DEPARTMENT OF MATHEMATICS
Maths 255 FC Solutions to Assignment 3 Due: 28 April 2005

1. (2 marks each)

(a) (i) =7=5(-2)+3,and 7=5+2,s0 f(—7) =3 and f(7) = 2.
(ii) f is not one-to-one because f(3) = f(8) = 3 with 3,8 € A.
(iii) f is not onto because f(z) # —1 for all z € A.
(b) () g({-1,0,1}) = {a € A: (f(a) =0) V (f(a) = 1)} = {5,0,5,—4,1,6}.
(i) g is not one-to-one because g({—3}) = g({—7}) = 0 with {-3},{-7} € P(A).
(iii) g is not onto because g(X) # {—1} for all X € P(A).
(c) (i) ~ is reflexive since f(a) = f(a) for all a € A, symmetric since a ~ b <= f(a) =
f(b) <= f(b) = f(a) <= b~ a, and transitive since (a ~ b) A (b~ ¢) < f(a) =
f) =fle) = [fla) = f(c) & a~c
(ii) Forae A,ae S < a~T7 < f(a) = f(7) =2 <= a = 5q+ 2 for some
q €7 <= a—2=>5q for some g € Z. Thus

S ={-8,-3,2,7}

(iii) [0] = {=5,0,5}, [1] = {-9,-4,1,6}, [2] = {-8,-3,2,7}, [3] = {-7,-2,3,8} and
[4] = {—6,—1,4,9}.

2. (a) (6 marks) Suppose a,a’ € A, Then

5a 5a’
— I —
fla) = fla) = =
5(a—3)+15 5(d —3)+15
< =
a—3 a —3
15 15
< 5 =5
+a—3 +a’—3
PN 15
a—3 a —3
«— d—-3=a-3
— d=a,

so f is one-one.

Now we show that f is onto.

For any b € B, let a = % Since b # 5, it follows that a € R. If a ¢ A, then a = 3, i.e.
b=0b—>5or 0= —5, which is impossible. Thus a € A and

By 15
flay=¥5 =10y
B3 30— (3b— 15)

so f is onto.
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3.

(b) (2 marks) As shown above f~1: B — A is given by f1(z) = 2%

z—5

(a) (6 marks) Let Z, = {0,1,2,...}, Z_ = {-1,-2,-3,...}, E = {2,4,6,...} and O =

{1,3,5,...}. ThenZ, NZ_=FENO=0,Z=72,UZ_and N=EUO.

If v € Zy, then f(xr) =22 +2 > 2, sothat f(x) € E. f v € Z_, then f(z) =—-22—-12>1,s0
that f(x) € O. Thus f can be viewed as a function from Z, to F and from Z_ to O.

Let a,a’ € Z such that f(a) = f(a’). If f(a) is even, then so is f(a') and so a,da’ € Z; as f(x)
is odd for x € Z_. Thus 2a 4+ 2 =2d’ +2 and a = d’.

If f(a) is odd, then so is f(a’') and so a,a’ € Z_ as f(z) is even for « € Z,. Thus —2a — 1 =
—2a’ — 1 and a = d/. So f is one-one.

Let b € N. If b = 2m € FE for some m € N, then a = m —1 > 0 and so a € Z, with
fla) =2a+2=2m—-1)4+2=2m =b. Ifb=2m—1 € O for some m € N, then
a=-méeZ_and f(a) = —2a—1=2m—1=»>. So f is onto.

(b) (3 marks) For z € Z, define a function g by

glx) = 2242 if >0
= —2x+1 it z<0.
Then ¢ is a one-to-one function from 7Z to N. Claim that ¢ is not onto. Take b =1 € N. If

g(x) = b for some z € Z, then z € Z_ as b is odd. Thus —2x + 1 =1 and 2 = 0 € Z,, which
is impossible.

(¢) (3 marks) For x € Z, define a function h by

h(z) = x+1 if >0
= —x if x<0.

Then h is a function from Z to N. Since h(—1) = h(0) = 1, it is not one-one.

(d) (2 marks) For z € Z, define a function k : Z — N by k(z) = 1. Then k is neither one-one nor

onto.

4. (5 marks each)

(a) Define f: A — N by f(—%) =n. Then f is a function.

f is onto. For any b € N, set a = —;. Then a € A and f(a) =b.

f is strictly order preserving. Let a = —% and a’ = —# be two elements of A for some
n,n’ € N. Then
, 1
a<a +— —<——
n n'
1 1
<~ - < -
n' —n
— n<n
—  fla) < f(d)

Thus f is an order isomorphism and so A ~ N.
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(b) Note that B={—1:neZ\{0}} ={...,—3,—

1
3

In particular, —1 is the least element of B.
Suppose B ~ Z\ {0} and f is an order isomorphism from B onto Z\ {0}. Then f(—1) =m €

Z\ {0} is also the least element. Since —1 € Z\ {0} and m is the least element, it follows that
m < —1landsom—1¢€Z\{0}. But m —1 < m, som is not a least element. Contradiction.

5. (5 marks each)

1 1 1 1 1
3 5,—1,1,575,1,...} and

1

1
I>—>=->...>——>—-——>—-——=> -1

3 2

(a) Since d = ged(a,b), there exist z,y € Z such that

ar + by = d.

Since a = da; and b = dby, it follows that d = da;x + dbyy, so that 1 = a1z + by <~

ged(aq, by) = 1.

(b) Suppose d = ged(p,a). Then d|p and so d =p or d = 1. If d # 1, then d = p and hence p|a.
(¢) Let w =2m + 1 for some m € Z. Then

ged(w, w + 2) = ged(w, 2) = ged(2m + 1,2) = ged(1,2) = 1.

OR

Let d = ged(w, w + 2), so that d|w and d|(w 4 2). Thus d|2 = (w+2) —w, and d =1 or 2. If
d = 2, then 2|w and w is even. A contradiction. So d = 1 and w, w + 2 are coprime.

(d) Let d = ged(a,b), so that d = ax + by for some z,y € Z. Now

d = ax + by = ax + aky + by — aky = a(x + kb) + b(y — ka)

for any k € Z. It follows that there are infinitely many s,t € Z such that d = as + bt.

6. (3 marks each)

(a) The algorithm gives us

n T Y

288 1 0 |r

51 0 1 T2

33 1 -5 rs =71 — 57”2
18 -1 6 |ry=1r9—13
15 2 =11 |rs=r3—ry
3 =3 17 |re=r4—1;5
0 * * T =175 — OTg

From which we see that ged(288,51) = 3 and 3 =288 - (—3) + 51 - 17.

(b) The algorithm gives us
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n T Y
629 1 0 |r
357 0 1 |7y
212 1 =1 |r3=1r;1—nr

8 =1 2 |ry=1ry—r3
17 4 -7 T5:T3—3T4
0 * ¥ | rg =14 — Ors

From this we see that ged(629,357) = 17 = 629 - (4) + 357 - (—7).

(c¢) The algorithm gives us

n T y
252 1 0 |7
180 O 1 |r
72 1 —1 rs =71 — T2

36 —2 3 |r4=1r9—2r;3
0 * * | r5=1r3— 214

from which we see that ged(252,180) = 36 = 252 - (—2) + 180 - (3).
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