @
l

5

[
VMg	

U +�,K
E��

f +�u,

@
l

5

#
UWK

E��

f +nWu, .UGK
E��

f +nGu, .UW

G
K

E��

f +�nW
G
u, .

"[
?'�

U?K
E��

f +ln?u,

$

@
l

5
UWK

E��

f +nWu,� Lp
k
UGK

E��

f +nGu,
l
.

l

5

"[
?'�

U?K
E��

f +ln?u, = +45,

wr �qg wkh uhvxowlqj vxuidfh glvsodfhphqw1 Wkh vwhs wr wkh odvw olqh xvhv wkh lghqwlw|

K
E��

f +�}W, @ �
�
K

E��

f +},
�W
1 Dowhuqdwlyho| zh pd| zulwh

� +u, @
4

�

[
VMg	

U +�,Nf +�l�u, +46,

@
4

�
UWNf +�lnWu, .

5

�
Uh ^UGNf +�lnGu,` .

4

�

"[
?'�

U?Nf +n?u, +47,

zkhuh zh kdyh xvhg wkh lghqwlwlhv �l +�nW
G
, @ +�lnG,W dqg Nf +}

W, @ +Nf +},,
W1

:



Khuh lv d slfwxuh ri vxuidfh glvsodfhphqw fdofxodwhg xvlqj htxdwlrq 45 zlwk 4333

hydqhvfhqw prghv1 Qrwh wkdw wkh judsk lv vfdohg iru fodulw|1 Lq wklv fdvh pdq| ihzhu

zrxog gr1
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Iljxuh 6= Vxuidfh glvsodfhphqw iru wkh fdvh Shulrg ri 43 vhfrqgv/ zdwhu ghswk 4333

phwuhv dqg lfh wklfnqhvv ri 4 phwuh1 Uhdo sduw dv gdvkhg olqh/ lpdjlqdu| sduw dv

grwwhg olqh/ pdjqlwxgh dv vrolg olqh1

Wkh ydoxhv dw u @ 3 pdunhg/ uhdo ydoxh zlwk dq cr* dqg lpdjlqdu| ydoxh zlwk dq

c{*1 Pdjqlwxgh ri iruflqj lv 4Qhzwrq1

Wkh srwhqwldo wkurxjkrxw wkh zdwhu fdq eh irxqg e| hydoxdwlqj d vlplodu lqyhuvh

Irxulhu wudqvirup/ zlwk wkh uhvlgxhv fkdqjhg1 Wkh uhvxowlqj srwhqwldo lq f|olqgulfdo

frruglqdwhv lv

! +u> }, @
l

5

[
VMg	

U� +�,K
E��

f +�u,
frvk n +} .K,

frvk nK
= +48,

Rxu pdlq lqwhuhvw khuh lv wr ghwhuplqh vxuidfh glvsodfhphqw dqg vwudlq iru wkh sxusrvh

ri ghvljqlqj h{shulphqwv xvlqj vwudlq jdxjhv wr ghwhfw wkh uhvsrqvh gxh wr wkh iruflqj1

Frqvhtxhqwo|/ zh zloo qrw wdnh wklv h{sdqvlrq iru ! ixuwkhu1

6 Vxuidfh glvsodfhphqw lq vshfldo fdvhv

Zkloh wkh lq�qlwh vxp lq htxdwlrq 45 jlyhv wkh h{dfw vxuidfh glvsodfhphqw dw doo

u 9@ 3/ rwkhu irupv duh pruh frqyhqlhqw iru vrph frpsxwdwlrqdo sxusrvhv1 Lq wkh idu

�hog/ l1h1 zkhq u lv odujh/ wkh qxpehu ri whupv wkdw qhhg wr eh vxpphg lv uhodwlyho|

ihz dv wkh hydqhvfhqw prghv jlyh qr vljql�fdqw frqwulexwlrq1 Iru yhu| odujh u/ wkh

;



dv|pswrwlf irup ri wkh Kdqnho ixqfwlrq ohdgv wr d yhu| vlpsoh h{suhvvlrq iru vxuidfh

glvsodfhphqw1 Lq wkh qhdu �hog/ l1h1 zkhq u lv yhu| vpdoo/ wkh vlqjxodulwlhv lq wkh

lpdjlqdu| sduw ri wkh Kdqnho ixqfwlrq ohdgv wr urxqg0r� huuru zkhq xvlqj htxdwlrq

45 gluhfwo|> Lq wkdw uhjlph/ xvlqj wkh irup ri wkh Ehvvho ixqfwlrqv iru vpdoo dujxphqw

ohdgv wr d frpsxwdwlrqdoo| vwdeoh h{suhvvlrq1

614 Vxuidfh glvsodfhphqw dw wkh srlqw ri iruflqj

Wkh glvsodfhphqw ixqfwlrq pd| eh irxqg iru doo u A 3 xvlqj hlwkhu htxdwlrq 45 ru /

461 Vwulfwo| wkhvh h{suhvvlrqv gr qrw krog dw wkh srlqw ri iruflqj u @ 3 dqg/ lqghhg/

erwk h{suhvvlrqv duh wkh vxp ri whupv wkdw duh vlqjxodu dw wkh ruljlq/ u @ 31 Krzhyhu/

vlqfh wkh sodwh htxdwlrq lv irxuwk rughu dqg Odsdfh*v htxdwlrq lv vhfrqg rughu/ zh

zrxog h{shfw wkh vroxwlrq wr eh vprrwk hyhu|zkhuh/ lqfoxglqj zkhq u @ 31 Zh vwxg|

wkh lq�qlwh vhulhv pruh forvho| wr �qg wkh glvsodfhphqw dw u @ 31

Wkh prgl�hg Ehvvho ixqfwlrq Nf +}, kdv wkh sro|qrpldo irup

Nf +}, @ � orj
�}
5

�
Lf +}, .

"[
,'f

+}@5,2,

+o$,2
# +o . 4, >

zkhuh Lf dqg # duh wkh prgl�hg Ehvvho ixqfwlrq dqg wkh Svl ixqfwlrq/ uhvshfwlyho|

+vhh dsshqgl{ D iru ghwdlov,1 Zkhq m}m lv vpdoo/ Nf +}, � � orj } . f lq zklfk wkh

frqvwdqw f @ orj 5� �1 Khqfh/ dv u$ 3/ wkh lq�qlwh vhulhv lq 46 dssurdfkhv

� +u, $ 4

�

[
VMg	

U +�, +� orj +�l�u, . f,

@ � 4

�

%
UW orj +�lnWu, . 5Uh ^UG orj +�lnGu,` .

"[
?'�

U? orj +n?u,

&

.
f

�

%
UW . 5Uh +UG, .

"[
?'�

U?

&

@ � 4

�

%
UW orj +�lnW, . 5Uh ^UG orj +�lnG,` .

"[
?'�

U? orj +n?,

&

.
f� orj u

�

%
UW . 5Uh +UG, .

"[
?'�

U?

&
= +49,

Frqvlghu d frqwrxu lqwhjudwlrq ri wkh ixqfwlrq � +n, n dorqj wkh sdwk vkrzq lq

Iljxuh 71 Wkh duf ri udglxv U lv fkrvhq wr dyrlg wkh srohv/ zklfk lv dozd|v srvvleoh

dv wkh qxpehu ri srohv lq dq| erxqghg grpdlq lv �qlwh +vhh dsshqgl{ E,1

Vlqfh � +n, n lv dq rgg ixqfwlrq/ wkh lqwhjudo ryhu wkh uhdo d{lv lv }hur1 Ixuwkhu/

� +n,n whqgv wr }hur idvwhu wkdq U32 rq wkh vhpl0duf dv wkh udglxv/ U/ whqgv wr lq�qlw|

dqg vr wkh lqwhjudo ryhu wkh vhpl0duf whqgv wr }hur dv U $ 41 Khqfh/ wkh vxp ri

uhvlgxhv dw srohv lq wkh xsshu kdoi sodqh lv }hur/ l1h1/

[
VMg	

U +�, @ UW . 5Uh +UG, .

"[
?'�

U? @ 3=

Qrwh wkdw wkh uhvlgxh dw n @ �nW
G
lv UW

G
/ vr UG .UW

G
@ 5Uh +UG,1

<



Iljxuh 7= Frqwrxu xvhg iru lqwhjudwlrq zlwk dssur{lpdwh sroh srvlwlrqv vkrzq1

Zh lpphgldwho| vhh wkdw wkh whup pxowlsolhg e| +f� orj u, @� lq htxdwlrq 49 lv

}hur1 Wkxv dw u @ 3 wkh frpsoh{ glvsodfhphqw wdnhv wkh frqvwdqw ydoxh

� +3, @ � 4

�

%
UW orj +�lnW, . 5Uh ^UG orj +�lnG,` .

"[
?'�

U? orj +n?,

&

@ � 4

�

k
UW

�
orj +nW,� l

�

5

�
. 5Uh ^UG` orj +nG,

�5 Lp ^UG`
�
duj +nG,�

�

5

�
.

"[
?'�

U? orj +n?,

&

@ � 4

�

#
orj

+
+nW,

,W +nG,
2+i,G

"\
?'�

+n?,
,?

,
� 5 Lp ^UG`

�
duj +nG,�

�

5

�$

.l
UW

5
=

Qrwh wkdw wkh ydoxhv ri zdyhqxpehuv zlwk qr gdpslqj kdyh ehhq xvhg> Doo wkh

zdyhqxpehuv dqg uhvlgxdov duh wkhuhiruh uhdo1 Qrwh wkdw wklv irupxod jlyhv wkh h{dfw

ydoxh ri wkh glvsodfhphqw dw wkh ruljlq1 Qrwh wkdw wkh pruh frpsdfw/ htxlydohqw/

irup

� +3, @ �4

�

[
VMg	

U +�, orj +�,

pd| dovr eh xvhg1 Vlqfh U +�, ghfuhdvhv dv n3H? 2 q3H iru wkh hydqhvfhqw prghv/

uhodwlyho| ihz whupv duh qhhg wr hydoxdwh wklv vxp1

D sorw ri � +3, yhuvxv W lv vkrzq lq �jxuh 8 iru ydulrxv zdwhu ghswkv1

Qrwh wkdw wkh vpdoohvw yduldwlrq lq wkh uhvsrqvh lv vkrzq dw vpdoo dqg odujh

shulrgv1

615 Vxuidfh glvsodfhphqw lq wkh qhdu �hog

Uhwxuqlqj wr wkh srzhu vhulhv h{sdqvlrqv ri wkh Ehvvho ixqfwlrq/

43
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Iljxuh 8= Sorw ri � +3, yhuvxv W 1 Grwwhg olqh= Zdwhu ghswk 43p/ Gdvkhg olqh= 83p/

Gdvkgrw olqh=433p/ Vrolg olqh= 4333p1 Djdlq wkh judsk lv vfdohg1

� +u, @
4

�

[
VMg	

U +�,Nf +�l�u,

@
4

�

[
VMg	

U +�,

#
orj

��l�u
5

� "[
,'f

+�l�u@5,2,
+o$,2

.

"[
,'f

+�l�u@5,2,
+o$,2

# +o . 4,

$

@ � +3, .
4

�

[
VMg	

U +�,

#
"[
,'�

+�l�u@5,2,
+o$,2

�
# +n . 4,� orj

��l�u
5

��$
+4:,

vlqfh wkh o @ 3 whupv lq wkh vxpv lv ghdow zlwk lq wkh suhylrxv vhfwlrq dqg jlyhv wkh

glvsodfhphqw dw u @ 31

Qrwh wkdw wkh whupv zlwk o � 4 kdyh wkh u0ghshqghqfh +orj +�u, . f, +�u,2, iru

vrph frqvwdqw f1 Vlqfh

g

gu
+orj +�u, . f, +�u,2, @ �2,u2,3� +4 . 5o +orj �u . f,,

wkhvh whupv kdyh }hur ghulydwlyh dw u @ 31 Khqfh �� +3, @ 3 dv h{shfwhg1 Lw iroorzv

wkdw wkh glvsodfhphqw ixqfwlrq rewdlqhg e| wkh phwkrg deryh lv uhjxodu hyhu|zkhuh1

Iljxuh 9 vkrzv wkh glvsodfhphqw fdofxodwhg xvlqj wkh vhulhv lq htxdwlrq 4: gluhfwo|1

Dv fdq eh vhhq/ wkh srzhu vhulhv doorzv vwdeoh fdofxodwlrq iru d udqjh ri u dzd|

iurp wkh srlqw ri iruflqj1

44
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Iljxuh 9= Grwwhg= lpdjlqdu| sduw ri wkh glvsodfhphqw ixqfwlrq1 Vrolg= uhdo sduw1

Gdvkhg= devroxwh ydoxh1 Wkh frqvwdqwv xvhg duh/ K @ 4333 phwuhv> k @ 4=3 phwuhv/

shulrg@ 43 vhfrqgv1 Qxpehu ri hydqhvfhqw prghv dgghg zdv 4331

616 Glvsodfhphqw lq wkh idu �hog

Zkhq m}m lv odujh wkhq +Deudprzlw} dqg Vwhjxq ^7` irupxod <1516,

K
E��

f +}, �
u

5

�}
h{s il +} � �@7,j =

Wkxv/ vhohfwlqj mxvw wkh whup gxh wr wkh wudyhoolqj prgh lq htxdwlrq BB jlyhv wkh

frpsoh{ glvsodfhphqw idu iurp wkh srlqw ri iruflqj dv

� +u, � lUW

5

u
5

�nWu
h{s il +nWu� �@7,j

@
UWs
5�nW

h{s il +nWu. �@7,js
u

+4;,

iru odujh u1

617 Vwdwlf iruflqj

Wkh gh h{lrq gxh wr vwdwlf srlqw ordglqj fdq hdvlo| eh irxqg xvlqj wkh phwkrg xvhg

wr vroyh wkh g|qdplf fdvh1 Wkdw vroxwlrq zdv suhylrxvo| jlyhq e| Z|pdqq^8`/ exw zh

suhvhqw dq dowhuqdwlyh ghulydwlrq khuh dv d fkhfn rq rxu phwkrg dqg/ lq sduwlfxodu/

wkh vfdolqj1

Vlqfh wkh suhvvxuh lv frqvwdqw/ zh vhw $ @ 3 lq htxdwlrq 8 wr jlyh

� +n, @
�4

One . �j
=

45



Qrz � +n, kdv irxu frpsoh{ srohv/ n� @ h�Z*e@o/ n2 @ h��Z*e@o/ �n�/ dqg �n2 zkhuh

o @ +O@�j,�*e lv wkh fkdudfwhulvwlf ohqjwk ri wkh lfh vkhhw1 Wkh vhw ri srohv lq wkh

xsshu kdoi sodqh lv N	 @ in�> n2j =
Wkh uhvlgxhv ri n� +n, dw d sroh � lv

U +�, @
��

+One . j�,�

����
&'V

@
�4
7O�2

=

Khqfh U� @ U +n�, @
l

7�jo2
dqg U2 @ �U�1

Xvlqj htxdwlrq 46 zh �qg

� +u, @
4

�

l

7�jo2
+Nf +�ln�u,�Nf +�ln2u,, @

nhl +u@o,

5�j�o2

zkhuh nhl+{, lv wkh Nhoylq ixqfwlrq +ri }hur rughu, dqg zh kdyh xvhg wkh lghqwlw|

+Deudprzlw} dqg Vwhjxq ^7` irupxodv <1<15 dqg <19165,

nhl +{, @
Nf

�
h�Z*e{

��Nf

�
h3�Z*e{

�
5l

=

Wklv h{suhvvlrq lv wkh vdph dv jlyhq e| Z|pdqq dqg dowhuqdwlyho| ghulyhg e| Ir{

hw1 do1^9`1

618 Ghhs zdwhu fdvh

Dv wkh zdwhu ghswk ehfrphv lq�qlwh/ wkh srohv ri wkh hydqhvfhqw prghv ehfrph ghqvhu

lq sursruwlrq wr wkh zdwhu ghswk dqg doprvw htxdoo| vsdfhg zlwk d vsdflqj ri Z
M rq

wkh lpdjlqdu| d{lv1 Wkhq/ zh fdq vhh wkh irupxod 44 iru wkh uhvlgxh U +�, dv d

ixqfwlrq ri d glvfuhwh yduldeoh � @ lq�@K> q @ 4> 5> 6> ===1 Zh wkhq kdyh

U +�, @
�e�2

e +8O�e . d, .K
�
+O�D . d�,

2 � e2
�

@
4

K

�e�2
�
M +e +8O�e . d,, .

�
+O�D . d�,

2 � e2
�

$ 4

K

�e�2
+O�D . d�,

2 � e2
@

4

K
T +�, +4<,

dv K ehfrphv odujh1 Khqfh/ zh kdyh dq dssur{lpdwlrq irupxod iru lqwhjudo/ l1h1/
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E��
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+53,
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zkhuh e @ �$21 Qrwh wkdw wkh yduldeoh kdv ehhq fkdqjhg wr uhdo1 Ilqdoo|/ zh kdyh d

Juhhq*v ixqfwlrq iru d ghhs zdwhu fdvh/

� +u, @ �
2

�
UWK

E��

f +nWu, .UGK
E��

f +nGu, .UW

G
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E��

f +�nW
G
u,
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U
"

f
3K&2

Eu&Dn@&�2nK2
K

E��

f +lnu,gn
�
=

+54,

Zh qrwlfh wkdw wkh lqwhjudwlrq 534 fdq eh frpsxwhg dqdo|wlfdoo| e| d vhulhv h{0

sdqvlrq ri ixqfwlrq T +ln,1 Ohw xv uhplqg dq lqwhjudo wudqvirup +Deudprzlw} dqg

Vwhjxq ^7` irupxod 441717:,/]
"

f

n3�*23D

+n2 . d2,
Nf +nu, gn @

�2

7dDn�
vhf +��, ^KD +du,� \D +du,` > +55,

zkhq Uh u A 3> � ? �
2
> mduj dm ? �>Uh d A 31 KD lv d Vwuxyh ixqfwlrq +Deudprzlw}

dqg Vwhjxq ^7` irupxod 451416,/

KD +}, @
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6'f

+�4,6 +}@5,26nDn�

�
�
p. �

2

�
�
�
� .p. �

2

�
Vlqfh/ ixqfwlrqT +ln, lv hyhq/ e| wkh vdph ghulydwlrq suhylrxvo xvhg| lq vxevhfwlrq

516/ zh kdyh

T +ln, @

D[
?'�

�
U?
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� U?

n . d?

�
@

D[
?'�

5d?U?

n2 � d2?
+56,

zkhuh id?j duh �yh srohv ri T +ln, zlwk srvlwlyh lpdjlqdu| sduw dqg U? lv d uhvlgxh

dw n @ d?1 Lq rughu wr xvh irupxod 55/ zh vhw d @ �ld dqg � @ 31 Zh wkhq kdyh]
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Zh qrwlfh wkdw ixqfwlrq T +n, lq htxdwlrq 4< lv d frpelqdwlrq ri wkh glvshuvlrq

htxdwlrq iru d ghhs zdwhu fdvh/ l1h1/
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zklfk fdq eh rewdlqhg e| iroorzlqj wkh vdph surfhgxuh lq vxevhfwlrq 515 zlwk d

erxqgdu| frqglwlrq dw } @ �41 Lw lv dssduhqw wkdw wkh srohv/ d?/ dqg wkh uhvlgxhv/

U?/ lq irupxod 57 duh uhodwhg wr nW dqg nG lq htxdwlrq 451 Iljxuh : vkrzv wkh

srvlwlrqv ri wkh srohv ri ixqfwlrq 58 zkhq wkh iruflqj shulrg lv whq vhfrqgv dqg wkh

lfh wklfnqhvv lv rqh phwuh1
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Iljxuh := Srohv ri � +n, iru d ghhs zdwhu fdvh1 Wkh iruflqj shulrg lv whq vhfrqgv dqg

wkh lfh wklfnqhvv lv rqh phwuh1

Ohw wkh srohv vkrzq deryh eh inW> nG> nWG> nH> nWHj zkhuh *-* lv nW / *wuldqjoh* lv nG
dqg nW

G
/ *gldprqg* lv nH dqg nW

H
1 Zh qrwlfh wkdw

inW> nG> nWG>�nH>�nWHj @ i�ld?j?'�c���cD =
Zh fdq vhh wkdw inW> nG> nWGj > i�nH>�nWHj duh srohv ri � +n, dqg � +�n, uhvshfwlyho|1
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Vlploduo|/ iru �nW
H
zh kdyh U? @ � �

2
U +nH,

W1 Khqfh/ zh fdq xowlpdwho| rewdlq d

irupxod iru wkh glvsodfhphqw ixqfwlrq/ � +u,/ zlwk wkh �yh srohv ri ixqfwlrq 58/
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l

5
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f +nWu, .
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5
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f +nGu,
l
� 4

5
Uh ^UG iKf +nGu,� \f +nGu,j` +59,

.Uh ^UH iKf +�nHu,� \f +�nHu,j`

Wkh lghqwlw|/ U +nW
H
, @ U +nH,

W >Kf +}
W, @ Kf +},

W > dqg \f +}
W, @ \f +},

W zhuh xvhg1

Wkh glvsodfhphqw ixqfwlrq 59 vkrzv wkdw wkh uhdo sroh nW fruuhvsrqgv wr wudyhoolqj

zdyhv dqg wkh wzr frpsoh{ srohv nG/ dqg nH fruuhvsrqg wr gdpshg wudyhoolqj zdyhv1

7 Vxuidfh vwudlq

Wkh vxuidfh vwudlq iru srlqw ordglqj lv

v +u, @ �k
5

g2

gu2
� +u, +5:,

srlqwlqj lq wkh udgldo gluhfwlrq/ vlqfh wkh Juhhq*v ixqfwlrq lv d ixqfwlrq ri glvwdqfh

iurp wkh srlqw ri iruflqj/ rqo|1 Xvlqj htxdwlrq 45 +dqg Deudprzlw} dqg Vwhjxq ^7`

irupxodv <1415:,
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Iljxuh ; lv d sorw ri ixqfwlrq 5;1

Qrwh wkdw wkh uhdo frpsrqhqw kdv wkh vlqjxodulw| dw u @ 31

714 Vwudlq lq wkh qhdu �hog

Wkh glvsodfhphqw lq wkh qhdu �hog/ u vpdoo dqg srvvleo| 3/ lv jlyhq e| htxdwlrq 4:

lq zklfk wkh qrq0frqvwdqw whupv kdyh wkh whupv zlwk o � 4 kdyh wkh u0ghshqghqfh

+orj +�u, . f, +�u,2, iru vrph frqvwdqw f1 Wkh vhfrqg ghulydwlyh iru hdfk whup lv

g2

gu2
+orj +�u, . f, +�u,2, @ �2,u2,32 ++5o � 4, +5o +oq�u . f,, . 5o . 4,

zklfk lv qrq0}hur dw u @ 3 rqo| iru wkh o @ 4 whup1 Wkdw whup fdq eh zulwwhq
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lv uhdo exw qrw }hur1 Khqfh/ wkh vwudlq kdv d vlqjxodulw| dw wkh ruljlq wkdw ehkdyhv

olnh orj u soxv d frqvwdqw dqg lv lq skdvh zlwk wkh iruflqj1
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Iljxuh ;= Vwudlq dw vxuidfh ri lfh iru xqlw iruflqj lq wkh uxqqlqj h{dpsoh/ Shulrg ri

43 vhfrqgv/ zdwhu ghswk 4333 phwuhv dqg lfh wklfnqhvv ri 4 phwuh1 Uhdo sduw gdvkhg

olqh/ lpdjlqdu| sduw grwwhg olqh/ pdjqlwxgh vrolg olqh1

715 Vwudlq lq wkh idu �hog

Zkhq u lv odujh wkh vxuidfh glvsodfhphqw jlyhq e| htxdwlrq 4;1 Wkh vwudlq irup

htxdwlrq 5: lv wkhq

v +u, @ �k
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h{s il +nWu. �@7,js
u

iru odujh u1 Wkh vwudlq gluhfwlrq lv lq wkh udgldo gluhfwlrq rqo|1 Khqfh wkh pd{lpxp

vwudlq lv jlyhq e| wkh frpsoh{ pdjqlwxgh ri v +u,1

Iljxuh < vkrzv wkh pdjqlwxgh ri vwudlq dw u @ 833 phwuhv iru d udqjh ri lfh

wklfnqhvvhv dv d ixqfwlrq ri shulrg1 Lq doo fdvhv wkh zdwhu ghswk lv 4333 phwuhv1 Qrwh

wkdw wkh vwudlq iru 318 phwuh lfh lv frqvlghudeo| juhdwhu wkdq wkh rwkhu wklfnqhvvhv

vkrzq1
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Iljxuh <= Wkh dpsolwxgh ri vwudlq ixqfwlrq dw u @ 833 phwuhv dw d udqjh ri iruflqj

shulrgv/ 7 vhfrqgv wr 53 vhfrqgv/ iru ydulrxv wklfnqhvv ri lfh1 Vrolg olqh= 318 phwuh/

grwwhg olqh= 413 phwuh/ gdvkhg olqh= 418 phwuh1
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8 Vrph uhvxowv lq judsk irup

Khuh duh judskv ri pdjqlwxghv ri uhvlgxhv/ glvsodfhphqw/ vwudlq iru wkh shulrgv

W@7/8/:/43/48/53 vhfrqgv dqg K @ 4333 phwuhv/ kl @ 4 phwuh1

814 Uhvlgxhv

Wkh iroorzlqj vhtxhqfh ri judskv vkrz wkh uhvlgxhv/ lqgh{hg e| wkh rughu wkdw wkh

fruuhvsrqglqj sroh dsshduv lq N	1 Wkh �uvw uhvlgxh lv iru wkh wudyhoolqj prgh/ wkh

vhfrqg dqg wklug iru wkh gdpshg wudyhoolqj prghv/ dqg wkh uhpdlqghu iru hydqhvfhqw

prghv1 Wkh judskv iurp +d, wr +i, duh iru wkh jhrphwu| K @ 4333 phwuhv/ kl @ 4

phwuh dqg iru wkh shulrgv W@7/8/:/43/48/53 vhfrqgv uhvshfwlyho|1 Wkh ydoxh H@9�43b
kdv ehhq xvhg iru wkh h�hfwlyh \rxqj*v prgxoxv1
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815 Vxuidfh glvsodfhphqw

Wkh iroorzlqj judskv iurp +d, wr +i, vkrz wkh vxuidfh glvsodfhphqw iru wkh vdph

jhrphwu| dqg udqjh ri shulrgv dv xvhg lq wkh suhylrxv vhulhv ri judskv ri wkh uhvlgxhv1

Wkh uhdo +lq0skdvh, sduw lv vkrzq dv d gdvkhg olqh/ wkh lpdjlqdu| +txdgudwxuh, sduw

lv vkrzq dv d grwwhg olqh/ dqg wkh pdjqlwxgh lv vkrzq dv d vrolg olqh1
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816 Vxuidfh vwudlq

Wkh iroorzlqj judskv iurp +d, wr +i, vkrz wkh vxuidfh vwudlq iru wkh vdph jhrphwu|

dqg udqjh ri shulrgv dv xvhg lq wkh vhulhv ri judskv ri uhvlgxhv1 Wkh uhdo +lq0skdvh,

sduw lv vkrzq dv d gdvkhg olqh/ wkh lpdjlqdu| +txdgudwxuh, sduw lv vkrzq dv d grwwhg

olqh/ dqg wkh pdjqlwxgh lv vkrzq dv d vrolg olqh1 Qrwh wkdw wkh uhdo sduw lv vlqjxodu

dw u @ 31
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(f)

Rqh lqwhuhvwlqj ihdwxuh ri wkh vwudlq lv wkh shdn lq vwudlq pdjqlwxgh dw derxw

73p iurp wkh srlqw ri iruflqj1 Wkh iroorzlqj sdlu ri judskv vkrzv pdjqlwxgh ri wkdw

shdn dqg wkh glvwdqfh iurp wkh srlqw ri iruflqj dw zklfk wkdw wkh shdn rffxuv dv d

ixqfwlrq ri shulrg ri iruflqj1 Wkh jhrphwu| K @ 4333 phwuhv/ kl @ 4 phwuh lv dv lq

wkh suhylrxv judskv1
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Pdjqlwxgh ri shdn +wrs �jxuh, dqg srvlwlrq ri shdn +orzhu �jxuh, iru 4phwuh wklfn lfh1
Khuh duh wkh dqdorjrxv judskv iru wkh vdph udqjh ri sdudphwhuv h{fhsw kl @ 3=8p1
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Pdjqlwxgh ri shdn +wrs �jxuh, dqg srvlwlrq ri shdn +orzhu �jxuh, iru 318 phwuh wklfn lfh1
Qrwh wkdw wkh glvwdqfh wr wkh shdn vwudlq vfdohv dv wkh fkdudfwhulvwlf ohqjwk zkloh

wkh shulrg dw zklfk wkh shdn rffxuv vfdohv dv wkh vtxduh0urrw ri wkh fkdudfwhulvwlf

ohqjwkv1
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^4` Ir{/ F1/ ) Vtxluh/ Y1D1 4<<7 Rq wkh Reoltxh Uh h{lrq dqg Wudqvplvvlrq ri Rfhdq
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^:` Edwhpdq/ K1 4<87 Wdeohv ri Lqwhjudo Wudqvirupv Yroxph LL1 PfJudz0Kloo1
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D Vshfldo ixqfwlrqv

Srzhu vhulhv h{sdqvlrqv iru wkh prgl�hg Ehvvho ixqfwlrqv Lf dqg Nf duh jlyhq lq

Deudprzlw} dqg Vwhjxq ^7` lq irupxodv <19145 dqg <19146/ uhvshfwlyho|/ dqg duh

Lf +}, @

"[
&'f

+}@5,2&

+n$,2
>

Nf +}, @ � orj
�}
5

�
Lf +}, .

"[
&'f

+}@5,2&

+n$,2
# +n . 4,

zkhuh # lv wkh Svl ixqfwlrq iru srvlwlyh lqwhjhu dujxphqw gh�qhg e| + ^7` irupxod

91615,

# +4, @ ��>

# +n . 4, @

#
&[

?'�

4

q

$
� �> n � 4

lq zklfk � @ 3=8::548997<348658 � � � lv Hxohu*v frqvwdqw1
Vlqfh Lf +3, @ 4 dqg # +4, @ ��/ wkh prgl�hg Ehvvho ixqfwlrq wkh vhfrqg nlqg/

Nf +},/ whqgv wr � orj +},� � . orj 5 qhdu wkh ruljlq dqg lv vlqjxodu dw } @ 31

E Vhulhv h{sdqvlrq ri # E&�

Zh zlvk wr h{sdqg � +n, dv d vxp ri whupv olnh U@ +n � d, ryhu srohv d ri �1 Zh �uvw

hvwdeolvk jhqhudo frqglwlrqv iru vxfk dq h{sdqvlrq wr h{lvw/ dqg wkhq vkrz wkdw wkrvh

frqglwlrqv duh vdwlv�hg e| � dv jlyhq lq htxdwlrq 81

E14 Vhulhv h{sdqvlrq ri iudfwlrqdo ixqfwlrqv

Zh frqvlghu d ixqfwlrq wkdw lv uhjxodu lq wkh zkroh sodqh h{fhsw dw lvrodwhg srlqwv1

Vxfk d ixqfwlrq lv nqrzq dv iudfwlrqdo ixqfwlrq1 Zh vkrz wkdw d iudfwlrqdo ixqf0

wlrq wkdw kdv dq lq�qlwh qxpehu ri srohv fdq eh h{suhvvhg e| lq�qlwh vhulhv ri

sro|qrpldov^6`1

Ohw i +}, eh d iudfwlrqdo ixqfwlrq wkdw kdv dq lq�qlwh qxpehu ri srohv1 Zh qrwh

wkdw d qxpehu ri srohv wkdw duh vlwxdwhg zlwklq d erxqghg uhjlrq lv dozd|v �qlwh vlqfh

wkh vhw ri srohv grhv qrw kdyh olplw0srlqwv1 Lqghhg/ li wkhuh lv d olplw0srlqw } @ f wkhq

dq| vpdoo flufoh zlwk fhqwuh dw } @ f zrxog frqwdlq dq lq�qlwh qxpehu ri srohv1 Rqfh

zh kdyh d �qlwh qxpehu ri srohv lq d frq�qhg sduw ri wkh sodqh zh fdq qxpehu wkhp

lq wkh rughu ri wkhlu qrq0ghfuhdvlqj prgxol/ vr wkdw ghqrwlqj wkh srohv e| d& zh kdyh

md�m � md2m � md�m � ===>

zkhuh md&m $ 4 dv n $ 41 Dw hyhu| sroh } @ d& wkh ixqfwlrq i +}, zloo kdyh

d gh�qlwh lq�qlwh sduw/ zklfk zloo eh d sro|qrpldo zlwk uhvshfw wr wkh dujxphqw

4@ +} � d&, zlwkrxw wkh frqvwdqw whup1 Zh ghqrwh wklv sro|qrpldo whup e|

J&

�
4

} � d&

�
> n @ 4> 5> 6> === = +5<,
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Zh vkrz wkdw wkh iudfwlrqdo ixqfwlrq i +}, fdq eh uhsuhvhqwhg e| d vlpsoh lq�qlwh

vhulhv ri J& e| pdnlqj fhuwdlq dgglwlrqdo dvvxpswlrqv1 Vxssrvh wkdw d vhtxhqfh ri

forvhg frqwrxuv F? zklfk vxuurxqg wkh ruljlq h{lvwv dqg vdwlvi| iroorzlqj frqglwlrqv=

F4 Qrq ri srohv ri i +}, duh rq wkh frqwrxuv F?> q @ 4> 5> 6> ===

F5 Hyhu| frqwrxu F? olhv lqvlgh wkh frqwrxu F?n�1

F6 Ohw o? eh ohqjwk ri wkh frqwrxu F? dqg �? eh lwv vkruwhvw glvwdqfh iurp wkh ruljlq

wkhq �? $4 dv q$4/ l1h1/ wkh frqwrxuv F? zlghq lqgh�qlwho| lq doo gluhfwlrqv

dv q lqfuhdvhv1

F7 D srvlwlyh qxpehu p h{lvwv vxfk wkdw

o?

�?
�p iru dq| q=

Zh qrz vxssrvh wkdw jlyhq vxfk d vhtxhqfh ri frqwrxuv/ wkhuh h{lvwv d srvlwlyh

qxpehu P> vxfk wkdw rq dq| frqwrxu F? rxu iudfwlrqdo ixqfwlrq i +}, vdwlv�hv

mi +},m �P +63,

Frqvlghu wkh lqwhjudo
4

5�l

]
�?

i +}�,

}� � }
g}� +64,

zkhuh wkh srlqw } olhv lqvlgh F? dqg lv rwkhu wkdq d& +wkh srohv lqvlgh F?=, Zh dovr

frqvlghu wkh vxp ri wkh sro|qrpldov 5< iru wkh srohv d&/ lqvlgh F?/

$? +}, @
[
E�?�

J&

�
4

} � d&

�
= +65,

Wkh lqwhjudqg ri 64 kdv d sroh }� @ } dqg srohv }� @ d&1 Zh fdq fdofxodwh wkh

uhvlgxh dw wkh sroh }� @ } e|

i +}�,

+}� � },�

����
5�'5

@ i
�
}�
���
5�'5

@ i +}, =

Wkh uhvlgxhv dw wkh srohv }� @ d& duh/ e| wkh gh�qlwlrq 65/ wkh vdph dv wkh uhvlgxhv

ri wkh ixqfwlrq
$? +}

�,

}� � }
= +66,

Zh qrwh wkdw doo srohv ri wklv ixqfwlrq duh vlwxdwhg lqvlgh F?1 Zh qrz vkrz wkdw wkh

vxp ri uhvlgxhv ri wkh ixqfwlrq 66 dw wkh srohv d& lv

�$? +}, @ �
[
E�?�

J&

�
4

} � d&

�
= +67,

Vlqfh wkh gh�qlwlrq ri $? dqg J& lv d sro|qrpldo ri 4@ +} � d&, > wkh rughu ri wkh

ghqrplqdwru ri ixqfwlrq 66 lv dw ohdvw wzr xqlwv kljkhu wkdq wkdw ri wkh qxphudwru ri

ixqfwlrq 661 Khqfh/ iru d flufoh zlwk d vx!flhqwo| odujh udglxv U zh kdyh

5�l
[
E�?�

Uhv
5�'@&

$? +}
�,

}� � }
@

L
�-

$? +}
�,

}� � }
g}�=
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Wkh OKV ri wklv grhv qrw fkdqjh dv wkh udglxv U lqfuhdvhv/ dqg wkh UKV$ 3 dv

U$41 Lqghhg/����
L
�-

$? +}
�,

}� � }
g}�
���� �

L
�-

����}�$? +}�,}� � }

4

}�
g}�
���� � pd{

�5��'-

����}�$? +}�,}� � }

���� 5�UU
dqg wkh whup m�m whqgv wr }hur dv U$41 Wkxv/ wkh vxp ri uhvlgxhv dw srohv zlwklq

d �qlwh glvwdqfh lv }hur1 Vlqfh zh nqrz wkdw wkh uhvlgxh ri 66 dw }� @ } lv $? +},/ wkh

vxp ri wkh uhvw lv 671 Wkxv/ zh kdyh dq h{suhvvlrq iru wkh lqwhjudo 64/

4

5�l

]
�?

i +}�,

}� � }
g}� @ i +},�

[
E�?�

J&

�
4

} � d&

�
= +68,

Dovr/ zkhq } @ 3 zh kdyh

4

5�l

]
�?

i +}�,

}�
g}� @ i +3,�

[
E�?�

J&

�
� 4

d&

�
= +69,

Vxewudfwlqj htxdwlrq 68 iurp htxdwlrq 69 jlyhv

}

5�l

]
�?

i +}�,

}� +}� � },
g}� @ i +},� i +3,�

[
E�?�

�
J&

�
4

} � d&

�
�J&

�
� 4

d&

��
=

Zh suryh wkdw OKV ri wqkl h{suhvvlrq whqgv wr }hur dv q$41

Vlqfh m}�m � �?> m}� � }m � m}�m � m}m � �? � m}m > zh kdyh����
]
�?

i +}�,

}� +}� � },
g}�
���� � Po?

�? +�? � m}m,
?

Pp

�? � m}m
= +6:,

Vlqfh �? $ 4 dv q $ 4> lqwhjudo lq 6: whqgv wr }hur dv q lqfuhdvhv1 Qrwh wkdw zh

xvhg wkh frqglwlrq lq htxdwlrq 63 dqg frqglwlrq +F7,1

Ilqdoo|/ zh kdyh irupxod iru i +},/

i +}, @ i +3, . olp
?<"

[
E�?�

�
J&

�
4

} � d&

�
�J&

�
� 4

d&

��
=

Vlqfh/ wkh frqwrxu F? zloo zlghq lqgh�qlwho| dv q lqfuhdvhv/wkh vhfrqg whup lv d vxp

ryhu doo srohv/ vr zh kdyh i +}, lq wkh irup ri dq lq�qlwh vhulhv

i +}, @ i +3, .

"[
&'�

�
J&

�
4

} � d&

�
�J&

�
� 4

d&

��
= +6;,

E15 Frqglwlrqv iru # E&�

Zh gh�qh d vhtxhqfh ri vtxduh frqwrxuv

F? @ vtxduh zlwk lwv irxu fruqhuv dw �? � l�?> �? . l�?>��? . l�?> dqg � �? � l�?>
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zkhuh �? @
�
q. �

2

�
�@K> q @ Q>Q . 4> ===1 Wkh ixqfwlrq zklfk zh zrxog olnh wr

hvwlpdwh rq wkh frqwrxuv F? lv

� +n, @
�4

One �p$2 . j�� �$2

n wdqk +nK,

=

Zh vkrz wkdw m� +n,m lv erxqghg rq dq| F? lq rughu wr dsso| wkh phwkrg lqwurgxfhg

deryh1 Wkh ixqfwlrq � kdv wzr uhdo srohv/ irxu frpsoh{ srohv/ dqg dq lq�qlwh qxpehu

ri lpdjlqdu| srohv1

Iru wkh vdnh ri vlpsolflw| zh zulwh wkh ixqfwlrq � +n, dv

� +n, @
�4

One .D� �
& |@?�E&M�

=

Zkhq Lpn lv odujh wkh srohv ri � duh doprvw 	lq�@K= Lq idfw/ wkh srohv ln? +n? 5 U,
ri � +n, vdwlvi|

4

+One? .D, n?
@ wdq +n?K, >

vr n? $ 	q�@K dv n? lqfuhdvhv1 Wkxv/ e| fkrrvlqj Q odujh wkh frqwrxuv F? duh

fhuwdlq glvwdqfh dzd| iurp wkh srohv iru dq| q � Q 1 Zh suryh wkh erxqghgqhvv ri

m�m e| vkrzlqj wkdw m� +{. l|,m lv erxqghg iru | @ 	�?> q @ Q>Q . 4> ===> { 5 U dqg

wkhq iru { @ 	�?> q @ Q>Q . 4> ===> | 5 ^��?> �?`1
Iru dq| q A Q zh kdyh��One .D

�� A O mnme .F

@ O m{. l|me .F

� O�e? .F iru dq| { 5 U> | @ �?> +6<,

zkhuh F lv d frqvwdqw ghwhuplqhg e| D dqg O1 Zkhq | @ �? zh kdyh���� 4

n wdqk +nK,

���� @

���� h2%Mh�2+M . 4

+{. l|, +h2%Mh�2+M � 4,

����
@

��h2%Mh�2+M . 4
��

m{. l|m mh2%Mh�2+M � 4m

@

��h2%M � 4
��

m{. l|m mh2%M . 4m �
4

m{. l|m �
4

�?
+73,

iru dq| { 5 U1 Zh xvhg h{s +l +5q. 4,�, @ �4 dqg����h2%M � 4

h2%M . 4

���� � 4=

Iru odujh Q zh kdyh����One .D� E

n wdqk +nK,

���� � ��One .D
��� ���� E

n wdqk +nK,

���� =

5:



Vlqfh UKV ri wklv lqhtxdolw| lv srvlwlyh iurp 6< dqg 73/

m� +n,m � 4

mOne .Dm �
��� �
& |@?�E&M�

���
� 4

O�e? .F � �
B?

� 4

O�e� .F � �
B�

iru dq| q � Q= +74,

Qrwh wkdw wkh vdph uhodwlrqvkls krogv iru | @ ��?1
Iru n rq wkh olqh vhjphqw �? � l�? wr �? . l�? zh xvh wkh idfw wkdw��h2%Mh�2+M . 4

��
m{. l|m mh2%Mh�2+M � 4m

� 4

m{. l|m
4 .

��h32%M��
4� mh32%M m

� G�

��
iru dq| |> q � Q

vlqfh/
4 .

��h32%M��
4� mh32%M m �

4 .
��h32B�M��

4� mh32B�M m @ G� /
4

m{. l|m �
4

��
=

Iurp htxdwlrq 6< dqg wkh �uvw olqh ri htxdwlrq 74/ zh kdyh

4

mOne .Dm �
��� �
& |@?�E&M�

��� �
4

O�e� .F � �(�
B�

iru dq| q � Q=

Wkh vdph surri fdq eh dssolhg iru wkh olqh vhjphqw ��?� l�? wr ��?. l�?1 Zh kdyh

suryhg wkdw m� +},m lv erxqghg rq doo frqwrxuv F?> q � Q zkhuh Q lv fkrvhq wr eh

odujh vr wkdw wkh frqwrxuv duh fhuwdlq glvwdqfh dzd| iurp doo wkh srohv ri �1

E16 H{sdqvlrq ri # E&�

Dv zh kdyh vhhq lq wkh suhylrxv vhfwlrq/ wkh ixqfwlrq � +n, vdwlv�hv doo wkh frqglwlrqv

F4�F7/ dqg li zh rplw wkh lpdjlqdu| sduw ri wkh ghqrplqdwru ri � fuhdwhg e| wkh

gdpslqj frh!flhqw �/ zh qrwlfh wkdw wkh ixqfwlrq � kdv d frxqwdeo|0lq�qlwh qxpehu

ri lpdjlqdu| srohv/ wzr uhdo srohv/ dqg irxu frpsoh{ srohv^4`1 Khqfh/ zh fdq h{sdqg

wkh ixqfwlrq � +n, dv d vxp ryhu lq�qlwh iudfwlrqdo sro|qrpldov1 Ohw U +�, eh wkh

uhvlgxh dw n @ �/ wkhq wkh sro|qrpldo whup 5< lv

JV

�
4

n � �

�
@

U +�,

n � �
=

Khqfh/ wkh h{sdqvlrq ri � +n, ehfrphv/ iurp wkh irupxod 6; dqg � +3, @ 3/

� +n, @
[
V

�
U +�,

n � �
.
U +�,

�

�

@
[
VMg	

�
5�U +�,

n2 � �2
.

5U +�,

�

�
=

5;



Qrwh wkdw wkh vxppdwlrq rq wkh �uvw olqh lv ryhu doo srohv ri � +n,1 Zh xvhg wkdw

U +�, @ U +��,/ vlqfh � +n, lv dq hyhq ixqfwlrq dqg

� +n � �, � +n, @ +�n . �, � +�n, @ +n . �, � +n,

vr/

� olp
&<V

+n � �, � +n, @ olp
&<3V

+n . �, � +n, =

Dw wkh �uvw jodqfh/ wklv irupxod vhhpv gl�huhqw iurp wkh irupxod BB1 Krzhyhu/ wkh

whup
S

5U +�, @� lv }hur1 Lqghhg/ h{sdqvlrq ri wkh ixqfwlrq � +n,n zklfk vdwlv�hv wkh

frqglwlrqv F4�F7 dqg kdv wkh vdph srohv dv wkh ixqfwlrq � +n, dqg uhvlgxhv U +�,�

dw n @ �1 Khqfh/ � +n,n h{sdqghg dv/

� +n,n @
[
V

�U +�,

n � �
.
U +�,

�

�

@
[
VMg	

5nU +�,

n2 � �2
=

zkhuh U +�, @ �U +�,1 Zh xvhg wkdw U +�, @ U +��,1
Wkh idfw wkdw

S
5U +�, @� lv }hur fdq dovr eh frq�uphg e| xvlqj wkh frqwrxu

lqwhjudwlrq ri wkh ixqfwlrq � +n, @n dv lq wkh �jxuh 71

Wkh ixqfwlrq � +n, @n lv dq rgg ixqfwlrq dqg kdv wkh vdph srohv dv wkh ixqfwlrq

� +n, zlwk wkh uhvlgxhv U +�, @�1 Qrwlfh wkdw n @ 3 lv qrw d vlqjxodu srlqw ri � +n, @n1

Khqfh/ wkh lqwhjudwlrq ryhu wkh uhdo d{lv lv }hur dqg � +n, @n $ 3 rq wkh vhpl0duf zlwk

rughu ri U3� dv U$41 Khqfh/ zh kdyh

[
VMg	

5U +�,

�
@ 3=

F PdwOde frgh

F14 Urrw �qglqj frgh

Wkh iroorzlqj frgh �qgv wkh urrwv ri wkh glvshuvlrq htxdwlrq zlwk � @ 3/ dqg fdofx0

odwhv wkh fruuhvsrqglqj uhvlgxhv ri � +n,1

ixqfwlrq ^nlfh/uhvlgU`@urrwquhvlg+w/kzdwhu/klfh/qhyvf,

( URRWVQUHVLG Frpsoh{ urrwv ri wkh glvshuvlrq htxdwlrqv dqg dvvrfldwhg

( uhvlgxhv1

( Fdoo dv ^Nlfh/Uhvlg`@urrwquhvlg+W/Kzdwhu/Klfh/qhyvf,

( Nlfh duh wkh n0qxpehuv iru wkh zdyhv lq wkh lfh0fryhuhg vhd1

( Uhvlg duh wkh dvvrfldwhg uhvlgxhv

( Dxwkru= Frolq Ir{

( Prglilhg iurp FRURRWV 5 Vhswhpehu 4<<;

^s/j/z/O/d/e/gzdwhu/glfh` @ vhwsdudp+w/kzdwhu/klfh,>

( Ilqg wkh lfh0fryhuhg0vhd wudyhoolqj urrw

( Xvh dq dssur{lpdwlrq dv d vwduwlqj jxhvv +uhi 4: Mdq 4<<3,

n4@+e2O,a15>

5<



( Xvh wkh dv|pswrwh dv d orzhu erxqg rq wkh urrw

li d ? 3/ nplq@+0d2O,a158> n4@nplq.dev+n40nplq,> hovh nplq@3> hqg

( Qrz eudfnhw wkh urrw

li iwlfh+n4/s, A@ 3/

n5@ +nplq.n4,25>

zkloh iwlfh+n5/s, A@ 3/ n4@n5> n5@+nplq.n4,25> hqg

hovh

n5@5-n4>

zkloh iwlfh+n5/s, ? 3/ n4@n5> n5@5-n4> hqg

hqg

( dqg fdoo urrw ilqghu

nwlfh@is}hur+*iwlfh*/^n4>n5`/s,>

( Ilqg wkh hydqhvfhqw urrwv

nhlfh@}hurv+qhyvf/4,>

gn@sl2kzdwhu>

lqgh{@^4=qhyvf`> nv@^+lqgh{018,-gn> lqgh{-gn`>

iru lqg@lqgh{/

li +ihlfh+nv+4/lqg,/s, - ihlfh+nv+5/lqg,/s,, A 3/

nhlfh+lqg,@is}hur+*ihlfh*/nv+=/lqg,018-gn/s,>

hovh

nhlfh+lqg,@is}hur+*ihlfh*/nv+=/lqg,/s,>

hqg

hqg

( Ilqg wkh gdpshg0wudyhoolqj0zdyh n0qxpehu xvlqj d il{hg srlqw dojrulwkp

}u@h{s+l-5-sl28,>

ngrog@3> ng@+l-e2O,a15> qlwhu@3> qlwhupd{@433> wlq|@4h048>

zkloh +dev+ng 0 ngrog, A@ dev+ng,-wlq|, ) +qlwhu?@qlwhupd{,/

ngrog@ng> qlwhu@qlwhu.4>�

ng@++0e2wdq+ngrog-kzdwhu,0d-ngrog,2O,a15>�

zkloh +uhdo+ng,?3, � +lpdj+ng,?3,/ ng@ng-}u> hqg

hqg

li qlwhu @@ qlwhupd{/ glvs+*ng pd| qrw eh dffxudwh*,> hqg

( Sxw wkh urrwv wrjhwkhu

nlfh @ ^nwlfh> frqm+0l-ng,> l-ng> l-nhlfh`>

( Fdofxodwh wkh uhvlgxdo yld sro|qrpldo +ri hwd-n,

n5 @ nlfh1a5>

whup4 @ 8-O-n5>

whup5 @ d12n5>

whup6 @ +kzdwhu2e,-++O-nlfh1a8 . d-nlfh,1a5 0 ea5,12n5>

uhvlgU @ 0412+whup4 . whup5 . whup6,>

Wzr ixqfwlrqv duh fdoohg e| wkh urrw �qglqj frgh1 Wkh �uvw vhwv xs wkh sk|vlfdo

sdudphwhuv1

ixqfwlrq ^s/j/z/O/d/e/gzdwhu/glfh` @ vhwsdudp+shulrg/kzdwhu/klfh,

( VHWSDUDP pdnhv wkh yhfwru sdudphwhu s zklfk lv sdvvhg wr wkh

63



( glvshuvlrq htxdwlrqv yld wkh urrw ilqghuv1 Fdoo dv

( ^s/j/z/O/d/e/gzdwhu/glfh` @ vhwsdudp+shulrg/Kzdwhu/Klfh,

( Vrph sk|vlfdo frqvwdqwv

gzdwhu@4358> glfh@<5518> qx@316> j@<1;> h@9-43a<>

( Jhqhudwh d ihz frqvwdqwv

z @ 5-sl2shulrg>

O @ h-klfha62+45-+40qxa5,,>

d @ gzdwhu-j 0 glfh-klfh-za5>

e @ gzdwhu-za5>

( Vwruh wkhvh lq d vlqjoh yhfwru dv d sdudphwhu iru glvshuvlrq htxdwlrq

( ixqfwlrqv

s @ ^ j kzdwhu z O d e `>

Wkh vhfrqg lv d yduldqw ri PdwOde*v }hur0�qglqj frgh/ prgl�hg wr dffhsw d sd0

udphwhu iru wkh ixqfwlrq dqg dovr wr wdnh dq lqlwldo eudfnhw ri wkh urrw1

ixqfwlrq e @ is}hur+IxqIfq/{/sdudp/wro/wudfh,

(IS]HUR ]hur ri d ixqfwlrq ri rqh yduldeoh dqg d frqvwdqw sdudphwhu1

( IS]HUR+I/[/SDUDP, ilqgv d }hur ri i+{/sdudp,1 I lv d vwulqj frqwdlqlqj

( wkh qdph ri d uhdo0ydoxhg ixqfwlrq ri d vlqjoh uhdo yduldeoh dqg

( frqvwdqw sdudphwhu1 Li [ lv d vfdodu rq hqwhulqj IS]HUR wkhq lw lv xvhg

( dv d vwduwlqj jxhvv1 Rswlrqdoo| [ fdq eh d 50hohphqw froxpq yhfwru

( lq zklfk fdvh wkh wzr ydoxhv duh xvhg wr lqlwldoo| eudfnhw wkh urrw1

( Li wkh| gr qrw eudfnhw d urrw/ l1h1/ li I+[+4,, dqg I+[+5,, kdyh wkh

( vdph vljq wkh lqwhuydo zloo eh h{whqghg xqwlo d urrw lv eudfnhwwhg1

( SDUDP lv wkh/ srvvleo| yhfwru/ sdudphwhu wr eh sdvvhg wr I1

( Wkh ydoxh uhwxuqhg lv qhdu d srlqw zkhuh I fkdqjhv vljq1

(

( Dq rswlrqdo irxuwk dujxphqw vhwv wkh uhodwlyh wrohudqfh iru wkh

( frqyhujhqfh whvw1 Wkh suhvhqfh ri dq qrq}hur rswlrqdo iliwk

( dujxphqw wuljjhuv d sulqwlqj wudfh ri wkh vwhsv1

( is}hur pdgh iurp Pdwode*v i}hur e| Frolq Ir{/ 49 Mdqxdu| 4<<31

( Prglilhg e| FI 4:0Mdq0<3 wr dffhsw lqlwldo eudfnhwwlqj ri wkh urrw

( Lqlwldol}dwlrq

li qdujlq ? 7/ wudfh @ 3> wro @ hsv> hqg

li qdujlq @@ 7/ wudfh @ 3> hqg

li wudfh/ fof/ hqg

( Ghdo zlwk vfdodu ru yhfwru vwduwlqj jxhvv

whps@vl}h+{,>

li whps+4, A@ 5/

d @ {+4,> id @ ihydo+IxqIfq/d/sdudp,>

li wudfh/ krph/ lqlw @ ^d id`/ hqg

e @ {+5,> ie @ ihydo+IxqIfq/e/sdudp,>

li wudfh/ krph/ lqlw @ ^e ie`/ hqg

{ @ +d.e,25> g{ @ +e0d,25>
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hovh

( Iru vfdodu { shuirup wkh ruljlqdo pdwode lqlwldo lqwhuydo pdnlqj surfhgxuh

li { �@ 3/ g{ @ {253>

hovh/ g{ @ 4253>

hqg

d @ { 0 g{> id @ ihydo+IxqIfq/d/sdudp,>

li wudfh/ krph/ lqlw @ ^d id`/ hqg

e @ { . g{> ie @ ihydo+IxqIfq/e/sdudp,>

li wudfh/ krph/ lqlw @ ^e ie`/ hqg

hqg

( Ilqg/ ru hqvxuh/ d fkdqjh ri vljq1

zkloh +id A 3, @@ +ie A 3,

g{ @ 5-g{>

d @ { 0 g{>

(^p/q`@vl}h+d,> li +q�@4 � p�@4,/ nh|erdug/ hqg

id @ ihydo+IxqIfq/d/sdudp,>

li wudfh/ krph/ vljq @ ^d id`/ hqg

li +id A 3, �@ +ie A 3,/ euhdn/ hqg

e @ { . g{> ie @ ihydo+IxqIfq/e/sdudp,>

li wudfh/ krph/ vljq @ ^e ie`/ hqg

hqg

if @ ie>

( Pdlq orrs/ h{lw iurp plggoh ri wkh orrs

zkloh ie �@ 3

( Lqvxuh wkdw e lv wkh ehvw uhvxow vr idu/ d lv wkh suhylrxv

( ydoxh ri e/ dqg f lv rq wkh rssrvlwh ri wkh }hur iurp e1

li +ie A 3, @@ +if A 3,

f @ d> if @ id>

g @ e 0 d> h @ g>

hqg

li dev+if, ? dev+ie,

d @ e> e @ f> f @ d>

id @ ie> ie @ if> if @ id>

hqg

( Frqyhujhqfh whvw dqg srvvleoh h{lw

p @ 318-+f 0 e,>

wrohu @ 513-wro-pd{+dev+e,/413,>

li +dev+p, ?@ wrohu, . +ie @@ 313,/ euhdn/ hqg

( Fkrrvh elvhfwlrq ru lqwhusrodwlrq

li +dev+h, ? wrohu, . +dev+id, ?@ dev+ie,,

( Elvhfwlrq

g @ p> h @ p>

hovh

( Lqwhusrodwlrq

v @ ie2id>

li +d @@ f,

( Olqhdu lqwhusrodwlrq

s @ 513-p-v>
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t @ 413 0 v>

hovh

( Lqyhuvh txdgudwlf lqwhusrodwlrq

t @ id2if>

u @ ie2if>

s @ v-+513-p-t-+t 0 u, 0 +e 0 d,-+u 0 413,,>

t @ +t 0 413,-+u 0 413,-+v 0 413,>

hqg>

li s A 3/ t @ 0t> hovh s @ 0s> hqg>

( Lv lqwhusrodwhg srlqw dffhswdeoh

li +513-s ? 613-p-t 0 dev+wrohu-t,, - +s ? dev+318-h-t,,

h @ g> g @ s2t>

hovh

g @ p> h @ p>

hqg>

hqg ( Lqwhusrodwlrq

( Qh{w srlqw

d @ e>

id @ ie>

li dev+g, A wrohu/ e @ e . g>

hovh li e A f/ e @ e 0 wrohu>

hovh e @ e . wrohu>

hqg

hqg

ie @ ihydo+IxqIfq/e/sdudp,>

li wudfh/ krph/ vwhs @ ^e ie`/ hqg

hqg ( Pdlq orrs

Wkh urrw �qghu xvhv gl�huhqw irupv ri wkh glvshuvlrq htxdwlrq ghshqglqj rq

zkhwkhu wkh urrw lv sxuh lpdjlqdu| ru sxuh uhdo1 Wkh �uvw lv iru wkh wudyhoolqj urrw1

ixqfwlrq i@iwlfh+v/s,

( IWZDW lv wkh glvshuvlrq htxdwlrq iru wkh lfh0fryhuhg0vhd lq d

( irup frqyhqlhqw iru ilqglqj wkh wudyhoolqj zdyh n0qxpehu

( s lv wkh yhfwru sdudphwhu

i@wdqk+v-s+5,, 0 s+9,2+s+7,-va8 . s+8,-v,>

Wkh vhfrqg lv iru wkh hydqhvfhqw urrwv1

ixqfwlrq i@ihlfh+v/s,

( IHLFH lv wkh glvshuvlrq htxdwlrq iru wkh lfh0fryhuhg0vhd lq d

( irup frqyhqlhqw iru ilqglqj wkh hydqhvfhqw zdyh n0qxpehuv

( s lv wkh yhfwru sdudphwhu

i@+s+7,-va8.s+8,-v,-vlq+v-s+5,, . s+9,-frv+v-s+5,,>

F15 Frgh iru glvsodfhphqw dqg vwudlq

Wkh iroorzlqj vfulsw �oh fdofxodwhv wkh glvsodfhphqw dqg vwudlq iru d jlyhq shulrg/ lfh

wklfnqhvv/ dqg zdwhu ghswk1 Wkh glvsodfhphqw lv sorwwhg1
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( Sorw wkh juhhqv ixqfwlrq

W@43> ( shulrg

klfh@4> ( lfh wklfnqhvv

kzdwhu@4333> ( zdwhu ghswk

qhyvf@433> ( qxpehu ri hydqhvfhqw prghv wr vxp ryhu

^nlfh/uhvlgU`@urrwvquhvlg+W/kzdwhu/klfh/qhyvf,>

u@olqvsdfh+4/733/433,>

( Fdofxodwh vxuidfh glvsodfhphqw

glfh@l-ehvvhok+3/nlfh+4,-u,-uhvlgU+4,25>

iru lqg@5=qhyvf.6

glfh@glfh.l-ehvvhok+3/nlfh+lqg,-u,-uhvlgU+lqg,25>

hqg

sorw+u/uhdo+glfh,/*eodfn00*/u/lpdj+glfh,/*eodfn=*/u/dev+glfh,/*eodfn0*,

wlwoh+^*W@*/lqw5vwu+W,/*klfh@*/lqw5vwu+klfh,/*kzdwhu@*/lqw5vwu+kzdwhu,`,

{odeho+*Glvwdqfh iurp iruflqj lq phwuhv*,

|odeho+*Glvsodfhphqw*,

( Fdofxodwh wkh vwudlq

vwudlq@+l25,-uhvlgU+4,-+ehvvhok+5/nlfh+4,-u,-nlfh+4,a5 0 111

nlfh+4,-ehvvhok+4/nlfh+4,-u,12u,>

iru lqg@5=qhyvf.6

n @ nlfh+lqg,>

vwudlq @ vwudlq . +l25,-uhvlgU+lqg,-+ehvvhok+5/n-u,-na5 0 111

n-ehvvhok+4/n-u,12u,>

hqg
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