DEPARTMENT OF MATHEMATICS

MATHS 255 FC Solutions to Assignment 1 Due: 18 March 2005

1. (2 marks each)

(a) “Every even integer is a multiple of 4” is a statement. If E(x) = “x is an even number” and
M (z) = “z is a multiple of 47, then the statement (a) can be translated as (Vn € Z)(E(n) =

(b) “If n is a prime number then n? is not even” is a statement, which can be translated as
(Vn € Z)(P(n) = ~ E(n?)), where P(x) = “r is a prime number”.

(c) “x?is positive” is a predicate (with z a free variable), which can be translated as W (x), where
W(z) = “x is positive”.

(d) “Find an even number” is neither a statement nor a predicate. It is a command.

(e) “For any integer n there is an even number m such that m +n = —n” is a statement, which
can be translated as (Vn € Z)(3Im € Z)(E(m) A S(m,n)), where S(z,y) = “c+y = —y”.

2. (3 marks each)

(a) We have the following truth table:

A B|~B ~A AVv~B ~AAB (AV~B)A(~AAB
T T|F F T F F
T F| T F T F F
F T| F T F T F
F F| T T T F F

Since the last column contains only “F”s, (AV ~ B) A (~ A A B) is a contradiction.

(b) We have the following truth table:

A B|~A ~B A= ~B (A= ~B) = ~A
T T| F F F T
TF‘F T T F
F T)| T F T T
FF‘T T T T

Since the last column contains both “I” and “F”, (A = ~B) = ~ A is neither a
tautology nor a contradiction.

(c) We have the following truth table:

|~B ~A ~A = B ~BAA (~A = B) = (~BAA)

Since the last column contains both “I” and “F”, (A = ~B) = (~B = A) is neither
a tautology nor a contradiction.
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(d) We have the following truth table:

A B|~A ~B BV~B (~A)AN(BV~B) (~A) < (~A)A(BV~B)
T T| F F T F T
T F| F T T F T
F T)| T F T T T
F F| T T T T T
Since the last column contains only “T”s, (~ A) <= (~A)V (~ B A B) is a tautology.

3. (a) (3 marks) The negation of A(n) is “n =3¢ — 1 or n = 3¢ — 2 for some ¢ € Z and n? # 3k + 1

forall k € Z.”

(b) (4 marks) The contrapositive of A(n) is “if n? # 3k + 1 for all k € Z, then n # 3¢ — 1 and

n # 3¢ — 2 for any g € Z.”

(c) (3 marks) The converse of A(n) is “if n? = 3k+1 for some k € Z, then n = 3¢g—1 or n = 3q—2

for some q € Z.”

(d) (5 marks) Suppose n = 3¢ — 1 or n = 3¢ — 2 for some ¢ € Z. If n = 3¢ — 1, then n? =
9¢> —6qg+1=3(3¢> —2¢) + 1 =3k + 1 with k = (3¢*> — 2¢) € Z.

If n = 3¢—2, then n? = 9¢®> —12¢+4 = 3(3¢> —4q+1) +

Thus n2 = 3k + 1 for some k € Z.

1 =3k+1withk=(3¢2—4q+1) € Z.

(e) (3 marks) By (d), A(n) is true for all n € Z, so A(n) is true for all n € N. The contrapositive
of A(n) is true for all n € N because A(n) is true for all n € N and the contrapositive of A(n)

is equivalent to A(n).

(f) (5 marks) Suppose, for a contradiction that n? = 3k + 1 for some k € Z but n # 3¢ — 1 and

n # 3¢ — 2 for any ¢ € Z. Then n = 3q for some ¢ € Z and n?
— 3k =1. A contradiction.

313(3¢%2 — k) =9¢°

4. (5 marks each)

= 9¢> = 3k + 1, so that

(a) Suppose AC B. Thena € A = a € B, so

(a,c) e AxC

Thus (a,

(a€ A)N(ce )
(a€e B)A(ce ()

=
—
<~ (a,c) e BxC.

c) e AxC = (a,c) e BxC,ie. AxCCBxC.

Conversely, suppose A x C C B x C, so that (a,¢c) € Ax C = (a,c) € B x C. Since C # ),

it follows that there is an element ¢ € C. If a € A, then (a,

¢) € Ax C and so (a,c) € BxC

as AxCCBxC. Thusae B(andce(C)andsoa€ A = a€ B,ie. ACB.

(a,b) € Ax (BNCO)

1111d

acA)A(be
acAAN((beB)A(be ()

(ae A)NbeB)AN((ae A)A(beC))
(a,b) € Ax B)A((a,b) € Ax C)
a,b) e (Ax B)N(AxC),
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so (a,b) € Ax(BNC) < (a,b) €

(c)

(a,b) € (A x B)N (C x D)

(a,
(
(
(

MMH

(
(
(
(
(a,

(AxB)N(AxC(C), and hence Ax(BNC) =

b) € Ax B) A
acA)N(be B))A
acA)AN(aeC)) A
a€e ANC)A

b) € (ANC) x

a,b) € C x D)

A (be D))
A (be D)
(be BND))

(AxB)N(AxC).

so (a,b) € (Ax B)N(C x D) <> (a,b) € (ANC) x (BND), and hence (Ax B)N(C x D) =

so (a,b) € (Ax B)N(C x D) = (a,b) € (AUC) x (BUD), and hence (4 x B)N

(ANC) x (BND,).

To show that (A x B) N (C x D) # (ANC) x

Let A={1} =Dand B=C =(. Then Ax B=C x D = and so (A x B)U
But AUC=BUD = {1},s0 (AUC) x

5. (3 marks each)

(a)

(Y) = {0,{a},{b}, {9}, {a,b},{a, 9}, {b,9}, {a,b,9}},

XNY ={9},and P(X NY) =/
(b) XUY ={1,9,a,b}, and

P(XUY) ={0,{1},{9}, {a}, {b},{1,9},{1,a},{1,b},{9,a},

0,{9}}-

a,b) € C x D)

A (be D))
V(b e D))
(beBUD))

= ((a, )eAxB)
— ((a€ A)A
= ((a€A)Vv
= ((aeAUC)
<~ (a,b) € (AUC) x

(BUD) = {(1.1)} #0.

(CxD)C

(BN D) in general, we give an example.

(C x D) = 0.

{9,B},{a,b},{1,9,a},{1,9,b},{1,a,b},{9,a,b},{1,5,9,a,b}}.

6. (a) (2 marks) S =1{1,2,3,4} € P(A) and the number of elements of S is 4.
(b) (3 marks) S = {0, {1},{3}, A} C P(A) and the number of elements of S is 4.

(c¢) (4 marks) Let S = {0,{1},{3},{1,3,5}} and B ={1,3,5}. Then B€ S, S C P(A), B has 3

elements and S has 4 elements.
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