Maths 260 Lecture 1

Topics for today
Introduction to differential equations
Introduction to modelling

Reading for this lecture
BDH Section 1.1

SuggeSted Exercises
BDH Section 1.1: 1, 3, 13, 15

Reading for next lecture
BDH Section 1.2

Today’s handouts
Course guide
Lecture 1 notes




Section 1.1 Modelling with
Differential Equations

The subject of differential equations is about
using derivatives to describe how a quantity

changes.

Using knowledge about how a quantity
changes to write down a DE is called
modelling, and a DE is a model

The goal of modelling is to use the DE model
to predict future values of the quantity being
modelled.

Today’s class gives an overview of some types
of models we look at in this course.
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Important steps in making a model:

1. Identify assumptions on which the model is
based.
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2. Identify all relevant quantities’in the model.
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Quantities in a model divide into three types:

(a) independent variables
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(b) dependent variables
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Keep the model as simple as possible!



Example 1; Single Population,
Unlimited Growth

Assume: Population grows at a rate
proportional to the size of the population

Quantities:
t=time (independent variable)

=size of population (dependent variable)
k:proportionality constant (pa’rameter) >0

Model:
dP dP b
EocP or o= kP, k>0 &) |
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Example 2: Single Population,
Limited Growth

Assume: If the population is small, the
population grows at a rate proportional to the
size of the population.

If the population is too large, the population
will decrease.

Quantities:

t=time (independent variable)

P=size of population (dependent variable)
k=growth rate coefficient for small population

. N=m ~X1mum size of ‘popul lation before growth
negative o o
Model: - .‘dP
= kP x somethmg

Whé;e .A’S(t)r‘nethmg ~ 1 if P sthall
and somethmg < O 1f P > N
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Important ideas/words from today

differential equation

ordinary differential equation
model

independent variable
dependent variable

parameter

first order differential equation
1nitial condition

qualitative analysis



Maths 260 Lecture 2

Topics for today

Getting started in the lab
Solutions to differential equations
Separable differential equations

Reading for this lecture
BDH Section 1.2

Suggested Exercises
BDH Section 1.2: 1, 3, 7, 15, 25

Today’s handouts

Computer Laboratories for Mathematics and
Statistics

An introduction to software used in the course

Lecture‘ 2 notes




Getting started in the lab

There will be a tutorial to help you get started
in the lab on

Monday, 6th March.

This week you should:

1. Make sure you know your NetAccount
username and password

. Find the lab

. Book a computer
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Lab Hours
Mon-Thur: 9am - 8pm, Friday: 9am - 5pm.



Section 1.2 Analytic Technique:
Separation of Variables

Standard form for g first order DE is

ay
A solution of the DE is a function of the
independent variable that, when substituted
for the dependent variable in the DE, satisfies
the DE for all values of the independent
variable.
. . ... do .
1'e. ¢(t) is a solution if e f(t,¢)  for
all t.



Example

dy y2 —1
dt 2+ 2t
Which of the following functions is a solution?
Lyi(t)=t+1 — Soln
2.99(t) =142t — WNe
3.y3(t) =1 —  seln
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Initial Value Problems

An initial condition tells ys the value of 3
solution to a DE at a particular value of the
independent variable.

A DE with an initia] condition is called an
Initial Value Problem (IVP).

d 2
e.g. I pet +3,  y(0)= -1

dt 2
S +3)dt +c

= s ol.« =

The function y(¢) = %etQ + 3t + ¢ is a solution
to the differential equation for all values of c,
but only the choice ¢ = —3 /2 satisfies

y(0) = —1.

The function y(¢) = %etz + 3t + c is the
general solution to the DE because we can
use 1t to solve any IVP for this DE by

correctly choosing c.




Separable Equations

It 1s usually not possible to find analytic
solutions to a DE, but there are a few special
cases when we can calculate explicit solutions.
Separable equations are one such case.

A DE is called separable if

% = f(ty) = g(t)h(y)

for some functions g and h.

Examples:
{Cé,\;) = (# @;4—273
b
£+3

Special cases:

%%:g(t) > 9y = S g(Hdt+c¢
= h(y)
hut ‘)[(‘())> = ¥ -tj t tzsz

s nek seporable
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If we can do these integrals we can get an
expression for y(¢), the solution to the DE.



Solving Separable Equations
A separable DE can be written

Y oy

for some functions f and g.
It h(y) # 0, divide by h(y):

1 dy
—7 — ot

Since y is a function of t, we get

I dy
ry@®)de 90

Integrate wrt ¢:

1 dy _
D@y ar =90t

By the chain rule, dy = %dt, SO

1
/@dy = [g(t)dt
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Note that y(¢) = 0 is also a solution to this DE

but it is not found by this method (“missing
solution”)
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Important ideas/words from today

solution to a DE
1nitial value problem
general solution
separable equation
autonomous equation
missing solution

12



Maths 260 Lecture 3

Topic for today
More on separable equations

Reading for this lecture
BDH Section 1.2 (again)

Suggested Exercises
BDH Section 1.2: 35, 40

Reading for next lecture
BDH Section 1.3

Today’s handout
Lecture 3 notes
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Example: Model of Student Loan

A student has a student loan of $20,000 when
she completes her degree.

For the next two years the student makes
no repayments and the loan accumulates
interest at 8% per year. Thereafter, the
student pays off $3,600 per year and the
interest rate remains at 8%.

When will she finish paying off the loan?



Setting up the model:

Assumptions

Interest rate constant

continuously compounding

Variables

L=size of loan (dependent variable) in $$
t=time (independent variable) in years

il__‘__. ’Pv(d]?of-é-\‘opa\ ( ‘& < 2

AN AN e PaJ,ML)
2 r C"n)-(/qzt fa'&)




Method of solution
We can regard this model as 2 DEs:

dL
— = 0.08L, 0<t<2 (1)

dL
o= 0.08L — 3600, 2 <t. (2)
Note that both equations are separable.

Case (1): 0<t <2
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\I\/e, {Zv\ow L(LD =  Jrt '.ha) IOa,\ = 20009

= A= 20000

N .ot &
= L = 20000@/0 ¢

Case (2): 2< ¢t

dl
— = 0-09_ - 3600

dt
dt = (4
0-08L- 3600
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Using the software provided with
the textbook

The textbook contains a CD of software
usetul for investigating DEs.

The programs on the CD are described in
the Preface to the textbook.

These programs are different from the
Matlab routines you will mainly use in the
computer laboratory to do assignment,
questions.

You can use the software to Investigate the

behaviour of solutions to DEs you see in

lectures, in the textbook, and in
assignments.



Maths 260 Lecture 4

Topics for today
Slope fields
Euler’s method

Reading for this lecture
BDH Sections 1.3, 1.4

Suggested Exercises
BDH Section 1.3: 11, 13, 15, Section 1.4: 7

Reading for next lecture
BDH Section 1.4 (again)

Today’s handout

Lecture 4 notes

Assignment 1 Question sheet
Tutorial 1 Question sheet

Note: Monday’s class will be a
tutorial in the First Floor Teaching

Laboratory, looking at the use of
- MATLAB for Assignment 1.
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Section 1.3 Qualitative technique:
Slope Fields

Slope fields provide a geometric technique
for visualising the graph of a solution to

dy

without needing to first find a formula for y(¢).




Assume y(t) is a solution to

dy

—~ = f(t, ).
Then at ¢ = t1, y(t1) = y1, and

ay

—_— = t

L.e., slope of the graph of y at ¢ is f(t1,47).

Similar results for all other values of ¢, i.e., the
slope of the graph of a solution y(t) at t =1¢
with y(t) = g is given by f(t, 1)




We use this result to draw a slope field which
helps us sketch solutions to the DE.

'To draw a slope field:

1. For selected points in the ¢t — y plane (say
at all points on an evenly spaced grid)

calculate f(¢,y).

2. For each point (¢, ) selected in (1), draw a
short line segment of slope f(¢, %) centered

at (t,7).

The resulting picture is called a slope field for
the DE.
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Examples

1. Use the following grid to draw the slope
field for the DE
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2. Use the following grid to draw the slope
field for the DE




To sketch a solution using the slope field

To sketch a solution to an [VP

dy
= ty), (o) =y

1. Sketch the slope field as above. ( o w:

Cc)MPul‘Q/')
2. Starting at the point (to, yo) draw a curve

that follows the direction field.




Examples

tsint

dy

dt
Draw solutions to this DE satisfying initial

1. The following picture shows the slope field

for the DE

) y(0) = 1.

dx/dt =t sin(t

b

conditions
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slope field

2. The following picture shows the

for the DE

dy_

——

dt

DE satisfying initial

his

Draw solutions to t
conditions (a) y(1)




T'wo special cases

1. For differential equations of the form

dy

=

all slope marks on each line of fixed ¢ in the
slope field are parallel. |

Example: Zl% = cos(t).

dxidt = cos{l
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Note that if we have graph of one solution,
we can get graphs of other solutions by
translating graph vertically.




2. For differential equations of the form

dy

ar S ()

all slope marks on each line of fixed 1 In the
slope are parallel.

d
Example: —Cg = cos(y).

dw/dt = cos{x}
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If we have the graph of one solution we can
get graphs of other solutions by translating
graph horizontally.



Section 1.4 Euler’s method

We can obtain numbers and graphs that
approximate solutions to initial value problems
using a class of techniques called numerical
methods. Euler’s method is the simplest
numerical method, and is closely related to the

slope field.
Main idea

For the IVP

dy

- =Fty), ylto) =y

start at (¢, yg) and take small steps, with the
direction of each step being the direction of the

slope field at the start of that step.



The following picture illustrates the

relationship between the slope field and the
numerical solution obtained from Euler’s

method for the DE  dy/dt = 2y.
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More formally, given (t0,v0) and a stepsize, h,
we want to calculate an approximation to
y(t1), y(ta), y(t3), etc where

t1 =1y +h,
9 =11+ h =1+ 2h,

and so on.

Slope of field at (¢, Yo) is f(to, yo) so

y(tk+1) N Ukl =Yg+ hf (g, yp)
for k=0,1,....



Example 1: Use Euler’s method to
approximate the solution of the [VP

% =\t + ¢2, y(0) = 0.75

at v = 0.25, 0.5, 0.75, 1.
Solution *
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The results are best shown in the form of a

table:

n\tn |Yn f(tna yn) o=y hf(tna yn)
0.0 10.75 10.75 .9375)

0.25 079703 |1.1801

0.50|L1801|1.2816 (1,500
0.75(1.5005) 1.6775 |1.9198

1.00/1.9198
We can compare this approximation with the
solution sketched using the slope field:
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Important ideas/words from today

Drawing slope fields

Sketching solutions using slope fields

- Special cases of slope fields

Euler’s method approximates solutions to an
IVP

Euler’s method is based on considering slope

fields




