DEPARTMENT OF MATHEMATICS
MATHS 255 Solutions to Regular Tutorial 6

1. (a) Suppose € > 0. If |z] < 1, then |2?| = |z|? < |z] and |2z?| < |z|. Let 6 = min{1,¢}. If x > 0,
then
|f(z) — f(0)] = |2*| < || <€  whenever |z| < 4.

If x <0, then
|f(z) — f(0)] = |2*| < |#| <€  whenever |z| < 6.

It follows that f(z) is continuous at 0.
(b) Take e =1 and let §; > 0 be a real number such that

|(x+2)—3| <e  whenever |z — 1| < ;.
Then for any = with 0 <z — 1 < ¢4y,
[f(2) = f =z +2) =3+3-f)[ 2 [lz -1 =2[ =22 [x -1 >2—e=e

It follows that f(z) is not continuous at 1.

2. fis continous at 0 <= (Ve >0)(36; > 0)(V |y — 0] < 1)

[f(y) = F(O)] <

Suppose |x| < dy 1= 1/81/3, so that |32?%| < d;.
Let § := min{dy, d2}. If |z < 4, then |32? — 0| < d; and so

|(32%) — f(0)] < e

3. (a) Let a € R and b = f(a). f is continous at b <= (Ve > 0)(F 6 > 0)(V |y — b| <

01)(f(y) = f(O)] <€)
Similarly, since 0; > 0, g is continous at a = (30 > 0)(V |z — a|] < 0)(|g(z) — g(a)| < d1).
Thus if |z — a| < §, then |y — b| < 6; with y = f(z) and so

1f(y) = fO)] = |f(g(x)) = fg(a))] <e.
(b) For € > 0, suppose |z — 1| < 1. Then
[f(@) = fW)l =12 1] =]z - D)@* +x+ )| < v — 12" + [2] + 1].
Now |z| < |z —1|+1<2,s0
|f(z) = f)] = 12" =1 <[z = 1[4+ 2+ 1] = T|z — 1].
Suppose | — 1| < 03 := £ and set 0 := min{1,d,}. If [ — 1] <6, then

|flz) = f)]=1a" =1 < T|z —1]| <76 = €.

MATHS 255 Solutions to Regular Tutorial 6 Page 1 of 2



Thus f is continous at 1.

Note that f(—1) = —1. Take e =1 and let §; > 0 be a real number such that
|3z + 3| <e  whenever |z + 1] < ;.
Then for any x with 0 < z + 1 < 6y,
[f(z) = f(=D)|=Bx+1=3z+3-2|>|3z+3|—-2|>2—-[83z+ 3| >2—c=ce

It follows that f(x) is not continuous at —1.
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