Maths 260 Lecture 10

Topic for today
Bifurcations

Reading for this lecture
BDH Section 1.7

Suggested exercises
BDH Section 1.7 1, 3,9

Reading for next lecture
BDH Section 1.7 (again)

Today’s handout
Lecture 10 notes
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Section 1.7: Bifurcations

Many DE models contain parameters,
1.e., quantities that do not depend on the
independent variable but may take on different

values.

We are interested in how the behaviour of
solutions (especially the long term behaviour)
changes as parameters are changed. For
instance,

1. What are the solutions like over a range of
parameter values?

2. How good is our model if we only know the
parameter value roughly?



A small change in the value of 4 parameter
usually results in a small change in solutions.

A bifurcation occurs when a small change in

parameter gives a qualitative change in the
behaviour of solutions.

We look at autonomous equations that depend
Ol one parameter, i.e.,
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T'his is a one-parameter family of DEs - we get
one DE for each choice of the parameter .
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Example: Consider the DE
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Compare the phase lines at A = 0 and A = 1:

L o=o | Fen
b (i) //{Qﬁ ﬂ
d€ J

nTEN
dy _ y(1-3) -} f
3
/N
Y SN




We see that there must be a bifurcation at
some value of A in the interval (0, 1).

We now find and classify equilibria as a
function of A and hence locate the bifurcation
value of hA.
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Bifurcation Diagrams

A bifurcation diagram is a picture in the y — y
plane of the phase lines near a bifurcation

value.

It highlights the changes that the phase lines
undergo as the parameter passes through the
bifurcation value.

Procedure for drawing a bifurcation diagram

1. Draw p and y axes and label them.

2. Plot curves showing position of equilibria as
L varies.

3. Sketch representative phase lines, including

at least one for each of u < pg, 1 = py,
1 > [y where g is a bifurcation value.

4. Label any significant values of 1 and v,
including bifurcation values.



Example: Draw the bifurcation diagram for
the one-parameter family
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where £ is the bifurcation parameter.




Fxample: For the family of equations
dy
dt

find the value(s) of u where a bifurcation
occurs and plot the bifurcation diagram.
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Important ideas from today

A bifurcation occurs when g small change in

parameter gives a qualitative change in the
behaviour of solutions.

A bifurcation diagram is a picture which
summarises the qualitative changes in
behaviour that occur near a, bifurcation.
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We are interested in one-parameter families

of autonomous DEs:

dy
d_t =f u(y)
We look for bifurcations, i.e., changes in
the qualitative behaviour of solutions as
the parameter 1 is varied.

General result about bifurcations

Biturcations usually do not happen, i.e., a
small change in the parameter usually
leads to only a small change in the
behaviour of solutions.

To be precise, if
ay
Eg =f 7 (y)

where 0f/0u and 8 f /9y exist and are
continuous for-all values of 4 and Y, then a
small change in 1 gives a small change in

the graph of f,,(y).



Example: Suppose the DE

%—-—fu(y) ( Fu ) =o)

With 4 = p has a source at Y = yp with
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What is the effect on the qualitative

behaviour of solutions of changing i by a
small amount?
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A bifurcation where the number or type of

equilibria changes can only occur at 1= L
if

d
Fun(96) = 0 and %;—%yo) 0

1.e., when the linearization theorem does
not work.
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Example: Draw the bifurcation diagram
for the family of equations
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Example: Draw the bifurcation diagram

for the family of equations
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Important ideas from today

Bifurcations are special: a small change in
parameter does not usually result in a
qualitative change in the behaviour of

solutions.

A bifurcation where the number or type of
equilibria changes can only oceur at p1 =y
if
af,
Fuo(yo) =0 and —df@m = 0.
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Section 1.8: Linear Differential
Equations

A first order DE is linear if it can be

written in the form e O
dy (omP m\blc,
=9ty + )\ sep®

where g(t) and f(¢) are arbitrary functions
of .
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o 3
dy : : D (
4, = ty (1 —y) is nonlinear

Linear means that the dependent variable y

appears 1n the equation only to the first
power.



Finding Solutions to linear DEs

First rewrite the DE as

Y alt)y =1

(where a (t) = —g (1))

A clever trick:

Multiply through by u(t), an unknown,
non-zero function which will be determined

later.

We have




Now assume we can pick (%) so that

w0+ a0at)y =2y

So

Integrating both sides with respect to ¢:

u(tw(t) = [ uo)fejas

t we can find such a u(¢) and do the
Integration then we can find y(1).

- The function u(t) is called an integrating
factor.

FO/MUJ a 76/ fo /u'(L,'«A on Cé we
)\AM /U\ C-/—)



Finding the integrating factor, u(t).
We want w (¢) such that

u()Z + ptaltly = S uth)
= p(t) Z’:f + Cg;y(b‘)

This is a separable DE for p. Solve it:

/ ‘L—“ _ / o(t)dt

= In |y :/a(t)dt +C
= p(t) = Hexp(/[ alt)dt)



Different choice of the constant of Integration
will give different 4, but all choices give a
valid integrating factor. Pick the easiest.
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Summary of method

To find a solution to

Yt aly =100

find the integrating factor:

ut) = [ att )

Then the solution is

1
v(t) = / W) (1)t



Example 1: Find a one-parameter family
of solutions to
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It’s interesting to graph solutions for various
values of the arbitrary constant.
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Notice that in this case you can’t always
solve initial value problems with initial
condition y(Zp) = yo and that when you can,
the solution isn’t unique. Is this what you
expect (check the Existence and Uniqueness

theorems).
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Example 2: Find a solution to the [VP
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We find p
Y
2 =2y — 3t
dt Y

has a one-parameter family solutions

3, 3 . o
)= St ke
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The choice y(0) = 1/2 determines k = —1/4.

Some solutions to the DE including the
solution to the IVP are plotted below.
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Example 3: Find a solution to the DE
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